AN EXPLICIT CHEBOTAREV DENSITY THEOREM UNDER GRH

LOIC GRENIE AND GIUSEPPE MOLTENI

ABSTRACT. We prove an explicit version of the Chebotarev theorem for the density of prime
ideals with fixed Artin symbol, under the assumption of the validity of the Riemann hy-
pothesis for the Dedekind zeta functions. In appendix we also give some explicit formulas
counting non-trivial zeros of Hecke’s L-functions, in that case without assuming the truth of
the Riemann hypothesis.
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1. INTRODUCTION

In order to state the results we need to fix some notation. Thus, given a number field K
we denote ng its dimension and r;(K), 72(K) the number of its real, respectively imaginary
places; the absolute value of its discriminant is denoted as Ag, p always denotes a nonzero
prime ideal of the integer ring Ok, and Np its absolute norm; Ag denotes the analogue of
the von Mangoldt function, i.e. the function which is defined on the set of ideals of Ok and
whose value at an ideal J is log Ny if 7 = p™ for some p and m > 1, and zero otherwise.
Moreover, let K C IL be a Galois extension of number fields with relative discriminant A g,
and let P be a prime ideal of I above a non-ramified p prime ideal of Ox. Then the Artin
symbol [LéK] denotes the conjugacy class of the Frobenius automorphism corresponding to
B/p, and which is extended multiplicatively on the prime powers in Ok coprime to Ay, k.
Let C be any conjugacy class in G := Gal(L/K) and let ec be its characteristic function.
Then the function 7o and the Chebyshev function ¥¢ are defined as

mo(z) == ﬁ{p: p non-ramified in L/K,Np < z, [H‘{JK] = C}

= > =%

p non-ram.
Np<z

L/K ~
do(@):= Y eof] ) Ak (3).
JCOk
J non-ram.

Ni<z
The first function counts the number of non-ramified prime ideals with prescribed Artin
symbol, while Chebyshev’s function does the same but with a suitable logarithmic weight
supported on prime powers. The celebrated Chebotarev density theorem states that m¢(z) ~
% @ when x diverges, a claim which can be stated equivalently by saying that ¢ (z) ~ }%‘IL‘
We introduce also two other functions which are closely related to mo and ¢ but that are
easier to deal with. They are built using an arithmetical function which comes from the
theory of Artin L-functions and extends 50([L’/JK]) to ramifying prime ideals. To wit, for any

prime ideal p C Ok (possibly ramified) let 8 be any prime ideal dividing pOy, let I be the
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inertia group of P and 7 be one of the |I| Frobenius automorphisms corresponding to J/p.
Let

(1.1) 0(C, : m Zec T"a)
acl

Notice that 6(C;p™) € [0, 1], and that for non-ramified primes it is 1 if and only if 7™ belongs
to C, and 0 otherwise. We define

m(Cix):= Y 6(C;p)logNp,

p: Np<zx

)= Y 0(C;9)Ak ()
JCOk
NI<z

Observe that ¥ (x) and ¢ (C;x) agree except on ramified-prime-powers ideals, being

(1.2) Y(C;x) = o(x)+Re(z)

with

(1.3) Ro(x) = > Y 6(C;p™)logNp.
plAL/x N::gfix

In particular, 0 < ¥ (x) < ¢ (C;x) for every z, so that every upper bound for ¢(C’; ) gives
also a bound for 1)c(x), and a lower bound for 1c(x) produces a lower bound for ¢ (C;z).

Jeffrey Lagarias and Andrew Odlyzko [12] provided versions of Chebotarev’s theorem which
are explicit in their dependence on the field K up to positive universal constants which however
are not estimated, and Joseph Oesterlé [15] announced that

:g:w(()x ‘<f[( log @ +2>10gA]L+(102gj_x

under the assumption of the generalized Riemann hypothesis. On the other hand, Lowell
Schoenfeld [22] proved that the Riemann hypothesis implies that

(1.4) +2)n] Va1

1
1Yo (x)—z| < 87\/510g2x Va > 59.

(He states this result for x > 73.2, but actually it is easy to check that the inequality holds
also for = € [59,73.2]). This result shows that it should be possible to improve the constants
appearing in Oesterlé’s result. Bruno Winckler |24, Th. 8.1] proved a result similar to ,
but with larger coefficients of logs in the log Ay, and ny, parts.

In [7] we have proved an analogue of Schoenfeld’s result for the easier case K = IL, where all
prime ideals are counted. In this paper we generalize this work to the full set of extensions
and classes, as in Oesterlé’s result, but with the improved constants. In fact, the following
theorem is our main result.

Theorem 1.1. Assume GRH holds. Then Vx > 1

:g}w(C x ‘ < f[<2+2>10gAL+<108g72rx+2>nL},
15 ot < V{2 s (2]
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From the proof it will be clear that the constants +2 have nothing special and other values
are possible. For instance, one can prove that
2

|G\ ‘ log z log” x
<
’C‘ \F[( 2>logA]L+ |40,

again for all z > 1. Moreover, the +40 can be removed if ny, > 7, and both +2, +40 can be
removed if z is large enough. One can also prove a result of the form of 7, Corollary 1.3]
where log x is substituted by log ( ) for some constant c. All remarks apply also to Yo ().

By partial summation one deduces the following result.

Corollary 1.2. Assume GRH holds. Then Vx > 2

:g (€)= /jljguu‘gﬁ[(l loga:)lo AL+(1(;%T$+1+10;5$>”L}’

:g _/2 logu‘_ [( logm)lOgAL+(l(;g7;r$+ 102x>nﬂ4]

This corollary also could be improved in the secondary terms as in [7, Corollary 1.4] which,
unfortunately, was stated incorrectly and should read

Corollary (|7, Corollary 1.4]). Assume GRH holds. Then Yz > 2

‘WK(I)_/ZZ lodguu ’

1 logl 5.8 1 logl 3.6 14
< \/E[(——LogxwL ) log Ag+ ( M+ )nK logx+0.3+7].
m wlogx logx 8t 2mlogx logx log

The general strategy for the proof is quite similar to the one of [12] and [6]. However,
many estimations have to be done with special care, in order to reduce the range of fields K,
extensions /K and = where the claims have to be proved directly via explicit computations.

We have made available at the address:
http://users.mat.unimi.it/users/molteni/research/chebotarev/chebotarev.gp
the PARI/GP [17] code we have used to compute the constants in this paper.

Acknowledgements. We wish to thank Karim Belabas for comments and interesting discus-
sions, and the referee for useful comments and improvements in the text. The authors are
members of the INAAM group GNSAGA.

2. FAcTs
Let v
vO(Cia)i= [ wlcstyar
0

As observed by Ingham [10, Ch. 2, Sec. 5], since ¢(C;z) is non-decreasing as a function of
x, one has the double inequality

Y O(C; z4-h)—p D (C; x) he0

Y(C;x) <
Y(Cix) >

h
(1) SO a+h)—p D (C; )

Y if —z<h<O.

We let, for s > 1,

(2.2) K(C;s) = 0(C;3)Ax(T)(NT)~*.
JCOk
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As in [10, Ch. IV Sec. 4, p. 73] and [12} Sec. 5], we have the integral representation

( ) 1 24100 x8+1
K(C; ds.
priCn) = 2ri /2_1-00 (C5 S)s(s—l—l) §

Let g be any element in C, then the orthogonality of the irreducible characters ¢ of G allows

one to write
0(C; | a Z &(9)0(p

where
or(p™) = | i Z o(t"a)
acl
The definitions of §(C;-) and ¢g are modelled on the definition of the Artin L-functions
L(s, ¢,L/K), giving the equality
= 3 0(C ) A(F)(NT) S = :g} S 0. L0
JCOk
for Res > 1.
Following an argument of Lagarias and Odlyzko (which comes from Deuring [5] and Mac-
Cluer [13]) we can modify the identity in order to use only Hecke L-functions, for which the
continuation as holomorphic functions (apart at s = 1) in C is proved: it is |12, Lemma 4.1],
but a quick review can be useful.
As above, let g be any fixed element in C. Let H be the cyclic group generated by g and let
E :=L¥ = L7, the subfield of L fixed by H. Let fg: H — C be the characteristic function
of {g}. A direct computation shows that it induces on G the class function Ind%; f,: G — C
whose values are

29 ifyecC
Ind e MY
( g; fg {O otherwise.

Thus, the characteristic function of C is |?g?| Indg fg- By orthogonality of characters x of

H one has )
fo= =D x(9)x
P>

thus

(Ind% f |H‘ZX )(Ind% x)(y),

and the characteristic function of C' is now written as ‘ GI Z %(9) Ind$ x. Using the definition
of 6(C;-), we find that

0(C; ‘G|Z>< Xk (p

where

™) i= 5 Y (1§ ) ()
| | acl
In this way we get

(23) KOs =1 3 x0) T (s, 0 LK) = — 0 37X () 3 (5,0 L/B),
X X
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which means

C 2+i00 I/ s+1
(2.4) WG =l S g [T e s
X

el omi Jo ino L s(s+1)

where only abelian (i.e., Hecke, by class field theory) L-functions appear.

Thus, let E C L be an abelian extension of fields and let x be any irreducible character
of Gal(LL/E). We will use L(s,x) to denote L(s, x,L/E). Also, set §, = 1 if x is the trivial
character, 0 otherwise.

We recall that for each x there exist uniquely determined non-negative integers a,, b, such
that

ay+by = ng
and a positive integer Q(x) such that if we define

29 s = [ ()] e (53]

and

(2.6) E(s:X) = [s(s= DI Q(x)*/* T () L(5, ),
then &(s, x) satisfies the functional equation

(27) 5(1_37 )Z) - W(X)f(sv X)a

where W () is a certain constant of absolute value 1. For the trivial character y, the Hecke
L-function L(s, x,L/E) coincides with Dedekind’s zeta function (g(s), and in this case a, =
r1(E)+r2(E) and b, = ro(E). Furthermore, £(s, x) is an entire function (by class field theory)
of order 1 and does not vanish at s = 0, and hence by Hadamard’s product theorem we have

(2.8) £(s,x) = extBxs 1—2\es/P
10-)

for some constants A, and B,, where Z, is the set of zeros (multiplicity included) of (s, x).

They are precisely those zeros p = [+ivy of L(s,x) for which 0 < 8 < 1, the so-called

“non-trivial zeros” of L(s, x). From now on p will denote a non-trivial zero of L(s, x).
Lastly, we introduce a special notation for the type of sum on characters as the one ap-

—

pearing in (2.4, and for any f: Gal(L/E) — C we set
Mcf=> x(9)f(x)
X
where we recall that g is a fixed element of C.

3. PRELIMINARY INEQUALITIES

3.1. Reduction to Dedekind Zeta functions. Differentiating (2.6) and ({2.8)) logarithmi-
cally we obtain the identity

r 11y 1 11 I
D =Y (D)L iogam-a(teL ) D)
(3.) o0 = Bt 3 (s5) 5 oe @005, (5 57) )
pEZy

for all complex s. Using ([2.5)), (2.6) and (3.1)) one sees that

r -

f(s,x) = I X4r +0(s) ass— 0,
(3.2) I )

f(s,x) = S_{_—Xl—kr;(jLO(s—H) as s = —1,
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where
1. Qx) ayI” by IV /1
= By 40,1 I g ———<7),
33) ne= Berdgloe S =S =5 T3
' L Q(x) ngl’/3\ ngl’
M= g0 - (5) - T F

Comparing the previous formula for r, and (3.1)), we get
L Z s 1 1
"X L(S X) )+ X s+s—1

<z, p(s—p

GRS FEDFG)

for every s € C. Setting s = 2 this formula simplifies to

(3.4) —5(2 )—ZLJﬁd +b
' R AR ~p(2—p) 27 Y

We come back to the situation where g € C' and E = LY, so that LL/E is a cyclic extension for
which ¢ is a generator of Gal(L/E). The following lemma computes the mean values of the
parameters a, and b, appearing in . To simplify the formulas, we will write from now
on r1 and 79 for r1(L) and ro(LL).

Lemma 3.1. Let

1472 if g has order 1,
S := q ro—2ro(E) if g has order 2,
0 otherwise,

and let ¢ defined to be 1 if C is the trivial class and 0 otherwise. Then
Mcay = Zi(g)ax =S,
X

Mcby = ZX(Q)bx = dong—S = donL—S.
X

Proof. If C' is the trivial class, i.e. g has order 1, we have Mca, = ZX ay = ri+ry = S
because the extension L/E is Galois, hence [[, L(s,x) = (L(s). We have as well Mcby =
> by = 2 = n,—S, hence the result is proved. We henceforth assume that g has order at
least 2.

By duality, the set of characters of Gal(IL/E) is cyclic: let ¢ be a generator. The character y
corresponds to a Hecke character y of the ideles of E. For any real embedding of E, let py(x)
be 1 if the local component of y at £ is the sign character, and 0 otherwise. We furthermore
denote s, the number of ¢’s for which p;(x) = 1. The construction of Hecke characters and
L-functions shows that a, = r{(E)+ra(E)—sy, see [9]. In particular,

> x(@)axy == x(g)sy.
X X

For every fixed real embedding ¢ one has p,(xx’) = pe(x)+pe(x’) (mod 2), thus s, = 0 when
X is an even power of ¢, and s, = s, otherwise. This shows that if | Gal(L/E)| is odd, then
sy = 0 for every character, while when | Gal(L/E)| is even one gets

| Gal(L/E)|/2—1

> ox(@ax =—s,09) Y. (@) (9.
X

k=0
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This is the sum on the subgroup of the square characters, thus it is zero unless ¢?(g) = 1. This
happens if and only | Gal(L/E)| = 2, because g is a generator, and in this case p(g) = —1.

Thus we get:
_ sy if | Gal(L/E)| =
Zx: X(g)ax = {0 otherwise.

To conclude, we have py(p) = 1 if and only if ¢ ramifies in L/E hence s, = ro(LL)—2r2(E).
This proves the lemma for the sum of the a,’s. For the sum of the b,’s it is sufficient to

observe that
Z)Z(Q)(ax'%x) = ZX(Q)“E =0. O
X X

Note that if g has order 1, then S = r{+ry = "L+” In the other cases we have 0 < S <
rg = "L, Thus in all cases 0 < S < " 4-0cry.

Lemma 3.2. Let L/E be a cyclic extension and let Z be the multiset of non-trivial zeros of
the Dedekind zeta function (r. Let f be any complex function with 3_ ., |f(p)| < oo. Then

Mc Y o)=Y elp)f(p)

PELy pEZ
where, for any p € Z, |e(p)| =1 and €(p) = €(p).

Proof. Since (1, = Hx L(s, x), the multiset Z is the disjoint union of the multisets Z,,. More-
over, for each p in Z there is a well defined character x such that p € Z,; for this p we set

e(p) := x(g). This rule respects the formula €(5) = €(p), because p belongs to Z, if and only
if p belongs to Z;. Thus, we can write

Me Y ) => " x(9)f(p) =D e(p)f(p).
PELy X pEZy peEZ

The equality |e(p)| = 1 is obvious. O

Lemma 3.3. Let Z be the multiset of non-trivial zeros of the Dedekind zeta function (.
Recall that L/E is a cyclic extension and that S and €(p) are defined in Lemmas|[3.1) and[3.4,
respectively. We have

Mecery, = 22

3
72 o e
TZK‘C| E 0(C;I)Ak(T)(NT) ™ “+nLéc S+2.

pGZ p JCOk
Proof. By (3.4) and Lemmas |3.1] m and [3.2) E we get
L’ 3

(3.5) Mery = L —(2, X)—i-n]L(SC_S—i-i.

pGZ
Moreover, by (2.3)) we have

L Gl
Mce—(2,x) = K(C;2

hence by (2.2)) we have
/

(3.6 Mo(2,x) = -

> 0(C;3) Ak (3)(NT) 2.

ICOk
The result follows from (3.5) and (3.6]). O

ICI
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Lemma 3.4. We have
!

|./\/lcr;<| <log Ap+ny CC (2)+(log 2m+y—1)nLdc,

where v = 0.5772... is the Euler—Mascheroni constant.

Proof. By (3.3)) we get

L 17 /3y 11
! o - v I S D
Merl, = =M= (2,%)-Me log Q(x )+ log m =T ( ) =T (1)) Mol.
Replacing C by C1 = [¢7!] and g by ¢g~! in (2.3) and conjugating, we get
r NGlrmmy
—(2,¥) = ——=K(C~1;2

which by (12.2) is estimated by %l’%‘( ) because 0 < 6(C';-) < 1 by definition. Moreover,
\Zx )log Q(x !<ZlogQ =log A,

by the product formula for conductors.
The result follows because %(%)—1—%(1) = 2—log4—2v and ngMcl = npdc.

Lemma 3.5. We define, for any x > 1 and any character x,

1 2r > 2—2r

Z fa(x) == TE; ma
By(z) := ( )(xlogx ) +by (log z+1) —ay fi()=by f2(z)

and
Rc(z) == McRy ().

Then for any x > 1,

x z+1 )
Re(x) :/ logudu—S/ logudu—i—éc% [10g( 1)+ log <:c+1>]
0 1

1
R (x) = log x—Slog($+1)+(5c%L log (%)

Proof. We have

fi(z) =

1 142!
5 [ac log(1—z~2)+log (1+a:_ )],

1 1+2~
fa(z) = 1—§[log(1—x )t log (1 e 1)}
Assume first that C' is not the trivial class. By Lemma
Ro(z) = —(S—1)(xlogz—x)—S(log z+1)—S f1(z)+S fa(x)

1 1o~}
= xloggj—x—l—S(—(x—i—l) logm%—x—%(log(l—x )—I—lOg ( +x 1)))
—XT

= zlogz—2+S(—(z+1) log z+x—(z+1) log(14+z71))
= zlogx—x+S(z—(z+1) log(z+1)),
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which produces the formulas for Rc and Ry, stated in the lemma for a non-trivial class. For
the trivial class we have to add np, times

1 1
5 log(z —1)+xlog< +1)}
to R and %log (;—ﬂ) to its derivative. O

1+log z— fa(z) =

3.2. Bounds for the ramification term.

Lemma 3.6. Let x > 1. Then
C
Re () < min (u, 1)nlogm
p

where p is the smallest prime dividing |G|, and n := ZPIAL/K 1 is the number of prime ideals
of K dwiding Ay k.

Proof. From its definition (1.3]) we have

Re(e) < max (O(C5p™)) 3 logNp 3, 1= max (6(C:p™) Y logNp Lioggl\?pJ

plA plA
mg/lK plAL/K N;n”?glx mg/llK plAL/K
< max (0(C;p™))nlogz,
plAL/x
m>1
and (1.1) immediately shows that 6(C;p™) < min(|C|/|I|,1). The proof concludes because
the order of the inertia group is at least p for ramified primes. O

Lemma 3.7. Let n = ZP\AL/K 1 as in Lemma . We have the following bounds:
i If L #Q[VE3] and L # Q[v/ETH] then n < KEZx.

lOg A]L

log 49 -
iit. If np/nk is not prime, the bound improves to n < loggl except for the quartic fields of

discriminant in {144, 225,400, 441, 3600, 7056, 176400} (twenty five fields in total).
w. Iflog Ap, > e ny | then

it. If np, = 3, the bound improves to n <

log Ar,
log log Ap—log ng—1.1714"

The proof will make clear that Item[iv]is valid even when L/K is not Galois. Moreover, the
inequality log Ap, > e!"1" ng holds except for just a few fields when L. # K. Precisely, the
only exceptions for ng = 1 are the fields L. with A, < 25 (i.e., the cubic field of discriminant
—23 and seventeen quadratic fields), for ng = 2 they are the twenty four quartic fields with
Ap, < 634, for ng = 3 the four sextic fields with Ap, < 15986. There are no exceptions with
ng > 4.

Proof. We can assume |G| > 2 otherwise n = 0.

ITEM [1

Suppose K # Q. We split the set of primes dividing Ay x into three (possibly empty)
sets: {pi}iq, {q]} _; and {sg}7_,, which are the set of primes whose norm is 2, 3 and > 4,
respectively. Note that a, b < ng. Then

Ar = AFFEIN(AL k) = Ap/™N( HpZHqJ Hsg ) > AZ2e3b4e,
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Moreover by Minkowski’s bound we know that A;(/ "> /3, e A]%( > 3", Thus we get
Ay, > 372034¢ = gnie (3)"gagbge > 90(8)Pgagbye — 4o (9)04e > gatbre —yn

as claimed.
Suppose K = Q. Then n = w(Ar). Let pj, j =2, 3, ... be the sequence of primes. Note that

if Ap € [Hkgj Pk, HijJrl pk) then
n w(Ar) < J 7

logAr, — logAr ~ log([ Tj<; ) ~I(py)
The sequence ¥(p;)/j is strictly increasing because it is the sequence of mean values of the
increasing sequence log p;. Since % < 1/log4 for j = 4, and since [[,.,pr = 210, the
i <

previous remark shows that n < log Ar/log4 as soon as Ap, > 210. Moreover, w(Ar) < 3
when Ay, € [30,210). Thus in this range n/log Ay, < 3/log Ar so that it is < 1/log4 as
soon as Ay, > 43 = 64. There are only 21 + 19 (resp. 4 + 1) quadratic (resp. cubic) fields
with Ap, < 64; for all of them the inequality n < log Ar/log4 holds but for Q[v/%3] and for
Q[v+15].

ITEM [£d.

Since L has to be a non-trivial Galois extension of K, we must have K = Q and G cyclic of
order 3. We thus know that the discriminant of L (hence Ap) is the square of an integer.
By [8] or [3, Th. 6.4.11, p. 341], the only primes that can divide Ap, are 3 and the primes
congruent to 1 modulo 3 and, if 3 | Ar, then 81 | Ar. This proves that Ap, > 49", as needed.

ITEM [zd

We prove that p? | A /k for each prime ideal p C Ok ramifying in L. In fact, we are assuming
that |G| is not a prime, thus G has a proper subgroup and by Galois duality there is a proper
intermediate field IF, so that Q C K C F C L. Thus

Ak = A][;L/:H]? Np/k (AL/r)

Let p € Ok be a prime ideal ramifying in L. If p ramifies in F, then pl-F] | Ap/k, hence
p? | Ap k-
Suppose now that p does not ramify in F. Let 8 C O, be a prime above p. As L/K is Galois,
it follows that q := PNF ramifies in L/F. Thus q | Ap/p. This proves that qupOF q | Apr-
Hence pOF | Apr, because pOf = Hq\p(’)nr q (because p does not ramify in F, by hypothesis).
Therefore plf&l = Ng /k(POF) | Ap k. In particular p2 | AL /k also in this case.
Suppose K = Q. The previous computation shows that there exist integers A and B such
that Ap, = A%2B with B squarefree and B | A. As a consequence
n w(A’B) . wA)
logAxg  log(A2B) ~ 2log A

and if A € [[Ty<; P [1<j1 Pr) then

N J
log Ax ~ 20(p;)

Since 7219{;;-) < 1/log22 for j =5, and since [ [, 5 pr = 2310, the previous remark shows that
y <

n < log A /log22 as soon as A > 2310. Moreover, w(A) < 4 when A < 2310. Thus in this

case n/log Ap, < 4/log A, which is < 1/log 22 as soon as Ay, > 224 = 234256. Odlyzko’s Ta-

ble 3 shows that Ay, < 234256 is possible only for degrees ny, < 7, and, given our hypothesis,

it remains to test only ny, = 4 and ny, = 6. All quartic and sextics fields with absolute

discriminant up to 234256 appear in megrez table: exploring the table we found that there
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are only twenty five quartic fields which are Galois extensions of Q and which do not satisfy
the bound (they are the fields with discriminant in {144, 225, 400, 441, 3600, 7056, 176400} ),
and no sextic fields.

Suppose K # Q. We will prove that n < lf;gggjf. For n = 2, 3, 4 let S,, be the set of prime
ideals dividing A x and whose norm is n and let S5 be the set of prime ideals dividing Ay, /g

and whose norm is > 5. For all 2 < n <5, let a,, be the cardinality of S,,. Then

5
AL = AK[L:K]N(AL/K) > AKnH‘/nK(N(H H p))2 > AKnL/nK(2a23a34a45a5)2.
n=2pes,
Hence

log Ar, > —log Ag+2 Z an logn.
n=2
The number appearing on the right-hand side is larger than (log24) ", a, as soon as

(3.7) —log Ag > Zan log(24/n?).
n=2
Note that az < nk and that as+2a4 < ng (because these primes factorize 20k). As ny,/ng >
4, Inequality (3.7)) holds for sure when
2

1 24
l/nK > _— =
log(Ag™ /™€) > 1 log <22‘32) log 2,

i.e. AgY/™ > 2. The root discriminant of K satisfies this inequality for ng > 3, as one can see
from line b = 1 in Odlyzko’s Table 3. For ng = 2 this is true for Ag > 4, thus K = Q[v/—3]
is the unique exception to this argument. However, in this case Sy is empty and a3, aq < 1,
thus the claim is true anyway.

ITEM [z
Set pp := 1 and let A: [0,+00) — R be the function such that

Ui > 0,50 € D), i), Alw) = 0By
08 Pj+1
i.e., the continuous and piecewise affine map satisfying A(J(p;)) = j for every j. It is an
increasing and concave map.
We also introduce on (e!'™14 +00) the function R(z) :=
2.1714

Togz—TT711" It is increasing for
rT>TR:=e€ , convex for z < exp and concave for x > exp.

Guy Robin [19] proved that w(n) < R(logn) for all n > 26. As a consequence,
Vo > M A(z) < R(w).

Indeed, A(¥(p;)) = J = w( i:l pr) < R(Y¥(pj)) when j > 4 by Robin’s result, and A(exr) <
R(exg), by explicit computation. Thus, A(z) < R(z) for x > expr because A is piecewise
affine and R is concave in this range. On (e''™'4 exp) the inequality still holds because R is
convex here and the tangent to its graph in exp stays above the graph of A.

Let jo := Ln/nKJ and g := 9(pj,)+(n/nk—jo) log pj,+1, so that n = A(xg)nk.

Let pj, 7 =1, , 1 be the primes ramifying in L/K. For each j let Dk; be the prime integer
below p; and fj be such that N(p;) = pk We suppose that the ideals are ordered such that
the sequence py; is non-decreasing. We have

n n
N(Apx) = HNPJ 1_[1]9% > Hlpkj-
= =
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For a given py, there are at most nk values of j such that p = pg;, thus we get

AL > N(Ap k) > (Hpk) P,

so that log Ar, > zgngk. Hence

log A log A 1 log A
LZA(:E())SA( 0g IL) §R< 0og L):i og AL,
nKg nK nK nk log(Ar/nkg)—1.1714
when log Ap, > eIy, O

Lemma 3.8. For every integer n, let Ap(n) := Y Nien AL(T). Then for any £ > 1 and any
prime p we have

ZA E”L*'r ) > np logp.

Proof. From the definition of Ar, we have

Z [XL(pémLJrr) — Z Z Z log(Np) = Z fp< Z 1) log p,
r=1

r=1 plp plp r=1

m: m:
Np™ :plnL-H‘ m fp=~fny+r

where f, is the inertia degree of p in the extension Q C L. To conclude, it is sufficient to
prove that

Z Y. 16,

m:
mfp Iny+r

where e, is the ramification index of p, because zplp fpep = n1. To prove this inequality, we
pick € {1, ..., fy} such that ¢ng+r = 0 (mod f,). We then set m = (¢ny,+r)/f,, and this
contributes by 1 to the inner sum on m. We repeat this procedure in the first e, blocks of
length f,,: the claim follows since ey f, < ny.. O

3.3. Bounds for sums on zeros of Dedekind Zeta functions.

Lemma 3.9. Assume GRH. Then we have

1/242
(3.8) 3 |p| + > [1/2+2mi] 1.348log Ap —1.557n,+7.786—0.4067, —e, |

T2
moo Pl s 1P

where the sums run over the non-trivial zeros p = %—H”y of (L. Here ey, 1is positive, with
e1 > 5.529, eo > 0.751 and ez > 0.313.

Proof. We prove this lemma with the same method of |7, Lemma 3.1]. Thus, let

2 .
(1+442)172 if h" <2
9(7) T 2|14-4mi h .
17192 otherwise

so that

|1/2+2mi|
Yoot Y e =290
|<2r ’p s, Y
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We observe that g is continuous in R. Moreover, let f(s,v) := 4(2s—1)/((2s—1)?+4~?%) and
fu(s) :==>_, f(s,7). We look for a finite linear combination of f(s,~) at suitable points s;
such that

(3.9) 9) < F() =Y a;f(s;;7)  VyER,
J

so that
|1/2—|—27m| e

Once (3.10)) is proved, we recover a bound for the sum on zeros recalling the identity

(3.11)  fu(s) = 2Re

<3 Ap 2 2 /s I’ (s+1>
2

3 (s)+log %—i-Re (;4_3—71) +(r1+r2) Re T (2) +ry Re —
To determine a convenient set of constants a;’s we set s; = 1+;/2 with j =1,...,23,
T:={0.62,1,1.6,2.1,2.8,3.8,4.6,5.8,7.5,9.3,12.9, 14, 16, 17, 18, 19, 20, 30, 40, 50, 102, 103, 10?},

and we require:

(1) F(v) = g(y) for all v € TU{0, 27},

(2) F(7) = ¢'(3) for all y € T,

(3) limy—y00 YV2F () = limy—y00 v2g(7) = |1/2427i].
This produces a set of 49 linear equations for the 49 constants a;’s ensuring , at least
for v € T. With an abuse of notation we take for a;’s the solution of the system, rounded
above to 10~7: this produces the numbers in Table Then, using Sturm’s algorithm, we
prove that the values found actually give an upper bound for g, so that holds with such
a;’s. These constants verify

49 49 9 9
Zaj —1.3479.. Zaj<8j+8j_1) < 7.786,
(3.12) = o
' 29 Ty s;+1
. J _ J
;aJF(Q) < —0.421, Zaj - ( ) <0392

This suffices to manage all terms in (3.10)) coming from all terms in (3.11)) but the first one.
However, we observe that a; > 0, az > 0 and the signs of the a;’s alternate for 2 < j < 49.

We write 2?9 1 aj g, (sj) as

S AL(m)S(n) with S(n) = T‘LLJ

We isolate the first three terms in S(n), and group the other ones by consecutive pairs

a4g = Q49
Stn) = (amtogtoan) (s tamn ) H (Gt oem )+ o+ (G s
It is easy to verify that each group decreases for n > 85597, and that hence the same holds

for S(n). A direct computation shows that S(n+1) < S(n) holds also for n < 85597. Thus S
is a decreasing sequence. Since a; > 0 we know that S(n) > 0 definitively and hence always.

Thus, we can deduce that — =2 Zj 1 aj & ( i) =2 1 Ap(n)S(n) < 0 which suffices
to prove the claim for a generlc ny, via (3.10H3.12]).
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With the help of Lemma we can produce a better upper bound for —e,, , at least when
ny, is small. In fact S is decreasing, so that

49 ’ ~ oo NL
Z%E}L(Sj) _ Z ZA]L(pm) Z ZZA Kn]L-‘rr ZnL-i-r)
j=1 L p m p ¢=0r=1

<Y SRS,

p (=0r=1

From Lemma [3.8] and since S > 0, this is

00 49 /
S (og S0 = —n 3OS AGHS() = Zaji<sjnL>.
j=1

p (=1 p (=1

Hence
9 49 ¢
—en, =2 %‘%(8;‘) <2y %‘Z(Sjnm)
=1 >k j=1

whose value for ny, = 1 is lower than —5.529, for ny, = 2 is lower than —0.751 and for ng, = 3
is lower than —0.313 (the gain unfortunately decreases quickly: it is —0.149 for ny, = 4 and
only —0.074 for ng, = 5). O

Lemma 3.10. Assume GRH. Then one has
1
> —— < 0.5375log AL —1.0355n,,45.3879—0.2635r1,
lp(p+1)]

where the sums run over the non-trivial zeros p of (L.

Proof. This claim is [6, Lemma 4.1], but now we repeat the computations keeping the extra
term which is proportional to r1. Since

2 2
a; = 0.53747. .., .<7 ) < 5.3879
Z J Zj:aj Sj+8j—1 - ’
T /s;+1
Z%F( /) < ~0.6838, Zajf( =) < —01567,
J
the claim follows. ]

We rewrite Theorem Ml for E = L and trivial character as

T
3.13 |NL(T) ——1 ((5—
( ) L ©8 2me
for every T > Ty > 1, Where WL(T) := log Ap+ny log(T/27), ¢1 = D1, ca = Dy+Dlog2nm
and c3 = Dj. With Ty = 27, the last line of Table [1| provides (3.13]) with the constants

c1 = 0.460, co =2.491, c5=0.593.

1
> ILA]L) _2+ZT1) < e WL(T)+canp+cs3

Other and smaller values for ¢; are available in Table [T, but we need also a small value for ¢y
and c3: this choice is adequate to our purpose. This proves

Lemma 3.11. For all T > 27 one has

(3.14) S 1=NU(T) < (1 0. 460)
[T

Wi (T)—T (1_2.491

s

)nL+2.593—%.

As in [7, Second sum], one has
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Lemma 3.12. For all T > 27 one has

T T

Z 1 <(1 0920)WL(T)+(1+@)11L 1.186

A — — .
(3:15) lp|? — AT T T T2

[>T

Proof. The proof remains the same in spite of the difference between the structure of (3.13))
and Trudgian’s formula we used in [7] for this purpose, because the term —1+r; /4 disappears
in integrations. This provides the upper bound

201 WL(T) 1 log2m\ nL ny,  2c3
Z>:T|P|2—< ) T +(%+12T2)?+(202+ )T2+T2’

and the claim follows from the selected values of ¢;’s. O

Note that the formula improves upon the one in |7] because now cj, ¢z and c3 are smaller.

Lemma 3.13. For all T > 27 one has

Z Z |1427i] _(7log(2T>+1 0674+ = )logAL

2
perl? s T T 0.460 1.446
[
(%k’g (27r> *lg(zw) 1.633———+— )”L

(3.16) +7.834—0.40671 €y, .

Io|

Proof. Let (3.13) be written as |NL(T)—A(T)| < R(T), with A(T) representing the main
term and R(T') the bound for the remainder term. To ease notations, we set £ := |1/242mi|.
We write

2 Ip\ +2 W— Z o] t 2 Ip\2 2 (llp!_!pgl2>

IyI<T yI>T lv|<2m Iv[>2m 2 <[y|<T
1 27
> Ipl t2 Ipl2 2 (m_?»
y|<2m [y|>2m 2r<|y|<T
where the last step follows by the general inequality T /21+'i'y| T /2_{27‘2 < ﬁ—i—g By partial

summation we get
1 2 1 2 R(4 12 1 2
> (-3 <L (- aren B [ ey an [(A-2)ra)a
onimer N7 Ty dm v 7 i\
because %—7 has a maximum at 47. Since R/(y) = ¢iny, /v this produces the bound

3 L 2 T2 R(4 11
( a Z) S/ (7_77;) dA(v)+ ( 7T)+61(f—f+l2>n]14.
omepl<T vy o \Y Y 4mr 8t T ' T

The claim follows from this bound, the equality

[, G35 a0 = (Fiom (30) 5+ 7 s o (g o (5 ) s (5) )

the result in (3.8)) and the chosen values for the ¢;’s constants. t
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4. A PARAMETRIC RESULT

Theorem 4.1. (GRH) For every x > 4 and T > 21 we have:

(4.1) :glzb(C x)—x < Ly(x,T,ny,log Ag),

(¢l _ 1€1]
(4.2) |C‘wc(x) x) < Lo(x, T,ny,log Ag)+D(z, T, np, log Ag)+ ’C|9‘i(;(a:),
with

Ly(x,T,n,L) = F(x, T)L+G(z,T)n+H(x,T,n),
1 T 1.858
F(z,T) = \/5[; log (%)“'WHT} +1.075,

TN /2 1.858 T 7.729
G(x,T) = f[—log ( )+(—+—) log (—)—1.633+—}—1.501,
2 T T 2T T

H(z,T,n):= Hy(z,T)+Hs(z,T,n),

3.779
Hy(z,T) = T+f<7 834+T)+9 276,

Ho(z,T,n) = —/z ((0406+ rl—l—en)—l—(l—S)10g;19—|—S—().744n50—().5277"1,

4T)
D(z,T,n,L) :=2(S—1)(log z—1)+1-0.445n+2ndc

_?(1-167—%0.74354_0'743 log (37))n-

Proof. Following (12.4), we consider for a character x of Gal(L/E) the integral
1 2+i00 L/ :L.erl
I = —— - ——d
@) =—g5 | TN 4
Shifting the axis of integration arbitrarily far to the left, one gets for every x > 1 the identity
@) =0 =3 e Ry ()
Oy —————ary+r + Ry (x
& Y2 p(ptn) T
where R, () is defined in Lemma and r, and ) are defined in (3.2)). The shift is done in a
way similar to [12, § 6], further simplified by the fact that the integral is absolutely convergent
on vertical lines. By (2.4), Lemma and using R¢ as defined in Lemma this gives

|G| x? xPTl

(4.3) |C’1/1(1 (Cy2) = Mcly(z) = 3—2 G(P)m—ﬂ?MCTXJFMCT;ﬁRC(@
pEZ
so that for any h # 0, one has
|Gl D (Cia+h) =W (Ciz) w+h pHL_ gt .
IC]| h - Z hp(p+1) —Mecry+Re(n)

pEZ
for a suitable n in the interval between x and x+h. By . we deduce for h > 0:

1G] ey
(44) CCs

(z4h)PH —grtl
by

/
oD |~ MenctRe()
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and for h < 0

(z4-h)PTL—grtl
hp(p+1)

(4.5) - :g}wcm o] < —7+Z\

+MCTX_R/C(77)'

To get an upper bound for the sum of zeros we split its contribution into two parts: above
and below T'. Moreover, in the lower range we isolate the contribution of Z‘ <1 T° /p, which
will produce the main term. Thus,

Z ‘ (x4-h)PTL—grtl Z (x+h)PH —zPt —p(p4+1)2? Z (z+h)PH—grtl
Mot S 2 T 51 3 [
plp m=r P T Plo e el

x |h z3/2 h\3/2 1

49 > fr*‘é > el (1)) X g

IvI<T [v|<T [v[>T
with

wp =

2
p(p+1) (%)
The technique we apply to bound (4.4) and (4.5) changes in some details. We thus proceed
separately for the two cases.
To prove (£.1) we bound the right hand side of (£.4). Let h > 0, then |w,| < % from |7, Lemma
2.1], and (4.6) gives

m+JLp+1_ay+1) /2 hA 3/2
<V +— I+—)  +1
S Lt (42 5

By (3.14) we know that Np(7) has order TWp(T), by (3.15) that ZM>Tﬁ has order
WL(T)/T, and by (3.16) that >, 1 ﬁ has order (logT)Wp(T). The comparison of the

second and the last term, hence, suggests to take h ~ x/T. We set h = 2z/T. In this way we
get:

Z‘ (oh)7” _po’ <Vz Yo v ‘+fNL( )+ f((l—kT) 2+1) 3 ’1

hp(pil
Ple hI<T W>T

Since (1+3)3/2+1 < 2+§+% we conclude

Yo+l gt
fz‘ x—i_:ppp—l—lxp < (Z T2 |p|2> )+<1+23T+4T2) 2. |p|2'

v LT v[>T [v|>T

I

Substituting (|3.14|), (3.15) and (3.16) in this equation, after some rearrangements we get:

B FIETSEAE IS

hp p+1)
[i log ( I )—i—(gﬁ-@) log ( I ) 1. 633—|—7 ;29}1%

2w 2w T 2
3.779
4 4 ——( 4 ) .
(4.7) +7.834+ 5=~ (0. 06+4T —en,

The explicit formula for R, in Lemma gives
Re(n) < logn—Slog(n+1)+0.256nL5c
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under the assumption that x > 4. Using that and Lemma

2 ! 3 2
(4.8) —Mery+Re(n Z|p( C( )n]L nLéc—i—S—f +(1-S) log +0. 256nL50+T'

220l (@
Following (4 , we sum and . to get:
G| T 1.858
|C’w(C ;x)—x +f[ log <—>+1.7O4+7T }logA]L
2 1.858 T 7.729
+\f[710g (2w)+<*+ T )log<%>_1‘633+ T "
3.779
+Va[7. 834+T— (0.406+ 4T) e
(4.9) Z /(2)n —nrd +S—§—|—(1—S)lo 2+0.256n1.0 +g
. !p2p C(Q)JL LOC 9 g : LOCT -

pEZ
Moreover, |2—p| = |p+1| since we are assuming GRH. Thus, by Lemma

2
> g S L075log AL—2.071ny +10.776-0.527ry.
p —_—

The upper bound in (4.9)) thus gives

:g: (Cix)—zx < \/E[l log <%>+1.704+$}log AL
—i—f{— log? <2W>+(g+1 8T58> log (217;) 1.633—1—7‘;29 nL
+\F[7 834+¥—(0 406+4;)r1—%} +1.075log A —2.071ny, +10.776—0.527r1

3 2
+0.570n]L—O.744nL5(;—|—S—5—1—(1—5) log H%'

This is the bound in , once the definition of L, is considered.

To prove (4.2)) we first bound the right hand side of (4.5} . In this case h < 0, thus |w,| < 2+
from [7, Lemma 2.1], so that (4.6) gives

|hl

3/2

Yo+l gt
Z‘ x+llzlppp+1$p ‘S Ve Z |p|+lhf|<2+|6};|)N (T)+%<(1+h)3/2+1) Z ]pl|2

Iv|<T

Setting h = —%%, and estimating (1+2)%/241 = (1-2)3/2+41 < 2—24+25 (valid as soon as

T > 2), we get

(z4h)PH—grtl 2\ NL(T)
fz) - hp( p—{—lx ‘ (||Z<T pl ||Z>T |p|2) ( T) ]LT
1 23T ;2 %) Z |p|2’

which with ( -, - (which can be used because l—ﬁ—i———Q—” is positive for T > 2m)

and (| - produces

(z+h)PH —grtl 1 T 1.115
< | = 1.704 —}1 A
fz‘ hp(p+1) ‘ - [7r10g<2 )+ 704+ T %L
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T 2 1115 2.206 T 6.562
2 08" (5 )+ (o = ) 1os (57) -1 )
|:27T 8 o )T\t e ) los (g ) 103 -
3.779 5.614
(4.10) 78344+ 2 ~(0.406+ 4T) —en,.
Then — Ry (n) < —logn+Slog(n+1) hence, using Lemma
2 2
(4.11) Mery—Re(n Zm+nL50 S+ —i—Slog(:c—i—l) log (x—%)

Summing (4.10]) and (4.11)), we get from (4.5):

(’G|@/}(C z)— ) S%-H/EE log (%)4—1.7044—#]1@&14

€]
—l—ﬁ[% log? (5)_,_(24_@) log ( ! ) 1. 633+6 ;GQ]nL

T 2
3.779 5.614
+\F[7 83442 2 (0 406+4T) enL]
S 2
Z +nL50—S+*+(S—1) log 2+——log (1——).
e \p 2 x T
Reorganizing as above we get
(4.12) ('G%(c x)—x) < Lo(z, T, 1, log Ag)+A
. |C| S Lo\, 4, N, 108 AK

with
S 2\ 2
A :=2(S—1)log 2+ —28+1.744n1 6c+3—0.570n1—log (1_7) _Z

X

T) T
14
—VTE [0.743%( )+1. 167m;|—%]

We observe that, for T > 27, we have —log(1-2/T)—2/T < 2.561/T? < 5.614\/x/T?, and
that S/x < 0.256n1,d0+0.125n1,, under the assumption = > 4. We then get

A< 2(S—1)(log x—l)—0.445n]L+1+2n]L5(;—\;%(0.743WL(T)+1.16771L)
(4.13) = D(z,T,np,log Ar).

By (1.2)), we have (4.2) from (4.12)) and (4.13]). O

5. PROOF OF THEOREM [L.1]

For . = Q, the theorem is weaker than Lowell Schoenfeld’s result for x > 59, and true in
the range [1,59] by explicit computation. We assume henceforth that L # Q, i.e. ny, > 2.
Since ¥ (C; ) > e (x), for the proof of the theorem it is sufficient to show that

(5.1) :g: (Cs )~ x<f[(logw+2>logAL+<108g2x+2>nL]
60 (o) <A e (5 sa)n]

hold Vx > 1. Let then

2

a0y = LD (52 (o),
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D(x,T,n, L) gN(L)logx

o pom Va
where ¢ is an integer, p is the smallest prime divisor of g and 9(log Ar) is an upper bound
for n, as given by Lemma that will be made explicit later. To prove it is sufficient
to show that there is an T > 4 such that it is trivial for = € [1,Z"] and that when z > 7,
by (4.1)), there exists a value of T > 27 such that Bq(z,T,ni,log Ar) < 0. To prove
it is sufficient to show that there is an £~ > 4 such that it is trivial for x € [1,Z7] and
that when x > 7, by and Lemma there exists a value of T' > 27 such that
Bb(SL’, T, nrL, log A]L) < 0.
We assume, from now on, that T = T(z) := c¢y/x/logx with ¢ := 5.2. This ensures in
particular that T" > 27 for any = > 1.

Bb(.’L’, T: n, ‘Cv g) = Ba(.%', T: n, £)+

5.1. Upper bound. We first prove (j5.1).
Step 1: trivial bound. We notice that ¢(C;x) < ¢k (z) < ¢g(z)nk. Hence, given that
ny, = |G|nk, the bound (5.1)) is true if

\/E[(logx_m) logAH‘+<10g2l’_~_2>} > w@(x)—i

27 nr, 8 nr, .
We will call this bound the trivial bound. We observe that g is constant on the intervals
[p™,q") where p™ and ¢ are consecutive prime powers, hence if the trivial bound is true in
p™ it is true in the whole interval [p™, ¢™). We check that the bound is true for z < 61 if
ng, = 4 and for z < 71 for any other value of ny, € [2,13] using the explicit lower bounds for
log A, in [16] and [14, Table 3]. For ny, > 14, % > 2.12 as follows from entry b = 2.1
in [14, Table 3]. We this lower bound, we check that the stronger bound without the x/nr,
term is true for x < 71. This ensures that it is true for x < 71 and ny, > 14.
Hence is a consequence of the trivial bound if either np, = 4 and x < 61 or ng, # 4 and
r <71
Step 2: function B, is decreasing in £. We have

1. /c/(2n) 1.858 1.0757 £
Ba(z,T(x),nL, £) =] ~1 —0.206+-220 d
(2, (@), mu, £) [71' og( log ) 0296+ T + NI }nL
1 Ty 1 2 1.858 T 7729 1.501
“log? (=)= —log? at (247222 ) log (= ) ~3.633+ 0 02
tor o8 (271) . x+<7r+ T >0g(2w) 303
1 x+2
I (1-9)1 276—0.744n1.6¢—0.
+nm/5[ —=+(1-8) log 2+8+9.276-0.744nL dc 0.527r

1 3.779 1
= [7.834 ——(0.406 7> —ep, }
+n1L[ 7 )

0

2 0B, Ba (61, T(61)) <

Since T'(x) is an increasing function of x > e, %7¢ is decreasing with x. As
0, we have that %BE‘Z <0 for any =z > 61.
Step 3: function B, is decreasing in x. We have
0B, —log3 1 1.8587" 1.0757 T’ ,1 1.858 T
b o ()
ox 2 lrzlogx T2 2e/xl T \m T 27
logxz 2T 5.621T7" logx+0.772 1 4.638
Trz AT T2 2x+/T +anx_an3/2
where we have removed a few terms whose decreasing behaviour is evident, and used the
facts that £/np, > %log 3,0c <1,S <np and r; < np. Since ng, > 2, we bound the last

two terms by max(0,1/(cz)—4.6382~3/2)/2 and the resulting function is an elementary one
variable function which is negative for x > 61.

(z,T(x),ny, L) <
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Step 4: estimates for np, > 4. For ny, > 4, we have log Ay, > ny, (this is true for all number
fields except Q and the four quadratic fields with Ay, < 7). Given that B, is a decreasing
function of £ for x > 61, we have

Btl(xv T($)7 nL, IOg AL) < Btl(xv T($)7 nL, n]L)

as soon as ny, > 4 and = > 61.
Since ¢ >0, r; >0, S > 0 and e, > 0, we have

1.858 1.075
By(z,T(z),nL,n1) <—log (C/( )> 0.296+——+—~—
s x

T NI
1 T 2 1.858 T 7.720 1501
1 2<7> 1, ( —)1 ( ) —3.633+
g l0g* (g ) g log e (LT ) los (5 Tz
1 [z42 3.779
e 9276} [7 834 —}
—i—an[ +log x+ L + T

This upper bound is decreasing in ny, because ny, only appears as the denominator of a fraction
with positive numerator. Since B, (61,7(61),4,4) < 0, the decreasing behaviour of B, in z, n
and L proves that B, (z,T(x),np,log Ar) < 0 if ng, > 4 and x > 61. With the trivial bound
in Step 1, we see that B,(x,T(z),ny,logAr) < 0if np, >4 and = > 1.

Step 5: estimates for ny, = 3, 1 = 3. In this case Ap, > 49 and B,(71,7(71),3,1og49) < 0
(where we use, as above, that ¢ > 0 and S > 0) which, including the trivial bound, concludes
the proof.

Step 6: estimates for nyp, = 3, r; = 1. In this case Ay > 23 and we necessarily have
L =K, hence ¢ =1 and S = (np+7r1)/2 = 2. Since B,(71,7T(71),3,log23) < 0, the proof is
complete for ny, = 3.

Step 7: estimates for ny, = 2, large A, or large x. We observe that the trivial bound
extends to x < 607 when Ay, > 300. As above the worst case is for 0 = 0 and r; = 0 and in
that case S = 1. We have B,(607,7(607),2,log 300) < 0, which means that the case where
nr, = 2, A, > 300 is proved.

Besides, we observe that also B,(10°,7(10%),2,log3) < 0, keeping the worst case 6c = 0,
ry =0 and S =1, hence for n;, = 2 is proved also for = > 10°. Hence is proved for
np, = 2 if either Ag, > 300 or x > 10°.

Step 8: estimates for ny, = 2, small Ay, and small x. For the remaining quadratic fields
LL the proof will be made together with the lower bound.

5.2. Lower bound. We now turn to (5.2]).
Lemma shows that n < log Ay /(loglog Ap—log nx—1.1714) when log Ap, > e!"174 ng.
To get an easier estimate we use line b = 4.1 of Table 3 in [14], producing the lower bound

loglog Ap—logng—1.1714 > log(ng, log 25.585—28.36)—log nx—1.1714
28.36
— log (yG| log 25. 585——) 1.1714 > log(|G|—-8.79).
ng

Moreover, Lemma implies that n < 0.4+log Ar,/log 22 if |G| is not prime — where the
0.4 has been added to handle the exceptions. We thus define

0 if |G| =1,
L/log(|G|—8.79) if |G| > 32,
N(L) :=< L/log4 if |G| is a prime < 31 and # 3,
L/ log 49 if |G| = 3,
0.4+L/log 22 otherwise.
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In this way, from Lemma we have n < 9(log Ar).

Before starting the proof, we observe that if K = LL, then 91(£) = 0. Thus, when we are able
to prove that B, < 0 for suitable z, T' (and a certain value for the parameters r; and S) under
the assumption that K # L., then with the same values for x and T, we have By < 0 also for
K =L (and the same value for r; and S).

Step 1: trivial bound. Bound (| is satisfied if

(102g +2)1og AL+(1§—+2)W > Vz

because in this case it is weaker than the trivial bound ¥¢(z) > 0. Since for np, > 3 we
have log Ar, > np, we see that this is true if x < 16n]%. This extends to ny, = 2 by direct
computation.

For the end of this subsection, we will assume x > 1612 (and hence x > 16|/G|* and z > 64).

Step 2: function B is decreasing in £. We have

1 c/(2m) 1.115 1.075 |G| N(L) logz
By(x,T ==1 2
(@, T(a), mu, £, |Gl)=| Og(log:p) ~0.206+ =+ = DT o

ran o8 (5) g 08w (T o ()

6.562 1946 1 3.779

_ 20, L [7.834— (04 R

B3 [7.834- (0. 06+4T) —em = |
1 z+2

+nL\F[ +(S—1)log 5—8+12.276+1.25671.50—0.527r1 |.

We observe that the derivative 9 is a constant depending only on |G|. Moreover, since
x> 16n2 > 16|G|%,

\G! log x |G| logx _ N log(4|G])
(£)2=] = < .

3£ N VT 2p
By computing the values for 2 < |G| < 32, and using the lower bound z > 16|G|?, we observe

that
1.075 . N log(4|G)|)

Ve 2p

The conclusion holds also for any |G| > 32 because

Wlog(4[G) _ _ log(4|G)

< 0.51.

2p ~ 4log(|G|-8.79)
which decreases in |G|. We thus get
OBy 1 cc/(2m) 1.115
<1 ( )—0.206+=+0.51
Yor = ©8 log x + T *

which is negative because x > 64 hence T' > 10.
Step 3: function B, is decreasing in x. We have
0By —10g3[ 1 1.115T’+1.075} Z’(liﬁ> 10g(T)
Ox 2 lmzlogx T 2z\/x T 27
_logx 27" 5.197T" 2.473 1 log x—2
vz AT T +2:c\/5 cenLr 2nLaN/x

which is negative as well for x > 64.

- (&, T(x),nL, £,]G]) <
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Step 4: estimates for ny, > 4. We have log A, > ny,. Given that By is a decreasing function
of L for z > 64, we have

Bb(l‘,T(ﬂ?), nL, IOg A]L7 |GD S Bb(]),T(ZE),TL]L,n]L, ’GD

as soon as x > 64. We know that S < (np+r1)/2; introducing this bound in By, the term
depending on r; in B becomes

nL\F( (log z—1)—0.527— (0406+4T)\/5)

which is < 0 for every x. Its larger value is therefore reached for r; = 0. Once the bound
dc <1 is also considered, we get the upper bound

1 c/(2m) 1.115 1.075 |G| N(nL) logx
B T <-1 —0.2 —
(. T, i, |G)) < og(logx> 0206+ =7+ L= e

+11 2<T> 11 +<2+1.115)1 (T)
—log® | —)—=—log"x — ) log { —
o 08 \27 8w g m T &\aor

6.562 logx—2.380 1 rz+42
-3. —1 12.27
3633+ +nL\/:E[ - —loga+ 6]

{7 834+ 3. 779]

Once again this is decreasing in np,, as long as |G|/p remains constant and 9t does not change
form, since 7.834\/z—logxz > 0. We check that B, is negative in the proper range of its
arguments by checking that this upper bound is negative, too. Doing this, we can restrict

the test to the cases with |G| > 2: in fact, ‘G| Nny) logz

nL  x
|G| appearing there, and it is zero when |G| = 1. Moreover, for each |G|, we only need to
check whether the right hand side with = 16n?, T = T'(16n?) is negative when ng, = |G| (if
|G| > 4) or when ny, = 2|G| (if |G| =2 or 3).
If |G| > 32, then np, = |G| and
|G| M(ne) log(16n) _ log(4|G)  _  log(4]Gl)
p L Vi6n2 2plog(|G|—8.79) — 4log(|G|—-8.79)
which is decreasing in |G|, so, we just need to test the value for nj, = |G| = 32.
If |G| < 31 is not prime, we need to check for |G|/p € {2,...,15}, but from the decreasing
argument (now in p with fixed |G|/p) we only need to check the case p = 2, i.e. |G| even in
[4,30].
If |G| < 31 is prime (but different from 3) we have
|G| 9(nr) log(16n?)  log(4ny)
P nL 16n2 2ny,log4’

is the unique term depending on

which decreases in ny,. Thus we just need to check the case ny, = 4, and hence |G| = 2.
If |G| = 3, then np, = 6 and

|G| 9(ny) log(16n?)  log(4ny)
P nL 16n? ~ 2nplog49’

which is smaller than what we got previously for the case |G| = 6.

In total we have sixteen cases: np, = |G| = 32, n, = |G| even in [4,30] and n;, = 4 with
|G| = 2. All sixteen values are negative. We have covered all cases for |G|/p and 9 hence,
together with the trivial bound, this proves the lower bound for ny, > 4.
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Step 5: estimates for n;, = 3. We have Ap, > 23, ¢ < 1. As for the previous case, we
estimate S with (np+71)/2 and the emerging term depending on r; with its largest value,
which now corresponds to 1 = 1 (because for ny, = 3 the unique admissible values for r; are
1 and 3). This produces the bound

1 2 1115 1.075710g23 log23 1
By(x,T(x),3,log 23, |G|)< [Flog<cl/o(g?>—0.296+ + 2| R e

T N3 3log49 x
+11 2<T) 11 9 +(2+1.115)1 (T)
27 o8 2/ 8w o8 ¥ s T o8 27
6.562 1.946 1 3.529 1 ra+2
3,633 25 U0 7[7.115 } [ log z4+13.517]
+ T NG +3 + T 4-3\/5 T +log 2+

which is negative for z = 16n? = 16-9 and T' = T'(16-9). This completes the proof of the
claim for ny, = 3.

Step 6: estimates for ny, = 2, large Ar, or large z. The worst case happens when ¢ = 1,
|G| =2, S = 1+47r1/2 and r; = 0. For Ag, > 300, we observe that the trivial bound extends
to x < 598 and that By(598,7(598),2,log 300,2) < 0 if r; = 0. This means that the case
where Ap, > 300 is proved. We observe that B, (105, 7(10%),2,log 3,2) < 0, hence the claim
is proved for x > 10°.

Step 7: estimates for ny, = 2, small Ar, and small z. For the remaining fields IL, which
are quadratic with Ap, < 300, let z1(IL) > 61 be such that B, (z1(L), T(x1(L)), nr,log Ar) < 0
(with 6c = 0) and By(z1(L), T'(x1(L)), ny,log Ar,2) < 0 (with 6c = 1), where we use the true
value of n. As we have seen, for all fields x1 (L) < 10°. To complete the proof of Theorem
we have built a program that checks for each integer x € [1,z1(L)] that

“B+1 < gy (2)—x < B,
—B+1 < 20(a)—x < 20(Cia)—x < B,

where
2

B:= \/E[(longrQ)log AL+2(108g x+2)]

2 T

6. PROOF OoF COROLLARY [1.2]

The bounds stated in the corollary are certainly true as soon as

1 3 \logA 1 1 6 *d 1 [* d
\/EK—Jr ) og L+< ng+—+ >] Zmax(/ U ,W(w)—/ U )7
2r  logx/ mny 8t 4w  logx 5 logu ny Jo logu
because in this case the conclusion is weaker than the elementary bound 0 < 7o(z) <
7(C;x) < w(z)ng. The first inequality holds when z € [2,193), because ~log Ap > %log 3,

nL

and
1

3 \1 logx 1 6 T o du
— —log3 ( — )] > /
\/E[<27r+log:c>2 0g 5+ 8m +47T+10g:10 — Jy logu
holds in this range. The second inequality

\/EK 1 n 3 >logA]L+<logx+ 1 n 6 >] Zﬂ(x)—l/; du

o logx/ ng 8t Am log x nL logu

is checked for x € [2,193) by testing it for each n, < 20 (using the lower bound for log A, as
follows from Odlyzko’s tables for each degree). The case np, = 20 is checked in the stronger

version where —ni ; ld“ is removed, so that its validity implies the validity also for all
L ogu
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np, > 20. In this way the corollary is fully proved up to 193.
Let

9(C; x) Z 0(C;p)log Np.
Npgx
Then by partial summation

z Sy, 73) 73
1G] (C;x)—/ du |G| (€ 73)— IC] n 73 _/ du
|C| 5 logu |C] log 73 log73 Jo logu

. 1G0(C; )2 / 1E0(C5u)—u
log 73

ulog?u
Assuming x > 193, we have

9(C; 73 log Np | v
0 < m(c;73)-NETE) 3 (1— o8 ) < p;3 (1— o8P )nK < 5.65n% < 2.15ﬁnu@

log 73 No<73 log 73 : log 73
p prime
B du 73 NG
0< / <6.1 <1.16—/—ng,
9 logu log 73 log

and
Ve> 1, 0<B(Cia)—D(C;) < Yrlr)—dx(r) < 143yEng
by [20, Th. 13]. We deduce that

u

G| ‘ C’\¢ (C;z)—z|[+2.59y@ny, = ‘ﬁw(C; u)—u|+1.43y/un,
m(C; 33)—/ ’ < +/ d
|C‘ 2 logu 9

ulog?u

logxz 4.59
)10gA]L+( 8T, )TL]L}
8t logx

log T

,f[(

log x

+/ (1984 4-2)log Ap+ (1443, Ay,
73 flog U
. logu 19 du
Since [, oo du < 1@, and [ floggu < 0.335 f (for x > 193), we get
1 1 6
_f[( )logAHA—F(ng%—f—i- )nd,
log x 8T log x

which concludes the proof of the claim for 7(C;x). For o () the argument is the same.

APPENDIX A. NUMBER OF ZEROS

Trudgian 23] showed how to take advantage of both Backlund’s and Rosser’s approaches
to produce good explicit bounds for the function N(7) counting non-trivial zeros p with
|Im p| < T for Dirichlet and Dedekind L-functions. Note that, contrary to the rest of this
paper, Trudgian’s approach doest not require to assume any form of the Riemann Hypothesis.
Studying his paper we have found some possible improvements in the way some terms are
bounded. We have also noted that the original paper does not isolate the role of a special
constant (the analogue of the constant —7/8 appearing for Riemann’s zeta in [4, Ch. 15, (1)]).
However, isolating this term allows to formulate the bound with smaller constants, and this
is very useful when sums on zeros of type Z| mp|>a S (p) with a > 0 are estimated via partial
summation, because in this case that term does not contribute and only the smaller constants
appear. This is very important for our application, since we need to take advantage of every
possible method to improve the constants, in order to reduce the set of explicit computations



26 L. GRENIE AND G. MOLTENI

which are needed to prove Theorem

Moreover, we have also noticed that essentially the same strategy can be applied to study the
zeros of all Hecke’s L-functions of finite order Groflencharakter, thus we have formulated the
results for this more general set, for possible future reference.

We stress once again that the main strategy for this computation has to be credited to
Trudgian, our contribution being limited to the points cited above.

Let E be a number field. Let xy be a Hecke Grofliencharakter of E which is primitive and of
finite order. Let §(x) denote the conductor of x and set Q(x) = ApNg/g(f(x))- Let 0y be 1 if
X is trivial and 0 otherwise. Let N(T', x) be the number (multiplicity included) of non-trivial
zeros p (i.e. with Rep € (0,1)) with |Im p| < T for L(s, x).

Theorem A.1. Unconditionally,
T T \ne
N(T0)-—1og [Q() (5—) ] ~20+

2me
when T > Ty, for Ty, D1, Dby and Dj as in Table[d]

ay—b
X 1 X‘ < Dy (log Q(x)+ng log T)+Dsng+d, Dy

If x is the trivial character, then E =L and N(T, x) = N.(T) is the number of non-trivial
zeros of (, with imaginary part in [—-7,7]. In that case Q(x) = A and ay—b, = r1. If
one want to compare this result with the analogue contained in [23, Theorem 2] one has to
take note of the extra term —2—1—%1"1 that we have put in evidence (as for Riemann’s zeta
in [4, Ch. 15, (1)]).

TABLE 1: Parameters for Theorem [A]l

To =1 To =2m To =10
D | Dy Dy | Dy Dy | Dy D
0.230 16.577 1.330 16.032 0.033 16.004 0.014
0.247 8180 1.435 7.614 0.083 7.585 0.062
0.265 6.416 1.515 5.834 0.150 5.805 0.129
0.282 5409 1.598 4.812 0.213 4.783 0.192
0.299 4.696 1.699 4.083 0.275 4.053 0.254
0.316 4.158 1.814 3.526 0.335 3.495 0.313
0.333 3.735 1961 3.082 0.400 3.050 0.371
0.350 3.425 2.185 2.731 0.429 2.698 0.402
0.367 3.206 2.426 2.467 0.453 2.432 0.423
0.384 3.043 2.687 2.257 0478 2.221 0.444
0.401 2918 2966 2.083 0.503 2.044 0.465
0.460 2.666 4.082 1.645 0.593 1.598 0.540

Proof. We first suppose that x is non-trivial. Let o1 € (1,2) and let R be the rectangle
with vertices o1+4¢T and 1—o1£iT, positively oriented. We furthermore assume that T is
not the imaginary part of any zero of L(s,x). The conclusion for the missing 7"s follows be-
cause N (T, x) is upper-continuous and all other functions are continuous. Cauchy’s argument
principle shows that

27TN(T, X) = A’R argg(sa X)’

where Ag arg{(s,x) is the variation of the argument of £(s,y) along R. The functional
equation shows that the variation of the argument we have in the left half-rectangle equals
the variation in the right half-rectangle. Hence

FN(Tv X) = AC arg 5(87 X)
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where C is the path 1/2—iT — 01—iT — 01+iT — 1/2+4iT and A¢ is the variation along C.
Hence

TN(T,x) = Ac arg(Q(x)?)+Ac arg Ty (s)+Ac arg L(s, x)
= Acarg(Q(x)?)+ayAc arg(7r7§I‘<g>) +b,Ac arg( E F(

Letting ¢(x) := Q(x)"/" it becomes:

s+1
2

)) +Acarg L(s, x).

sng/2
= Acarg ((M) - )‘HLXAC argF( )+b Ac argF( )+Ac arg L(s, x)
7r
T
= ngr1 log <Q>+2ax ImlogI‘(4 5
We define the function g(«,T") by
14200 T
4 +?>
for T'> 0, and by Stirling’s formula we know that g(«,T) = O(1/T) as T'— +oc. Thus, in
terms of g(a, T') we get

>+26X ImlogI’ <2+?T) +Acarg L(s, x).

T T
(A.1) ImlogF( =: §log %+(2a—1)g+g(a,T)

Ty m
7N (T, x) = ngT log (q(2>7<r)e>+4(bx—ax)+2axg(0, T)+2byg(1,T)+Ac arg L(s, x).

We first show that g(1,7) < g(0,T) for every T > 0. In fact, setting z := 14+, by Euler’s
reflection formula

F(l E) z 2 s
F(%i%) :I‘?l(—)z): |I7‘T(\ﬂ < oh( T) lblnh( 2T)>

Since this fraction is in the fourth quadrant, this equality implies that

T I(i4i) T 7T
07011 = Trang (FEEY 2 7o (ann (7)) >0
9(0,T)—g(1,T) L Tare P+ 4 —atan ( tanh (= >

For g(a,T') we have the equalities:

(A2) g(a.T) = —

2a-1 (2a+1)+T1 <1+(2a+1)2) T N 30
atan —lo -
1 oT )48 AT? ) 6] tatiT2 " 40| +a+iTP3
for some 6 € [—1,1] (see [1, Th. 1.4.2], with m = 2), and

_ 2a-1 20+1\ T (2a+1)2
9(e,T) = == atan( 2T )+Zlog<1+ AT? )

+/+oo<1 1+ 1 >€—(2a+1)t/4 ' (tT) &
o \2 e P\

(see |1, Th. 1.6.3 (i)]) when 2a+1 > 0. The first formula is strong enough to prove that
g(1,T) > 0for T > 1.5 (but an explicit computation shows that this holds also for T' € [1, 1.5]).
The second one (with some tedious but elementary work) shows that ¢(0,7") decreases for
T > 1. Therefore

ngT T\ a,—b 2n 1
a3 [N g (LT ) < 20 0 )y LA ang Lo, )
s 2me 4 s s

for every T > Ty > 1.
To bound Ac arg L(s, x) we split C in three segments C;, C2 and C3 where Cq is the vertical
one. We have

(A4) |Ac, arg L(s, )| < 2|10g Ca(o1)] < 2n log C(on).
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To bound Ag, arg L(s, x) and A¢, arg L(s, x) we apply Backlund’s argument [2], in the version
given by Trudgian [23]. Let

(A.5) f(s) = %(L(s—i—iT, X)N—i-L(s—iT, X)N)

for some positive integer N. Suppose that there are n distinct zeros of f(o)=Re(L(c+iT, x)")
for o € [%,01]. These zeros partition the segment into n+1 intervals. On each interval
arg(L(o+iT, x)V) can vary by at most 7. Thus
(n+1)m

N

1
[Ac, arg L(s, X)| = 771A¢, arg L(s, )| <

By symmetry the same bound applies on Cyp, thus (A.3]) becomes

ngT qO)TN . ay—by ) 2ng 2(n+1)

. — < .
(A6)  |NTo)—"Elog (LX) + 22| < 22 (9(0,T) +Hog ((01)+ =

In order to bound n we apply Jensen’s formula, see |11, (8)] or [21, Th. 15.18 p. 307],

Rm

log ——m— =
‘(1102 . .am|

2m
or [ oglf(atRe)] do-log| (o)
T Jo

where f is any function which is holomorphic in the disc centred in a and radius R, f(a)
is assumed to be not zero, and a; for j = 1,...,m is the list of all zeros of f in the disc
(further assuming that there are no zeros on the boundary). We set a = 14+n with n € (0, 1],
R = 1"(%—1—7]), r > 0 and apply Jensen’s formula to the function in . Assuming for the
moment that f(1+n) # 0, [23, Lemma 2] (a special realization of Backlund’s trick) shows
that if oy = 3+v2(34n) and 1—01 > a—R (which corresponds to r > 1+v/2) there are
n' > n—2—¥ real zeros in the circle and smaller than 1/2 which coupled with the n zeros
allow one to prove that

m RnJrn’

, NE
g———— >log———— > (n+n') logr > Q(n—l——) logr,
larag - - am| larag - - apy| 2

lo
where E is any upper bound for
(A7) 1A arg L(s, )+ A arg L(s, x)|.
where A4 arg denotes the change of the argument between the points %:I:é—H’T, with ¢ :=
01—%, and the point %—{-iT, proviso that
(A.8) |Ac, arg L(s, x)™| > 3n+NE.

An argument of Heath-Brown [23, Subsection 3.1] shows that the same conclusion holds also
if 01 < a+R but without the assumption 1—o7 > a—R. As a consequence, for n (the number
of zeros of f(o) in [%,01]) we have the bound

2
. 1
(A.9) n<l+—+ /0 log | f(a+Re™)| dqﬁ—w log | f(a)l,
when (A.8) holds. To bound the integral, we first use the inequality |f(s)| < |L(s,x)|". For
¢ €[-7m/2,7/2], we bound L(s, x) with what we get from its representation as Dirichlet series
on the half-circle a+Re*®. Thus,
1 w/2 ) 1 w/2 ) N
— / log | f(a+Re™®)|d¢p < — / log | L(a+iT+Re', )N | de
N —7/2 N -

/2

w/2
(A.10) < / log(¢r(a+Rcos¢))do < n]E/ log(¢(a+R cos ¢)) de.

—7/2 —7/2
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For the remaining part of the domain, following |23, Subsection 4.1], we use Lindel6f’s con-
vexity bound [18] on the strip p < o < a, where the negative parameter p has to satisfy both
p > —1/2 to use [18], and p < a—R so that the left half-circle is included in the strip. In fact,

by (2.5), (2.6), (2.7) and [18, Lemmas 1, 2] we get

Qx (12°) | D (337 fox
L(s, = L(1-s,
Ls 0l = (40) \P &y s | el
Q) \z—° 1 oyng
< (@) sl EIL 05, 0)

for o € [—%, %] In particular, for p € [_%’ 0)

q(x)|14+p+it|\ G-p)

Lt ) < (ORI 70y

and by |18, Th. 2] we conclude

g(x) 14|\ (1/2-p)(1+71-0) B e/ (40-p)
Lisw)| < { (] (1)1 C(14m)7 ) 7

valid for p < o < 14n where —% <p<0<n< % We thus have

1 [3m/2 , 1 [37/2 ,
= log | f(a+Re')|dg < — / log |L(a+iT+Re™, x)V | dé
N /2 N w/2
—2p q(x)T 2Rng ¢(1-p)
< log (X log ¢(1 ]
S Tp_pline °g< o )””E 08 ¢( +n)+1—|—77—p 8 <<(1+n))
(A.11) LY, /%/2( 6)log (w(T, ¢, n, R)) d¢
. n —cos ¢) log (w(T, ¢, n,
Itn—p /2 & K

where, as in [23, (4.8)] (but using R instead of r as the last argument of w)

2Rsin¢ R*+(24n)%+2R(2+n) cos ¢
T " T2 '

w(T, ¢,m, R)? = 1+

T L which applied to w
produces a function which can be explicitly integrated. The resulting function is decreasing
in T, so that it can be bounded with its value at Ty. With this method from (A.11) we get

q(0x)T
2

—2p

3mw/2
N/ log | f(a+Re™)|d¢ < < RnE log(

2R C(1-p)y\ 1 /2—p 2R*+2(2+n)?—mR(2+n)
ng l < ) Rng 2

14+n—p C(1+n)/  14n-p 275

valid for all T > Tp > 1, as long as —1/2 <p <0 <n <1/2, p < a—R and 01 < a+R.

We still have to bound —log |f(a)| and for that we let N diverge along a sequence such that

N arg L(a+iT, x) tends to 0 modulo 2. In the limit we get lim 3; log | f(a)| = log |L(a+iT, x)|-

We use

)+ log C(14)

(A.12) +

log |L(a+iT, x)| = | [] (1—x(p)Np~*~") \>H (1+Np~) ™!
p

Al = I 1 “fj > ]_ a —NE __ C(2CL) NE
(A.13) —I;IJH +p~ H P _(C(a)> |
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In order to compute a convenient bound for F in , we notice that the functional equa-

tion (2.7) shows that A_arg&(s,x) = —A, arg&(s, x), and that Ay arg(Q(x)7 "=)%/2 = 0,
thus (A.7) equals

|Aparg 'y (s)+A_argD',(s)|.
Recalling the definition of I'y and the bound in (A.1))—(A.2)), this may be estimated by
a,G(0,6,T)+b,G(1,6,T) < ngG(0,6,T)

where

1/ 1 ati+sy 1, 1 at3—0
G(a,6,T) .—5(04—54—5) atan( T ) 5(04—5—5> atan< T )
1 252 T2 1 )2)+54
_<a—§) atan < )——1 ( T2—|— P )
+1( ! + ! P )
AN\|I+o+a+iT|  |3—6+a+iT| |2 +a+iT)|

and we have used the inequalities 0 < G(1,4,7) < G(0,0,T). Observing that G(0,6,T) is
decreasing in T for T' > 1, we have
(A.14) |AL arg L(s, x)+A_ arg L(s, x)| < ngG(0,0,Tp)
for T'> Ty > 1. We thus let E := ngG(0, 6, Tp).

In the final inequality (A.15)) the coefficient of log(g(x)T) is %. It is minimal for

r= 11J/rg+p, hence this is the choice we make. We then have R = 14n—p, hence a—R = p and
a+R = 242n—p > $+v2(3+n) = 01. From (A6), (A.9), (A10), (A12), (A13) and (A14)
. 14—
we have, recalling that r = 3 /;7 +$ ,
N(T,x) T q()T | ax—by /
Al ———1 ‘ < (1 T
(A.15) o n Og( 5rc >+ by | S € 0g(q(x)T)+C;
with
1/2—
(A.16) O
wlogr
and
.2 Lo val
¢4 =2 (900, To)+oa ¢ (5+v3(541) ) +5G (0, Va5 1), Th)
1 w/2
1 1+n— d
riogr |y o+ (bp) cos ) o
2 (o1 p) 422 ) (1) (2-n)]
471'TO2 logr
A7) Y2 JorcO) s () 1 (L)
' wlogr grem 2logr mwlogr logr ¢(2(1+n))

valid for —1/2<p<0<n<1/2and T > Ty > 1, and proviso that (A.8) holds. In case (A.8))
is false, by (A.3]), (A.4]) and (the opposite of) (A.8) we still get (A.15]) but with
(A.lS) Cl = 0,

(A.19) ch = %(g(O,To)+logg<%+\/§(é+n))+G(0, \/5(%4—77),%)).



AN EXPLICIT CHEBOTAREV DENSITY THEOREM 31

To obtain the values in Table |1} we observe that by (A.16]) we have
B 1/2—p 1
exp((1/2=p)/(7C1))—1 2
for every given C and p € [—%, 0).

Coming to the case where x is trivial, we follow the proof of [23| Theorem 2| with the
modifications we have made above, and we observe that A¢s(s—1) = 27, which accounts for
the —26, in the main term of N (7, x) = Np(T).

For the remaining terms, we observe that g(7") := ImlogI'(1/24iT")—T log(T/e) and ¢(0,T")
both decrease to 0 as " — oo, and that g(T") < ¢(0,T"), hence we can use D; := C; and
Dj = C5,.

Moreover using that logz < (22—1)/2 to bound the integrals in the expression of D3 of [23|,
(5.12)], we can use

o1 l-py 1 1
D3 = mlogr log <1+p)+7rF(\/§(2+n)’To)+

2 (%+n)2—4r(%+n)+7rn2+27m+27r
2nT¢ logr

where F'(6,T) := 2atan %—atan W%é—atan 1/?;5.

We use the formula given above for 7 in terms of C; = D; and p, we compute the values of
D}, = (Y for a suitable choice of p as given by and we test that it is greater than the
value produced by ; an upper bound for D}, a rounding of the computed value of n and
the chosen value of p are indicated in the table below (the sequences of values of D; are the
same in the three subtables and are those indicated in [23, Table 2], plus the two extremal
values 0.230 and 0.460).
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TO =1 T() =27
Dy Dy  Dj 7 P Dy  Dj 7 P
0.230 | 16.577 1.330 0.00090 —0.00070 | 16.032 0.033 0.00090 —0.00070
0.247 | 8.180 1.435 0.03058 —0.05681 7.614 0.083 0.03111 —0.05542
0.265 6.416 1.515 0.05175 —0.14367 | 5.834 0.150 0.05390 —0.13792
0.282 | 5.409 1.598 0.06920 —0.23355 | 4.812 0.213 0.07236 —0.22490
0.299 | 4.696 1.699 0.08646 —0.32500 | 4.083 0.275 0.09004 —0.31500
0.316 | 4.158 1.814 0.10280 —0.42000 | 3.526 0.335 0.10982 —0.40000
0.333 | 3.735 1.961 0.12462 —0.50000 | 3.082 0.400 0.12808 —0.49000
0.350 | 3.425 2.185 0.17432 —0.50000 | 2.731 0.429 0.17432 —0.50000
0.367 | 3.206 2.426 0.22435 —0.50000 2.467 0.453 0.22435 —0.50000
0.384 | 3.043 2.687 0.27467 —0.50000 | 2.257 0.478 0.27467 —0.50000
0.401 2918 2.966 0.32520 —0.50000 | 2.083 0.503 0.32520 —0.50000
0.460 | 2.666 4.082 0.50000 —0.50000 | 1.645 0.593 0.50000 —0.50000
To =10

Dy Dy Dy U] D

0.230 | 16.004 0.014 0.00091 —0.00067

0.247 | 7.585 0.062 0.03164 —0.05404

0.265 5.805 0.129 0.05390 —0.13792

0.282 | 4.783 0.192 0.07236 —0.22490

0.299 | 4.053 0.254 0.09004 —0.31500

0.316 | 3.495 0.313 0.10982 —0.40000

0.333 | 3.050 0.371 0.13156 —0.48000

0.350 2.698 0.402 0.17432 —0.50000

0.367 | 2.432 0.423 0.22435 —0.50000

0.384 | 2.221 0.444 0.27467 —0.50000

0.401 | 2.044 0.465 0.32520 —0.50000

0.460 1.598 0.540 0.50000 —0.50000

TABLE 2: Constants for Lemma [3.91
il a;-107 Il 4l a;-107
1 67441107|| 26 4711532246020032770961059850536842961
2 129064216397 || 27 —9979971210677326363399566081587309621
3 —33671827706277 || 28 19147233119732562826091118305794764779
4 4159437592468632 || 29| —33274047709559371113992775342599269485
5 —315432926321374242 || 30 52358220195286687433763798635287630555
6 16370077474919646336 || 31| —74548381119823637972378393085833994786
7 —620228745134606597597 || 32 95937426238030011573589993986867291432
8 17934517713943067903261 || 33| —111421834266414109909340554112526772452
9 —408973952667945326004549 || 34| 116550516507798376160362309501875288819
10 7542955862267902755091933 || 35| —109525478172827789046963052436691334874
11 —114797714164799489558618807 || 36 92171825266689255311105390157515626975
12 1465278757842284478556905563 || 37| —69194087310394938615774929447065136471
13 —15896327170655789866055422304 || 38 46115594804031958286535245249055216023
14 148210358380111290581087608810 (|39 | —27125577798003271571724298417346235682
15 —1198675077750183343628567667972 || 40 13979915122173412958783020578998059040
16 8475563352018452380288345356252 || 41 —6255803435136676900876694551147848415
17 —52742543205461653283881602845090 || 42 2402825607446165955037188420531530836
18 290485125582627204720553754700530 || 43 —780487429206171024872362699598861667
19|  —1422762853575378758435389963062636 || 44 210196127819906522271561747433766713
20 6222222002869884071289885659404750 || 45 —45668115875651680795706979313599659
21| —24380706266315957556815280817594915 || 46 7690167072902618888205802917980935
22 85837343646704274150965262557412097 |47 —941636162712117945732981144066824
23| —272183051338763525712916125735803989 || 48 74577580991057238830195411510057
24 778809192744980652056346184699871878 || 49 —2867250294949111291564065810976
25| —2013896299428527154913597515037117583




W N =

10.
11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

21.
22.

23.

24

AN EXPLICIT CHEBOTAREV DENSITY THEOREM 33

REFERENCES

. G. E. Andrews, R. Askey, and R. Roy, Special functions, Cambridge University Press, Cambridge, 1999.

. R. J. Backlund, Uber die Nullstellen der Riemannschen Zetafunktion, Acta Math. 41 (1916), 345-375.

. H. Cohen, A course in computational algebraic number theory, Graduate Texts in Mathematics, vol. 138,
Springer-Verlag, Berlin, 1993.

H. Davenport, Multiplicative number theory, third ed., Springer-Verlag, New York, 2000, Revised and with
a preface by Hugh L. Montgomery.

M. Deuring, Uber den Tschebotareffschen Dichtigkeitssatz, Math. Ann. 110 (1935), no. 1, 414-415.

L. Grenié and G. Molteni, Explicit smoothed prime ideals theorems under GRH, Math. Comp. 85 (2016),
no. 300, 1875-1899.

L. Grenié and G. Molteni, Explicit versions of the prime ideal theorem for Dedekind zeta functions under
GRH, Math. Comp. 85 (2016), no. 298, 889-906.

H. Hasse, Arithmetische Bestimmung von Grundeinheit und Klassenzahl in zyklischen kubischen und bi-
quadratischen Zahlkérpern, Abh. Deutsch. Akad. Wiss. Berlin. Math.-Nat. K1. 1948 (1948), no. 2, 95 pp.
(1950).

H. Heilbronn, Zeta-functions and L-functions, Algebraic Number Theory (Proc. Instructional Conf.,
Brighton, 1965), Thompson, Washington, D.C., 1967, pp. 204-230.

A. E. Ingham, The distribution of prime numbers, Cambridge University Press, Cambridge, 1990.

J. L. W. V. Jensen, Sur un nouvel et important théoréme de la théorie des fonctions, Acta Math. 22
(1899), no. 1, 359-364.

J. C. Lagarias and A. M. Odlyzko, Effective versions of the Chebotarev density theorem, Algebraic number
fields: L-functions and Galois properties (Proc. Sympos., Univ. Durham, Durham, 1975), Academic Press,
London, 1977, pp. 409-464.

C. R. MacCluer, A reduction of the Cebotarev density theorem to the cyclic case, Acta Arith. 15 (1968),
45-47.

A. M. Odlyzko, Discriminant bounds, http://www.dtc.umn.edu/~odlyzko/unpublished/index.html,
1976.

J. Oesterlé, Versions effectives du théoreme de Chebotarev sous lhypothése de Riemann généralisée,
Astérisque 61 (1979), 165-167.

The PARI Group, Bordeaux, megrez number field tables, 2008, PARI package nftables.tgz available from
http://pari.math.u-bordeaux.fr/packages.html|

The PARI Group, Bordeaux, PARI/GP, version 2.6.0, 2013, from http://pari.math.u-bordeaux.fr/.
H. Rademacher, On the Phragmén-Lindelsf theorem and some applications, Math. Z. 72 (1959/1960),
192-204.

G. Robin, Estimation de la fonction de Tchebychef 0 sur le k-iéme nombre premier et grandes valeurs de
la fonction w(n) nombre de diviseurs premiers de n, Acta Arith. 42 (1983), no. 4, 367-389.

J. B. Rosser and L. Schoenfeld, Approzimate formulas for some functions of prime numbers, Illinois J.
Math. 6 (1962), 64-94.

Walter Rudin, Real and complex analysis, third ed., McGraw-Hill Book, 1987.

L. Schoenfeld, Sharper bounds for the Chebyshev functions 6(x) and ¥ (x). II, Math. Comp. 30 (1976),
no. 134, 337-360, Corrigendum in Math. Comp. 30 (1976), no. 136, 900.

T. S. Trudgian, An improved upper bound for the error in the zero-counting formulae for Dirichlet L-
functions and Dedekind zeta-functions, Math. Comp. 84 (2015), no. 293, 1439-1450.

. B. Winckler, Théoréme de Chebotarev effectif, arxiv:1311.5715, http://arxiv.org/abs/1311.5715, 2013.

(L. Grenié) DIPARTIMENTO DI INGEGNERIA GESTIONALE, DELL’INFORMAZIONE E DELLA PRODUZIONE, UNI-

VERSITA DI BERGAMO, VIALE MARCONI 5, 24044 DALMINE ITALY

E-mail address: loic.grenie@gmail.com

(G. Molteni) DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI MILANO, VIA SALDINI 50, I-20133 MILANO,

ITALY

E-mail address: giuseppe.moltenil@unimi.it


http://www.dtc.umn.edu/~odlyzko/unpublished/index.html
http://pari.math.u-bordeaux.fr/packages.html
http://pari.math.u-bordeaux.fr/
http://arxiv.org/abs/1311.5715

	1. Introduction
	2. Facts
	3. Preliminary inequalities
	3.1. Reduction to Dedekind Zeta functions
	3.2. Bounds for the ramification term
	3.3. Bounds for sums on zeros of Dedekind Zeta functions

	4. A parametric result
	5. Proof of Theorem 1.1
	5.1. Upper bound
	5.2. Lower bound

	6. Proof of Corollary 1.2
	Appendix A. Number of zeros
	References

