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Discrepancy for convex bodies with isolated flat
points

Luca Brandolini, Leonardo Colzani, Bianca Gariboldi,
Giacomo Gigante and Giancarlo Travaglini

Abstract. We consider the discrepancy of the integer lattice with respect
to the collection of all translated copies of a dilated convex body having
a finite number of flat, possibly non-smooth, points in its boundary. We
estimate the L” norm of the discrepancy with respect to the translation
variable, as the dilation parameter goes to infinity. If there is a single flat
point with normal in a rational direction we obtain, for certain values of p,
an asymptotic expansion for this norm. Anomalies may appear when two
flat points have opposite normals. Our proofs depend on careful estimates
for the Fourier transform of the characteristic function of the convex body.

1. Introduction

Let B be a convex body in R?, that is a convex bounded set with nonempty interior,
and for every R > 1 and z € R? let

Dr(z)=—R*|B|+ > xnp(z+m)

meZd

be the discrepancy between the number of integer points inside a dilated and
translated copy of B and its volume. The function z — Dp (z) is periodic and a
straightforward computation shows that it has the Fourier expansion

(1.1) > R'Yp(Rm)emm
mezd\ {0}

where Xp (¢) denotes the Fourier transform of x5 (z), that is

@)= [
B
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The size of Dy (z) as R — +o0 is therefore closely connected to the decay of X5 (¢)
as |¢| = +oo. For example, if the boundary of B is smooth and has everywhere
positive Gaussian curvature then X5 (¢) has the decay

(1.2) %5 (O < cl¢|™F

(see [29, Chapter 8]), and it can be shown that this rate of decay is optimal. Under
the assumption (1.2), in [2, Corollary 3] the authors proved the following estimates
for the L? norm of the discrepancy function

d—1

1/p cR = . 1<p<2d/(d-1),
(1.3) (/ |Dr (z)pdz> << cR% log™ (R) p=2d/(d—1),
Td d(d—l)(l_l)
cR@FH "7 p>2d/(d—1).

In [2, Theorem 5] it has also been shown that the above estimates are sharp in
the range 1 < p < 2d/(d —1). More precisely, using the asymptotic expansion
for Xp (¢), it has been proved that when B is not symmetric about a point or
d # 1 (mod 4) one has, for every p > 1,

1/p iy
(/ |Drg (z)|” dz) >cR 7.
Td

On the other hand, when B is symmetric about a point and d = 1 (mod 4),

_ 1/p
limsup R~ 7" </ |Drg (z)|” dz) >0 foreveryp>1,
R—+o0 Td

= » o\ 2d
grﬂng 2 (/Td |Dr (z)| dz) =0 for every p < ——.

Up to now we have considered the case of positive Gaussian curvature.

When the Gaussian curvature of the boundary of B vanishes at some point the
estimate (1.2) fails and the rate of decay depends on the direction.

More precisely the decay of the Fourier transform (1.2) holds in a given direction
© if the Gaussian curvature does not vanish at the points on the boundary of B
where the normal is £©. When the curvature vanishes the rate of decay of X (pO)
can be significantly smaller. We will see that in this case the behavior of the LP
norms of the discrepancy function may differ from the case of positive Gaussian
curvature.

To the authors’ knowledge the discrepancy for convex bodies with vanishing
Gaussian curvature has been considered only for specific classes of convex bodies
and only for L™ and L? estimates. See e.g. [9], [14], [15], [16], [21], [22], [23], [27],
[28]. See for example [22] for sharp estimate of the L? discrepancy associated to
the curve x2 + y* = 1. See also [7] for a lower bound in terms of irregularities of
distribution.
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Throughout the paper we will use bold symbols only for d-dimensional points
and non-bold symbol for lower dimensional points. Moreover when we write a
point z = (z,t) or ¢ = (¢, s) we agree that z,& € R~ and t,5 € R.

We are happy to thank Gabriele Bianchi for some interesting remarks on the
geometric properties of the convex bodies considered in this paper (see [1]).

2. Statements of the results

In this paper we study the LP norms of the discrepancy function associated to a
convex body whose boundary has a finite number of isolated flat points. The rele-
vant example is a convex body B such that 9B has everywhere positive Gaussian
curvature except at the origin and such that, in a neighborhood of the origin, 9B
is the graph of the function ¢ = |x|”, with 2 € R?~! and some ~ > 2. This function
is smooth at the origin only when v is a positive even integer, and the geometric
control of the Fourier transform in [8] does not apply directly.

We are actually interested in a larger class of convex bodies and this is why we
introduce the following definition.

Definition 1. Let U be a bounded open neighborhood of the origin in R4, let
& e C*(U\{0}) and let v > 1. For every x € U \ {0} let p1 (x),..., -1 (x)
be the eigenvalues of the Hessian matriz of ®. We say that & € S, (U) if for
j=1,...,d—1,

2.1 0< inf 2=y,
(21) Lt el ()

and, for every multi-index a,

@

(2.2) sup |z 50 ()] < +o0.

zeU\{0}

Observe that if ® € S, (U) then for some ¢q,c2 > 0,
c1 |1’|772 < pj(z) < e |x|772.

Moreover, since v > 1, we have ® € C! (U).
Definition 2. Let B be a convex body in R? and let z € OB and let v > 1. We
say that z is an isolated flat point of order ~y if, in a neighborhood of z and in
a suitable Cartesian coordinate system with the origin in z, OB is the graph of a
function ® € S, (U), as in the previous definition.

Convex bodies with flat points can be easily constructed by taking powers of
strictly convex functions.
Proposition 3. Let U be a bounded open neighborhood of the origin in RI™1,
let H € C™(U) such that H(0) = 0, VH (z) = 0 and assume that its Hessian
matriz is positive definite at the origin. Let v > 1. Then the function ® (z) =
[H ()] € 8, (U).
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We have already observed that some of the results in this paper for the singu-
larity || with  even integer are not new. However observe that |z|*" is analytic,
while the above definition does not imply that the boundary is smooth. For exam-
ple, in dimension 2 consider a singularity of the kind ®” (x) = 2 + sin (log (|z])).

Interestingly, in the following Proposition 11 concerning the decay of the Fourier
transform of a convex body with a flat point of order «, the case v = 2 with non
smooth flat points requires some extra care.

The discrepancy for convex bodies with flat points in the above class is described
by the following theorem.

Theorem 4. Let B be a bounded convex body in R?. Assume that OB is smooth
with everywhere positive Gaussian curvature except for a finite number of isolated
flat points of order at most .

1) For 1 < v < 2 we have

'/p cRZ 1<p<2d/(d—1),
(/ unmzw%h> <{ R log™ (R) p=2d/(d—1),
Td d(d—l)(l_l)
cR@FDH \"7p p>2d/(d—1).
2) For 2 <~y <d+1 we have

o\ cRODO=2) 1< p<(2d)/(d+1-7)
([ ipntora) g{ R O-E) s () (d+1-7)

Yp

3) For v > d+ 1 and every p > 1 we have

1/p .
([, ion@ras) " <criei.
'H‘d

The picture summarizes our estimates for the discrepancy.

1/p A
1 ........................
= RO-00-3)
d—1 | .
2d
Rd(dd+_11) (%) 1~3d'(r1(,iJr_11> (1-2%)

1 2 d+1
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The estimates in point 1) are the same as in [2] for the case of positive Gaussian
curvature and are independent of . On the contrary, as we will see from the proof,
in the cases 2) and 3) the flat points give the main contribution. In the case 2) if

p = 400 then
dd-1) (2 _dd-1)
d+1 py) d+1

Hence, when v < d+ 1 the estimates for the L>° discrepancy of B match Landau’s
estimates for the L* discrepancy of the ball. See e.g. [25]. For p > 2d/(d —1)
the above result extends a theorem of Colin de Verdiere [9].

The proof of the above theorem is inspired by the classical works of Kendall [22]
and Hlakwa [18], and relies on the study of the Fourier series of the discrepancy
which, by the Poisson summation formula, is related to the Fourier transform
X5 (€). The decay of X5 (€) is of order of |C\7(d+1)/2 along generic directions, but
it is of order of \C|717(d71)/y along singular directions normal to flat points. See
Proposition 11 below. One can split the Fourier series of the discrepancy into two
series S = Sgeneric + Ssingular according to these two different decays. Roughly
speaking Sgeneric has many terms, but these terms are small, while Sg;nguiqr has
few terms, but these terms are larger. For every p and - the contribution of

Ssingular is of order R(d_l)(l_%), and this is sharp. The contribution of Sgeneric
depends on p and v and we are able to show that our estimates are sharp only
in a restricted range of p. In particular, when 2 < v < d+ 1 and 1 < p <
(2d) /(d+1—+)ory>d+1and p > 1, the contribution of the singular part is
larger than the contribution of the generic part and we obtain sharp estimates of
the norm of the discrepancy. On the other hand for convex bodies with smooth
boundary of positive Gaussian curvature, sharp estimates for the supremum of the
discrepancy are not known, except for specific bodies and dimensions.

In the next theorem we consider convex bodies with a flat point with normal
pointing in a rational direction. In this case, some of the previous estimates can
be improved to asymptotic estimates.

Theorem 5. Let B be a bounded convex body in R?. Assume that OB is smooth
with everywhere positive Gaussian curvature except at most at two points P and Q
with outward unit normals —© and © which are flat of order yp and g respectively.
Let

S(t)={zeB:z-0=t}|

be (d — 1)-dimensional measure of the slices of B that are orthogonal to ©. The
function S (t) is supported in P-© <t < Q-0 and is smooth in P-© <t < Q-0O.
Assume that there exist two smooth functions Gp (1) and Gg (r) with Gp (0) # 0
and Gg (0) # 0 such that, for u > 0 sufficiently small

S(P-©+u)= “%GP (ul/’YP>

and

S(Q-0—u)=u"e Go (/2.
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Finally, assume that the direction © is rational, that is a® € Z% for some «, and
denote by my the first non-zero integer point in the direction ©. Define

Ap (Z) =

2Gp(o)r(u+1) +oo - de1
Z: ; Z kfli% sin (27rkm0 -z — T ) ,
@r|me) e o 2 e

and

Aq (z) = 1., e sin
(27 [myg]|) " k=1

2Gq (0)T (@ + 1) too 1
- 9 (27rk;m0 -7+ Wd) .
2 7
1) Let yp > g = 2 and assume that one of the two alternatives holds:
2<yp<d+1landp<(2d)/(d+1—-~p),
or

yp >d+1 and p < +oo.

Then there exist constants 6 > 0 and ¢ > 0 such that for every R > 1,

(/.

In particular, as R — +00, we have the following asymptotic

1/p 1/p
( / |DR<z>|pdz> ~ R-D0-1/70) ( / |AP(Z)|pdz> |
Td Td

2) Let vp = v = 7 and assume that one of the two alternatives holds:

1/p
Dp (z) — RU=DA=1/70) 4, (z—RP)‘p dz> < cRA-DA-1/7p)=6

2<vy<d+1landp<(2d)/(d+1-7),
or
¥>d+1 and p < +o0.

Then there exist constants 6 > 0 and ¢ > 0 such that for every R > 1,

(/.

< ¢R@-D1-1/7)=5

1/p

Dpg (2z) — RDA=YY (Ap (z—RP) + Ag (z — RQ))‘p dz>

Note that the series that define Ap (z) and Ag (z) converge uniformly and
absolutely. In particular these functions are bounded and continuous.

Observe that the asymptotic estimate of point 1) includes the case of a single
flat point, that is yp > 7o = 2. In point 2) it is not excluded that for particular
values of P, Q, Gp (0), Gg (0) and R, the terms Ap (z—RP) and Ag (z — RQ)
may cancel each other and the discrepancy gets smaller.
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Corollary 6. Under the assumptions in point 2 in the previous theorem assume
furthermore that Gp (0) = Gg (0) and that (d — 1) /~ is an even integer. Then for
every R such that Rmg - (P — Q) is an integer we have

Ap (z—RP) + Ag (z — RQ) = 0.

In particular with this choice of the parameters

1/p
(/ |DR(z)pdz> < cRE-DA-1/1)=3,
Td

The case v = 2 is not covered by the above corollary, however observe that for
v=(d—1)/(2k) = 2, that is d = 1 (mod 4), and p < 2d/(d — 1), one formally

would obtain
us 1/p
liminf { R = </ |Dg (z)|” dz) =0.
R—+4o Td

Actually this is true, even if the proof is more delicate. The case of a ball and
p = 2 has been proved by L. Parnovski and A. Sobolev in [24]. Moreover, in [2] it is
shown that this phenomenon also occurs for convex smooth domains with positive
Gaussian curvature and p < 2d/ (d — 1) if and only if the domains are symmetric
and d = 1 (mod 4).

As remarked by Kendall the above LP estimates for the discrepancy can be
turned into almost everywhere pointwise estimates using a Borel-Cantelli type
argument. See [22; §3] for the proof.

Proposition 7. Assume that for some 8 > 0

1/p
( Dr <z>|”) < nRP,
’H‘d

let X (t) be an increasing function and let R, — +oo such that

Then for almost every z € T¢ there exists ¢ > 0 such that
Dk, (2)| < cRIA(Ry).

If the flat points on the boundary of the domain B have “irrational” normals
then the discrepancy can be smaller than the one described in the above theorems.
In particular, we have the following result that applies to every convex body,
without curvature or smoothness assumption.

Theorem 8. Let B be a bounded convex body in R? and for o € SO (d) denote
by DR, the discrepancy associated to the rotated body oB. Then we have the
following mized norm inequalities.
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1) If 1 < p < 2, we have
1/2

2/p 1
/ (/ |DR,o (z)[ dz) do <cR 7.
s0(d) \J1d

2) If2<p<2d/(d—1), we have

ve-u \'T
/ |Dr.o (z)|" dz do <cRz.
s0(d) \JT14 ’

For the planar case d = 2 we can state a slightly more precise result.

Theorem 9. Let B be a bounded convex body in R%. Assume that OB is smooth
with everywhere positive curvature except a single flat point of order v > 2. Let
(a, B) be the unit outward normal at the flat point and assume the Diophantine
property that for some § < 2/ (y — 2) there exists ¢ > 0 such that for every n € Z

ne
B
Here ||z|| denotes the distance of x from the closest integer. Then

1/2
</ |DR(Z)|2dz> < cRz.
11‘2

By a classical result of Jarnik (see e.g. [12, §10.3]) the set of real numbers w
that are (2 + J)-well approximable, that is

S C
= ‘n|1+5 .

N

1—(2+9) —1-6

Ine]| < n'=C+) =

for infinitely many n, has Hausdorff dimension %M' In particular the exceptional

set in the above theorem, where the discrepancy may be larger than R'/? has
Hausdorff dimension at most 2=2.

~—
~y—1

3. Estimates for the Fourier transforms

The main ingredient in the proof of our results on the discrepancy comes from
suitable estimates of the decay of X g (). We start studying a family of oscillatory
integrals.

As usual we write d-dimensional points through the notation z = (z,t) and
¢ = (&, s) (see the Introduction).

Lemma 10. Let U C R?! be an open ball about the origin of radius b, let & €
S, (U) for some v > 1, let 1 be a smooth function supported in {0 < a < |z| < b},
for every positive integer k let

dy (z) =287® (Q_kx)
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and let
I (&,8) = / (Ve (27%z),-1) e~ 2mUEs) (@ 2n @)y (1) .
Rd—1

Then there exist constants ¢, cq,co > 0 and, for every M > 0, a constant cp; such
that for every k > 0

c(1+|s|+1¢) T for every (€,5)
1 (&,9)1 < 4§ ear (1418~ if €l <erlsl,
e (1L 1€)™ if co|s| < €]

Proof. The behaviour of the oscillatory integral I (£, s) depends on the points
where the amplitude 1 (z) is not zero and the phase (£, s)- (z, @y (x)) is stationary.
This happens only when |£| ~ |s| and in this case, since the phase is non degenerate,
one obtains the classical estimate c|(§,s)|_(d_l)/2. In all other directions the
oscillatory integral has a fast decay. In particular, when |£| < ¢; |s| one obtains the
decay cpr (14 |s])™™, and when [¢] > ¢ |s|, one obtains the decay cpr (1 + €)™
For the sake of completeness we include the full details of the proof.
By the definition of the class S, we have

olalp
oz

(3.1)

ol
ox®

(x)‘ = gkvo—klal

(2—%)‘ < 2kvg—klal, |2—k$’V*‘O‘|
< ¢y |x|“/—|0t| )

In particular when z belongs to the support of ¥ (z) we have

91l @, . .
8_’L‘a ~ (e'Rd

Moreover, the Hessian matrix of @y () satisfies
Hess ®y, (x) = 2°00~2) Hess ® (27%z)

and it follows that the eigenvalues u;k) () of Hess @y, (x) are related to the eigen-

values p; (z) of Hess @ (z) by the identity
k _ _
g () = 20725 (27%)
By (2.1)

_ (27

-2 -2
- e ekl

k
(32) u ()
If « belongs to the support of ¢ (x) we have

ug-k) () 2 e¢>0.
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Since
Vo (27Fz) = 27F07 Ve, (2)

by (3.1) all the derivatives of V@ (27%z) are uniformly bounded.
The phase in the integral Iy (£, s) is stationary when

V(- -x+ 5P (z) =6+ sV, (z) =0.
By (3.1) there exits cz > 0 such that [V®; (z)| < % for every k. It follows that
for |£] > ca |s| we have
1
€+ sV i ()] 2 [€] = |s] [V (2)] = 5 [¢].

Integrating by parts M times gives (see e.g. Proposition 4, p. 341, in [29])

1, (&,8)] < enr (1+ 1))

Let now |£] < ¢1 |s| where ¢; is a constant which will be determined later on. Let
us consider the function

F(t) =V (tx) - x
with ¢t € [0,1]. Then, for ¢ € (0,1]

F'(t) = 27 Hess @y, (tz) =

and by (3.2) the eigenvalues of Hess @y, (tz) are bounded from below by t7~2 |z|7 2.
Then

1 1
F(1) > / x” Hess @y, (tx) xdt > c/ 2 |22 |2 dt > el
0 0

and therefore

S VO (z) -z

|V, (z)] > >clz]" = 2¢ > 0.

||
It follows that
€+ sV, ()] = |8] [V, ()] — €] = e ]s].

Integrating by parts M times gives
i (6, 5)] < ear (1 [s) 7

Finally, for every (¢, s), Theorem 1, p. 348, in [29] gives

_d-1
3

[T (€ 8)| < c(L+E] + [s])
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Proposition 11. Let v > 1 and let B be a bounded convexr body in R with
everywhere positive Gaussian curvature with the exception of a single flat point of
order . Let © be the outward unit normal to 0B at the flat point and for every
CeR? write ( =€+ 5O, withs=¢-0 and € -© =0. Then, if 1 <~v <2

(3.3) %5 (O] < el¢l

If v > 2 the following three upper bounds hold:
cls|” -5 ,

(3-4) X5 (O < { clg|™ Va0 |5~ 7tmn !,
clel~F

The particular case where the boundary in a neighborhood of the flat point has
equation ¢ = |z|” with v > 2 and d = 2 has been already considered in [6]. The
same case with v > 2 and d > 2 has been considered in [4], but we acknowledge
that the proof of the rate of decay in the horizontal directions was not correctly
justified.

More precise estimates for the Fourier transform of the characteristic functions
of a convex body with boundary having flat points in which the principal curvatures
may vanish of different orders are contained in [21, Proposition 1.2].

Proof. Choose a smooth function 7 (z) supported in a neighborhood of the flat
point and such that 1 (z) = 1 in a smaller neighborhood. For every z € 9B let
v (z) be its outward unit normal. Applying the divergence theorem we decompose
the Fourier transform as

o — —27i¢ -z 7 — -1 —2mil -z vz P
Q)= [ | V) @
—-1 )
= amil Jos S e g (2)
— _71 vz —2mi¢ -z z Z
(3.5) = P Loy § Y @ () do (2)
1 )
Ml SO ™% 1 — ) (2)] do (2)

=K (¢)+K2(C)-

Since in the support of the function 1 — 7 (z) the Gaussian curvature is bounded
away from zero, the method of stationary phase gives the classical estimate (see
Theorem 1, p. 348, in [29])

(3.6) K2 Q)] < el¢|

By a suitable choice of coordinates we can assume that z = (z,t), the flat point
is the point (0,0), its outward normal is (0, —1) and that the relevant part of the
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surface OB is described by the equation t = ® (z) with ® € S,. Hence

(Vo (2),-1)

v (2,0 (@) = 2
14|V (2)]
Write ¢ () = n (2, ® (z)) and ¥ () = ¢ () — ¢ (22) so that for every x # 0

ST

Observe that ¢ (z) is smooth and a suitable choice of 1 (z) guarantees ¢ (x) = 1
if |z < g/2 and ¢ (z) = 0 if |z| > € for some € > 0. With the above choice
of coordinate we can also write ¢ = (£, —s) so that, following the notation of the
previous lemma, we have

K, (C
2m|C| Rd-1 W
(387) = 7/ (VO (2), ~1) e (2) da
27TZ|C| Rd-1

+oo
= *'C . Z: /Rdil (VO (x),-1) i S T (2’%) dx

k=0
/R (V@ (27Fy) ,—1) e 27672 ) (022 7))y )y
o k(d—1) —C k k
= —k(d-1)_—5 | —kg _og—ky
’;2 oilcP I (27F¢, —27Rs) .

By the previous lemma

Ty (2756, —279s) | e (14 [277s| + [27%¢)) 7

Hence,
“+o0

1K, (¢)] < 22 Kd=1) (1 4 |27R] 4 |27Re])

I(é, s)| £

In particular, for every (£, s) € R we have

Q1< 5 3270 a7 el

k=0
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Assume now vy # 2. Our second estimate for Kj (¢) is as follows. For every
(¢,s) € RY we have

|K1(¢) Zz—’“(d D(1+]27 ’”s|)
k 0

C C _a-1
< 7 Z 2—]€(d—1) 4+ — Z 2—k(d—1) ‘2—]6’78’ 2
|S| 2k>‘3|1/“{ ‘S‘ 2k<|s‘1/7

C|S|—1—‘17;1 +C|S|_1_dTl Z ok(d—1)(3-1)
2k < ||/
_di1
cls|” 2 v < 2,
< _1_4=1
cls| Toy>2

Note that when v = 2 the previous computation gives ¢ |s| log (2+ |s]). How-
+1
ever when @ (y) is smooth it is well known that the correct estimate is c|s|”

With a more careful analysis we show that this is the case also in our setting, even
if we do not assume smoothness at the flat point. Indeed notice that condition
(2.2) allows higher derivatives to blow up at the flat point. Let v = 2. Then

+oo
c h(d— _ _
(3.8) 1K1 (¢)] < GOl > oMU (278, —27 M) |
7 k=0
By the previous lemma we have

c(1+|2’2ks|+|27k§|)7% for ovcry (&, 5)
|1 (27k¢, —2_2’“3)’ <9 oem (1T+ |2*2k5’)7M if 28 < ¢ Iﬁ‘l
exr (1 [274¢]) ™ ifexg <2
so that

22 =011, (27F¢, —2725))|

So 3 2N agp ) Mee S e (k)

2k ey |s]/ €] cas|/lg|<2k
fe Y oM (o) okl T
c1s|/|€] <2k <ca]s|/|€]
=51+ 55+ .53.
We have

+oo
CZ 9~ k(d—1) (1 + |272k5|)7M

k=0



14 L.BRANDOLINI, L. CoLzANI, B.GARIBOLDI, G.GIGANTE, G.TRAVAGLINI

<ec Z 27k(d71) +e |S|_M Z 22kM27k(d71)

ERESE |s|1/2 2%

_d—1
<cls| 2
and

52 <c Z 2—k(d—1) (1+ ’2—k§’)—M

cas|/]§]<2*
< c Z 2—k(d—l) +C‘€|*M Z 2Mk—k7(d—l).
max(ca|s|/|€],]€))<2* cals|/[E1<2F <¢]

Observe that

—k(d-1) (N @

max(ca|s|/|€],1€]) <2*

Also, the series

|£|—M Z 21V[k7k(d71)

cz|s|/|€]<2F <]

is non void only if CQ% < |¢[, that is c|s|1/2 < |€]. In this case we have

cle ™ DT MR T BT oM e

cals|/g1<2k < ¢ l€]>2k
_a=1
<cls| 2.

We now turn to Sz that contains a sum with a finite number of terms. We have,

da—1
2

d—1 d
Sy <cls|” T Z 1<els|”
c1ls|/|€] <2k <ez|s|/I€]

Substituting into (3.8) gives the estimate

d+1

X () <cls|” 2

when v = 2. It remains to prove the second row in (3.4). We have
1K1 (€]

400 _
g S Gt e e
k=0
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S TR SR L C EY R DR S
2k <(|s]/]€)) 71 2k > (|s)/[€) 71

_(d—l)(fy—2) __d—1 -1
<c|§| 2(v—1) |3| 2(v=1 |

Remark 12. Let z € 9B, let T, be the tangent hyperplane to OB in z and let
S (z,0) ={w € dB : dist (w,T,) < d}.

In [8] it is proved that when the boundary of B is smooth and of finite type (every
one dimensional tangent line to OB makes finite order of contact with OB ), then

e @l <elel™ o (s (21 7)) o (s (27 1¢17))]

where zT and z~ are the two points on OB with outer normal parallel to ¢ and o
is the surface measure. In our case OB is not necessarily smooth, but the above
result in fact holds. Indeed, let B as in Proposition 11, and choose coordinates
such that z = (x,t), the flat point is the point (0,0), its outward normal is (0, —1)
and that the relevant part of the surface OB is described by the equation t = ® (x)
with ® € S,. Fiz z = (x,t) € 0B. Elementary geometric observations lead to

(3.9 (S (z,0)) =2 co(S(0,c10)) =~ (51/7)(1_1 for & > clz|”,

d—1

(310) o (S(2,8) > c (5 (|x|”)_1> Y jors<clal.

The unit normal to OB in (z,® (x)) is %. It follows that for a given

¢ = (&, s) the point (xz, ® (x)) in OB with normal in the direcion ¢ satisfies || /|s| =
V@ (2)] = [
a) If [s| > €] then [s|'7 > (€] /|s)" = || 7777, Hence

1 1
o~ > clal’
[T

so that, by (3.9),
o <S (z’ |C|_1)) > co (S (0,61 ‘C|_1>) ~ |C|—(d—1)/’Y ~ |S|—(d—1)/’y.
b) If [€] < |s| < [€]”, then as before

11
— <cla|’

i<l sl
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and by (3.10)

d—1

o(5(a1a)) > e () 7) " et

c) If |€] > |s|, then |x| = land by (3.10)
o (s(zl™t)) = 1e

The geometric estimate

5 Q1 <cleo (5 (=117))-

now follows from Proposition 11.

As said before, the above proposition is the main ingredient in the estimate of
the discrepancy associated to the convex body B. In particular it follows that the
directions where the Fourier transform has the slowest rate of decay play a relevant
role in the estimates of the discrepancy.

Actually the Fourier transform in a given direction depends on the two points

in OB have normals in that direction. The interplay between the contribution of
these points is exploited in the following proposition.
Proposition 13. Let B be a bounded convex body in R%. Assume that OB is
smooth with everywhere positive Gaussian curvature except at most at two points
P and Q which are flat of order yvp and g respectively and have outward unit
normals —© and ©. Let

S({t)=|{z€B:z-0 =t}

be (d — 1)-dimensional measures of the slices of B that are orthogonal to ©. The
function S (t) is supported in P-© <t < Q-0 and is smooth in P-© <t < Q-0O.
Assume that there exist two smooth functions Gp (r) and Gg (r) with Gp (0) # 0
and Gg (0) # 0 such that, for u > 0 sufficiently small

S(P-©+u) = U%Gp (u”'“’)

and s
S(Q-0—u)=u"e Go (ul/w) .

Then, as |s| — oo,
| P(E141) ]
5 (50) = e 2O Gp (0) =~ ¢ E (1) o) 15
(2m) 7r

P(E 1) ,
7Q 615(%+1) sgn(s) |S|717d L

¥ Q.
(2m) 7@ !

-4
+0 <|s| W@w)) .

+ e—27ris®-QGQ (0)



DISCREPANCY FOR CONVEX BODIES WITH ISOLATED FLAT POINTS 17

Observe that when in a neighborhood of the points P and @ the boundary of B
is smooth with positive Gaussian curvature K (P) and K (@) then we have vp =

a)d-1n/2 od-/2
9 =7 =2 Gp(0) = Uy KTH2(P), and G (0) = Py K2 (Q)
Hence we obtain the classical formula

- d+1

1 , o de Cann
L5 (sO) = L o 2mis©-P pr—1/2 (P) e—zﬂ%ﬂ) sgn(s) 15|

27
1 . cm(d— _d+t1
+ %6727”5@-62}'{71/2 (Q) 615(%+1)sgn(5) ‘S d;rl
_d2
+0 (|s| : ) .

See [17] and [18]. See also [19, Corollary 7.7.15].

Proof. The d-dimensional Fourier transform is the one dimensional Fourier trans-
form of a Radon transform. In [1, Lemma 4.3] it is proved that the Radon transform
S (t) is smooth inside P-© <t < @ - ©. It follows that the asymptotic behaviour
of the Fourier transform of S (¢) depends only on S (t) in a neighborhood of the
endpoints t = P- O and t = @ - ©. Let 7 (t) be a smooth cutoff function with
n(t) =1if |[t| <eand n(t) = 0if |¢| > 2¢ with € small. For every N > 0 we have

, too ‘
5(\3 (S@) = / XB (Z) e—27rzz-s@dz e / (/ XB (Z) dZ) e—27rzstdt
R —oo \J{z-0=1}

Qe ,
= / S (t)e ™ stat

n (U) S (P -0+ u) 6727ris(P.@+u)du

+o0o
n(u)S(Q -6 —u)e 2@~y 4 O (|s|7N)

S— S—

. too 4 .
= 6_2"”1)'9/ u'r Gp (ul/'yp> 7 (u) e 2™ dy
0

d—

+oo 1 )
+ 6727”362.@/ UWGQ (ul/’YQ) n (u) e27rzsudu +0 (|$|7N> )
0
It is enough to consider
+oo d—1 .
K (s) = / ur G (ul/'y) n (u) e 2™ dy,
0

Since G (r) is smooth, for every N > 0 we can write the Taylor expansion

N-1

G(k) 0 e d-ltk —2misu

K(s):Z k'()/o u v (u)e 2y,
k=0 ’

+o0 B )
+/ ud 1W+N GN (ul/fy> n (U) e—27'rzsudu.
0
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—14+N

For N large enough, the function us Gn (ul/'y) 1 (u) has enough bounded
derivatives so that a repeated integration by parts gives

+o0 - .
/ n(u) Gy (u1/7) ud LN e 2misugyl < ¢ |s|717% .
0

Finally, all other terms in the above sum have the form

+o0 )
/ n (u) ua6727rzsudu
0

and can be estimated by the following lemma. O

Lemma 14. If n is as above then, for every a > —1 and s # 0, we have

+oo
/ tae—QTristn (t) dt = L—ﬂe—i%(a—‘rl) sgn(s) + 0 (|s|_N) )
0 (27 |s])

The above result is not surprising since, in the sense of distributions,

+oo
/ tae—27ristdt _ r (a +a1+)1 e—i%(a-{-l) sgn(s)
0 (27 [s])

See e.g. [13]. The following is a direct proof.

Proof. Assume first s > 0. An integration by parts gives

+oe 2mist 1 +ee 2 'td
e 2misty (1) gt = —2mist — e (4)] dt
/0 ) 2m/ﬂ et L e (1)

o e —2mist o,/
e t%n' (t) dt.
0

“+ o0
—2mistya—1
= t t)dt
2772'5/0 ¢ n(t)dt + 2mis

Since suppn’ C (g,2¢) the term t*n’ (t) is smooth so that

I R -
/ ety (1 de =0 (1s]7V) |
0

2mis

Repeating the integration by parts k times, with & < « gives

+oo )
/ tae—Qﬂzstn (t) dt
0

ala—1)-(a— oo ; _
_al U@ﬂi)k k“)/o et (1) dt + 0 (13 7).

Assume first that « is an integer and take k = .. Then

+oo . ! too .
/O taef27mstn (t) dt = Oéi)a \/0 6727rzstn (t) dt +0O (‘S‘7N>

(2mis



DISCREPANCY FOR CONVEX BODIES WITH ISOLATED FLAT POINTS

a! a! too -
= )a+1 + pas ) / e—27rzstn/ (t) dt
0

(2mis (2mis)
ol _
= Grisy e ¢ (157

If o is not an integer we take k = [a] + 1. Then

+o0 )
/ ta6727mstn (t) dt
0

oala—1)(a—|a Foo , _
_ ( (211—)218)[a(]+1 [ ])/0 e—2mstt)\—1n(t) dt+0(|8| N),

where A = o — [a]. By [11, (4) pag. 48] we have

+oo ) —+oo
/ e 2Tt ATy (1) dt:/ e2mistiA—1y (t) dt
0 0
N-1
r A ; -
= 3 TN -2 (0) (ams) " 4 0 (57

n!
n=0

and since (™) (0) = 0 for every n > 0 and 7 (0) = 1 we obtain

+oo )
/ tae—Qmstn (t) dt
0

Cﬁa—lf'%a—iﬂ)/*m —2mist A1 -N
= e T t)dt+ O (|s
(2mis) ! ; n(t) (I | )
D@t D) e . o (on
= e 2" 1+ 0 (s
(27T8)a+1 ( )

also in this case.
Let now s < 0. Then

+o0 ) +oo
/ t%e 2™ty () dt = / tae=2mi(=s)ty (t) dt
0 0

_ IF'a+1) (5t | o |S|—N
(2m|s))*

19

a

In the next proposition we show that assumptions of Proposition 13 are satisfied

when the flat points are as in Proposition 3.

Proposition 15. Let v > 1 and let B be a bounded convex body in R?. Let U be
a bounded open neighborhood of the origin in R4~ and let H () € C (U) such
that H (0) = 0, VH (0) = 0 and Hess H (0) positive definite (see Proposition 3).
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Assume there exists a neighborhood of the origin W C RY such that, in suitable
coordinates,

aBmW:{(x,t)eRd;t:(H( ))W}mw

As before, let
t)=|{z eR"": (2,t) € B}|.

Then, there exists a smooth function G (r) such that fort > 0 sufficiently small we
have

S{t)=t= G (tl/”)

with G (0) equal to the (d — 1)-dimensional measure of the ellipsoid

1
e R4 <1
. Z &%] axk .ﬁ]l‘k
Proof. For t small enough we have

S(t) = dzx.

[{xeRdI:@(H(z)wN}

By Morse’s lemma (see [29, p. 346]), there exists a diffeomorphism ¥ (y) between
two small neighborhoods of the origin in R?~! such that

H (¥ (y) = ly|”.
Then,
sw- | do— | Ja () dy
{xeRd—1~t>(H(m))~/2} {lyl<tr/v}
— 5 / Jo (1Y70) du = 57 G (#/7
ey (270) (1)
where

G(r)= / Jo (ru) du.
{lzI<1}
Finally observe that

1
G (0) = lim Jo (ru) du = lim / Jo (w) dw
=1 {lul<1} o (ru)du = {lwl<r} v ()

1
= li d
S a—T A|w2<r2} Jo (w) dw

1
= lim ) / dy = lim dx
T Hy) <2y o0y

d—1
1 0’H
= e eR o Y ST (0) 2 < 1
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4. Proofs of the results

Proof of Proposition 3. Let a be a multi-index. It is not difficult to prove by
induction on |a| that

oll®
Ox®
is a finite sum of terms of the form
Lol olBkl i
C[H(J:)]’Y/2 P (@) x - x x
dxp, Oz,

with k£ < |a| and multi-indices Bi,..., 8 such that |81+ --- + |Bk| = |@|. Since
Hess H (0) is positive definite there are positive constants ¢; and ¢s such that in a
neighborhood of the origin

o lz)? < H (z) < x|z’

and
OH
gj (2)

< ezl

Moreover, since H () is smooth

185l {7 , ,
‘aa (2)] < C|x|max(2*\ﬁ_7\»0) < c|x|27m" ]
xﬁj
It follows that
V2K olBl g Bl

[H (z)] Z) X - X
‘ 81‘,81 al‘lgk
v/2—k _ 3 ~ -
< c(m?) 221 s (228 < R (PR B HBRD
|V—\0¢|_

<clz

This proves (2.2). To prove (2.1) let us write

0%®
O0x;0xy, v
= 302D @ S @) G @+ 3 @) G (o)
_7 vt [ _O2H 5o (2) 5o (2)
—§[H($)} <6x]8xk (x)+(’7/2—1)w

so that
Hess @ (z) = % [H ()]"/*7" Hess M (z)
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where M (x) is the matrix with entries

PH L @
dxjOxy, T H (z) ’
Let A = Hess H (0), since
_ L 3
H(z) = 32 A:U+O(\m| ),

VH () =Ax+ O (|x|2)
Hess H (x) = A+ O (|z))
we have

T
M (z) = A+ 0 (ja]) + (v/2 = 1) (42+0 (of")) (4 + 30 (1))
Lo Az + 0 (|of*)

Az (Az)"
=A —2) .
+(-2) 52 + 0 (al)
Let us show that the matrix
Az (Az)"
A —2) ——
+r=2) =74

is positive definite. Indeed, for all y € R4~! we have

2

Az (Az)" (y" Az)
T _ ) _ T _ g )
y <A+(v 2) T AL )y y Ay + (v —2) T

When v > 2 we easily obtain
xT Ax

Az (Azx)T
y" <A+ (v—2) H) y =y Ay = Myl

where \; is the smallest eigenvalue of A. For 1 < v < 2, by Cauchy-Schwarz
inequality for the inner product defined by (y,z) = y* Az we have

(yTAa:)2 o (yTAy) (xTAJ:)

T
2T Az T Ax =y Ay

Hence

Az (Az)T
y" <A+(7—2)M>y>yTAy+(7—2)yTAy

=(v-1y Ay > (v -1\ Jy)*.
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Let p1 (z) be the smallest eigenvalue of Hess @ (z) . We want to show that p; (z) >
c|z|”"2. This is equivalent to show that

yT Hess ® (z)y > ¢ |:1:|’Y_2 \y|2 )

We have

T
y? Hess @ (v)y = % [H(x)}’vﬁ—lyT <A+(7_2) %) y

+[H @) yTO0 (|z])y

9 v/2—1 9 9 v/2—1 9
e (o) P =2 (o) lal Iyl

2

_2 -2 2 -2 2
=cila[" 7yl —eala" al [y” = claT Jyl

for |z| small enough. O

To prove the theorems and the corollary it is convenient to introduce a mollified
discrepancy. In the next lemma we assume that the origin is in the interior of the
body. Since we will apply this lemma to prove estimates that are invariant under
translations of the body we can always reduce to this case.

Lemma 16. Assume that the origin is an interior point of B and let ¢ (z) be a
nonnegative compactly supported smooth function in R® with integral 1. Then, if
the support of ¢ (z) is sufficiently small, for every 0 <e <1 and R > 1 we have

d

e % (") x X(r-c)B (2) < XrB (2) < ¢

¥ (5_1') * X(R+e)B (2) -

In particular,
1Bl (R~ )" = RY) + D..p-. (2) < Dr (2) < |BI (R +€)" = RY) + Deope (2),

where ‘
D.p(z)=R* Y &(em)yp (Rm)e> ™=,
0£mgZ4

The above lemma is well known. See e.g. [3, pag. 195] for a proof.
Also the following result is well known, the following is elementary proof.

Lemma 17. For every integer M > 0 and every neighborhood U of the origin in
R? there exists a smooth function ¢ (z) supported in U such that

p(0)=1
and for every multi-index o, with 0 < |a| < M

olelg
ace 0)=0.
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Proof. Let v (z) be a smooth function supported in U such that

/Rdw(z)dz:l.

We want to find constants cg, ¢y, ..., cpr such that the function

M
p(z) =Y 2oy (2%2)

k=0

satisfies the lemma. We have

k=0
so that
Mo M
G0)=> "t (0)=>
k=0 k=0

and for every multi-index «

olelg
o¢”

M alel
- —klal
0= 2 a2 1T )

Hence the coefficients ¢y, are the solution of the non singular linear system

co+co+--F+ey=1
2 ) e+ et o+ 2 ) e =0

(Q_M)O co + (2_M)1 ¢+ + (2_M)M cy =0

The following lemma collects the main estimates that we will use later.

Lemma 18. Assume the inequalities

_1-—4-1
cls|” 7,
X6 (C)] < { el @ Vot s 20 L
_dt1
clgl” = .

proved in Proposition 11, where { = & 4+ sO, with s = -0 and £ - ©=0 for some
O € R? with |©| =1 and v > 2 and let ¢ (z) as in the previous lemma.

1) For every T > 0 and p > 2d/ (d — 1) there exists ¢ such that for every e > 0
and R > 1,

P 1/p

/ ! Z 7 (em) Xp (Rm) *™™°%|  dz <cRT e
Td
Im—(m-0)0|>T1
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2) For every T > 0 there exists ¢ such that for every e >0, R > 1 and z € T?,
i > 5 (em) U5 (Rm) 2™m#| < cR@- D7),
0#m€Z, |m—(m©)6|<r

Proof. Let us prove 1). For every m € Z%, write m = m; + my with m; =
m— (m-0)0 and my = (m - 0)O. Also observe that for every M > 0,

15| <enr (L+[¢)™M.

Since p > 2, by the Hausdorff-Young inequality with 1/p + 1/¢ = 1 and the
assumption on Xp (¢) we have

D q/p
/ R* )" @(em)Xp (Rm) ™™ 7| dz
B |my|>7

<R S |5 (em)|! [ (Rm)|?

jmq|>7
SCRIT 3T (1 efmyl) M | | 0

T<|my |<|ma|

5 df1

PR3 () g

|my [>max(|mz|,7)

=A+B.

Since in the series in A the quantities |m;| and |mgy| are bounded away from
zero we can control the series with an integral,

Z (1+a|m2|)*M|m1|fq(d71)2g—:i) \mz\*q%*q
7<|my|<mz|

d—1

<C// (1+5|s|)7M |§|7q(d71)2(7”7__21> |s|792=D " deds
{r<lel<]sl}

e —M | |—qzi—-— —q(d—1)s1=2-
<o Tarelsh M [ e g
T {le1<]s]}
+Oo d+1
< C/ (14+e¢ \s\)fM |s|d*17qT ds < ce—(d=a%)
-

(note that since p > 2d/ (d — 1) we have ¢ < 2d/ (d + 1)). Similarly, for the series
in B,

— _a+1
> (1+emy )™ jmy |~

[my|>max(|m2|,7)

< T4ele) ™M~ Y ded
C//{|§|>|s}( eleh el 3
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dil, —M |14t dl
= ectBat [ (el T dg = e
Rd-1

This proves point 1) in the statement. Similarly, to prove point 2) observe that,
by the assumption on Xp (¢), we have

R > $ (em) Xp (Rm) ™™ < RY > X5 (Rm)|
0£mEZ4,|mq|<T 0AmEZ |my |<T
<eRODOD) N my T

0AmEZ |my |<T

Note that the last series is essentially one dimensional and it is convergent. |

Proof of Theorem 4. Without loss of generality we can assume that the origin is
an interior point of B. The discrepancy will be estimated using the size of X5 (¢).
Since the main contribution to the size of this Fourier transform comes from the
flat points on dB and since with a suitable partition of unity we can isolate such
flat points, without loss of generality we can assume the existence of only a single
flat point of order ~.

The case 1 < v < 2 follows from the argument used in [2] for the smooth case.
This essentially reduces to the Hausdorff-Young inequality and follows from the
estimate

ke (O <cle™F

that holds true also in our case by (3.3). Let us now prove point 2) and point 3)
in the theorem. To prove point 2) we observe that the case p < 2d/(d+1—~)
follows from the case p = 2d/ (d+ 1 —~), and the case 2d/ (d+1—7) <p < +o0
follows by interpolation between p = 2d/ (d + 1 — v) and p = +00. Hence to prove
point 2) it suffices to consider only the cases p = 2d/(d+1—+) and p = +oc.
Similarly to prove point 3) it suffices to consider only the case p = +00. Observe
that since v > 2, all these values of p are greater than 2d/ (d — 1).
By Lemma 16 we have

IDRl o ray < |Blmgx (R + &) = RY| 4+ max | Do el
< cRY e 4+ mfx HDS,R:I:EHLP(T") ’

Replacing R + ¢ with R for simplicity, Lemma 18, with a fixed 7 > 0, gives
P 1/p
”Ds,RHLP(W) = / R4 Z ? (em) X (Rm) p2mimez| g,
s 0#meZ

P 1/p

< / R 3" G(em)Xp (Rm)e*™?| dz
Td

Im—(m-©)6|>7
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+ |R? > & (em) X (Rm) 272
0#m€Z, |m—(m-0)0|<r

< RSt | epd-D(-D)
The choice € = R_d+1d—7_21d/p then gives
I DRl o ey < eRU D757 4 cRED07),
Forp=2d/(d+1-v)and2<y<d+1, orp=+ooandy>d+1 we obtain
||DRHLP(']1‘d) < ¢RE-D(1-3),
For 2 <y <d+1 and p = 400 we obtain

d(d—1)
DRl oo (gay < cR™4FT.

Proof of Theorem 5. Once again we can assume that the origin is an interior point
of B. The smoothness of S (t) is proved in [1, Lemma 4.3]. For every m € Z<,
write m = m; + my with m; = m— (m-0)0 and my = (m - 0) O, and split the
Fourier expansion of the discrepancy as

(4.1)  Dg(z)=R* Z X5 (Rm) e?™mz 4 R4 Z X5 (Rm) ™™z,
m;=0, mx#0 m; #0

We will see that the main term is the first one and it follows from Proposition 13
that

Rd Z SC\B (Rm) eQwim‘z

m1:0, m2750
~ RUDO=110) A (z— RP) + REA-D1-1/72) A5 (2— RQ) .

The details are as follows. Let D, g (z) be the mollified discrepancy as in the proof
of Theorem 4 and let

Y (z,R) = R4-VU-1/7%) Ap (z—RP) + R-DU-1/7) A (z—RQ).
From Lemma 16 with a cut-off function as in Lemma 17 we have
|Dr (z) — Y (2,R)|
(4.2) < |Blmax |(R+ &) — R + max|De,pee (2) =Y (z,R + )]

+1|Y (z,R+e)—Y (z,R)|
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The first term in the right-hand side is bounded by cR?~'e. For the third term we
have

Y (z,R+e) —Y (z,R)]
< ‘(R + &)@ 4 (Rt ) P) — RE-DA=1/19) g, (5 — RP)‘

+|(R£2) VU Ag (2 - (R 2) Q) = RU-DO-119)4g (2 — RQ)| .
The two terms are similar, let us consider only the first one. Then
’(Rig)(d—l)(l—l/"/P) Ap(z— (R+e)P) — RU=DA=1/70) 4, (5 RP)‘
< (R+e) V)AL (2 — (R4 ) P) — Ap (z — RP)|

+ ’(Rig)(dfl)(lfl/“nﬂ) _ pld-1)(1=1/vp) |Ap (z — RP)|

Since

|Ap(z—(Ri5) P) — Ap (z — RP)|

cZk_l_i

sin<27rkm0~(z—(R:ts)P)—Wd_l)—sin<27rkm0 (z—RP)—Ed >’
2 ’YP 2 ’)/p

X

cZk S 7 |sin (exkmg - P)|

d—1
Lcep .,

and |Ap (z — RP)| < ¢ we have
(R+¢e) D7) gy (4 — (R4 ) P) — RODA-1/77) gy (7 — RP)
< cRU-D(=1/7p) 55 | pld-1)(1-1/3p)~1

It remains to estimate the second term in (4.2) and for simplicity we replace R+¢e
with R. We have

D. r(z)—Y (z,R)

(4.3) =|RrR" > @(em)Xp(Rm) ™™ —Y (z,R)
m;=0,m,7#0

+ Rd Z Em XB Rl’l’l) 2wim-z
mi#0

=1(z)+11(z).
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For I (z) we have a pointwise estimate,

1(2)| < R |3 (esmo) — 1][Xp (Rsmy))|
s#0

+ |R? Z X (Rsmyg) *™$™0% _ Y (7 R)|.
s#0
Our choice of the function ¢ (z) yields

dlels
¥ -0
d¢e

for every multi-index o with |a| < M. Hence

5(¢) -1 <enr ¢,

and by Proposition 11 (recall that vp > 7v¢)

R? Z @ (esmo) — 1] [Xp (Rsmy)|

s#0
< cR(d_l)(l_%) Zmin (EM s|™ 1) |s|_1_%
s7#£0
< cR(dfl)(lfﬁ) Z eM \S\M |5|_1_d7;P1 +CR(d71)(17%) Z |s —1-55
~X
els|<1 els|>1

< cR(dil)(lii)g% .

By our assumption on the direction ©® and by Proposition 13 a long but direct
computation gives

Rd Z SC\B (Rm) e27rim'z _ Rd Z SC\B (Rsmo) 62777:3“10%
m;=0,m#0 s#0
= R=DA=Y7) Ap (z—RP) 4+ R4=DI-1/7) A, (z—RQ)
+o(R)
—Y (2,R)+ 0O (Rd”*%)
Hence, we have the pointwise estimate

1— L

_ a-1 4
(4.4) 1 (2)] < cR4D(=75) 5 4 g1
The assumption that a©® € Z? for some « implies that the requirement m; # 0
is equivalent to |my| > 7 for some 7 > 0. By Lemma 18 we therefore have

d—1

(4.5) II||, < cR*= e~ "= +5.
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Collecting the estimates (4.3), (4.4) and (4.5) we have
DR (z) Y (2, R)HLP(Td)
< eRU-DO=1/90) 55 | cRi=1o 4 (R©TIRE 4 (RIF T A,
The choice e = R~ =277 gives
DR (z) =Y (2, B)|| 1 (7a)
< RV (1-55) (R*m% L R —TF2am 4 R*%) ,

Since our assumption implies 1/p > (d+ 1 —yp) / (2d), all the exponents of R in
the parenthesis are negative and therefore

1D (2) ¥ 2 Bl o gy < RV 0775) 70

for some § > 0. This proves immediately point 2). It also prove point 1) as long
as one notices that if yp > ¢

N

HR<d71><171/wQ)AQ (Z_RQ)’

Lp(T4)

for a suitable § > 0. O

Proof of Corollary 6. Because of our assumptions the constants in front of the two
series that define Ap (z—RP) and Ag (z — RQ)) are the same. A simple computa-
tion gives
Ap (z—RP)+ Ag (z — RQ)
d—1 0o
) 4Gp(0)r(7+1) +

- kz k15 sin <7T (kmo R(Q—P)— dQ’Yl>>

d—1
(27 [mo|) 7 =1

X cOos <27rkm0 . <Z—RP ;— Q)) .

Ap (z—RP) + Ag (z— RQ) =0

and

since mg - R (Q — P) and %1 are integers, O
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Proof of Theorem 8. By Theorem 1.1 in [5] we have the following estimate for the

L? average decay of the Fourier transform

1/2
( / %5 (Rom)|? da> < c(RIml)
50(d)

_dt1
2

Hence, applying the Hausdorf-Young inequality to (1.1) with 2 < p < 2d/ (d

and 1/p+ 1/¢ = 1, we obtain

a/p
/ ( |Dr.o (z)| dz> do < R™ / X5 (Rom)|? do
SO(d) \JTd SO(d)

0#£meZ4

In a similar way if 1 < p < 2 we have,

2/p
/ ( |Dr.o (2)] dz) do < / |Dg., (2)|* dzdo
SO(d) Td SO(d) JTd

_ R Z/ %5 (Rom)|? do
oz 15000

< cR*1 Z |m|7(d+1) < cR*1,
0#£meZ4

Proof of Theorem 9. Without loss of generality we can assume |a] < |f].

Proposition 11 we have

clam + Bn|”' 77,
o~ — —2 p— —
X5 (m,n)| < ¢ ¢|—Bm+ anl D) |am + Bn -0

c|-Pm+an| 2.
We have
/ Dr(z)[Pdz=R' S [Xs(Rm,Rn)P
Td

(m,n)#(0,0)

<R Y X5 (Rm, Rn)|*
0<|—pBm+an|<1/2

,]_)

By
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+ R 2. X5 (Rm, Bn)|?
1/2<|—-Bm+an|<|am+8n|

+ R 3 X5 (Rm, Rn)[?
0<|am+pBn|<|—Bm+an|

=I1+I1I+1II

Using the above estimate for X (Rm, Rn) we have
II1 < cR > [(m,n)| > <eR Y [(m,n)| 7’ <cR.
0<|am+pn|<|—Bm+an| (m,n)#(0,0)

In the term I7 the quantity |—8m + an| and |am + Bn| are bounded away from
zero so that, arguing as in the proof of Lemma 18, we can replace the series with
the corresponding integral,
-2
II <cR Z ‘—ﬂerom,r(jvfl) |am+ﬂn|7(w£1)72
1/2<|—Bm+an|<|am+Sn|

< CR/ €7 |s| 70 dsde < eR.
{1/2<¢/<lsl}

In the term I observe that |—8m + an| < 1/2 implies |am + Bn| = |n|. Then

—2
I<cR Z |—ﬁm+an|7%|am+ﬁn|fﬁf2
|—Bm+an|<1/2
—2
a || T
<cR Y 3" In| 71

|—Bm+an|<1/2

_a=2
cr X () e

|—Bm+an|<1/2

“+o0
y=2 __1__
< CRZn(Hé)v*ln 7172 < ¢R.
n=1

In the last inequality we used the assumption 6 < 2/(y — 2). O
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