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Abstract We analytically evaluate the gravity anomaly associated with a polyhedral body
having an arbitrary geometrical shape and a polynomial density contrast in both the orizon-
tal and vertical directions. The gravity anomaly is evaluated at an arbitrary point that does
not necessarily coincide with the origin of the reference frame in which the density function
is assigned. Density contrast is assumed to be a third-order polynomial as a maximum but
the general approach exploited in the paper can be easily extended to higher-order polyno-
mial functions. Invoking recent results of potential theory, the solution derived in the paper
is shown to be singularity-free and is expressed as sum of algebraic quantities that only de-
pend upon the 3D coordinates of the polyhedron vertices and upon the polynomial density
function. The accuracy, robustness and effectiveness of the proposed approach is illustrated
by numerical comparisons with examples derived from the existing literature.
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1 Introduction

Gravity is an economic tool for exploring and discovering natural resources (Jacoby and
Smilde, 2009). In this respect density is one of the most diagnostic physical property of a
mineral deposit, and is also fundamental to oil and gas exploration. To date, density has been
one of the most difficult property to measure and infer.

During the last decade, there has been significant development in gravity survey, par-
ticularly with the advent of GPS and gravity gradiometry. In conventional gravity survey,
Earth’s gravity acceleration is measured using gravimeter whereas in gravity gradiometer
survey, the gravity gradient or how the gravitational acceleration changes over distance (or
in some cases time) is measured.
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Recent reviews (LaFehr, 1980; Paterson and Reeves, 1985; Hansen, 2001) document the
continuous evolution of instruments, field operations, data-processing techniques, and meth-
ods of interpretation. A steady progression in instrumentation (torsion balance, gravimeters
based on land or underwater, in boreholes or on board satellites, aircraft or marine vessels,
modern versions of absolute gravimeters, and gravity gradiometers) has enabled the acquisi-
tion of gravity data in nearly all environments, see, e.g., Nabighian (2005) for a quite recent
historical account.

Despite being eclipsed by seismology, it is impressive to realize that about 40 different
commercial gravity sensors and gravity gradiometers are available (Chapin, 2008) and about
30 different gravity sensor and gravity gradiometers designs have either been proposed or
developed. In particular, gravity gradiometry is still used in exploration (Dransfield, 2007)
and for regional gravity mapping (Jekeli, 2006).

Gravity data sets are effectively used to estimate locations and shapes of bodies, embed-
ded in Earth, exhibiting anomalous mass density with respect to a constant reference value
(Zhang et al., 2014). More refined Earth models can be obtained by inverting gravity data
(Li and Oldenburg, 1998; Zhdanov, 2002) in conjuction with seismic and electro-magnetic
induction data (Moorkamp et al., 2011; Aydemir et al., 2014; Roberts et al., 2016).

Recent improvements in gravimeter efficiency and inversion algorithms have increased
the possibility of collecting and inverting huge data sets over extended areas in order to
derive 3D density models (Kamm et al., 2015). In particular, gravity methods are extensively
used in geoid determination (Bajracharya and Sideris, 2004) and mineral exploration (Beiki
and Pedersen, 2010; Martinez et al., 2013; Abtahi et al., 2016).

In conclusion it is of paramount importance to efficiently evaluate the gravity anomaly
associated with a body characterized by complex density distributions since this represents
an important task in forward modelling and inversion.

Due to the mathematical complexity of the problem, the gravity anomaly of an irregular
body whose density contrast is spatially variable has been first computed by approximating
the body as a collection of vertical rectangular parallelepipeds (prisms) in which the density
is assumed to be constant.

Numerical computations were first carried out by Talwani et al. (1959) and Bott (1960).
Closed form expressions of the gravity anomaly were subsequently derived by Nagy (1966),
Banerjee and Das Gupta (1977), Cady (1980), Nagy et al. (2000), Tsoulis (2000), Jiancheng
and Wenbin (2010), D’Urso (2012), see also Plouff (1975, 1976), Won and Bevis (1987),
Montana et al. (1992) for computer codes. The case of spheroidal shell has been addressed
by Johnson and Litehiser (1972). Analytical expressions of the gravity anomaly for prisms
have been derived by D’Urso (2016), for a linearly varying density, by Rao (1985, 1986,
1990), Rao et al. (1994), Gallardo-Delgado et al. (2003) for a quadratic density contrast, by
Garcia-Abdeslem (1992, 2005), for a cubic density variation with depth. A good collection
of earlier references for 3D prisms can be found in Li and Chouteau (1998) who name,
among others, a formula contributed in Sorokin (1951).

Non-polynomial density-contrast models for 3D bodies have been considered by Cordell
(1973), Chai and Hinze (1988), Litinsky (1989), Rao et al. (1990), Chakravarthi et al. (2002),
Silva et al. (2006), Chakravarthi and Sundararajan (2007), Chappell and Kusznir (2008),
Zhou (2009b) and, for 2D bodies, by Gendzwill (1970), Murthy and Rao (1979), Pan (1989),
Guspi (1990), Ruotoistenmiki (1992), Martin-Atienza and Garcia-Abdeslem (1999), Zhang
et al. (2001), Zhou (2008, 2009a, 2010). For more complicated forms of the density contrast,
see, e.g., Cai and Wang (2005) and Mostafa (2008).

Alternative to the use of prisms, characterized by complicated functions describing den-
sity contrast, is the case of polyhedrons endowed with a a simple description of density
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contrast. Analytical formulas for the gravimetric analysis of polyhedra having constant den-
sity have been contributed by Paul (1974), Barnett (1976), Strakhov (1978), Okabe (1979),
Waldvogel (1979), Golizdra (1981), Strakhov et al. (1986), Gotze and Lahmeyer (1988), Po-
hanka (1988), Murthy et al. (1989), Kwok (1991b), Werner (1994), Holstein and Ketteridge
(1996), Petrovi¢ (1996), Werner and Scheeres (1997), Li and Chouteau (1998), Tsoulis
(2012), D’Urso (2013a, 2014a), Conway (2015), Werner (2017). Subsequent advancements
have been only concerned with a linear density variation, (Pohanka, 1998; Hansen, 1999;
Holstein, 2003; Hamayun et al., 2009; D’Urso, 2014b); actually, handling more complex
density functions in conjunction with polyhedral models considerably increases the difficul-
ties of the treatment, especially if analytical solutions are looked for.

For 2D bodies having density contrast depending only on depth, Zhou (2008) converted
the original domain integral for gravity anomaly to a Line Integral (LI) by using Stokes theo-
rem. In particular he derived two types of LIs for computing the gravity anomaly of bodies.
In a subsequent paper (Zhou, 2009a) the author extended his method to account for den-
sity contrast functions which depended not only on depth but also on horizontal or, jointly,
on horizontal and vertical directions. The gravity anomaly at observation points different
from the origin has been evaluated in Zhou (2010) since, historically, gravity anomaly was
computed only at the origin of the reference frame. In the same paper, Zhou dealt with the
singularity of the gravity anomaly arising where the observation point is coincident with the
vertices of the integration domain, an issue already discussed in Kwok (1991a), for prism-
based modelling, and Tsoulis and Petrovi¢ (2001) for polyhedra.

The first approach for evaluating the gravity anomaly of bodies characterized by a com-
plicated density contrast, even in presence of two-dimensional domains, has been either nu-
merical or of semi-analytical nature based on the use of prisms, (Murthy and Rao, 1979; Rao
et al., 1990; Chakravarthi et al., 2002; Chakravarthi and Sundararajan, 2007; Zhou, 2009b),
or with 2D geometrical shapes, (Gendzwill, 1970; Murthy and Rao, 1979; Pan, 1989; Guspi,
1990; Ruotoistenmiki, 1992; Martin-Atienza and Garcia-Abdeslem, 1999; Zhang et al.,
2001; Zhou, 2008, 2009a, 2010). Actually, this last geometrical assumption, which can be
used to model domains extending towards infinity in one direction, significantly simplifies
the mathematical treatment of the problem.

Nevertheless, starting from the first researches on the subject (Hubbert, 1948), all au-
thors have systematically transformed the original domain integrals into integrals of lower
dimension in order to simplify the adoption of quadrature rules for the numerical evaluation
of the gravity anomaly.

The derivation of analytical expressions for the gravity anomaly of polygonal bodies has
been achieved only recently (D’Urso, 2015¢) by exploiting the generalized Gauss theorem
first presented in D’ Urso (2012, 2013a), and subsequently applied to several problems rang-
ing from geodesy (D’Urso, 2014a,b; D’Urso and Trotta, 2015b; D’Urso, 2016), to geome-
chanics (D’Urso and Marmo, 2009; Sessa and D’Urso, 2013; D’Urso and Marmo, 2015a),
to geophysics (D’Urso and Marmo, 2013b), elasticity (Marmo and Rosati, 2016; Marmo et
al., 2016a,b, 2017; Trotta et al., 2016a,b) and to heat transfer (Rosati and Marmo, 2014).

The methodology outlined in D’Urso (2015c¢) is here generalized in order to derive an
analytical expression of the gravity anomaly for polyhedral bodies having density contrast
expressed as a polynomial function of arbitrary degree in both the horizontal and vertical
directions, an issue recently addressed in Ren et al. (2017). The result is obtained by first
reducing the original domain integral to a 2D boundary integral by virtue of the generalized
Gauss theorem. Remarkably, this also allows one to prove that the boundary integral expres-
sion of the gravity anomaly is singularity free whatever is the position of the observation
point with respect to the body.
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Being £ polyhedral, the 2D expression of the gravity anomaly is written as finite sum
of 2D integrals extended to the faces of £. By a further application of the generalized Gauss
theorem each face integral is reduced to the sum of 1D integrals extended to the edges of the
face. Such 1D integrals are analytically evaluated as products between the position vectors
of the end vertices of each edge and scalar coefficients providing the analytical value of
integrals of real variable.

Although these last integrals may exhibit a singularity when the projection of the obser-
vation point onto a face belongs to an edge, it is proved that such a singularity produces a
null contribution of the i-th edge to the general expression of gravity anomaly; hence, one
infers that the derived expression is singularity-free.

By exploiting a suitable change of variables, we also derive an enhanced algebraic for-
mula which expresses the gravity anomaly at an arbitrary point P and specializes to the
ordinary one when P = O. Remarkably, the enhanced expression of the gravity anomaly
has been derived without any modification of the density contrast function since this is still
defined in the original reference frame. The enhanced formula has been implemented in a
MATLAB code, and its accuracy and robustness has been assessed by numerical compar-
isons with examples derived from the literature.

2 Gravity Anomaly of Polyhedral Bodies at the Origin O of the Reference Frame

Let us consider a Cartesian reference frame having origin at an arbitrary point O and a
polyhedral body Q. We shall assume that the density 4p of the body, usually denominated
density contrast, is a function of the generic point whose position with respect to O is defined
by the vector r. The symbol 4p emphasizes the fact that the density of Q is a variation with
respect to that of the surrounding medium.

Denoting by G the gravitational constant, we shall first evaluate the gravity anomaly at
0; it is defined by

dp(r)r

Ag(O) =G (r . r)3/2
Q

dv (D

and the integrand function represents the magnitude of attraction on a unit mass at O arising
from the infinitesimal mass 4pdV.

We remark that the denomination of gravity anomaly adopted to denote equation (1),
though not strictly correct, is based on a common practice in the specialized literature. Ac-
tually, equation (1) is a formula for the gravitational attraction of a mass body and may be
approximatively seen as the formula for the influence of a mass body on the gravity anomaly
since, for small bodies, the effect on gravity is the dominant part of the effect on the gravity
anomaly.

An in-depth discussion on this topic is reported in Vanicek et al. (2004) where the inter-
ested reader can find an example of how the effect of a mass body on the gravity anomaly
can be formulated in a theoretically consistent manner.

The vertical component of the gravity anomaly at O is provided by

Ap(r)r-k

Ag,(0)=G W s

(@)

k being the unit vector directed along the vertical axis. The evaluation of 4g, at an arbitrary
point P will be addressed in section 3 since a considerably more elaborate expression is
arrived at.
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It is usually of interest to dispose of a procedure to actually compute 4g, since most
gravimeters can only measure the vertical component of the gravity field. Nevertheless the
procedure detailed in the paper can be equally applied to all components of (1) and to phys-
ical problems governed by the Poisson equation (Blakely, 2010).

The computation of the integral in (2) is a hard task since the density contrast func-
tion 4p does usually have a very complicated expression for the necessity of modelling 3D
anomalies of Earth. For simplicity this can be modeled as an ensemble of 3D anomalies
in a layered medium or a sequence of strata with horizontally undulated interfaces, e.g.,
sedimentary basins and underlying bedrock. In each layer mass density typically exhibits
depth-dependent variations (Garcia-Abdeslem, 1992).

However geological processes of exogenetic (fluvial, coastal, glacial,...) and endogenetic
(rock diagenesis, plate tectonics, volcano eruptions, earthquakes,...) nature can induce both
horizontal and vertical variations in mass density (Martin-Atienza and Garcia-Abdeslem,
1999). Thus, a suitable expression of the density variation can allow for potentially faithful
representations of the Earth subsurface with a relatively smaller amount of computations
and parameters. Additionally, disposing of analytical expressions of the gravity anomaly
associated with complicated expressions 4p can be useful for benchmarking numerical ap-
proaches.

A quite general expression for 4p, able to accommodate a large variety of geological
formations, is given by a triple polynomial in x,y and z, (Garcia-Abdeslem, 2005; Zhou,
2009b; Ren et al., 2017)

Nx N\) Nz

Ap(r) = 0(x,y,2) = )" D" N epprly/2t 3)

i=0 j=0 k=0

where Ny, Ny and N, represent the maximum power of the polynomial density variation
along x, y and z respectively. In the sequel we shall confine the treatment to the case

Ny+Ny+N,=3 “4)

since this will suffice to address the majority of the practical applications and, at the same
time, to present our formulation at a degree of generality sufficient to be generalized to the
cases Ny+ Ny +N; > 3.

Thus, under the assumption (4), equation (3) specializes to

6(r) = cooo +c100x + Cco10y + Co012+

2 2

2
+C200X" + Co20Y" + €0022° +C110XY +C011YZ + C101 X2+

(&)

3 3 2

3 2 2
+C300X7 + €030y + €032 +C210X7Y +C021Y T+ C102X2+

2

. 2. . 2 . .
+C120Xy” +C012Y2" + €201 X72+ C111X)2.-

The scalars c; j represent the coefficients of the polynomial law; they can be estimated
from the known data points by a least-square approach (Jacoby and Smilde, 2009).

Paralleling the analogous treatment developed in D’Urso (2015c¢), we first reformulate
the general expression (3) of the density contrast by writing

0(r)=0p+c-r+C- Dy +C- Dy (6)



6 M.G. D’Urso, S. Trotta

where 6, is a scalar denoting the density at 0 = (0,0, 0), ¢ is a vector, C and Dy are symmetric
second-order tensors, C and D are third-order tensors; furthermore, it has been set

Dy =r®r Dy =r®ror. 7)

The second-order (rank-two) tensor r ®r has the following matrix representation

x? Xy Xz
rer]=|yxy* yz|, ®)
X zy 2
so that, being:
C-(r®r) = C11 x> +2C12xy +2C13x2 + Cony* +2Ca3yz + C332%, 9)

a quadratic distribution of density can be assigned by suitably defining the coefficients of
the symmetric tensor C. Analogously, the third-order tensors C and r® r ®r, are represented
in matrix form as:

[Ci11 Cri2 Ci3 ] [ [ 2% xy xz]]

Ci21 Ci22 Cy3 x| yx y* yz

Ci31 Ciz Gz, BT

Can Cap2 Coy3 [ % xy xz |

C=|Cxpi Cxy Con3 re@rer) =|y|yxy? yz ||, (10)

C31 Cosp Cogs. 2]

Csn Cs12 Caps [x% xy xz|

Cs21 G322 Cap3 z|yx y? yz

| C331 C332 Cs33 | | lzx 2y 2]

i.e. as vectors of rank-two tensors. Being

C-(rore®r) = Cij 1 x° +Cony® + Caza’+
+((C112+(C121 +<Czll)x2y+((C113 +Ci3 +(C3||)xzz+
+(Ca23 + Cozr + Cia )y*z+ (Craz + Coat + Conn )y + (11)

+((C133 +Cs31 + C313)x22 + (Czsa +Casy + Cans )y +
+(C123 +Ci32 +Ca13 + Ca31 +Capa + Cay )vyz,

the representation (3) of the density contrast is recovered from (6) by setting
6o = cooo €1 =C100 €2 =Co10 €3 = Coo1

Cii=co0 Cn=cno C3z3=con (12)

Cia=c110/2 Ciz=ci01/2 Caz=co11/2
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and
Cii1=c300 Caza = co30 Cs33 = co03
Ci2=Ci21 =Ca11 =c210/3  Cr13=Cy31 =C311 = c201/3
Ca3 =Co32 =Csna=co21/3  Cizp = Coz1 = Co12 = €120/3 (13)
Ci33=C331 =Caiz =c102/3  Caz3 = Cs32 = Csp3 = c012/3
Ci23 = Ci32 = Ca13 = Cp31 = C312 = C321 = c111/6.

In conclusion, we derive from (2) the following expression of the gravity anomaly

48:(0) = G|6odS + - + C- DG+ C-DZ, | (14)
where K (K
o_ & o_ [0
r ) (xr)3n2 ) (@32 (as)
Q Q
o ) r k)
o_ [(@x-Krer o _ [@x-Krerer
Drr - (I'-I‘)3/2 dv rrr — (I‘-I‘)3/2 dv. (16)
Q

In order to transform the previous domain integrals into boundary integrals we apply Gauss
theorem in the generalized form illustrated in D’ Urso (2013a, 2014a) so as to correctly take
into account the singularity at r = 0 = (0,0,0).

This will be done in the following two subsections while in the subsequent ones the
boundary integrals extended to the faces of © will be further reduced to 1D integrals ex-
tended to the edges of each face by means of a further application of Gauss theorem. These
last integrals will be first expressed as function of the 2D coordinates of the vertices in the
reference frame local to each face and then reformulated in terms of the 3D coordinates
representing the basic geometric data defining the polyhedron.

2.1 Analytical Expression of the Gravity Anomaly at O in Terms of 2D Integrals

Let us now illustrate a general approach to express the 3D integrals in (14) as 2D integrals
extended to the faces constituting the boundary of ©. Generality lies in the fact that, owing
to the symmetry of the integrals, application of Gauss theorem can be based upon a unique
formula. Actually, we are going to prove the result

ke[®r,m] 1 f ke[®r,m](r-n)

(r-r)3/2 T+l (r-r)’32
File)

dA m=0,1,... a7

where ky = r-k, n is the 3D outward unit normal to the boundary 0Q of the polyhedral body
and [®r,m] denotes a rank-m tensor defined by

1 if m=0
r if m=1
[@r.m] = reor if m=2 (18)

m times
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To fix the ideas we shall prove the identity (17) for m =2
krr®r 1 fkr(r®r)(r-n)
=3 | T

—_— dA 19
(r-r)3/2 (r-r)3/2 (19)
since it allows us to illustrate our approach to a degree of generality sufficient to extend the
final result to all integrals in (14) and to the additional ones, not reported in (14), containing
tensors of rank superior to three, i.e. tensors of the kind [®r, m] where m > 3.

Recalling the identity proved in the appendix of D’Urso (2015c)

diviy(a®b®c)] = (a®b®c)grady + y[(grada)c] @ b+

(20)
+ya®[(gradb)e] + y(a®b)dive
where a, b, ¢ () are vector (scalar) differentiable fields, we have
. r r
le[kr(I'®l‘) ® m] = [(r@r) ® m]gradk +k [(gradr)( 72 ] ®r+
(21)
r . r
+kr® [(grad r)m] +kp(r®r)div m .
Applying the further identity proved in the appendix of D’Urso (2015c)
grad(a-b) = [grad al’b+ [grad b1’ a (22)
where (-)T stands for transpose, one gets
gradky = grad(r-k) = (gradr)k =k (23)

since K is a constant vector field and gradr = I, being I the rank-two identity tensor. Substi-
tuting the previous relation in (21) one obtains

le[ r(reor® [(r®r)®

r r r
r- )3/2] = (r,r)3/z]k+kr[(r.r)3/2 er+re (r~r)3/2]+

+he(ror)div m = (24)

= 3k _rer +kp(rer)div

r
(r-rpP? (r-o?

Finally, integrating the previous identity over £ yields

rer 1 r 1
eor? =3 fdlv[k (r®r)®m]dv 3 f k(r@r) div s ) ~dV. (25)
Q Q
The second integral on the right-hand side can be computed by means of the general
result (Tang, 2006)

0 f o¢gQ
f w(r)div[%]dv = be (26)
J (r-r)¥/ av(0)p(0) if 0eQ

where ¢ is a continuous scalar field and the quantity @y represents the angular measure,
expressed in steradians, of the intersection between £ and a spherical neighbourhood of the
singularity point r = o, see D’Urso (2012, 2013a, 2014a) for additional details.
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The previous expression can be extended to arbitrary tensors by applying it to each scalar
component of the tensor.

On account of (26) one infers that the second integral on the right-hand side of (25) is
the null rank-two tensor O since

(0] if o0¢gQ

fkr(r®r)div ;mdv = { (27)
9 (r-r) [ker®rl_oay(0) if o0€Q.

However, the expression [k(r ®r)]y= amounts to evaluating the quantity k.(r ®r) at the
singularity point r = 0, what yields trivially the null tensor O. Hence, according to (27), the
last integral in (25) is always the null tensor, independently from the position of singularity
point r = o with respect to the domain £ of integration.

In conclusion, upon application of Gauss theorem to the second integral in (25), we
finally infer the identity (19). Remarkably, the derivation of this identity has also allowed
us to prove that the singularity at r = o, of the integrand function appearing on the left-hand
side of (19), can be actually ignored.

Furthermore, it is not difficult to rephrase the path of reasoning detailed in formulas
(21)-(27) so as to prove the more general formula (17). Hence, defining

(r-K)(r-n)
(r-r)3?

00 _ 90 [ Kr(r-n)

(r-K)ror(r-n) (r-k)rorer(r-n)

9Q _ 9Q _
DY = PR dA Dy = T dA, (29)
one has, recalling definitions (15) and (16)
d%° Do° D2
d?=d% d?= - DY = > D2, = o (30)

In conclusion, application of formula (17) allows us to rewrite formula (14) as follows

@ cof cD

- o0 ©
48:(0) = G|0pd?? + 5 3 7

€1V}

an expression that will be further elaborated in the next subsection by transforming the 2D
integrals (28), (29) in 1D integrals.

2.2 Analytical Expression of the Gravity Anomaly at O in terms of Face Integrals

In order to derive an expression suitable for programming, we specialize formula (31) to
polyhedral domains since this is by far the most general case in the gravity inversion prob-
lems.
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Fig. 1 Polyhedral domain € and decomposition of the position vector of a point on a face.

For a polyhedral body characterized by Nf faces, the integrals in (28)-(29) can be written

as

da.Q

dz’)!)

0Q _
Drr -

Nr
(r; -K)(r; -m;) f r;-k
= E ———"dA; = E di | ———=dA
£ ()2 (r;-r)¥2
=UF

(r;-K)r; (r;-m;) (r;-Kr;
Zf T AT Zd ) (xie w2

NF .. . . ..
f(rl k) (r;®r;) (r; n,)dA Zd (r;- k)rl®rldAi
=1 :

(l‘i . I‘i)s/2 (rl r1)3/2

(32)

(r;-1;)3? (r;-1;)3?

N
=Zf(ri'k)(ri®ri®ri)(ri‘ni)dAi=ZFdif(ri'k)ri®ri®ridAi
i= =g

where the second equality in each formula above stems from the fact that the vector r;
spanning the i-th face, see, e.g., fig. 1, can be decomposed as follows

ri=ri+rl, (33)

i.e. as sum of a vector r;- orthogonal to F; and a vector l‘lil parallel to the face. Accordingly,
denoting by n; the unit vector pointing outwards £2, one can set r;-n; = rl.l -n; = d;, since d;
represents the signed distance between the origin and the i-th face F; measured orthogonally
to this last one.
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The 2D integrals above can be transformed to a line integral by a further application
of Gauss theorem. To this end we denote by O; the orthogonal projection on F; of the
observation point O and assume O; as origin of a 2D reference frame local to the face.

Furthermore, we express formula (33) in the alternative form

r= r;‘ + r‘il = (l‘i -ni)n,- + l“i| = dil’li + Tpip[ (34)

where the vector p; = (&;,1;) represents the position vector of a generic point of the i-th face
with respect to O; and
;1 Vil
Tr,=|un Vi (35
U3 Vi3

is the linear operator mapping the 2D vector p; to the 3D one r'l.l. In turn u; and v; represent
two distinct, yet arbitrary, 3D unit vectors parallel to F;.
‘We emphasize the use of roman and greek letters in (34) to denote, respectively, 3D and
2D vectors. The same notational distinction will be adopted throughout the paper.
Setting
ri-k=dmn; -k+ TF,-Pi ‘k=dinz+p;- T;ik =din3 +p;-Ki, (36)

the first two integrals in (32) become

G dA; p
di? = d'{d'nzf—lﬂc-f—i dA»} 37
r ,:21 i llF. (pi'Pi+di2)3/2 lF (Pi'P,'+dl»2)3/2 i (37)
Nr
dA; Tr.p;
dp? = d‘{ d'zn‘Sn'f—l+d-n'3f—’ : dA;+
T ; iy 4t lF_ (Pi'Pi+d52)3/2 HF. (Pi'Pi+d,-2)3/2 i
' l (38)

+d,~nl~

f pidA; .K} o [ Trpi®pidAi KA}
i — 5K

(0 p;+d})? (p;p;+d7)?

F; Fi

Thus, defining

_ dA PidA; Pp;®p,dA;
$Fi =f or,=| ———5=5 Pr=| ——%=5> 9
J P +d?)3? J @ pi+d?)? J wip, + )

one finally has

Np
d2? = 3 difdmer, +x; r,) (40)
i=1
and
Np
d?g = Zd,{ dizniggopl.n,- +di"i3TF,-‘PF,- +d,~n,-(l<i -(pF’,) + TF,-(DF,-Ki} . (41)

i=1

To suitably shorten the expression of the last two integrals in (32) we set

Cp = Pi®P;BP; ' o, =fPi®Pi®Pi®Pi . (42)

P = i i
¥ (p;-p;+d})? (0 pi+d?)3?

i
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(EF,-Ki — (pl Kl)pl ;@ftz dAi DF,-Ki — f (pl Kl)pt ®p12®3p; i (43)
s (Pi'Pi"‘d,-)/ s (Pi'Pi"‘di)/

and introduce the formal operator Tl;_"b where the symbol b...b denotes an arbitrary sequence
of 0 and 1. In particular

®p; Trp;®Trp;
qr“.mF,:qr“f—p’ A= | R dA = Tr®R T (44)
K " F; (Pi'pi+di2)3/2 l F: (Pi'Pi+d,'2)3/2 l Fi
TG, _T1F11f Pi®P;Bp; dA,_fTFipi®TFipi®TFipidA‘ (45)
. P i P L
' o (Pi'Pi+d,-2)3/2 J (Pi'Pi+d;2)3/2
and
TI010p, — 1010 Pi®P®P®P; TF,-P,‘®P1‘®TF,-PZ‘®PidA, (46)
Fi i~ T F; t !
J pipit )32 ¥ ;- pi+d})?

since the suffix 1 (0) of Tp, indicates that the operator Tr, has (not) to be applied to the
vector p;.

Accordingly, the third integral in (32) becomes

Nfp
D2 = Zd,{ dinis|dermi @n;+di(0; @ Tr, @, + Trpp, @) + T, ®p, TF |+
i=1
(47)

+d[21'li ®Il,'(Ki . (pFl_) +di[ni®TF,-((DF,-Ki) + Tpi((l)piKi)®ni] +H,‘}

where
H,' = TFi((s:F,-Ki)TII;[ . (48)
Furthermore, setting
;®N; ®p; ;®N; ®N; ®p;
(I)F; AN = 1)1—12’);/26114,' (I)F[ A (n,@n,-) = pll—le/pzl i
y 0; p;+d;) ; (p;-p;i+d?)
(49)
;ON;®P; B p; i ®P;®N; B p;
cFi/\ni= pl 1 pl pldA (YFivni= pz pz 1 pz X

1 s
(p;-pi+d?)? (0;-pi+d})?
Fi Fi
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it turns out to be

2
D(gg. Zd,‘ {ding[df’cppini@ni@ni +di (ni®ni®Tp[<pFi +ll,'®TF,.(,DFI_ ®n;+

i=1

+TFi‘pF,- ®n; ®n,-) +dm; ®T£(I)Fi + di']r},?l ((I)F,- A l’li)+

+diTH(I)F,' ®n; +T};§_]Q:Fi] + dfni ®n; ®n,-(Ki . (pFl_)+

(50)
+d?[ni®n,-®TFl.((I>Fik,-) +n,-®]l“11p(i”(<I>Fi /\n,-)x,-+
+T};?OO(I)FI. A (Il,‘ ®n,<)1q]+d,» n; ®T};§O¢Fikl‘ +T}??10(¢F,- A Ill')Kl'+
+T}:100((5F,~ Vn,')Ki +T};EIODFiKi}
being T T
F,-p'®n'® FiPi
T (@, Amy) = f — A, (51)
_ p;-p;+d;)
Trp;,®n;®n;®p,dA;
T A (@)= | - L’();) ’ d’z);’z’ ‘i, (52)
' pit
Trp;®TFp;®p; dA p; k)Trp;®TE,p;
Ty Criki = — f AL (53)
. p;-p;i+d;) pi-pi+dy)
T1010(¢ /\n‘) _ Trpi®n @Tr,p;®p;dA; (54)
o SR pi-pi+ d,'z)yz ,
T! lOO(G:F‘ Vv n{) _ Trpi®TFp;®n;®p;dA; (55)
fi o ;- pi+d}P? ’
Fi
THI0D, 4 = fTF,-Pi@TF,-Pi@TF,-Pi@PidAi o f p; k)TF,p;®Trp;®TF,p; JA,
Fi it - i+
' (0 pi+d})? (0 pi+d7)3?
(56)

Notice that the symbols in (49), as well as the ones in (50), are purely formal since they
involve the tensor product of 2D and 3D vectors. They have been deliberately introduced to
focus the reader’s attention on the main issues involved in the evaluation of the quantities
d??,d%°, D%, and D% Actually, one first evaluates the integrals

[®p;,m
f(p, p,+d2)3/2dAi me [0,4] &)

as tensor product of 2D vectors, see, e.g., Appendix 1 and 2. Only subsequently the resulting
formula is combined with the 2D vector k; and expressed in terms of 3D vectors, by means
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of the operator TF,, or suitably combined with the 3D vector n; to evaluate the integrals in
(50).

The simultaneous presence in (57) of the quantity d; and of the exponent 3/2 in the de-
nominator makes the evaluation of the integrals in (57) by far more diffult than the analogous
ones addressed in D’Urso (2015c¢) for polygonal bodies. Actually the case d; = 0, meaning
that the observation point O belongs to the face F;, or equivalently that O; = O, needs to be
properly addressed since the integrals can become singular.

For the same reason we shall not consider the fact that the integrals in (57) need to be
composed with the vector k; producing

_ [Bpim] f[®p,,m 1(p; - ki) dA, mell.4]. (58)
(p -p; +d2)3/2 P +d2)3/2
since this would require to consider separately these cases in the discussion of the singular-
ities of the algebraic expressions resulting from (57); instead, we shall perform the combi-
nation after the integration. Moreover, due to the presence of the exponent 3/2, the definite
integrals that need to be computed to transform the integrals (57) into their algebraic coun-
terparts do not exhibit anymore the useful recurrence property invoked in the appendix of
D’Urso (2015c¢) so that it is more convenient to evaluate the integrals in (57) prior to their
composition with «;.

Last, but not least, most of the integrals in (57) have been already computed in D’Urso
(2013a, 2014a,b) so that we include in the Appendix 1 only the explicit evaluation of the
new ones.

2.3 Analytical Expression of Face Integrals in terms of 1D Integrals

It has been emphasized in the previous subsection that the main burden associated with the
evaluation of the expressions (37), (38), (47) and (50) is the evaluation of the integrals (57).
Similarly to the integrals (15) and (16), they can be transformed into simpler 1D integrals
by a further application of the generalized Gauss theorem (Tang, 2006).

For some of them, namely the ones in (57) defined by m =0, m = 1, and m = 2, this has
been done in previous papers (D’Urso, 2013a, 2014a,b); for m = 3 and m = 4 this has been
carried out in Appendix 1. For sake of clarity their expressions are collected hereafter for
increasing values of m.

o Integral (57) form =0

¢r, = f (L _ o f pilsi) - ¥(s1) ~ds;. (59)

Pi 'Pi+d,2)3/2 i OF, [pi(si) 'Pi(Si)][Pi(Si)'Pi(Si)+di2]l/
where s; is the curvilinear abscissa along the boundary dF; of the face F;, v is the out-
ward unit normal to F; and «; is a scalar, defined in Appendix 2, representing the measure,
expressed in radians, of the intersection between F; and a circular neighbourhood of the
singularity point p =0 when d; = 0.
o Integral (57) form =1

~ pdA v(si)
Fi (pi'pi+di) OF; [pi(si)'pi(si)+di]
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o Integral (57) form =2

®p,dA; [(51)®V(s;)
q,Fi:f%:_f P dsi s o (1)
F; (pi.pi-’-di) OF; [pi(si).pi(si)-'-di]

where I,p is the rank-two two-dimensional identity tensor,

A, [oits)-pits+ 2] [ts - vs|
l/’F,-Zf —f ds; —ald;| (62)

12— (s)-D:(s:
F; (Pi'Pi+d;2) 9F; pils) pils)

and «; has been introduced just before formula (60).
o Integral (57) form =3

G = Pi®p;®pidA; Pi(s)®p;i(si) ®V(si)
Fi = N2 NI1/2
F; (pi'pi+d,') 9F; (pi'pi+di)

dsi+hp®uyp +yr,@hbp  (63)

where the symbol ®,3 denotes the tensor product obtained by interchanging the second and
third index of the rank-three tensor I,p ®‘/’Fi and

dA; 12
Wi, = f T f [ois)-pitsi+ 2] wsindsi. (64)
F; (Pi'pi+di) IF;
o Integral (57) form =4

F _fpi®p,~®p,~®pidAi _ fP,’(Si)®Pi(si)®Pi(Si)®V(Si)
i 3/2 -
F; (pi Pt dlz)

N 172 dS,'+
o, (pipi+?) 65)

+lhp @24 WY, + W, ®3p+ W, ®lp

where the symbol ®,4 denotes the tensor product obtained by interchanging the second and
fourth index of the rank-four tensor I,p ® ¥, and

Q@ p.dA; 1/2
W, = f PO = - f o5 -pits) + &2 pisp @v(sdsim
Fi (Pi'pi+di2) OF;

=224 [otsi-piso+ ] pis-visods - diur
Fi
(66)
Since each face is polygonal the previous line integrals can be further expressed as
sums extended to the Ng, edges that define the boundary dF;. For the j-th edge a suitable
parameterization allows one to transform each 1D integral into an integral of a real variable;
this is scaled by a suitable combination of the vectors p; and p;,; that define the position
vectors of the end vertices of the edge in the 2D reference frame local to F;.

In particular we set

PiA)=p;j+Aj(Pj1—p)) =pi+Aidp; (©67)
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where the function g; associates with each value of the adimensional abscissa
/lj = Sj/lj, (68)

the position vector spanning the j-th edge. The quantity s;, s; € [0, [;], is the curvilinear
abscissa along the j-th edge and I; = |p;,; — p;| is the edge length. The position vector
spanning the j-th edge of F; can also be expressed as function of s; and a new function p;,
fulfilling the condition p;(s;) = p;(1;). Hence

pi(s))-ils) = DA i(A) = P+ 24, +uj = Pu(dj) (69)
where, according to (67)
pj=4p;j-4p;  qj=p;j-4p;  uj=p;-p;. (70)

Furthermore
p(sj)-p(s)+d; = pjd5+2q;d;+v; (71)

where v; = u; + dl.z. We shall also set P,(4;) = P, (4;) + dl.z.

2.4 Algebraic expression of face integrals in terms of 2D vectors

Refering to the Appendices 1 and 2 for further details we hereby report the algebraic coun-
terparts of the integrals (57) for m=0,..,4.
e Integral (57) form =0

NE;

1
a;
QDFi:?l—Z(pJ pj+] f 1/2 d Z‘pj p/ p]+] (72)
@i 2 J [l

.
W) PulA)

where ¢ is defined in (221). The symbol (-)* denotes a clockwise rotation of the 2D vector
(-) necessary to express the outward unit normal v; to the j-th edge according to the formula

B (Pj+1 —Pj)l B Zﬁ

= = 7
Vv; 7 7 (73)

The clockwise rotation indicated by the symbol (-)* depends on the convention adopted
to circulate along the boundary O0F;. In particular, we have assumed that the vertices of each
face have been numbered consecutively by circulating along dF; in a counter-clockwise
sense with respect to the normal n; to the face. Thus

AE; ;] [0 -1
APJ':[A‘"’C]]ZAP?:[ 7]]:[1 0 ]APJ- (74)
o Integral (57) form =1
— = Zlo, Ap} (75)

where the scalar Iy; is defined in (211).
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o Integral (57) form =2

NEg;

i . /l .

Qp. =— L])]/zd/lj@)dpj' 'HPF,-IZD =
[Py

NF,

~i

= - Z [10.;‘ p;®4p7 +11;4p; ®APJ+] +yrIp
=

(76)

where Io; is defined in (211), I} ; in (212) while ¢/, is provided by

1

X0 KL
Zf ’ dzjzzw;(pj-p;l)—u,wai (77)
3 =1

P (/l,)

and l//’ is defined in (219).
. Integral 57 form=3

Ng; L, ~
G = Pi(1j)®pi(A;)dA;
F == — 5
iy [Py
Ng

= _Z[IOjEpjpj +1Ep ap; +12jEAijpj]®Ap]L' +Lp®3yYp +¥r®Lp
=

+hp®uyp +¥r,@hp =

i

(78)

where Iyj, I1;, I>; are defined in (211), (212) and (213) respectively, Ep,-p,-’ Eijpj and
EAP/' p; are defined in (180) and

NEi 1 12 NEi
U, = szvjf[pv(/lj)] = lsjdp}, (79)
Jj=1 0 J=1

the scalar I being defined in (215).
o Integral (57) form =4

Ng [ 1
LR @D ®PIA)dA;
Dr=-), fp’( D) 1’/)2’( » L@4p7 ¢ +1p @2 ¥r, + W, @3 Tap + Wr,®Ihp =
=% [Pua))]

Ei

_——— . . . J‘
= Z[’OJ Epipio; t11ipsp,00,+ Bp,ap,ap; + 13 Bap; ap; p; | @ AP+
=

+hp @4 Vr +¥r ®3lp+ ¥, ®lp
(80)
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where Iy;, 11, I>j, I3; are defined in (211), (212), (213) and (214) respectively, ]Ep,-p,-p,-!
]Epjpjﬁpj, ]Eijijpj and ]EAijijpj are defined in (191), (192) and (193) and

NE; 1
wr= > {[f[piuj).piuj)+di2]”2(pj+AjApj)dA,]®Apj—
Jj=1 %

1
Lo . . 12 d?
-=22(pipr) f P4 pi(a) + 2 d@}+g’(%-ldilaf)= B

0

NEg.

5 1 12D 1 d12

= Z (I4_ipj+15jApj)®Apj _T(pj.pjﬂ)hj +?(¢i_|di|ai)»
=

14}, Isj, and y; being defined in (215), (216) and (219) respectively.
For future reference we also include the algebraic expressions of the integrals in formula
(43).

NEi
Crki == > (ki 49 )10 Bp,p, + 11 Bp,p, + 2 Bap ap) ) + Ki @ Wp, + Y ®K;  (82)
=1
NE,.
Drki = —Z(K[ .Apj.')(loj]Epjpjpj +IU]EPijAPj +12j]Eijijpj+ %)
j=1

+ ]3j]EAP_jAP_/AP/) + 'IlF,- RK; + ‘I’pi ®R23 K +K ® 'I’FI. .

All the previous quantities are expressed in terms of 2D vectors representing the coor-
dinates of the end vertices of each edge in the reference frame local to each face F;. Con-
versely, all tensors appearing in (37), (38), (47) and (50) have to expressed in terms of the
3D position vectors defining the vertices of the polyhedron £ since these represent the basic
geometric entities that define it. This task will be accomplished in the following subsection.

2.5 Algebraic expression of the integrals in terms of 3D vectors

The aim of this subsection is the show how the algebraic expressions derived in the previous
subsection can be expressed in terms of 3D vectors in order to apply formula (31), what is
fully accounted for in the next subsection. This is done by inverting (34) so as to express 2D
coordinates of each vertex as function of the relevant 3D ones. In particular, premultiplying
relation (34) by TTl_, where (-)T stands for transpose, one obtains

p; =Tp,(xj—din;) (84)

since it is easy to check that T;_Tpi =Lp.
Additional quantities that need to be expressed in terms of 3D vectors are

TFiApj =rj—r; ZAI']' (85)

and N
TFiApj'_ = TFI.[T};I_AI'/‘] . (86)
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We also set
NE,
fi = TFigpF,- = _ZIOJTFi le]L (87)
j=1
according to (75) and
NE,
g = Tr,®pk; == > (ApF &) lojr;+ 11 Av ]+, T, Th K (88)
j=1

according to (36) and (76); furthermore, we set
Gi=Ty®x T} (89)

see, e.g., formula (44).
Finally, recalling (44), (46), (48) and (49) it turns out to be

TF,'pi®ni ®TFl'pi

101 )=
TFI. (CI)F,- /\n,) = (0:P; +d?2)32
1

dA; = G;®3n;, (90)

Tr.p;@TE.p;
Tllyio(l)pi®niZI%LL%@W:G,’@H,’, (91)
i i Pi T )
Trp;@Trp;®Trp;

G =T ¢y, = [ LEE LR IPig 92)

i (pi'pi+d,')/

p; - Ki)pidA; ;®p;)dA;
qul Dp. AN )K; ZT]: ( f Ki®n; =

A (Brum)e (i Grprd " Grpe 2T gy

=TFr®rk®n =g ®n;,

Trp;®0;0N0;®p; pi~Ki)pidA;
T;QOCI)piA(n,-@n,-)K[:f—F’pl d 21 pldA,'K,'ZTpif—( : l) ’2 i ®n;®n; =
i (i pitd)? (i pi+d))?
=TFr®rk®n;®N0, =g ®N;®n;,
94)

110
TF; (‘:F,-Ki =

i

Trpi®Trpi®p; - _ f (pi&:)(Trpi®Trip;)
N =

§oeepird)” §o beprd)?

=Tg f—(pi'Ki)( i pi)dAT F =Tk, f—(pi®pi®pi)dAi | )

k| TE
(b py+ 7)Y oy pi+dP2

= TF,-((Y/F,-Ki)TIZ;I. =H;,
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T;?IO(Q'F[. A ll,')K,' =

i=

Trpi®0i&Trpi®p; |, f (pi ki) Trp; @M @ Trp;
iKi =
(0;-pi+d})? (p;pi+d})*"

i

(Pi : Ki)TF,-Pi QTr,p;
= dA;®3n; =H;®3n;,
Fi

i pi+ d,»z)3/2
(96)
Trp;®Trp;®N;Qp; (Pi‘Ki)TF;Pi‘X’TF,-Pi@ni
THOO(@HVD:') =f : > 3/; ldA"K’:f 2\3/2 i
Yo iepitd) ¥ (0;-p;+d;)
(Pi 'Ki)Pi p; T T
= TF[ mdAi TFl_®ni = TF[(GF[Ki)TFi ®n; =H;®n;,
¥, i Vi i
o7
H = THIO@F K = f(TF,-P,'®TF,-P,'®TF,-pi®pi)dA'K_ _
i= L Ki = iKi =
pi-p;i+ d,-2)3/2
(98)

Fj
B f (i - p)Trp; ®TEp; ®Tr,p; JA;
= ;-
) eeerd) "
The explicit evaluation of the last integral will be dealt with in the next subsection together
with further considerations on actual evaluation of all third-order tensors appearing in (50).

2.6 Algebraic expression of the gravity anomaly at O

In order to make the reader fully acquainted with the operative steps required to compute
the gravity anomaly at O, it is instructive to further comment on the formulas derived in the
previous subsections in order to apply formula (31). As a matter of fact the evaluation of
d%?, a%? DY%° provided by formulas (37), (38) and (47), respectively, is trivial since they
can be obtained by standard matrix operations.

More difficult is the evaluation of the third-order tensors appearing in (50), by taking
also into account the fact that they have to first expressed in terms of 2D vectors and only
subsequently, as specified in the previous subsection, reformulated in terms of 3D vectors.

To fix the ideas, let us start from the last addend in (50) that has been further detailed
in (98). By means of formula (83), we actually dispose of an expression that can be written
more concisely as

(ki - p)P; ®P; ®P;

NEi
dAi= ) (@D, +App @B +App @2 +B8Ay|  (99)
) i J*ppp T App PP op
(pi-pi+d;)? =1

i

where the right-hand side is a symbolic representation of the linear combination between
third-order tensors ]D);,Jl), p» such as ]D)pj P} ]D)p/. pidp;» ]D)pj Apjdp;» ]D)Apj Apjdp;» and tensor prod-
ucts between 2D vectors 8 and rank-two tensors Ay, this last one expressed as tensor prod-

uct of 2D vectors.
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Hence, to evaluate the left-hand side of (98) starting from (99) we have to transform the
rank-three tensors on the right-hand side of (99) defined in terms of 2D vectors by applying
the formal operator THI to get,

NEg.
TF,p®TF,p®TF,p®p 3 j
f d s, dAiki =T Y @Dy +App ®B+App @23 B+ BOApp).
¥ (pi.pi+dl‘) Jj=1
_ (100)
This is trivial for the rank-three tensor ]D);,jg, p since it is expressed as tensor product of
three 2D vectors v, d, &, so that
TR'DY), =TH (y®6®8) =Try®Tr,60Tre=tavew (101)

and the last tensor product between 3D vectors can be expressed in matrix form according
to the rule which one adopts to define the matrix associated with a rank-three tensor, a rule
that usually depends upon the adopted programming language.

For istance, extending the rule defined in (10) to three arbitrary 3D vectors one has

viwp viwa viws ). (viws viwa viws ) (viwr viwa viwa )|
[t®(v®w)] = [tl [ VOW1 Vawp Vows ] 15 [ VoW1 Vawo Vaws3 ] 13 [ VIW] Vawp Vaws3 ]]
vawp vawp vaws )l (vawr vawp vaws )l L vawy vaw vaws
(102)
where, for typographical reasons, we have represented the matrix associated with t® (v®w)
as a row rather than as a column.

Let us now apply the formal operator Tgl, already exploited in (101), to the last three

addends in (100). Differently from ]D;,jz,p, that is computed recursively as function of the

J-th edge of F;, the rank-two tensor A, is already available as a whole since it has been
evaluated elsewhere, e.g. in a different subroutine. Hence, we already dispose of

THA/,,, = TFiAppT1TF,~ =Ly (103)

where the roman letter L has been adopted to emphasize that the matrix associated with Ly,
is 3x3. Accordingly

TR (App®B) =Lyp®Tr, B =Ly, &b (104)

where b is a 3D vector.
Thus, we can exploit the general scheme in (102) by writing

[Leb|= [(L@b)l, (Lob), (L®b)3]T‘ (105)

where
[ (Lpp)11b1 (Lpp)11D2 (Lipp)1163 |

[(Lob) | = | pp)i2b1 Lpp)izb2 Tppibs |, (106)
| (Lpp)13b1 (Lpp)13b2 (Lipp)1363 |
[ (Lpp)a1b1 (Lpp)21b2 (Lipp)21b3 |
[(L®b) | = | Lpp)aabi Lpp)2bz Lpp)aabs |, (107)
| (Lpp)azbr (Lpp)23bz (Lipp)23b3 |
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(Lpp)31br (Lpp)31bz (Lpp)31bs
[(Lob),] = | Tpp)nabi Lpp)32bz Lpp)sabs |- (108)
(Lpp)3zbr (Lpp)zzbz (Lpp)3abs
Analogously one has
TR (B®App) = TrB8Ly, =bOL,, (109)

so that the associated matrix is
[boL]= [(b@L)l, (boL). (b®L)3]T (110)

where
(Lpp)ll (Lpp)12 (Lpp)13 ]
(Lpp)Zl (Lpp)22 (Lpp)23 > (1 1 1)
(Lpp)31 (Lpp)32 (Lpp)33 ]

(Lpp)ll (Lpp)12 (Lpp)13 ]
(Lpp)Zl (Lpp)22 (Lpp)23 > (112)
(Lpp)3l (Lpp)32 (Lpp)33 ]

(Lpp)ll (Lpp)12 (Lpp)l3 ]
(Lpp)Zl (Lpp)22 (Lpp)23 . (113)
(Lpp)31 (Lpp)32 (Lpp)33 ]

A little bit more akward is how to address the tensor product A,, ®:3 8. This case has
been deliberately left at last since constructing the matrix associated with the rank-three

bor) )= >

(bor)]=»

S

W

[(b@L)3] =|b

tensor Tlpil(APP ®23 ,B) allows us to solve the problem concerning the tensor in (90).
Actually, if we could split the tensor A, as tensor product of two 2D vectors in the form
App =7y ®6 we would trivially have

Ty (A0 ®B) = T (y©6©23 8) = T1' (y©8®3) = tobeV (114)

and exploit the general scheme in (102) to construct the relevant matrix. Unfortunately we
directly dispose of the matrix Ly, whose entries have to appear as first and third entries in
the previous, purely illustrative, scheme.

This does not represent a real problem since, coherently with the matrix representation
(102), we can define the matrix associated with

T3 (App ®238) = Lt (115)
as r
L] =|(4pp@28),. (App®238),. (App2B), | (116)

where
b1(Lpp)11 b1(Lpp)12 b1(Lpp)13

[(App@238), | = | B2Lpp)ir b2Lpp)iz b2(Lipp)is | (117)
b3(Lpp)11 b3(Lpp)12 b3(Lipp)13
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P

W

Fig. 2 Representation of geometric quantities used to assign density contrast (s) and define the position of Q
with respect to an arbitray point P.

[ b1(Lpp)a1 b1(Lpp)22 b1(Lipp)23 |
(Ao ®2B),| = | b2pp)a1 b2(Lipp)a ba(Lpp)as | (118)
| b3(Lpp)a1 b3(Lpp)22 b3(Lipp)23 |
[ b1(Lpp)31 b1(Lpp)3z b1(Lpp)33 |
(400 ©238),| = | P2Lppit B2Uyp)sz b2(Lpp)ia | (119)

L b3(Lpp)31 b3(Lpp)32 b3(Lipp)33 |

and L, is obtained from (103) and b = TF,8.

Remarkably, the same notational scheme as in the previous formula can be exploited for
the tensor in (90) since G; can be obtained from (44) by standard matrix operations.

Furthermore, setting M = G; ®,3 n;, the matrix [M] can be obtained analogously to
(116). Stated equivalently, to construct the matrix associated with the rank-three tensor M,
one has to first evaluate ®@f,, transform it as in (44) to get G;, and exploit the notational
scheme (116) by replacing Ly, with G;.

The notational schemes detailed in (101)-(102), (104)-(105), (109)-(110) and (115)-
(116) can be suitably exploited to evaluate the tensors in (91)-(97) and, hence, the tensor
]Dfﬂ in (50). Namely, the tensors G; ®n; in (91) and H; ® n; in (97) can be evaluated by
applying the scheme (105), the tensor G; in (92) by applying the scheme (101)-(102) and
the tensor H; ®,3 n; in (96) by applying the scheme (115)-(116). Finally, the tensors in (93)
and (95) are rank-two tensors and the tensor in (94) can be evaluated as in (102).

3 Gravity anomaly of polyhedral bodies at an arbitrary point P

In the previous sections it has been assumed that the observation point P would coincide
with the origin of the reference frame in which the anomalous density of a body is assigned.



24 M.G. D’Urso, S. Trotta

This has allowed us to set the stage and to define the most problematic issues to address,
both from the analytical and numerical point of view.

However when gravity measures are carried out at several points and/or when multiple
bodies are taken into account it is by far more convenient to fix an arbitrary reference frame
in which both the coordinates of each observation point and the density of all bodies are
simultaneously assigned.

To suitably extend the formulas contributed in the previous section, one can exploit a
coordinate transformation (Zhou, 2010) by translating the origin of the reference frame to
the observation point and modifying in accordance the expression of the density contrast by
expressing the coefficients of the polynomial law in the new reference frame.

Alternatively, one can follow the approach outlined in D’Urso (2015¢) and define the
position vector r entering the definition of the gravity anomaly as follows

r=s—-p (120)

where p is the position vector of the observation point and s is the position vector of an
arbitrary point belonging to £, see e.g., fig. 2. In this way we can leave the expression (6)
unchanged by writing

Ap(s) = 0(x,y,2) =0y + ¢S+ C-Dgg + C - Dggg (121)
where Dy and Dy are defined as in (7) and write

dp)r-k ., (122)

Clearly in the case of multiple observation points P; and/or bodies one can simply write

& [ dp(sj)r;-k

Ag.(P)=G L

(123)
where ©; is the domain of the j-th body, Np is the number of bodies to analyze and r; =
S; —Pi, P; being the position vector of P; with respect to the assigned reference frame having
origin at an arbitrary point O. However, being mainly interested to illustrate the rationale of
our approach, we shall make reference in the sequel to the case of a single observation point
and a single body.

To exploit the results illustrated in the previous section, it is convenient to express s as
function of r by means of (120). For brevity this is detailed only for the rank-three tensor
Dgss since it is the more cumbersome to handle. In particular, we infer from (120)

Dgss =s®5Qs = (r+p)®(r+p)®(r+p) = Dypr + Dyrp + Dppr + Dppp (124)
where Dppp = p®pop,
Dyrp =r®r®p+re®per+perer (125)
and

Dppr =p®pOr+perep+reopp=Dp,®r+por@p+reDy,. (126)
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Hence, the expression (122) for the gravity anomaly becomes

48:(p) = G{[6 +¢-p+C-Dpp+C-Dppplds +c-d+
+C-[df @p+pedf + D]+ C - [Dpp ®df +ped’®@p+df @Dppl+  (127)
+C- D @p+df ®@pedy +paDy]+C Dy, ),

which represents the generalization of (14) to the case p # o.
Special attention has to be paid to the symbol drg ®p®di2 which is a shorthand to denote
the third-order tensor

r-kreper

e dV =D2&x;p. (128)

d?eped? =

In spite of its symbol, which has been adopted to emphasize its symmetric expression, the
tensor above cannot be obtained as triple tensor product of the vectors d and p. Rather, it
is conveniently computed starting from the rank-two tensor D?r, after having computed its
algebraic expression, as detailed in subsection 2.6.

Although r is now defined from (120) it can be shown that formula (17) holds as well.

Thus, recalling (30) and setting

Op=c-p+C-Dpp+C-Dppp, (129)
formula (127) specializes to
c- dﬁQ d(?.Q d(?.Q D(').Q
Agz(p):G{(00+0p)de+Tr+C-[ 5 p+pa® 5 + ;r ]+
1
+C-[E(Dpp(x)dfg+p®dfg®p+de®Dpp)+ (130)

100 90 90 20\, Dot
+§(Drr ®p+d; ®ped.” +peDi; )+ T]}
Obviously, (130) coincides with (31) when p = o.

Formula (130) can be operatively evaluated for a a polyhedral body by considering for-
mulas (37), (38), (47) and (50) for df) s d‘f R D?r and ID;Q", respectively, and the procedures
detailed in subsection 2.3-2.6 to express them in terms of 3D vectors. In particular the third
order tensor d%° ® p®d?? is obtained by applying the notational scheme (115)-(116) and
replacing L, with D and b with p, respectively.

4 Eliminable Singularities of the Algebraic Expressions of the Gravity Anomaly

It has already been shown that the analytical expression (31) of the gravity anomaly is
singularity-free in the sense that its expression holds rigorously whatever is the position
of the point O with respect to Q. The same property holds true for the expression (130)
referred to an arbitrary point P. However their algebraic counterparts, being expressed by
means of the quantities detailed in subsection 2.4, do include further singularities.

They are associated with the expression of the line integrals provided in the Appendices
since they become singular when the generic face F; contains the observation point, either
O or P, and this belongs to the line containing the j-th edge of the boundary JF;.
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However, we are going to prove analytically that the contribution of the singular line
integral to the domain integral in which its computation is required is zero. Hence, from
the computational point of view, the singularity of the j-th line integral does not have any
practical effect and it can be simply ignored when computing the associated domain integral.

As shown in Appendix 2, some of the 2D domain integrals required in the present con-
text, have already been computed in previous papers D’Urso (2013a, 2014a,b) so that the
discussion on their singularity-free nature can be found in the quoted reference. Neverthe-
less we shall systematically prove this property also for these last integrals, namely the ones
having (pi -Pi +dl.2)1/2 in the denominator, since we are going to use new and simpler ar-
guments; the same arguments will be exploited to prove the singularity-free nature of the

)3/2

integrals having (pi P+ dl.2 in the denominator.

4.1 Eliminable singularity of the integral Y r,

We know from formulas (218) and (219) that

NE, 17, . 1/2
dA; " N i) pi(a)+d?|
UF;, = —an - Z(P_j'ﬂj+1) = - ddj—aildi| =
L (p;-pi+d;) = ) Pi(A))-pi(A))
' ” (131)
NEg. 1 ( 2 NE.
i ]7j/l. +'2‘2j/lj'+ Vj) 4
1 J 1
=Z(p,~p,-+1)f 3 ddj-aildi| = )" (p- P loj = ild]
= S P24+ uj =
where, see also (70), we have set
ijApj-Apjzli qj=p;j-Ap; uj=p;-p; vj:uj+d,-2=|rj|2. (132)
Useful in the sequel are also the quantities (D’ Urso, 2013a, 2014a,b)
Pi+tqj=pj-4p; pj+2qj+vj:pj+1'pj+1+di2:|rj+l|2 (133)

and the discriminant 4; = q? — pju; of the denominator in (131). In particular, it turns out to
be

-Adj= Pj“j_‘]? = (Pj+1 'Pj+1)'(Pj 'Pj)—(Pj 'Pj+1)2 >0 (134)

by virtue of the Cauchy-Schwartz inequality (Tang, 2006).

Clearly, our main concern is when 4; = 0. In particular, setting o = (0,0), it is apparent
from the previous expression that the denominator of the j-th integral on the right-hand
side of (131) can become singular if p; =0, p;,; =0 or p; and p;,, are parallel and point
in opposite directions, i.e. if the projection of the observation point onto F; belongs to the
segment [p i Pl ]. In turn this may happen independently from the value of d;, i.e. whether
or not the i-th face of the polyhedron © does contain the observation point.

In both cases, d; # 0 or d; = 0, we are going to prove by mathematical arguments that
the contribution of such an edge to i/, is zero so that its computation can be skipped. Let us
first consider the case d; # 0.



Gravity Anomaly of Polyhedral Bodies Having a Polynomial Density Contrast 27

As shown in D’Urso (2013a, 2014a) the evaluation of the line integral on the right-hand
side of (131) is carried out by setting t = A+ g/ pj; this yields

1/2 l+qi/pi
(P2 42454+ v)) 1 RB
Igj = da;
0

S Aj=— ————dt (135)
p,'/lA+2qj/l,'+M/‘ \/]Tj t +Aj
- ’ ’ qj/pj
where
=g Vi—g? 2 2
A;  Pjdj—4q; Pjvi—4q; d: d:
Aj=—F =TT gt T e gL (136)
P; P; P; P 5

Notice that the denominator in (135) is positive if —4; = P2A j > 0. In this case the
primitive of the integrand on the right-hand side of (135) becomes

l+q;/p;

_ 1 Bj—Aj ﬂBj—Aj >
lgi= —— arctan +In|t+ /B;i+t (137)
J J
VPj Aj \/Aj1[B/‘+l2

qjlpj
or equivalently

| P > 1+q;i/pj
r+ i+t
\di \dil “( VZi )

Igj= arctan

+
V_Aj \/jj,,Bj+t2 \/P_]

Conversely, should it be 4; = 0, and hence A; = 0, the integrand on the right-hand side

(138)

qjlpj

of (135) becomes singular at one point belonging to the interval [q ilpj, 1+q;/ pj]. Actually,
we infer from (134) and the properties of the Cauchy-Schwartz inequality that 4; = 0 if and
only if p; =0, p;; = 0 or the segment [p;, p;,,] contains the null vector in its interior.

Actually if p; =0 (pj+1 = 0), it turns out to be g;/p; =0 (1 +qj/pj = 0); hence the

denominator in (135) becomes singular since > +A;j=p;p/p; (pjﬂ ~pj+1/pj) =0 at the
left (right) extreme of the integration integral.

Furthermore, should the projection of the observation point fall within the segment
[pj, pjril,onehasp;  =Bjp; (Bj <0) where gj/pj=(Bj—1Dp;-p;/pj<0and 1+q;/p;=
BiBj—1Dp;-p;/p; > 0. Accordingly, the integration interval in (135) splits in two inter-
vals having 0 as right (left) extreme. At that point, however, t =0 and A; = -4/ p? =0 by
assumption so that the integrand in (135) becomes singular.

However, we are going to prove that, in the previous three cases, the singularity is elim-
inable and that the integral attains a finite value. Let us discuss separately the three cases,
namely p; =0, pj, =oandp;, =Bjp; (B;<0).

In this first case, p =0, the integration interval is [0, 1] and we have singularity of the
integrand in (135) at the left extreme while the argument of the logarithm is positive. Thus,
recalling (131) and (138), the contribution of the integral Is; to Y/f, is provided by

1
. 2
i i m@+vﬁ+’)

L 1
(p.i'pj+1)l6j =P P arctan + :
—4; N4 +|Bj+12 \Pj

(139)

0
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Setting p; = |p;le = £e and observing that, on account of (134),

~4j=(pje1-Pjr)lojl - (ijle-Pj+1)2 =[pjrpjn (e 'Pj+1)2]’ (140)

we infer that /=4 is infinitesimal of the same order as & = |p;| when & — 0, a property we
state by writing /—4; = O(g). Hence (139) becomes

1

i i
[x/—Axe) \/WJB T2l

since the p; opjil =0(e)if e - 0.
Since the arctan function is finite at # = 1 and the same does occur for the In function at
t=0and t =1, we finally have

(p/ p/+1)161

[ln(t+ \/ﬁ) O

(141)

. £ |d;| T
(pj -p]il) Igj = —|d,-|i1_r}n arctan : =—_|di. (142)

0 ~4(®) V7@ B+ 2

However if p; = o for the j-th edge, it will turn out to be p;,; = o for the (j— 1)-th edge.
Hence the arctan function in (138) will be evaluated in the interval [—1, &], with & — 0, and
one has (p_]- ~pj++1) Isj = mld;l /2.

To conclude the total contribution provided to ¢, by the two edges for which it simul-
taneously happen that p; = o for the j-th edge and p;,; = o for the (j—1)-th edge is zero.

A null contribution to ¢f, is also provided by edges for which the projection of the

observation point is internal to the edge. In this case p; and p;, are parallel so that the

product p; - p;l is zero. Accordingly, both p; - pj++1 and /-4 are O(), that is both of them
are infinitesimal of order € as € — 0. In conclusion (139) yields

. & |d;|
(Pj'Pﬁ,]) Iej = |di|lim,_,9{ ———— |arctan !

(@) \/m‘/Bjﬂz )

1
=0.

2 arctan i +—[ln(t+ B +12)
V=4 \=47(€) [Bj+ 12 0

(143)

Actually, the In function is finite both at = 0 and ¢ = 1. Furthermore, by repeating the
arguments exploited in (142), the arctan function attains finite and opposite values both at
t=0andt+1.

In conclusion we have proved that, when d; # 0 and the projection of the observation
point does belong to the closed interval having p; and p;, | as extremes, the contribution of
the relevant edge can be skipped since the overall contribution to ¢F, associated with such a
singular case is lumped within the addend «;|d;|.

Let us now prove that the same result is obtained if |d;| = 0, i.e. if the face F; does contain
the observation point. In this case the integral in (131) can be expressed as follows

NE;

1
=3 oy 08l = 3o, f

; —a;ld;]. (144)
= = 0 [P P4 )]
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Also in this case, the j-th edge characterized by p; =0 orp;,; =0 orp;,  =8;p; (B;<0)
does not give any contribution to ¢r,. Let us examine separately the three cases
[ ] p/ =0

In this case the parameterization (67) yields p;(1;) = 4;p;,; so that the j-th integral in

(144) becomes
1

da;
16j:f J 1/2 \/_f (145)
(p]+l p]+1

Setting & = |p;| and being p; - pj ., infinitesimal of order &, it turns out to be
1 1
1 L H . —
(0 051)I6) = —\/p_jll_l}‘[(l)s[ln/lj]s—o (146)
since the logarithm tends to infinite with an arbitrarily low degree.

® Pjr1=0
Setting p;(1;) = (1-1))p j the integral in (144) can be written

1 0
1 da; 1 dn;
_f J —fﬂ (147)
Vi =8 Nm )
where 77; = 1 - 4;. Hence, setting & =|p |, one has
( )1 —Lhmg[ln J'=0 (148)
Pj: pﬁ] 6j = VI £ nj

due to the behavior of the logarithm at infinity.
® pj, parallel to p;

We are considering the case in which the observation point is projected onto the face F;
inside the j-th edge [pj, Pj+i ] Hence we cansetp;, | =B;p;, B; <0, since p; and p, | point
in opposite directions. Setting

piA)=[1+2;,-Dp;=7;p;, (149)
the integral in (144) becomes
Bj 1
1 de 1 dT]'

1 j
Iii= —— ’ = = | £
N W—jofnmj(ﬂj—l» B =D ) Il (=B ) Ir)
0 1
1 d‘rj f@ _ (150)
T (=B ) I

7/l
1 181 1
= W{[lnq]o + [ln‘rj]o}.

Being p; and p;, parallel, p; -p;l = 0. Hence, setting & = |p; ~pj++1|
(P P11 )l6j = llmg[lnlﬁ-l—2ln8] =0 (151)
J Fj+1 (1 Bj)\/_gg’ J

similarly to (146).
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4.2 Eliminable singularity of the integral ¢

The expression (220) of the integral

pidA;
lﬁF. f 1 4jAp
i /2 Z J
;- pi+d;) =

F;
1 Y
\/[T(pj-‘-q]) pj+2qj+vj q]‘/_ Ap]

is composed of two addends. The second one is well-defined, according to (132) and (133),
whatever is the value of d; and the position of j-th edge with respect to the observation point.
The first addend in (152) is well defined for d; # 0 since

(152)

PP =p;) + LIl
LN; = Ink; = In -~ ey =)+ e (153)
P_,"(Pj+1 _Pj)+lj|l'j|

on the basis of formula (73) in D’Urso (2014b).

Conversely, should itbe d; =0 and p; =0 orp; =0 or p;,; =B;p; (3; <0), one has
Pivi=4q; -4, ~4(e})LN;

AQ j LNj _ —ILNJ' - lim j(S ) J(E)

=0 (154)
pj Pj £—0 ij

since —4; tends to zero quadratically and LN tends to infinite with an arbitrary low degree.
In conclusion edges characterized by singularities of the relevant integral I4; give no
contribution to Y. .

4.3 Eliminable singularity of the integral ¥,

The expression (208) of the integral

NE. 2
. d;
Vr, = Z[(14,p,+15jztp,-)®z1p,+——<p, p,ﬂ)u,] < (Vi Idila;) (155)
=1

depends upon the integrals ¢;, I4; and Is;. The discussion on the well-posedness on ; has
already been detailed in subsection 4.1.

Conversely, the integrals I and I5; are composed, according to their expressions (215)
and (216), of the quantities

Vi APj+2gj+v; (156)

and of the additional integral Ip;. On the basis of the definition (132) and (134) the radicals
in (156) are well-defined whater is value of d; and the position of the j-th edge with respect
to the observation point.

The dependence of the integrals I4; and I5; upon Iy; does not give any problem since its
expression, according to (211), depends upon LN ;. Differently form (152) the quantity LN
is not scaled by p;v; - q?, so that we can not invoke the result (154). However the integral
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¥ r,, and hence LN}, is required for computing the integrals €, and D, in (42) that, in turn,
are scaled by d; in the expressions (47) and (50).

Hence, when d; is zero, what makes LN; undefined, we can invoke a result similar to
(154) by writing

diLN; = lim di(£)LN () = 0. (157)
£

Stated equivalently, when d; = 0 the contribution to the integral ¥'r, provided by the face F;
can be skipped.

4.4 Eliminable singularity of the integral ¢,

The expression provided in (221) for the integral

NE; . pt
or = dA; _ @ Z Pj Piji

=) o prdp? dl & 2
7, p; p;i+d;) |di| =1 \dil Pjuj_fﬁ

is well-defined whatever is the value of d; and the position of the j-th edge with respect to
the observation point.

Also the case d; = 0 does not represent a problem since ¢, is premultiplied by d; in
the formulas (37), (38) (47) and (50) for d2, d2, D& and D, respectively. Furhermore the
discussion on the well-posedness of the quantity

(ATN1,—AT2N;) (158)

PP}
L (ATNY; - ATN2)) (159)

pivi=4;

when d; = 0 and the projection of the observation point lies within the segment [p i Pj +1] is
completely similar to that reported in subsection 4.1

4.5 Eliminable singularity of the integral @p.

We know from formula (222) that

where Iy; is provided by (211). Hence, the discussion on its well-posedness can be carried
out similarly to (157) when d; = 0 and the j-th edge does contain the observation point in its
interior.

Actually the integral @ in the expression (37), (38) (47) and (50) for d, d?, D2 and
DE, is always scaled by d;.
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4.6 Eliminable singularity of the integral ®r,

Recalling the expression (223)
NE,

Pi®P;

L[Vjpj®[]pj-'+11jdpj ®Apj7]+(//pi121), (161)

we infer that @, is well defined whatever is the value of d; and the position of the observa-
tion point with respect to the j-th edge of the face F;. This is trivial if d; # O since LN}, I}
and yr, in the previous expression are well defined.

To discuss the well-posedness of @, in the case d; = 0 and when the projection of the

observation point onto F; does belong to the segment [p i Pj +1] we remind that ®r,, as well

as ¢p; and @, is scaled by d; in the expressions (47) and (50) for Dfr and ]D?rr. Hence
the well-posedness of d;LN; can be assessed as in (157), while that of /r, has been already
proved in subsection 4.1.

Finally, according to formula (212), the well-posedness of 1 ; depends upon that of Io;;
in turn this last one depends upon the product d; LN discussed above.

In conclusion we have proved that the gravity anomaly at an arbitrary point P can be
computed effectively whatever is its position with respect to the polyhedron Q. Actually the
potential singularity of the integrals involved in the formulas (37), (38), (47) and (50) for
d?,d?, DL and DY, gives no contribution to the gravity anomaly.

5 Numerical examples

The formulas developed in the previous sections have been coded in a Matlab program in or-
der to check their correctness and robustness. They have been applied to model tests and case
studies derived from the specialized literature by assuming the density contrast to vary sepa-
rately along the horizontal and the vertical directions or along both of them. In all examples
the density contrast is expressed in units kilograms per cubic meter while distances are ex-
pressed in kilometers; the value of the gravitational constant G is 6,67259 10~ m3kg = s72.

Results obtained by the proposed approach have been carefully checked by comparing
them whith those resulting from a numerical integration of the integrals involved in the
computation of the gravity anomaly. They can be useful to allow for a comparison with
computations carried out by using different methods or with more complex modellings,
e.g. those reqired to evaluate the gravitational effects of an arbitrary volumetric mass layer
in which a laterally varying radial density change has been assumed (Kingdon et al., 2009;
Tenzer et al., 2012). To give an idea of the computational burden required in both approaches
we have included the computing time (CT) obtained by running the Matlab code on a INTEL
CORE2 PC with 16Gb of RAM and a i7-4700HQ CPU having clock speed of 2,40 GHz.

The first test has been taken from (Garcia-Abdeslem, 2005) and refers to a prism ex-
tending along x and y between 10 and 20 km and delimited by the planes z=0 and z=8 km.
Density contrast is expressed by the function

Ap(z) = —T47.7+203.4352 - 26.7647> + 1.42472° = p+qz+r2* + 52 (162)

where the density is expressed in kg/m> and z in kilometers.
In order to compare our results with those reported in (Garcia-Abdeslem, 2005), the
gravity anomaly has been computed at points P having y=15 km, z=-0.15 m and x ranging
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from 0 to 30 km . In particular the observer location was taken by Garcia-Abdeslem (2005)
-15 cm of the top of the prism to avoid a singularity in the analytic solution occurring when
the observation and the source coordinates coincide.

Although our approach is singularity-free, as proved in section 4, we have deliberately
repeated the computations made by Garcia-Abdeslem (2005) to draw the reader’s attention
on the uncorrect values reported in fig. 3 of the quoted paper.

As a matter of fact all mathematical formulas in (Garcia-Abdeslem, 2005) are correct
but, for some reasons, the values of the gravity anomaly plotted in fig. 3 have been calculated
by assuming wrong integration limits in formula (8) of his paper, namely x1, yi, z, X2, Y2,
75 (lowercase letters) instead of the correct X1, Y1, Z1, X2, Y2, Z, (capital letters).

In other words formula (8) in (Garcia-Abdeslem, 2005), reported herewith for complete-

ness
X Y, Zy
Zk
Ik=dedede{ka} k=1,2,3,4 (163)
Y VA

X

is correct but the result plotted in fig. 3 of the quoted paper have been obtained by consid-
ering x; instead X, y; instead Y| ... and so on. Please notice that, apart p, the notation
in (163) is taken from the original paper so that the observation point is defined by the
coordinates P=(xg, yo, Zo) and (x,y,z) denote the source coordinates. According to Garcia-
Abdeslem (2005) the prism is bounded by the planes x=x1, y=yi, z=21, X=X2, Y=Y2, Z=22
and it has been set X=x-xo, Y=y-yo, Z=2-79.

In conclusion, the correct values of the gravity anomaly at xg € [0, 30] km, yo = 15 km
and zp = —15 cm, where we have used the notation of (Garcia-Abdeslem, 2005), are reported
in figs. 3a, 3b, 3c and 3d respectively for the separate cases of 4p = p = p1, 4p = qz = p2,
Ap =rz% = p3, dp = s2° = pa,

0c50000s 100 ——
- © Numerical
. = 0 v e
S ot 3 %
£ g 60
z z
5-100 1 3 40
© o Numerical O 20
— Analytical Ap=q*z o
150 . . . . T 0 . . | . .
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Distance [km] Distance [km]
(a) Constant term in (162) (b) Linear term in (162)
0 S 20
Ap=r*z" o Numerical
— — — Analytical
= =15 1
Q-20r Q
£ £
= 2‘10
© o Numerical S5 3
— Analytical Ap=s*z
60 . . . . T 0 . . i . .
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Distance [km] Distance [km]
(¢) Quadratic term in (162) (d) Cubic term in (162)

Fig. 3 Gravitational attraction at P=[0,30]x15x(-0.00015) associated with the prism £ = [10, 20]x[10, 20] X
[0, 8] (dimensions in kilometers) and density contrast given by (162).
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Fig. 4 Differences 4 between the analytical and numerical values plotted in fig. 3

The correctness of the values reported in fig. 3 has been checked by numerically integrat-
ing formula (162) with the aid of the adaptive quadrature procedure implemented in Matlab
and by setting X;=10-x9, Y;1=10-yo, Z;=0.00015, X,=20-x9, Y2=20-yg, Z>=8-0.00015.
For completeness the differences between the analytical and numerical values reported in
fig. 3 are plotted in fig. 4.

To fully test the correctness of the proposed formulation and the robustness of the rele-
vant implementation, we have systematically carried out a comparison of the results associ-
ated with the analytical and the numerical evaluation of the integrals involved in the compu-
tation of the gravity anomaly. To emphasize the singularity-free nature of our solution, this
has been done by considering the example in (Garcia-Abdeslem, 2005) and evaluating the
anomaly at z=0 and for several values of y, namely y=10, y=11 km, y=12.5 km and y=15
km.

The gravity anomaly has been evaluated for values of x ranging in the interval [0, 30]
km and the relevant values are plotted in fig. 5. For completeness the analytical results
are reported in table 1 together with those obtained by numerically evaluating the integrals
in formula (163); for the reader’s convenience the differences between the analytical and
numerical values are plotted in fig. 6. The symbol NaN in table 1 for x=15 km, is due
to the fact that the numerical procedure, adopted by Matlab to numerically evaluate the
integrals in (163), failed to converge. Notice as well that the numerical procedure, besides
being computationally more expensive, gives less precise results when the observation point
belongs to ©Q, i.e. y=10 km and y=15 km, and x moves towards the center of Q; actually the
numerical solution has only three significant digits at x=10 km and x=20 km.

To give a quick overlook of the symmetric nature of the solution with respect to the
planes x=15 km and y=15 km we have reported in fig. 7a the contour plot of the gravity
anomaly at z=0. The surface distribution of the gravity anomaly becomes unsymmetric, as
shown in fig. 7b, by considering a density contrast depending upon an a horizontal direction
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Fig. 5 Gravitational attraction at P=[0,30]xy;x[0] (k=1,2,3,4) associated with the prism Q = [10, 20] x
[10,20] % [0, 8] (dimensions in kilometers) and density contrast given by (162).

0.4 0.8 T T T T T
03k 0.6 1
0.4 1
<021 <
0.2 1
0.17 0% L
0 -0.2
0 5 10 15 20 25 30 5 10 15 20 25 30
Distance [km] Distance [km]
(a) y1=10 km (b) y2=11km
0.8 0.8

0.6 1
0.4 1

<
0.2 1
01 {

-0.2 -0.2
5 10 15 20 25 30 0 5 10 15 20 25 30
Distance [km] Distance [km]
(c) y3=12,5km (d) y4=15km

Fig. 6 Differences 4 between the analytical and numerical values plotted in fig. 5.

such as the expression considered in Zhou (2009b)

Ap(z) = —T47.7+203.4357 - 26.764z% + 1424773 —23.205x. (164)

To emphasize the dependence of the solution upon the monomials appearing in the ex-
pression of the density contrast we have plotted in fig. 8a and 8b the surface distribution of
the gravity anomaly for the density contrast

Ap(z) = —T47.7+203.4357— 26.7647> + 1.42477% — 23.205y, (165)
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Ap(z) = =T747.7+203.435z - 26.7647% +1.42477° —23.205x — 23.205y. (166)
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Fig. 7 Gravity anomaly distribution at z=0 associated with the prism 2 = [10, 20] x[10, 20] x [0, 8] (dimen-
sions in kilometers) and density contrast given by (162) (on the left) and (164) (on the right).

It is apparent from the last two plots that gravity anomaly vanishes less rapidly than in

fig. 7a.
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Fig. 8 Gravity anomaly distribution at z=0 associated with the prism 2 = [10, 20] x[10, 20] x [0, 8] (dimen-
sions in kilometers) and density contrast given by (165) (on the left) and (166) (on the right).
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6 Conclusions

The gravity anomaly at arbitrary points induced by a polyhedral body of arbitrary shape
body whose shape is an arbitrary and characterized by polynomial density contrast has been
obtained in closed form. It is expressed as sum of quantities that depend only upon the 3D
coordinates of the vertices of the polyhedron and upon the parameters defining the density
contrast. The solution procedure, based upon a generalized application of Gauss theorem,
takes consistently into account the singularity intrinsic to the integrals to evaluate. In par-
ticular, by means of rigorous mathematical arguments, singularities are proved to give no
contribution both to the analytical expression of the gravity anomaly and to its algebraic
counterpart.

The formulation presented in the paper has been limited to polynomial density contrast
varying with a cubic law as a maximum but it can be easily extended to polynomials of
higher degree. The effectiveness of the proposed approach has been intensively tested by
numerical comparisons, carried out by means of a Matlab code, with several example de-
rived from the specialized literature. Future contributions will concern the cases of density
contrast variable with exponential law for 2D and 3D domains.

7 Appendix 1 - Algebraic expression of integrals

We are going to show that the 2D integrals

®p;,
%d& m e [0,4] (167)
7, i p;i+d;)
can be evaluated analytically. As a matter of fact we only need to evaluate the integrals for
m=3and m=4

QP RP: QP RP:RP:
Cr, ZI%[M[ D, ZIIL%W"" (168)
¥ (pi-pi+d}) ¥ (pi-pi+d7)Y
since the additional ones in (167) have been already computed in D’Urso (2013a, 2014a,b).
For completeness these last ones are reported in Appendix 2.
A further integral, namely

Pi®pi

Vi =| ————=
¥ (Pi'Pi‘*'d,z)l/z

dA;, (169)

required for the computation of the integrals (168), will be dealt with at the end of this
Appendix.

The rationale for evaluating the integrals (168) is to first apply the generalized Gauss
theorem D’Urso (2013a, 2014a) to transform them into 1D integrals and, subsequently, to
compute such integrals by means of algebraic expressions depending upon the 2D coordi-
nates of the vertices that define the face F;.

In order to apply the Gauss theorem to the integrals in (168) let us first prove the identity

grad[¢p(a®b)] = (a®@b)®gradp + p grada®b + pa® gradb, (170)

holding for scalar ¢ and vector (a,b) differentiable fields.
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It can be easily verified by applying the chain rule to the i jk component of the third-order
tensor on the left-hand side

{grad [w(a®b)]}].kq = (ajbr) 1q = Pladibkt9ajig bt ajbiyg. (171)

In a similar fashion one can prove the further differential identity involving fourt-order
tensors

grad[p(a®b®c)] = (a®@b®c)grady + pgrada®b®c+pa®gradb®c+pa®b®grade.
(172)
Let us now apply the identity (171) as follows

grad( Pi®p; )} | _Pi®pi®p; ) j1q(Pik 4 ) jPk/g
(Pi'Pi+d,2)]/2 ikq (Pi'Pi+d,-2)3/2 jkq (Pi'Pi+d,2)]/2 (Pi'Pi+d,-2)'/2
(173)
since
1 pi
grad }:— . 174)
(Pi'Pi+d[2)l/2 (Pi'Pi+d,2)3/2
Thus, being (p;) j/4 = 6 j; we infer from (173)
i ®P; QP QpP; Lp® ; sy §
grad( PP 1/2]:_ nopop boenp, _poly 1)
;- p;i+d;) Wi-pi+d)> (p;-p;i+dp) p;-p;+d;)

where Ip is the 2D identity tensor and ®;3 denotes the tensor product obtained by inter-
changing the second and third index of the rank-three tensor Iop ® p;.

The integral over F; of the first addend in the formula above can be transformed into a
boundary integral by exploiting the differential identity (Bowen and Wang, 2006)

fgradeV:f S®ndA (176)
Q 0Q

where S is a continuous tensor field.
Thus, integrating over F; the previous relation and recalling the definition (64) one has

f Pi®Pi®Pi :_fpi(si)®Pi(Si)®V(Si)
(i -pi+d)¥? (p;-pi+d)1?
Fi

ds; +Iop ®3 ‘/’F,- 'H/’Fi®12D 177)

where v is the unit normal pointing outwards the boundary JF; of the i-th face F; of the

polyhedron.
Hence the first integral on the right-hand side of (177) becomes
fpi(si) ®P,‘(Si)2@:1’2(sz Z fpl(Sl)®pl(jl)ld;, ®Vj (178)
o5 (p;i-pi+d;) / ;- p;+d)V

since v is constant on each of the Ng, edges belonging to dF;.
Recalling (68) and (73), formula (178) becomes

Ng,

fpi(si)®Pi(Si)®V(Si) Pi(1;)®p;(A;)dA; 4p* (179)
j

iz T 51D 2
o, (p; p1+di) J=17% [pi(/lj)'pi(/lj)-'—dl'z]



40 M.G. D’Urso, S. Trotta

and the integral on the right-hand side can be further transformed by defining
Epip;=Pj®P; Epap;=p;j®@4p;+4p;j®p; Eapap, =4p;®4p;. (180)

Actually, recalling the parametrization (67) one has

PPN =Ep p + Ay 1o + By 4p (181)

PAA)®py(A))da,

— Jl/z:IOJEPJP./+1‘fEP/AP.f+12fEAP/AP./ (182)
0 [P b+

where the explicit expression of the integrals
1 1
da; AdA;

;=
]1/2 J y [i)l(/lj)i)z(/lj)"'d?]l/z

IOj =
o [Piay-pay+d?
(183)

1
Ada;
hj= | — - =
o [P -pi)+d?|

is provided in Appendix 2.
In conclusion it turns out be

dsi= ) [1ojBp,p, + 11 Bp,ap, + 1o Eap ap | @4pF,  (184)

Ng.
fpi(si)®p,-(s,->®v<s,~> X
(I)i-pi+di2)1/2 j=1

oF

so that the integral of interest can be computed as fallows on account of (177)

NEg.
Pi®P;®p; l n
Cpro= | ——————=5dA; =- IoiEp.p. +11iEp sp. + DiEsp.4p. |@4p 7+
J (Pi‘Pi+d,-2)3/2 ! ;[ JEPjP JEPjAP; J AP p/] J (185)

+hp @3 Yr +Yr ®hp

where the expression of ¢ as explicit function of the position vectors defining the boundary
of F; is provided at the end of this Appendix.

Of interest is also the composition of the third-order tensor above with the vector «;
since it appears in the expressions (47), (50) and (49). For this end let us first notice that

[(Iw ®23 '/’Fi) Ki]jk - (IzD ®23 ‘/’Fi)jkp(’(i)p = IfP(‘/'Fi)k(K")p =

(186)
= 5jp(Ki)P(l/’F,-)k = ("i)j('/’Fi)k = (Ki@l/’Fi)jk'
Hence
(pK)(p® ) &
R F; Ww‘i ) _;(Ki 'Apj)(IOJ'EPij +1jBp;ap; + Doj EA”J'APJ')Jr

+Ki®‘/,F,' +|ﬁpi®Ki
(187)
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so that the right-hand side fulfills the symmetry of the tensor on the left-hand side of the
previous expression.
To evaluate analytically the second integral in (168) we exploit the identity (172) to get

Pi®P;®p;
grad —
(pi 'pi + di )

Pi®pPi®p;®p; 0jq(Pi®Pkp
(pi 'Pi+dl-2)]/2

0. 2)3/2
(pz pz+di) Jkpq (188)
. kg (Pi ®P)) jp . Opa(P; ® Pi) jic

(i pi+d)'? (p;-pi+d)'?’

Jjkpq

or equivalently

Pi®Pi®pP; | _ _Pi®PBPiOP; Lp ®24 (p:®p:)
;- pi+d)'? (i pi+d? (p;-pi+d)?
L Pi®p)®shp  (pi®p)BLp
(pi-pi+d)1/? (0 pi+d)/?
where ®,4 denotes the tensor product obtained by interchanging the second and fourth index

of the rank-four tensor I,p ® (p; ® p;).
Integrating the previous relation over F; and applying Gauss theorem yields

grad[
(189)

Dy = pi®pi®pi®pidA~ __fPi(si)®Pi(si)®Pi(Si)®V(Si)

;= = dsi+
' p.+d2)32 ! 0. +d)1/2 !

2 (p; pi+d;) o, ;- pi+d;) (190)
+Dhp @4 Vr +WVr ®3lp+ ¥ ®lp

where ¥, is analytically evaluated in formula (208) of Appendix 2.
In view of the ensuing developments we further set

Eoi00, =Pi®P;®P;  Bypipap, =p;@p;@4p;+p;@Ap;8p;+Ap;®p;@p; (191)
IEpJ.Aijpi:pj®Apj®Apj+Apj®pj®Apj+Apj®zlpj®pj (192)

yielding
PiA)®DIA) D) = Ep,p,p + A1 Ep,p,ap, + B ap,ap; + A Bap ap ap; - (199)

Accordingly, the integral on the right-hand side in (190) becomes

Ng, L[, N A
Pi(Si)®Pi(Si)®Pi(Si)®V(Si)d o 2 Pi(1))®Py(1))®P;(2;)dA; Py g
(p;-p; +d>)/? 'L . A 2]/ ®APy (=
oF: i"VMi i j=1 0 [p,(/lj)p,(/lj)+dl]
NEi
- _Z 10jBp;p;0; + 11jBp;p;ap,+ (199

=1

1
+12jBp,ap;ap; + 13 Bap; ap, AP.,} ®4p;

where the integrals Ioj, I1j, I; and I3; are explicitly evaluated in the Appendix 2.
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In conclusion one has

fpi(si)®pi(si)®pi(si)®v(5i

NE-
) [
ds; = I0;Ey p.po. +11iEy o sp.+
12 i E jEpipip jEpipiap
(Pi'pi"'d,-)/ = PiPj PP

OF;
L%
+02jBp; 0,00, % 13jBoap; ap; 2, | @A +

+Ihp®u ¥Yr+ W5 ®3bp+Wr®Dbp.

The composition of the previous integral with «;, a quantity that is needed in (175) and (to be
displayed), yields a third-order tensor. The contribution to the jkp component of this tensor
provided by the tensor product ¥'r, ®»3 Iop is given by

[('I’F, ®23 121)) Ki]jkp = ('I’F, ®23 Izu)jkpq(Ki)q = (?’F,-)jp(5kq)(Ki)q =

= (TFi)jp(Ki)k = (TF,. ®n3 Ki)jkp .

197)
Analogously

(198)

where the identity (TF")pk = (Y’p,)kp stems from the symmetry of ¥F,. Accordingly, we

infer from (190) and (196)

Dk = fﬂi ®p;@p;®p;dA;

NEi
- Ki=— Y (ki-dp+)1oiBy. ».p. +11; By o o+
san % == k407 (10 By, + 11 Ep
(pi'pi+d,')/ P jPjPj PP

i

+h;j ]EP./AP,'AP_/ +I3.7]EAPj4’PjAPj)+ (199)

+¥r®ki+Wr @3k +KQWF,.
The expression (185) for €, and (190) for D, require the computation of the integral
¥, defined in formula (169); it is evaluated analytically by invoking the differential identity
grad[goa] =aQ®gradp + pgrada (200)

holding for differentiable scalar (¢) and vector (a) fields. Actually, applying the previous
identity as follows

) 212, 1 Pi®pi ) 2172
grad[(pi pi+d) pi] = PRPRT: +(p;-p;+d;) “Ip, (201)
integrating over F; and setting
1/2
= f (pi-pi+d?) " da; (202)

Fi
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one has
12
Y, =f[Pi(Si)'Pi(Si)+di2] pi(s)®vi(s)dsi—trIop. (203)
OF;

To compute the domain integral (202), we apply the differential identity

div|ga| = grade-a + pdiva (204)

2\ 1/2
to the vector field (pi pitd ) p; to get

. 12 P;P; 12
le[(Pi'Pi"'diz) Pi] = ﬁ +2(pi'pi+di2) : (205)
(pi pi+d; )
Adding and subtracting dl.2 to the numerator yields
2
. 1/2 172 d:
le[(Pi Pt dlz) Pi] =3 (Pi Pit dlz) - : (206)

12
(Pi Pt dlz)
so that, upon integrating over F; and applying Gauss theorem, one has
1 1/2 d?
= f |pits)-pitsy+ 2] py(si) Wsiydsi— —-urr, (207)

3 3
OF;

by recalling definition (62). In conclusion, we infer from (203) and the previous expression

21172
Wy, = f [oiCsi)-pi(s)+ 7| pi(sy @v(sidsi—
(9Fl'

I 1/2
- %{f{ﬂi(&)'ﬁi(&ﬂdﬂ Pi(si)'V(Si)dSi—dizl//F,}
g
Ng, ol
172
= Z{[f(ﬂz pi+d) Pidsj]®vj‘
Jj=1 0 )
j
I 12 d?
0
Y 1/2
= Z{[ f [P -piap+a:| ™ (p; +A,»Ap,~)dﬂ,]®4p,+—
J=1 0

1
d?
_ IZTD(I)] pj;])f[i\)l(/lj) pl(/lj) +di2]]/2 dﬂj} N ?l(l//l ~ |di|a,i) _
0

N, 2
1 Lp d;
= Z[(ujpj +15jAp.,~)®Ap]+ - T(pj ‘Pj-'+1)l4j] + ?l(l//i - |di|ai)
=1

where ; is defined in (219).
We have numerically verified that the sum over the Ng, edges of the first addend on the
right-hand side returns a symmetric rank-two tensor as the one the left-hand side.
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8 Appendix 2 - Available expressions of integrals

We hereby collect some known formulas in order to allow the reader to implement the ex-
pression of the gravity anomaly contributed in the main body of the paper.

We first report the algebraic expression of some definite integrals that will be repeat-
edly referred to in the sequel; they have been computed elsewhere D’ Urso (2013a, 2014a,b)
though with a different denomination. Making reference to the quantities pj, g, u;, v; intro-
duced in formula (71), we set

di(pj+q;
ATN1; = arctan 4ilp; +4)) , (209)
Piuj=4;[Pi+24;+v;
d. .
ATN2; = arctan _ g (210)

P =q; v
where the suffix (-); has been added to remind that they all refer to the j-th edge of the

generic face F;.
Of interest are also the following integrals

1

da; i+qji+ \Dj\Pjt2q;+Vv;
0= [ k= DEUENDNDETY
[pj/12+2qj/lj+\)j] 4+ NPV
L= Ad4; L O PO P I (212)
J 12" p. J JTVYj J \/—0/ >
[pj/12+2qj/lj+vj] J
1
A2dA; |
Izj=f : - 02 =2—172[(1’/'—361/)\/P1+241+Vj+3qj'«/v_j+
o [P +24j0+ )] ' (213)
3q;=pjvj
+——5— ;.
52 0J
2pj/
1
2dA; |
I3j:f J T :F[(Zp?—Squj—4pjvj+15q5),[pj+2qj+vj+
o [P +2q5+ v, Pi
3qujVj—5q33
+(4pjvj—1sq§)\/v—,]+2p—7/2’10,,
J
(214)
1
12 (Pj+ap)\pj+2qj+vj— 4NV | PV~
I4j=f[p,i/12+2qj/l.f+v.f d/lj = 2 e ()j,
0 ! Pj
(215)
1
1/2 ——
I5j=f/lj[pj,12+2qj/lj+vj] dﬂj—@[(2p1+quj+2p,vj 3%) p]+2q]+v]
0 J
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(ijvj 3‘]})\/_
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1 1/2
[pja%+2q;4;+v)] \di| 1
= 5 da; = [ATN1;-ATN2;|+ —LN;. (217)
X pjA*+2qjdj+u; p,-uj—qﬁ VPj

Let us now consider the evaluation of 2D integrals having either (p; - p; +d?)"/* or (p; -
p;+d?)*'? in the denominator. The first domain integral to consider is

'I’Fz:%if#giz)m:wi—ldilai (218)
where
©; p,+dz)1/2 N ~(p /l§+2qj/lj+v,')l/2d/l ~
vi= i f pi*Pi ]_ 2 ey pi Of pi+2qd+u;
Ng, ’
=>(p;Pt1) ¢[ATN1]-—ATN2]]+;LNJ- = > wilp;ph).
= pjtj=4; VP; =

(219)
The derivation of the previous expression can be found, e.g., in formula (19) of D’Urso
(2013a) and (23) of D’Urso (2014a).

The scalar @; in (218) is the two-dimensional counterpart of the quantity ay in (26)
and accounts for the singularity of yr, when d; = 0 and p = o where o = (0, 0). Thus «;
represents the angular measure, expressed in radians, of the intersection between F; and
a circular neighbourhood of the singularity point p = 0, see D’Urso (2013a, 2014a,b) for
additional details. Although its computation is not required in the ensuing developments,
we specify for completeness that @; can be computed by means of the general algorithm
detailed in D’Urso and Russo (2002).

Analogously formulas (19), (77) and (79) of D’Urso (2014b) yield

P,dA 2124, =

(220)

:; N,

1/2
= Z lejf[[?j/l? +2q]‘/lj +Vj] d/lj = Z]Mdpj—
s £
while formulas (37) and (81) of D*Urso (2014b)
N, J
; by
= A A A &, T T Y —
o f(p,»~pi+di2)3/2 il Z1 (pj j) i P)p;-p; +d) 2
F; J= 0 i
NE.
. L /l .

al - 221)

L
= —_— — pp f =
\d;| ;(1 f”)o (P +2q4; + uj)(pjad5 +2q,4;+v))' /2
NE,
@ a| PP

_ CATN2) = N (ot
=" (ATN1;-ATN2))| = oo Zlcp](pj Phy)-
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=1 | ldil P juj = a5
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Furthermore, on account of formulas (38) and (82) of D’Urso (2014b) it turns out to be

f(p, p+d2)3/2 _; ij(pi~pi+d.2)‘/2 -

(222)
Z Pi f(p /12+2qj/l +vj)1/2 ,Z: 0 4p;
while one infers from formulas (40) and (83) of D’Urso (2014b)
Pi®p;
Qp = | ——————dA; =
“ =) Grpeam ™
Fi
=_Z 0P+ dz)l/zds"mfJ”WL'IZD=

(223)

1
i+ 4idp;
dl;®Ap* +yrpl

f(pj/l 2124 +v))12 j®dp; +¥rlp
NEi

—Z [LNJ- pj®ApJ+ +1i; Apj®Ap_ﬂ +yrIop
=

where I,p is the rank-two two-dimensional identity tensor.
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P25, fourth paragraph, two times “at the denominator”, change to “in the deno-
minator”.
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It has been corrected. Thank you.
P28, below eq. 148: Replace “at infinite” with “at infinity”.
It has been corrected. Thank you.

The punctuation of equations is not always correct. Examples are eqs. 2,8, 10,
31, 33, 127 (comma missing), 5, 7, 13, 16, 18, 21, 24, 25, 27, 41, 56, 60, 64,
66, 73, 83, 100, 108, 113, 122, 126, 128, 130, 132, 136 (full-stop missing) and
more.

A comma has been added to equations 2, 8,9, 10, 11, 29, 31, 32, 33, 36, 39, 44,
49, 51, 52, 53, 54, 55, 58,79, 81, 90, 91, 92, 93, 94, 95, 96, 97, 106, 107, 111,
112,117,118, 119, 127, 140, 149, 161, 165, 168, 169, 170, 181, 184, 188, 201,
206,207,209, 211,212,213, 214, 215, 216.

A full-stop has been added to equations 5, 7, 13, 16, 18, 21, 24, 25, 27, 30, 38,
41,48, 55, 60, 66, 70,73, 74, 83, 86, 98, 100, 105, 108, 122, 126, 128, 130, 132,
136, 138, 139, 142, 143, 144, 145, 150, 157, 164, 166, 171, 173, 174, 180, 186,
194, 196, 197, 199, 203, 204, 219, 221.

There are possibly a few more of the minor grammatical mistakes like the ones
pointed out above. I would recommend the authors to recheck carefully, or better
yet, find a further pair of eyes to spot remaining mistakes in the language.

We have done it and corrected a couple a further mistakes.
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paper GEOP-S-16-00119R1
Answers to reviewer # 3

Answers to reviewer # 3

The authors wish to thank the reviewer for careful review of the manuscript. Ac-
cording to the comments pointed out by the reviewer, the revised manuscript has been
improved as follows:

1. Most of the authors’ responses to previous comments are satisfactory, but the

response to the first comment, dealing with the definition of the gravity anomaly,
is not. The relevant formula, Eq. (1), is simply not a formula for a gravity ano-
maly, and to say otherwise is a factual error. It is the formula for the gravitational
attraction of a mass body. It may be seen approximately as the formula for the
influence of a mass body on the gravity anomaly, since for small bodies the effect
on gravity is the dominant part of the effect on the gravity anomaly. Or it may be
seen exactly as the formula for the influence of a small mass body on the gravity
disturbance, which is defined in such a way that effect of the body on gravity
potential is irrelevant. Perhaps to address the two concerns cited by the authors
to justify retaining the term, i.e. that the term is also misapplied elsewhere, it
can simply be stated that the term “gravity anomaly” in this paper is not being
used in the most correct sense, but is rather being used throughout to indicate
the effect of a mass body on gravity. This indeed (for small bodies) corresponds
to the largest part of the body’s effect on the gravity anomaly. In this way, the
issue can be addressed painlessly but without loss of consistency with the other
publications referenced (on inversion, or the 2-d paper), while acknowledging
that the terminology is problematic. The citation of the Vanicek et al. (2004)
paper is not necessary if the above change is made—that paper was cited by me
only as an example of a discussion of the complete effect of mass-density on the
gravity anomaly, to clarify the issue for the authors. However, they may retain
it if they wish as an example of how the effect of a mass body on the gravity
anomaly may be formulated in a more theoretically consistent manner. I also
note a minor issue in the wording of the additional paragraph near the bottom
of p. 4, regarding gravimetry. The word “compute” in this paragraph should be
changed to “measure”, as that is the task of the gravimeter. Any computation
done when using digital meters is ancillary to their primary task. Also, strictly
speaking, the vertical direction at the gravimeter is not the normal to the geoid,
unless the gravimeter is located at the geoid. Rather, the vertical is a direction
perpendicular to the local horizontal, or more analogously to the wording used,
normal to an equipotential surface passing through the instrument. I believe “the
vertical component of the gravity field” is sufficient to indicate this direction,
leaving aside any reference to the geoid or equipotential surfaces.

Thanks again for your detailed and illuminating comment. We have included
two new paragraphs after formula (1) in order to (hopefully) properly address
the points raised by you.

In the first paragraph after formula (2) we have changed “compute” to measure
and deleted the expression “i.e. the component normal to the geoid”.

*
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Abstract We analytically evaluate the gravity anomaly associated with a polyhedral body
having an arbitrary geometrical shape and a polynomial density contrast in both the orizon-
tal and vertical directions. The gravity anomaly is evaluated at an arbitrary point that does
not necessarily coincide with the origin of the reference frame in which the density function
is assigned. Density contrast is assumed to be a third-order polynomial as a maximum but
the general approach exploited in the paper can be easily extended to higher-order polyno-
mial functions. Invoking recent results of potential theory, the solution derived in the paper
is shown to be singularity-free and is expressed as sum of algebraic quantities that only de-
pend upon the 3D coordinates of the polyhedron vertices and upon the polynomial density
function. The accuracy, robustness and effectiveness of the proposed approach is illustrated
by numerical comparisons with examples derived from the existing literature.

Keywords Gravity anomaly - Polyhedral bodies - Polynomial density contrast - Singularity

1 Introduction

Gravity is an economic tool for exploring and discovering natural resources (Jacoby and
Smilde, 2009). In this respect density is one of the most diagnostic physical property of a
mineral deposit, and is also fundamental to oil and gas exploration. To date, density has been
one of the most difficult property to measure and infer.

During the last decade, there has been significant development in gravity survey, par-
ticularly with the advent of GPS and gravity gradiometry. In conventional gravity survey,
Earth’s gravity acceleration is measured using gravimeter whereas in gravity gradiometer
survey, the gravity gradient or how the gravitational acceleration changes over distance (or
in some cases time) is measured.
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Recentreviews (LaFehr, 1980; Paterson and Reeves, 1985; Hansen, 2001) document the
continuous evolution of instruments, field operations, data-processing techniques, and meth-
ods of interpretation. A steady progression in instrumentation (torsion balance, gravimeters
based on land or underwater, in boreholes or on board satellites, aircraft or marine vessels,
modern versions of absolute gravimeters, and gravity gradiometers) has enabled the acquisi-
tion of gravity data in nearly all environments, see, e.g., Nabighian (2005) for a quite recent
historical account.

Despite being eclipsed by seismology, it is impressive to realize that about 40 different
commercial gravity sensors and gravity gradiometers are available (Chapin, 2008) and about
30 different gravity sensor and gravity gradiometers designs have either been proposed or
developed. In particular, gravity gradiometry is still used in exploration (Dransfield, 2007)
and for regional gravity mapping (Jekeli, 2006).

Gravity data sets are effectively used to estimate locations and shapes of bodies, embed-
ded in Earth, exhibiting anomalous mass density with respect to a constant reference value
(Zhang et al., 2014). More refined Earth models can be obtained by inverting gravity data
(Li and Oldenburg, 1998; Zhdanov, 2002) in conjuction with seismic and electro-magnetic
induction data (Moorkamp et al., 2011; Aydemir et al., 2014; Roberts et al., 2016).

Recent improvements in gravimeter efficiency and inversion algorithms have increased
the possibility of collecting and inverting huge data sets over extended areas in order to
derive 3D density models (Kamm et al., 2015). In particular, gravity methods are extensively
used in geoid determination (Bajracharya and Sideris, 2004) and mineral exploration (Beiki
and Pedersen, 2010; Martinez et al., 2013; Abtahi et al., 2016).

In conclusion it is of paramount importance to efficiently evaluate the gravity anomaly
associated with a body characterized by complex density distributions since this represents
an important task in forward modelling and inversion.

Due to the mathematical complexity of the problem, the gravity anomaly of an irregular
body whose density contrast is spatially variable has been first computed by approximating
the body as a collection of vertical rectangular parallelepipeds (prisms) in which the density
is assumed to be constant.

Numerical computations were first carried out by Talwani et al. (1959) and Bott (1960).
Closed form expressions of the gravity anomaly were subsequently derived by Nagy (1966),
Banerjee and Das Gupta (1977), Cady (1980), Nagy et al. (2000), Tsoulis (2000), Jiancheng
and Wenbin (2010), D’Urso (2012), see also Plouff (1975, 1976), Won and Bevis (1987),
Montana et al. (1992) for computer codes. The case of spheroidal shell has been addressed
by Johnson and Litehiser (1972). Analytical expressions of the gravity anomaly for prisms
have been derived by D’Urso (2016), for a linearly varying density, by Rao (1985, 1986,
1990), Rao et al. (1994), Gallardo-Delgado et al. (2003) for a quadratic density contrast, by
Garcia-Abdeslem (1992, 2005), for a cubic density variation with depth. A good collection
of earlier references for 3D prisms can be found in Li and Chouteau (1998) who name,
among others, a formula contributed in Sorokin (1951).

Non-polynomial density-contrast models for 3D bodies have been considered by Cordell
(1973), Chai and Hinze (1988), Litinsky (1989), Rao et al. (1990), Chakravarthi et al. (2002),
Silva et al. (2006), Chakravarthi and Sundararajan (2007), Chappell and Kusznir (2008),
Zhou (2009b) and, for 2D bodies, by Gendzwill (1970), Murthy and Rao (1979), Pan (1989),
Guspi (1990), Ruotoistenméki (1992), Martin-Atienza and Garcia-Abdeslem (1999), Zhang
etal. (2001), Zhou (2008, 2009a, 2010). For more complicated forms of the density contrast,
see, e.g., Cai and Wang (2005) and Mostafa (2008).

Alternative to the use of prisms, characterized by complicated functions describing den-
sity contrast, is the case of polyhedrons endowed with a a simple description of density
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contrast. Analytical formulas for the gravimetric analysis of polyhedra having constant den-
sity have been contributed by Paul (1974), Barnett (1976), Strakhov (1978), Okabe (1979),
Waldvogel (1979), Golizdra (1981), Strakhov et al. (1986), Gotze and Lahmeyer (1988), Po-
hanka (1988), Murthy et al. (1989), Kwok (1991b), Werner (1994), Holstein and Ketteridge
(1996), Petrovi¢ (1996), Werner and Scheeres (1997), Li and Chouteau (1998), Tsoulis
(2012), D’Urso (2013a, 2014a), Conway (2015), Werner (2017). Subsequent advancements
have been only concerned with a linear density variation, (Pohanka, 1998; Hansen, 1999;
Holstein, 2003; Hamayun et al., 2009; D’Urso, 2014b); actually, handling more complex
density functions in conjunction with polyhedral models considerably increases the difficul-
ties of the treatment, especially if analytical solutions are looked for.

For 2D bodies having density contrast depending only on depth, Zhou (2008) converted
the original domain integral for gravity anomaly to a Line Integral (LI) by using Stokes theo-
rem. In particular he derived two types of LIs for computing the gravity anomaly of bodies.
In a subsequent paper (Zhou, 2009a) the author extended his method to account for den-
sity contrast functions which depended not only on depth but also on horizontal or, jointly,
on horizontal and vertical directions. The gravity anomaly at observation points different
from the origin has been evaluated in Zhou (2010) since, historically, gravity anomaly was
computed only at the origin of the reference frame. In the same paper, Zhou dealt with the
singularity of the gravity anomaly arising where the observation point is coincident with the
vertices of the integration domain, an issue already discussed in Kwok (1991a), for prism-
based modelling, and Tsoulis and Petrovi¢ (2001) for polyhedra.

The first approach for evaluating the gravity anomaly of bodies characterized by a com-
plicated density contrast, even in presence of two-dimensional domains, has been either nu-
merical or of semi-analytical nature based on the use of prisms, (Murthy and Rao, 1979; Rao
et al., 1990; Chakravarthi et al., 2002; Chakravarthi and Sundararajan, 2007; Zhou, 2009b),
or with 2D geometrical shapes, (Gendzwill, 1970; Murthy and Rao, 1979; Pan, 1989; Guspf,
1990; Ruotoistenméki, 1992; Martin-Atienza and Garcia-Abdeslem, 1999; Zhang et al.,
2001; Zhou, 2008, 2009a, 2010). Actually, this last geometrical assumption, which can be
used to model domains extending towards infinity in one direction, significantly simplifies
the mathematical treatment of the problem.

Nevertheless, starting from the first researches on the subject (Hubbert, 1948), all au-
thors have systematically transformed the original domain integrals into integrals of lower
dimension in order to simplify the adoption of quadrature rules for the numerical evaluation
of the gravity anomaly.

The derivation of analytical expressions for the gravity anomaly of polygonal bodies has
been achieved only recently (D’Urso, 2015¢) by exploiting the generalized Gauss theorem
first presented in D’Urso (2012, 2013a), and subsequently applied to several problems rang-
ing from geodesy (D’Urso, 2014a,b; D’Urso and Trotta, 2015b; D’Urso, 2016), to geome-
chanics (D’Urso and Marmo, 2009; Sessa and D’Urso, 2013; D’Urso and Marmo, 2015a),
to geophysics (D’Urso and Marmo, 2013b), elasticity (Marmo and Rosati, 2016; Marmo et
al., 2016a,b, 2017; Trotta et al., 2016a,b) and to heat transfer (Rosati and Marmo, 2014).

The methodology outlined in D’Urso (2015c¢) is here generalized in order to derive an
analytical expression of the gravity anomaly for polyhedral bodies having density contrast
expressed as a polynomial function of arbitrary degree in both the horizontal and vertical
directions, an issue recently addressed in Ren et al. (2017). The result is obtained by first
reducing the original domain integral to a 2D boundary integral by virtue of the generalized
Gauss theorem. Remarkably, this also allows one to prove that the boundary integral expres-
sion of the gravity anomaly is singularity free whatever is the position of the observation
point with respect to the body.
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Being Q polyhedral, the 2D expression of the gravity anomaly is written as finite sum
of 2D integrals extended to the faces of £2. By a further application of the generalized Gauss
theorem each face integral is reduced to the sum of 1D integrals extended to the edges of the
face. Such 1D integrals are analytically evaluated as products between the position vectors
of the end vertices of each edge and scalar coefficients providing the analytical value of
integrals of real variable.

Although these last integrals may exhibit a singularity when the projection of the obser-
vation point onto a face belongs to an edge, it is proved that such a singularity produces a
null contribution of the i-th edge to the general expression of gravity anomaly; hence, one
infers that the derived expression is singularity-free.

By exploiting a suitable change of variables, we also derive an enhanced algebraic for-
mula which expresses the gravity anomaly at an arbitrary point P and specializes to the
ordinary one when P = O. Remarkably, the enhanced expression of the gravity anomaly
has been derived without any modification of the density contrast function since this is still
defined in the original reference frame. The enhanced formula has been implemented in a
MATLAB code, and its accuracy and robustness has been assessed by numerical compar-
isons with examples derived from the literature.

2 Gravity Anomaly of Polyhedral Bodies at the Origin O of the Reference Frame

Let us consider a Cartesian reference frame having origin at an arbitrary point O and a
polyhedral body ©. We shall assume that the density 4p of the body, usually denominated
density contrast, is a function of the generic point whose position with respect to O is defined
by the vector r. The symbol 4p emphasizes the fact that the density of 2 is a variation with
respect to that of the surrounding medium.

Denoting by G the gravitational constant, we shall first evaluate the gravity anomaly at
0; it is defined by

B Ap(r)r
Ag(O)_Gf(r-r)3/2dV €))
Q

and the integrand function represents the magnitude of attraction on a unit mass at O arising
from the infinitesimal mass 4pdV.

We remark that the denomination of gravity anomaly adopted to denote equation (1),
though not strictly correct, is based on a common practice in the specialized literature. Ac-
tually, equation (1) is a formula for the gravitational attraction of a mass body and may be
approximatively seen as the formula for the influence of a mass body on the gravity anomaly
since, for small bodies, the effect on gravity is the dominant part of the effect on the gravity
anomaly.

An in-depth discussion on this topic is reported in Vanicek et al. (2004) where the inter-
ested reader can find an example of how the effect of a mass body on the gravity anomaly
can be formulated in a theoretically consistent manner.

The vertical component of the gravity anomaly at O is provided by

B Ap(r)r-k

48:(0)=G md‘/, @)
Q

k being the unit vector directed along the vertical axis. The evaluation of 4g, at an arbitrary

point P will be addressed in section 3 since a considerably more elaborate expression is

arrived at.
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It is usually of interest to dispose of a procedure to actually compute 4g, since most
gravimeters can only measure the vertical component of the gravity field. Nevertheless the
procedure detailed in the paper can be equally applied to all components of (1) and to phys-
ical problems governed by the Poisson equation (Blakely, 2010).

The computation of the integral in (2) is a hard task since the density contrast func-
tion 4p does usually have a very complicated expression for the necessity of modelling 3D
anomalies of Earth. For simplicity this can be modeled as an ensemble of 3D anomalies
in a layered medium or a sequence of strata with horizontally undulated interfaces, e.g.,
sedimentary basins and underlying bedrock. In each layer mass density typically exhibits
depth-dependent variations (Garcia-Abdeslem, 1992).

However geological processes of exogenetic (fluvial, coastal, glacial,...) and endogenetic
(rock diagenesis, plate tectonics, volcano eruptions, earthquakes,...) nature can induce both
horizontal and vertical variations in mass density (Martin-Atienza and Garcia-Abdeslem,
1999). Thus, a suitable expression of the density variation can allow for potentially faithful
representations of the Earth subsurface with a relatively smaller amount of computations
and parameters. Additionally, disposing of analytical expressions of the gravity anomaly
associated with complicated expressions 4p can be useful for benchmarking numerical ap-
proaches.

A quite general expression for 4p, able to accommodate a large variety of geological
formations, is given by a triple polynomial in x,y and z, (Garcia-Abdeslem, 2005; Zhou,
2009b; Ren et al., 2017)

Ny IV,‘ N

Ap(0)=6x.y. )= Y > > ey’ 3)

i=0 j=0 k=0

where Ny, Ny and N, represent the maximum power of the polynomial density variation
along x, y and z respectively. In the sequel we shall confine the treatment to the case

Ny+Ny+N,=3 @)

since this will suffice to address the majority of the practical applications and, at the same
time, to present our formulation at a degree of generality sufficient to be generalized to the
cases Ny + N, +N, > 3.

Thus, under the assumption (4), equation (3) specializes to

6(r) = copo +c100X +Co10y + o012+

2

2 2
+C200X" +€020Y” +C€002Z" +C110XY +Co11YZ+C101 X2+

®)

3 3 2

3 2 2
+C300X" +C030Y" + €032 +C210X7Y +C021Y T+ 102X+

2 2 2
+C120XY~ +C012Y2" +C201X

Z+C111Xy2.
The scalars c;j represent the coefficients of the polynomial law; they can be estimated
from the known data points by a least-square approach (Jacoby and Smilde, 2009).
Paralleling the analogous treatment developed in D’Urso (2015c¢), we first reformulate
the general expression (3) of the density contrast by writing

0(r)=0p+c-T+C-Dyp +C-Dyyr (6)
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where 6, is a scalar denoting the density at 0 = (0,0,0), ¢ is a vector, C and Dy, are symmetric
second-order tensors, C and Dy are third-order tensors; furthermore, it has been set

Dy =r®r Dypr =r®ror. @)

The second-order (rank-two) tensor r ®r has the following matrix representation

X2 Xy Xz
[ror]=|yxy? yz|, (3)
% 7y 2
so that, being:
C-(r®r) = C11x> +2C12xy +2C13x2+ Cny* +2Co3yz+ C3 22, ©)

a quadratic distribution of density can be assigned by suitably defining the coefficients of
the symmetric tensor C. Analogously, the third-order tensors C and r ® r ®r, are represented
in matrix form as:

[Ci11 Cri2 Cri3] [ [ x? xy xz]]
Ci21 Ci22 Cyp3 x| yx y* yz
Ci31 Cixp Cis3. 2]
Can1 Copp Coyz [x% xy xz|
C=|Cri Gy Con3 re@rer) =|y|yxy? yz ||, (10)
Ca31 Cop Coss o]
G311 G312 G313 [x2 xy x|
G321 C3zo Cap3 z|yxy? vz
| C331 C332 G333 |z 2y 22

i.e. as vectors of rank-two tensors. Being
— 3 3 3
C-(rorer) = Ci1x” +Coxny’ +Cs33z7+
+(Cy12+Ciay +Cop1 )2y +(Cryz + Crap +Capy )22+
112+ G + G X7y 13+ G131 + G311 )x7z
2 2
+(Ca23 +Ca32 + Cama )y’ 2+ (Craz + Cazt +Canp )y + (11)
+(Cr33+C33, +C 2 +(Cy33+C33,+C 24
133 + U331 + 33 )xz 233 + (332 + C3p3 Jyz
+((C123 +Ci32+Co3+Co31 + G2 +(ngl)xyz,
the representation (3) of the density contrast is recovered from (6) by setting
6o = cooo €1 =¢100 €2 =Cpl0  €3=Co0l
Cii=co0 Co=cno C33=con 12)

Cia=c110/2 Ciz3=ci101/2 Cx3 =co11/2
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and
Ci11 =300 Ca22 = co30 Cs33 = coo3
Ci2=Ci21 =Ca1=c210/3  Cr13 =Ci31 =C311 = c201/3
Car3=Co32=Csa=c021/3  Ci22=Co21 = Ca12 = ¢120/3 (13)

Ci33 =C331 =Caiz3 =c102/3  Cp33 = C332 = C323 = ¢012/3
Ci23 =Ci32 = Co13 = Cp31 = C312 = C3p1 = ¢111/6.

In conclusion, we derive from (2) the following expression of the gravity anomaly

48:(0) = G| 6od? +¢-d +C-DZ +C- D, | (14)
where K .
Q Ir- Q _ r-K)r
) (er)2 " J (B2 (15
Q Q
and (r-k) (r-k)
o [(@-kKrer o _ [[@®-krerer
Di= | oY Q= Eraas (16)
Q

In order to transform the previous domain integrals into boundary integrals we apply Gauss
theorem in the generalized form illustrated in D’ Urso (2013a, 2014a) so as to correctly take
into account the singularity at r = 0 = (0,0,0).

This will be done in the following two subsections while in the subsequent ones the
boundary integrals extended to the faces of © will be further reduced to 1D integrals ex-
tended to the edges of each face by means of a further application of Gauss theorem. These
last integrals will be first expressed as function of the 2D coordinates of the vertices in the
reference frame local to each face and then reformulated in terms of the 3D coordinates
representing the basic geometric data defining the polyhedron.

2.1 Analytical Expression of the Gravity Anomaly at O in Terms of 2D Integrals

Let us now illustrate a general approach to express the 3D integrals in (14) as 2D integrals
extended to the faces constituting the boundary of Q. Generality lies in the fact that, owing
to the symmetry of the integrals, application of Gauss theorem can be based upon a unique
formula. Actually, we are going to prove the result

ke[®r,m] 1 f ke[®r,m](r-n)

32" m+l (r-r)3/2
o0

dA m=0,1,... (17)

where k; = r-Kk, nis the 3D outward unit normal to the boundary 022 of the polyhedral body
and [®r,m] denotes a rank-m tensor defined by

1 if m=0
r if m=1
[®r.m] = ror if m=2 (18)

rer®---rif m>2.
D e

m times
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To fix the ideas we shall prove the identity (17) for m =2
ker®r 1 fkr(r®r)(r-n)

32" "3 (r-r)3/?
Q bre)

dA (19)
since it allows us to illustrate our approach to a degree of generality sufficient to extend the
final result to all integrals in (14) and to the additional ones, not reported in (14), containing
tensors of rank superior to three, i.e. tensors of the kind [®r,m] where m > 3.

Recalling the identity proved in the appendix of D’Urso (2015c)

divly(a®b®c)] = (a®b®c)grady +y[(grada)c] @b+

(20)
+ya®[(gradb)c]+y(a®@b)dive
where a, b, ¢ () are vector (scalar) differentiable fields, we have
r
le[kr(l‘®l‘)® " )3/2] = [(r W]gradk +ky [(gradr)( )3/2]®r+
21
. r
+kr® [(gradr)( )3/2] + ke (ror)div m .
Applying the further identity proved in the appendix of D’Urso (2015c¢)
grad(a-b) = [grad al’b+ [grad b7 a (22)
where (-) stands for transpose, one gets
gradk, = grad(r-k) = (gradr)k =k (23)

since k is a constant vector field and gradr = I, being I the rank-two identity tensor. Substi-
tuting the previous relation in (21) one obtains

div[kr(r®r)® [(r®r)® r+re

r r r r
(r-r)3/2] = (r,r)3/2]k+kr[(r.r)3/2 (r-r)3/2]+

+he(ror)div ﬁ - 4)

= 3, —2Y | ko (rer)div

r
(r-r)32 (r-r)’32’

Finally, integrating the previous identity over £ yields

| 1
r—(:i;de:gfdiv[kr(r®r)®m]dv 3fr(r®r)dlv( V. 29
o) Q

The second integral on the right-hand side can be computed by means of the general
result (Tang, 2006)

0 f o¢gQ
f sﬂ(r)div[;m]dv - { v (26)
9 (r-r) ay(0)p(o) if o0ecQ

where ¢ is a continuous scalar field and the quantity ay represents the angular measure,
expressed in steradians, of the intersection between €2 and a spherical neighbourhood of the
singularity point r = o0, see D’Urso (2012, 2013a, 2014a) for additional details.
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The previous expression can be extended to arbitrary tensors by applying it to each scalar
component of the tensor.

On account of (26) one infers that the second integral on the right-hand side of (25) is
the null rank-two tensor O since

r (0] if o0¢Q
f ke(r@r)div ———dV = 27
o (r-r) [kr®rl—gay(0) if o0eQ.

However, the expression [ky(r ® r)]y=, amounts to evaluating the quantity k.(r®r) at the
singularity point r = 0, what yields trivially the null tensor O. Hence, according to (27), the
last integral in (25) is always the null tensor, independently from the position of singularity
point r = o with respect to the domain £ of integration.

In conclusion, upon application of Gauss theorem to the second integral in (25), we
finally infer the identity (19). Remarkably, the derivation of this identity has also allowed
us to prove that the singularity at r = o, of the integrand function appearing on the left-hand
side of (19), can be actually ignored.

Furthermore, it is not difficult to rephrase the path of reasoning detailed in formulas
(21)-(27) so as to prove the more general formula (17). Hence, defining

oo _ [ k@-m so_ [-RrE-n
= (r-r)32 "= (r-r)3/2 %)
0Q
900 _ [(@-kKrer(r-n) 90 [ (@ Krer®r(r-n)
Dy = WdA Dy = (r- I‘)3/2 dA, (29)
0Q 0Q
one has, recalling definitions (15) and (16)
dﬁQ D(?Q ]DHQ
di =di®  df==-  Dg=—t  Dp.=— (30)

2 3 4

In conclusion, application of formula (17) allows us to rewrite formula (14) as follows

,dﬁQ C,Dﬁ!) C_]DﬁQ
4g.(0) = G| 6d?® + = e, 31)

an expression that will be further elaborated in the next subsection by transforming the 2D
integrals (28), (29) in 1D integrals.

2.2 Analytical Expression of the Gravity Anomaly at O in terms of Face Integrals

In order to derive an expression suitable for programming, we specialize formula (31) to
polyhedral domains since this is by far the most general case in the gravity inversion prob-
lems.
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0
X
r;
rt
y 1-
\\\ Fl
Z 1 N
N
NNU/
SN /rl'l
L
n;

Fig. 1 Polyhedral domain © and decomposition of the position vector of a point on a face.

For a polyhedral body characterized by N faces, the integrals in (28)-(29) can be written
as

(r;-K)(r;-n;)
dl(?g Z (r;- rt)3/2 TEorpn s Zd f(rt rt)3/2

i=1 F;

d?g Zf(rt K)r; (r;- Ilt)dA Zd (r;-K)r; O 4,

(r; 1)/ (l'z r;)¥?

(32)

N
Do2 :ZFf(ri'k)(ri®ri)(ri'nt)dA Zd (r;- k)l'z®l'szi

i=1 ¥ (ri : ri)3/2 (rt rt)3/2

Np Np
Do _ f(r, )(r; ®r; Q1) (T; n’)dA,»: dif(r, )r’®r’®r’dA,»
i=1 % i=1 F;

(r; 132 (r;-1;)3?

where the second equality in each formula above stems from the fact that the vector r;
spanning the i-th face, see, e.g., fig. 1, can be decomposed as follows

ri=ri+rl, (33)

i.e. as sum of a vector r;- orthogonal to F; and a vector rli| parallel to the face. Accordingly,
denoting by n; the unit vector pointing outwards €2, one can set r;-n; = riL -n; = d;, since d;
represents the signed distance between the origin and the i-th face F; measured orthogonally
to this last one.
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The 2D integrals above can be transformed to a line integral by a further application
of Gauss theorem. To this end we denote by O; the orthogonal projection on F; of the
observation point O and assume O; as origin of a 2D reference frame local to the face.

Furthermore, we express formula (33) in the alternative form

ri=r; +r|l.| = (r;-m;)n; +r|l.| =dm;+TF,p; (34)
where the vector p; = (&;,17;) represents the position vector of a generic point of the i-th face
with respect to O; and

W1 Vil
Tr, =|up v (35)
U3 vi

is the linear operator mapping the 2D vector p; to the 3D one rlil. In turn w; and v; represent
two distinct, yet arbitrary, 3D unit vectors parallel to F;.
‘We emphasize the use of roman and greek letters in (34) to denote, respectively, 3D and
2D vectors. The same notational distinction will be adopted throughout the paper.
Setting
ri-k=dn; 'k+TFipi ‘k=dinp +pi'T£l_k =dnp +p; K, (36)

the first two integrals in (32) become

i dA; p
499 = d'{d'n'3f—l+K'-f—idA'} 37
' ; l ”F_ (Pi'Pi+d,2)3/2 IF_ (Pi'Pi+d,'2)3/2 l 7)
NF
dA; Tr.p;
a2? = d»{ d*nizm; f ———— +dnp f —————dA+
f ; A IF_ (p;pi+d})? ”F_ (p;-pi+d})? l
’ ’ (38)

pidAi TFipi ®p[dAl
¥ (pi-pi+d;) ¥ (pi-pi+d;)

i i

Thus, defining
dA; f p;dA; f p;®p;dA;
F; = f ——— Y= | =5 Op= | —— =5, 39
J (piopi+d)? J (o pird}yl? J (pipi+d}y?

one finally has

Nr
d?? = 3 difdmier, + i o, (40)
i=1
and
Nfp
df‘Q = Z d,{ dian(,DFl. n; + d,'n,gTFl. (pFl_ + d,'n,'(K,' . (pFl_) + TF,-(I)F,-Ki} . (41)

i=1

To suitably shorten the expression of the last two integrals in (32) we set

_ Pi®P;BP; _ [ Pi®Pi®P;®p;
tr _f(p"p'+d2)3/2dAi o _f(P"P'+d2)3/2 i “
F; i i i ¥, i Vi i
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Q:FiKi = M QFI'K[ — f (p[ -Ki)P[ ®P1 ®P,dAz
Fi

(p; 'Pi+d,2)3/2 [ (Pi'Pi+d,2)3/2 43)
Fi

and introduce the formal operator T’;;"’ where the symbol b...b denotes an arbitrary sequence
of 0 and 1. In particular

i QP Trp; ®TF.p;

T ® .:T“_IL[JA»:[#[{A:T @, T | 44

F; ©Fi F; (P['P,'+dl»2)3/2 i (p[-p[+d[2)3/2 i FiYFi 1R, ( )
F; Fi

;=
5 ;- p; +d,2)3/2 ¥

111 _rlll
Qe =T}

i

Pi®P;iBP; Trpi ®Trp;®Trp;
f—dA f gy @)
L

and

Ti00g . — T1o1ofP[®Pi®Pi®Pi dA = fTF,-Pi®P[®TF,-Pi®Pi JA, (46)
F; i =L i= i
/ (p;-pi +d2)3? Fl_ (p;-pi+d7)

since the suffix 1 (0) of TF, indicates that the operator TF, has (not) to be applied to the
vector p;.

Accordingly, the third integral in (32) becomes

Nf
Df? = Zd[{ dmg[d[z(p[:in[@n[ +d[(n[®TFithi +TFi‘pFi ®ni)+TFiq)FiTIT-“I-]+
=1
7

+d[2n,»®n,»(1<l» . (pFl_) +d,»[n[ ®TF,- ((I)F,-Ki) +TF,- ((I)Fl.K[)®n[] +H[}

where
H; = Tr,(Crki) T}, . (48)

Furthermore, setting

;®N; ®p; ;®n;®n; ®p;
_ pi-pi+d;) _ p;-pi+d;)
P;ON;Qp,; ®p; P;OP;®N; ®p;
ehnm= [BEEAER L e vm= [PPSR,
(pl pt+d[) g (pl pl+d[)

i i

(49)
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it turns out to be

Nf
]ng. = Zd,' {d,»n,»3[d?gppini®ni®n,» +d,2(ni®ni®TFioni +ni®Tpithi ®n;+
i=1

+TFl.thl_ ®n; ®n,») +d;n; ®T}:}q)1:i + diT;?l((I)Fi A n,»)+

+d,'T};}(I)Fl.®n,'+T},~11¢Fij|+d?ni®ni®ni(Ki-‘pFi)+
(50)
+d,2[ni®ni®TFi ((I)Fl.K,')+n,'®T};?l((I)Fi /\n,')K,'+
+T}.“?OO(I)F,- A (n,' ®n,»)l<,»]+d,»[n,» ®T};}O¢FiK,' +T},~?10(¢Fi A n,')K,'+
+T£00(¢Fi \ n,»)K,»] + T}r} IOQFI.K,'}
being
Trp;®n;Tr,p;
T}?I(G)FiAn,»):f;“/z’dAi, (51)
_ 0;-p;+d;)
Trp;®n;®n;®p,dA;
T}:QOOQFI-/\(H,@n,'):f FiP;®N; 12 Pi . (52)
| PR
Trp;@Tr,p; ®p;dA; p; k)Trp; ®TF.p;
T},{OQFI.K,'Z i 12 3/; lKi:f TR 12 T i i (53)
_ ;- pi+d;) 5 ;- pi+d;)
Trp, 00T p; @p.dA;
T}.*(.)IO(QFi/\ni):f FiP;®M; FIZP, piddi (54)
' _ (p;-p; +d;)3?
Trp;,®TFp;®n; p;dA;
T}p‘.oo(cﬂvn,»)zf LPi> PP (55)
l 7 (pi'pi+di) /
TIIIOQFK'_fTFipi®TFipi®TFipi®pidAiK'_f(pi'Ki)TFipi®TFipi®TFipidA'
F; Ki = i = i-
_ p;-pi+ d,z)3/2 ¥ o;-pi+ d,z)3/2
(56)

Notice that the symbols in (49), as well as the ones in (50), are purely formal since they
involve the tensor product of 2D and 3D vectors. They have been deliberately introduced to
focus the reader’s attention on the main issues involved in the evaluation of the quantities
d??,d2?, D%, and DY Actually, one first evaluates the integrals

[®pi’ m]
F; i Vi i

as tensor product of 2D vectors, see, e.g., Appendix 1 and 2. Only subsequently the resulting
formula is combined with the 2D vector k; and expressed in terms of 3D vectors, by means
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of the operator TF,, or suitably combined with the 3D vector n; to evaluate the integrals in
(50).

The simultaneous presence in (57) of the quantity d; and of the exponent 3/2 in the de-
nominator makes the evaluation of the integrals in (57) by far more diffult than the analogous
ones addressed in D’Urso (2015¢) for polygonal bodies. Actually the case d; = 0, meaning
that the observation point O belongs to the face F;, or equivalently that O; = O, needs to be
properly addressed since the integrals can become singular.

For the same reason we shall not consider the fact that the integrals in (57) need to be
composed with the vector k; producing

f [®p;,m] f[®p,,m L(p; - K’)dA,» mell.4]. (58)
;- P; +d2)3/2 p: +d2)3/2
since this would require to consider separately these cases in the discussion of the singular-
ities of the algebraic expressions resulting from (57); instead, we shall perform the combi-
nation after the integration. Moreover, due to the presence of the exponent 3/2, the definite
integrals that need to be computed to transform the integrals (57) into their algebraic coun-
terparts do not exhibit anymore the useful recurrence property invoked in the appendix of
D’Urso (2015c¢) so that it is more convenient to evaluate the integrals in (57) prior to their
composition with «;.

Last, but not least, most of the integrals in (57) have been already computed in D’Urso
(2013a, 2014a,b) so that we include in the Appendix 1 only the explicit evaluation of the
new ones.

2.3 Analytical Expression of Face Integrals in terms of 1D Integrals

It has been emphasized in the previous subsection that the main burden associated with the
evaluation of the expressions (37), (38), (47) and (50) is the evaluation of the integrals (57).
Similarly to the integrals (15) and (16), they can be transformed into simpler 1D integrals
by a further application of the generalized Gauss theorem (Tang, 2006).

For some of them, namely the ones in (57) defined by m =0, m = 1, and m = 2, this has
been done in previous papers (D’Urso, 2013a, 2014a,b); for m = 3 and m = 4 this has been
carried out in Appendix 1. For sake of clarity their expressions are collected hereafter for
increasing values of m.

o Integral (57) form =0

dAi i i(5i) - v(si
soa:f(—:i—f £ils) Vis) —dsi. (59)

propi+d?)” VL Tps-pitsi[pits-pitso+ 2]
where s; is the curvilinear abscissa along the boundary 0F; of the face F;, v is the out-
ward unit normal to F; and «; is a scalar, defined in Appendix 2, representing the measure,
expressed in radians, of the intersection between F; and a circular neighbourhood of the
singularity point p = 0 when d; = 0.
o Integral (57) form =1

pidA; v(si)
er, :f 32 _f Cih ©
(pi-pi+?) [ei(s0-pits +]

F; OF;
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o Integral (57) form =2

Q@ p;dA; '(S')®V(S')
(I)Fl-:f PidpPi 2’3/2 :_f PilSi 12 l/zdSi+lﬁFl.12D (61)
F; (p,»-p,»+di) oF; [Pi(si)'Pi(Si)+d,»]

where I,p is the rank-two two-dimensional identity tensor,

()05 + 21 o5 - (s
lﬁFi:f - )1/2 :f[pl(m pl(Sl)erl] [pl(Sl) V(SI)]dSi—(mdil (62)
oF;

Fi (Pi ‘P; +di2 pilsi)pilsi)

and «; has been introduced just before formula (60).
o Integral (57) form =3

¢ = Pi®P;®p;dA; Pi(s)®p;(s:)®V(s;)
Fi = 32 N
) or (prpitdy)

5 dsi+hp®3Yr +¥r,®hp  (63)
F; (P,"P,""di

where the symbol ®,3 denotes the tensor product obtained by interchanging the second and
third index of the rank-three tensor I,p @i F; and

PidA; 1/2
Yr; = f ——— " f lpiCs-pitsp+d? ] v(sids;. (64)
F; (pi'pi+d,') oF;
o Integral (57) form =4

OF _fpi®pi®pi®pidAi _ fPi(Si)®Pi(si)®Pi(Si)®V(Si)
i 32
F; (pi'pi+d,'2)

dS,'+
o, (pi-pi+ d?)l/z (65)

+hp®4 VYr, +W¥F ®3hp+¥YF ®hp

where the symbol ®,4 denotes the tensor product obtained by interchanging the second and
fourth index of the rank-four tensor I,p ® ¥ r, and

R p:dA; 1/2
Wy, = f T f o5 pisn+d?| " pisny ®v(siddsi-
F; (Pi'Pi+d,'2) IF;

-z f [pis)-pitsn+ @] pisi)-visidsi— dur,
Fi
(66)

Since each face is polygonal the previous line integrals can be further expressed as
sums extended to the Ng; edges that define the boundary dF;. For the j-th edge a suitable
parameterization allows one to transform each 1D integral into an integral of a real variable;
this is scaled by a suitable combination of the vectors p; and p;, that define the position
vectors of the end vertices of the edge in the 2D reference frame local to F;.

In particular we set

PiA)=p;+j(pjr1—pj) =p;+A;4p; (67)
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where the function g; associates with each value of the adimensional abscissa
ﬂjZSj/l‘, (68)

the position vector spanning the j-th edge. The quantity s;, s; € [0, [;], is the curvilinear
abscissa along the j-th edge and I; = |p;,; — p;| is the edge length. The position vector
spanning the j-th edge of F; can also be expressed as function of s; and a new function p;,
fulfilling the condition p;(s;) = p;(4;). Hence

Pi(s))-pi(s)) = Pi(A))-PA)) = pjA5 +2q;; +uj = Pu(d)) (69)
where, according to (67)
Pj:APj'APj Qj:Pj'APj uj=p;-pPj- (70

Furthermore
p(sj)-p(s))+df = pjd5 +2q;+v, (71)

where v; = u; +dl.2. We shall also set P,(4;) = PM(/lj)+dl.2.

2.4 Algebraic expression of face integrals in terms of 2D vectors

Refering to the Appendices 1 and 2 for further details we hereby report the algebraic coun-
terparts of the integrals (57) for m=0,..,4.
o Integral (57) form =0

1

NE; Ng;
Q’t —j _ ﬂ_ ‘ o
$F; = |d| ; Pj: p/+ Oj‘P , )[P @ )]1/2 \di] IZ:;‘P/ (P/ Pj:rl) (72)

where ¢; is defined in (221). The symbol () denotes a clockwise rotation of the 2D vector
(+) necessary to express the outward unit normal v; to the j-th edge according to the formula

L 1
(ej1=p)  4p;
_WPmThy) P 7
V; 7 7 (73)

The clockwise rotation indicated by the symbol (-)* depends on the convention adopted
to circulate along the boundary JF;. In particular, we have assumed that the vertices of each
face have been numbered consecutively by circulating along dF; in a counter-clockwise
sense with respect to the normal n; to the face. Thus

¢ An 0-1
tp; = [Anj]:ulj [Agj’] [1 O]Ap/ (74)

o Integral (57) form =1

= _ZAP/ f ]1/2 Z’OJ p; (75)

oy [Py

where the scalar Iy, is defined in (211).
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o Integral (57) form =2

G A
Pil4;
@F, = - f A8 4P + Yo =
1y [Py
(76)
NEi
= _Z[Iijj®Apj‘_+Ilepj®Apj‘_]+lﬁF,-IZD
j=1
where Ij; is defined in (211), I ; in (212) while ¥/, is provided by
Ng, 1 [P (1 4)]1/2 NE;
vidj .
T L S DA R
= [Py =
and lp; is defined in (219).
o Integral (57) form =3
v Pi(4)®P(A))dA,;
Cp =— ”—lljzj"‘IZD@ZB‘ﬁFi"“//Fi@IZD:
iy [Py
(78)
NEi

= —Z:[I()/‘Epjpj+11jEijpj+12jEAijp,]®AP/+ +Lp®3Yr +¥r ®hp
=

where Iyj, I}, I>j are defined in (211), (212) and (213) respectively, Ep,-p,-’ Eijpj and
EAijpj are defined in (180) and

1

NEg: NE;
i 1/2 3

W= Ly, f [Puap] an; =S Lt (79)
j=1 j=1

0

the scalar I ; being defined in (215).
o Integral (57) form =4

NEg: 1
i P ®PiAA)®Pi(A)dA;
DF, :_Z fpl( Saldiek lle( i ®4’P,+ +hp®u ¥ +¥r®3hp+ ¥ ®Lp =
=5 [P

E,
- Z[lof Eopio; 1 Bpp,00, + Bpyap,ap;+ 13 Bap ap ap, | © AP+

+hp®u ¥Yr+¥Yr®30bp+¥r®Lp
(80)
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where Iy;, 11, I>j, I5j are defined in (211), (212), (213) and (214) respectively, ]Ep,-p,-p,-’
]Ep,-p,-Ap,-’ ]Eijijpj and ]EAijijpj are defined in (191), (192) and (193) and

NE;

i

1
vi= 3| [lorocars @] (o, v o20: -
Jj=1 0

1 2

_IZTD(pj 'pj‘:rl)f[ﬁi(/lj) .ﬁi(/lj)+dlz]1/2d,1j} + i—i(lp,» - |di|Q'i) = (81)
0

Ng 2

1 Lp d;
= Z [(I4jpj +I5jztpj<)®zip/+ - T(pj 'Pj‘_+1)14j] + ?l(lﬁi - |di|(¥i),
=

14}, Isj, and y; being defined in (215), (216) and (219) respectively.
For future reference we also include the algebraic expressions of the integrals in formula

43).
NEi
Crki =— Z(Ki 'Apj‘_)(IOjEpjpj +1; EP,'AP,' +5; EAPjAPj) +K; ®lﬁFl_ +lﬁFl_ ®K; (82)
=
NEi
Driki = _Z(Ki 407 )10 Bp 0,0, + 11 By, p, + 2 Bp ap 20,
=1 (83)
+I3j ]EAijijpj) + TF,- RK; + TF,- R3K; +K; Q@ TF,- .

All the previous quantities are expressed in terms of 2D vectors representing the coor-
dinates of the end vertices of each edge in the reference frame local to each face F;. Con-
versely, all tensors appearing in (37), (38), (47) and (50) have to expressed in terms of the
3D position vectors defining the vertices of the polyhedron £ since these represent the basic
geometric entities that define it. This task will be accomplished in the following subsection.

2.5 Algebraic expression of the integrals in terms of 3D vectors

The aim of this subsection is the show how the algebraic expressions derived in the previous
subsection can be expressed in terms of 3D vectors in order to apply formula (31), what is
fully accounted for in the next subsection. This is done by inverting (34) so as to express 2D
coordinates of each vertex as function of the relevant 3D ones. In particular, premultiplying
relation (34) by TTI_ , where (-) stands for transpose, one obtains

pj =T (xj—dm;) (84)

since it is easy to check that TIT,_TFI. =Ip.
Additional quantities that need to be expressed in terms of 3D vectors are

TFiApj:errl_ri:Arj (85)

and N
T, Ap} =Tr,| T} 4] (86)
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We also set
NEi
f[ = TFi‘PF,- = _ZIOITFi Apj' (87)
=1
according to (75) and
NEi
g = TF,-(I)F,-Ki = —Z (Apj' 'K[)[I()jl’j +11jAI’j] +lﬁFl.TFl.T£l_k (88)
=1

according to (36) and (76); furthermore, we set
Gi=Tp®T], (89)

see, e.g., formula (44).
Finally, recalling (44), (46), (48) and (49) it turns out to be

Trp;®n;@TF,p;
T!o! Dp AN ZI#KM'ZG'®23H', (90)
F’( l) _ (pi-pi+d?) 2 o l
Trp;@TE p;
T}:1.°<I>Fi®ni=fm—f’3p’zdf‘f®“f:G’@“"’ oD
i J (plpl+d[)/

Trpi®Trpi®Trp;

G =T ¢y, = a. ©2)
' _ p;-p;+ d[z)yz
P; - Ki)pidA; (pi®p;)dA;
Tl(_)l D ANk, =TF (—®n»: .| ———————————k;®n; =
i ( l) l ¥ (p;-pi +d7)¥? l Y ;P +d7P1 o 93)

=TFr®rk®n;, =g;®n;,

Trp;®n N QP; p; - Ki)p;dA;
T};(_)O(I)Fi/\(n[®n[)K[ me—lzgzpldA[K[ZTFif%®n[®n[=
' s ;- pi+d7)! ¥ ;- pi+d7)!

= TFI.(I)FI.K[®H[®H[ =g,®nen;,

94)
THO¢, 4, —fTFipi@TFipi@pidA» '_f(P[-K[)(TF,-P,'QQTF,-Pi) o
f PN ™ — =
K J o pitdy? o pepird))?
(Pi 'Ki)(pi ®Pi) T (Pi ®p; ®Pi)dAi T 95)
=Tr, —23/2dA[TFi =Tr, PP Tp =
s p;-pi+dy) ¥ pi-pi+d)

= TF.((’:FI.K[)TEI_ = H[ 5

i
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1010 TF,-pi®ni®TF,-pi ®p; (pi'Ki)TFipi®ni®TF"pi
T3 (€, Ami)i; = Tan Ak = 2372
_ p;-pi+d;) _ pi-pi+d;)
f(P,' 'Ki)TF,-Pi®TF,-pi

0;-p; +d,2)3/2

dA;®;3n; = H;®;3n;,

Fi

(96)

1100 Trp;®Trp;®n;®p; (Pi 'Ki)TF,-Pi ®Trp;®n;
TF- Q Vn, = 3 dAik; = 5373
l 28 (pi'pi+di)/ (pi'pi+di)/

i i

(Pi : Ki)pi ®p; T T
= T mdA, TF,- ®n; = TF,- (QFI.K,')TFI_ ®n;, =H;®n;,
i

C0)

H = THlO@FiKi :f(TF,-pi®TF,-pi®TF,-pi®pi)

dA,'K,' =
i p; +d,2)3/2

98)

_ f (ki p)TFp;®TF,p;®TF,p; dA,.

;- pi +d,2)3/2

The explicit evaluation of the last integral will be dealt with in the next subsection together
with further considerations on actual evaluation of all third-order tensors appearing in (50).

2.6 Algebraic expression of the gravity anomaly at O

In order to make the reader fully acquainted with the operative steps required to compute
the gravity anomaly at O, it is instructive to further comment on the formulas derived in the
previous subsections in order to apply formula (31). As a matter of fact the evaluation of
dfiQ, df 2 Dfr“Q, provided by formulas (37), (38) and (47), respectively, is trivial since they
can be obtained by standard matrix operations.

More difficult is the evaluation of the third-order tensors appearing in (50), by taking
also into account the fact that they have to first expressed in terms of 2D vectors and only
subsequently, as specified in the previous subsection, reformulated in terms of 3D vectors.

To fix the ideas, let us start from the last addend in (50) that has been further detailed
in (98). By means of formula (83), we actually dispose of an expression that can be written
more concisely as

f(Kl p[)pt ®pt ®pt

T dA; = Z[a, Dby +App ®B+App®3 B+B®App|  (99)

where the right-hand side is a symbolic representation of the linear combination between

()
third-order tensors ]D)pjpp, such as Dp,-p,-p,-’ Dp,-p,-Ap,-’ Dp,glpjdp,-’ DAP/'AP/'AP/" and tensor prod-
ucts between 2D vectors 8 and rank-two tensors Ay, this last one expressed as tensor prod-

uct of 2D vectors.
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Hence, to evaluate the left-hand side of (98) starting from (99) we have to transform the
rank-three tensors on the right-hand side of (99) defined in terms of 2D vectors by applying
the formal operator Tgl to get,

NE.
TF,P®TF,P®TF,p®p 3 j
f d d 8 Ak :T;}IZ[Q,Dg;p +App®B+App @23 f+BBA|.
=1

wi-pi+ d,z)3/2
Fi
‘ (100)
This is trivial for the rank-three tensor ]D)i,/l), p since it is expressed as tensor product of
three 2D vectors vy, 8, &, so that
THIDY), = TH (yes®e) = Try @ Tr,60Tre = tovew (101)

and the last tensor product between 3D vectors can be expressed in matrix form according
to the rule which one adopts to define the matrix associated with a rank-three tensor, a rule
that usually depends upon the adopted programming language.

For istance, extending the rule defined in (10) to three arbitrary 3D vectors one has

viwp viwa viws ), (viwn viwa viws )y (viwr viwa viws )]
[t®(V®W)] = lﬁ [V2W1 Vaw Vaw3 ]I tz[V2W1 Vawp Vaws ]I 13[V2W1 Vawz Vaws ]]
V3W] Viaw)p V3wj : V3W] V3wp Vw3 : V3W1 Vawp Viwj
(102)
where, for typographical reasons, we have represented the matrix associated with t® (v®w)

as a row rather than as a column.
Let us now apply the formal operator T},l_l, already exploited in (101), to the last three

addends in (100). Differently from Dﬁ,’},p, that is computed recursively as function of the

J-th edge of F;, the rank-two tensor A, is already available as a whole since it has been
evaluated elsewhere, e.g. in a different subroutine. Hence, we already dispose of

T}%App = TFiAppTE,- =Ly (103)

where the roman letter L has been adopted to emphasize that the matrix associated with Ly,
is 3x3. Accordingly

T} (App ®B) =Ly ® T8 =L, @b (104)

where b is a 3D vector.
Thus, we can exploit the general scheme in (102) by writing

[Leb| = [(L@b)l, (Leb) . (L®b)3]T . (105)

where
[ (Lpp)1101 (Lpp)11b2 (Lpp)11b3 ]

[(L@b), | =| @ppl2b1 Lppliabe Lppliobs |, (106)
| (Lpp)13b1 (Lpp)13b2 (Lpp)13b3 |
[ (Lpp)21b1 (Lpp)21b2 (Lpp)a1b3 ]
[(L®b) | = | Mpp)azb1 Lpp)22ba Lpp)azbs |, (107)
| (Lpp)23b1 (Lpp)23ba (Lpp)azbs |
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(Lpp)31b1 (Lpp)31b2 (Lpp)31b3
[(L®b),] = | Lpp)sabi Lpp)32bz Lipp)sabs |- (108)
(Lpp)3zb1 (Lpp)3zbz (Lpp)azbs
Analogously one has
T} (B8Ag) = TrB8Ly, =bBL,, (109)

so that the associated matrix is
[b®L]:[(b®L)l, (beL),. (boL) | (110)

where
(Lpp)ll (Lpp)12 (Lpp)13 ]
(Lpp)Zl (Lpp)22 (Lpp)23 P (1 1 1)
(Lpp)31 (Lpp)32 (Lpp)33 ]

(Lpp)ll (Lpp)12 (Lpp)13 ]
(Lpp)Zl (Lpp)22 (Lpp)23 P (112)
(Lpp)31 (Lpp)32 (Lpp)33 ]

(Lpp)ll (Lpp)12 (Lpp)13 ]
(Lpp)a1 (Lpp)22 (Lpp)23 | |- (113)
(Lpp)31 (Lpp)32 (Lpp)33 ]

A little bit more akward is how to address the tensor product A,, ®3 B. This case has
been deliberately left at last since constructing the matrix associated with the rank-three

—_

[(ber), |=|o

[(ber),|=|o

(%]

)

(o), ||

tensor T},l_l(App ®23 /3) allows us to solve the problem concerning the tensor in (90).
Actually, if we could split the tensor A, as tensor product of two 2D vectors in the form
App =y ®6 we would trivially have

T (App ®B) =T} (y®8 @23 ) = T} (y8B@6) = tebev (114)

and exploit the general scheme in (102) to construct the relevant matrix. Unfortunately we
directly dispose of the matrix L,, whose entries have to appear as first and third entries in
the previous, purely illustrative, scheme.

This does not represent a real problem since, coherently with the matrix representation
(102), we can define the matrix associated with

T} (App ®23 B) = Lune (115)
as
Lo = [(A@2s8),. (App2n38),. (appersB),| (116)
where

b1(Lpp)11 b1(Lpp)12 b1(Lpp)13
[(App®238) | = | D2Lpp)11 b2Lpp)iz brxLipp)is | (117)
b3(Lpp)11 b3(Lpp)12 b3(Lpp)13
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Fig. 2 Representation of geometric quantities used to assign density contrast (s) and define the position of Q
with respect to an arbitray point P.

[ b1(Lpp)21 b1(Lipp)22 b1(Lpp)23 ]
[(App®23B),| = | b2Lippa1 b2(Lpp)z br(Lipp)as | (118)
[ b3(Lipp)21 b3(Lipp)22 b3 (Lpp)23 |
[ b1(Lpp)31 b1(Lpp)32 b1(Lpp)33 |
(40 @23 8), | = | 2Lpp)at b2Uyprsz by |, (119)

| b3(Lpp)31 b3(Lipp)32 b3(Lipp)3s |

and L, is obtained from (103) and b = TF,.

Remarkably, the same notational scheme as in the previous formula can be exploited for
the tensor in (90) since G; can be obtained from (44) by standard matrix operations.

Furthermore, setting M = G; ®,3 n;, the matrix [M] can be obtained analogously to
(116). Stated equivalently, to construct the matrix associated with the rank-three tensor M,
one has to first evaluate ®r,, transform it as in (44) to get G;, and exploit the notational
scheme (116) by replacing L, with G;.

The notational schemes detailed in (101)-(102), (104)-(105), (109)-(110) and (115)-
(116) can be suitably exploited to evaluate the tensors in (91)-(97) and, hence, the tensor
]Df;or in (50). Namely, the tensors G; ®n; in (91) and H; ® n; in (97) can be evaluated by
applying the scheme (105), the tensor G; in (92) by applying the scheme (101)-(102) and
the tensor H; ®,3 n; in (96) by applying the scheme (115)-(116). Finally, the tensors in (93)
and (95) are rank-two tensors and the tensor in (94) can be evaluated as in (102).

3 Gravity anomaly of polyhedral bodies at an arbitrary point P

In the previous sections it has been assumed that the observation point P would coincide
with the origin of the reference frame in which the anomalous density of a body is assigned.
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This has allowed us to set the stage and to define the most problematic issues to address,
both from the analytical and numerical point of view.

However when gravity measures are carried out at several points and/or when multiple
bodies are taken into account it is by far more convenient to fix an arbitrary reference frame
in which both the coordinates of each observation point and the density of all bodies are
simultaneously assigned.

To suitably extend the formulas contributed in the previous section, one can exploit a
coordinate transformation (Zhou, 2010) by translating the origin of the reference frame to
the observation point and modifying in accordance the expression of the density contrast by
expressing the coefficients of the polynomial law in the new reference frame.

Alternatively, one can follow the approach outlined in D’Urso (2015¢) and define the
position vector r entering the definition of the gravity anomaly as follows

r=s—p (120)

where p is the position vector of the observation point and s is the position vector of an
arbitrary point belonging to £, see e.g., fig. 2. In this way we can leave the expression (6)
unchanged by writing

Ap(s) = 0(x,y,2) = Oy + ¢ -5+ C- Dgg + C - Dy (121)
where Dy and Dy are defined as in (7) and write

Ap(s)r-k

(122)

Clearly in the case of multiple observation points P; and/or bodies one can simply write

y
Agz(P)—GZf p(s’r)l;g/z (123)

where € is the domain of the j-th body, Np is the number of bodies to analyze and r; =
—Ppi, p; being the position vector of P; with respect to the assigned reference frame having
origin at an arbitrary point O. However, being mainly interested to illustrate the rationale of
our approach, we shall make reference in the sequel to the case of a single observation point
and a single body.
To exploit the results illustrated in the previous section, it is convenient to express s as
function of r by means of (120). For brevity this is detailed only for the rank-three tensor
Dqs since it is the more cumbersome to handle. In particular, we infer from (120)

Dy =s®s®s = (r+p)@ (@ +p)®(r+p) = Dypr +Dypp + Dppr +Dppp (124)
where Dppp = p®p®p,
Diyp =r®rp+rep®r+perer (125)
and

Dppr =p@pOr+pr@p+repop =Dy, ®r+prop+reDp, . (126)
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Hence, the expression (122) for the gravity anomaly becomes

48:(p) = G{[6s +¢-p+C-Dyp +C-Dppp 1y’ +¢-df+
+C- [d?®p+p®d‘f +D‘fr]+C- [Dpp ®d‘?+p®d‘;2 ®p+d‘f®Dpp]+ 127)
+C- D2 @p+d?eped? +p®Dﬁ]+C-]Dﬁr},

which represents the generalization of (14) to the case p # o.
Special attention has to be paid to the symbol d¥ ® p®d{’ which is a shorthand to denote
the third-order tensor

(r-Kreper

= dV =DZ e&xnp. (128)

d°eped? =

In spite of its symbol, which has been adopted to emphasize its symmetric expression, the
tensor above cannot be obtained as triple tensor product of the vectors d¥ and p. Rather, it
is conveniently computed starting from the rank-two tensor D2, after having computed its
algebraic expression, as detailed in subsection 2.6.

Although r is now defined from (120) it can be shown that formula (17) holds as well.

Thus, recalling (30) and setting

Op=c-p+C-Dpp +C-Dypp, (129)
formula (127) specializes to
c_dﬁ!) dﬁQ dﬁQ D(?Q
Ag.(p) = G{(00+0p)df9+ Tr+C-[ ; ®p+p® ; + ;r |+
1
+C-[§(Dpp®df‘o+p®df‘o®p+de®Dpp)+ (130)

0Q
+%(Df;o®p+df9 oped)? +paDi’)+ %]}
Obviously, (130) coincides with (31) when p = o.

Formula (130) can be operatively evaluated for a a polyhedral body by considering for-
mulas (37), (38), (47) and (50) for d;Q s d;Q R D;Qr and ]D‘?rr, respectively, and the procedures
detailed in subsection 2.3-2.6 to express them in terms of 3D vectors. In particular the third
order tensor d?? ® p®d?“ is obtained by applying the notational scheme (115)-(116) and
replacing L, with DE and b with p, respectively.

4 Eliminable Singularities of the Algebraic Expressions of the Gravity Anomaly

It has already been shown that the analytical expression (31) of the gravity anomaly is
singularity-free in the sense that its expression holds rigorously whatever is the position
of the point O with respect to £2. The same property holds true for the expression (130)
referred to an arbitrary point P. However their algebraic counterparts, being expressed by
means of the quantities detailed in subsection 2.4, do include further singularities.

They are associated with the expression of the line integrals provided in the Appendices
since they become singular when the generic face F; contains the observation point, either
O or P, and this belongs to the line containing the j-th edge of the boundary JF;.
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However, we are going to prove analytically that the contribution of the singular line
integral to the domain integral in which its computation is required is zero. Hence, from
the computational point of view, the singularity of the j-th line integral does not have any
practical effect and it can be simply ignored when computing the associated domain integral.

As shown in Appendix 2, some of the 2D domain integrals required in the present con-
text, have already been computed in previous papers D’Urso (2013a, 2014a,b) so that the
discussion on their singularity-free nature can be found in the quoted reference. Neverthe-
less we shall systematically prove this property also for these last integrals, namely the ones

. /2, . . . .
having (p,» “Pi +dl.2) in the denominator, since we are going to use new and simpler ar-
guments; the same arguments will be exploited to prove the singularity-free nature of the

. . \3/2 .
integrals having (pi p;itd; ) in the denominator.

4.1 Eliminable singularity of the integral Y,

We know from formulas (218) and (219) that

. 1/2
y f dA; f[p,(ﬂf)-pi(ﬂfﬂdﬂ P
F; = P P, P P j — @il =
(prpirdE S ) Py iy
’ s (131)
NE, 1 ( 2 NE,
L pj/l<+2qj/1j+vj) L
1L J s
=) P Pin f ddj—ajldil= ) \p;-Pji1 )l6j—ildil
;( j+)0 ijli"‘z%‘/lj"‘“j ;( j+)
where, see also (70), we have set
pi=Ap;-Ap; =6 qj=p;-Ap; wj=p;-p; vj=uj+d; =, (132)
Useful in the sequel are also the quantities (D’Urso, 2013a, 2014a,b)
Pi+qi=pjs1-Ap; Pi+2qi+vi=pi-pi+di =0l (133)

and the discriminant 4; = q; — pju; of the denominator in (131). In particular, it turns out to
be

—dj= Pj“j_Q? = (Pj+1 'Pj+1)'(Pj 'Pj)—(Pj 'Pj+1)2 >0 (134)

by virtue of the Cauchy-Schwartz inequality (Tang, 2006).

Clearly, our main concern is when 4; = 0. In particular, setting 0 = (0,0), it is apparent
from the previous expression that the denominator of the j-th integral on the right-hand
side of (131) can become singular if p; = 0, p;,; =0 or p; and p;,, are parallel and point
in opposite directions, i.e. if the projection of the observation point onto F; belongs to the
segment [p;, p;,1]. In turn this may happen independently from the value of d;, i.e. whether
or not the i-th face of the polyhedron £ does contain the observation point.

In both cases, d; # 0 or d; = 0, we are going to prove by mathematical arguments that
the contribution of such an edge to yF, is zero so that its computation can be skipped. Let us
first consider the case d; # 0.
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As shown in D’Urso (2013a, 2014a) the evaluation of the line integral on the right-hand
side of (131) is carried out by setting t = A +g;/pj; this yields

1 2 1/2 I+qjlpj [,
pids+2qidi+v; 1 t“+B;
I6j=f(jj ! j) dlj= — f —
0

;= dt (135)
pj/12+2qj/lj+uj \/p_j [2+Aj
J qjlpj
where

2 — 2 vi— g2 2 2

A;  Pjuj—q; Pivi—q; d: d:
Aj=—FL=2 T =l e Lope L (136)

P; P; P; pj l;

Notice that the denominator in (135) is positive if —4; = pzA ;> 0. In this case the
primitive of the integrand on the right-hand side of (135) becomes

l+q,/pj

Lo 1 Bj—-A; NETRYY 5
6j = —— arctan +In(t+ /Bj+t 137)
VPj Aj VA [+

qjlpj

> I+q/p;
i i +mQ+V&+’)
V=4, =75 B+ 12 VPj

Conversely, should it be 4; = 0, and hence A; = 0, the integrand on the right-hand side

(138)

qjlpj

of (135) becomes singular at one point belonging to the interval [q ilpj» 1+qj/p j]. Actually,
we infer from (134) and the properties of the Cauchy-Schwartz inequality that 4; = 0 if and
onlyif p; =0, p;.; =0 or the segment [p;, p;,,] contains the null vector in its interior.

Actually if p; =0 (Pj+1 = o), it turns out to be g;/p; =0 (1 +qj/pj = 0); hence the

denominator in (135) becomes singular since 7> +A;=p;-p;/p; (Pj+1 'Pj+1/Pj) =0 at the
left (right) extreme of the integration integral.

Furthermore, should the projection of the observation point fall within the segment
[pj, pjril,onehasp; =Bip; (Bj <0) where g;/pj=(B;j—1p;-pj/pj<0and1+q;/p;=
BiBj—1p;-p;/pj> 0. Accordingly, the integration interval in (135) splits in two inter-
vals having 0 as right (left) extreme. At that point, however, t =0 and A; = -4,/ p? =0by
assumption so that the integrand in (135) becomes singular.

However, we are going to prove that, in the previous three cases, the singularity is elim-
inable and that the integral attains a finite value. Let us discuss separately the three cases,
namely p;=o0,p;,;=0andp;,, =Bjp; (Bj <0).

In this first case, p =0, the integration interval is [0, 1] and we have singularity of the
integrand in (135) at the left extreme while the argument of the logarithm is positive. Thus,
recalling (131) and (138), the contribution of the integral Is; to ¥/f, is provided by

1
. 2
i i mQ+V&+’)

(pj-Pi) I =P PFy arct

an + .
= V=75 \[B; +22 VPj .

(139)
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Setting pj= ijle = ge and observing that, on account of (134),

4= (pjs1 Py )l —(Ipﬂe'Pm)z =P P ‘(e'Pfﬂ)z]’ (149)

we infer that /-4 is infinitesimal of the same order as & = |p;| when &€ — 0, a property we
state by writing /—4; = O(g). Hence (139) becomes

1

. |dil |dil [

1

pipPii)le; =lime [ arctan ] [ln t+ /Bj+t )]
( J /+1) ST 50 [~4;(e) ) @ /B P \Pj 0

(141)

since the p; - p +1 =0(g)ife— 0.
Since the arctan function is finite at # = 1 and the same does occur for the In function at
t=0and =1, we finally have

d:
arctan i = _z|di|- (142)

pt ) I, = —|di| lim ——
(p/ p/+1) 6j "e50 \—4j(€) ’——Aj(s) ,Bj+82 2

However if p; = o for the j-th edge, it will turn out to be p;,; = o for the (j—1)-th edge.
Hence the arctan function in (138) will be evaluated in the interval [-1, &], with € — 0, and
one has (pj -p/ﬁrl) Isj = m|dil /2.

To conclude the total contribution provided to ¢, by the two edges for which it simul-
taneously happen that p; = o for the j-th edge and p;,; = o for the (j—1)-th edge is zero.

A null contribution to ¢, is also provided by edges for which the projection of the

observation point is internal to the edge. In this case p; and p;,; are parallel so that the

product p; - pj‘ll is zero. Accordingly, both p; - p/ﬁrl and /-4 are O(¢), that is both of them
are infinitesimal of order € as € — 0. In conclusion (139) yields

|dil
arctan

i . 2
p;-p*1) Ioj = Idillimg o § ———— |arctan ——— 1 | 4
( J Jt+ ) w/—Aj(S) ’—AJ(S) 'Bj+[2

1

P | '
+ arctan = ln(t+ Bj+t )] =0.
V=4j(e) V5@ B+ | i 0
(143)

Actually, the In function is finite both at f = 0 and ¢ = 1. Furthermore, by repeating the
arguments exploited in (142), the arctan function attains finite and opposite values both at
t=0andr+1.

In conclusion we have proved that, when d; # 0 and the projection of the observation
point does belong to the closed interval having p; and p, | as extremes, the contribution of
the relevant edge can be skipped since the overall contribution to ¢F, associated with such a
singular case is lumped within the addend «;|d;|.

Let us now prove that the same result is obtained if |d;| = 0, i.e. if the face F; does contain
the observation point. In this case the integral in (131) can be expressed as follows

NEi NE

1
RPN ITINITEDY P/ me

7~ aildil. (144)
= = o [p,un ey )]
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Also in this case, the j-th edge characterized by p; =0 orp; . =0 orp;.  =B;p; (B;<0)
does not give any contribution to ¢r,. Let us examine separately the three cases
e p;=0

In this case the parameterization (67) yields p;(1;) = 4;p j+1 SO that the j-th integral in

(144) becomes
1

1

da; 1 da;

I6j=f—jlz—f—j. (145)

2 | 2,
0 /lf(pj+1'pj+1) P o 7

Setting & = |p;| and being p; - pj++1 infinitesimal of order &, it turns out to be
1 1
L _ : ) _
(Pj'Pj+1)I6j_ —\/ITjilir(l)s[ln/le—O (146)
since the logarithm tends to infinite with an arbitrarily low degree.

®Pjy1=0
Setting p;(1;) = (1 —j)p; the integral in (144) can be written

1 0
1 da; 1 dn;
16j:_f J _fﬂ (147)
Vit Y T Vi)
where n7; = 1 —4;. Hence, setting & = ij+1|, one has
1 &
1 — . ) —
oy pha = -t | =0 s

due to the behavior of the logarithm at infinity.
e pj, parallelto p;

We are considering the case in which the observation point is projected onto the face F;
inside the j-th edge [pj, Pj+1]- Hence we canset p;,.1 =8;p;, 8 <0, since p; and p, | point
in opposite directions. Setting

P =[1+4;8,-D]p; =7;p;, (149)
the integral in (144) becomes

Bj 1
1 de_ 1 de

1 -
\/_M_jo [1+2;(8; - 1) _(ﬂj—l)\/“_fl H_(l_ﬁf)‘/”_fﬁ. 2

Isj =

] OdeJrflﬂ B (150)
T U= |J 1)

|7l
1 181 1
= W{[lan]o +[ln‘rj]0}.

Being p; and p | parallel, p; 'Pﬁrl =0. Hence, setting € = |p; -p}‘+1|
(P pr1)l6j = hms[lnlﬁ ~2Ing| =0 (151)
SRR (=) v /3 )it e=0 L

similarly to (146).
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4.2 Eliminable singularity of the integral ¢

The expression (220) of the integral

Ur, = f(p p+d2)1/2 Z Lijdp} =

& 1 (i 1
J [ L
= ——LN;j+—|lpj+q; p<+2q<+v<—q<\/v] 4p;
112\/17—1{ P J \/P—/[( J /) J J J J J J

is composed of two addends. The second one is well-defined, according to (132) and (133),
whatever is the value of d; and the position of j-th edge with respect to the observation point.
The first addend in (152) is well defined for d; # O since

(152)

Pj+1 '(Pj+1 _Pj)+lj|rj+1|

LN;=Ink;=1In (153)

Pj'(Pj+1—Pj)+lj|rj|

on the basis of formula (73) in D’Urso (2014b).
Conversely, shoulditbe d;=0andp; =0 orp; =0 orp;,; =Bp; (3; <0), one has

e

pjvj— —A; —A:(e?)LN (e

—fLN, = /LNj:IimM =0 (154)
Dj pj -0 2 Pj

since —4; tends to zero quadratically and LN; tends to infinite with an arbitrary low degree.
In conclusion edges characterized by singularities of the relevant integral I;; give no

contribution to Y.

4.3 Eliminable singularity of the integral ¥'r,

The expression (208) of the integral

d2
¥ = Z[ Lijp; +1sidp;) @ 4p; ——<p, p,+1>14,] ~ (i ~ldilos) (155)

depends upon the integrals ¢;, I4; and Is;. The discussion on the well-posedness on ; has
already been detailed in subsection 4.1.

Conversely, the integrals I;; and I5; are composed, according to their expressions (215)
and (216), of the quantities

VWi \JPi+2q;+v; (156)

and of the additional integral Iy;. On the basis of the definition (132) and (134) the radicals
in (156) are well-defined whater is value of d; and the position of the j-th edge with respect
to the observation point.

The dependence of the integrals I4; and I5; upon Iy; does not give any problem since its
expression, according to (211), depends upon LN ;. Differently form (152) the quantity LN,
is not scaled by p;v; — q;, so that we can not invoke the result (154). However the integral
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¥ r,, and hence LN;, is required for computing the integrals €f, and D, in (42) that, in
turn, are scaled by d; in the expressions (47) and (50).

Hence, when d; is zero, what makes LN; undefined, we can invoke a result similar to
(154) by writing

d;LN; = lim di()LN;(&) = 0. (157)

Stated equivalently, when d; = 0 the contribution to the integral ¥'r, provided by the face F;
can be skipped.

4.4 Eliminable singularity of the integral ¢,

The expression provided in (221) for the integral

E; 1
dA; G| e
Wl_:f—'“/z:l(;_f'_z — T (ATN1;-AT2N;) (158)
y Pipitd) 5| il Jpjui =5

is well-defined whatever is the value of d; and the position of the j-th edge with respect to
the observation point.

Also the case d; = 0 does not represent a problem since ¢, is premultiplied by d; in
the formulas (37), (38) (47) and (50) for d;Q R d;Q R D;Qr and ]D“?rr respectively. Furhermore the
discussion on the well-posedness of the quantity

D pt
— L (ATN1;-ATN2)) (159)

pivi=—4;

when d; = 0 and the projection of the observation point lies within the segment [p s Pj +1] is
completely similar to that reported in subsection 4.1

4.5 Eliminable singularity of the integral @F.

We know from formula (222) that

NE.
pr = [ R ——ilonf (160)
F; — - ] j
(p;-pi+d?)3? = !

where Iy; is provided by (211). Hence, the discussion on its well-posedness can be carried
out similarly to (157) when d; = 0 and the j-th edge does contain the observation point in its
interior.

Actually the integral ¢ in the expression (37), (38) (47) and (50) for d;Q s d;Q s D;Qr and
DE,. is always scaled by d;.
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4.6 Eliminable singularity of the integral ®r;,

Recalling the expression (223)

NE.
Pi®p; ’

(I)F,- = W Z—Z[Lijj®Apj7+11jApj ®Apj7]+lﬁFiIZD, (161)
= (pt pit ,’) j=1

we infer that @, is well defined whatever is the value of d; and the position of the observa-
tion point with respect to the j-th edge of the face F;. This is trivial if d; # O since LN}, I;
and yr, in the previous expression are well defined.

To discuss the well-posedness of @F, in the case d; = 0 and when the projection of the
observation point onto F; does belong to the segment [p s P +1] we remind that @, as well

as ¢r, and ¢, is scaled by d; in the expressions (47) and (50) for DE and DE,. Hence
the well-posedness of d;LN; can be assessed as in (157), while that of /7, has been already
proved in subsection 4.1.

Finally, according to formula (212), the well-posedness of | ; depends upon that of Iy;;
in turn this last one depends upon the product d;LN; discussed above.

In conclusion we have proved that the gravity anomaly at an arbitrary point P can be
computed effectively whatever is its position with respect to the polyhedron Q. Actually the
potential singularity of the integrals involved in the formulas (37), (38), (47) and (50) for
d?, d?, DZ and D2, gives no contribution to the gravity anomaly.

5 Numerical examples

The formulas developed in the previous sections have been coded in a Matlab program in or-
der to check their correctness and robustness. They have been applied to model tests and case
studies derived from the specialized literature by assuming the density contrast to vary sepa-
rately along the horizontal and the vertical directions or along both of them. In all examples
the density contrast is expressed in units kilograms per cubic meter while distances are ex-
pressed in kilometers; the value of the gravitational constant G is 6,67259 10~ kg’ls’z.

Results obtained by the proposed approach have been carefully checked by comparing
them whith those resulting from a numerical integration of the integrals involved in the
computation of the gravity anomaly. They can be useful to allow for a comparison with
computations carried out by using different methods or with more complex modellings,
e.g. those reqired to evaluate the gravitational effects of an arbitrary volumetric mass layer
in which a laterally varying radial density change has been assumed (Kingdon et al., 2009;
Tenzer et al., 2012). To give an idea of the computational burden required in both approaches
we have included the computing time (CT) obtained by running the Matlab code on a INTEL
CORE2 PC with 16Gb of RAM and a i7-4700HQ CPU having clock speed of 2,40 GHz.

The first test has been taken from (Garcia-Abdeslem, 2005) and refers to a prism ex-
tending along x and y between 10 and 20 km and delimited by the planes z=0 and z=8 km.
Density contrast is expressed by the function

Ap(z) = —T47.7+203.4357—26.7642> +1.42477° = p+qz+ 1> + 52 (162)

where the density is expressed in kg/m? and z in kilometers.
In order to compare our results with those reported in (Garcia-Abdeslem, 2005), the
gravity anomaly has been computed at points P having y=15 km, z=-0.15 m and x ranging
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from 0 to 30 km . In particular the observer location was taken by Garcia-Abdeslem (2005)
-15 cm of the top of the prism to avoid a singularity in the analytic solution occurring when
the observation and the source coordinates coincide.

Although our approach is singularity-free, as proved in section 4, we have deliberately
repeated the computations made by Garcia-Abdeslem (2005) to draw the reader’s attention
on the uncorrect values reported in fig. 3 of the quoted paper.

As a matter of fact all mathematical formulas in (Garcia-Abdeslem, 2005) are correct
but, for some reasons, the values of the gravity anomaly plotted in fig. 3 have been calculated
by assuming wrong integration limits in formula (8) of his paper, namely X1, y1, Z1, X2, Y2,
75 (lowercase letters) instead of the correct X1, Y1, Z;, X2, Y2, Z» (capital letters).

In other words formula (8) in (Garcia-Abdeslem, 2005), reported herewith for complete-

ness
X5 Y, Zy
Zk
Ik:fdxdede{pkﬁ} k=1,2,3,4 (163)
Z

X Y

is correct but the result plotted in fig. 3 of the quoted paper have been obtained by consid-
ering x; instead X, y; instead Y; ... and so on. Please notice that, apart px, the notation
in (163) is taken from the original paper so that the observation point is defined by the
coordinates P=(xo, yo, zo) and (x,y,z) denote the source coordinates. According to Garcia-
Abdeslem (2005) the prism is bounded by the planes x=x;, y=y1, =21, X=Xz, Y=Y2, Z=Z2
and it has been set X=x-xo, Y=y-yo, Z=2-Z0.

In conclusion, the correct values of the gravity anomaly at x¢ € [0, 30] km, yp = 15 km
and zp = —15 cm, where we have used the notation of (Garcia-Abdeslem, 2005), are reported
in figs. 3a, 3b, 3c and 3d respectively for the separate cases of 4p = p = p1, 4p = gz = p2,
Ap =r? =p3, dp = s2° = p4.

° Numerical
= — 80 Ve ) —Analytical
8 50 S 4
E \ J £ 60
z % 4 oy
-100 J g 40
© o Numerical O 20

— Analytical oo A/) =q*z o
150 0
5 10 15 20 25 30 0 5 10 15 20 25 30
Distance [km] Distance [km]
(a) Constant term in (162) (b) Linear term in (162)
0 20
Ap= riz? © Numerical
—_ — —Analytical
g 20 g 13 |
E E
= 2‘10
E-40 | &
© ° Numerical S 3 3
— Analytical Ap =s*z"
-60 0
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Distance [km] Distance [km]
(c) Quadratic term in (162) (d) Cubic term in (162)

Fig. 3 Gravitational attraction at P=[0,30]x15x(-0.00015) associated with the prism Q = [10, 20]x[10, 20] %
[0, 8] (dimensions in kilometers) and density contrast given by (162).
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Fig. 4 Differences 4 between the analytical and numerical values plotted in fig. 3

The correctness of the values reported in fig. 3 has been checked by numerically integrat-
ing formula (162) with the aid of the adaptive quadrature procedure implemented in Matlab
and by setting X;=10-x9, Y;=10-yg, Z;=0.00015, X>=20-x9, Y2=20-yo, Z>=8-0.00015.
For completeness the differences between the analytical and numerical values reported in
fig. 3 are plotted in fig. 4.

To fully test the correctness of the proposed formulation and the robustness of the rele-
vant implementation, we have systematically carried out a comparison of the results associ-
ated with the analytical and the numerical evaluation of the integrals involved in the compu-
tation of the gravity anomaly. To emphasize the singularity-free nature of our solution, this
has been done by considering the example in (Garcia-Abdeslem, 2005) and evaluating the
anomaly at z=0 and for several values of y, namely y=10, y=11 km, y=12.5 km and y=15
km.

The gravity anomaly has been evaluated for values of x ranging in the interval [0, 30]
km and the relevant values are plotted in fig. 5. For completeness the analytical results
are reported in table 1 together with those obtained by numerically evaluating the integrals
in formula (163); for the reader’s convenience the differences between the analytical and
numerical values are plotted in fig. 6. The symbol NaN in table 1 for x=15 km, is due
to the fact that the numerical procedure, adopted by Matlab to numerically evaluate the
integrals in (163), failed to converge. Notice as well that the numerical procedure, besides
being computationally more expensive, gives less precise results when the observation point
belongs to 2, i.e. y=10 km and y=15 km, and x moves towards the center of £2; actually the
numerical solution has only three significant digits at x=10 km and x=20 km.

To give a quick overlook of the symmetric nature of the solution with respect to the
planes x=15 km and y=15 km we have reported in fig. 7a the contour plot of the gravity
anomaly at z=0. The surface distribution of the gravity anomaly becomes unsymmetric, as
shown in fig. 7b, by considering a density contrast depending upon an a horizontal direction
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Fig. 5 Gravitational attraction at P=[0,30]xy;x[0] (k=1,2,3,4) associated with the prism Q = [10,20] X
[10,20] X [0, 8] (dimensions in kilometers) and density contrast given by (162).
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Fig. 6 Differences 4 between the analytical and numerical values plotted in fig. 5.

such as the expression considered in Zhou (2009b)

Ap(z) = —T47.7+203.4357—26.7647% + 1.42477 —23.205x.. (164)

To emphasize the dependence of the solution upon the monomials appearing in the ex-
pression of the density contrast we have plotted in fig. 8a and 8b the surface distribution of

the gravity anomaly for the density contrast

Ap(z) = —TA7.7+203.4357—26.7647% + 1.42477 —23.205y, (165)
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Ap(z) = —T47.7+203.4357—26.7647% + 1.42477° —23.205x — 23.205y.
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Fig. 7 Gravity anomaly distribution at z=0 associated with the prism Q = [10, 20] x[10,20] X [0, 8] (dimen-
sions in kilometers) and density contrast given by (162) (on the left) and (164) (on the right).

It is apparent from the last two plots that gravity anomaly vanishes less rapidly than in

fig. 7a.
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Fig. 8 Gravity anomaly distribution at z=0 associated with the prism Q = [10, 20] x[10,20] X [0, 8] (dimen-
sions in kilometers) and density contrast given by (165) (on the left) and (166) (on the right).



Table 1 Gravity anomaly (mGal) associated with prism Q = [10,20] x[10, 20] X [0, 8] (dimensions in kilometers and density contrast (162)) at several locations; a) Analytical

values; b) Numerical values. Computing Time (CT) in seconds

z=0and y=10km

x (km) 0,00 5,00 10,00 15,00 20,00 25,00 30,00 CT

a) -1,22163576397609 -3,46372618679431 -20,7412785817980 -36,2650788733413 -20,7412785817980 -3,46372618679432 -1,22163576397614 1.9813
b) -1,22163576397627 -3,46372618679431 -20,7413498102378 NaN -20,7413498102377 -3,46372618679431 -1,22163576397627 143.4464
z=0and y=11km

x (km) 0,00 5,00 10,00 15,00 20,00 25,00 30,00 CT

a) -1.28698607331256 -3.82357120782405 -29.72909079760424 -53.62521739346171 -29.72909079760428 -3.82357120782429 -1.28698607331263 1.8574
b) -1.28698607331254 -3.82357120782415 -29.72928645482153 NaN -29.72928645482145 -3.82357120782415 -1.28698607331254 154.6723
z=0and y=12,5 km

x (km) 0,00 5,00 10,00 15,00 20,00 25,00 30,00 CT

a) -1.36376684444623 -4.25957137389371 -34.23229607059629 -61.88280073665107 -34.23229607059632 -4.25957137389369 -1.36376684444629 1.894

b) -1.36376684444609 -4.25957137389370 -34.23243794205016 NaN -34.23243794205009 -4.25957137389370 -1.36376684444609 142.5479
z=0and y=15km

x (km) 0,00 5,00 10,00 15,00 20,00 25,00 30,00 CT

a) -1,41650677516557 -4,56182411878455 -36,2650788733413 -65,4288804280923 -36,2650788733413 -4,56182411878455 -1,41650677516557 1.9127
b) -1,41650677516342 -4,56182411878455 -36,2652685757159 NaN -36,2652685757159 -4,56182411878455 -1,41650677516557 156.1096
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6 Conclusions

The gravity anomaly at arbitrary points induced by a polyhedral body of arbitrary shape
body whose shape is an arbitrary and characterized by polynomial density contrast has been
obtained in closed form. It is expressed as sum of quantities that depend only upon the 3D
coordinates of the vertices of the polyhedron and upon the parameters defining the density
contrast. The solution procedure, based upon a generalized application of Gauss theorem,
takes consistently into account the singularity intrinsic to the integrals to evaluate. In par-
ticular, by means of rigorous mathematical arguments, singularities are proved to give no
contribution both to the analytical expression of the gravity anomaly and to its algebraic
counterpart.

The formulation presented in the paper has been limited to polynomial density contrast
varying with a cubic law as a maximum but it can be easily extended to polynomials of
higher degree. The effectiveness of the proposed approach has been intensively tested by
numerical comparisons, carried out by means of a Matlab code, with several example de-
rived from the specialized literature. Future contributions will concern the cases of density
contrast variable with exponential law for 2D and 3D domains.

7 Appendix 1 - Algebraic expression of integrals

We are going to show that the 2D integrals

®p;,

I%[mi me[0,4] (167)
7 pi-pi+ d,' )

can be evaluated analytically. As a matter of fact we only need to evaluate the integrals for

m=3andm=4

Rp: QP R QP RP:
¢, :leﬂdAi D :fplpl—plzpldAi, (168)
¥ (pi-pi+d} )2 ¥ (pi-pi+d7)31?
since the additional ones in (167) have been already computed in D’Urso (2013a, 2014a,b).
For completeness these last ones are reported in Appendix 2.
A further integral, namely

Pi®p;
Fi

required for the computation of the integrals (168), will be dealt with at the end of this

Appendix.

The rationale for evaluating the integrals (168) is to first apply the generalized Gauss
theorem D’Urso (2013a, 2014a) to transform them into 1D integrals and, subsequently, to
compute such integrals by means of algebraic expressions depending upon the 2D coordi-
nates of the vertices that define the face F;.

In order to apply the Gauss theorem to the integrals in (168) let us first prove the identity

grad[p(a®b)] = (a®@b)®gradp+pgrada®b + pa®gradb, (170)

holding for scalar ¢ and vector (a,b) differentiable fields.



Gravity Anomaly of Polyhedral Bodies Having a Polynomial Density Contrast 39

It can be easily verified by applying the chain rule to the i jk component of the third-order
tensor on the left-hand side

{grad[go(a@b)]}jkq = ((,Dajbk)/q = @1qajbr+9aj, by +ajby,. (171)

In a similar fashion one can prove the further differential identity involving fourt-order
tensors

grad[p(a®b®c)] = (a®@b®c)gradp + pgrada®b®c+ypa®gradb®c+pa®b® grade.
(172)
Let us now apply the identity (171) as follows

grad(_ pi®p; )} __|_nepop PP, B0
(Pi'Pi+d,2)1/2 kg (Pi'Pi+d,2)3/2 kg (Pi'Pi+d,2)1/2 (Pi'Pi"‘d,»z)l/z
173)
since
1 pi
gradl }:— . 174)
(Pi'Pi+d,2)1/2 (Pi'Pi+d,2)3/2
Thus, being (p;)j/4 = 6, we infer from (173)
®p; ®p;®p; Lp®3p; Y |
grad[ b P,2 1/2)2_ — 2p;/2 = 232P,1/2 - 22 172 (175)
pi-pi+dy) pi-pi+d;) pi-pi+dy) p;-pi+dy)

where Ip is the 2D identity tensor and ®;3 denotes the tensor product obtained by inter-
changing the second and third index of the rank-three tensor I,p ® p;.

The integral over F; of the first addend in the formula above can be transformed into a
boundary integral by exploiting the differential identity (Bowen and Wang, 2006)

fgradeV:f S®ndA (176)
Q 0Q

where S is a continuous tensor field.
Thus, integrating over F; the previous relation and recalling the definition (64) one has

f pi®Pi®P: :_fpi(si)®Pi(Si)®V(Si)
¥ (p;-pi+d} P ;- pi+d)?

dsi+Ip®23 ‘pFl- 'HPFI- ®Lp (177)
where v is the unit normal pointing outwards the boundary 0F; of the i-th face F; of the

polyhedron.
Hence the first integral on the right-hand side of (177) becomes

Pi(si)®P,'(Si)®v(s, Pi(s)®p,(si)dsi
f (pi-p;i+dD'? Zf (p;-p;+d)'/? B (178)

OF;

since v is constant on each of the Ng, edges belonging to dF;.
Recalling (68) and (73), formula (178) becomes

Ng L )
PsNOPNOV) | N ([ _PANSPONY 170
(p; - p; +d>)1/2 L . N 21/2® J (179)

o Pirpitd; 1y [P -pip+d2|
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and the integral on the right-hand side can be further transformed by defining
Epp,=pj®p; Epup, =p;®4p;j+4p;@p; Eupap, =Ap;@4p;.
Actually, recalling the parametrization (67) one has
PiA)®piA) =By p +Ep 4p + 5By 4y,
Pi(1)®pi(A;)dA;

3 [piap-pia+ 2]

where the explicit expression of the integrals

7 LojEp;p; +11jEp 49, +1rjEsp 1p,;

1 1
da; A;dA;
loj= A A 1172 hj= A A 1172
o [P+ o [P+
1 A2da;
J
bLj= - - i
o [P piA)+d2]

is provided in Appendix 2.
In conclusion it turns out be

fpi(si) ®p;(s)®v(s;

NE.
) 1
ds; = [I()‘E .t WiEy 40+ iE .4 .]®Ap+
2 i jEpip JEpidp jHdp4p i
(pi.pi+di)1/2 ; i ) 7

oF
so that the integral of interest can be computed as fallows on account of (177)
®p;® &
_ Pi®PiBP; o ) ) ) L
¢Fi = fmdA, = —Z;[I()j E.Ujpj +Il/ Eijpj +12/ EAijpj] ®Apj +
=

i

+Lp®3Yr +¥r ®hp

(180)

(181)

(182)

(183)

(184)

(185)

where the expression of i 5. as explicit function of the position vectors defining the boundary

of F; is provided at the end of this Appendix.

Of interest is also the composition of the third-order tensor above with the vector k;
since it appears in the expressions (47), (50) and (49). For this end let us first notice that

[(Iw ®23 'ﬁFi) Ki]jk = (IZD ®23 ‘pFi)jkp(Ki)p = Ifl’('ﬁFi)k(Ki)p =

(186)

= 6]1’(Ki)p(¢Fi)k = (Ki)j(‘pFi)k - (Ki®¢Fi)jk'
Hence
k)P, ®p;) =
ki = b, 1P 5P 4, - _Z(Ki 'Apf)(IOfEPij +11jBp;ap;+ Do EAPJAP1)+

i 2y372 4T
F (i-pi+di)’! 1

+K,’®¢Fl. +¢Fl.®K,'

(187)
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so that the right-hand side fulfills the symmetry of the tensor on the left-hand side of the
previous expression.
To evaluate analytically the second integral in (168) we exploit the identity (172) to get

Pi®P;BP;
grad —
i pi +d,' )

Pi®P;®P;Bp; 9jg(P; ®Pip +
o

0 -pi+d) |,
Jjkpq (188)

Okg(Pi®P)jp  Opg(P; ®P)jk
o N
(pl pl+ i) (pt pt+ ,’)

Jkpq

or equivalently

Pi®pPi®p; | _ pi®pi®pi®p; Thp®xu(p;®p;)
grad N 223/2 2172
(pi-pi+d;) (pi-pi+d;) (pi-pi+d;)
N Pi®p)®3hp  (pi®p)®Lp
(Pi'Pi+d,2)1/2 (Pi'Pi+d,2)1/2
where ®;4 denotes the tensor product obtained by interchanging the second and fourth index

of the rank-four tensor I, ® (p; ® p;).
Integrating the previous relation over F; and applying Gauss theorem yields

(189)

Op = [LiBPOPIOP _fPi(Si)®Pi(si)®Pi(Si)®V(Si)ds'+
i prd2y32 T o+ d?)1/2 !
B Prpited dF; i) (190)
+hp®u¥Yr+¥Yr®3bp+¥r®Lp

where ¥F, is analytically evaluated in formula (208) of Appendix 2.
In view of the ensuing developments we further set

Epipio; =Pj®P;®P;  Epipap; =p;®p;@Ap;+p;@4p;®p;+Ap;®p;®p; (191)
Ep dp;ap; = P;@4p ;@4p; +4p;@p; @4p; +4p ;@ 4p; ®p; (192)
]EAijijpj ZApj®Apj®Apj (193)

yielding
ﬁi(/lj) ®ﬁi(/1j) ®ﬁi(/1j) = ]EP,'P,'P,' +/1f]EPijAPj +/1;]EP,‘AP,'AP,' +/1;]EAP,'AP,'AP,' : (194)

Accordingly, the integral on the right-hand side in (190) becomes

Ng; Lo A~ ~
fpi(si)®Pi(Si)®Pi(Si)®V(Si) o f Pi(1)®pi(1)®p;(4,)dA; ®pt
o, +dD)1/2 L . N 1/2 i~
o, p;-p; +d7) =y [Pi(/lj)'Pi(/lj)"‘d%]
NEz
= _Z [IOJ]EP,'P,'P,' +1; ]EPijAPj+ (195)
=1

1
+1;Ep apiap; + 13 ]EAp,-Ap,-Ap,-] ®4p;

where the integrals Iyj, I j, Ij and I3; are explicitly evaluated in the Appendix 2.
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In conclusion one has

fpi(si) ®p;(s)®p;(s)®V(s;

NEg:
) [
ds»zz 1oiEy o o +11iEy o 1o +
12 i i Epipip iBpip;dp
(pi'Pi"'di)/ — iPiPj iPjAP

OF;
L (196)
+1Dp; ]Eijijpj +13; ]EAPjA-”jApj ®Apj +

+hp®u ¥Yr+¥r®3bp+¥r®Dp.

The composition of the previous integral with k;, a quantity thatis needed in (175) and (to be
displayed), yields a third-order tensor. The contribution to the jkp component of this tensor
provided by the tensor product ¥ r, ®3 Ibp is given by

[(TF,- ®23 IZD) Ki]jkp = ('I’F,- ®23 IZD)jkpq(Ki)q = (TF,-)jp((skq)(Ki)q =

= (TFi)jp(Ki)k = (TF,' ®23 Ki)jkp .

197)

Analogously
[(L2p @24 1) i o (2o ®2 ¥, )jkpq (Ki)q = () )p k(Ki) i
- (Ki)j(TFi)pk = (Ki)j(TFi)kp = (k® 'PF")/‘kP

where the identity ('I’F,-) L= ('I’Fl.)k stems from the symmetry of ¥r,. Accordingly, we
p p
infer from (190) and (196)

(198)

NE.
_ [(Pi®pi®pPi®pidA; n
DOrki _f (0. pr+ )2 ki = _Z(K"'Apj )(Iof]EPijPj +1jEppap,+
i Vi i Jj=1

+12j ]EP,'AP,'AP,' +I3j ]EAijijpj)+ (199)

+Wr Qki+WF @3Ki+KiQWF,.

The expression (185) for €, and (190) for D, require the computation of the integral
¥ r. defined in formula (169); it is evaluated analytically by invoking the differential identity
grad[(,oa] =a®gradp+pgrada (200)

holding for differentiable scalar (¢) and vector (a) fields. Actually, applying the previous
identity as follows
Pi®p;

Grpraiyin HerptdD) P, (201)
i Pi i

gfad[(ﬂi Pt diz)l/zpi] =
integrating over F; and setting

1/2
tp, = f (pi-pi+d?) " da; (202)
Fi
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one has
21172
¥Yr = f[Pi(Si) Pi(si) +d; ] Pi(s)®Vi(si)dsi —tr,Iop. (203)
OF;
To compute the domain integral (202), we apply the differential identity
div|ga| = gradg-a+pdiva (204)
o\ 172
to the vector field (pi p;i+d; ) p; to get
. 12 PiPi 12
dlv[(pi-pi+di2) pi] = ﬁ +2(pi -pi+di2) (205)
(pi pitd; )
Adding and subtracting dl.2 to the numerator yields
2
. 1/2 1/2 d:
le[(Pi P +di2) Pi] =3 (Pi P +di2) - ﬁ , (206)
(pi pit d,' )
so that, upon integrating over F; and applying Gauss theorem, one has
1 172 d4?
=3 f [piCs0)-pi(s)+d7 | pi(si) - v(sidsi— S (207)

OF;

by recalling definition (62). In conclusion, we infer from (203) and the previous expression

21172
W, = f [pits)-pits+d? | pi(s @v(sidsi—
OF;

L
ZD{ f [oits)-pits+d2]" pitsi) - v(spdsi —d; w}

= Z{[f(ﬁiﬁﬁd?)l/zpids/‘]®Vf—
j=1

II
I d?
=) pl pl+d2 dsj]}+?’lpﬂ =
0
NEi
NP 12
= Z{[f[piuj)-piuj)m}] (pj+A,Apj)dAj]®Apj+—
j=1
_bp d;

NE; d2
= Z[(ujpﬁlsjzipj)@gp; =L p;- pj+1)14/] 3 = (i = Idilex;)
j=1

where ¢; is defined in (219).

e R f [ b+ }+?(w,»—|d,»|a,»)=

(208)

We have numerically verified that the sum over the Ng; edges of the first addend on the

right-hand side returns a symmetric rank-two tensor as the one the left-hand side.
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8 Appendix 2 - Available expressions of integrals

We hereby collect some known formulas in order to allow the reader to implement the ex-
pression of the gravity anomaly contributed in the main body of the paper.

We first report the algebraic expression of some definite integrals that will be repeat-
edly referred to in the sequel; they have been computed elsewhere D’Urso (2013a, 2014a,b)
though with a different denomination. Making reference to the quantities p;, g;, u;, v; intro-
duced in formula (71), we set

ATN1; = arctan 4ilp; +4,) s (209)
- NP
dila:
ATN2; = arctan & (210)

P =43\
where the suffix (-); has been added to remind that they all refer to the j-th edge of the
generic face Fj.
Of interest are also the following integrals

1

da; i+qi+ i\Pj+2q;i+v;
Ioj:f ! I/Z:Inkj:lnpj 9 ‘/? 2 e3)
] Y
0 [pj/12+2qj/lj+vj] 4 Pjvi
A;dA; 1 j
L= Rl 1/2=f{ pj+2qf+VJ—W—%10f}’ (212)
0 [pj/12+2qj/1j+vj] Pj Pj

1 Ll |
bj= 73 = 55| (Pi—34) \[Pj+24j+Vi+3q;\Vjl+
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Py Aty
0 [P//l +2qjdj+v; ) (213)
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(214)
1 2
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0 J
215)
1 1 [
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(216)



Gravity Anomaly of Polyhedral Bodies Having a Polynomial Density Contrast 45

1 12
[Pj/lz +2q;d;+ Vj] \di| 1
Isj = - da; = [ATN1;-ATN2;|+ —LN;. (217)
pjA*+2qjdj+u; ui—g? VPj
Pjuj—4g;
Let us now consider the evaluation of 2D integrals having either (p; - p; + diz)l/ 2 or (p; -
p;i+ dl,2)3/ 2 in the denominator. The first domain integral to consider is

dA;
lﬁF,Zf—:lﬁi—ldilfli (218)
¥ (Pi'Pi+d,2)1/2
where
0 pi+ d2>1/2 F (P2 +2g;2;+v))' 2
lﬁ, v/ f p/ p/+1 f 2 d/lj:
P; — 0 p/lj+2qj/lj+uj
& \di] 1 f
=D (pipt) —IZ[ATNIJ—ATNZJ]+\/—prNj = > Wi ph)-
J=1 Pjj=4q; ! J=1

(219)
The derivation of the previous expression can be found, e.g., in formula (19) of D’Urso
(2013a) and (23) of D’Urso (2014a).

The scalar @; in (218) is the two-dimensional counterpart of the quantity ay in (26)
and accounts for the singularity of r, when d; = 0 and p = 0 where o = (0, 0). Thus «;
represents the angular measure, expressed in radians, of the intersection between F; and
a circular neighbourhood of the singularity point p = 0, see D’Urso (2013a, 2014a,b) for
additional details. Although its computation is not required in the ensuing developments,
we specify for completeness that @; can be computed by means of the general algorithm
detailed in D’Urso and Russo (2002).

Analogously formulas (19), (77) and (79) of D’Urso (2014b) yield

2 1/2
‘ﬁF,- f(p -p; +d2)1/2 Zv/f(p’ pl+d / ds =

(220)
NEi 1 12 NEi
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Jj=1 0 J=1
while formulas (37) and (81) of D’Urso (2014b)
II
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NE; 1
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I A J (D +2q;4 +u))(pid; + 24,4+ v)) 2"
NE; .
~ @ E; pjpj_+1 ‘ NE a; i ‘ N
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Furthermore, on account of formulas (38) and (82) of D’Urso (2014b) it turns out to be

Lj

f pidA; f -
6= ) opr +d2)3/2 4 - ; +d2)1/2 -
| 0 (222)

ZA f a4, Z[ 4
=~ ) 4p;j 0j 4p7
) (pj2+2q; +v,)1/2 R

while one infers from formulas (40) and (83) of D’Urso (2014b)

Pi®P;
;= f — 4=
J @ pirayn

NEi Lj
Z—ZILZIZdS,’®Vj+lﬁFiIZD=
SJ (pipi+d)V
| (223)
NE.
! p:+A4p;
:_Zf — e l/zdﬂjmp;wﬂlw
= 5 (pj/lj+2qj/lj+vj‘)
NE;

—Z[LN/pJQMp/ +1i Apj®Apj]+lﬁF Lp
=

where I,p is the rank-two two-dimensional identity tensor.
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