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Abstract

In our sub-coalition approach, players and their blocs, termed sub-coalitions, form a grand coalition following the queue
bargaining model. So, sub-coalitional versions of marginal contribution values need to consider the marginal contributions
of blocs of players. This article is a novel contribution in two aspects. The first aspect consists of introducing a new sub-
coalitional value. This value is obtained by a modification of the solidarity value, introduced by Nowak and Radzik in 1994,
and an egalitarian way to divide the blocs’ contributions. The second aspect consists of applying the queue bargaining model
to provide new formulations for the sub-coalitional egalitarian Shapley value introduced in 2017 and the new sub-coalitional
value. Additionally, using a combinatorial approach, we prove that the solidarity value can be calculated using the queue
model where players share the marginal contributions with their predecessors, which is the same idea as in procedure 4
proposed by Malawski in 2013.
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1. Introduction

This paper focuses on a specific group of one-point solution concepts from cooperative games—the
sub-coalitional values. The notion of sub-coalitional value was first introduced by Stach in 2017 [20].
In the general sub-coalition approach, individual players and their pre-constituted blocs, termed sub-
coalitions, either form a grand coalition or join one at a time in a random sequence. In the sub-coalition
approach considered here, the grand coalition is formed through the successive addition of blocs of
players, randomly one by one, including blocs composed of single players. An intriguing issue is how
the players or blocs distribute their marginal contribution among their members. The method of dividing
the marginal contribution of a sub-coalition among its members, once applied, leads to various sub-
coalitional values.

This work continues the research on sub-coalitional values initiated by Stach [20], where some sub-
coalitional values were introduced and analyzed, considering some general properties of the values.
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Among these sub-coalitional values, one—referred to as the egalitarian SC-Shapley value — employs an
equal division of the marginal contributions of the blocs of players. In this paper, we propose a formula
for this value, as it was introduced in [20] in a descriptive manner.

Here, we also propose a new sub-coalitional value based on the solidarity value, introduced by Nowak
and Radzik in 1994 [16], and an egalitarian division of marginal contributions of blocs of players. We
provide a formula for this new sub-coalitional value as well. It is named the sub-coalitional egalitarian
solidarity value. To align with the name of the new sub-coalitional value, we have renamed the egalitarian
sub-coalitional value introduced in [20] to the sub-coalitional egalitarian Shapley value. The rationale
for this is that the order of words in the new name accurately describes the order of nesting of the sets of
values used, from the largest to the smallest.

The formulas we propose for the sub-coalitional egalitarian values are based on the queue bargaining
model of the Shapley value [18]. The formation of a grand coalition is realized through the random
successive addition of individual players—the queue bargaining model (see also [3]), for example. The
notation we use to define the formulas is inspired by that used by Felsenthal and Machover [3].

The queue bargaining model of the solidarity value [16] is very similar to that of the Shapley value. In
Section 2.1, the differences between the Shapley value and the solidarity value, as well as their bargaining
models, are explained in detail. Broadly speaking, the difference lies in how the marginal contribution
of a singular player to each coalition is considered in calculating the final value assigned to players. For
a more thorough comparison of the sub-coalition egalitarian values considered in this paper with their
baseline values, we also provide formulas for the latter using the queue model. Particularly, in the formula
based on the queue model for the solidarity value, players distribute their marginal contribution with their
predecessors in each queue, leading to the grand coalition (see also [13]). Malawski in [13] introduced

13

some procedural values with formulas for their calculations. The formula for Malawski’s “procedure 4”
leads to the solidarity value and is the same as ours but written using a different notation. Additionally,
using a combinatorial approach, we demonstrate that the solidarity value can be calculated according to
the provided formula here, as to the best of the authors’ knowledge, this has not been done yet.

The solidarity value and the sub-coalitional egalitarian values considered here belong to a group of
values that show solidarity with weaker players. All these values do not satisfy the null player property,
as can be seen in Examples 2 and 3 in Section 4. Thus, potential applications of the new sub-coalitional
value could be in the social context where goods are public, and stronger players donate a portion of their
winnings to weaker ones. Further considerations related to solidarity solutions can be found in [23].

The rest of this paper is structured as follows: in Section 2, we introduce some basic definitions
and notations of cooperative games, values, and sub-coalitional values. Here, using the queue bargaining
model, we provide a formula for calculating the solidarity value [16] and demonstrate that calculations by
this formula yield the same results as the original formula. Section 3 introduces two new formulas. One,
in Section 3.1, for the sub-coalitional egalitarian value, and the second one, in Section 3.2, for the new
sub-coalitional value introduced in this paper. Section 4 compares all considered values in theoretical
examples and terms of some known and desirable properties in cooperative games defined in Section 2.
Finally, Section 5 concludes the paper with some discussions and suggestions for further development.
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2. Preliminaries on cooperative games and values

Let N = {1,2, ..., n} denote an arbitrary set of players, where n = || stands for the size (cardinality)
of N. Each subset S of N is called a coalition, and N is called the grand coalition. The set of all
coalitions is denoted by 2V. For brevity, if a coalition is denoted by a capital letter, the corresponding
lowercase letter denotes the cardinality of the coalition, e.g., s = |S].

A cooperative game is a pair (N, v) formed by a finite set N and a real-valued function v : 2 — R,
called the characteristic function, with a requirement such that v({)) = 0. For each coalition, S € oN.
v(S) is called the worth of a coalition, and it is interpreted as the payoff that can be achieved if the
members of S cooperate. Let G be a set of all cooperative games on N.

Many solution concepts have been proposed for cooperative games. Among these concepts is a group
of one-point solutions called values. A value is a real-valued function that assigns to a cooperative
game (N, v) a unique vector f(N,v) = (f1(N,v), fo(N,v), ..., fu(N,v)). The component f;(N,v) is
a payoff/value that player i € N can expect to obtain playing the cooperative game (N, v). Since N does
not change in the rest of the paper, we will write f;(v) instead of f;(/N, v) hereafter.

Let us present below some known desirable properties of values.

e Efficiency property. In a cooperative game (V, v), the main issue is the sharing of the worth v(N) of
the grand coalition among the players. A value f is therefore said to be efficient if Z f(v) =v(N)
forall v € Gy. o

e Individual rationality property. A value f is said to be individual rational if, for each player i € N
obtains at least their worth, i.e., f({i}) > v({i}).

e Null player property. A value f fulfills the null player postulate if it allocates zero payoff to all
individuals ¢ € N whose net contribution to any coalition is zero. Formally, for all games v € Gy
f(v) = 0if i is a null player in (V, v), i.e., if marginal contribution of player i € N to coalition S
is [v(S) — v(S\{i})], for all coalitions S C N\{i}.

e Symmetry (anonymity) property. A value f fulfills the symmetry postulate if, it assigns the same
payoff/value to the “symmetric” players. Formally, for all games v € Gy and for each i € N
and each permutation () : N — N the following holds f(v) = fgu)(Q(v)), where Q(v)(S)

=v(Q7(S)).

2.1. Some known values in cooperative games

Next, we define three well-known values that we use in Section 3 to construct the sub-coalitional values.
The definitions of the values below are given for each cooperative game (N, v) and each player i € N.

The egalitarian value e (also called the egalitarian division or egalitarian solution) is an efficient and
v(V)

symmetric value that assigns to each player ¢ € N equal part of v(N), i.e., e;(v) =
The Shapley value (o), introduced by Shapley in 1953 [18], is defined as follows:

o) = S0 D) s i) )



Sub-coalitional egalitarian and solidarity values 143

Considering the queue bargaining model of the Shapley value [18] or of Shapley and Shubik [19] (see
[3, p. 182], for example, an alternative equivalent formula for the Shapley value exists. Before presenting
this formula, let us introduce some notions.

Let N be a finite set of n players. A permutation (queue or sequential coalition) () of NV is any bijection
from N to the set {1,2,...,n}. Q(N) is a set of all permutations of N. In each singular permutation (),
the order players are listed reflects the order they joined the coalition. By (); we denote the place of 7 in
Q). So, Q; is a positive integer and 1 < ); < n. Next, we define h;,Q) = {j € N : Q; < @;} as a head of
i in Q. It means that h;Q € 2" is a coalition with 4 and those players in N placed ahead of i in ().

Following the queue bargaining model, we can calculate the Shapley value [18] as follows:

01(@)2% > Wh@Q) —v(Q\{i})) (2)

" QEQ(N)

where the sum ranges over all n! orders Q@ € Q(N).
The solidarity value (¢), introduced and characterized axiomatically by Nowak and Radzik [16], is
defined as follows:

bi(v) = Z (n—s);('s—l)!Av(S) (3)
g "

where AY(S) is the average marginal contribution of a member of a coalition S and it is defined as

follows:
1

AY(8) = =D (v(S) = v(S\{i})
i€s

for each coalition S € 27

Note that how players form the grand coalition in the bargaining model of the solidarity value is the
same as that of the Shapley value [18]. This means, loosely speaking, that the formation of the grand
coalition [V starts with a single player, and then the coalition adds one player at a time until everyone has
been admitted. Players join the coalition in a random order, and all n! sequences are equally probable.

The difference between the two values lies in how the grand coalition’s total win is divided among
the players. In the Shapley value bargaining model, each player, upon their admission to the group,
is promised the amount their adherence to the group contributes to the value of the coalition (as deter-
mined by the characteristic function), i.e., the so-called marginal contribution of a player. The Shapley
value assigns each player their average marginal contribution across all coalitions to which they belong.
Meanwhile, the solidarity value assigns each player the sum of the coalition members’ average marginal
contribution across all coalitions to which the player belongs. Thus, the foundation of the solidarity value
is to be in solidarity with the weaker players. In other words, if a player become a member of coalition 5,
then he obtains A°(S) = é Z(U(S ) — v(S\{i})—the average marginal contribution of a member of S.

Hereafter, we provide anlgtsher formula for calculating the solidarity value, but first, let us introduce

further notation. Consider the set of all permutations of N—Q (/). For each Q) € Q(N) and i € N, let
us define t,QQ = {j € N : Q; > Q;} as atail of 7 in (). It means that ¢;() € 2N is a coalition with ¢ and
those players in NV placed behind of 7 in ().
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If we follow the queue bargaining model of Shapley and Shubik [19] (see [3]) as well, we can calculate
the solidarity value as follows:

QeQ(N) ketiQ |h’“Q|

v(hiQ) — U(th\{ 1.

that S is the head of a player in position k in a queue (see also [3]). Note that, in the Shapley value, the full

where is the probability that a given coalition S = h;() will form, i.e., the probability

worth of a marginal contribution v(h; Q) —v(hQ\{k}) is assigned to one player, k, whose joining constitutes
coalition h (), whereas, in the solidarity value, this amount is divided equally among all members of /(). So,

v(h@) = v(hQ\{k})
7@
Note that Malawski, in 2013 [13], using a slightly different notation provided a general formula for

each member of /() obtains

and the remaining players in () obtain zero.

procedural values, where changing a coefficient results in a different procedural value. Specifically,
Procedure 4 leads to the calculation of the solidarity value according to formula (4) as well.

In the next section, using a combinatorial approach, we demonstrate that calculations of the solidarity
value according to formulas (3) and (4) lead to the same results, as seen in Proposition 1. The rationale
for presenting the demonstration in Section 2.2, rather than immediately, is that the considerations in the
proof become clearer after the presentation of the solidarity value calculation in Example 1. Example 1
is provided there, in Section 2.2.

2.2. The Shapley and solidarity values in comparison

In this section, we calculate and compare the Shapley and solidarity values in Example 1. The calcula-
tions for both values are based on the queue bargaining models, i.e., using formulas (2) and (4). The rea-
son for this is to facilitate a better understanding of the differences between them and their sub-coalitional
egalitarian versions defined in Section 3.

Example 1. Let us consider a three-player cooperative game given by the following characteristic form:

v(@) = 0,v({1}) = Lv({2}) = v({3}) = 0, v({1,2}) = 4, v({1,3}) = 3, v({2,3}) = 2,v({1,2,3}) = 5.

Table 1. The Shapley value calculation according to the queue model in Example 1

Q Coalitions Player 7’s marginal contributions to coalition S

order of players S =h,QinQ,7=1,2,3 =1 1=2 1=3
(1,2,3) {1}, {1,2}, {1,2,3} 1 3 1
(1,3,2) {1}, {1,3}, {1,2,3} 1 2 2
2,1,3) {2}, {1,2},{1,2,3} 4 0 1
(2,3, 1) {2}, {2,3},{1,2,3} 3 0 2
(3,1,2) {3}, {1,3}, {1,2,3} 3 2 0
(3,2, 1) {3}, {2,3}, {1,2,3} 3 2 0
Total 15 9 6

Shapley value 15/6 =2.5 9/6 =1.5 6/6 =1

Table 1 shows the Shapley value calculations in Example 1. The first column provides the order in
which players join in forming the grand coalition /N. The last three columns provide, for each order and
for each player, the amounts contributed to the value of the coalition by the players’ joining the group.
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Table 2 provides the solidarity value calculations according to the queue bargaining model in Exam-
ple 1. We can find, for each player in each order of formation grand coalition, all sum components of the

average marginal contribution of a coalition member (formula (4)).

Table 2. The solidarity value calculation according to the queue model in Example 1

Sum of fractions/summands of average marginal

order O?players S=n, S?EIIQUOZHS: 1.2.3 .contributions A”{S ) assigned to playeri
1=1 =2 1=3
(1,2,3) {1}, {1, 2}, {1, 2, 3} 1+32+1/3 312+ 1/3 1/3
(1,3,2) (1}, {1,3}, {1,2,3) 141423 2/3 1+2/3
@, 1,3) (2}, {1,2}, {1,2,3) 2+ 173 0+2+1/3 1/3
2,3,1) (2}, (2,3}, {1,2,3) 1 0+1+1 1+1
(3,1,2) {3}, {1, 3}, {1, 2,3} 312 +2/3 2/3 0+32+2/3
3,2, 1) {3}, {2, 3}, {1,2, 3} 1 1+1 O+1+1
Total 12 1972 1772
Solidarity value 12/6 =2 19/12=1.583) 17/12=1.41(6)

In Example 1, we can observe that the solidarity value is solidaric with weaker players. Player 1 is the
strongest player, and Player 3 is the weakest one, according to both the characteristic function and the
Shapley value (Table 1). By the definition of the solidarity value, players who contribute to a coalition .S
more than the average marginal contribution, in some sense, support the “weaker” partners in .S, as shown
in formula (3). As a result, Player 1 helps both Players 2 and 3, but offers more support to Player 3.

Before we demonstrate that the solidarity value can be calculate following formula (4), in Table 3, we
present calculations of this value according to original formula (3) in Example 1.

Table 3. The solidarity value calculation according to original formula (3) in Example 1

A" (S) assigned to a player and shown

Coalition S A”(S5) v(S) — v\ Cocfficient with summand that it consists of
1=1 1=2 i=3 (n—s)l(s—1)! 1=1 1=2 1=3

{1} 1 1 2 1

{2} 0 0 2 0

{3} 0 0 2 0

{1,2} 72 4 3 1 4+3)2 @4+3)2

{1, 3} 512 3 2 1 (B +2)2 B+2)2

{2, 3} 472 2 2 1 2+2)2 Q2+2)2

{1,2,3} 6/3 3 2 1 2 G+2+D/3 G+2+1)/3  (3+2+1)/3

Total (considering multiplication by a coefficient) 12 1972 172

Solidarity value 12/6 19/12 17/12

As we can observe, the payoff assigned to players by formulas (3) and (4) of the solidarity value in
Example 1 is the same (Tables 2 and 3).

Now, let us present a demonstration that the solidarity value, calculated according to the queue bar-
gaining model (formula (4)) yields the same results as those calculated by formula (3) in the general

case.

Proposition 1. For each game (NN, v) and player i in N, the value obtained by the queue bargaining
model (formula (4)) is the solidarity value defined by formula (3).
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S) —v(S\{1
Proof. Let fix a game (N, v). Let denote by A}(S) = v(S) —v(S\{e})
S
to the average marginal contribution A%(S), i € S C N. Observe, that by the definition, the average

the player i’s contribution

marginal contribution to coalition S C N, A”(S), is calculated as the sum of the marginal contribution of
players divided by the cardinality of S. So, A"(S) = Z A?(S). For example, for coalition S = {1, 2, 3},

€8
— 1 — 2 —
=5, 4(5) = CE UMD | (018) ZoNEN) | ¢~ i B 1
2
equal to A"(N) = g + 3 + —-. The contribution of Player 1 to average marginal contribution to coalition

3
N) Zo(i2,3 3 2 1
Nis Ar(n) = 2 ;’“ 3H S A5(V) = 2. and Af(N) = . see Table 3. Hence, when

calculating the solidarity value for a player i € N by formula (3), for every coalition S > ¢ and each of

its members k € S, A}(S) appears (n — s)!(s — 1)! times (as a component of A”(.S)), as the formula
itself indicates.

Thus, in order to prove Proposition 1, it is sufficient to show that, using the queue bargaining model
and Malawski’s Procedure 4 [13], for player « € N and all coalitions S C N with him, ¢ € S, the
number of all parts assigned to player i, i.e., A}(S), where S = h;Q, k € t;Q, over all orders of players
Q € Q(N),isequal to (n —s)!(s — 1)!

Below, step by step, we give all observations that helps to prove Proposition 1.

1. When we calculate the value using formula (4), we regard all possible permutations of players. For
|N| = n, we have n! permutations—queues of players.

2. For each permutation (order of players), we consider formation of n coalitions. We start with empty
coalitions, then the first player arrives forming a coalition of size 1. Subsequently, the second player
joins the first one, forming a coalition of size 2, and so on, until the last player joins the previous
players, in the order, forming coalitions of size n, denoted as N.

3. The above implies that, if n > 2, then each non-empty coalition S C N appears more than one time
considering all possible queues of player—permutations. In particular, each coalition .S (of size s)
is considered (n — s)!s! times over all n! queues of players, which is not difficult to show. Namely,
when we choose s players, these s players can form s! queues/orders, then the remaining players
can create (n — s)! orders. For example, coalition {1, 2} is regarded (n — s)!s! = (3 —2)!12! = 2
times, in Example 1. Specifically, {1, 2} appears, for the first time, considering permutation (1, 2, 3)
and, for the second time, considering permutation (2, 1, 3), see second columns in Tables 1 and 2.

4. For each coalition S = h;(), formed by the addition of player i € N, in formula (4), the marginal

v(hiQ) — v(heQ\{1})
|7:@Q)

Jorder that constituted coalition S—i. This contribution is nothing more than the contribution A} (.5)

_ v(8) —v(S\{i})

contribution

is calculated only for one player—the last player in the queue

to the average marginal contribution A”(S). For example, in queue (1,2, 3)
when Player 2 joins Player 1 coalition {1,2} is formed and we calculate the average contribution
of Player 2 only, which is equal to (4 — 1)/2 = 3/2 = A5({1,2}), see Table 2. Then, this value is
assigned to all members of S. Hence, also Player 1 obtains this value A5({1,2}). In permutation
(2,1,3), when Player 1 joins Player 2, a coalition {1,2} is formed and we calculate the average
marginal contribution of Player 1 only, (4—0)/2 = 4/2 = 2 = A({1,2}), see Table 2. Concluding,
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fixing a coalition S of size s, this coalition appears (n — s)!s! times in all permutations, and each
time a marginal contribution is calculated for one player only. Then, this marginal contribution is
divided by s and the result (A} (.5)) is assigned to all members of S. In all (n — s)!s! cases, the
marginal contribution of a particular member of S is considered only (n —s)!s!/s = (n—s)!(s —1)!
times, as the number (n — s)!(s — 1)! indicates the number of times that a chosen player is on
the last position in the queue constituting coalition S. Thus, in total, each member of S obtains
(n—s)l(s—1)! ZA” = (n—s)l(s — 1)1AY(S).
kes
Thus, starting from formula (4), we have

Z Z hsz -V th\{k})

QeQ(N ) ket;Q Q|
_ %Z(n —)ls =Y Ans) =Y (n S)n('s — D).
CEY) keSsi Si )

This ends the proof. The method of calculation bases on the queue bargaining model (formula (4))

leads to formula (3) of the solidarity value. O

2.3. Sub-coalitional approach to values based on ordered partitions

There are two types of sub-coalitional values introduced in [20]. One group of sub-coalitional values
is based on ordered partitions of grand coalition /N and the second group on partitions of /N. The sub-
coalitional approach of the first group assumes that all ordered partitions of /V are possible, and the grand
coalition is formed by joining an individual or group of players. Below we provide the formal definition
of the ordered partition of the grand coalition.

An ordered partition 7 = (S, ..., Sk) of grand coalition N into k groups (i.e., blocs of players
called by us sub-coalitions) where 2 < k < n is any permutation of k& non-empty subsets S; C N,
j €11, 2, ..., k} such that every member of N belongs to one and only one of these subsets. In other
words, permutation (S, ..., Sk), is an ordered partition of NV if the following holds:

1. S; #@foralll <j <k

2. 59USU...US, =N

3. 5,nS,=@fori#jandi,j € {1,2,...,k}.

Of course, the arrangement of blocs S; € (2V\@) forall 1 < j < kin (Sy, ..., Si) is important.
The number of ways to arrange a set of sub-coalitions {57, ..., Sk} in a specific order is equal to k!

By II(N) we denote the set of all ordered partitions of N into k blocs and by II(N) the set of all
possible ordered partitions of N. If |N| = n, then the number of all possible ordered partitions of N is

N)|:Z|Hk(N)

So, for n = 2, we have two different ordered partitions: ({1}, {2}) and ({2}, {1}).

equal to
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For n = 3, there is twelve ordered partitions. In particular, |IIo(N)| = |II3(N)| = 6 and II(N) = {({1},
{231 31, ({11 {35, {23), ({23 {1}, {31), ({2, {3}, {1}), ({3}, {1}, {2}), ({3}, {2}, {1}), ({1}, {2, 3}),
({233 {1}), ({2} {1,3}), ({1, 3}, {21), (13}, {1, 2}), ({1, 2}, {3})}-

In general, the number of ways to partition a set of n elements into & non- empty subsets is given by so-

-called Stirling number of the second kind and expressed by the formula S = Z ( ) k—j)"

(see, for example, [9, p. 824-825]). Thus, |/1;(N)| = k!lS(n, k). Because for j = k and n>2k—-j5"=0,

we have
(N Z p(5) - ana (-

k=27

3. The sub-coalitional egalitarian values

In this section, we revisit the procedure of the sub-coalitional egalitarian Shapley value introduced by
Stach (2017) [20]. We then provide a formula for this value, which represents a novel contribution of this
paper (see Section 3.1).

Section 3.2 introduces a new value as a modification/extension of the solidarity value introduced
by Nowak and Radzik [16]. Specifically, we outline a three-step procedure to calculate this value and
subsequently propose a formula for what we have named the sub-coalitional egalitarian solidarity value.

Let us introduce the notation necessary in Sections 3.1 and 3.2 to define both sub-coalitional values
already mentioned. Let us fix a game (V, v), an ordered partition of N, 7 = (Sy, ..., Sk) € II(N) where
2 < k < mn,and aplayer : € N. We denote the place of a bloc S in 7 by pgm. Let us denote the place
of the bloc with player ¢ in 7 by 7i. Thus, ps_m = mi. For not create so many levels in describing the
place of bloc with player i, we shortly denote the bloc with i by ¢S. A coalition hg is called a head

bsm
of bloc S in an ordered partition 7 = (Sy,...,Sk), where 2 < k < n,if hgm = {j € N : j € U S,
=1
7 = (S1,...,5), 2 < k < n}. This coalition consists of members of bloc S and members of those

blocs in 7 placed ahead of bloc S in 7. A tail of a bloc S in an ordered partition 7 = (51, ... Si), where
k

2 < k < n,is defined as follows tsm = {j € N : j € U Sy =(S1,...,5),2 <k <n}. The tgm

l=pgm
coalition consists of those blocs in 7 placed behind S.

3.1. The sub-coalitional egalitarian Shapley value

The following three-step algorithm calculates the sub-coalitional egalitarian Shapley value.
Step 0. Select a player ¢ € N.

Step 1. For each ordered partition of N—n = (51,...,Sk)—that consists of k blocs of players
linebreak (k = 2, ..., n) fix the bloc with player ¢ in 7 by 7S5.
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Step 2. Calculate the marginal contribution of a bloc selected in step 1 (bloc i.S): v(h;sm)—v(h;sm\iS).
Then divide equally the marginal contribution of bloc ¢S among its members. Then, assign to player @

U(hisﬂ') — ’U(hlsﬂ'\ZS)
[i5] '

Step 3. Sum up all values assigned to player ¢ over all ordered partitions and then divide the result by

the following amount

|II(N)| to get the sub-coalitional egalitarian Shapley value of player i.

Proposition 2. The sub-coalitional egalitarian Shapley value (c¢) for each cooperative game (N, v)
and a player ¢ € N is given as follows:

() = v(hism) — v(higm\1S)
7= 2 ( 1I(N)] - i8] ) ©)

weII(N)

Proof. From the three-step algorithm given above, we immediately obtain (5), which is what is needed
to be proven. U

3.2. The sub-coalitional egalitarian solidarity value

The following three-step algorithm calculates the sub-coalitional egalitarian solidarity value.
Step 0. Select a player ¢ € N.

Step 1. For each ordered partition of N—n = (51,...,Sy)—that consists of k blocs of players
(k=2,...,n), fix the bloc with player ¢ in 7—iS.

Step 2. Starting from bloc ¢S to Sk, i.e., for each bloc 7" in tail of iS (1" € t;sm), calculate the
marginal contribution of a bloc selected, v(hrm) — v(hrm\T'), and distribute this value equally among
the blocs placed ahead of bloc 7" in 7, i.e., among blocs in head of T'(hm). So, the bloc with player
v(hrm) —v(hpm\T)

prm
is distributed equally among its members. Total all values assigned to player ¢ over all blocs in ¢;g7:
Z U(hTTF) — ’U(hTﬂ'\T)

prm - ‘ZS‘

17 obtains

as 75 belongs to this group of blocs. Then, the amount assigned to .S

Tetisﬂ'

Step 3. Sum up all values assigned to player ¢ over all ordered partitions and the amount obtained then
divide by |II(N)|. The value obtained is the sub-coalitional solidarity egalitarian value of player 1.

Proposition 3. The sub-coalitional egalitarian solidarity value (¢°) for each cooperative game (N, v)
and a player ¢ € N is given as follows:

hT7r ) — v(hym\T)
- Y N e o

m€ll(N) Tet;sm

Proof. From the three-step algorithm given above, we immediately obtain (6), which is what needs to
be proven. 0
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4. Comparison of sub-coalitional egalitarian values

Let us start with the comparison of both sub-coalitional values considered in Section 3, i.e., the sub-
coalitional egalitarian Shapley value and the sub-coalitional egalitarian solidarity value in Example 1.
Tables 4 and 5 present the calculations for Example 1.

Table 4. The sub-coalitional egalitarian Shapley value calculation in Example 1

Part of contribution of .S to h;sm

L assigned to player ¢

ordered partition A F—" =3
({1 {2} {3} 1 3 1
({1} {34 {2} 1 2 2
({2}, {1}, {3} 4 0 1
({2}, {3}, {1} 3 0 2
({35 {1}, {2H) 3 2 0
({31 {2}, {1}H 3 2 0
({1}, {2,3}H 1 2 2
({2, 3}, {1DH 3 1 1
({2}, {1,3}H 52 0 52
(1,3}, {2H 3/2 2 3/2
({3}, {1,2}H 5/2 5/2 0
(1,2}, {3H 2 2 1
Total 5572 3712 28/2
o° 55/24 = 2.29167 37/24 = 1.54167 28/24 = 1.16667

Table 5 provides the sub-coalitional egalitarian solidarity value calculations according to the queue
bargaining model in Example 1. In particular, we can find, for each player in each ordered partition of
grand coalition, all sum components of average marginal contributions assigned to each player (see also
formula (6)).

Table 5. The sub-coalitional egalitarian solidarity value
calculated in Example 1

Sum of fractions/summands of average

T marginal contributions A"(.S) assigned to player ¢

ordered partition

({1}, {2}, {3 1+3/2+1/3 3/2+1/3 1/3
({1}, {31, {2) 1+1+2/3 2/3 1+2/3
({2} {1} {3} 2+1/3 0+2+1/3 1/3
({2}, {3}, {1 1 04+1+1 1+1
({31 {1}, {2} 3/2+2/3 2/3 0+3/2+2/3
({3}, {2}, {1} 1 1+1 0+1+1
({1}, {2,3) 1+2 1 1
(12,3}, {1} 312 1+3/4 1+ 3/4
({2}, {1,3}) 5/4 0+5/2 5/4
(1,3}, {2} 3/2+1/2 1 3/2+1/2
({3}, {1,2)) 5/4 5/4 0+5/2
(1,2}, {3) 2+1/4 2+ 1/4 12
Total 23.25 19.25 17.50

(e 1.9375 1.6042 1.4583
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Both sub-coalitional egalitarian values are more solidaric with weaker players than the original values
(Tables 1, 2, 4, and 5). This result was expected, as in both cases an egalitarian division was used to
distribute the sub-coalition’s contributions.

Two other examples of games are considered in [20]. We recall these examples (Examples 2 and 3) to
add observations about the new sub-coalitional value introduced in this paper—)°.

Example 2. Let us consider a three-player cooperative game given by the following characteristic form:
v(@) =0,v({1}) = v({1,3}) = L, v({2}) = v({3}) = v({2,3}) = 0, v({1,2}) = v({1,2,3}) = 4

In Example 2, Player 3 is a null player. The sub-coalitional egalitarian Shapley value is equal to o° =
(53/24, 35/24, 8/24), while the sub-coalitional egalitarian solidarity value is equal ¢ = (245/144,
197/144, 67/72), see Table 6, where these results are compared with the Shapley and solidarity values.

Table 6. The sub-coalitional and classical values in Example 2

Player payoff
Value i 5 3
The Shapley value 2.500 1.500 0
The solidarity value 1.778 1.361 0.861

The sub-coalitional egalitarian Shapley value 2.208 1.458 0.333
The sub-coalitional egalitarian solidarity value 1.701 1.368 0.931

Example 3. Let us consider a three-player cooperative game given by the following characteristic form:
v(@) = 0,v({1}) = v({1,3}) = Lvo({2}) = v({3}) = v({2,3}) = 0, v({1,2}) = v({1,2,3}) = L

Player 1 is a necessary member to make a coalition win 1. Players 2 and 3 contribute nothing to
any coalition, so their position in each coalition is symmetric and null. The sub-coalitional egalitarian
Shapley value is equal to ¢ = (10/12, 1/12, 1/12), while the solidarity value is equal ¢ = (20/36,
8/36, 8/38) (see Table 7). The table also includes calculations of the Shapley and solidarity values to
facilitate a comparison of all values considered in this paper.

Table 7. The sub-coalitional and classical values in Example 3

Player payoff
Value I 5 3
The Shapley value 1 0 0
The solidarity value 0.611 0.194 0.194

The sub-coalitional egalitarian Shapley value 0.833 0.083 0.083
The sub-coalitional egalitarian solidarity value 0.556 0.222  0.222

Both sub-coalitional egalitarian values considered in this paper (i.e., 0 and ¢°) satisfy the symmetry
and efficiency properties by definition, but do not satisfy the null player property, as the solidarity value,
see Examples 2 and 3 and Tables 6 and 7. Moreover, in comparison with the Shapley value, the individual
rationality property is violated for both sub-coalitional values, o and ¢ , and for the solidarity values as
well, see Example 3 and Table 7.

5. Conclusions

One of the novel contributions of this paper is the proposal of a new sub-coalitional value with a formula
for its calculation. Specifically, the paper introduces the sub-coalitional egalitarian solidarity value )°
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as a modification of the solidarity value proposed by Nowak and Radzik [16], and offers an application
of the egalitarian value for the division of marginal contributions of blocs of players (Section 3.2 and
formula (6)).

We also present a new formula for the sub-coalitional egalitarian Shapley value following the queue
bargaining model proposed by Shapley and Shubik [19] (Section 3.1 and formula (5)).

Another novel contribution is a demonstration, using the combinatorial approach, that formula (4)
leads to the calculation of the solidarity value (formula (3)).

An interesting issue that could be explored more deeply in further research are the advantages and
disadvantages of the two proposed sub-coalitional values (1) and ¢°) in real-life applications compared
to each other and other solidarity measures. Now, based on the results obtained in this paper, we can
suggest some directions for further developments in this regard.

Stach and Bertini [23], in a paper devoted to some solidarity measures for sharing (public) goods
among members with different participation quotas in a binary decision-making process, compare them
considering some properties in simple games. Among these measures, the solidarity value [16] was
regarded as well. It would be interesting to extend this comparison to the new sub-coalitional values )¢
and ¢ and observe which of the considered properties in [23] are satisfied and which are lost compared
to the original values ¢ and o. It could help to better understand the advantages and disadvantages of
the proposed values in real-life applications. Certainly, an advantage of the proposed values in real-life
applications is that these new values picture all possible formation of grand coalition () giving the same
chance to all possible divisions of N, it means permutations of blocs. So consequently, as also observed
in all three examples of this paper, the new sub-coalitional values are more solidary towards weaker
players than their original values. Thus, the potential applications of the two sub-coalitional values, 1/
and o°, could be in the social context where stronger agents donate a portion of their winnings to weaker
ones.

o loses the dummy player property satisfied by o. ) and ¢ do not fulfil the dummy player postulate
as well. The portion of win assigned to a dummy/weak player could give an idea about the “cost” of
keeping him in blocs/sub-coalitions. Both sub-coalitional values maintain the symmetry and efficiency
property which do not eliminate a lot of possible real-life applications of these values.

It would also be worth expressing these new sub-coalitional values using the null player free winning
coalitions, as it was made for some solidarity values in simple games [22]. This also could help with the
acquisition of knowledge on these sub-coalitional values.

In this paper, we concentrate on the formulas and not practical applications. There is still a lot to
be explored in this regard. For example, the disadvantage of the proposed values in real applications is
their calculation in games with many players. According to the sub-coalition approach considered here,
for example, for six players there are 4,682 possibilities to form a grand coalition (Section 2.3). So, the
elaboration of efficient algorithms would help to facilitate the calculation.

The research presented in this paper could be further developed. Below we list some other potential
ideas:

e Comparing new proposed sub-coalitional value taking into account some known properties of values
or a priori unions of coalitions [2, 17].
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e The formulas for the sub-coalitions proposed by Stach [20]. In this paper, we proposed the formulas
only for the ¢ value and the new proposed value °.

e Modification of further values witha a sub-coalitional approach, e.g., the public good index of Holler
[11,12].

e Extending a sub-coalitional approach to games modeling voting rules with abstention could be a
good idea [4-6], for example.

e Another very interesting aspect to examine is the sub-coalitional approach to the so-called proba-
bilistic power indices. In particular, take into account that the power of any sub-coalition could
significantly depend on the size of such a sub-coalition and its internal cohesion (measured by the
probability that a member of the sub-coalition follows the leader) [7, 8, 14].

e As was just mentioned by Stach [20] and still not done, it would be interesting to study the rela-
tionship between the sub-coalitional values and the interaction index introduced by Grabisch and
Roubens in 1999 [10].

e Regarding the efficient computation of the proposed sub-coalitional values, an approach like the one
introduced by Staudacher et al. [27], i.e., applying the dynamic programming, could be considered.

e Referring to applications of sub-coalitional values, one application could be assessing the power of

firms in complex shareholding structures, i.e., to measure indirect control power, as indicated, for
example in [1, 15, 21, 24-26].
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