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We investigate the use of artificial neural networks in the context of data-driven moment matching for
nonlinear systems, comparing it with state-of-the-art approaches that rely on regularized kernel methods or
least squares. We propose a novel neural network model that shares the properties of the moment function of a
nonlinear system, which can be learned by means of surrogate-based black-box optimization methods (such as
Bayesian optimization). To validate the proposed approach, we conduct an extensive simulation analysis of the
method on two benchmark model reduction problems, employing different settings and comparing with state-

of-the-art methods. This investigation suggests that neural networks are a suitable and promising approach for
data-driven moment matching, and they appear to show comparable performance to state-of-the-art methods
based on regularized kernel methods.

1. Introduction

Model reduction methods are commonly used to address the chal-
lenges associated with large-scale dynamical models that involve a
significant number of ordinary or Partial Differential Equations (PDEs)
(Rowley & Dawson, 2017; Schilders, 2011; Snowden, van der Graaf,
& Tindall, 2017). These methods aim to construct a simplified model
that approximates the underlying large-scale system while preserving
essential properties. A variety of paradigms and model reduction tech-
niques have been developed, differing in the specific properties they
preserve, the criteria used for approximation, and the assumptions
made about the underlying system. For Linear Time-Invariant (LTI)
systems, classical approaches include methods based on balanced trun-
cation (Glover, 1984; Kawano & Scherpen, 2017; Safonov, Chiang, &
Limebeer, 1990) and the interpolation techniques such as the Loewner
framework or moment matching (Astolfi, 2010; Benner, Gugercin, &
Willcox, 2015; Gosea & Antoulas, 2018; Ionescu & Astolfi, 2015; Mayo
& Antoulas, 2007; Moreschini & Astolfi, 2025; Moreschini, Simard, &
Astolfi, 2023, 2024; Padoan, 2023; Samari, Sandberg, Johansson, &
Lavaei, 2023). See Antoulas (2005), Astolfi et al. (2024), Benner et al.
(2015), Scarciotti and Astolfi (2024) for exhaustive overviews of the
literature.

Moment matching is a model reduction method that devises a lower-
complexity model matching the moment of the underlying model. In
the case of LTI models, the moment is defined as the value of the
transfer function and its derivatives evaluated at specific points in the

complex plane where the function is defined (Antoulas, 2005, Sec11.1).
Astolfi (2010) shows that the moment of an LTI system is in a one-
to-one relation with the steady-state output of the system when it is
driven by a signal generated by a specific autonomous LTI system,
referred to as a signal generator. This new interpretation led to the
extension of the moment matching paradigm to nonlinear systems,
where the concept of moment relies on the invariant manifold, which
exists under certain assumptions, of the system interconnected with
the signal generator (Astolfi, 2010). For this reason, the reduction
of a nonlinear model by moment matching requires the solution of
the invariant equation (Carr, 2012; Isidori, 1995) that is a PDE whose
complexity can escalate with both the dimension of the signal gen-
erator and the system. Additionally, in most practical applications,
mathematical models are uncertain, imprecise, or even unavailable,
creating additional challenges in finding a reliable reduced model using
moment matching. Recently, both these problems have been tackled
by employing measurements taken on the plant to directly estimate
the model without resorting to the mathematical model of the system,
leading to the so-called data-driven moment matching paradigm (Bhat-
tacharjee, Moreschini, & Astolfi, 2025; Haasdonk, Hamzi, Santin, &
Wittwar, 2021; Mao & Scarciotti, 2024, 2024; Moreschini, Scandella,
& Parisini, 2024; Scarciotti & Astolfi, 2017).

Data-driven moment matching can be interpreted as a learning prob-
lem, where the goal is to estimate the moment function of the system to
be reduced, modeled as a mapping from the states of a signal generator
to the system’s steady-state outputs obtained by an experiment in
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steady-state. This perspective has motivated a growing body of research
over the past decade. The seminal paper (Scarciotti & Astolfi, 2017)
assumes that the moment can be approximated with a linear combina-
tion of known functions, estimated using the least squares algorithm.
Since then, this technique has been extended to two-sided moment
matching (Mao & Scarciotti, 2024) and moment matching methods that
are agnostic to the signal generator (Bhattacharjee et al., 2025). More
recently, Moreschini, Scandella et al. (2024) proposes a new learning
method that employs potentially high-dimensional reproducing kernel
Hilbert spaces with a regularization term to handle the bias-variance
trade-off.

1.1. Contributions

In this work, we explore the use of Artificial Neural Networks (ANNs)
for the data-driven moment matching problem. In the past years, ANNs
were employed as functional approximators for different tasks, from
traditional supervised learning problems (i.e., regression and classifica-
tion) to image analysis and sequence modeling (Goodfellow, Bengio,
& Courville, 2016, Ch 6-10). Furthermore, neural networks are gain-
ing popularity in the system identification community for learning
nonlinear dynamical systems (Pillonetto et al., 2025). Apart from the
numerous success stories in fields such as speech recognition, computer
vision, drug discovery and genomics (LeCun, Bengio, & Hinton, 2015;
Liu et al., 2017), the widespread use of ANNs is also motivated by
strong theoretical properties including the universal approximation
theorem, which states that a sufficiently complex neural network can
approximate any continuous function to arbitrary accuracy (Pillonetto
et al., 2025). Despite the ever-growing usage of ANNs, their application
to data-driven moment matching remains unexplored. Yet, their em-
ployment in this context could be particularly beneficial with respect
to the literature reviewed in the previous paragraph, potentially over-
coming the inability to model complex functions using linear-in-the-
parameters models used by Mao and Scarciotti (2024), Scarciotti and
Astolfi (2017), and mitigating the scalability issues related to kernel
methods used by Moreschini, Scandella et al. (2024) (see Quifionero-
Candela & Rasmussen, 2005; Rudi, Carratino, & Rosasco, 2017; Scan-
della, Mazzoleni, Formentin, & Previdi, 2021 for more details and
possible solutions to the problem). For these reasons, this work pro-
poses a novel ANN-based data-driven moment matching method for
nonlinear systems. In particular, we propose a novel ANN model that
embodies the properties of the moment function of a nonlinear system.
This model can be tuned using data collected from experiments on
the plant or through simulation, employing surrogate-based Black-Box
Optimization (BBO) techniques (Regis, 2020; Vu, D’Ambrosio, Hamadi,
& Liberti, 2017), such as Bayesian optimization (Frazier, 2018). Given
that the estimated moment is a valid moment function of a nonlinear
system, it can be used to construct a reduced model from the collected
data. To validate the ANN model, we test it on two model reduction
benchmarks against the state-of-the-art data-driven moment matching
methods based on linear-in-the-parameters models (Scarciotti & Astolfi,
2017) and regularized kernel methods (Moreschini, Scandella et al.,
2024). We show that ANNs are a valid tool for these settings, achieving
accuracies comparable with the aforementioned methods even in the
presence of noise. Despite representing a substantial advancement over
the linear-in-the-parameters models of Scarciotti and Astolfi (2017),
ANNs have yet to demonstrate a significant performance improvement
over the kernel-based approach of Moreschini, Scandella et al. (2024).

1.2. Organization

The remainder of the paper is organized as follows. Section 2
recalls the notion of moment matching for nonlinear systems. Section 3
describes the data-driven moment matching problem that we tackle in
this article. Section 4 introduces a neural network specialized for the
approximation of moments. Section 5 explains how to tune the neural
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X = f(x,u) y Z
y = h(x,u) +

w = s(w) u
u = l(w)

Fig. 1. Block diagram of the moment matching setup in which the measure-
ment of the output y is affected by the additive noise e.

network from data. Section 6 provides extensive simulation results that
show the benefit of the proposed method with respect to the current
literature. Finally, Section 7 concludes the paper with some concluding
remarks.

2. Preliminaries
2.1. Notation

The sets of real and natural numbers are denoted by R and N,
respectively. The set of nonnegative real numbers is denoted by R..
Given n,m € N, the sets of n-dimensional column vectors and n X m
real matrices are denoted by R” and R™", respectively. Furthermore,
-1 : R" = Ryg and || - l[g : R™ — R,, denote the Euclidean norm
and Frobenius norm, respectively. AT is the transpose of the matrix A.
The cardinality of a set S reads as |S|. We denote the ceiling function
with [a] for some a € R. Given two functions f and g, we denote with
fog their composition (provided it is well-defined). All mappings are
assumed to be sufficiently smooth, if not otherwise stated.

2.2. Moment matching for nonlinear systems

In this section, we recall the notion of moment of continuous-time
nonlinear systems as first introduced in Astolfi (2010). Consider a
continuous-time nonlinear system with input u : Ry, — R% (d, € N),
output y : Ry — R% (dy € N, and state x : Ryy — R% (d, € N) that
satisfies the following equations

x(0) = f(x(®),u®), x(0) = xq, (1a)
Y(@) = h(x(@®), u(®)), (1b)

where f : R% x R% — R% and 7 : R% x R% — R% are smooth
functions such that f(0,0) = 0 and A(0,0) = 0. The input signal u is
generated by an autonomous system, called signal generator, described
by the equations of the form

a(t) = s(o(), o(0) = o, (2a)
u(t) = (@), (2b)
where o : Ryy - 2 C R% (d,, € N) is the state of the signal generator,
Q is a sufficiently small, open, connected, invariant neighborhood of
the origin, and the functions s : @ — R% and 7 : 2 — R% are

such that s(0) = 0, #(0) = 0 and smooth. The interconnected model
is summarized graphically in Fig. 1 and by the following equations

(1) = s(w(1)), @(0) = wy, (3a)
x(1) = f(x@), 2 (1)), x(0) = x¢, (3b)
Y1) = h(x(1), £ ((1))) . (3a)

To define the notion of moment, we need the following two assump-
tions.

Assumption 1. The system (1) is minimal, ie., locally observ-
able (Hermann & Krener, 1977) and locally accessible (Sussmann &
Jurdjevic, 1972) around the origin. The origin of (1a), for u = 0, is
locally exponentially stable.
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Assumption 2. The signal generator in (2) is locally observable and
neutrally stable around the origin.'

Assumption 2 guarantees that the input u is a periodic signal that
does not vanish to zero as time goes to infinity for every initial
condition w, € Q.

Definition 1 (Center Manifold). A smooth function = Q - Ré%
such that z(0) = 0 is a center manifold of (3) if there exists an open
neighborhood 5, of (0,0) such that,

V(w,x) € B,, x=n(w),

and

(g, %) € B, => Vi € Ry, ((t), x(1) € B,.

Using Assumptions 1 and 2 and the Center Manifold Theorem (Carr,
2012, Thm 1), we can show that the interconnected system in (3)
allows a center manifold = that is the locally unique solution of the
PDE (Isidori, 1995, Prop 8.1.1)

9 (@)s(0) = f (#(@). £(@)) . @
@
Moreover, B, is locally attractive, guaranteeing the existence of a
steady-state output yy : Ryo — R% such that Vs = M(z(w(1)), £ (w(1)))
and

tlirg (1) =0, 5)

where 7(r) 1= y(t) — y. (1), for every 1 € Ry,.

Definition 2 (Moment). The (local) moment of (1) at (s, 7) is defined
as the function W : R% — R% such that

Vo€, W) :=hx), (). (6)
Consider now a continuous-time model with input u, output y :
Ryo = R%, and state £ Ry~ RY% (d: €N) described by the following

equations

&) = FE@®),u@), E0) =&, (7a)
(1) = hEW), u(t)) (7b)

where 7 : R%xR% — R% and h : R%xR% — R% are smooth functions
such that £(0,0) = 0 and /(0,0) = 0. We say that (7) achieves moment
matching at (s, #) if its moment W satisfies the matching condition

W=Ww.

Then, we say that (7) is a model of (1) and, if d; < d,, we say that (7)
is a model order reduction of (1).

In Astolfi (2010), the authors describe a model achieving moment
matching with d; = d,, in which

fEw =58 =8O +6&u,  h&u) :=W(©), (8)

where § : R% — R% is a function such that (7) satisfies Assumption 1.
More recently, this result was generalized in Simard, Moreschini, and
Astolfi (2025), where the authors define the family of all the models
that achieve moment matching with a generic order d; > d,,.

3. Problem statement

As illustrated in Section 2.2, to define a model that achieves moment
matching, we can use the system (7) with f and % as in (8) that,

1 The equilibrium in the origin is a stable equilibrium (in the sense of
Lyapunov) and each initial state is stable in the sense of Poisson, see Isidori
(1995, Ch 8.1).
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however, requires the knowledge of the moment W at (s,#).? In turn,
W is defined using the center manifold 7 of the interconnected system
in (3) that is defined as the unique solution of the PDE in (4). In many
practical applications, retrieving r by solving (4) is not possible without
relying on numerical methods that generate inevitable computational
errors. Furthermore, PDE (4) is defined using the knowledge of the
functions f and h that characterize the model under analysis, which
are not always perfectly known without uncertainties. To address these
problems, we rely on data collected either from experiments on the
plant or from simulations of the interconnected system described in (3).
To model the uncertainties on the output, we assume that only noisy
measurements of the output y are available. In particular, we consider
the noisy output z : Ry — RY% defined by

Vi€ Ryg,  z(t) = y() +e(t),

where e : Ryy — R?% is an unknown signal that describes the noise
affecting the output. Fig. 1 shows the relationship of z and e with the
interconnected system in (3).

Since the signal generator is a design choice of the practitioner, we
assume that s, £, @, and the simulated input u are completely known
without uncertainty. Then, we define the available dataset as

D= {(7;.0,.%)}N, CRypx 2XRY, 9)

where, for alli € {1,...,N}, N €N, f; € R, denotes the ith sampling
time, @, = w(f;), and z; = z(f;). Furthermore, we assume that 7; is a
non-decreasing divergent sequence.

If the system (1) is not strictly proper, the moment W is defined
by the functions s, = and # (see Definition 2). Since # is known, it is
more convenient to learn the function y : R% x R% — R% such that
u(w, ¢(w)) = W(w) instead of learning W directly. For strictly proper
systems, this is not possible, so we identify W directly. To cover both

cases, we define d, := d,, if the system is strictly proper, or d; := d,,+d,
otherwise. We also introduce the function ¢ : R% — R% such that
ifd,=d,,
g)=1 " 9% (10)
(@.¢@) ifdy=d,+d,.

Then, we define the function y : R% — R% such that W (o) = u(g(@)).
For compactness, for all i € {1,..., N}, we also define g, = q (@;) € R%.,

The objective of this work is to construct an algorithm that, given
the signal generator and the dataset D, automatically approximates
the function x from which we can reconstruct the moment W of the
system in (1). In turn, the estimated x can be used to define a model
that achieves moment matching as in (7) with f and h as in (8). In
particular, we propose to model the function x using an ANN that can
be trained using the available dataset D. We stress that the functions
f, h, =, and W, and the initial condition x, are assumed unknown.

4. Neural networks for moment estimation

Given that we are interested in learning a static mapping u with
domain R% and codomain R%, we resort to Feed Forward Neural
Networks (FFNNs). A deep FFNN with L € N layers amounts to a
sequence of compositions (Pillonetto et al., 2025)

n=nPo .. on®, an

where 7 : R"-1 — R™ [ € {1,..., L}, is the mapping from the inputs
of the /th layer to its outputs, n; € N being its number of units. Notation-
wise, ¢, € R" represents the outputs of the /th layer (or, analogously,
the inputs of the (/ + 1)-th layer). Further, we also introduce the input
layer, which is such that ¢, is the input of the network and ny, = d,.
Instead, the last layer is referred to as the output layer and is such that

2 We remark that there exist other possible ways to define f and & for (7)
using the moment W, see Simard et al. (2025) for more details.
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q 7@ n-1 n®
[ - €1 C—1 - [}
=1 —=L
1 B @ 1 BL
Layer 0 Layer 1 Layer L — 1 Layer L
(Input layer)  (Hidden layer) (Hidden layer) (Output layer)

ny = dg units 7y units Ny units n;, = dy units

Fig. 2. Deep feed forward neural network architecture.

Table 1

Examples of activation functions ¢, in (12) (Hendrycks & Gimpel, 2023;
Pillonetto et al.,, 2025). The reported formulas are to be interpreted as
applied element-wise. In the Table, ®@(p) is the standard cumulative Gaussian
distribution evaluated at p € R.

Activation function Formula
Rectified linear unit (ReLU) max(p, 0)
Gaussian error linear unit (GeLU) p®@(p)

exp(p)—exp(=p)
exp(p)+exp(—p)
1
1+exp(—p)

Hyperbolic tangent (tanh)

Sigmoid

{; is the output of the network and n; = d,. Lastly, the remaining
layers for / € {1,..., L — 1} are typically referred to as hidden layers to
distinguish them from the input and output layers. Fig. 2 depicts the
architecture of the considered deep feed forward neural network.

Each layer (except the input layer) applies an affine transformation
to its inputs, followed by a nonlinear transformation ¢, : R" — R™
(the so-called activation function), i.e., for any / € {1, ..., L -1},

G=r1"¢ ) =0, (56 +5). 12)

where =; € R"*"-1 is the weight matrix of the /th layer while g, € R™
is its bias vector. Common activation functions amount to the element-
wise application of a nonlinear mapping, such as the ones reported in
Table 1. The only exception is the output layer, for which no nonlinear
transformation is employed, i.e., {; =P () = Z,.¢ 4 + By

To tune the neural network model # in (11), we need to select
the learnable parameters 6 := {(Z,4) : | € {1,...,L}} and several
hyperparameters, denoted as y, among which there are the number of
layers L, and the number of units per hidden layer, ie., ny,...,n;_;.
The approach used to estimate the parameters 0 is explained in Sec-
tion 5.1 while the selection and formal definition of y is explained in
Section 5.2. Whenever needed, to highlight the dependency of # in (11)
on 6 and y, we will write n ({y;0,7).

In general, the just-described FFNN cannot be used for moment
matching purposes because, for some parameters and activation func-
tion choices, # in (11) is not a valid moment that can be used to
correctly reconstruct a reduced model about the considered equilibrium
of the system. For this reason, we introduce the following Proposition
to formalize the conditions on # that ensure that it is a valid moment
function.

Proposition 1. The FENN 5 in (11) is a valid moment for the system (1)
only if, for all layers I € {1, ..., L}, the following conditions hold: C1 the
activation function ¢, is such that ¢;(0) = 0, C2 the activation function ¢,
is smooth, and C3 the bias vector f; is the zero vector.

Proof. First, recall that z(0) = 0, #(0) = 0 and A(0,0) = 0 as assumed
in Section 2.2. Therefore, from Definition 2, we have that W(0) =
h(x(0),£(0)) = u(0) = 0. Hence, 5 in (11) is a valid moment only if
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n(0) = 0. We proceed by induction. Assuming that {;_, = 0 for any
1 €{2,...,L}, from Conditions C1 and C3,

G=d (5821 +8) =d (5,-040) = ¢,(0) =0.

By noting that {, = 0 because ¢, is the input of the neural network #,
we conclude that 7(0) = 0 by induction.

Since the functions f, # and s are smooth by definition, the solution
x of (4) is also smooth. Then, the functions W and y are also smooth
because the function 4 is smooth by definition. Thus, # in (11) is a valid
moment only if it is smooth. Since 75 is defined as the composition of
linear affine functions (smooth by definition) and activation functions
(smooth for Condition C2), we finish the proof by stating that 5 is
smooth. []

To satisfy the conditions of Proposition 1, we can notice that the
ReLU, GeLU, and tanh functions in Table 1 are all such that ¢;(0) =
0 (Condition C1). However, among those three, only the GeLU and
the tanh are smooth, making them viable alternatives to satisfy Con-
dition C2. Finally, the satisfaction of Condition C3 is explained in
Section 5.1.

5. Neural network training

Before explaining the training procedure, we note that the noisy
output z in Fig. 1 can be rewritten using the moment W of the system
and the transient of the output y. In particular, by noting that y(t) =
W (w(1)), for any ¢t € Ry, we have z(t) — W(w(t)) = e(t) + ©(t), where
7(t) converges to 0 as shown in (5). Therefore, the idea is to train the
FFNN to minimize the difference between the measurements z; and
n(g;) ~ W(®;). Ideally, we are interested in selecting 6 and y for (11)
such that the Mean Squared Error (MSE) defined as
MSE@:7.D) = o X, 2.

(1;.@;,2))€D

is small for every possible dataset D.

Iz, —n(g;:6.7)

5.1. Learnable parameters estimation

First, we consider the problem of estimating the parameters 6 of the
neural network in (11) assuming to know the value of the hyperparam-
eters y. For this purpose, we partition the dataset D into two subsets:
the training set D,,, and the validation set D,,. The parameters ¢ are
found by minimizing the cost function

L

J'0:7,Dy) 1= MSE©;7, D) + 4 ) 15113, (13)
=1

that is the sum of the MSE computed on D,, and a regularization term

on the weight matrices; 4 € R, is a hyperparameter that weighs the

two terms.

This optimization problem is typically solved through mini-batch
gradient methods such as Stochastic Gradient Descent (SGD), AdaGrad,
RMSProp, or Adam (Goodfellow et al., 2016, Ch 8). All these methods
are variants of the classic gradient descent algorithm where the gradi-
ent is computed using only a subset of the data in D,,. In particular,
D,, is randomly partitioned into N, € N subsets (the so-called mini-
batches) of roughly the same size and denoted as Dif ), be{l,...,Ny}.
Then, starting from an initial set of parameters 0, ¢ is updated
iteratively following

0% =04~ (s’ (6“7, D) &), a4

where k € N is the iteration number, ¢ € R, is the learning
rate,’ and ¥ is an update rule that depends on the method used.

3 We omit other possible hyperparameters (see Goodfellow et al., 2016, Ch
8) since the learning rate is usually the most impactful.
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{ Initialization (i, calibrations) i
Dy = {(VRJ”(VE)):}’R ENRE(L, --A.Kmi(}} i
*
3
Data for black-box

optimi

Repeat until K = Koy

-

Build surrogate for the cost
function using the data in D),

D, = {(y;,]”(y;)): el ...,K)} L

17 e Do
B\ s
Vi1 €L

Look for a new calibration to
try by trading off exploitation

and exploration
J A J

Train neural network with
hyperparameters ¥+, on data

¥

i
Data for neural network training
Dir, Dyal ;

Fig. 3. Summary of the steps taken by a surrogate-based black-box optimiza-
tion procedure for neural network hyperparameters calibration. White boxes
represent data, red boxes are operations related to the BBO method, and blue
boxes concern FFNN training.

For example, in the case of SGD, the update rule simply amounts to
‘I’(VgJ/(9<k‘1);y,fo>),s) = ngJ/(g(k_l);}’,DEf)), i.e., the parameters
are updated by taking a step from 9%~1 in the opposite direction of
the gradient of the cost function J’ (approximated using only a subset
of the data in D,;) and with magnitude scaled by the learning rate e.
The mini-batches Dirb), b e {l,..., Ny}, are sequentially processed so
that going through the whole data in D,, takes N, iterations. When
that happens, we say that a training epoch has passed. The optimization
procedure is stopped once a maximum number of iterations K, € N
is reached. As an implicit regularization mechanism, we also employ
early stopping (Pillonetto et al., 2025) by computing the MSE on the
validation set every K., € N iterations, ie., MSE (6;y,D, ) for
k € {K.2K,y, -, Kpay }.* Then, the optimization solver returns the
set of parameters that performs best on D,,, namely

0*(y,D) := argmin

kE{Kya1:2Kyals-- - Kiax }

MSE (6®);7,Dyy) . (15)

We point out that, due to the nested nonlinearities in (11), the cost
function J'(6;7,D,,) in (13) is both nonconvex and multimodal (Pil-
lonetto et al., 2025). However, given the overparametrized nature of
neural networks, most often exhibiting more parameters than train-
ing data points, we are not necessarily interested in finding a lo-
cal minimum of J'(0;y,D,,) with a high degree of accuracy. Rather,
we aim to achieve a low generalization error (as approximated by
MSE (8;7,D,,)), which might not necessarily be associated with a
minimizer of (13) that, instead, could overfit the training data but
perform badly out-of-sample.

Concerning Proposition 1, Condition C3 can be satisfied by ini-
tializing the biases g, = 0,v/ € {1,...,L} (which is a common
choice (Goodfellow et al., 2016, Ch 8)), and avoiding their update
entirely in (14). This can easily be done in most deep learning libraries,
such as MATLAB’s Deep Learning Toolbox.

5.2. Hyperparameters calibration

A correct choice of the hyperparameters y significantly impacts the
performance of the neural network model # in (11). Apart from the
hyperparameters mentioned in Section 4, i.e., Land n;, !/ € {1, ..., L—1},
the regularization weight A in (13) and the learning rate ¢ in (14) also
play a key role. For this reason, we propose an optimization strategy
for their calibration.

In what follows, rather than selecting the number of units for each
hidden layer, we resort to a scaling hyperparameter p € (0, 1] and define
n; = [pn;_,] for every layer / € {2, ..., L—1} allowing to consider only

4 Without loss of generality, we assume that K, is a multiple of K.
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n; and p as hyperparameters instead of n,,...,n;_,. Therefore, the set
of hyperparameters y is defined as y := {L,ny,p, 4,€}.

In this work, we propose to tune y by solving the following opti-
mization problem:

argmin J' (y), (16a)

Y
st. yer, (16b)
J" (y) :=MSE (6*(7,D);7, Dyy) » (16¢c)

where I' = L X N X P X A X £ is a set of constraints on the hyperpa-
rameters, each of which has its set of feasible values £ ¢ N, N’ Cc N,
P C (0,1], A C Ry, and € C Ry for L, ny, p, 4, and ¢, respectively.
The cost function J” is the best validation MSE obtained during neural
network training with a certain set of hyperparameters y, see (15).

Given the time-consuming nature of the evaluation of J” in (16¢), re-
quiring training a FFNN from scratch, we suggest resorting to surrogate-
based black-box optimization algorithms (Regis, 2020; Vu et al., 2017) (Pre-
vitali, 2024, Ch 3), such as those belonging to the Bayesian optimiza-
tion framework (Frazier, 2018), to solve the optimization problem. The
goal of BBO methods is to find a sufficiently accurate global solution
of Problem (16) within a limited number of cost function evaluations
Kmax € N (the so-called budget). In short, these algorithms start from a
set of ki € N, kiniy < kmax» feasible calibrations for y, usually found via
Latin Hypercube Designs (LHD) (McKay, Beckman, & Conover, 2000),
coupled with their respective cost

D, = {(re, 4" ()

Then, at each iteration k € {kjy. ..., Kkmax — 1}, BBO methods build an
approximation of J” in (16c) that is cheap to evaluate, i.e., the so-called
surrogate, which is denoted as J !’. The surrogate is subsequently used
to find a new feasible calibration y,,; € I' with a relatively cheap
global optimization problem that trades off exploitation, i.e., minimizing
J ""(y) as a proxy for J”(y) in (16c), and exploration, i.e., probing those
regions of I' where relatively few hyperparameters calibrations have
been tested. The iteration ends by adding the couple (y,,1,J" (¥,41))
to D,. This whole process is repeated until «,,,, hyperparameter cal-
ibrations have been tried and the best tuning y* in D, is selected as
the hyperparameters of the neural network. For further clarity, Fig. 3
summarizes this workflow. The interested reader is referred to Previtali
(2024, Ch 3) for a detailed dissertation on the topic.

e €Nk el ki)

6. Numerical validation

In this section, we validate the approach based on neural networks
by comparing it with the current state of the art. In particular, we
consider two different benchmark models to be reduced:

$1. The nonlinear RC ladder benchmark (The MORwiki Community,
2018, Model 1) or (Rewienski & White, 2003). The model is
described by the equations

X = —g(x)) —g(x; —xp) +u,
X = g(xio — x;) — 8(x; — x;41), Vi € {2,...,24},
X5 = 8(xp4 — X25),

where, for all i € {1,...,25}, x; € R is the ith unmeasured
state (the voltage in a certain node of the electrical circuit),
() = x,(t) € R is the output voltage, and u(r) € R is the input
voltage. The function g : R — R is such that g(x) := x+exp(40x)—
1. In the simulations, the initial conditions of the states are
mutually independent normal random variables with mean 0 and
variance 0.004. The noise e is zero-mean, normally distributed,
and stationary, with variance 2.5 - 10~* (signal-to-noise ratio of
around 10).
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S1 M1 HH
S1M2
S1M3
S1 M4 I

S2 M1 HI
S2 M2 HIH
S2 M3 I T
S2 M4 | 11 |
76 78 80 82 84 86 88 90 92 94 96 98 100
Fit (%)
M1 M2 M3 M4

S1 | 83.863 94.717 93.422 82.251

S2 | 88.222 95.935 93.408

81.236

Fig. 4. Box plots of the performance indices for all considered cases. The state-of-the-art methods are depicted in red while the proposed neural network models
are shown in blue. The Fig. also reports the median Fit for each case in the table, highlighting the best results with a bold font.

S2. The nonlinear spring-mass-damper system described in Ionescu
and Astolfi (2013). The model is described by the equations

x| = X3, Xy = X4 + U,

X3 = xp = 2xp, 5C4=x1—x2+x4(u—xi—1),

y=xi+x2—xl.

In the simulations, the initial conditions of the states are mu-
tually independent normal random variables with mean 0 and
variance 2. The noise e is zero-mean, normally distributed, and
stationary, with variance 1.5-10~2 (signal-to-noise ratio of around
10).

Regarding S1, we consider the problem of estimating the moment at
(s;,¢) where

s@.wn = | @ + Wy cos(w,) sin(w?)
L2 -, — a)% cos(w,) sin(a)%) ’
(0, m,) = Sw,,

with initial condition w,(0) = 0.8 and w,(0) = 0.7. Instead, for S2, we
consider the problem of estimating the moment at (s,, #,) where

4 5

301 — 3010y ]

$y(01,07) = 3 3
—5®2 + 70102

Oy(wy, ;) = oy,

with initial condition w,(0) = w,(0) = 1. After computing the estimate
of the moment W, we define the reduced model as in (7) with A(w, u) =
W (w) and 8(w;, ;) = [10w?,10]7 for S1, or &(w;,w,) = [%,I]T for S2
(see (8)).

In all the experiments, we collect N = 1500 uniformly sampled data
points in a time window 4, leading to the dataset D in (9). In particular,
A =[2,7] for S1 or A = [400, 450] for S2. We remark that, in both cases,
we only consider steady-state data, making the output of the systems
dependent only on the moment and the additive noise (see Section 5).

We compare the moments estimated with the following algorithms:

M1. The algorithm proposed in Scarciotti and Astolfi (2017) for
nonlinear systems with polynomial features up to degree 5;

M2. The algorithm proposed in Moreschini, Scandella et al. (2024)
with the kernel introduced by the authors. The hyperparameters
of the method are selected using Monte Carlo k-fold cross-
validation (Xu & Liang, 2001) with 10 folds and 5 repetitions.

M3. The neural network model proposed in Section 4 with the GeLU,
defined in Table 1, as activation function for each hidden layer,

and g, =0, VI € {1, ..., L}, to satisfy all the conditions of Propo-

sition 1. For FFNN parameters estimation purposes (Section 5),

20% of the data (300 points) is reserved for D,,, while the

remaining 80% (1200 points) is used for training. As customary,

the inputs are standardized beforehand. The FFNN is trained for

Kax = 5000 iterations with a mini-batch size of 256 (N, = 5
mini-batches in total) using the RMSProp optimizer (Goodfellow
et al., 2016, Ch 8). The performances on D, are checked every
K., = 5 iterations (ie., every epoch). The constraint sets for
Problem (16) amount to £ = {2,3,4,5}, N' = {20,30,40}, P =
[0.1,1], A = [107°,107!], and £ = [1073,10"!]. We employ the
GLIS-r (Previtali, 2024, Ch 5) BBO algorithm® to select y with a
budget x,,,, = 100 and «;,; = 50 initial calibrations generated
by a LHD (McKay et al., 2000).

M4. The neural network model proposed in Section 4 with the tanh,
defined in Table 1, as activation function for each hidden layer,
and g, =0, VI € {1,..., L}, in order to satisfy all the conditions
of Proposition 1. The remaining settings are the same as M3.

To statistically compare the four methods, we have performed 51 Monte
Carlo experiments in which all the aforementioned random variables
have different realizations. The results are reported in Fig. 4, where we
assess the performance with the index
N, _ -
T @) = 3@l
Fit=1- = :

N, - 1 N, -
0 @) - 5= X0l

a7

with y the steady-state output of the benchmark model and j the steady-
state output of the estimated reduced model, N, = 10*, and ¢; = 10+(i—
1)N‘j_1 for S1,0rt, = 600+(i—1)N3:‘0_l for$2,i e {1,..., Ny }. From the
Fig., we can note that the most accurate models on both benchmarks
are the state-of-the-art kernel method in Moreschini, Scandella et al.
(2024), i.e. M2, and the proposed neural network approach with the
GeLU activation function, i.e. M3, achieving Fits above 90% in most
Monte Carlo experiments and with a difference of at most 2.5% median-
wise. In contrast, M1 and M4 exhibit noticeably lower performance
than the other two methods, with differences in median Fit that can
even exceed 10%. We can conclude that the activation function is a key

5 In practice, GLIS-r (Previtali, 2024, Ch 5), like many BBO methods, only
handles real optimization variables. Consequently, we solve Problem (16) with
L € £ and n; € N fixed, optimizing only with respect to p, 4, and e. This
process is repeated for each considered L and n,, essentially carrying out an
exhaustive search with respect to the integer variables.
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Fig. 5. Time history of the output of the benchmark models (dashed lines), the output of the estimated models with the median performance within the Monte
Carlo experiments (solid lines), and the range of all the Monte Carlo experiments (shaded areas). The state-of-the-art methods are depicted in red while the

proposed neural network models are shown in blue.

choice for our proposal, given that the GeLU significantly outperforms
the tanh in our experiments.

As further validation, in Fig. 5, we show the outputs j of the reduced
model in (7) using the estimated moment against the output y of
the benchmark model. In particular, we display the trajectories of the
reduced models that achieve the median Fit in (17), along with the
minimum and maximum of j(7;) ateach i € {1, ..., Ny, }. Fig. 5 confirms
the high Fits of M2 and M3, highlighting how both methods closely
follow the true outputs in all Monte Carlo experiments. Instead, M1 is
unable to track the y’s accurately in some portions of the considered
benchmarks, while M4 exhibits undesirable peaks at some sampling
times.

7. Concluding remarks

In this preliminary work, we investigate the suitability and effec-
tiveness of using neural networks in the context of data-driven moment
matching for nonlinear systems. In particular, we introduce a neural
network architecture capable of modeling the moments of nonlinear
systems, demonstrating its suitability for this application. To evaluate
the effectiveness of our approach, we compare the accuracy of the
reduced model defined using the proposed neural network architecture
with state-of-the-art data-driven moment matching methods on two
benchmark models. The results confirm the capability of the neural
network approach to approximate the moments of nonlinear systems,
achieving performance comparable to that of the regularized kernel
method proposed in Moreschini, Scandella et al. (2024).

Future work includes testing the proposed approach on additional
benchmarks and exploring alternative neural network architectures.

Moreover, it is worth investigating the theoretical properties of the
neural-network-based reduced model and the estimated center mani-
fold.
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