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Abstract— We introduce a kernel-based moment match-
ing theory which relies upon a novel data-driven model
reduction method that employs the estimation of moments
within a Reproducing Kernel Hilbert Space. We demon-
strate that moment estimation can be enhanced by ap-
propriately tuning the regularization term, regardless of
the kernel choice. Additionally, we present conditions to
ensure that the Reproducing Kernel Hilbert Space con-
tains only functions which are bona fide moments. While
exact moment matching with finite data is impractical in
this scenario, we introduce the concepts of weak moment
matching and moment matching almost everywhere onto
the £,>-space. Additionally, we address scenarios in which
the dataset contains noisy measurements of outputs that
are not yet in a steady-state, which typically biases the esti-
mation due to the effect of the output transients. We further
prove that estimating over a Reproducing Kernel Hilbert
Space can ensure weak moment matching asymptotically
and, with additional assumptions, also moment matching
almost everywhere despite these transients. Finally, we pro-
vide a probabilistic bound that guarantees weak moment
matching for an arbitrarily finite amount of data.

Index Terms—Modeling, model reduction, data-driven
methods, moment matching, learning for nonlinear sys-
tems, statistical model estimation

[. INTRODUCTION

HILE there is a wealth of measurement and simulation

data available, the complexity and high dimensionality
of these datasets pose significant challenges across various
scientific disciplines [1]. As large-scale dynamic systems gen-
erating these datasets continue to grow in complexity, there
is an increasing demand for effective model order reduction
techniques to interpret the dynamics of these systems and to
make simulations, analysis, and controllers more efficient [2].
Large-scale systems are typically described by a large number
of equations, which may arise from interconnections of many
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subsystems [3]-[5], inherent system complexity [6]-[8], or
spatial discretization of distributed parameter systems [9], [10].

Main Objective: We aim to enhance the existing paradigm
of data-driven model reduction by developing a kernel-based
moment matching framework. Given noisy data obtained from
measuring the output of an unknown complex dynamic system,
we construct a data-driven learning methodology that em-
ploys Tikhonov regularization in Reproducing Kernel Hilbert
Spaces (RKHS). We employ RKHS theory to estimate the
moment function from a Hilbert space based on a data adher-
ence criterion, expressed through a regularized optimization
problem. With appropriate tuning, our kernel-based moment
matching theory enables the development of models that
exhibit low bias, low variance, and strong guarantees on
their properties. Finally, we present easily verifiable necessary
conditions to ensure that the RKHS contains only functions
that can be reliably treated as bona fide moments.

State of the Art: Model order reduction involves the devel-
opment of low-dimensional surrogate models that faithfully
represent the essential characteristics of an underlying high-
dimensional system. Since no single method universally ad-
dresses this task, various techniques have been developed,
each tailored to specific properties, contexts, and assumptions,
see [11]-[13], and [14] for a recent tutorial. For linear time-
invariant (LTI) systems, two major classes of model reduction
methods are commonly used: methods based on Singular Value
Decomposition (SVD), including Hankel operator techniques
and balanced truncation [15]-[23]; and methods based on
Krylov subspace projections, such as moment matching and
the Loewner framework [24]—[34].

Moment matching is an interpolation method that leverages
the concept of moment to approximate and interpolate high-
order dynamical systems. For LTI systems, the moments
are the coefficients of the Laurent series expansion of the
associated transfer function at a given point (in which the
transfer function is defined) in the complex plane [11, Sec
11.1]. There exists a bijective relation between the moments
and the solution of a Sylvester equation as shown in [28], [30].
This connection with the Sylvester equation has enabled [26]
to revisit the notion of moment in the time domain and
to provide an enhancement for nonlinear systems. This has
been achieved by considering an invariant manifold resulting
from the cascade interconnection of the system to be reduced
with a signal generator system containing the “interpolation
signals”. Under certain assumptions regarding both the signal
generator and the system, it has been demonstrated in [26]
that the invariant manifold is a center manifold, thereby
linking the moments to the steady-state output response [35]
of the cascade interconnection. The center manifold resulting
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from this cascade interconnection is defined by a nonlinear
mapping [36] which is the solution of an invariance equation.

The derivation of an analytic solution of this equation is
particularly challenging, with the complexity escalating in
proportion to the dimensions of both the system and the signal
generator. Moreover, in practical applications, the mathemati-
cal models that describe the dynamics of high-order systems
are frequently either imprecise or unavailable.

With the increasing availability of data and advancements in
computational power, data-driven model reduction has gained
significant attention in recent years with specific methods, such
as Proper Orthogonal Decomposition (POD) and Dynamic
Mode Decomposition (DMD), e.g., [37]-[45]. By collecting
measurements of the input and output of the system to be
reduced, the first data-driven moment matching problem has
been posed in [31]. Data-driven moment matching targets
datasets generated from measurements only, rather than relying
on nonlinear differential equations, and hence the computation
of the moment shifts from solving the invariance equation
to estimating the moment using the solution of a nonlinear
least squares learning problem. An enhancement to moment
matching theory, based on noise-free data and agnostic to a
priori knowledge of the signal generator, has been presented
in [46]. Nevertheless, since noise is an inherent characteristic
of sensors, data obtained experimentally by sampling the
output of the cascade interconnection are typically corrupted.
When measurements are corrupted by stochastic noise, clas-
sical least squares estimates for nonlinear models are prone
to high variance and systematic bias due to the choice of
basis functions. This can result in underfitting when selecting
a set of basis functions that is overly conservative due to
high systematic bias, or overfitting when using a set of basis
functions that is excessively broad due to high variance.
Hence, the least squares methods are suitable only in cases
with sufficient prior knowledge to allow the selection of the
basis functions, e.g., linear or polynomial moment functions.
Therefore, in the presence of noisy data, least squares methods
may fail to provide accurate or reliable models, hence the need
for more flexible alternatives.

On the other hand, it is well-established that Tikhonov
regularization in an RKHS setting yields an estimator that
minimizes a penalized cost function, where the regularization
term constrains the RKHS norm of the estimator. The weight
of the penalization term serves as a continuous tuning knob
to regulate the complexity of the model, which in turn can
be used to better handle the bias-variance trade-off when
minimizing the expected mean squared error [47]. An RKHS
is an infinite-dimensional Hilbert space in which all the
evaluation functionals are linear and bounded [48], [49]. The
essence of learning over RKHS lies in the projection of
given data, belonging to a finite-dimensional vector space,
onto a Hilbert space of functions. The theory of RKHS has
become very popular over the past few decades, particularly
in learning theory [50]-[57], system identification [S8]-[62],
and nonlinear systems analysis [63]-[66].

Contributions: As previously mentioned, we employ RKHS
theory to estimate the moment function through a regularized
optimization problem, which consists of two components: the

empirical cost risk and a regularization term. The advantage
of using RKHS in moment matching is that the kernel method
facilitates the mapping to a higher-dimensional feature space,
thereby allowing the complexity to be adjusted through the
continuous weight of the regularization term.

This article provides the theoretical foundation for the
preliminary conference paper [67], in which we introduced
the use of RKHS for moment matching on the basis of the
solution of a regularized optimization problem. We present
a formal theoretical analysis of data-driven moment match-
ing and moment estimation, and we establish finite-sample
performance guarantees for the estimator. In general, moment
estimation cannot be exact when only a finite amount of noisy
data is available. This makes exact moment matching in data-
driven settings challenging, if not infeasible. To address this
issue and ensure consistency with the problem at hand, we
introduce two key concepts in this article: moment matching
almost everywhere (i.e., the matching for all points in an Lo
space, except possibly on a set of measure zero), and weak
moment matching (i.e. the difference in the Lo norm of the two
moments is finite and bounded by a constant). If the dataset
contains noisy measurements of an output that is not yet in
steady-state, the estimation of the moment can be biased by the
output transient. The theory developed in this article demon-
strates that—despite the transient’s effect on the dataset—
estimating over an RKHS can ensure moment matching. More
specifically, under different assumptions regarding noise and
the regularization term, we prove the following.

Weak moment matching asymptotically in expectation. As the
number of data increases, the difference in the £ norm
of the estimated moment and the true moment converges
in expectation.

Moment matching almost everywhere asymptotically in ex-
pectation. The estimated moment converges to the true
moment, except in a subset of its domain with measure
zero, in expectation.

Weak moment matching asymptotically almost surely. As the
number of data increases, the difference in the £ norm
of the estimated moment and the true moment converges
with probability one.

Moment matching almost everywhere asymptotically almost
surely. The estimated moment converges to the true
moment, except in a subset of its domain with measure
zero, with probability one.

Weak moment matching with an a priori probabilistic bound.
For a given finite dataset, we establish an a priori prob-
ability that the difference in the £, norm between the
estimated moments and the true moments is bounded by
a certain constant. This result significantly strengthens
finite sampling performance by providing an a priori
bound, thereby enhancing confidence in the quality of
the estimated moments.

Furthermore, we provide an additional condition that renders
the notions of moment matching almost everywhere and exact
moment matching equivalent.

Organization: Section Il recalls the preliminary notions used
throughout the article such as vector-valued RKHS (Sec-
tion II-B) and the notions of moment and moment matching
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for continuous-time and discrete-time systems (Section II-
C). Section III contains the formal statement of the problem
under study, as well as the two notions of matching almost
everywhere and weak moment matching. Section IV describes
the proposed approach for learning a parameterized model
that achieves moment matching directly from input-output
data. Then, Section V presents an in-depth analysis of the
performance of the proposed kernel-based method both in
the asymptotic and in the finite sample regimes. Section VI
numerically validates the proposed methodology on the RC
ladder benchmark of [68] with two signal generators. Finally,
Section VII offers some concluding remarks.

Il. PRELIMINARIES
A. Main Notations

The sets of real, natural, and integer numbers are denoted by
R, N, and Z, respectively. The sets of nonnegative and positive
real numbers are denoted by R>( and R ¢, respectively. The
set of n X m real matrices is denoted by R™*™. Tuples of
real numbers and column vectors are used interchangeably.
The identity matrix is denoted by I,, € R™*™. The matrices
with all entries equal to one (zero) are denoted by 1, x,, €
R™ ™ (0,,xm € R™ ™). For compactness, when clear from
the context, we denote with O the zero matrix of appropriate
dimension. The Kronecker product is denoted by ®. Given
a matrix A € R"*" AT is the transpose of A, A~! is the
inverse of A (provided it exists), and Tr(A) is the trace of
: R™ — R>q denotes the
Euclidean norm. The space of square-integrable functions that
maps A C R"™ to B C R™ is denoted by L2(A,B), ie
L5(A, B) contains all the measurable functions f : A — B
such that [ | f(x) |?dz < oo. When it is clear from the context,
the space £2(.A, B) is simply denoted by Lo. The inner product
of functions f € £5(A, B) and g € £5(A, B), and the induced
norm are defined as

- /A f(2)Tg(x)

respectively. All mappings are assumed to be sufficiently
smooth, if not otherwise stated. Given a real Hilbert space H
equipped with inner product (-, - )3 : H x H — R, the norm
induced by the inner product is given by |- |3 = /{-,  )n-
Given two real Hilbert spaces H, and H; and a bounded
linear operator A : H, — Hp, the adjoint operator of A is
denoted by A*, i.e., A* : H, — H, is the unique bounded
linear operator for which (w, Av)y, = (A*w,v)y,, for all
v € Ho and w € Hyp. Let (S, F,P) be a probability space
in which § is the sample space, F is the sigma algebra
over S, and P the probability measure. All random variables
considered hereafter are defined as measurable functions on
the same probability space (S, F, 77). The expected value of
a Vector-valued random variable v : & — R” is defined as
= [sv sV ), provided the mtegral exists.

d$, |f|£2 = <f>f>,c2a

B. Vector-Valued RKHS

In this section, we revisit the RKHSs in as much detail as
is necessary for the scope of this article (for a comprehensive

discussion, see, e.g., [49], [52], [53], [56]). We consider vector-
valued RKHS containing functions that map R™ to R™, with
n € N and m € N, formally defined as follows.

Definition 1 (RKHS). A Hilbert space H of functions that
map R™ to R™ is an RKHS if and only if the linear functional
that maps v € H to y' v(x) € R is continuous for all x € R"
and y € R™.

Definition 2 (Reproducing Kernel). A function k : R® xR" —
R™X™ s q vector-valued reproducing kernel if (i) for each
pair (a,b) € R" x R", k(a,b) = k(b,a)", and (ii) for each
finite set of points {(x;,y;)},_, C R™ x R™,

S>> ulk

i=1 j=1

xl,xj y; = 0.

For every kernel k : R™ x R™ — R™*™ there exists a unique
vector-valued RKHS, H, of functions that map R™ to R™ such
that for all z € R" and y € R™ the function F, , : R" — R™
such that F, ,(z) == k(z,2)y, for all z € R™, belongs to H
(see [52, Th 1] and [52, Prop 1]). Hence, for each x € R",
we can define the linear function k, : R™ — H such that
kyy = Fy . Furthermore, the linear span H of the set {Fpy ¢
x € R", y € R™} is dense in H [69, Sec 2]. The relationship
between a kernel, k£, and its RKHS, H, provides a means of
evaluating the functions that belong to the Hilbert space H.
In particular, for each v € H, x € R” and y € R™, it can be
shown [53, Sec 2.2] that y " v(x) = (v, Fy),,. Then, given
kY : H — R™, i.e. the adjoint operator of k., we have

(v, Fx,y>'H = <Uv kzy>7.[ = ka;U

Therefore, the evaluation of v in z is given by v(z) = kiv.
This relationship is called the reproducing property of the
RKHS. Hence, we can relate the kernel to the norm |- |,
over H of functions belonging to H C H. Note that, for each
r1 €ER?, x5 € R”, y; € R™, and y» € R™, we have

<Fz1-,y17Fac2,y2>H = <Fz1,y17kzzy2>7.¢

Therefore, the squared norm of v = Y0 | F,, .. € H with
{(zs,v:)}_, CR™ x R™ yields

M?—L = Z Z<Fri-,ymFijyj >7—L

i=1 j=1

yo(z) =

=y, k(z2,21)y1 -

ZZ%

i=1 j=1

(zj,7:)y; > 0.

(1)
C. The Notion of Moment for Nonlinear Systems

Consider a multi-input, multi-output, nonlinear dynamical
system described by the equations

ox(t) = f(x(t), u(t)),
y(t) = h(z(t), u(t)),

with state z(t) € R% (d, € N), input u(t) € R% (d, € N),
output y(t) € R% (d, € N), and time ¢ € T. Note that, for
T = Z the operator o describes the shift forward operator, i.e.,
ox(t) = x(t+1), whereas for T = R the operator o describes
the differential operator, i.e., ox(t) = @(¢). The mappings

z(0) =20,  (2a)

(2b)

!For brevity, vector-valued reproducing kernels are referred to as kernels.
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fiRE& x R — R% and h : R% x R% — R% are locally
defined around the origin and assumed sufficiently smooth.
Without loss of generality f(0,0) = 0 and h(0,0) = 0. The
notions of local observability [70] and local accessibility [71]
are revisited below for systems of the form (2).

Definition 3 (Observability). Let X C R% be a set containing
some open ball centered in 0. The system (2) is (locally)
observable if for any z,(0) € X and x,(0) € X such that
74(0) # x4(0), and any u : T — R%, the output trajectories
are not identical, i.e. h(xy(t),u(t)) # h(xp(t),u(t)) for some
t € T with x4(t) € X and xp(t) € X.

Definition 4 (Accessibility). Let X C R% be a set containing
some open ball centered in 0. Let R(x(0),T) be the set
(reachable set) containing all T for which there exists a u such
that the evolution of (2a) from x(0) € X satisfies x(t) € X,
Jor 0 <t < T, and x(T) = Z. The system (2) is (locally)
accessible if for all x(0) € X the set |J,., R(x(0),1)
contains a non-empty open subset of X for all T > 0.

Assumption 1. The system (2) is minimal, i.e., locally observ-
able and locally accessible. The origin of (2a), for u =0, is
locally exponentially stable.

To define moments for systems of the form (2), we introduce
a nonlinear dynamical system called the signal generator,
described by the equations

ow(t) = s(w(t)),
u(t) = t(w(t)),

with state w(t) € Q, Q@ C R% a sufficiently small compact
invariant neighborhood with 0 € €2, and output u(t) € R%:.
The mappings s :  — R% and ¢ : Q — R% are assumed
sufficiently smooth and such that s(0) = 0 and £(0) = 0.
The signal generator enjoys particular stability properties as
established in the following definition, see [35, Sec 8.1].

(3a)
(3b)

w(O) = Wwo,

Definition 5 (Neutral stability). The system (3) is said to be
neutrally stable if the origin w = 0 is a stable equilibrium, and
there is an open neighborhood of the origin in which every
point is Poisson stable?.

Assumption 2. The signal generator (3) is locally observable
and neutrally stable.

It is clear that a neutrally stable signal generator implies that
for any wy € () the corresponding trajectory w is persistent
in time on the domain 2, and does not decay to zero as time
tends to infinity. Building on Assumptions 1 and 2, in [26]
the notion of moment has been further associated with the
steady-state output response [35] of the interconnection of the
system (2) with the signal generator (3), that is, the system

ow(t) = s(w(t)), (4a)
ox(t) = f(z(t), ((w(t))), (4b)
y(t) = h(z(t), L(w(?))) - (4c)

2A point wo is Poisson stable if, for each time 7" > 0 and each
neighborhood U? of wp, the trajectory w with initial condition wpy passes
through U for some ¢t1 > T and to < —T, see [35, Sec 8.1].

Definition 6 (Center Manifold). A smooth function 7w : Q) —
R%, locally defined in ) and satisfying (0) = 0, is a center
manifold of (4) if there exists an open neighborhood B of
(w,z) = (0,0) such that

2(0) = m(w(0)) = a(t) = 7(w(t)),

for all t € T such that (w(t),z(t)) € B.

&)

The implication (5) is an invariance property and yields that
the graph of 7, i.e. the subset M = {(z,w) : * = 7(w)}NB,
is invariant with respect to the solutions of (4). Leveraging
Assumptions 1 and 2, and invoking the Center Manifold
Theorem [36, Th 1], it can be shown that there exists a
mapping 7 :  — R% which defines a locally attractive
center manifold for the interconnected system (4), see [35,
Prop 8.1.1]. Therefore, depending on the time domain, for all
t € T such that (w(t), z(t)) € B, the mapping 7 is defined as
the unique solution of the so-called invariance equation, i.e.

or
o @)s(w) = f(m(w), W),

m(s(w)) = f(r(w), {(w)),

Regardless of the time domain, for each trajectory w with wqg €
2, the mapping 7 guarantees the existence of a (local) steady-
state output response yss(t) = h(m(w(t)), L(w(t))), see [35,
Sec 8.2], which is such that

if T =R, (62)

ifT=7. (6b)

(7

Definition 7 (Moment). The (local) moment of the system (2)
at (s,0) is defined as the mapping W : R% — R such that

Ywe Q, W(w) = h(r(w),l(w)). (8)

tliglo y(t) — yss(t) = 0.

D. Moment Matching for Nonlinear Systems

For a given signal generator of the form (3) defining the
moment W of the system (2) at (s, /), the moment matching
problem is to find another system such that its moment W at

(s,¢), satisfies the matching condition
W=W. 9)

Definition 8 (Moment Matching Model). A system of dimen-
sion d¢ € N described by the equations

£(0) =&,

o§(t) = f(£(),u(?)),

y(t) = h(&(t),u(t)),

with state £(t) € R, input u(t) € R%, outpur j(t) € R%,

and moment W at (s,{) is said to achieve moment matching

at (s,0) if (9) holds. Furthermore, if d¢ < dy then (10) is a
reduced order model of (2).

(10a)
(10b)

Remark 1. A model of dimension d¢ = d,, achieving moment
matching at (s,#) was originally proposed in [26]. Recently
in [72], a family of models of dimension d¢ > d,, achieving
moment matching has been described by the equations

Jfa:fa(éaagbyu)a Ugb:fb(gaa€b7u)7 g:B(§a7€b>u)7

with &(t) € R% and &(f) € R4 w(t) € R,
y(t) € R%, and mappings f,, fy» and h of appropriate
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ow = s(w) u | oz = f(z,u) Y Z

Y= h(x7u) +

4

u={l(w)

Fig. 1. Block diagram of the moment matching setup in which the
measurement of the output vy is affected by the additive noise e.

dimensions such that f,(0,0,0) = 0, f,(0,0,0) = 0,
h(OaQaO) =0, fa(&a:0,0(&)) = s(8a)s fo(8as0, (&) = O,
and h(£q,0,€(8a)) = W(&a)-

[1l. PROBLEM STATEMENT

As outlined in Section II-C, it is possible to identify a model
that achieves moment matching using the model (10) once
the moment W is derived. In this regard, the first data-driven
moment matching problem for nonlinear system has been
posed in [31], in which the problem has been cast in terms of a
least mean squares estimation problem and the (approximate)
moment of (2) at (s,¢) has been constructed by collecting
samples from the signal generator (4a) and the output (4c).
Yet, in a practical experimental setup, the measured output is
affected by noise. In particular, assuming that the input signal
u, generated by the known signal generator, is perfectly known
and unaffected by any noise, we consider that the output
measurements y are subject to additive noise, i.e.

z(t) = y(t) + e(t), (11)

where y(t) € R% is the output in (4c) and e(t) € R% is
a random variable that represent the measurement noise. The
statistical properties of the stochastic process e are formally
introduced in Section V (see Assumptions 4 and 5), and the
interconnected model with noisy measurements and noise-free
input is shown in Figure 1.

In this work, we aim to devise a kernel-based algorithm
that, given the signal generator (3), provides a kernel-based
model that approximately achieves moment matching from
data using measurements obtained from the interconnected
system (4) without solving the invariance equation (6). In turn,
the mapping f, h, 7, and W and the initial condition zy € R%
are assumed unknown.

vVt e T,

IV. A KERNEL-BASED MOMENT MATCHING FRAMEWORK

In this section, we illustrate our methodology to obtain a
model that approximately achieves moment matching. First,
we estimate the moment W : R% — R% of the system, and,
then, we use it to define a parametric model using (10). Since
the method relies on data, we assume that we have collected
n € N data samples from the output measurements z in (11)
and the trajectory w generated by (3a). In particular, we define
the dataset

D= {(t;, @, %)}, , CTxQxRY, (12)

where, for all 7 € {1,...,n}, t; € T denotes the i-th sampling
time, &; = w(t;), and z; = z(t;). Furthermore, we assume that
t; is a non-decreasing divergent sequence. Since we assume
to know the signal generator, the samples of w are generated
solving (3a) without using sensors. Thus, the samples of w are

not corrupted by noise. The measurements (11) can be rewrit-
ten in terms of the moment and of the output transient, i.e.

VEET, 2(t) = W(w(t)) +7(t) + e(t),

where 7 : T — R% is the output transient given by the

difference

Ve T, 7(t):=y(t)— ys(t). (13)

For all i € {1,...,n} and sampling time ¢; € T, we denote
7, = 7(t;) and €; = e(t;) as the output transient and the noise
affecting the i-th measurement, respectively. We also define

the sequence
n n

=y

i=1 j=

7 T (14)
1
If the system has a feedthrough term, the moment W is defined
using the functions h, 7, and ¢. Therefore, in this case, since
the function ¢ is assumed to be known, instead of learning
directly the moment W, we learn the function p* : R x
R% — R% such that p*(w,f(w)) = W (w). Instead, if the
system is strictly proper, the function ¢ does not enter directly
into the model, and we directly identify the moment W. To
consider simultaneously the aforementioned cases, we define
dy = d,, if it is known that the system is strictly proper
or dq = d, + d, otherwise. We also introduce the function
g : R% — R% such that

i) = {(w,aw))

In summary, the objective is to estimate the function u* :
R?% — R% such that W(w) = p*(q(w)). For compactness,
for all i € {1,...,n}, we also define ¢; = q(@;) € R%.

if dg = d,,,
if dg = dy + dy.

A. Kernel-Based Estimation of Moments

Data-driven methods for moment matching rely on the fact
that (7) implies that 2(¢t) — W (w(t)) ~ e(t) for large t € T.
Therefore, we define an estimator that minimizes the squared
deviation between the output z and the function W (w) at the
same time instant. We thus define the estimator as the function
that solves the infinite-dimensional optimization problem

min

nEM (15

n
> 1z = w(@) + pnlpls,
i=1
where H is a vector-valued RKHS, as in Definition 1, contain-
ing functions that map R% to R% with kernel k : R% xR% —
R *dy and p,, € R>( is a parameter to be tuned that can vary
with the number of data n. The cost function describing the
optimization problem (15) is the sum of two terms. The first
one is the squared deviation that inspires the method, while
the second one is a regularization term that is used to penalize
functional complexity to avoid overfitting the available data.
Here, the complexity of the function is defined via the RKHS
norm used as a hypothesis space for the learning problem.
Thus, the kernel of the RKHS influences the meaning of the
regularization term as explained in (1). The parameter p,
weights the relative contribution of both terms.

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License.

For more information, see https://creativecommons.org/licenses/by-nc-nd/4.0/



This article has been accepted for publication in IEEE Transactions on Automatic Control. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TAC.2025.3618165

To solve the possibly infinite-dimensional problem (15), the
Representer theorem [52, Th 4] can be applied.

Theorem 1 (Representer Theorem). If ji,, minimizes (15), then
there exist {c;};—, C R% such that

n
ﬂn = ZFﬁwCi
=1

where Fs . : R% — H is as defined in Section II-B for every
s € R% and ¢ € R%.

(16)

Theorem 1 transforms (15) from an infinite-dimensional
problem on a Hilbert Space H to a finite-dimensional problem
on R"™% . Note that the resulting estimator fi,, in (16) depends
on the finite amount of data n that establishes the dimension
of the optimization problem. In particular, using (1) and the
definition of F, ;, the estimator is given by (16) with {¢;}""_;
that solve the finite-dimensional optimization problem

min |z — Kc|* + pnc' Ke,

ceR™y
where K € R"»*"dy js a block matrix of which the
(i,7)-th block is k(i,q;), ¢ = (c1,...,¢,) € R, and
z = (z1,...,2,) € R Since this is a quadratic problem,
its solution can be found by solving the linear equation
K(K + pplaa,)c = Kz. Although the matrix K can be
singular, one can readily verify that ¢ = (K + pnIndy)fli is
always a valid solution of the quadratic optimization problem.
As a result, we have

n n
Vs € qu7 ﬂn(S) = Z F@',Ci (S) = Z k(87 Qi)ci ’
i=1 i=1

and, more compactly, fi,(q) = k*(s)c with k*(s) =
[k(q1,8), -+, k(Gn,s)] € R%*"dv_ Finally, the kernel-based
model that approximately achieves moment matching takes the
form (10) provided that the output mapping A in (10b) satisfies

hE (&) =W = fin(9(£)), (17)

which highlights the dependency of the moment of the
reduced-order model on the amount of data n.

B. Kernel Function Selection

The methodology in Section IV-A is general and applies
to any RKHS . However, in the context of model reduction
by moment matching, the choice of H is crucial, as not all
RKHS contain functions that are bona fide moments. Indeed,
the resulting estimator obtained from a general RKHS may not
correspond to a valid moment about the system equilibrium
(e.g., the origin for system (2)), leading to reduced-order mod-
els that misrepresent behavior near that point. This dependence
is formalized in the following proposition.

Proposition 1. The RKHS H contains exclusively valid mo-
ment functions only if k(0,0) = 0g, x4,

Proof. First, recall that 7(0) = 0, £(0) = 0 and h(0,0) =0 as
assumed in Section II-C. Therefore, from Definition 7, we have
that W (0) = h(w(0),£(0)) = p*(0) = 0. Hence, H contains
only valid moment functions only if g(0) = 0, for all g € H.

Then, for the reproducing property, we also have kgg = 0.
Due to the linearity of the operator, k§ and its adjoint ko are
the zero operators of their respective operator spaces. Thus, for
each y € R%, we obtain 0 = (koy)(0) = Fp ,(0) = k(0,0)y,
which holds true only if k(0,0) = 0g, x4, - O

If H does not satisfy Proposition 1, the estimator exists
but does not represent a moment of the system (2) around
the origin. Owing to Proposition 1, the widely used stationary
kernels (see [73, Sec 4.2.1] or [50, Sec 4.4] for more detail) are
not suitable for this application. For instance, popular kernels
like the Gaussian Kernel and all the various types of radial
basis functions [74] do not define an RKHS that contains
only valid moment functions. This is formalized hereafter in
Definition 9 and in Corollary 1.

Definition 9. A kernel k : R x R — R >4y js stationary
if there exist a function k : R% — R% >4y such that k(a,b) =
k(a —b), for all a,b € R,

Corollary 1. Let k : Rl x R% — R% >4y be a stationary

kernel that satisfies the condition of Proposition 1. Then,
k(a,b) = 0 for all a,b € R%.

Proof. Since k is stationary, there exists a function k : R% —
R%*dy guch that k(a,b) = k(a—b) for all a,b € R%. Directly
from the definition of kernel (see Definition 2), yT/%(S)y >0,
for all y € R% and s € R%. Also,

yT]%(S)y = ka(s,O)y = <Fs,ya FO,y>
S \/<Fs,ya Fs,y><F0,ya FO,y>
= \/ka(& s)yyTk(0,0)y =y k(0)y.

Thus, from Proposition 1, we have 0 < yTl_c(s)y <
vy k(0)y = 0. We complete the proof by noting that the only
function k that satisfies this property is k(s) = 0. O

In the scalar case, ie., d, = 1, a suitable kernel is the
polynomial kernel with degree p € N defined as k(a,b) =
(ab)P, for all a,b € R%. Other examples can be found by
exploiting the property that the multiplication of two kernels
is also a kernel [50, Prop 13.2]. Hence, a kernel suitable for
moment matching can be constructed by multiplying a generic
kernel with a kernel satisfying the condition in Proposition 1.

For the non-scalar case, ie., d, > 1, a commonly used
strategy to design the kernel is to use a separable kernel [55,
Sec 4]. In particular, if k; : R% x R% — R is a scalar
kernel that satisfies the condition in Proposition 1, we define
the vector-valued kernel as

Va,b € qu7 k((l, b) =k (av b)Bom

where « € [0,1] is a parameter to be tuned, and B, =
alg, xq, + (1 — a)Iz,. More detail on this type of separable
kernel can be found in [55, Sec 4.1].

We conclude this section by describing the kernel used for
the numerical results illustrated in Section VI as an example of
a kernel which is well-defined for our purposes. In particular,
we consider the kernel k : R% x R% —s R Xdy gych that,
for all g, € R% and ¢, € R%,

k(gas av) = kp(da, @) kg(qas qp) Bas (18)
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where a € [0,1], k, is a polynomial kernel [50, Eq (1.61)],
and kg is a Gaussian kernel [50, Eq (1.62)]. In particular, the
kernel k, and kg are such that, for all ¢, € R4 and Qp € Rda,

bl o= | (97 )" iy = d.
P (Towy wa + Tuuy ua)?,  if dg = duy + du,

if dy =d,,,
2 2 .
e Velwa—wol =vulua—wl™ = if § = d,, + d,,,

e~ Vwlda—anl®

kg(‘]aa Qb) = {

where w, € R%, w, € R%, y, € R% and u, € R% are
such that g, = (wq, uq), and g, = (wp, up). Finally, note that
a € [0,1], 7, € Rsg, 7y € R>g, p € N, 7, € R>, and
Yu € R>q are parameters to tune.

C. Hyperparameters Selection

The method illustrated in Section IV-A requires the tuning
of several parameters: the regularization term p, € [0, 00)
and the parameters 1y € R% that define the kernel (for
example, ¥ = (Tw, Tu, Yw, Yu, @, p) for the kernel (18)). These
parameters are usually called hyperparameters in learning
problems and their value determines the trade-off between
the complexity of the model and the fitting performance.
A good selection helps to avoid problems related to over-
and under-fitting the available dataset. In the literature, this
problem is known as model assessment, see [47, Sec 7], and it
involves dealing with the bias-variance trade-off [47, Sec 7.2].
In particular, it is possible to show that, for each w € €2, the
mean square error (MSE) of the estimator can be equivalently
rewritten as the sum of two terms

MSE(w) i= E[lin(g(w)) = W ()P’

= [Eljtn(a())] = W()[* +E|ljin(a()) — Elfin(a(@))]F*]

Bias? )
Variance

Hyperparameters that induce more complex models tend to
result in high variance and low bias, while those that lead to
less complex models exhibit the opposite phenomenon. Hence,
it is of utmost importance to select hyperparameters in a way
that achieves an optimal balance between the two components
of the error. In our context, the most important hyperparameter
is pn, as a large p,, leads to high bias and low variance.

The proposed method does not rely on a specific set of
hyperparameters, making it possible to employ most of the
methods available in the literature, each with its own advan-
tages and disadvantages. Although optimizing hyperparameter
selection is beyond the scope of this article, it is worth
noting that the most common model assessment methods
rely on cross-validation techniques, which aim to approximate
MSE(w) from available data for various values of w € Q.
In particular, Monte Carlo cross-validation [75], k-fold cross-
validation [73], [76], leave-one-out cross-validation [51], [73],
[77], and generalized cross-validation [78] are methods in this
family. Alternative methods, such as Empirical Bayes [79],
rely on Bayesian theory and Gaussian processes, and they are
very computationally efficient [73, Sec 5.4.1]. All these meth-
ods select the optimal parameters by solving an optimization
problem that can also be equipped with constraints on the
hyperparameters.

D. The Linear Time Invariant case

The presented methodology is designed for nonlinear mod-
els, either in continuous or discrete time. In this section, we
analyze how to use the proposed approach for LTI models
with an LTI signal generator, i.e., the maps s, ¢, f, and h
are linear. As shown in [26], in this case, the maps m and W
are also linear and, thus, the map p* that we aim to learn
from the data is linear. Since the space of linear function that
maps R% to R% is an RKHS [50, Prop 2.1] with kernel
k(a,b) = (a"b) ® Iy, for each a,b € R%, the proposed
method can also be used for LTI models. In particular, defining
Q € R4 *" a5 the matrix in which the i-th column is g;, we
have K = (QTQ) ® 14, and k*(q) = (¢' Q) ® 14, for all
q € R4, Then, the estimator becomes '

(@) = K@= [07QQTQ+puL) | 12

V. ANALYSIS OF THE KERNEL-BASED MOMENT

In this section, we analyze the relationship between the
estimator W,, described in Section IV and the moment W
of the underlying system. To begin with, we first recall that
by smoothness of h, ¢, and 7 the moment W defined in (8) is
smooth and thus continuous. Moreover, since €2 is compact, W
is also bounded, i.e. fQ\W(w)|2dw < oo. Hence, the moment
W is a square-integrable function, i.e. W € Lo(Q, R% ).

To proceed with the analysis, we introduce the following
assumption on the kernel and we prove a technical lemma.

Assumption 3. Let Q = {q(w) : we€ Q} C R, The
kernel k : R x Rl — R*d js such that (? =
sup,cg Tr(k(s, s)) is finite.

Lemma 1. Suppose that Assumption 3 holds and let H be the
RKHS with the restriction of k on Q x Q as kernel. Then,
H C Lo(Q,RY) and W, is a square-integrable function, i.e.
Wn S EQ(Q,RCIY).

Proof. The first claim follows from [53, Cor 4.6], by As-
sumption 3. Then, the restriction of f, € H belongs to
H C Lo(Q,R%). Therefore,

i 2 ~ 2, N 2
LI = | fin(ate))Paw = /Q in(s)Pds < o0

and thus W,, € Lo(, R%). O

In summary, both the moment W and its estimator W,, are
square-integrable functions, and it is possible to define a
distance between W and W, in the Ly space. Bearing this
in mind, we introduce two useful weaker notions of moment
matching in the Lo space.

Definition 10 (Moment matching almost everywhere). The
model (10) is said to achieve moment matching at (s, () almost
everywhere if its moment W,, € Ly is such that

— 2

‘Wn - W‘[,Q(Q,Rdy) =0.
Definition 11 (Weak moment matching). Let o0 € R>o. The
model (10) is said to achieve o-weak moment matching at
(s,0) if its moment W ,, € Ly is such that

e d 2
W =W apm) < 0

)
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Note that the notion of moment matching almost everywhere
is weaker than the notion of moment matching in the sense
of (9) because it implies that the moments W and W,, can
differ in a subset of their domain as long as it has mea-
sure zero. Nonetheless, by the principle that two continuous
functions equal almost everywhere on a domain are equal
everywhere [80, Ch 3], moment matching almost everywhere
implies moment matching. Specifically, if W,, is continuous
and (10) is a model achieving moment matching at (s, /)
almost everywhere with moment W,, € L5 then (10) achieves
moment matching, i.e, W,, = W.

Moreover, as established in [53, Prop 5.1], all functions
within the space H are continuous if the kernel associated
with H is continuous. Consequently, for continuous kernels
(e.g., (18)) defining a continuous estimator function, we can
infer exact moment matching in the sense of (9).

Before presenting the main results of our analysis, we first
introduce the statistical properties of the stochastic process e
defined in (11). Specifically, we consider two distinct scenar-
ios, each characterized by the following assumptions.

Assumption 4. The noise ¢ is a stochastic process defined on
T such that there exists 3 € R with the following properties:
forall t1 € T and to € T\ {t1}, we have Ele(t1)] = 0,
Ele(t1)Te(t2)] = 0 and Eje(t;)]] < B2

Assumption 5. The noise e is a stochastic process defined
on T such that there exist ¥ € R>g and ¥ € Rxq with the
following properties: for all t, € T and ty € T \ {t1}, we
have Ele(t1)] = 0, Ele(t1) "e(t2)] = 0 and

|
Vm € Nso,  Efle(t)|™] < %22\1/“%2.

Note that Assumption 5 implies Assumption 4, thereby
making the latter a strictly weaker condition.

Building upon the preceding discussion, we now present the
main results of our analysis, which constitute the foundation
of the proposed theory. To enhance readability, all proofs have
been moved to Section V-A. The first theorem illustrates the
property of the method asymptotically in expectation.

Theorem 2 (Matching in Expectation). Suppose that Assump-
tions 1, 2, 3, and 4 hold and that p* € ‘H. Then, the following
hold.

R21. If there exists p € Ry such that

lim sup p,, = p, (19)

n—oo

then the model (10) satisfying (17) achieves p|p*|,,-weak
moment matching asymptotically in expectation, i.e.

(19) —> hmsup]EUW—Wn@J < i3,
n—oo
R22. If
(20)

1
lim — =0,
n—00 NPy,

lim p, =0 and

n—oo

then the model (10) satisfying (17) achieves moment
matching almost everywhere asymptotically in expecta-
tion, i.e.,

20) —> nan;OE[|W—W,L|2£2} —0.

Theorem 2 contains two results: the first addresses the property
of the estimator when p, converge to a positive quantity,
while the second provides a condition on p, to guarantee
moment matching almost everywhere in expectation asymp-
totically provided (20) holds. The weak moment matching
condition R21 aligns with general learning theory, which states
that the regularization introduces a bias in the estimator [58,
Sec 6.7]. This bias does not vanish asymptotically, making it
impossible to achieve moment matching almost everywhere
in expectation with a not-vanishing p,,. However, the second
result in Theorem 2 indicates that if p,, decreases at a certain
rate with the amount of data then the bias vanishes, and it
is possible to achieve moment matching almost everywhere
asymptotically in expectation.

Although Theorem 2 provides information about the asymp-
totic statistical properties of the method, it does not offer any
insight into the probability of achieving these properties. In
this regard, the following theorem establishes that moment
matching can be achieved almost surely, provided that stronger
convergence conditions on p, and the noise term e are
satisfied.

Theorem 3 (Matching Almost Surely). Suppose that Assump-
tions 1, 2, 3, and 5 hold and that y* € H. Then, the following
hold.
R31. If there exists p € Rsg and (19) holds, then the
model (10) satisfying (17) achieves p|u*|,,-weak moment
matching asymptotically almost surely, i.e.

(19) = limsup|W aniz < ﬁlu*\il, almost surely.
n—oo

R32. If

log(2n) 0

npy ’
then the model (10) satisfying (17) achieves mo-
ment matching almost everywhere asymptotically almost

surely, i.e.,

and lim

n—oQ

lim p, =0 20

n— oo

21) = lim ’W —Wn|2£ = 0, almost surely.
n—00 2

Theorem 3 provides results analogous to Theorem 2, but stated
in terms of probability rather than expectation. Therefore, it
is possible to achieve weak moment matching asymptotically
almost surely or moment matching almost everywhere asymp-
totically almost surely with different conditions. However, a
stricter convergence rate, i.e. (21) is required in comparison
with (20) of Theorem 2.

Note that both Theorems 2 and 3 provide information
applicable only with an infinite amount of data (i.e. n — 00)
that can also be used as an approximation for large n. In this
connection, the following theorem analyzes the property of the
method in the presence of a fixed finite amount of data.

Theorem 4 (Matching with Probabilistic Bounds). Suppose
that Assumptions 1, 2, 3, and 5 hold and that p* € H.
Moreover, suppose that there exists a function ji* € Lo, such
that p* = J* %, and that® Pn > On. Then, the model (10)

3Note that &, is a quantity which decreases with n. It describes the norm
of the operator which is formally defined in (26).
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satisfying (17) is a kernel-based model which achieves -
weak moment matching with probability at least 1 — ¢, where

€ (0,1] and
20( %
i

+%)1o g
\/pnfan g € i

(22)

VT
n\/pn - 5n

U= 2pn|ﬂ*|52 +

Theorem 4 establishes the probability of achieving 1}-weak-
moment matching under certain additional assumptions. It is
important to note that ¥y comprises three components: the first
is associated with the regularization terms, and it decreases as
pn decreases; the second component represents the uncertainty
introduced by the presence of the transient term (14), which
introduces a bias to the estimator that decreases as either
n or p, increase; and the third component accounts for the
uncertainty due to the stochastic nature of the noise, which
also decreases as either n or p,, increase.

A. Proofs of the Main Results

Before presenting the proofs of the main results, we
need to introduce some instrumental notions. First, following
Lemma 1, we define the canonical embedding operator ¢ :
H — L2(Q,R%), ie., t(v) = v, for all v € H. The
operator ¢ is linear and bounded [53, Prop 4.4], thus its adjoint

: Lo(Q,RY) — H exists, and it is also linear and bounded.

Given Y := R%, consider the product Euclidean space Y™

endowed with the inner product (a,b)yn = n_l S al by,
and the induced norm [b>, = n~' 3" |b;|?, where a =

(@1,...,a,) € Y™ and b = (bl,..., n) € Y™ Given D, we
define the linear bounded operator S : H — Y™ such that for
all v € H, Sv = (v(@1),...,v(qn)) € Y™, where §; € Q,
and the adjoint S* : Y™ — 7-{, such that

S*h = — Z b

With this in mind, the optimization problem (15) equivalently
reads as miﬁ Jn (1), where
ne

Vbe Y™, (23)

(k) = [Su" = 2[5 + paluliy, 24)

and
Z=Su*+7+e, (25)
where 7 == (71,...,7,) € Y™ and € := (€1,...,6,) € Y.

Moreover, we define the linear bounded operator I' := "¢ —
S5*S, with operator norm ¢,, (that depends on n through S).
As proven in [81, Lem 3.2], 6,, is bounded for all n € N by*

8, <n ¢ (26)

1) Instrumental results: We now prove preliminary results
in a series of lemmata which will be used later in the proofs
of the main theorems.

Lemma 2. Suppose that Assumption 1 holds. Then,

— 2 . R 2
’W - W"’ﬁz(SZ,Rdy) = eln” = fin)lzy vy

4Since 8, < n71<2’ a value of p, that satisfies the condition p, > Jn,
always exist. In addition, for every value of p,, it is always possible to

increase the number of data n so that the condition is satisfied.

9
Proof. From the definition of ¢, t(p*(s) — fin(s)) = p*(s) —
fin(s), for all s € Q.
Thus, using the definition of |- |
— 2 2
W =Tl = W) = Walo) e
= [ 5(5) = o)
= [e(p* — Mn)|z:2 JRiy)-
O

Lemma 3. Let Assumptions 1 and 2 hold, and suppose that
Ele(t)] = 0 for all t € T. Then, tlim E[z(t)] — W(w(t)) = 0.
—00

Proof. For all (zg,wp) in some neighborhood of (0,0), As-
sumptions 1 and 2 imply that the system (4) satisfies

vteT, |z(t)—m(w(t))| < Bal|z(0) —w(w(0)], @7)

for some a € (0,1) and 8 € Rx>¢. Recall that the noisy
measurement (11) can be equivalently rewritten, for all ¢ € T,
as z(t) = W(w(t)) + 7(t) + e(t), with 7 : T — R% defined
in (13). Recall also that h is assumed sufficiently smooth,
which further implies that & is locally Lipschitz with constant
v € Rxg, namely |h(z, {(w)) —h(m(w), {(w))| < y|z—m(w)].
Therefore, using (27), for all (g, wp) in some neighborhood
of (0,0), and for all ¢ € T, we have that

)] = |h(a(t), L(w(t)) = W(w(®)]
<ylz(t) - m(w(t))|
< yBat|z(0) — m(w(0))].
Thus, limy ;o @ =0 = lim;_,o, 7(¢) = 0. Finally, by the
fact that Ele(t)] = 0 for all ¢ € T, we conclude that

Jim E[z(t)] — W (w(t))

(28)

= lim E[W(w(t)) +7(t) +e(t) — W(w(t))}

= fim ) + Be)] = Jim E|e(0] =0

O

Lemma 4. Consider D and suppose that Assumptions 1
and 2 hold. Then, the sequence (14) converges, that is
lim sup,, _, o T, < 00.

Proof. Using the inequality (28) and the fact that 7; = 7(¢;)
for all 7 € N, we have that
VieN, |7 <yBal|z(0) - m(w(0))].

Then, by applying Cauchy-Schwartz inequality on the se-
quence (14) and by using (29), we have
n n n n

T < SN 1wl < 30 42628 2(0) — m(w(0))].

i=1 j=1 i=1 j=1

(29)

Finally, since ¢; is a divergent sequence and |a| < 1, we
conclude that

0))‘2nli_>ngoiiafi+fj < 0.

i=1 j=1

limsup T, < ~°5°|x(0)—

n— oo

O
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2) Proof of Theorem 2: To begin with, since ji, is the
minimizer of J,, for all u € H, it is such that J,(f,) <
In(p) = Jn(fin) < Jn(p*). Then, using (24) one obtains
the inequality

|Sﬂn_2|%’" - |S/‘*_2|%’" Spn\ﬂ*ﬁ{—annﬁ[- (30)
The left-hand side of (30) can be manipulated as
|Sfin = 23 — 1S* = 2[5
= <S/ln - Za S,an - S,U*>Yn + <S/ln - Su*,S,u* - 2>Y"
= (St — 1), S (i — 1))y + 2S (i — 1), S = 2y

= (fin — p*, S S(fin — 1)) gy — 2(fin — 1%, 8™ (2 = Sp™))
and thus
(i — 1, 8" i — 1))y — 2fon — 1,5 (2 — Sp*))

*12 ~ 12
< ol |3y — palfinlz. B

By adding |¢(p* — ﬂn)@z on both sides of (31), we have that

~ 12 2 A~ 2
Prlfinlsy — pulp 3y + [ — fin)l 2,

< 2(fin = w7 52 = Sp7)) gy + (1" = fins D" = fin)) g
< 2|ﬂn - M*|7-[|S*(2 - S/‘*)‘H + </J'* - ﬂmr(/i* - ﬂn)>7.[
< 20fin — 13| (2 = S + Sl — finlz,

where in the second step we have used the Cauchy-Schwarz
inequality, and in the third step we have used the definition of
operator norm ¢, for the bounded linear operator I'. Therefore,
since pn|ﬂn|; > 0, using (26) we have that

N 2
(™ = fin) [z, = Pali" [
<2
< 20jin = 113y (2 = Sy + l* = il
and, by Lemma 2, we obtain the inequality
— 2 2
(W =Walg, = pali*ly
< ~ * * (= * CQ * A 2
< 2ftn — p¥[3 S (Z = Sp¥)ly + ;W — finl3- (32)

Now, by taking the expectation on both sides of (32) and
recalling that | ,u*|3_[ is deterministic, we obtain

E“W _WnEJ - an*ﬁ-l

2
< 9B — 1* "2~ 5] + SB[

and then, using Holder inequality, we have

~ 12
- H7L|H:|a

= |2 %12 CQ * ~ 12
E{|W_Wn|ﬁ2] Spn|:u ‘H"’;EDM _/}Jn|’H:|

o[BI = 157 - s 69

Before investigating (33) in the limit, we first analyze each
term on the right-hand side of (33).

I. By using equation (25), property (1), and Assumption 3,
we obtain

E[|S*(z — Su) MS%Z

n

z_: {e,—&—n ej—i-?j)]

Moreover, by the assumption on the noise and definition (14),
we find a deterministic bound, i.e.

]E[|S*(2 ¢ ¢

— S5, < ;22 + 25T (34)

II. By using first the Cauchy-Schwarz inequality and then
the triangular inequality, the inequalities

(= SH
< Iﬂn - H*|H|S*(5 - SM*)|H
< finlgy|S™(2 = Su) gy + 15557 (2 = Sp¥) 5
hold. Since (fi,, — u*, S* S(un — 1))y

(iin

is positive, from (31)

we have puljinl% — palti* 2, < 2jin — 1, S*(2 — Su*))ye
Therefore,
~ 12 %12 2 ~ * [ = *
lfin 3 = 11715 < p*|/in|7¢|5 (2= Sp")ly
n

2 * (= *
ST (E = iy 39
Now, by adding — ey |S*(Sp* — z)|7_[ on both sides of (35) to
complete the squares and then by applying the square root,
one obtains

~ * 2 * * —
|Nn|7-¢ < |.U |7-¢ + p7|S (SH - Z)|H (36)
Moreover, since |fi, — p*|§_[ < (Jftn|y + |p*|H)2, using (36)
and Young’s inequality we have
~ * * 8 * * —
it — 115 < 8|3 + p7|5 (Su* = 2)[3. BT

By performing the expectation on both sides of (37), using (34)
and (14) we obtain

X 2 2 8¢ ., 8¢

E[\un _ u*\y] < 8|2, + oS T 68)

By using (38) and performing the supremum limit yields
CQ ) 9 ) 8<422
lim sup > [ n— } < limsu
n—>oop |M . |H n—>oop (npn)2
8¢,
+ lim sup C72 (39)
n—oo  (Mpn)*n

Regarding the claim R21, from Lemma 4 together with (19),
the right-hand side of (39) is zero, and thus
2
lim sup C— {lﬂn — u*\i] =0.

n—oo

(40)

Similarly, regarding the claim R22, Lemma 4 together
with (20) again imply (40).

III. Using (38) and (34) we have that

{1t — il | B[ 152 - S,

8<222 * 8<2 *|2
< " 1% |7-L 72“‘ |7—[Tn+
8CiYt  16¢4%? 8¢4
i Tt s TE (D)
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Regarding the claim R21, from Lemma 4 and (19), the
supremum limit of the right-hand side of (41) converges to
0 as n — oo, ie.,

limsupE[\u* - ﬂn\i}EDS*(Z

n—oQ

— S5 =0. (42
Similarly, regarding the claim R22, using Lemma 4 together
with (20) we obtain again (42).

By collecting all the pieces together, we are finally ready
to analyze the asymptotic behavior of (33). In particular,
using (40) and (42), the bound

hmsupE“W W ‘/; } < limsuppnm*ﬁ_t
n— oo n—oo
holds for both claims R21 and R22. Then, using (19), we
derive the claim R21. Similarly, using (20), and the fact that
E[[W —W,|2 ] > 0 implies that the supremum limit to 0
yields convergence to 0, we derive the claim R22.

3) Proof of Theorem 3: To begin with, using (23), the
triangular inequality, and (1), we note that

n

1
I § Fgimite:

i=1

15" (S™ = 2)|y = 157 (T + &)y, =

1 n n "
EZZ@T Qz7QJ ZF“eL
i=1 j=1

From Assumption 3 and definition (14) we also have that
dim1 2t 7V k(qi,q;)7; < ¢*T,, which implies that

VI
n

H

n

1
+ E ZF%,@

i=1

[ST(Sp™ = 2)ly

(43)

H

by assumption on the noise € we have that
Elkg,e] = kg, Ele] = 0, and, for all m € N\ {1},

) =E[ (k@ q—»e)%]
< ("E[le]"] < f(cm o).

Therefore, Iy, o satisfies the assumptions of [82, Prop A.1].
Thus, the claim of [82, Prop A.1] holds in our case and yields

that the inequality
<91 g( )(C‘I’+fﬁ) (44)

1
E Z Fﬁiaéi
i=1 H

holds for all e € (0,1] with probability at least 1 — e.
Applying (44) to (43) and fixing e = n~2 € (0, 1], we deduce
that the inequality

Note that,
E[Fg ) =

E[|Fy, e

VT,
|5%(2 = Sl < ¢
log(2n) log(2n)
1+ 4¢cu 28y en 28T e @

holds with probability at least 1 — n~2. Now, using (36) and
the fact that |fi,, — p*|;, < |fin|y + [1*|5,» We obtain

~ * 2 * =
fon — ¥y < 2|p"] + /TIS (Sp* = 2)|y.  (46)
n

Then, plugging (46) into (45) and using the complement rule
from probability theory [83, Sec 2.1], the inequality

. VT,
| = 1"l > 20p" g, + 20
“on(2 log(2
T 8u B g eslosZn) g,
npn Vnpy,

holds with probability at most n~2. Let P* be the probability
of (47) to hold (that is P# < n~2). Then, we note that

S Pr < 3 J3 < oo. Therefore, when (19) holds,
the inequality
lim sup| i, — p*|5,
n— o0
VT, log(2n) log(2n)
< lim sup (2 1 + 8¢
mup | 207y npn Vpn
= 2|p*]y (48)

holds. Since condition (21) holds by assumption, the inequal-
ity (48) follows directly from Lemma 4. Hence, by the Borel-
Cantelli Lemma [83, Th 3.4.2], the condition ZZO:O Pl < oo
implies that (48) holds with probability one. Consequently,
|fin — p*|,, is asymptotically bounded almost surely. Now,
using (32) and the probabilistic bound for (45) the inequality
2
W= Wals, > S~ + ol
(C \/T log(?n) L geplos2n) log(2n) )
n vn
(49)

holds with probability at most n~2. Following similar reason-
ing as before, let P!V be the probability of (49) to hold (that is
PV < n7?), andwenotethatznO W LY < oo
Finally, using (48) and Lemma 4, we have that the condltlon

+2|,LA"17 7.u*|7-[ 4C\Ij

limsup |fin — 45X
n—oo
VT log(2 log(2
(c +agui BN e losl ”)) =0
n n Vn

holds almost surely as |fi, — p*|,, is asymptotically bounded
almost surely. Therefore, we also have that the condition

lim sup |W W |£

n—oo

. ~ 12 2
< hmsup<n|u* = finl + pnu*IH>

n—oo

< limsup po|*[3, (50)

n—oo

holds almost surely as |fi, — p*|,, is asymptotically bounded
almost surely. When (19) holds the inequality (50) yields

lim sup|W — W, |£ < plp* |H,

n—oo

and, from the Borel-Cantelli Lemma, we deduce that the
claim R31 holds. When (21) holds the inequality (50) yields

lim sup‘ wW-Ww

n—oo

and, again, from the Borel-Cantelli Lemma and from the fact
that |W W, | o > 0, we deduce that the claim R32 holds
because the supremum limit to O yields convergence to 0.

ulz, <0,
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4) Proof of Theorem 4: To begin with, using the fact that
~ 12 *12 ~ 2 * ~
Al — |15y = 1B — ¥ 15 — 200", 15 = By,
from (31) we have that the inequality
~ *12 ~ * (= *
Prlftn — 05 < 2(fin — 1%, 8™ (Z = Sp™))y
+ 2Pn<ﬂ*a ,U* - ﬂn>7-¢ - <,[Ln - .U*a S*S(ﬂn - U*»H (51

holds. Adding |¢(p* — ,&n)|i2 to both sides of (51) we obtain

I . 2
(1" = i)z, + Polfin — 1[5y
< 2(fn — ", 87 (2 = SW))ay + 200 (15 1T — fin) 3y
+ <ﬂn - ﬂ*ar(ﬂn - :u*) H-
By using Cauchy-Schwarz inequality, the definition of operator
norm §,, for ', and the fact that pu* = *i*, we compute

~ 2 ~ 2
|L(,u* - Un)|£2 + pnmn - ,U*|7-L
< 20fun — gy 1S (2 — Sp*)ly
+ 207L<ﬁ*7 L(H* - ﬂn)>g2 + 5n|ﬂn - N*ﬁ{

and using Cauchy-Schwarz inequality once again yields

~ 2 ~ % * ~
(™ = fin)lz, = 200|872, (0™ = ),
< (8n = p)litn — 1[5, + 2liin — 10715, 1S™ (2 = Sp*)l-
(52)

Rearranging the left-hand side of (52), we have

(1 = i)l 2, = 20018 g, (0" = fin)
* ~ ~ % 2 ~%12
= (Jelp* = fin)l g, = pnlB*1z,)" — PRIE L,
while the right-hand side of (52) yields
(6n = pn)lfin — N*ﬁ{ + 2| — M*l”HlS*(z - Sﬂ*)‘ﬂ
; [5%(2 = 51l )’
= - n = On|fin — Hly - —m——xo"
(\/p i — 11" —
* (= *\2
ESCErToI
Pn — 0n
Then, using the above derivations, the inequality (52) yields

* ~ ~% 2

(le(w* = fn)l g, — Puli*]z,)

1S*(2 — Su*)|3,
pn - 671

- (\/ Pr = On|fin — lu*|7-L -
|5*(2 = Su*) 3,
pn_(sn .

By taking the square root of both sides of the above inequality,
we obtain

~%12
< pnli*lz, +

|S*(25u*>7{)2
vV Pn — 571

)
< P721|N*|Lz +

_ 2
X _ 2, 19 (E = Spr)
(i = fin)l 2y = PulB*]z, < \/pilu*gz + .
Pn — On
5*(2 = Sp*)ly
\/pn*(;n

< Pn|ﬂ*|ﬁ2 +

Now, using Lemma 2, we conclude that
|S™ (2 = Sp*)|y
vV Pn — 6n

On the other hand, combining (44) and (43), we obtain that
the inequality

|e(p* — ﬂn)|/;2 < 2Pn|ﬂ*|g2 +

Tsn(?)(33)

holds with probability at least 1 — e. Therefore, using the
definition (22) we finally conclude that, for all € € (0, 1], the
inequality |[W — Wn\; < 1 holds with probability at least
1 — e. Finally, using Definition 11 the proof is complete.

15%(2 = Sp™)ly < ¢

VI. NUMERICAL EXPERIMENTS

To validate the proposed methodology, we consider the
problem of estimating the moment of the nonlinear RC ladder
benchmark [68, Model 1] or [84]. The model is described by
the equations

i = —g(x1) — g(x1 — 22) + 1,

T; = g(xZ;l — :L'Z) — g(fL‘i — 1’i+1)7 Vi € {27 .. .724},

Zos = g(xaa — T25),

where, for all 7 € {1,...,25}, z; € R is the i-th unmeasured
state (the voltage in certain nodes of the electrical circuit),
y(t) = x1(t) € R is the output, and u(t) € R is the input
voltage. The function g : R — R is the characteristic curve
of a Shockley diode in parallel with a resistor with resistance
1 Ohm, i.e. g(x) == x + exp(40z) — 1. In the simulations,
the initial conditions of the states are mutually independent
normal random variables with mean 0 and variance 0.004.

We consider the problem of estimating the moment with
two different signal generators:

G1. a linear signal generator that generates the first 4 non-
zeros harmonics of a square wave of frequency 6 Hz;
G2. a nonlinear signal generator of order 2.

The input generator G1 is of the form (3) with d,, = 8, w(0) =

110,4,0,%,0,2,0, %], s(w) = Sw, ¢(w) = Lw, and matrices
0o 12 0o 0 0 0 0 0]
-12 0 0 0 0 0 0 0
0 0 0 36 0 0 0 0
G = 0 0 —-36 0 0 0 0 0
0 0 0 0 0 60 0 0o |’
0 0 0 0 —-60 O 0 0
0 0 0 0 0 0 0 84
0 0 0 0 0 0 -8 0 |
L= [ 1 01 01 010 ]

The input generator G2 is also of the form (3) with d,, = 2,
w(0) =[0.8,0.7] T, and functions

Wy + wowy cos(ws) sin(w?)

2

S(wy,ws) == 50 ,
(1, 2) —w1 — w? cos(ws) sin(w?)

(w1, ws) == Bwa ,
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Fig. 2. Box plots of the performance indices for all considered cases.

The blue boxes are for the cases without regularization (M1) while the
red ones are for the cases with regularization (M2 and M3).

describing a nonlinear oscillator. The noise e is zero-mean,
normally distributed, and stationary, with variance 2.75-1075
for the simulations with G1, and variance 5 - 10~* for
the simulations with G2, yielding a signal-to-noise ratio® in
steady-state of approximately 5 in both cases. As the transient
significantly impacts estimator performance (Section V), we
conduct two experiments in each case:

El. data are collected in steady-state;
E2. data are collected starting during the transient.

In all experiments we have collected n = 100 uniformly
sampled data points in a time window A. In particular, A =
[1,2] for G1-E1, A = [0, 1] for G1-E2, A = [2, 3] for G2-E1,
and A = [0, 1] for G2-E2 (all the time units are in seconds).
We tested the proposed algorithm in three different settings:

M1. with a polynomial kernel up to degree 5 [85, Prop 2.17]
with p = 0, i.e. without regularization;

with a polynomial kernel up to degree 5 with regulariza-
tion;

with the kernel (18) with p = 1 and 7, = 7, = 0 as
the two systems are strictly proper. Since 7, = 0, we set
Tw = 1 without loss of generality. We also set « = 0
because there is only one output.

M2.

Ma3.

It is worth noting that M1 is equivalent to a not-recursive
version of the method proposed in [31, Sec 3]. In all three
methods, the hyperparameters of the kernel and p, unless spec-
ified otherwise, are set using Monte Carlo cross-validation [75]
with 5 folds and 10 repetitions, following the procedure
described in [86, Sec IV.B]. After the hyperparameters have
been selected, the identified model is optimized using the
method described in [86, Sec. IV.C], which enhances both
the sparsity and performance of the estimated model. Then,
as explained in Section IV-A, the estimated moment is used
to define a model (10) that achieves moment matching with

SEstimated by computing the ratio between the mean square of the noiseless
samples of y in steady-state and the variance of e.

13
d¢ = 0, output map (17), and
f(&u) = SE+ Lasya(u — LE), for G1,
_ 2, 2
e Gaon) = st +10) AL [ por 2

To statistically validate the proposed methodology, we have
performed 5001 Monte Carlo experiments in which all the
aforementioned random variables have different realizations.
The results are reported in Figure 2 where we used the index

2t ly(ti) — (¢
S fy(t) — 5 o5 w(ty)

with y the steady-state output of the model and ¢ the steady-
state output of the estimated reduced model, n,, = 50000 and
t; = 10 4+ z— Here, we note that the regularization always
provides a beneﬁmal effect on the quality of the estimation.
Furthermore, the proposed kernel (18), used in M3, provides
better performance than the polynomial kernel, used in M1
and M2, in all the considered cases.

Figures 3 and 4 show the estimated outputs of G1-M3 and
G2-M3, respectively. In more detail, Figure 3 compares the
noiseless output y of G1-M3 with the output of the estimated
model with median performance, alongside the worst and
best cases to visualize the uncertainty of the estimator. We
note that, after the transient vanishes, the estimated model
is able to match the output of the true model up to the
uncertainty quantified in Theorem 4. Furthermore, the effect
of the transient is readily visible in the second plot because
it has a larger uncertainty despite using the same amount of
data affected by the same noise. Similar conclusions also apply
to G2-M3 as shown in Figure 4. Finally, Figure 5 displays the
graph of the estimated moment for G2-E1-M3 with median
performance. We can see that the choice of kernel ensures
the derivation of a smooth estimator and a valid moment, as
formally demonstrated in Proposition 1.

Fit=1-

VIlI. CONCLUSIONS AND FUTURE PERSPECTIVES

We have presented a data-driven Moment Matching the-
ory on RKHS. We have shown that data-driven moment
matching in the RKHS provides a promising approach for
estimating moments in several practical scenarios, such as
noisy data and transient in the dataset, and has the advantage
of identifying smoother moments from given finite datasets.
We have been able to overcome the well-known limitations
of ordinary least squares approaches, which typically suffer
from the occurrence of ill-conditioned optimization problems.
We have also introduced a new parameterized model and
constructed an appropriate reproducing kernel for the moment
estimation problem. Furthermore, we have investigated the
conditions under which moment matching can be guaran-
teed both asymptotically and with a finite amount of data.
Specifically, with different assumptions, we have shown that
the estimate ensures: i) weak moment matching asymptoti-
cally in expectation; ii) moment matching almost everywhere
asymptotically in expectation; iii) weak moment matching
asymptotically, and; iv) moment matching almost everywhere
asymptotically. Moreover, we have provided a probabilistic
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Fig. 3. Time history of the output of G1-M3 (dashed line), the output
of the estimated parametric model with the median performance of the
Monte Carlo experiment (solid line), and the range of all the Monte Carlo
experiments (shaded area). The top graph (in red) shows the result
for E1, while the bottom graph (in blue) shows the result for E2.

0.1 \ —

01 ) - —

0.4 0.6
t (seconds)

Fig. 4. Time history of the output of G2-M3 (dashed line), the output
of the estimated parametric model with the median performance of the
Monte Carlo experiment (solid line), and the range of all the Monte Carlo
experiments (shaded area). The top graph (in red) shows the result
for E1, while the bottom graph (in blue) shows the result for E2.

bound that yields confidence in the quality of the estimated
moments and ensures a priori weak moment matching. These
results make a significant contribution to moment estimation
from data by providing a priori guarantees on both the quality
of the moment matching achieved for a given finite dataset
and the accuracy of the parameterized model. Monte Carlo
numerical experiments have been conducted on a benchmark
nonlinear model to illustrate the statistical properties of the
proposed method and its superior performance compared to
related data-driven model reduction approaches.

Future work will focus on investigating the role of the
transient effect more closely, particularly in embedding the
transient term in the optimization problem itself using RKHS
theory, which could lead to improved estimators by explicitly

W1, é)

Fig. 5. Estimated moment for G2-E1-M3 with median performance.

accounting for this source of error. This approach may enhance
both theoretical understanding and practical performance in a
finite sample regime. In addition, we will focus on developing
an extension of the proposed algorithm to provide a computa-
tionally efficient algorithm that is able to adapt the estimated
moments to newly available data in a manner similar to the
recursive least squares method. Unlike the traditional recursive
least squares approach, this method will accommodate an
increasing number of features as more data becomes available,
thereby presenting challenges to be addressed.
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