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Abstract

The present contribution concerns the issue of finite friction, in ruling self-standing bearing

capacity and collapse modes of (symmetric circular) continuous masonry arches, with ideal in-

herent radial stereotomy. With primary reference, and as an enhancement, to classical “Couplet-

Heyman problem”, of least-thickness form optimization, in the realm of purely-rotational col-

lapse solutions, finite (Coulomb) friction is herein set, and thoroughly explored, in implying the

possible appearance of sliding activation. The configuration of uniform (vertical) self-weight

distribution is considered, herein for the true Milankovitch-like distribution accounting for the

real centres of gravity of the ideal wedge-shaped chunks of the arch. The mechanical problem

is analyzed, through a full analytical approach, by deriving all physical domains, and explicitly

separating safe vs. collapse states of the arch. Outcomes are eventually validated by a separate

dedicated Complementarity Problem/Mathematical Programming numerical implementation,

by fully consistent and illustrative results. Diverse key aspects are newly outlined, specifically

for the representation of the characteristic solution variables as a function of friction and geomet-

rical parameters, namely: (a) two- and three-dimensional state maps are analytically elucidated,

specifically at variable arch opening; (b) underlying numerical data are thoroughly evaluated

and reported in handbook tables; (c) catalogue arrays of arch geometries and collapse modes are

systematically formed. The analytical-numerical achievements shall allow for a full understand-

ing of the problem at hand, and synoptically form a technical compendium, in the Mechanics

(statics) of masonry arches, and specific related role of finite friction, in providing crucial self-

bearing structural capacity.

Keywords: (symmetric circular) masonry arches; least-thickness Couplet-Heyman problem;

finite friction; collapse modes; self-bearing structural capacity.
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1 Introduction

This paper delivers exhaustive physical and technical results on the issue of finite-friction ef-

fects in the classical “Couplet-Heyman” least-thickness estimation of self-supporting symmetric

continuous circular masonry arches under uniform (vertical) self-weight, by systematically sep-

arating safe vs. collapse arch states.

In the wake of contemporary rational landmark contributions by Milutin Milankovitch [1,2]

and Jacques Heyman [3, 4], and based on original previous work by the present Authors [5–10]

(and therein wide cited external references), the topic has recently been explored in comprehen-

sive trilogy [11–13] (with further specific inherent literature framing, where different graphical-

analytical and numerical strategies have been developed and employed [14–32], including specif-

ically within the context of finite-friction effects [33–51]), whereby:

� In source (Part I) work [11], all governing mechanical equations were set, and analyti-

cally resolved until a very end, with a parallel numerical validation through a Comple-

mentarity Problem/Mathematical Programming (CP/MP) formulation, for the classical

approximate Heyman-like uniform self-weight distribution along geometrical centreline, by

delivering complete results in terms of governing and characteristic variables (half-opening

angle from the crown α; thickness-to-radius ratio η = t/r; non-dimensional horizontal

thrust h = H/[(γtd) r] or intrinsic non-dimensional horizontal thrust ĥ = ηh = H/(γdr2)

at given arch characteristics: uniform specific self-weight per unit volume γ, out-of-plane

depth d; angular rotational or sliding inner-joint position from the crown β = βr or β = βs),

and observed collapse modes, specifically at variable inherent friction coefficient or friction

angle (µ = tanφ; φ = arctanµ).

� In subsequent Part II work [12], the mechanical analysis was extended, along the same

lines, to the real Milankovitch-like uniform self-weight distribution accounting for the true

positions of the centres of gravity of the ideal infinitesimal wedge-shaped chunks of the

circular arch (ideally endowed with radial stereotomy), with a comprehensive comparison

to the previous investigation, and illustration of all salient differences and outcomes.

� In additional Part III work [13], the study was enlarged toward exploring all multi-faceted

features of the solution, and physical outcomes, again for the Milankovitch-like uniform

self-weight distribution, by: delivering all two- and three-dimensional maps of the collapse

states; analyzing extremal conditions on maximum horizontal thrust and inner-joint an-

gular positions; discussing physical and mathematical multiplicity of the various recorded

collapse mechanisms.

Within that frame, and with basic reference to its main implant, notation, equation settings,

analytical/numerical strategies, and outcome illustrations, the present investigation newly forms

a closing synoptic compendium, further reporting, still for the real Milankovitch-like uniform

self-weight distribution, a complete panorama of the crucial resulting data, toward physical and

technical appreciation and interpretation, in terms of analytical maps, tables of characteristic

numerical values, representation of safe arch states and collapse modes.

2



Specifically, in terms of present novelty:

(a) The thickness-to-radius ratio vs. friction coefficient analytical η-µ two-dimensional map

is explicitly elucidated at variable half-angle of embrace α, to show all peculiar landmark

points, and iso-α curves, at given discrete α sampling, until the recorded limits of validity of

the solution. The same is as well performed for the complete (η; µ, α) three-dimensional

representation of safe (inner volume) vs. collapse (wrapping surface) arch states, with

same sampled iso-α contour lines and planes. This overall shows how the masonry arch

features and attached collapse states change at variable inherent governing physical arch

parameters η, µ and α.

(b) As related to the above, pertinent numerical data are systematically perforated, from the

analytical equations, and comprehensively reported in handbook tables, to assemble a sort

of technical compendium, providing readable explicit values of the characteristic variables

that may quantitatively be recorded underneath the plotted analytical dependencies, for

immediate consultation and practical guideline, and assessment of possible arch states, in

terms of physical implications and potential engineering applications.

(c) Attached specific comprehensive instances, and meaningful samples, of arch geometries,

and relevant collapse modes, are also depicted for characteristic half-opening angles and

friction coefficients, complementing illustrations already delivered in [11–13], to overall

provide a complete panorama of the attained mechanical solution for the problem at hand,

in the Mechanics (Statics) of masonry arches.

Accordingly, the paper is structured in two further sections, plus a closing one, as follows:

in Section 2, two- and three-dimensional representations of the (η; µ, α) arch states are analyti-

cally derived, and elucidated at characteristic sampled α states, with associated numerical data

exported to handbook technical tables; in Section 3, corresponding arch features and collapse

modes are thoroughly illustrated by an original numerical CP/MP implementation and reported

in a compilation of array figures of the collapse states, with an extensive discussion; in Section 4,

local and global conclusions are outlined, on the whole mechanical investigation.

2 Analytical results

2.1 Governing equations

With chief reference to technical description in source trilogy [11–13], and earlier original pro-

dromic work [5–10], the (five) mechanical equations governing the problem at hand can be

expressed in two groups, of three rotational [5, 9, 10] and two sliding [7] activation equations,

in terms of (five) underlying variables α, µ and η, h (or ĥ), β = βr (β = βs =
√
h(1− h) being

implicitly represented through h), as reported below (see Fig. 1).

Figure 1.
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Rotational activation equations [5,9,10] (see pure Fig. 1d, and mixed Figs. 1b,c):

• Relative rotational equilibrium of upper or lower half-arch portion, with respect to inner

intrados hinge at angular position β = βr (h1 = hL “Lower thrust”, equilibrium from

above; hU “Upper thrust”, equilibrium from below, see [20], to be derived for Milankovitch-

like real uniform self-weight distribution as in [9]):

h = h1 = hL(β, η) =
(2− η)β sinβ − 2(1− cosβ) facM

2 + η − (2− η) cosβ
(1)

or

h = hU (α, β, η) =
(2 + η)α sinα− (2− η)β sinβ − 2(cosβ − cosα) facM

(2− η) cosβ − (2 + η) cosα
(2)

• Absolute rotational equilibrium of whole half-arch, with respect to shoulder extrados hinge,

involving half-opening angle α, just through variable A(α) = α cot(α/2):

h = h2(α, η) = A(α)− 2

2 + η
facM , A(α) =

α sinα

1− cosα
= α cot

α

2
(3)

• Limit tangency condition of line of thrust (locus of pressure points) at haunch intrados

in least-thickness condition (corrected from single term hH of classical “approximate”

Heyman solution [3] for η small), which can be expressed by a stationary condition:

h = he(β, η) = β cotβ︸ ︷︷ ︸
hH

+1− 2

2− η
facM = β cotβ︸ ︷︷ ︸

hH

− η

2− η

(
1 +

2

η
(facM − 1)

)
(4)

Thereby, Milankovitch-like real uniform self-weight distribution factor facM , accounting for

the true location of the centres of gravity of each theoretical infinitesimal chunk of the continuous

arch, at larger radial distance rG = r (1 + η2/12) (see Fig. 1), is herein enabled (δM = 1), with

respect to Heyman-like uniform self-weight distribution along geometrical centreline (δM = 0):

facM =
(
1 + δM η2

/
12
)
; (facM − 1) = δM η2

/
12 (5)

Sliding activation equations [7] (see pure Fig. 1a, and mixed Figs. 1b,c):

• Sliding relation for activation of shoulder sliding joint (at angular location β = α):

µ = µss(α, h) =
h sinα− α cosα

h cosα+ α sinα
or h = hµ(α, µ) = α

cosα+ µ sinα

sinα− µ cosα
(6)

• Sliding relation for activation of inner sliding joint (at angular location β = βs), which can

be expressed by a stationary condition:

µ = µis(h) =
(1− h) cosβ − β sinβ

(1− h) sinβ + β cosβ

∣∣∣∣
β = βs(h) =

√
h(1− h)

(7)
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2.2 Analytical outcomes

As in source trilogy [11–13], a main representation plane, of the relevant analytical solution,

in the spirit of classical “Couplet-Heyman problem”, of least-thickness form optimization, and

completely extending it, to the case of finite friction, is that of main variable thickness-to-radius

ratio η vs. inherent friction coefficient µ, at implicitly variable half-opening angle α of the

symmetric circular masonry arch.

Four main regions of collapse states are outlined, ruled by the following attached equations,

and represented in the main η-µ plane in the filled two-dimensional analytical plot with labels

reported in Fig. 2:

� South-East region of Purely-Rotational (PR) modes with no sliding appearance at un-

defined (supercritical) µ:

h = h1,U , h = he , h = h2 (8)

� North-West region of Purely-Sliding (PS) modes with no rotation appearance at unde-

fined (supercritical) η:

µ = µis , µ = µss (9)

� Lower inner pond region among the above of mixed Sliding-Rotational (SR) modes

with shoulder sliding and inner rotation:

h = h1 , h = he , µ = µss (10)

� Upper basin region among the above (and extreme boundaries η = 2 and µ → ∞) of mixed

Rotational-Sliding (RS) modes with shoulder rotation and inner sliding:

h = hU , h = he , µ = µis (11)

The latter is further specializing into three subregions, and one boundary segment, where

βr > βs, and where βr < βs, separated by a locus with βr = βs, and a region where βr = 0,

separated by a locus with βr = 0, showing rotational components becomingOverturning-

Sliding (OS), at finite friction, ruled by specialized equations:

h = hU |βr=0 , µ = µis (12)

and tending to Purely-Overturning (PO) at an infinite friction coefficient on Far-East

limiting vertical segment at µ → ∞, for 148.44◦ ≃ αl ≤ α ≤ αL ≃ 151.74◦.

These four main domain regions are separated by curvilinear South-West/North-East dorsals,

intertwining at characteristic watershed Triple point T, where the regions are directly pinned,

among each other (with four co-present physical PS/RS/SR/PR collapse mechanisms, as illus-

trated in Fig. 1, though with demonstrated kinematic multiplicity three [13]), then showing

further peculiar landmark points, i.e. Shift point S, Junction point J and Border point B, along

the upper divide separating Purely-Sliding modes and mixed Rotational-Sliding modes (Fig. 2).

In the inner pond region below-left from Triple point T, there also appear peculiar station-

ary points where intrinsic non-dimensional horizontal thrust ĥ is locally maximum, and where

rotational/sliding angular positions from the crown βr,s are locally maxima (issues specifically

investigated and revealed in [13]).

Figure 2.
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2.3 Scanning at variable arch opening

All this is further illustrated in the characteristic two-dimensional η-µ analytical plot with land-

mark points reported in Fig. 3, where corresponding characteristic iso-α values (approximate, in

deg) are depicted, showing the spacing of the collapse modes at increasing variable half-opening

angle α from below.

Thereby, coming from the right, at µ → ∞, by going to a reducing, finite µ, below the

asymptote limit for Purely-Rotational solutions at ηl = 2(2
√
3 − 3) ≃ 0.9282, for αl ≃ 148.44◦

(Al =
√
3 − 1 ≃ 0.732), horizontal lines at constant η hit a sliding border of mixed modes, get

inclined, at rising η and lowering µ, then become vertical, at constant µ and undefined η, for

Purely-Sliding modes.

Further, among the asymptotes at limit αl ≃ 148.44◦ (Al =
√
3− 1) and Limit αL ≃ 151.74◦

(AL = 2/3), of validity of the solutions, hyperbola-like curves directly re-join the transition from

infinite to finite µ, at increasing η, reaching the upper dorsal up to Border point B, and then

physical border η = 2 (t = 2r), at variable µ and α.

The characteristic α-lines, leading to the markers of the above-mentioned stationary points,

and their transitions, at variable η and µ, are also shown, to depict the paths leading to such

stationary points, and to highlight the hierarchy in terms of half-opening angle α, increasing in

finding first βmax
s , then ĥmax and finally βmax

r (on such stationary points, see specifically [13],

and prodromic purely-rotational [10]).

Additionally, Fig. 4 reports the same η-µ analytical plot, with further systematic scanning

of discrete, constant-stepped iso-α values, and relevant level curves, namely:

� Below watershed Triple point T, for first nine α values between 50◦ and 130◦, each 10◦,

namely:

α = 50◦, 60◦, 70◦, 80◦, 90◦, 100◦, 110◦, 120◦, 130◦ (13)

� Above watershed Triple point T, for other nine α values between 140◦ and 148◦, each 1◦,

namely (notice the much narrower angular range):

α = 140◦, 141◦, 142◦, 143◦, 144◦, 145◦, 146◦, 147◦, 148◦ (14)

� Nearing Border point B, and beyond, for further three α values between αl ≃ 148.44◦ and

αL ≃ 151.74◦, again each 1◦, of directly asymptotic hyperbola-like iso-α lines, namely:

α = 149◦, 150◦, 151◦ (15)

This reveals a complete map of the η-µ values, as coupled to the source α values, in the

whole range of validity of the mechanical solution, i.e. for 0 ≤ α ≤ αL ≃ 151.74◦.

Figures 3-4.
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Furthermore, the relevant “exact” numerical data, of all the characteristic arch variables, are

systematically perforated, with up to 16 significative digits (though the last one or last couple of

ones may result uncertain, from the numerical find-root processes needed to resolve the involved

transcendental equations), from the arrays of the governing mechanical equations, along the

above-mentioned scanned α values, at commanding α and µ (or φ), and gathered in handbook

Tables 1-5, for direct quantitative inspection and evaluation, forming a true technical catalogue

for prompt consultation, also in view of practical applications:

� As per the selected nine α values in Eq. (13), Tables 1-2 concern the double points involved

with Sliding-Rotational appearance, below-left from watershed Triple point T, respectively

on the lower ss and upper is borders of the inner pond.

� As per the selected nine α values in Eq. (14), Tables 3-4 concern the double points involved

with Rotational-Sliding or Overturning-Sliding appearance, above-right from watershed

Triple point T, respectively on the lower is and upper ss borders of the upper basin.

� As per the selected further three α values in Eq. (15), Table 5 concerns single/double points

involved with Overturning-Sliding appearance, between the asymptotes for αl ≃ 148.44◦

(ηl ≃ 0.9282) and αL ≃ 151.74◦ (ηL = 2).

Remark 1 (on conservative SAFE-state estimation)

Notice that the values of friction coefficient µ (or friction angle φ) and thickness-to-radius ratio η

listed in Tables 1 and 3, at variable reference half-opening angle α, referring to the lower shoulder

sliding/inner sliding ss/is dorsals that bound from the left the Purely-Rotational collapse states,

practically provide lower-bound estimates, of friction and geometrical thickness parameters, to

allow stating that the masonry arch is anyway SAFE, within the plane quadrant with µ and η

larger than the reported values, at each considered α.

This provides a direct conservative estimate of self-standing bearing capacity of the symmet-

ric circular masonry arch at variable inherent friction.

Tables 1-5.
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2.4 Three-dimensional state representations

To conclude the analytical analysis, wider, complete three-dimensional representations of the

masonry arch states in terms of physical underlying governing variables (η; µ, α) are depicted

in Figs. 5-6, the latter reporting as well iso-α contour lines and planes, for the above-considered

scanned values of half-opening angle α in Eqs. (13)-(15), first each 10◦ below watershed Triple

point T and then each 1◦ above it, overall showing that:

� The safe self-standing states of the circular masonry arch are those corresponding to the

inner volume underneath the external surface of the collapse states, with the various folds

linked to the different collapse modes, which, projected onto the η-µ plane, delivers the η-µ

two-dimensional plots in Figs. 2-4;

� Any inner safe arch state, for instance laying on a given α = const plane, may be brought to

incipient collapse, with the different possible collapse manifestations, by paths reaching the

surface envelope, for instance, moving on the α = const plane, by η = const or µ = const,

or with both variable parameters η and µ, or by other paths, which may directly change

three variables (η; µ, α) all together, leading to a specific collapse configuration of the

masonry arch;

� Like that, with similarity, for instance, to classical Strength of Materials or Theory of

Plasticity, the original “Couplet-Heyman concept”, of least-thickness form optimization,

herein goes much beyond, in completely separating safe and collapse states, showing that

the volume inside the surface, of safe arch states, looks like a strength or yield domain,

and the wrapping surface around it appears like a strength or yield limit, then marking the

arch states that are prone to incipient collapse, accounting for the various PS/RS/SR/PR

collapse manifestations;

� Though the conceptual (η; µ, α) three-dimensional state representation is the clearer, and

more complete one, it provides a more qualitative depiction, than the quantitative one

represented by the (η, µ) two-dimensional description, with attached data that have sys-

tematically been gathered in numerical tables (Tables 1-5), to deliver, all together, a clear

technical map and complete catalogue of the possible arch states, also in view of potential

practical implications and engineering applications.

Figures 5-6.

The formed novel and systematic information becomes complementary to that earlier pro-

vided in source trilogy [11–13], and should then be appreciated all together, to provide a com-

plete panorama of the various physical manifestations of the achieved mechanical solution and to

form a sort of technical handbook toward practical interpretations and architectural/engineering

applications.
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3 Numerical illustration

An original, Complementarity Problem/Mathematical Programming (CP/MP) formulation and

numerical implementation [8, 9] is then systematically employed to corroborate and illustrate

the various characteristic arch states at variable half-opening angle α, as considered in previous

Section 2, herein again for the true Milankovitch-like uniform self-weight distribution (Fig. 1),

which can conveniently be flagged on, within the numerical procedure, as analytically detailed

in Section 2.1.

The numerical CP/MP formulation has extensively been introduced in [8], and later updated

in [9], references to which the interested reader may be referred to, for the various technical

details. As a main general concept, and as typically outlined in the Theory of Plasticity, of

Solids and Structures, and in Limit Analysis, masonry arch states can be handled by setting

a Complementarity Problem, among strength conditions within static internal variables φ and

collapse kinematic variables at rotating/sliding joints λ̇.

This may further be brought down to a Mathematical Programming (minimization) prob-

lem, under linear constraints, herein with apparent arch collapse onset that may numerically

come out in the order of 10−16, for targeted objective function −φT λ̇, in the quest of a true

numerical zero for the sought minimum extremal condition:

CP: φ ≤ 0 , λ̇ ≥ 0 , φT λ̇ = 0 (16)

⇓

MP: min
{
−φT λ̇ | lin. constr.

}
= 0 (17)

Such a “φ-λ formulation” turns out particularly feasible, in the present setting of tracing

masonry arch mechanisms, to locate and depict the collapse modes that are reached in the

least-thickness condition, at given geometrical morphology and variable inherent friction among

the theoretical blocks of the arch, coming from the characteristic features that are “exactly”

calculated by the analytical solution, as described in Sections 2.1-2.2. The numerical strategy

then allows to validate the analytically-obtained input characteristic data, for the various mor-

phologies and inherent properties of the masonry arch, and consents to illustrate, all together:

geometrical properties in the reference configuration (black); static features in terms of “line

of thrust” (red) and “line of friction” (blue); kinematical appearances in the shape of recorded

(symmetric) collapse mechanism (green).

Herein, notice that the “line of thrust” is classically taken as the locus of pressure points,

of non-dimensional eccentricity ê = [M/N ]/[t/2] = e/[t/2], i.e. moment over axial compression

force ratio within the arch, normalized to be ±1 at a rotational joint activation [5], and the

“line of friction” is originally meant as the locus of shear over normal force ratio, normalized

as ês = [T/N ]/µ = es/[t/2] to be ±1 at a sliding joint activation [8]. Then, when such lines

come to touch the intrados or extrados of the masonry arch, (radial) failure joints are thereby

activated, within the arch, to possibly deliver a collapse mechanism as coherently described by

compatible kinematic variables λ̇ complementary to underlying conformal static variables φ, as

per Eq. (16), which truly separates safe vs. collapse arch states.
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3.1 Arrays of collapse states

According to the previous description in preceding Section 2, macro-illustration graphical arrays

are systematically formed to the handbook purpose in Figs. 7-15, to provide a comprehensive

overview of arch features and collapse states at variable half-opening angle α of the masonry

arch, and inherent friction. Specifically, also referring to numerical data already perforated

in Tables 1-5:

� The frames in Figs. 7-10 gather the views of the arches linked to the double points at

the boundaries of the inner pond region of mixed Sliding-Rotational modes, with shoulder

sliding and inner rotation, occurring below-left from Triple point T, for variable α between

50◦ and 130◦, each 10◦, showing both undercomplete arches (α < 90◦) and overcomplete

arches (α > 90◦), separated by the complete semicircular arch case (α = 90◦). In practice,

the collapse modes that are concomitantly present at those double points are shown, at

chosen variable α, and associated η-µ interface values.

– Within that, the frame in Fig. 7 shows the Purely-Rotational (PR) modes at the lower

interface for shoulder sliding (ss) activation; the frames in Fig. 8 and 9 depict the

mixed Sliding-Rotational (SR) modes at the lower (SR−) and upper (SR+) interfaces,

respectively with shoulder sliding (ss) and inner sliding (is) activation; the frame

in Fig. 10 displays the Purely-Sliding (PS) modes at the upper (is) interface of the

inner pond region.

� The frames in Figs. 11-14 similarly gather the arches tied to the double points of the

upper basin of mixed Rotational-Sliding modes, with shoulder rotation and inner sliding,

occurring above-right from Triple point T, for variable α between 140◦ and 148◦, each 1◦,

referring to overcomplete arches that anyway display a half-opening angle lower than the

first asymptotic limit of αl ≃ 148.44◦ first leading to Purely-Overturning at µ → ∞.

– Within that, the frame in Fig. 11 shows the Purely-Rotational (PR) modes at the

lower interface for inner sliding (is) activation; the frames in Fig. 12 and 13 depict the

mixed Rotational-Sliding (RS) modes at the lower (RS−) and upper (RS+) interfaces,

respectively with inner sliding (is) and shoulder sliding (ss) activation, becoming

Overturning-Sliding with and above α = 146◦; the frame in Fig. 14 displays the

Purely-Sliding (PS) modes at the upper (ss) interface of the upper basin region.

� The frame in Fig. 15 finally gathers the arches linked to the single/double points of the up-

per basin of Overturning-Sliding modes, occurring among asymptotic limits αl ≃ 148.44◦

and αL ≃ 151.74◦, for the three α values of 149◦, 150◦ and 151◦.

– Within that, the above row of the frame shows Purely-Overturning (PO) modes

at µ → ∞; the middle row displays mixed Overturning-Sliding (OS) modes (for

case α = 151◦, as recorded at hitting upper physical border η = 2 with t = 2r);

the bottom row depicts Purely-Sliding (PS) modes, just for α = 149◦ and 150◦

(case α = 151◦ being unable to reach Purely-Sliding modes due to the hitting of

upper border η = 2), and (in place of that, to fill the array), the Purely-Overturning

mode at µ → ∞ and η = 2, for Limit angle αL ≃ 151.74◦.

Figures 7-15.
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3.2 Sample safe vs. mixed collapse states

Moreover, two groups of additional selected illustration instances are considered, in order to show

the transition from a safe state of the arch to a (mixed) incipient collapse mode, either Sliding-

Rotational (SR) or Rotational-Sliding (RS), which may appear for a given physical arch state,

in terms of assigned (rounded or almost rounded) physical variables, i.e. thickness-to-radius

ratio η, inherent friction coefficient µ (or friction angle φ) and half-opening angle α.

To the purpose, two meaningful groups of four sample cases are considered (with rounded

values, in the collapse states, for two out of the three governing variables, with the resulting crit-

ical value for the third one, to induce mixed collapse), as shown in 2×2 array Figs. 16-17, with

main characteristic data in Tables 6-7, corresponding to points in the η-µ plane in Figs. 2-4 that

result almost in the middle of the rising non-linear curves among sliding activation boundaries,

at increasing η, with lowering µ, either below-left or above-right from watershed Triple point T,

respectively into the inner pond of mixed Sliding-Rotational modes or into the basin of mixed

Rotational-Sliding modes, namely:

− A group that displays η around 0.5, µ around 1.0 (φ around 45◦), α around 130◦, potentially

leading to SR collapse, as set out by equations h = hL, h = he, µ = µss in Eq. (10), where

the use of Lower thrust hL and shoulder sliding activation on µss should be noticed (see

resulting arch illustrations in Fig. 16, and characteristic data in Table 6 and below text);

− A group that displays η around 0.8, µ around 1.8 (φ around 61◦), α around 145◦; potentially

leading to RS collapse, as set out by equations h = hU , h = he, µ = µis in Eq. (11), where

the use of Upper thrust hU and inner sliding activation on µis should be noticed (see

resulting arch illustrations in Fig. 17, and characteristic data in Table 7 and below text).

The resulting masonry arch states for the first group with rather self-similar SR collapse

manifestations are illustrated in 2×2 array Fig. 16, where the four shots show:

− (a) SAFE state, for the reference value of α = 130◦ and given rounded η = 0.5, µ = 1.0

(φ = 45◦) reference state. Thereby, a possible configuration of line of thrust and of line of

friction is drawn, for the continuous arch, safely included within it, minimizing objective

function −φT λ̇, though to a non-zero positive value, thus by excluding collapse;

− (b) Mixed SR collapse state, for that given rounded η = 0.5, µ = 1.0 (φ = 45◦) reference

state, at the resulting critical α value, around α ≃ 130◦, namely α = 2.270495186553218 ≃
130.09◦, with resulting h = 0.1950576155171495, ĥ = ηh = 0.09752880775857475 and

βr = 1.104208246586004 ≃ 63.27◦;

− (c) Mixed SR collapse state, for that given rounded η = 0.5 and half-opening α = 130◦,

for µ = 0.9969880290274362 (φ ≃ 44.91◦), with resulting h = 0.1950576155171495,

ĥ = ηh = 0.09752880775857475 and βr = 1.104208246586004 ≃ 63.27◦ (values of h,

ĥ = ηh and βr in (b) and (c) are the same, since recorded with arising inner-joint rotation

at same η = 0.5, despite at slightly different α values, within Eq. (10));

− (d) Mixed SR collapse state, for that given value of µ = 1.0 (φ = 45◦) and half-opening

α = 130◦, for η = 0.4953913040890266, with resulting h = 0.1985054807705899,

ĥ = ηh = 0.09833788898776172 and βr = 1.105603069270766 ≃ 63.35◦.

Figure 16 and Table 6.
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The resulting masonry arch states for the second group with rather self-similar RS collapse

manifestations are illustrated in 2×2 array Fig. 17, where the four shots show:

− (a) SAFE state, for the reference value of α = 144◦ and given rounded η = 0.8, µ = 1.8

(φ ≃ 61◦) reference state. Notice that the arch is safe for α = 144◦, while it is not

for α = 145◦. Thereby, again, a possible configuration of line of thrust and of line of

friction is drawn, safely included within the continuous arch, minimizing −φT λ̇, though

to a non-zero positive value, ruling out collapse;

− (b) Mixed RS collapse state, for that given rounded η = 0.8, µ = 1.8 (φ ≃ 61◦) reference

state, at the resulting critical α value, around α ≃ 145◦, namely α = 2.526201114497218 ≃
144.74◦, with resulting h = 0.06573404085108929, ĥ = ηh = 0.05258723268087143 and

βr = 0.7192773522588299 ≃ 41.21◦, βs = 0.2478166191450376 ≃ 14.20◦;

− (c) Mixed RS collapse state, for that given rounded η = 0.8 and half-opening α = 145◦,

for µ = 1.936371249842161 (φ ≃ 62.69◦), with resulting h = 0.05793516577873266,

ĥ = ηh = 0.04634813262298612 and βr = 0.7342349796084060 ≃ 42.07◦,

βs = 0.2336208088868015 ≃ 13.39◦ (values of h, ĥ = ηh and βr in (b) and (c) are not

the same, since recorded with arising inner-joint sliding, at βs, even if at same η = 0.8 and

at slightly different α values, within Eq. (11));

− (d) Mixed RS collapse state, for that given value of µ = 1.8 (φ ≃ 61◦) and half-opening

α = 145◦, for η = 0.8170487848718171, with resulting h = 0.06573404085108929,

ĥ = ηh = 0.05370791820209689 and βr = 0.6598405767270294 ≃ 37.81◦,

βs = 0.2478166191450376 ≃ 14.20◦ (values of h and βs in (b) and (d) are herein the

same, since recorded with arising inner-joint sliding at same µ, as per inner-sliding activa-

tion Eq. (7), within Eq. (11)).

Figure 17 and Table 7.

In finally mutually commenting the visual outcomes linked to SR vs. RS illustration Figs. 16

and 17:

− Both SR and RS collapse manifestations, in three frames (b), (c), (d), for each figure,

result very similar, among themselves, given the rather near values of underlying physical

parameters (η; µ, α);

− However, each frame (a) in the two figures highlights a safe state of the arch, again for

slightly different values, of the underlying arch parameters. This shows that, being the

assumed rounded reference states quit near to the 3D collapse surface in Figs. 5-6, the

arch is still safe, in a slightly subcritical condition, (a), then becoming critical, (b) to (d),

for a slight, though precise variation of (even one of) the governing parameters;

− A little wider difference, in the characteristic parameters, and resulting manifestations, is

recorded for the SR reference state around 145◦, since thereby a higher variation within

the iso-α stepping has been recorded, in 2D Fig. 4 and 3D Fig. 6;
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− Also, thereby notice that while α = 130◦ is safe, with respect to SR modes, Fig. 16(a),

α = 145◦ is not, with respect to RS modes, namely leading to a supercritical condition, and

then nearer rounded inferior value α = 144◦ has been considered, Fig. 17(a); indeed, while

η ≃ 0.49539 is subcritical to η = 0.5, in Table 6, η ≃ 0.81705 is supercritical to η = 0.8,

in Table 7. Thus, while frames (a), (c), (d) in Fig. 16 are drawn for α = 130◦, only

frames (c), (d) in Fig. 17 are depicted for α = 145◦, (a) being shown for α = 144◦, while

both frames (b) in Figs. 16 and 17 are depicted for the slightly different critical values

of α, at the given rounded η-µ state, slightly larger than those, rounded ones, taken for

the safe arch states in frames (a).

3.3 Discussion

The present discussion is now set, about various issues and remarks that have arisen at review

stage, which may be useful to be shared, for the appreciation of the overall investigation, by the

final general and specific readers.

▶ About the collocation and value of the present manuscript, this is a sort of closing

compendium of recent trilogy [11–13], as the output of a comprehensive research project, focussed

on the issue of finite friction, in the Mechanics (Statics) of (continuous symmetric circular) ma-

sonry arches under uniform (vertical) self-weight, generalizing the so-called “Couplet-Heyman”

problem of least-thickness form optimization, and going much beyond that.

It comes after prodromic self-works [5–10], which have mainly analyzed the role of classical

purely-rotational solutions [5, 6, 9, 10] and started the investigation on the possible sliding on-

set [7, 8]. As a structural paradigm, given the content, one may say this paper to constitute

a “keystone”, set at the crown of the arch, made of the chunks constituted by such previous

papers, which may be necessary, for a full understanding of the various subtleties, and for po-

tential self-replication of the present results. So, they bare on each other, conceptually, to stand

overall, and be appreciated all together.

Positioning to previous Parts I-III [11–13] is stated in the first itemized list in the Introduc-

tion. Novelty is formulated in the (a), (b), (c) list in Abstract and Introduction. Accordingly,

main novelty is constituted, as technical content, by Figs. 3-4, Tables 1-5, and Figs. 7-15, to

form a comprehensive catalogue of arch states. This shall be unprecedented, in the literature

(documented and extensively discussed in such previous works, and herein [14–51], with various

contributions that have analysed the research topic, specifically about the role of finite fric-

tion [33–51]), and should state the conceptual value of the present research, also in practical

terms (see also Remark 1, on the minimum amount of friction necessary to avoid sliding, quan-

titatively formalizing the value of 3rd Heyman hypothesis of no sliding failure).

Additionally, Figs. 5-6, and text in Section 2.4, finally form the concept of “safe domain”,

in the space of arch variables, as in Strength of Materials or Theory of Plasticity, going much

beyond the main source “Couplet-Heyman problem” least-thickness form optimization context.

This is also something relevant for the appreciation of the amount of constitutive friction, as

related to morphological arch opening, and thickness.
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▶ About the positioning to previous attempts in the literature, specifically concern-

ing the role of finite friction, in masonry arches and structures [33–51], while other preliminary

contributions have provided partial results (e.g. [35, 36, 40]), on specific configurations, and in

some cases in different ones, as that considered in this work, this investigation, for the consid-

ered configuration, systematically traces all possible solutions, for all ranges of the underlying

variables, providing a clear and comprehensive picture of the whole, and of the underlying single

cases, setting up a general frame, which should clear the picture, on the role of finite friction, in

the self-standing capacity of uniform (symmetric circular) masonry arches.

Outcomes shall also be useful in general terms, and instructive, even in handling, by extrap-

olation, other arch geometries and loading settings, as for instance considering unsymmetric

or different geometrical shapes of the masonry arch [23, 25, 29, 38, 47], issues of stereotomy

(i.e. the shape of the stone cuttings of the mutual joints of voussoir arches [4, 28, 30, 31, 50]),

effects of boundary conditions [22], different loading configurations (e.g. including lateral ac-

tions [22,26,38]), and so on.

▶ About the effective use of the present outcomes, for studying the Mechanics (Stat-

ics) of an existing circular arch, one may first notice that several sample cases were already

studied and extensively illustrated in previous Part I-III papers [11–13].

Moreover, the instances herein explicitly considered to the purpose in Section 3.2, with re-

sults in Fig. 16/Table 6 and Fig. 17/Table 7, were indeed meant in the above sense, in order to

show a possible transition from a safe state of the arch to a (mixed) incipient collapse mode,

either Sliding-Rotational (SR) or Rotational-Sliding (RS). Hopefully, these outcomes should be

clear, overall, to the end readers.

▶ About the practical utilization of Tables 1-5, in the Statics of (symmetric circular)

masonry arches, the following could be said.

One may “enter the table” with a given half-opening angle α of the circular arch (herein

scanned in deg).

Then, one first reads the values of friction coefficient µ or friction angle φ that provide the

critical friction state considered for each table (for instance, in Tables 1 and 3, about the critical

threshold to sliding activation, respectively at the shoulder or at an inner joint). Friction values

larger than that would then prevent those forms of failure, with sliding, from appearing, within

the masonry arch.

Next, the value of least thickness-to-radius ratio η in the critical condition is accessed, provid-

ing a measure of the thickness that the arch, at least, should possess, to be possibly withstanding,

its uniform self-weight.

Further, the values of non-dimensional horizontal thrusts h and ĥ = ηh arising within the

arch (normalized static quantities) can be appreciated, in order to estimate the amount of push

that the arch may bring down to the shoulders, in the critical condition, at incipient collapse,

for the structural evaluation of the supporting abutments.

Finally, the angular positions of rotational and/or sliding joints, βr and βs, are decipherable,

toward comprehending the morphological characteristics of the failure modes and localizing the

joints that may likely be exposed to failure (or possibly be strengthened, to prevent collapse, for

instance by placing ties), specifically once the arch is not a continuous one (which ideally opens
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up the rupture joints where it is needed), rather a discrete one made by real chunks, with failure

joints that may be the nearer to the analytically-determined ones, for a continuous arch (notice

that, though, a comprehensive analysis for discrete arches is out of the scopes of the present

contribution, devoted to continuous arches, and may be the subject of further specific attention).

▶ About the representation of the half-opening angle, notice that in Figs. 5-6, half-

opening angle α is expressed in rad, as a primary real variable, in the source calculations, as per

other non-dimensional variables η and µ, and as earlier done in prodromic Parts I-III [11–13].

However, the subsequent scanning of α values has been selected in deg, for easier and practical

interpretation (Section 2.3). Anyway, in Tables 1-5 and text, α values in rad are as well provided.

▶ About the assumption of the loading condition, the developed analytical solution, and

numerical validation, is indeed rather peculiar, given the supposed uniform (vertical) self-weight

distribution. In the considered setting, of symmetric circular masonry arches, this allows for

a convenient handling and to achieve explicit solutions, which, in general, may not apply, for

other arbitrary loading configurations that one may consider.

However, in other loading cases, the conceptual reasoning would likely be the same, so that

the issue of minimum arch thickness, and, most of all, that of safe domain, for the arch states,

as delivered in the paper, may still be obtained, for a given, specific loading configuration that

may be imagined.

Despite, in case that loads may be independent, as accidental or concentrated ones, from

arch thickness, as herein considered, in the sense that uniform self-weight loading is brought in

through thickness-to-radius ratio η, as physical variable (to be minimized), within the underly-

ing Limit Analysis framework, instead of expressing an explicit load multiplier (to be statically

maximized), this may reflect in a different key of reading, of the core outcomes, though the main

conceptual implant could also be the same, or, say, a similar one.

So, extensions to other loading configurations (even with other self-weight distributions, e.g.

with the presence of non-vertical components) may not be straightforward, in general, and would

anyway open up the way to separate, specific, analytical handlings, whenever possible, for each

specific loading condition.

In that, the scheduled subsequent numerical treatment, by the CP/MP formulation, once

adopted to handle specific given loadings, may instead display further potentialities, also in

representing particular loading configurations that may appear in real cases, even consider-

ing discrete arches with given arch and chunks morphologies, all this constituting a pertinent

scenario, though going much beyond, the present setting of continuous circular arches under

uniform self-weight, but that in principle could numerically be handled, in perspective.

▶ About the meaning and value of the present numerical CP/MP formulation,

mainly, one shall first say that, so far, the present adoption, of such a self-assembled numerical

procedure, is hierarchically subordinated to the role and use of the derived analytical solution,

in the considered setting.

Thus, through the analytical derivation, the basic underlying arch variables are calculated

(by “exact” values, with a good number of significative digits; this is why several digits are

reported in text and numerical tables, as necessarily needed, to arrive at a true numerical zero,
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in the −φT λ̇ minimization process, in case of reaching a true collapse condition).

Next, arch characteristics (values of thickness-to-radius ratio η and friction coefficient µ,

number of blocks and angular positions of the failure joints, βr and βs, at given half-opening

angle α) are transferred to the numerical tool, to validate the analytical solution (and allow

for the concomitant representation of arch configuration, lines of pressure and of friction, and

collapse mode, for illustration purposes).

So, in that sense, the numerical tool, so far, is not meant to be completely “predictive”, in

finding out by itself the configurations that would lead to collapse (several trials could be made,

for instance iteratively, but with difficulties in chasing the real arch morphology and collapse

configuration) and herein is basically adopted in confirming the expected arch state, after setting

in input the “exact” arch features that implacably arise from the analytical solution.

Moreover, as it may be noticed, given that the set of equations governing the mechani-

cal problem is a non-linear one, and that in the resulting numerical CP/MP optimization ap-

proach a non-convex objective function is present, by product −φT λ̇, on the issue of potential

(non-)uniqueness of the optimization solution, the following considerations may be in order.

Remarks on uniqueness of the optimization solution

The non-linear CP/MP formulation is herein specifically devised to validate, for given geomet-

rical quantities and friction coefficient of the masonry arch, the analytical solution (based only

on static equations). Specifically, in the 3D space of underlying variables thickness-to-radius

ratio η, friction coefficient µ, half-opening angle α, as per the 3D representations in Figs. 5-6:

1) Within the physical domain, it results min{−φT λ̇} > 0 (see also the extensive iso-contour

representations provided in source numerical paper [8]). This means that it is possible to

fulfil both equilibrium and compatibility, but that they are not “coherent”, with “consti-

tution”, i.e. with the complementarity requirement among static and kinematic variables.

From the mechanical point of view, no collapse solutions are admitted. The arch is then

safe.

2) On the domain surface, orthogonality holds as min{−φT λ̇} = 0, where 0 is a numerical

zero, e.g. in the order of 10−16. Then, all the equations governing the collapse state

are satisfied, i.e. at least one collapse mechanism is foreseen for the tested geometrical

configuration and the given friction coefficient. This represents incipient collapse of the

arch, in the reached critical condition, in the classical sense of Limit Analysis.

3) Outside the physical domain, no feasible solutions are obtained (i.e. the solution of the

optimization problem turns out computationally “unfeasible”). Thus, it is not possible to

satisfy equilibrium and/or compatibility, being the violation, in general terms, relevant to

the source equilibrium relations. Mechanically speaking, a dynamic collapse takes place,

namely the arch is not able to withstand its self-weight.

In a strict mathematical sense, no uniqueness is expected for the collapse configurations. Indeed,

this is clearly true, for specific cases:

– For instance, in the Purely-Rotational case, at supercritical or infinite friction, only one

set of static redundants, in the doubly-built-in arch [8], is found, but a “ray solution” is
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obtained for the kinematic variables, describing the collapse mechanism, being the (phys-

ically same) failure mode possibly be amplified by an arbitrarily defined positive factor.

– Another clear example of non-uniqueness is represented by the Purely-Sliding collapse case,

at any arbitrary supercritical thickness-to-radius ratio, ruled just by translational static

equations, where besides the arbitrarily defined positive factor amplifying the mechanism,

also a redundant moment, in the doubly-built-in arch [8], can arbitrarily be chosen within

an interval.

– Further, multiple mechanisms can appear (for instance, on the border of contiguous regions

of the 2D and 3D state maps in Figs. 2-4 and 5-6), and the positive amplification factors

become more than one, though kinematic variables λ̇ may arbitrarily be normalized, e.g.

by a constraint of unit norm, also to prevent falling on trivial solution λ̇ = 0 [8]. Inciden-

tally, the multiplicity of the failure mechanisms, specifically at watershed Triple point T

in the 2D analytical maps in Figs. 2-4, where multiplicity is demonstrated to result math-

ematically triple, while it appears physically quadruple, with four concomitant physical

collapse modes (see Fig. 1), has widely been studied in a dedicated section in Part III [13].

– Despite, there have not appeared cases of “physical” non-uniqueness, even considering the

possible effect of non-normality, linked to finite-friction effects, in the underlying frame-

work of Limit Analysis (as widely discussed in Part II), in the practice of the handling

of the CP/MP formulation (still in the present setting of symmetric masonry arches), as

used, after known values from the analytical solution, showing much robust, in predict-

ing collapse, “exactly”, with a numerical zero in the order of 10−16, once imputed arch

characteristic values become truly “exact”.

– In short, heuristically, besides the instances in which non-uniqueness is intrinsically, phys-

ically expected, no signs of non-uniqueness have emerged, in the managing of the CP/MP

optimization procedure, which turns out rather reliable, in the considered setting of sym-

metric circular arches under uniform (vertical) self-weight.

4 Conclusions

The present research investigation shall complement the wide mechanical analysis on finite-

friction effects in (symmetric circular) continuous masonry arches under uniform (vertical) self-

weight developed in source trilogy [11–13], by providing further crucial analytical and numerical

results, specifically in view of elucidating an explicit connection to the variation of half-opening

angle of the arch α, and the link to inherent friction coefficient µ, and forming a synoptic com-

pendium and technical handbook, for direct understanding and utilization.

Clearly:

� Watershed Triple point T in the η-µ map separates the main (wider and common) range

of half-opening angles α lower than about 139.23◦, say around 140◦, and the rather narrow

range of half-opening angles higher than that and up to the upper limit of about 151.74◦,

say around 152◦, thus of only about further 12◦.
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� In the former case, mixed collapse modes may arise, in the form of mixed Sliding-Rotational

modes, with sliding at the shoulder and inner rotation, below-left from watershed Triple

point T, representing the cushion, inner pond region in between Purely-Rotational and

Purely-Sliding modes.

� In the latter case, mixed collapse modes may arise, in the form of mixed Rotational-Sliding

modes, with rotation at the shoulder and inner sliding, above-right from watershed Triple

point T, even representing, after a half-opening angle α at about 145◦, leading to Junction

point J, Overturning-Sliding modes with inner sliding or even Purely-Overturning modes

just at infinite friction (µ → ∞; φ → 90◦).

� Notice that friction coefficients/angles higher than the characteristic values recorded at

watershed Triple point T (µ ≃ 1.277; φ ≃ 52◦) shall prevent any mixed Sliding-Rotational

mode to appear, while friction values higher than those recorded at Border point B at

physical limit η = 2 with t = 2r (µ ≃ 1.854; φ ≃ 62◦) shall prevent any Purely-Sliding

mode to arise within the arch. This shall quantify, in general terms, the amount of required

friction to comply with classical third Heyman [3] hypothesis of no sliding failure.

� Moreover, as an important remark (see Remark 1 at the bottom of Section 2.3), as per the

values of µ and η listed in Tables 1 and 3, for the various half-opening angles α, linked to

the lower ss/is dorsals in the η-µ plane, these provide consistent and conservative lower-

bound estimates warranting the safe state of the arch for any η-µ plane quadrants with

larger values of η and µ, at each given α.

� The interaction among increasing half-opening angle α and rising friction coefficient µ

useful for the masonry arch to withstand, under uniform self-weight, is made apparent,

showing that a loosening friction may hinder the overall structural bearing capacity of the

masonry arch.

The present mechanical analysis may be generalized to other arch forms and contexts, likely

by renouncing to possibly achieve manageable explicit analytical solutions, as sought and de-

rived in the present investigation, and pushing on the conceived CP/MP numerical tool, which

in principle may appropriately be generalized, to further explore the present basic, fundamen-

tal findings, in specific theoretical and practical masonry arch scenarios, in terms of structural

bearing capacity prediction and assessment, as separately delivered, in the flourishing related

literature on masonry arches, through different affine methodologies and techniques [14–32], in-

cluding at finite friction [33–51], with mutually consistent results.
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Integrità Strutturale - Fracture and Structural Integrity, Special Issue on: Fracture and

Damage Detection in Masonry Structures, 14(51), pp. 356-375, available Open Access

at https://www.fracturae.com/index.php/fis/article/view/2554. DOI: 10.3221/IGF-

ESIS.51.26.

[8] Cocchetti, G., Rizzi, E. (2020). Non-linear programming numerical formulation to acquire

limit self-standing conditions of circular masonry arches accounting for limited friction,

International Journal of Masonry Research and Innovation, Special Issue on: 10IMC

Masonry Research in the Third Millennium From Theory to Practical Applications, 5(4),

pp. 569-617. DOI: 10.1504/IJMRI.2020.111806.

[9] Cocchetti, G., Rizzi, E. (2020). Static upper/lower thrust and kinematic work balance

stationarity for least-thickness circular masonry arch optimization, Journal of Opti-

mization Theory and Applications, Special Issue on: Computational Optimization for

Structural Engineering and Applications, 187(3), pp. 707-757, available Open Access at

https://link.springer.com/article/10.1007/s10957-020-01772-0. DOI: 10.1007/s10957-020-

01772-0.

[10] Cocchetti, G., Rizzi, E. (2021). Least-thickness symmetric circular masonry arch of

maximum horizontal thrust, Archive of Applied Mechanics, 91(6), pp. 2617-2639,

available Open Access at https://link.springer.com/article/10.1007/s00419-021-01909-1.

DOI: 10.1007/s00419-021-01909-1.

19



[11] Cocchetti, G., Rizzi, E. (2024). Finite-friction least-thickness self-standing do-

mains of symmetric circular masonry arches, Structures, Special Issue on Shells

and Spatial Structures: Conceptual Design, Construction and Maintenance, Eds.

Stefano Gabriele and Andrea Micheletti, Accepted 19 June 2024, Published on-

line 8 July 2024, 66(August 2024), Paper 106800, pp. 1-20, available Open

Access at https://www.sciencedirect.com/science/article/pii/S2352012424009524.

DOI: 10.1016/j.istruc.2024.106800.

[12] Cocchetti, G., Rizzi, E. (2025). Finite-friction least-thickness self-standing do-

mains of symmetric circular masonry arches. Part II: Milankovitch-like self-

weight distribution, Structures, Accepted 25 March 2025, Published online

15 April 2025, 76(June 2025), Paper 108780, pp. 1-20, available Open Ac-

cess at https://www.sciencedirect.com/science/article/pii/S2352012425005946.

DOI: 10.1016/j.istruc.2025.108780.

[13] Cocchetti, G., Rizzi, E. (2025). Finite-friction least-thickness self-standing domains of

symmetric circular masonry arches. Part III: Complementary representations, extremal

conditions and collapse multiplicity, Structures, Accepted 28 July 2025, Available

online 19 August 2025, 80(October 2025), Paper 109832, pp. 1-28, available Open

Access at https://www.sciencedirect.com/science/article/pii/S2352012425016479. DOI:

10.1016/j.istruc.2025.109832.

[14] Kooharian, A. (1952). Limit analysis of voussoir (segmental) and concrete arches, Journal

Proceedings of the American Concrete Institute, 49(12), pp. 317-328. DOI: 10.14359/11822.

[15] Livesley, R.K. (1978). Limit analysis of structures formed from rigid blocks, International

Journal for Numerical and Analytical Methods in Engineering, 12(12), pp. 1853-1871.

DOI: 10.1002/nme.1620121207.

[16] Livesley, R.K. (1992). A computational model for the limit analysis of three-dimensional

masonry structures, Meccanica, 27(3), pp. 161-172. DOI: 10.1007/BF00430042.

[17] Como, M. (1992). Equilibrium and collapse of masonry bodies, Meccanica, 27(3), pp.

185-194. DOI: 10.1007/BF00430044.

[18] Boothby, T.E., Brown C.B. (1992). Stability of masonry piers and arches, Journal

of Engineering Mechanics, ASCE, 118(2), pp. 367–383. DOI: 10.1061/(ASCE)0733-

9399(1992)118:2(367).

[19] Boothby, T.E. (1996). Analytical approach to collapse mechanisms of circular masonry

arch. Discussion on the paper by Blasi and Foraboschi (1994), with Closure by P.

Foraboschi and C. Blasi, Journal of Structural Engineering, ASCE, 122(8), pp. 978-980.

DOI: 10.1061/(ASCE)0733-9445(1996)122:8(978).

[20] Blasi, C., Foraboschi, P. (1994). Analytical approach to collapse mechanisms of cir-

cular masonry arch, Journal of Structural Engineering, ASCE, 120(8), pp. 2288-2309.

DOI: 10.1061/(ASCE)0733-9445(1994)120:8(2288).

[21] Lucchesi, M., Padovani, C., Pasquinelli, G., Zani, N. (1997). On the collapse of masonry

arches, Meccanica, 32(4), pp. 327-346. DOI: 10.1023/A:1004275223879.

20



[22] Ochsendorf, J.A. (2006). The masonry arch on spreading supports, The Structural

Engineer, 84(2), pp. 29-36.

[23] Romano, A., Ochsendorf, J.A. (2009). The mechanics of Gothic masonry arches, Interna-

tional Journal of Architectural Heritage, 4(1), pp. 59–82. DOI: 10.1080/15583050902914660.

[24] Block, P., DeJong, M., Ochsendorf, J. (2006). As hangs the flexible line: equilibrium of

masonry arches, Nexus Network Journal, 8(2), pp. 13-24. DOI: 10.1007/s00004-006-0015-9.

[25] Alexakis, H., Makris, N. (2013). Minimum thickness of elliptical masonry arches, Acta

Mechanica, 224(12), pp. 2977-2991. DOI: 10.1007/s00707-013-0906-2.

[26] Alexakis, H., Makris, N. (2014). Limit equilibrium analysis and the minimum thickness of

circular masonry arches to withstand lateral inertial loading, Archive of Applied Mechanics,

84(5), pp. 757-772. DOI: 10.1007/s00419-014-0831-4.

[27] Alexakis, H., Makris, N. (2015). Limit equilibrium analysis of masonry arches, Archive of

Applied Mechanics, 85(9-10), pp. 1363-1381. DOI: 10.1007/s00419-014-0963-6.

[28] Makris, N., Alexakis, H. (2013). The effect of stereotomy on the shape of the thrust-line

and the minimum thickness of semicircular masonry arches, Archive of Applied Mechanics,

83(10), pp. 1511-1533. DOI: 10.1007/s00419-013-0763-4.
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Table 1: Numerical data for below-left Triple point T α values, lower ss activation boundary.
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Table 2: Numerical data for below-left Triple point T α values, upper is activation boundary.
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Table 3: Numerical data for above-right Triple point T α values, lower is activation boundary.
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ĥ
=

η
h

β
r

β
s

0
.6
1
83

1
8
24

1
07

43
23

4
0.
1
14

76
00

82
47

97
40

8
0.
07

09
58

25
23

44
41

76
0

1.
04

25
56

8
08

59
35

99
59

.7
3
◦

0.
3
18

73
21

85
30

45
02

7
1
8
.2
6
◦

0
.6
4
23

7
6
58

6
99

48
38

4
0.
1
10

67
39

39
44

18
32

7
0.
07

10
94

34
74

87
91

79
1

1.
00

98
01

8
74

32
29

84
57

.8
6
◦

0.
3
13

72
79

37
18

48
45

3
1
7
.9
8
◦

0
.6
7
62

3
1
90

4
85

30
18

2
0.
1
05

44
86

01
62

05
90

1
0.
07

13
07

70
87

37
97

87
4

0.
95

75
85

44
54

00
82

37
54

.8
7
◦

0.
3
07

13
05

81
40

93
61

1
1
7
.6
0
◦

0
.7
1
36

5
3
49

5
09

98
11

9
0.
1
00

33
74

37
52

68
11

2
0.
07

16
06

16
29

80
36

78
5

0.
88

96
45

98
27

23
46

34
50

.9
7
◦

0.
3
00

44
93

90
34

28
07

1
1
7
.2
1
◦

0
.7
5
59

7
1
55

0
16

04
20

6
0
.0
9
53

41
47

13
94

18
98

3
0.
07

20
75

43
99

24
44

10
9

0.
79

55
02

75
41

63
08

08
45

.5
8
◦

0.
2
93

68
60

14
69

35
51

1
1
6
.8
3
◦

0
.8
0
58

6
9
56

0
35

47
60

5
0
.0
9
04

61
70

91
37

61
23

0
0.
07

29
00

33
77

71
66

78
4

0.
64

79
74

30
66

20
75

76
37

.1
3
◦

0.
2
86

84
20

96
48

77
96

5
1
6
.4
3
◦

0
.8
7
09

7
1
88

7
13

03
81

7
0
.0
8
56

99
13

96
36

17
55

4
0.
07

46
41

54
13

74
36

99
1

0.
30

34
43

56
54

24
34

37
17

.3
9
◦

0.
2
79

91
92

68
90

05
07

9
1
6
.0
4
◦

0
.8
7
34

6
6
06

9
82

00
91

1
0
.0
8
55

53
23

26
55

80
01

1
0.
07

47
27

84
58

88
26

56
0

0.
27

97
03

19
45

43
68

53
16

.0
3
◦

0.
2
79

70
31

94
54

36
85

3
1
6
.0
3
◦

0
.8
8
72

2
2
19

6
32

91
93

7
0
.0
8
47

98
36

32
37

59
74

3
0.
07

52
34

99
00

76
78

19
5

0
0
◦

0.
2
78

58
14

07
90

40
84

5
1
5
.9
6
◦

0
.9
6
52

1
1
73

9
25

05
39

2
0
.0
8
10

54
73

60
13

53
59

9
0.
07

82
34

98
27

22
11

83
9

0
0
◦

0.
2
72

91
91

56
13

11
00

4
1
5
.6
4
◦

1
.0
78

7
2
83

6
08

39
72

2
0
.0
7
65

29
45

69
15

30
43

6
0.
08

25
54

49
56

14
20

03
8

0
0
◦

0.
2
65

84
33

73
32

26
25

7
1
5
.2
3
◦

1
.2
20

1
8
74

2
96

85
93

6
0
.0
7
21

24
24

77
83

34
32

1
0.
08

80
05

10
05

20
78

90
9

0
0
◦

0.
2
58

69
35

26
52

32
39

7
1
4
.8
2
◦

1
.2
96

7
9
63

2
82

57
74

9
0
.0
7
02

05
37

62
01

20
06

7
0.
09

10
42

07
40

81
67

09
6

0
0
◦

0.
2
55

49
28

20
55

20
62

8
1
4
.6
4
◦

Table 4: Numerical data for above-right Triple point T α values, upper ss activation boundary.
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Table 5: Numerical data for among-asymptotes α values, with Overturning appearance.
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arch state η µ φ=atanµ α βr βs

SAFE 0.5 1.0 45◦ 130◦ - -

0.5 1.0 45◦ 130.09◦ 63.27◦ -
SR 0.5 0.99699 44.91◦ 130◦ 63.27◦ -

0.49539 1.0 45◦ 130◦ 63.35◦ -

Table 6: Characteristic data of arch instances with reference state η = 0.5, µ = 1.0 (φ = 45◦)
leading to mixed SR collapse for α ≃ 130◦. Arch illustrations in Fig. 16; further values in
itemized text.

arch state η µ φ=atanµ α βr βs

SAFE 0.8 1.8 ≃ 61◦ 144◦ - -

0.8 1.8 ≃ 61◦ 144.74◦ 41.21◦ 14.20◦

RS 0.8 1.9364 62.69◦ 145◦ 42.07◦ 13.39◦

0.81705 1.8 ≃ 61◦ 145◦ 37.81◦ 14.20◦

Table 7: Characteristic data of arch instances with reference state η = 0.8, µ = 1.8 (φ ≃ 61◦)
leading to mixed RS collapse for α ≃ 145◦. Arch illustrations in Fig. 17; further values in
itemized text.
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(a) PS (b) RS
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 ,  

(c) SR (d) PR

Figure 1: Analytical sketches of a possibly self-standing/collapsing symmetric circular
continuous masonry arch with inner radius r, thickness t (thickness-to-radius ratio η = t/r), out-
of-plane depth d, uniform specific weights per unit volume γ and per unit length of geometrical
centreline of the arch w = γtd, and inherent friction coefficient µ, with indication of the various
characteristic variables (horizontal shoulder reactionH opposite of horizontal thrustH, and non-
dimensional horizontal thrust h = H/(wr), vertical shoulder reaction V opposite of half-arch
weight W = wrα; half-angle of embrace α, sliding βs and rotational βr angular inner-joint
positions from the crown). The plots specifically refer to the arch features for the overcomplete
case of landmark “Triple point T”, displaying concomitant multiple (four) underlying (sym-
metric) collapse modes, represented, for the half-arch, on the right of the crown: (a) Purely-
Sliding (PS); (b) mixed Rotational-Sliding (RS); (c) mixed Sliding-Rotational (SR); (d) Purely-
Rotational (PR). After Triple point T, rotational components may become Overturning (βr = 0),
as Overturning-Sliding (OS) at finite friction or Purely-Overturning (PO) at infinite friction. On
the left of the crown, infinitesimal arch elements with real centroid G, for true Milankovitch-like
uniform self-weight distribution at larger radial distance rG = r(1 + η2/12), versus classical
approximate Heyman-like uniform self-weight distribution at radial distance r, are depicted.
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Figure 2: Analytical η-µ plot with domains of arch states.
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Figure 3: Analytical η-µ plot with landmark α states.
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Figure 4: Analytical η-µ plot with landmark and sampled α states.
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Figure 5: Three-dimensional surface representation of (η; µ, α) safe (inner volume) vs. collapse
(wrapping surface) arch states.
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Figure 6: Three-dimensional surface representation of (η; µ, α) safe (inner volume) vs. collapse
(wrapping surface) arch states, with sampled iso-α contour lines and planes.

35



 

 
 

 

 
 

 

 
 

 

Figure 7: Frame of arch states at sampled below-left Triple point T α values; PR modes.
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Figure 8: Frame of arch states at sampled below-left Triple point T α values; lower SR modes.
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Figure 9: Frame of arch states at sampled below-left Triple point T α values; upper SR modes.
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Figure 10: Frame of arch states at sampled below-left Triple point T α values; PS modes.
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Figure 11: Frame of arch states at sampled above-right Triple point T α values; PR modes.
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Figure 12: Frame of arch states at sampled above-right Triple point T α values; lower RS modes.
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Figure 13: Frame of arch states at sampled above-right Triple point T α values; upper RS modes.
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Figure 14: Frame of arch states at sampled above-right Triple point T α values; PS modes.
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Figure 15: Frame of arch states at sampled among-asymptotes α values; PO, OS and PS modes.
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Figure 16: Arch reference configuration, with line of thrust and line of friction, and possible
collapse mechanism. Reference state with η = 0.5, µ = 1.0 (φ = 45◦): (a) safe for α = 130◦;
(b) SR collapse for α ≃ 130◦; (c) SR collapse with η = 0.5, µ ≃ 1 and (d) SR collapse with
η ≃ 0.5, µ = 1.0 for α = 130◦. Characteristic values in Table 6 and itemized text.

45



-1.5 -1 -0.5 0 0.5 1 1.5
-1.5

-1

-0.5

0

0.5

1

1.5

-1.5 -1 -0.5 0 0.5 1 1.5
-1.5

-1

-0.5

0

0.5

1

1.5

(a) (b)

-1.5 -1 -0.5 0 0.5 1 1.5
-1.5

-1

-0.5

0

0.5

1

1.5

-1.5 -1 -0.5 0 0.5 1 1.5
-1.5

-1

-0.5

0

0.5

1

1.5

(c) (d)

Figure 17: Arch reference configuration, with line of thrust and line of friction, and possible
collapse mechanism. Reference state with η = 0.8, µ = 1.8 (φ ≃ 61◦): (a) safe for α = 144◦;
(b) RS collapse for α ≃ 145◦; (c) RS collapse with η = 0.8, µ ≃ 1.8 and (d) RS collapse with
η ≃ 0.8, µ = 1.8 for α = 145◦. Characteristic values in Table 7 and itemized text.
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