
FOKKER–PLANCK EQUATIONS AND N–DIMENSIONAL POINCARÉ
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Abstract. We consider new connections between the problem of trend to equi-
librium for the n-dimensional Fokker–Planck equation of statistical physics, and
weighted Poincaré inequality. To this aim we consider a class of n-dimensional
Fokker–Planck equations with variable isotropic coefficient of diffusion and drift,
inspired by the analogous one-dimensional Fokker–Planck equation appearing when
studying the evolution of wealth distribution.
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1. Introduction

This paper deals with n-dimensional functional inequalities of the type of Poincaré, with
weight, for isotropic probability densities. Unlike previous studies [4], the derivation of
these inequalities is strongly related to their connection with the problem of convergence
to equilibrium for a class of Fokker–Planck type equations characterized by a variable
coefficient of diffusion.

Let X = (X1, . . . , Xn) be a random vector with n ≥ 1 components, distributed with
probability density f(|x|), where x = (x1, . . . , xn) ∈ I ⊆ Rn. The random vector X is
said to satisfy a weighted Chernoff–Poincaré–type inequality with weight function w(X)
(where w is a fixed nonnegative, Borel measurable function), if for any bounded smooth
scalar function φ on I
(1.1) V ar [φ(X)] ≤ E

{
w(X)|∇φ(X)|2

}
.

As usual, for a given scalar function φ

E(φ(X)) =

∫
I
φ(x)f(|x|) dx,

denotes its expectation value, and

V ar [φ(X)] =

∫
I

(
φ(x)−

∫
I
φ(y) f(|y|) dy

)2

f(|x|) dx

denotes its variance.
This inequality is understood in the following sense: if the right-hand side is finite, then
the inequality holds true. For brevity, in the following we will denote the inequality as
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a Poincaré inequality, the Chernoff denomination being mostly used in a probabilistic
framework.

The relationships between the Fokker–Planck equation and differential inequalities like
(1.1) has a long history.
In divergence form, the classical Fokker–Planck equation reads

(1.2)
∂f(x, t)

∂t
= ∇ · (∇f(x, t) + f(x, t)∇Γ(x)) .

The unknown f = f(x, t) stands for the density of a system of particles at time t ≥ 0,
and without loss of generality can be assumed to be a probability distribution on Rn,
n ≥ 1, since equation (1.2) conserves both non-negativity and the mass of the solution.
In statistical physics, the Fokker–Planck equation models a set of particles subject to a
constant diffusion and a drift characterized by a potential Γ(x), and the balance between
these two processes determines the shape of the equilibrium density

(1.3) f∞(x) = C exp{−Γ(x)},
which is the (unique) probability density satisfying the differential equation

(1.4) ∇f(x) + f(x)∇Γ(x) = 0.

Equation (1.4), identifying the equilibrium density (1.3) easily follows by applying the
divergence theorem to the Fokker–Planck equation (1.2) on a volume V ⊂ Rn bounded by
a closed surface S. In fact

(1.5)

d

dt

∫
V
f(x, t) dx =

∫
V

∂f(x, t)

∂t
dx =∫

V
∇ · (∇f(x, t) + f(x, t)∇Γ(x)) dx =

∫
S

(∇f(x, t) + f(x, t)∇Γ(x)) · n dS.

Thus, whenever f does not depend on time, identity (1.5) is satisfied independently of the
choice of the volume if and only if f satisfies (1.4).
In kinetic theory of rarefied gases, the space variable is the space of velocities v, and the
potential Γ(v) is the kinetic energy |v|2/2 [48]. In this situation the equilibrium density
of equation (1.2), which reads now

∂f(v, t)

∂t
= ∇ · (∇f(v, t) + vf(v, t)) ,

is the Maxwellian function

(1.6) M(v) =
1

(2π)n/2
exp{−|v|2/2}.

As it happens in classical kinetic theory for the spatially homogeneous Boltzmann equa-
tion, the solution to the Cauchy problem of the Fokker–Planck equation is expected to
converge to its equilibrium state, and one would like to estimate the rate of convergence
in terms of the initial value.

In [48], it has been shown that, in the case of the squared potential Γ(x) = |x|2/2, the
solution converges towards the Maxwellian function (1.6) at exponential rate, by resorting
to the study of the evolution of the relative entropy functional

(1.7) H(f |f∞)(t) =

∫
Rn

f(x, t) log
f(x, t)

f∞(x)
dx

and making use of the logarithmic Sobolev inequality by Gross [25]. Moreover, in [48] it
has been pointed out that the logarithmic Sobolev inequality is deeply connected with the
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entropy dissipation of the Fokker–Planck equation, so that the equation can be used to
obtain a physically based proof of the inequality [47]. This way of using evolution equations
to get sharp inequalities was already present in the Bakry–Emery work [3], which takes a
rather abstract point of view, based on the so-called Γ2, or carré du champ itéré.

The importance of the Fokker–Planck type equation (1.2) in the derivation of functional
inequalities is nowadays well known. The interplay between this kinetic equation and
functional analysis has been explored about one quarter of century ago in [1, 37], and
excellently reviewed in [34], where new connections were brought to light. Following this
line of research, a large amount of the mathematical studies of the last years have been
devoted to study the relationships between the rate of convergence of the solution to the
Fokker–Planck equation (1.2) to its equilibrium, as given by (1.3), and the shape of the
confinement potential Γ(x).
In particular, starting from the work [52], research was directed toward a precise estimate
of the rate of convergence to equilibrium of the solution to the Fokker–Planck equation in
presence of a so called subcritical confinement (cf. the recent paper [30] and the references
therein).

As a matter of fact, equilibria of type (1.3), which are relative to a Fokker–Planck equa-
tion of type (1.2), characterized by a constant diffusion and a general potential Γ(x), can
sometimes appear as equilibria of Fokker–Planck type equations with quadratic potential
and variable diffusion coefficient. Fokker–Planck type equations with this structure have
been recently considered in the modeling of social and economic phenomena, a challeng-
ing research activity in the communities of both physicists and applied mathematicians,
who classified the fields of research with the names of socio-physics and, respectively,
econophysics [20, 35, 38].

One of the typical features of these phenomena is related to the tails of the underlying
steady distributions, which are often characterized by polynomial decay at infinity [36].
A prominent example appears in the study of the distribution of wealth among trading
agents [8, 14]. In this economic context, the evolution of the density f(x, t) of a system
of agents with personal wealth x ∈ R, x ≥ 0 at time t ≥ 0 is shown to be solution to the
Fokker–Planck type equation

(1.8)
∂f(x, t)

∂t
=
σ

2

∂2

∂x2

(
x2f(x, t)

)
+ λ

∂

∂x
((x− 1)f(x, t)) ,

characterized by a variable coefficient of diffusion and linear drift (or quadratic potential).
In (1.8), σ and λ denote positive constants related to essential properties of the trade
rules of the agents. By fixing the mass density equal to unity, the unique steady state of
equation (1.8) is the inverse Gamma density

(1.9) f∞(x) =
µ1+µ

Γ(1 + µ)

exp
(
−µ
x

)
x2+µ

, µ =
2λ

σ

where Γ is the Euler Gamma function. This stationary distribution, in agreement with the
analysis of the Italian economist Vilfredo Pareto [40], exhibits a power-law tail for large
values of the wealth variable.

Equation (1.8) is a one-dimensional example of the class of Fokker–Planck type equa-
tions

(1.10)
∂f(x, t)

∂t
= ∇ · [∇(K(x)f(x, t)) + (x−m)f(x, t)] , x,m ∈ I ⊆ Rn,

characterized by a variable diffusion coefficient K = K(x) and a quadratic potential.
In a bounded domain I ⊆ Rn, equation (3.1) is usually complemented with the so-called
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no-flux boundary conditions

(1.11) ∇(K(x)f(x, t)) + (x−m)f(x, t)
∣∣
x∈∂I = 0, t > 0,

that ensure mass conservation.
In one dimension, functional inequalities related to Fokker–Planck equations of type

(3.1) have been obtained recently in [23]. The analysis in [23] leads in many cases to in-
equalities with sharp constants. While the method of proof, based on physical arguments,
shares a new light on the meaning of these inequalities, the quality of mathematical results
is comparable to other approaches [2, 4, 5, 6, 7, 10, 24].

Let us come now to the content of the paper. In Section 2 we detail some properties
of the Fokker–Planck type equations (3.1) which clarify both the presence of the weight,
and the importance of Poincaré–type inequalities with weight in the study of the rate
of convergence to equilibrium. In Section 3 we introduce various typical examples of
isotropic n-dimentional densities and identify the possible weight we expect in a Poincaré–
type inequality for these densities. In Section 4 we prove first an extension to the n-
dimensional setting of the classical Poincaré inequality obtained in [20], valid for the class
of n-dimensional probability densities expressed as a product of one-dimensional ones
(Theorem 8). In particular, Subsection 4.2 deals with an application of the result for
product densities to general isotropic probability densities (Theorem 10). In Subsection
4.3 we apply the previous results to the densities introduced in Section 3. Unfortunately,
the weight we obtain appears to be sharp for the Gaussian and generalized Gaussian
densities but this is not the case for exponential–type and Barenblatt densities. Therefore,
in Section 5 we prove a refined Poincaré–type result (Proposition 15), with the expected
weight, but which only applies to bounded smooth functions supported outside a ball.
Both in Section 4 and 5, we take advantage of the representation of isotropic densities as
steady solutions to Fokker–Planck type equations as (3.1). We conclude our paper with
Section 6. There we prove a hybrid weighted inequality (Theorem 19) in which we get the
expected weight but we pay the prize of an extra term, and so this is not a Poincaré–type
inequality.

2. Basic properties of Fokker–Planck type equations

Before entering into the details of the various proofs, let us briefly explain the strategy
behind our approach. In the rest of this section we perform formal calculations and do not
deal with their rigorous justifications. We address to the work [33] for technical details
about regularity issues.
To start with, we recall that both the Fokker–Planck equations (1.2) and (3.1) can be
rewritten in a form which is more suitable to study the decay of their solutions towards
the equilibrium density in relative entropy. For the sake of simplicity, we will refer our
analysis to equation (3.1), in which the coefficient of diffusion K satisfies K(x) > 0,
x ∈ I ⊆ Rn.

As already discussed in the introduction, the stationary solution f∞ of equation (3.1)
is found by solving on I ⊆ Rn the differential equation

(2.1) ∇ (K(x)f∞) + (x−m) f∞ = K(x)f∞

[
∇ log (K(x)f∞) +

x−m

K(x)

]
= 0,

that leads to the identity

(2.2) ∇ log (K(x)f∞) = −x−m

K(x)
.
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Making use of identity (2.2), one easily shows that the right-hand side of equation (3.1)
can be written in different ways [20]. Indeed

∇ (K(x)f) + (x−m) f = K(x)f

[
∇ log(K(x)f) +

x−m

K(x)

]
=

K(x)f [∇ log(K(x)f)−∇ log(K(x)f∞)] = K(x)f ∇ log
f

f∞
= K(x)f∞∇

f

f∞
.

Hence, the Fokker–Planck equation (3.1) can be rewritten in the equivalent form

(2.3)
∂f

∂t
= ∇ ·

[
K(x)f ∇ log

f

f∞

]
,

which enlightens the role of the logarithm of the quotient f/f∞, and

(2.4)
∂f

∂t
= ∇ ·

[
K(x)f∞∇

f

f∞

]
.

In particular, owing to (2.1), the form (2.4) allows us to obtain the evolution equation for
the quotient F = f/f∞. We have

∇ · [K(x)f∞∇F ] = K(x)f∞∆F +∇ (K(x)f∞) · ∇F =

K(x)f∞∆F − f∞(x−m) · ∇F.

Therefore
∂f

∂t
= f∞

∂F

∂t
= K(x)f∞∆F − f∞(x−m) · ∇F,

which shows that F satisfies the (adjoint) equation

(2.5)
∂F

∂t
= K(x)∆F − (x−m) · ∇F.

In analogous way, the boundary conditions of the two equivalent forms (2.3) and (2.4)
of the Fokker–Planck equation (3.1) follow by imposing mass conservation. If (2.3) is
concerned, the natural boundary condition is given by

(2.6) K(x)f(x, t)∇ log
f(x, t)

f∞(x)

∣∣∣
x∈∂I

= 0, t > 0.

Likewise, if mass conservation is imposed on equation (2.4), the natural boundary condi-
tion reads

(2.7) K(x)f∞(x)∇f(x, t)

f∞(x)

∣∣∣
x∈∂I

= 0, t > 0.

For the sake of simplicity in the rest of this section we limit ourselves to spherical domains.
Consequently I = BR = {x : |x| ≤ R}, 0 < R ≤ ∞, and ∂I = {x : |x| = R} with obvious
meaning for R = ∞. In presence of no-flux boundary conditions, and enough regularity
of the solution to the Cauchy problem, one can easily extend two one-dimensional results
proven in [20] to the n-dimensional Fokker–Planck equation (2.5), which relate Poincaré
inequality to the convergence to the equilibrium for the Fokker–Planck equation (3.1).
They both allow us to obtain convergence in L1 but the price to pay in each case is
different: in the first case, we assume that the initial data is very close to the stationary
state itself and we obtain exponential convergence, while in the second case we assume
less restriction on the initial date at the price of a slower (polynomial) convergence. Here
are the results.
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Theorem 1. [20] Let f0 be the initial data of a Cauchy problem for equation (3.1) coupled
with boundary conditions (1.11) and let us assume

(2.8)

∫
I

[(
f0(x)

f∞(x)

)2

− 1

]
f∞(x) dx < +∞

where f∞ is the stationary state and satisfies the Poincaré inequality (1.1) with weight
w(|x|) = cK(|x|), with c positive constant. Then the solution f(t) converges to f∞ at an
exponential rate and∫

I

[(
f(x, t)

f∞(x)

)2

− 1

]
f∞(x) dx ≤ e−

2
c
t

∫
I

[(
f0(x)

f∞(x)

)2

− 1

]
f∞(x) dx.

Remark 2. Since∫
I
|f(x, t)− f∞(x)| dx ≤

(∫
I

(f(x, t)− f∞(x))2

f∞(x)
dx

)1/2(∫
I
f∞(x) dx

)1/2

=

(∫
I

[(
f(x, t)

f∞(x)

)2

− 1

]
f∞(x) dx

)1/2

we easily obtain exponential convergence in L1 for such initial data.

The second result involves the Hellinger distance

dH(f(t), f∞) =

[∫
I

(√
f(x, t)−

√
f∞(x)

)2
dx

]1/2

between the solution and the stationary state and reads as follows.

Theorem 3. [20] Let f(t) be the solution of the Fokker–Planck equation (3.1), cor-
responding to an initial value f0 such that the relative Shannon entropy H(f0, f∞) =∫
I f0(x) log f0(x)

f∞(x) dx and the Hellinger distance dH(f0, f∞) are bounded and coupled with

boundary conditions (1.11), where f∞ is the stationary state. Let us assume that f∞ sa-
tisfies the Poincaré inequality (1.1) with weight w(|x|) = cK(|x|), with c positive constant.
Then,

dH(f(x, t), f∞(x)) = o

(
1√
t

)
, t→∞.

Remark 4. The decay of the Hellinger distance implies decay in L1(I), since∫
I
|f(x, t)− f∞(x)| dx =

∫
I

∣∣∣√f(x, t)−
√
f∞(x)

∣∣∣ (√f(x, t) +
√
f∞(x)

)
dx

≤
(∫
I

(√
f(x, t)−

√
f∞(x)

)2
dx

) 1
2
(∫
I

(√
f(x, t) +

√
f∞(x)

)2
dx

) 1
2

= dH(f(t), f∞)

(∫
I

(
f(x, t) + f∞(x) + 2

√
f(x, t)f∞(x)

)
dx

) 1
2

=
√

2dH(f(t), f∞)

(
1 +

∫
I

√
f(x, t)f∞(x) dx

) 1
2

as ∫
I

√
f(x, t)f∞(x) dx ≤

(∫
I
(
√
f(x, t))2 dx

) 1
2
(∫
I
(
√
f∞(x))2 dx

) 1
2



FOKKER–PLANCK EQUATIONS AND INEQUALITIES FOR ISOTROPIC DENSITIES 7

which, in turns, implies

‖f(t)− f∞‖L1 ≤ 2dH(f(t), f∞).

This leads to the polynomial convergence of the solution to the Fokker–Planck type equa-
tions (3.1) towards equilibrium in presence of natural conditions on the initial value (finite
relative entropy) any time a Poincaré inequality for the equilibrium density is shown to
hold.

The two results are consequence of the following Theorem, which is a n–dimensional
version of the analogous Theorem 3.1 in [20].

Theorem 5. [20] Let the smooth function φ(r), r ∈ R+ be convex. Then, if F (x, t) is
the solution to equation (2.5) in I = {x : |x| ≤ R}, 0 < R ≤ ∞, satisfying the boundary
condition (2.7) and c ≤ F (x, t) ≤ C for some positive constants c < C, then the functional

Θ(F (t)) =

∫
I
f∞(x)φ(F (x, t)) dx

is monotonically decreasing in time, and the following equality holds true

(2.9)
d

dt
Θ(F (t)) = −IΘ(F (t)),

where IΘ denotes the nonnegative quantity

(2.10) IΘ(F (t)) =

∫
I
K(x)f∞(x) |∇F (x, t)|2 φ′′(F (x, t)) dx

for f∞ the stationary state of equation (3.1).

The proof of the theorem can be found in the Appendix and follows the same lines as
the analogous one in [20].

Proof of Theorem 1. Theorem 1 follows by choosing in Theorem 5 the convex function
φ(r) = (r − 1)2, which implies φ′′(r) = 2. Then

Θ(F (t)) =

∫
I
f∞(x) [F (x, t)− 1]2 dx,

and

IΘ(F (t)) = 2

∫
I
K(x)f∞(x) |∇F (x, t)|2 dx.

Suppose now that the probability density function f∞ satisfies the Poincaré inequality
(1.1) with weight w(|x|) = cK(|x|), with c positive constant. Then, if at any given time
t > 0, we choose φ(x) = f(x, t)/f∞(x), provided Θ(F (t = 0)) < +∞ we obtain

(2.11)

IΘ(F (t)) ≥ 2

c

∫
I

[(
f(x, t)

f∞(x)

)2

−
(∫
I
f∞(x)

f(x, t)

f∞(x)
dx

)2
]
f∞(x) dx =

2

c

∫
I

[(
f(x, t)

f∞(x)

)2

− 1

]
f∞(x) dx =

2

c
Θ(F (t)).

Coupling (2.11) with (2.9) we conclude with the exponential convergence of the solution
to the Fokker–Planck equation (3.1) towards equilibrium at exponential rate in a weighted
L2-setting. �
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Proof of Theorem 3. Consider now in Theorem 5 the classical case in which the convex
functional Θ(F (t)) is the relative entropy, associated to the convex function φ(r) = r log r
so that

Θ(F (t)) =

∫
I
f∞(x)F (x, t) logF (x, t) dx =

∫
I
f(x, t) log

(
f(x, t)

f∞(x)

)
dx.

In this case

(2.12)

IΘ(F (t)) =

∫
I
K(x)f∞(x) |∇F (x, t)|2 1

F (x, t)
dx =

4

∫
I
K(x)f∞(x)

∣∣∣∣∣∇F (x, t)
1

2
√
F (x, t)

∣∣∣∣∣
2

dx =

4

∫
I
K(x)f∞(x)

∣∣∣∇√F (x, t)
∣∣∣2 dx.

If we now apply Poincaré inequality (1.1) with φ(x) =
√
f(x, t)/f∞(x) at fixed time t > 0,

we obtain

(2.13)

IΘ(F (t)) = 4

∫
I
K(x)f∞(x)

∣∣∣∣∣∇
√
f(x, t)

f∞(x)

∣∣∣∣∣
2

dx ≥

4

c

∫
I

f(x, t)

f∞(x)
f∞(x) dx−

(∫
I

√
f(x, t)

f∞(x)
f∞(x) dx

)2
 =

4

c

[
1−

(∫
I

√
f(x, t) f∞(x) dx

)2
]
.

The lower bound in (2.13) can be easily related to the Hellinger distance [20]. Indeed, for
any pair of probability density functions f(x) and g(x) supported in I we have

(2.14)

∫
I

(√
f(x)−

√
g(x)

)2
dx =

∫
I

(
f(x) + g(x)− 2

√
f(x) g(x)

)
dx =

2

(
1−

∫
I

√
f(x) g(x) dx

)
≤ 2

(
1−

(∫
I

√
f(x) g(x) dx

)2
)
.

The last inequality in (2.14) follows from Cauchy–Schwartz inequality, as
∫
I
√
f(x) g(x)dx ≤

1. Thus, starting from the time-decay of the relative entropy, we conclude with the bound

(2.15) IΘ(F (t)) ≥ 2

c

∫
I

(√
f(x, t)−

√
f∞(x)

)2
dx =

2

c
(dH(f(t), f∞))2 .

Therefore, if we assume that the relative entropy is initially bounded, by (2.9) we can
conclude with the integrability on time of the square of the Hellinger distance

(2.16)

∫ ∞
0

dH(f(s), f∞)2 ds ≤ c

2
H(f0, f∞).

Now, since the function φ(r) = (
√
r− 1)2 is convex, Theorem 5 applies again, thus giving

that the square of the Hellinger distance between the solution to the Fokker–Planck equa-
tion (3.1) and its equilibrium density is monotonically decresing in time (see [20] for further
details). Coupling integrability condition (2.16) with the monotonicity of dH(f(s), f∞)2

we can conclude with the time decay of the Hellinger distance at a rate almost of o(1/
√
t).

�
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3. Fokker–Planck equilibria and weight in Poincaré–type inequalities

It is interesting to remark that, while the knowledge of the diffusion function K(x)
allows us to determine in a unique way the equilibrium density f∞ of the Fokker–Planck
equation (3.1) by solving the differential equation (2.2), any isotropic density function is
uniquely related to a coefficient of diffusion K(|x|) in the following way. Let f∞(|x|) with
x ∈ I = {|x| ≤ i+} be an isotropic probability density function which represents the
steady state solution of the Fokker–Planck equation (3.1), where m = 0, namely

(3.1)
∂f(x, t)

∂t
= ∇ · [∇(K(x)f(x, t)) + xf(x, t)] , x ∈ I

and let us suppose f∞ > 0 and such that
∫ i+

0 ρf∞(ρ)dρ < +∞. In this case, it is immediate
to conclude that the exact value of the coefficient of diffusion K(x) can be expressed by
the formula

(3.2) K(x) = K(|x|) =

∫ (i+)2

|x|2 f∞(
√
y) dy

2f∞(|x|)
.

In fact, (3.2) implies that f∞ is a steady state for (3.1). Hence, thanks to the discussion
of Section 2 we can conjecture that w(|x|) = cK(|x|), where K(·) is defined by (3.2), is
the right weight to get the Poincaré inequality (1.1).
Definition (3.2) establishes an easy-to handle connection between a probability density
and its weight in Poincaré inequality (1.1), and an interesting connection between steady
states solutions of Fokker–Planck type equations like (3.1) and Poincaré inequalities with
weight.
Few examples will clarify this relationship. Let f∞(|x|) be a centered Gaussian density in
Rn, i.e.

(3.3) f∞(|x|) =
1

(2πσ)n/2
exp

{
−|x|

2

2σ

}
.

Then

K(|x|) =

∫ +∞
|x|2 exp

{
− y

2σ

}
dy

2 exp
{
− |x|

2

2σ

} = σ.

This suggests that Poincaré inequality for a Gaussian density is characterized by a constant
weight. This is a very well-known result that easily follows from the logarithmic Sobolev
inequality [37].
A second important example is obtained when the isotropic density function is Cauchy–
type density in Rn [4]

(3.4) f∞(|x|) =
Cβ

(1 + |x|2)β
, β >

n

2
.

In (3.4) the constant Cβ is chosen to fix the mass equal to unity. In this case

(3.5) K(|x|) =

∫ +∞
|x|2 (1 + y)−β dy

2(1 + |x|2)−β
=

1

β − 1
(1 + |x|2).

Hence, one can argue that for the Cauchy–type density (3.4) the right weight in the
Poincaré inequality (1.1) is given by w(|x|) = c

β−1(1 + |x|2). This result has in fact

been proven by Bobkov and Ledoux in [4], unlikely without the explicit evaluation of the
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constant c.
A third example is concerned with the exponential–type density in Rn

(3.6) f∞(|x|) =
βnΓ

(
n
2

)
2πn/2Γ(n)

exp{−β|x|}, β > 0.

The value of K is easily found to be

(3.7) K(|x|) =

∫ +∞
|x|2 e−β

√
y dy

2e−β|x|
=

1

β2
(1 + β|x|).

These examples allow us to conjecture that, for a given isotropic probability density defined
in Rn, the value of the weight function K(|x|) is an increasing function which grows at
infinity like |x|p, with 0 ≤ p ≤ 2, where the value 0 is attained in correspondence to
the Gaussian density, while the value 2 is attained in correspondence to the generalized
Gaussians, which exhibit a polynomial decreasing at infinity.

A further interesting case is furnished by the class of Barenblatt solutions of the porous
medium equation [53], which, for given constants a > 0 and p > 1 are defined as

(3.8) f∞(|x|) = Ca,p(a
2 − |x|2)

1
p−1 ,

where the constant Ca,p is chosen to fix the mass equal to unity. In this case, I is the ball
of radius a, and, for |x| ≤ a

(3.9) K(|x|) =

∫ a2
|x|2(a2 − y)1/(p−1) dy

2(a2 − |x|2)1/(p−1)
=
p− 1

2p
(a2 − |x|2).

In what follows, we will show that a Fokker–Planck description of steady states allows us
to obtain a proof of the validity of Poincaré inequalities with weight in many situations.
The method of proof is an extension of the one-dimensional proof introduced in [20] and
in the case of the Gaussian and Cauchy–type densities the weight we found is exactly the
one conjectured here above. Unfortunately in other examples we were not able to reach
the expected sharp weight. Nevertheless, we were able to find the correct weight but only
at the prize of restricting the domain of test functions in the Poincaré–type inequality
(Proposition 15).

4. A first Poincaré–type result for isotropic densities

To start with, we prove that a Poincaré–type inequality can be recovered by suitably
generalizing the one-dimensional Poincaré inequalities obtained in [23].

4.1. A Poincaré–type inequality for product probability densities. The results in
[23] refer to a class of Fokker–Planck type equations with variable coefficients of diffusion
and drift in the form

(4.1)
∂f(x, t)

∂t
=

∂2

∂x2
(P (x)f(x, t)) +

∂

∂x
(Q(x)f(x, t)) ,

where x ∈ I = (a, b) ⊆ R, with a < b, coupled with no-flux boundary conditions

(4.2)
∂

∂x
(P (x)f(x, t)) + Q(x)f(x, t)

∣∣∣∣
x={a,b}

= 0,
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which ensure mass conservation. In equation (4.1) the coefficients of the diffusion P (x)
and the drift Q(x) are smooth functions, and P (x) > 0. In addition, P (x) and Q(x) are
such that, for any α ∈ I, the steady state

(4.3) f∞(x) =
Cα
P (x)

exp

{
−
∫ x

α

Q(y)

P (y)
dy

}
is a probability density supported in I for a given value of the constant Cα. Clearly, the
steady state of the Fokker–Planck (4.1) solves the first order differential equation

(4.4)
∂

∂x
(P (x)f∞(x)) + Q(x)f∞(x) = 0.

The case

(4.5) Q(x) = x−m, m ∈ (a, b)

has already been considered and studied in [20]. In [20] it was proven that, if X is
a random variable distributed with density f∞(x), x ∈ I ⊆ R, and f∞ satisfies the
differential equation

(4.6)
∂

∂x
(P (x)f∞(x)) + (x−m) f∞(x) = 0, x ∈ I,

then for any smooth function φ defined on I such that φ(X) has finite variance, it holds

(4.7) V ar[φ(X)] ≤ E
{
P (X)[φ′(X)]2

}
.

Let us now reverse our point of view and consider f : (a, b)→ R, (a, b) ⊆ R be a probability

density with finite mean value, say m, i.e. satisfying the condition
∫ b
a xf(x)dx = m, with

a < m < b. It is immediate to verify that f satisfies (4.6), provided that

(4.8) P (x) =


∫ x
a (m− y)f(y)dy

f(x)
, a < x ≤ m∫ b

x (y −m)f(y)dy

f(x)
, m < x < b.

We remark that P is continuous on (a, b). Therefore, if X is a random variable distributed
with density f , P , as given by (4.8), is the correct weight to satisfy inequality (4.7).
The results in [20] were recently extended in [23] to cover the case of a more general drift
function Q as follows.

Theorem 6. [23] Let X be a random variable distributed with density f∞(x), x ∈ I =
(i−, i+) ⊆ R. Let us suppose moreover that f∞ satisfies (4.4), where Q(x) is a C1 function,
satisfying Q′(x) > 0 on I, such that

(4.9) lim
x→i−

Q(x) < 0, lim
x→i+

Q(x) > 0.

Let w(x) be defined by

(4.10) w(x) =
P (x)

Q′(x)
, x ∈ I.

Then, for any smooth function φ on I, and φ(X) with finite variance, it holds

V ar[φ(X)] ≤ E
{
w(X)[φ′(X)]2

}
,

that is

(4.11)

∫
I
φ2(x)f∞(x) dx−

(∫
I
φ(x)f∞(x) dx

)2

≤
∫
I
w(x)

(
φ′(x)

)2
f∞(x) dx.
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Remark 7. Of course for f∞ a probability density we have∫
I
φ2(x)f∞(x) dx−

(∫
I
φ(x)f∞(x) dx

)2

=

∫
I

(
φ(x)−

∫
I
φ(y)f∞(y) dy

)2

f∞(x) dx.

Note that inequality (4.11) contains (4.7) as a particular case, since Q(x) = x − m
implies Q′(x) = 1, and, in view of (4.10) w(x) = P (x).
Having in mind the one-dimensional result (4.11), in the special case (4.7), let us now
consider a probability density f(x), with x = (x1, . . . , xn) ∈ Rn that is defined by the
product of one-dimensional probability density functions, i.e.

(4.12) f(x) =
n∏
i=1

fi(xi).

In (4.12) each fi(xi) is a probability density supported on (ai, bi) ⊆ R, with −∞ ≤ ai <
bi ≤ +∞, i = 1, . . . , n such that the momentum

mi =

∫ bi

ai

xifi(xi) dxi

is finite. Any density fi is a solution to the following differential equation:

∂xi(Pi(xi)fi(xi)) + (xi −mi)fi(xi) = 0,

where Pi(xi) is defined as in (4.8). If Xi is a random variable distributed with density
fi(xi), then Xi satisfies the Poincaré inequality (4.11) with weight function Pi(xi).
Let us denote by An the set in Rn defined by

An =
n∏
i=1

(ai, bi).

For a product probability density we can prove the following result.

Theorem 8. Let us suppose that a smooth scalar function φ(x), x ∈ An, has finite va-
riance with respect to f(x) =

∏n
i=1 fi(xi). If a random variable Xi distributed with density

fi satisfies a weighted one-dimensional Poincaré inequality (1.1) on (ai, bi), with weight
wi, then it holds

(4.13)

∫
An

(
φ(x)−

∫
An

φ(y)f(y) dy

)2

f(x) dx ≤
∫
An

n∑
i=1

wi(xi)

[
∂φ(x)

∂xi

]2

f(x) dx.

Remark 9. In view of the discussion above, every density fi is associated with a weighted
Poincaré inequality with weight Pi defined as in (4.8). Moreover, there could be other
weighted Poincaré–type inequalities associated with the same density, as we will see in the
examples in Section (4.3).

Proof. We prove the statement by induction with respect to the dimension n. For n = 1
it holds by virtue of the Poincaré inequality with weight proven in [20]. Suppose now that
(4.13) is true for n− 1. For every fixed xn ∈ (an, bn), let x̃ = (x1, . . . , xn−1) ∈ An−1, and
define the function φxn on An−1 as

(4.14) φxn(x̃) = φ(x̃, xn) = φ(x).
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Due to the induction hypothesis, the theorem is true for the function φxn , since for almost
all xn V ar(φxn) < +∞. Therefore

∫
An−1

[
φxn(x̃)−

∫
An−1

φxn(ỹ)

n−1∏
i=1

fi(yi)dy1 . . . dyn−1

]2 n−1∏
i=1

fi(xi)dx1 . . . dxn−1 ≤

n−1∑
i=1

∫
An−1

wi(xi)

[
∂φxn
∂xi

]2 n−1∏
i=1

fi(xi)dx1 . . . dxn−1,

where ỹ = (y1, . . . , yn−1) ∈ An−1. By definition

V ar(φ(X)) =

∫
An

(
φ(x)−

∫
An

φ(y)f(y) dy

)2

f(x)dx =∫ bn

an

∫
An−1

φ2(x)
n−1∏
i=1

fi(xi) fn(xn)dx1 . . . dxn−(∫ bn

an

∫
An−1

φ(x)

n−1∏
i=1

fi(xi) fn(xn)dx1 . . . dxn

)2

.

Let us rewrite the previous equality by adding and subtracting the quantity

∫ bn

an

(∫
An−1

φxn(ỹ)

n−1∏
i=1

fi(yi)dy1 . . . dyn−1

)2

fn(xn) dxn.

We obtain

∫ bn

an

∫
An−1

φ2(x)

n−1∏
i=1

fi(xi)fn(xn)dx1 . . . dxn

−
∫ bn

an

(∫
An−1

φxn(ỹ)
n−1∏
i=1

fi(yi)dy1 . . . dyn−1

)2

fn(xn)dxn

+

∫ bn

an

(∫
An−1

φxn(ỹ)
n−1∏
i=1

fi(yi)dy1 . . . dyn−1

)2

fn(xn)dxn−[∫ bn

an

(∫
An−1

φ(ỹ, xn)

n−1∏
i=1

fi(yi)dy1 . . . dyn−1

)
fn(xn)dxn

]2

.
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Thanks to the induction hypothesis, from the first two terms we get the estimate
(4.15)∫ bn

an

fn(xn)dxn·

·

∫
An−1

φ2
xn(x̃)

n−1∏
i=1

fi(xi)dx1 . . . dxn−1 −

(∫
An−1

φxn(ỹ)
n−1∏
i=1

fi(yi)dy1 . . . dyn−1

)2
 ≤

∫ bn

an

fn(xn)dxn

∫
An−1

n−1∑
i=1

wi(xi)

(
∂φ

∂xi

)2 n−1∏
i=1

fi(xi)dx1 . . . dxn−1 =

∫
An

[
n−1∑
i=1

wi(xi)

(
∂φ

∂xi

)2
]

n∏
i=1

fi(xi)dx1 . . . dxn.

Let us take now into account the difference of the last two terms, i.e.∫ bn

an

(∫
An−1

φ(ỹ, xn)

n−1∏
i=1

fi(yi)dy1 . . . dyn−1

)2

fn(xn)dxn−[∫ bn

an

(∫
An−1

φ(ỹ, xn)
n−1∏
i=1

fi(yi)dy1 . . . dyn−1

)
fn(xn)dxn

]2

.

If we define

φ̃(xn) =

∫
An−1

φ(ỹ, xn)
n−1∏
i=1

fi(yi)dy1 . . . dyn−1,

we obtain that the previous difference is nothing but the variance of the one-dimensional
function φ̃(xn). Indeed

V ar(φ̃(Xn)) =

∫ bn

an

(
φ̃(xn)−

∫ bn

an

φ̃(yn)fn(yn)dyn

)2

fn(xn)dxn =∫ bn

an

φ̃2(xn)fn(xn)dxn −
(∫ bn

an

φ̃(xn)fn(xn)dxn

)2

.

Since the one-dimensional function φ̃(xn) satisfies the hypotheses of the theorem about
Poincaré inequality proven in [20] we get∫ bn

an

(
φ̃(xn)−

∫ bn

an

φ̃(yn)fn(yn)dyn

)2

fn(xn)dxn ≤∫ bn

an

wn(xn)

(
∂φ̃

∂xn

)2

fn(xn)dxn.

By Jensen inequality we have(
∂φ̃

∂xn

)2

=

(∫
An−1

∂

∂xn
φ(ỹ, xn)

n−1∏
i=1

fi(yi)dy1 . . . dyn−1

)2

≤
∫
An−1

(
∂φ

∂xn

)2 n−1∏
i=1

fi(yi)dy1 . . . dyn−1.
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Finally we obtain ∫ bn

an

(
φ̃(xn)−

∫ bn

an

φ̃(yn)fn(yn)dyn

)2

fn(xn)dxn

≤
∫
An

wn(xn)

(
∂φ

∂xn

)2 n∏
i=1

fi(xi)dx1 . . . dxn.

(4.16)

Gathering the two inequalities (4.15) and (4.16) we complete the proof. �

4.2. Poincaré–type inequalities for radially symmetric densities in Rn. The result
of the previous section allows us to prove a first Poincaré–type inequality with an explicit
weight for probability densities in Rn which are radially symmetric. The reason is that in
this case we can express the radially symmetric density as the product of n one-dimensional
densities in a system of hyperspherical coordinates.
Before proving this result, let us briefly recall the relationship between the gradient in
the Cartesian and in the hyperspherical coordinates. Let us denote by x = (x1, . . . , xn)
the Cartesian coordinates and by (ρ,Θ) = (ρ, θ1, . . . , θn−1) the hyperspherical coordinates
where ρ = |x| ∈ (0,+∞), θi ∈ (0, π), for any i = 1, . . . , n− 2 and θn−1 ∈ (0, 2π). Then the
Cartesian coordinates can be expressed in terms of the hyperspherical ones. We have

xn = ρ sin θ1 . . . sin θn−3 sin θn−2 sin θn−1

xn−1 = ρ sin θ1 . . . sin θn−3 sin θn−2 cos θn−1

...

x3 = ρ sin θ1 sin θ2 cos θ3

x2 = ρ sin θ1 cos θ2

x1 = ρ cos θ1.

Let f : Rn → R, f ∈ C1, n ≥ 2 and let us denote

(4.17) f̂(ρ,Θ) = f(x1(ρ,Θ), . . . , xn(ρ,Θ)).

Then, the gradient with respect to the hyperspherical coordinates is given by
(4.18)

(∇f)(x(ρ,Θ)) =
∂f̂

∂ρ
eρ +

1

ρ

∂f̂

∂θ1
eθ1 +

1

ρ sin θ1

∂f̂

∂θ2
eθ2 + · · ·+ 1

ρ sin θ1 . . . sin θn−2

∂f̂

∂θn−1
eθn−1

where (eρ, eθ1 , eθ2 , . . . , eθn−1) is an orthonormal basis of vectors.
The main result of this section is contained in the following theorem.

Theorem 10. Let X be a random variable distributed with a radially symmetric density
f∞(|x|), x ∈ Rn and let f(ρ), ρ ∈ R+, denote the one dimensional probability density
function

(4.19) f(ρ) = σnρ
n−1f∞(ρ),

where σn = 2π
n
2 /Γ(n2 ) is the measure of the hyperspherical surface of unit radius in Rn.

Then, if the non-negative random variable X distributed with probability density f(ρ)
satisfies the one-dimensional Poincaré inequality (1.1) on I = (0,+∞), with weight w(ρ),
for any smooth scalar function φ(x) such that V ar (φ(X)) is finite it holds

(4.20)

∫
Rn

φ2(x)f∞(|x|) dx−
(∫

Rn

φ(y)f∞(|y|) dy
)2

≤
∫
Rn

W∗(|x|) |∇φ(x)|2 f∞(|x|) dx



16 GIULIA FURIOLI, ADA PULVIRENTI, ELIDE TERRANEO, AND GIUSEPPE TOSCANI

where

W∗(|x|) = max

{
w(|x|), π

2

2
|x|2

}
.

Proof. For the sake of simplicity we will prove the result in R3. Then the general proof
will follow along the same lines. The proof is an easy application of Theorem 8. Indeed,
let us evaluate the left-hand side of inequality (4.20) by resorting to spherical coordinates.
If X is a random vector distributed with density f∞(|x|), with x ∈ R3, then, if φ has finite
variance, we write

V ar[φ(X)] =

∫
R3

φ2(x)f∞(x) dx−
(∫

R3

φ(y)f∞(y) dy

)2

=

=

∫ ∞
0

∫ π

0

∫ 2π

0
φ2(ρ, θ1, θ2)f∞(ρ)ρ2 sin θ1 dθ1 dθ2 dρ

−
(∫ ∞

0

∫ π

0

∫ 2π

0
φ(ρ, θ1, θ2)f∞(ρ)ρ2 sin θ1 dθ1 dθ2 dρ

)2

=

∫ ∞
0

∫ π

0

∫ 2π

0
φ2(ρ, θ1, θ2)f(ρ)f1(θ1)f2(θ2) dθ1 dθ2 dρ

−
(∫ ∞

0

∫ π

0

∫ 2π

0
φ(ρ, θ1, θ2)f(ρ)f1(θ1)f2(θ2) dθ1 dθ2 dρ

)2
,

where f , f1 and f2 are probability densities defined by

(4.21) f(ρ) = 4πρ2f∞(ρ), ρ ∈ (0,∞),

and

(4.22) f1(θ1) =
sin θ1

2
, θ1 ∈ (0, π); f2(θ2) =

1

2π
, θ2 ∈ (0, 2π).

By assumption, the probability density f(ρ) satisfies (4.11) with a weight function w(ρ).
Furthermore the densities of f1 and f2 have finite mean values

m1 =

∫ π

0
θ1

sin θ1

2
dθ1 =

π

2
and m2 =

∫ 2π

0

θ2

2π
dθ2 = π

and they respectively solve on (ai, bi) with (a1, b1) = (0, π) and (a2, b2) = (0, 2π) the
differential equations

(4.23)
∂

∂θi
[Pi(θi)fi(θi)] + (θi −mi)fi(θi) = 0

where Pi(θi) are defined as in (4.8).
Since the function sinλ is increasing in the interval (0, π/2), and decreasing in the interval
(π/2, π) we have

(4.24)

∫ θ1
0

(
π
2 − λ

)
sinλ dλ

sin θ1
≤
∫ θ1

0

(π
2
− λ

)
dλ ≤ π2

8
, 0 < θ1 ≤

π

2
.

Likewise

(4.25)

∫ π
θ1

(
λ− π

2

)
sinλ dλ

sin θ1
≤
∫ π

θ1

(
λ− π

2

)
dλ ≤ π2

8
,

π

2
< θ1 ≤ π.

Consequently

(4.26) P1(θ1) ≤ π2

8
, 0 ≤ θ1 ≤ π.
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Also

P2(θ2) = πθ2 −
θ2

2

2
≤ π2

2
, 0 ≤ θ2 ≤ 2π.

Applying Theorem 8 to the density f(ρ)f1(θ1)f2(θ2) on (0,+∞) × (0, π) × (0, 2π), we
conclude that
(4.27)

V ar[φ(X)] ≤
∫ ∞

0

∫ π

0

∫ 2π

0

[
w(ρ)

∣∣∣∣∂φ∂ρ
∣∣∣∣2+

π2

8

∣∣∣∣ ∂φ∂θ1

∣∣∣∣2+
π2

2

∣∣∣∣ ∂φ∂θ2

∣∣∣∣2
]
f(ρ)f1(θ1)f2(θ2) dρ dθ1 dθ2,

with
∣∣∣∂φ∂ρ ∣∣∣2 ≤ |∇φ|2 and

∣∣∣ ∂φ∂θi ∣∣∣2 ≤ ρ2|∇φ|2, i = 1, 2. Reverting back to Cartesian coordinates

we finally obtain

(4.28) I ≤
∫
R3

max

{
w(|x|), π

2

2
|x|2

}
|∇φ|2f∞(|x|) dx.

�

Remark 11. It is important to remark that in the general case the upper bound on the
coefficients Pi(θi), i = 1, . . . , n− 1 does not change, since the probability density function
leading to Pi(θi), 0 ≤ θi ≤ π is given by

(4.29) fi(θi) =
sini θi∫ π

0 sini λ dλ
, i = 1, 2, . . . , n− 2

and we can always reduce to inequalities like (4.24) and (4.25).

Remark 12. The previous result also holds for radially symmetric density f∞(|x|) defined
on a sphere BR = {x ∈ Rn : |x| ≤ R}, for some R > 0.

Remark 13. As we shall see in Section 4.3, there exists in general a whole family of
Fokker–Planck equations which share the same stationary state f(ρ) = σnρ

n−1f∞(ρ). The
possibility of choosing which equation is more suitable in order to optimize the weight in
the Poincaré inequality is one of the main feature of this line of research.

4.3. Examples. In this section we collect some examples in which the previous results
can be fruitfully applied to get Poincaré–type inequality with weight (1.1). In particular,
we will study in details the probability density functions considered in Section 3.
The analysis of Section 4.2 leads to the conclusion that the major difficulty in getting a
Poincaré inequality for a radially symmetric density is the determination of the weight
function w(ρ) of the radial density (4.19).

4.3.1. The case of a Gaussian density function. Given a n × n real symmetric, positive
definite matrix V and a vector u = (u1, . . . , un), let us consider the multivariate Gaussian
density G

G(x) =
1

(2π)n/2
|V |−1/2exp

{
−1

2
(x− u)t V −1 (x− u)

}
which has V as covariance matrix with |V | = det(V ) 6= 0 and u as mean vector.

Theorem 14. For any bounded, smooth function φ : Rn → R, such that the variance of
φ with respect to G(x) is finite, it holds

(4.30)

∫
Rn

(
φ(x)−

∫
Rn

φ(y)G(y) dy

)2

G(x)dx ≤
∫
Rn

(
max
i=1,...n

λi

)
|∇φ(x)|2G(x)dx,

where λ1, . . . , λn are the eigenvalues of the symmetric and positive definite real matrix V .
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This is a classical result and a proof can be found for example in [12]. We detail it
below for the reader’s convenience.

Proof. It is well known that given a real symmetric, positive definite, matrix V, there
exists a non singular matrix H such that if

x = u +Hx∗,

then the positive definite form in the exponent of the Gaussian becomes

(x− u)t V −1 (x− u) =
n∑
i=1

(xi
∗)2.

The matrix H is given by H = (Ot)
√
D. where O is the orthogonal matrix which diago-

nalizes the real symmetric matrix V and

D = OV Ot =


λ1 0 · · · 0
0 λ2 · · · 0

· · ·
0 0 · · · λn


with λi eigenvalues of V.

Let us consider the previous change of variables

x = u +Hx∗.

As H(Ht) = V, we get |H| = |V |
1
2 . We get∫

Rn

(
φ(x)−

∫
Rn

φ(y)G(y) dy

)2

G(x)dx =∫
Rn

(
φ(u +Hx∗)−

∫
Rn

φ (u +Hy∗)G(u +Hy∗) |H| dy∗
)2

G(u +Hx∗)|H|dx∗ =

∫
Rn

(
Ψ(x∗)−

∫
Rn

Ψ(y∗)
1

(
√

2π)n

n∏
i=1

e−
(y∗i )2

2 dy∗

)2
1

(
√

2π)
n

n∏
i=1

e−
(x∗i )

2

2 dx∗,

where, in the last line, we set Ψ(x∗) = φ (u +Hx∗) . As any density

g(xi) =
1√
2π

e−
(x∗i )

2

2

satisfies the equation

∂xi(g(xi)) + xig(xi) = 0

we can apply Theorem 8 with Ki = 1, i = 1, . . . , n and obtain

(4.31)

∫
Rn

(
Ψ(x∗)−

∫
Rn

Ψ(y∗)
1

(
√

2π)
n

n∏
i=1

e−
(y∗i )2

2 dy∗

)2
1

(
√

2π)n

n∏
i=1

e−
(x∗i )

2

2 dx∗

≤
∫
Rn

n∑
i=1

(
∂Ψ

∂x∗i
(x∗)

)2 1

(
√

2π)
n

n∏
i=1

e−
(x∗i )

2

2 dx∗.

Now since Ψ(x∗) = φ(u +Hx∗) we get

∂Ψ

∂x∗k
=

n∑
i=1

∂φ

∂xi

∂xi
∂x∗k

=
n∑
i=1

(Ht)ki
∂φ

∂xi
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and

∇x∗Ψ = (Ht) ∇xφ

and

(4.32) |∇x∗Ψ|2 = [(∇x∗Ψ)t]∇x∗Ψ = [(∇xφ)t]H(Ht)∇xφ = [(∇xφ)t]V∇x∗φ,

as H(Ht) = V. On the other hand, as V = (Ot)DO, we get

[(∇xφ)t]V [(∇xφ)] = (rt)Dr,

where r = (r1, . . . , rn) := O∇xφ. As O is an orthogonal matrix, we get

(4.33) |∇x∗Ψ|2 =
n∑
i=1

λir
2
i ≤ ( max

i=1,...,n
λi)

n∑
i=1

r2
i = ( max

i=1,...,n
λi)|∇xφ|2.

Finally, thanks to (4.32) and the change of variables x = u + Hx∗, for the last term in
(4.31) we get the estimate∫

Rn

n∑
i=1

(
∂Ψ

∂x∗i
(x∗)

)2 1

(
√

2π)n

n∏
i=1

e−
(x∗i )

2

2 dx∗

=

∫
Rn

|∇x∗Ψ|2
1

(
√

2π)n

n∏
i=1

e−
(x∗i )

2

2 dx∗

≤
∫
Rn

(
max
i=1,...,n

λi

)
|∇xφ|2G(x)dx.

�

In the examples which follow we can make use of the one–dimensional class of Fokker–
Planck–type equations (4.1) leading to the (optimal in the class) generalized Poincaré
inequality (4.11).

4.3.2. Poincaré type inequalities for Cauchy-type densities. The second example we con-
sider is concerned with Cauchy densities, namely probability densities with a polynomial
decay at infinity given by

(4.34) fβ(|x|) =
Cβ

(1 + |x|2)β
, β >

n

2

with Cβ satisfying ∫
Rn

Cβ
(1 + |x|2)β

dx = 1.

In this case, the radial density fβ(ρ), ρ ∈ R+ takes the form

(4.35) fβ(ρ) = σn ρ
n−1 Cβ

(1 + ρ2)β
, β >

n

2
.

Following the strategy developed in [23], we observe that the Cauchy-type density fβ
defined in (4.35) can be characterized as the stationary state of a whole family of Fokker–
Planck type equations, which depend on a positive parameter α. For our purposes, we
will assume that α ∈ (1/2, 1]. It can be easily checked that this family of Fokker–Planck
type equations is given by

∂tfβ = ∂2
ρ

(
(1 + ρ2)αfβ

)
+ ∂ρ

[(
2(β − α)ρ

(1 + ρ2)1−α −
n− 1

ρ
(1 + ρ2)α

)
fβ

]
, ρ ∈ R+, t > 0.
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Indeed, fβ satisfies, for all ρ ∈ R+, the differential equation

(4.36) ∂ρ
(
(1 + ρ2)αfβ

)
= −

(
2(β − α)ρ

(1 + ρ2)1−α −
n− 1

ρ
(1 + ρ2)α

)
fβ.

Equation (4.36) is of the type (4.4), with

(4.37) P (ρ) = (1 + ρ2)α, Q(ρ) =
2(β − α)ρ

(1 + ρ2)1−α −
n− 1

ρ
(1 + ρ2)α, ρ ∈ R+.

In the allowed range of the constant α, the function Q satisfies all the assumptions of
Theorem 6. Indeed, for all 1/2 < α ≤ 1 and

(4.38) β − α > n− 1

2
,

the function Q satisfy assumption (4.9), since

lim
ρ→0+

Q(ρ) = −∞, lim
ρ→+∞

Q(ρ) = +∞.

Condition (4.38) holds true for α ≤ 1 provided

(4.39) β > (n+ 1)/2.

Moreover, Q(ρ) is differentiable on R+ with

Q′(ρ) =
2(β − α)(1 + ρ2(2α− 1))− 2α(n− 1)(1 + ρ2)

(1 + ρ2)2−α +
n− 1

ρ2
(1 + ρ2)α, ρ ∈ R+.

Let us observe that

n− 1

ρ2
(1 + ρ2)α =

(n− 1)(1 + ρ2)2

ρ2(1 + ρ2)2−α ≥ (n− 1)(1 + ρ2)

(1 + ρ2)2−α .

Therefore

Q′(ρ) ≥ 2(β − α)(1 + ρ2(2α− 1))− (2α− 1)(n− 1)(1 + ρ2)

(1 + ρ2)2−α .

Moreover, since α ≤ 1 we have 2α− 1 ≤ 1, so that

2(β − α)(1 + ρ2(2α− 1)) ≥ 2(2α− 1)(β − α)(1 + ρ2).

Hence

Q′(ρ) ≥ (2α− 1) [2(β − α)− (n− 1)]

(1 + ρ2)1−α .

Hence, Q′(ρ) is positive since condition (4.38) holds true. Under this condition Q : R −→ R
is a strictly monotone, smooth transformation.
Finally

(4.40)
P (ρ)

Q′(ρ)
≤ 1

(2α− 1) [2(β − α)− (n− 1)]
(1 + ρ2), ρ ∈ R+.

We can now look for the optimal value of the constant (2α− 1)[2(β − α)− (n− 1)] under
the constraint α ∈ (1/2, 1] and β > (n + 1)/2. Let β∗ = β − (n− 1)/2 > 1. The optimal
value is obtained by maximizing the function

hβ(α) = (2α− 1)(β∗ − α).

To this end, since
h′β(α) = 2β∗ − 4α+ 1

we obtain

h′β(α) ≥ 0 ⇐⇒ α ≤ β∗

2
+

1

4
.
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Hence

αmax =
β∗

2
+

1

4
, if

β∗

2
+

1

4
≤ 1

while

αmax = 1, if
β∗

2
+

1

4
> 1.

In conclusion we obtain

(4.41) w(β, ρ) =

{
1

(β−n/2)2
(1 + ρ2) n

2 + 1
2 < β < n

2 + 1,
1

2β−(n+1)(1 + ρ2) β ≥ n
2 + 1.

Therefore, we apply Theorem 10 and obtain

W∗(|x|) = max

{
w(β, 0),

π2

2

}
(1 + |x|2)

and W∗(|x|) = cβ,nK(|x|) with K(|x|) = 1
β−1(1 + |x|2) as (3.5). This result is in perfect

agreement with the analogous one proven by Bobkov and Ledoux in [4] without an explicit
value of the constant in front of the weight. Moreover, in this case the weight is the one
conjectured in Section 3.

4.3.3. Poincaré–type inequalities for exponentially decaying densities. Let us now consider
the case of the exponentially decaying probability density function (3.6), which is uniquely
connected with the weight K(|x|) = 1

β2 (1 + β|x|), as in (3.7). In order to explicitly

determine the value of the weight w(ρ), as given by (4.10), it is essential to remark that
in our case the radial function f(ρ) in Theorem 10 is a Gamma density given by

(4.42) f(ρ) =
βn

Γ(n)
ρn−1e−βρ.

Poincaré-type inequalities with optimal weight for a large class of generalized Gamma
densities have been recently obtained in [50]. As far as the density function (4.42) is
concerned, one obtains w(ρ) = βρ. Consequently, the weight in Theorem 10 is given by

W∗(|x|) = max{β|x|, π
2

2
|x|2}.

We remark that, in this case, the application of Theorem 10 leads to a non optimal weight,
growing at infinity like |x|2.

4.3.4. Poincaré inequalities for Barenblatt type densities. Let us now consider the case of
the class of radially symmetric Barenblatt type densities (3.8), which are characterized by

a bounded spherical support, and by the weight function K(|x|) = p−1
2p (a2 − |x|2) as in

(3.9).
In what follows, for given a > 0 and p > 1, we consider the class of Barenblatt densities
supported in the sphere Ba = {|x| ≤ a} ⊂ Rn, n > 1, in the form

(4.43) fp(|x|) = Ca,p(a
2 − |x|2)

1
p−1 , |x| ≤ a,

where the constant Ca,p is chosen to fix the mass equal to unity. For the sake of simplicity,
we denote β = 1

p−1 and with an abuse of notation we will write fβ(|x|) = fp(|x|) and

Ca,β = Ca,p. In this case, the radial density gβ(ρ), ρ ∈ R+ takes the form

(4.44) gβ(ρ) = σn ρ
n−1Ca,β(a2 − ρ2)β, 0 ≤ ρ ≤ a.

Following the strategy developed in Section 4.3.2, we introduce a family of Fokker–Planck–
type equations that have, for a given β > 0, the Barenblatt density gβ defined in (4.44) as
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a stationary state. These equations depend on a positive parameter α that, as in Section
4.3.2, belongs to the interval (1/2, 1].
It can be easily checked that this family of Fokker–Planck type equations is given by

∂tgβ = ∂2
ρ

(
(a2 − ρ2)αgβ

)
+ ∂ρ

[(
2(α+ β)ρ

(a2 − ρ2)1−α −
n− 1

ρ
(a2 − ρ2)α

)
gβ

]
,

for ρ ∈ I = (0, a) and t > 0. Indeed, gβ satisfies, for all ρ ∈ I, the differential equation

(4.45) ∂ρ
(
(a2 − ρ2)αgβ

)
= −

(
2(α+ β)ρ

(a2 − ρ2)1−α −
n− 1

ρ
(a2 − ρ2)α

)
gβ.

Equation (4.45) is of the type (4.4), with

(4.46) P (ρ) = (a2 − ρ2)α, Q(ρ) =
2(α+ β)ρ

(a2 − ρ2)1−α −
n− 1

ρ
(a2 − ρ2)α, ρ ∈ I.

In the allowed range of the constant α, the function Q satisfies all the assumptions of
Theorem 6. Indeed, for all 1/2 < α ≤ 1 the function Q satisfies assumption (4.9), since

lim
ρ→0+

Q(ρ) = −∞, lim
ρ→a−

Q(ρ) > 0.

Moreover, Q(ρ) is differentiable on I with

Q′(ρ) =
2(α+ β)(a2 − ρ2(2α− 1))

(a2 − ρ2)2−α +
n− 1

(a2 − ρ2)1−α
a2 + (2α− 1)ρ2

ρ2
, ρ ∈ I.

Let us observe that, in the interval 1/2 < α ≤ 1 we have 0 < 2α− 1 ≤ 1, so that

2(α+ β)(a2 − ρ2(2α− 1))

(a2 − ρ2)2−α ≥ 2(α+ β)(2α− 1)

(a2 − ρ2)1−α .

Moreover, for ρ ∈ I we have

n− 1

(a2 − ρ2)1−α
a2 + (2α− 1)ρ2

ρ2
≥ 2(n− 1)(2α− 1)

(a2 − ρ2)1−α .

Finally,

Q′(ρ) ≥ 2(2α− 1)

(a2 − ρ2)1−α (α+ β + n− 1).

This implies

(4.47)
P (ρ)

Q′(ρ)
≤ 1

2(2α− 1)(α+ β + n− 1)
(a2 − ρ2), ρ ∈ I.

We can now look for the optimal value of the constant 2(2α − 1)(α + β + n − 1) under
the constraint α ∈ (1/2, 1] and β > 0. The optimal value is obtained by maximizing the
function

hβ(α) = (2α− 1)(α+ β + n− 1).

To this end, since α > 1/2

h′β(α) = 2β + 4α− 1 + 2(n− 1) > 0

and
hβ(α) ≤ 2(n+ β).

Going back to Definition (4.10) and recalling that β(p) = 1
p−1 , for p > 1 we obtain

(4.48) w(p, ρ) ≤ 1

2(n+ β(p))
(a2 − ρ2) =

p− 1

2(n(p− 1) + 1)
(a2 − ρ2),



FOKKER–PLANCK EQUATIONS AND INEQUALITIES FOR ISOTROPIC DENSITIES 23

and in Theorem 10

(4.49) W∗(|x|) = max

{
p− 1

2(n(p− 1) + 1)
(a2 − |x|2),

π2

2
|x|2

}
.

Also in this case Theorem 10 gives a non-optimal weight.

5. A refined Poincaré–type result for isotropic densities

The weight obtained in the Poincaré inequality (4.20) grows at infinity at least as |x|2
and this is due to the contribution of the angular components in the decomposition of
the density. This appears not to be sharp, if we consider the leading examples presented
in Section 3 and at the end of the previous section. More specifically, in the case of
the exponentially decaying density (3.6) the decaying at infinity of the weight should be
linear instead of quadratic and in the Barenblatt case (4.43) it should be vanishing at the
boundary of the domain. We are now presenting a refined Poincaré-type inequality with
weight for a n-dimensional isotropic density. On one hand we sharpen the contribution of
the weight for large scales but on the other we restrict the domain where it can be applied.

Proposition 15. Let X be a random vector distributed with density f∞(|x|), with x ∈ Rn
where the probability density function f∞(|x|) satisfies the differential equation

(5.1) ∇[K(|x|)f∞(|x|)] + xf∞(|x|) = 0.

Moreover, suppose that there exists a real value R > 0 such that, for any r ≥ R, the weight
function K(r) satisfies the inequality

(5.2) (n− 1)
K(r)

r2
≤ 1

2
.

Then, for any smooth function φ, supported outside the ball BR = {x ∈ Rn : |x| ≤ R},
and with finite variance with respect to f∞(|x|), we have∫

Rn

φ2(x)f∞(|x|) dx−
(∫

Rn

φ(y)f∞(|y|) dy
)2

≤ 2

∫
Rn

K(|x|) |∇φ(x)|2 f∞(|x|) dx.

Remark 16. We underline that in this proposition the weight we get agrees with the one
conjectured in Section 3. It would be interesting to obtain the same result without any
restriction on the test function φ. In the examples dealt with in Subsection 4.3 the diffusion
term K always satisfies condition (5.2).

Proof. Let a smooth scalar function φ defined on Rn and such that φ(x) = 0 for |x| ≤ R.
Since for any probability density function f∞(|x|), we have the elementary inequality∫

Rn

φ2(x)f∞(|x|) dx−
(∫

Rn

φ(x)f∞(|x|) dx
)2

≤
∫
Rn

(φ(x)− φ(0))2 f∞(|x|) dx,

we get

V ar[φ(X)] =

∫
Rn

(
φ(x)−

∫
Rn

φ(y)f∞(|y|) dy
)2

f∞(|x|) dx

≤
∫
Rn

(φ(x)− φ(0))2f∞(|x|) dx

and in hyperspherical coordinates∫
Rn

(φ(x)− φ(0))2f∞(|x|) dx =

∫
Sn−1

∫ ∞
0

(φ(ρ,Θ)− φ(0))2 ρn−1f∞(ρ) dρ dΘ.
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Thanks to the gradient theorem, for the (smooth) function φ(x) we have

(5.3) φ(ρ,Θ)− φ(0) =

∫ 1

0

∂

∂ρ
φ(tρ,Θ) ρ dt.

Equality (5.3) shows that the angles θi, i = 1, 2, . . . , n− 1, appear as constant, so that the
gradient theorem, for any given Θ, takes a scalar form involving only a variation in the
radius ρ. By Jensen’s inequality, (5.3) implies

(φ(ρ,Θ)− φ(0))2 ≤
∫ 1

0

∣∣∣∣ ∂∂ρφ(tρ,Θ)

∣∣∣∣2 ρ2 dt

and since ∇φ(x) = 0 if |x| ≤ R we get

(5.4)

V ar[φ(X)] ≤
∫
Sn−1

∫ ∞
0

f∞(ρ)ρ2

(∫ 1

0

∣∣∣∣ ∂∂ρφ(tρ,Θ)

∣∣∣∣2 dt
)
ρn−1 dρ dΘ

=

∫
Sn−1

∫ ∞
R

[ρnf∞(ρ)]

(
ρ

∫ 1

0

∣∣∣∣ ∂∂ρφ(tρ,Θ)

∣∣∣∣2 dt
)
dρ dΘ.

If we consider the n–dimensional equation (5.1)

∇[K(|x|)f∞(|x|)] + xf∞(|x|) = 0,

by multiplying by
x

|x|
we get the scalar identity

(5.5)
∂

∂ρ
(K(ρ)f∞(ρ)) + ρ f∞(ρ) = 0.

and so we obtain

ρn f∞(ρ) = − ∂

∂ρ
(K(ρ)ρn−1f∞(ρ)) + (n− 1)

K(ρ)

ρ2
ρnf∞(ρ).

Hence, by resorting to inequality (5.2) we conclude that, for any ρ ≥ R it holds

(5.6)
1

2
ρn f∞(ρ) ≤ − ∂

∂ρ
(K(ρ)ρn−1f∞(ρ)).

Making use of (5.6) into (5.4), we get

(5.7)

∫ ∞
R

[ρnf∞(ρ)]

(
ρ

∫ 1

0

∣∣∣∣ ∂∂ρφ(tρ,Θ)

∣∣∣∣2 dt
)
dρ ≤

− 2

∫ ∞
R

∂

∂ρ
(K(ρ)ρn−1f∞(ρ))

(
ρ

∫ 1

0

∣∣∣∣ ∂∂ρφ(tρ,Θ)

∣∣∣∣2 dt
)
dρ ≤

2

∫ ∞
R

K(ρ)ρn−1f∞(ρ)
∂

∂ρ

(
ρ

∫ 1

0

∣∣∣∣ ∂∂ρφ(tρ,Θ)

∣∣∣∣2 dt
)
dρ.

In (5.7) we used integration by parts to get the last line. Indeed here the border term
satisfies

(5.8) − ρn−1K(ρ)f∞(ρ)

(
ρ

∫ 1

0

∣∣∣∣ ∂∂ρφ(tρ,Θ)

∣∣∣∣2 dt
)∣∣∣∣∣

+∞

R

≤ 0.
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Inequality (5.8) is a consequence of the fact that∫ 1

0

∣∣∣∣ ∂∂ρφ(tρ,Θ)

∣∣∣∣2 dt
∣∣∣∣∣
ρ=R

= 0.

The proof is completed by observing that, for any given function ψ(ρt) one has the identity

(5.9)
∂

∂ρ
[ρψ(ρt)] =

∂

∂t
(t ψ(ρt)) .

Clearly, (5.9) implies

∂

∂ρ

[
ρ

∫ 1

0

∣∣∣∣ ∂∂ρφ(tρ,Θ)

∣∣∣∣2 dt
]

=

∫ 1

0

∂

∂ρ

[
ρ

∣∣∣∣ ∂∂ρφ(tρ,Θ)

∣∣∣∣2
]
dt =

∫ 1

0

∂

∂t

[
t

∣∣∣∣ ∂∂ρφ(tρ,Θ)

∣∣∣∣2
]
dt =

∣∣∣∣∂φ(ρ,Θ)

∂ρ

∣∣∣∣2 .
Replacing into (5.7), and going back to cartesian coordinates gives the result for φ

V ar[φ(X)] =

∫
Rn

(
φ(x)−

∫
Rn

φ(y)f∞(|y|) dy
)2

f∞(|x|) dx

≤ 2

∫
Sn−1

∫ ∞
R

K(ρ)ρn−1f∞(ρ)

∣∣∣∣ ∂∂ρφ(ρ,Θ)

∣∣∣∣2 dρ dΘ

≤ 2

∫
Sn−1

∫ ∞
R

K(ρ)ρn−1f∞(ρ) |∇φ(ρ,Θ)|2 dρ dΘ

= 2

∫
Rn

K(|x|) |∇φ(x)|2 f∞(|x|) dx.

�

Remark 17. The previous proof can be easily adapted to the case in which f∞(|x|) is
a probability density supported in the ball Ba = {x : |x| ≤ a}, with a being a positive
constant. In this case, condition (5.2) is replaced by the following: There exists a bounded
value 0 < R < a such that, for any r such that R ≤ r ≤ a, the weight function K(r),
r > 0 satisfies inequality (5.2). An important example of this situation is provided by the
class of Barenblatt densities defined in (3.8).

Remark 18. If we consider an isotropic probability density f∞(|x|), the one-dimensional
function f∞(ρ) defined on (0,+∞) satisfies two differential equations. On one hand, if we
consider the n–dimensional equation (5.1)

∇[K(|x|)f∞(|x|)] + xf∞(|x|) = 0,

we get the scalar identity

∂

∂ρ
(K(ρ)f∞(ρ)) + ρ f∞(ρ) = 0

as we remarked in the previous proof. On the other hand, since
∫
Rn f∞(|x|)dx = 1, we get∫ +∞

0
σnf∞(ρ)ρn−1 dρ = 1.
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So, the function f(ρ) = σnf∞(ρ)ρn−1 is a probability density on (0,+∞) and can be
considered as a steady state of many different Fokker–Planck equations as in (4.4), namely

(5.10)
∂

∂ρ
(P (ρ)f(ρ)) + Q(ρ)f(ρ) = 0.

As a consequence, f(ρ) satisfies many different weighted Poincaré inequalities as in (4.11)
with a weight function w associated to the diffusion and drift coefficients P and Q of the
equation as in (4.10), namely

w(ρ) =
P (ρ)

Q′(ρ)
, ρ > 0.

In Examples 4.3 in Section 4 we exploit the Poincaré inequalities coming from the Fokker–
Planck equation (5.10). On the contrary, in the proof of Proposition 15, we take advantage
of the expression (5.5).

6. Another hybrid inequality for isotropic densities

We are now presenting a refined inequality for a n-dimensional isotropic density where
we sharpen the contribution of the weight for large scales. Unfortunately, we are not
able to get a genuine Poincaré–type inequality, due to an extra term on the right hand
side. Nevertheless, this result applies without the restriction on the test function to be
supported outside a ball.

Theorem 19. Let X be a random vector distributed with density f∞(|x|), with x ∈ Rn
where the probability density function f∞(|x|) satisfies the differential equation (5.1)

∇[K(|x|)f∞(|x|)] + xf∞(|x|) = 0.

Suppose that there exists a real value R > 0 such that, for any r ≥ R, the weight function
K(r), r ≥ 0 satisfies the inequality (5.2), namely

(n− 1)
K(r)

r2
≤ 1

2

and suppose moreover that f(ρ) = σnρ
n−1f∞(ρ) satisfies the one-dimensional Poincaré

inequality (1.1) on I = (0,+∞), with weight w(ρ). Then, for any smooth function φ
satisfying

(6.1) |φ(x)|+ |∇φ(x)| ≤ C <∞

with C = C(φ) > 0, we have

(6.2)

∫
Rn

φ2(x)f∞(|x|) dx−
(∫

Rn

φ(y)f∞(|y|) dy
)2

≤

C

(∫
Rn

W (|x|) |∇φ(x)|2 f∞(|x|) dx + c(R)

∫
|x|=R

|∇φ(x)|2 f∞(|x|)dσ(x)

)
where

(6.3) W (|x|) = max(w(|x|), |x|2)χ|x|≤R +K(|x|)χ|x|>R,

C > 0 and c(R) is a positive constant depending only on R.

Remark 20. The inequalities may then be classically extended to the class of all locally
Lipschitz functions [4].
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Remark 21. We underline that in this theorem the weight function W behaves at infinity
as K(|x|). If K grows less than |x|2 this result sharpens the previous Theorem 10, as long
as the behavior at infinity of the weight is concerned. Nevertheless, we pay a prize in the
extra term appearing in the right hand side.

Proof of Theorem 19. Let φ(x) = φ(ρ,Θ) where (ρ,Θ) = (ρ, θ1, . . . , θn−1) where ρ = |x| ∈
(0,+∞), θi ∈ (0, π), for any i = 1, . . . , n − 2 and θn−1 ∈ (0, 2π). Moreover let R > 0
as in the hypotheses of Theorem 19 and let 0 < ε � R. Let X be a random vector
distributed with density f∞(|x|), with x ∈ Rn. Then, if φ has finite variance, let us write
in hyperspherical coordinates

V ar[φ(X)] =

∫
Rn

(
φ(x)−

∫
Rn

φ(y)f∞(|y|) dy
)2

f∞(|x|) dx =∫
Sn−1

∫ ∞
0

(
φ(ρ,Θ)−

∫
Sn−1

∫ ∞
0

φ(y, η)f∞(y)dydη

)2

f∞(ρ)dρdΘ.

We split now φ(ρ,Θ) = φ+
ε (ρ,Θ) + φ−ε (ρ,Θ) + ψε(ρ,Θ) where the three functions will be

defined in a while. We can estimate∫
Sn−1

∫ ∞
0

(
φ(ρ,Θ)−

∫
Sn−1

∫ ∞
0

φ(y, η)f∞(y)dydη

)2

f∞(ρ)dρdΘ =∫
Sn−1

∫ ∞
0

[(
φ+
ε (ρ,Θ)−

∫
Sn−1

∫ ∞
0

φ+
ε (y, η)f∞(y)dydη

)
+

(
φ−ε (ρ,Θ)−

∫
Sn−1

∫ ∞
0

φ−ε (y, η)f∞(y)dydη

)
+

(
ψε(ρ,Θ)−

∫
Sn−1

∫ ∞
0

ψε(y, η)f∞(y)dydη

)]2

f∞(ρ)dρdΘ ≤

4

{∫
Sn−1

∫ ∞
0

(
φ+
ε (ρ,Θ)−

∫
Sn−1

∫ ∞
0

φ+
ε (y, η)f∞(y)dydη

)2

f∞(ρ)dρdΘ

+

∫
Sn−1

∫ ∞
0

(
φ−ε (ρ,Θ)−

∫
Sn−1

∫ ∞
0

φ−ε (y, η)f∞(y)dydη

)2

f∞(ρ)dρdΘ

+

∫
Sn−1

∫ ∞
0

(
ψε(ρ,Θ)−

∫
Sn−1

∫ ∞
0

ψε(y, η)f∞(y)dydη

)2

f∞(ρ)dρdΘ

}
= 4

(
V ar[φ+

ε (X)] + V ar[φ−ε (X)] + V ar[ψε(X)]
)
.

Consequently, for any given 0 < ε� R we can evaluate separately the variances of φ+
ε , φ−ε

and ψε with respect to f∞, gather the results and let ε→ 0 in order to get a global estimate.

We define now the three functions φ+
ε , φ−ε and ψε. Let us consider the interval (R −

ε, R+ ε) and let us set

(6.4) g+
ε (ρ) =


0 if ρ ≤ R− ε,
P+
ε (ρ) if R− ε < ρ < R,

1 if ρ ≥ R.

In definition (6.4) the function P+
ε (ρ) is the third order polynomial in ρ connecting C1

the points (R− ε, 0) with (R, 1), so that g+
ε (ρ) is C1((0,+∞)) with respect to ρ. Clearly,
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P+
ε (ρ) is increasing with respect to ρ in the interval R− ε < ρ < R.

Likewise, let us set

(6.5) g−ε (ρ) =


1 if ρ ≤ R,
P−ε (ρ) if R < ρ < R+ ε,

0 if ρ ≥ R+ ε.

In definition (6.5) the function P−ε (ρ) is the third order polynomial connecting C1 the
points (R, 1) with (R + ε, 0), so that g−ε (ρ) is C1((0,+∞)) with respect to ρ. Clearly,
P−ε (ρ) is decreasing with respect to ρ in the interval R < ρ < R+ ε. We remark that, by
construction, for any given x ∈ (0, R) one has

(6.6)


g+
ε (R− x) = g−ε (R+ x),

∂

∂ρ
g+
ε (ρ)

∣∣∣∣
ρ=R−x

= − ∂

∂ρ
g−ε (ρ)

∣∣∣∣
ρ=R+x

.

Let us finally define the approximations φ+
ε and φ−ε of φ through the radial derivatives

(6.7)

∂

∂ρ
φ+
ε (ρ,Θ) = g+

ε (ρ)
∂

∂ρ
φ(ρ,Θ)

∂

∂ρ
φ−ε (ρ,Θ) = g−ε (ρ)

∂

∂ρ
φ(ρ,Θ).

The functions φ+
ε and φ−ε are defined up to a function of Θ. Integrating by parts between

0 and ρ > 0, and setting φ+
ε (0,Θ) = 0 for all Θ, we obtain

φ+
ε (ρ,Θ) =

∫ ρ

0
g+
ε (y)

∂

∂y
φ(y,Θ) dy =

[
g+
ε (y)φ(y,Θ)

]ρ
0
−
∫ ρ

0
φ(y,Θ)

∂

∂y
g+
ε (y) dy.

Hence, thanks to (6.4) we get

(6.8) φ+
ε (ρ,Θ) =


0 if ρ ≤ R− ε,

P+
ε (ρ)φ(ρ,Θ)−

∫ ρ

R−ε
φ(y,Θ)

∂

∂y
P+
ε (y) dy if R− ε < ρ < R,

φ(ρ,Θ)−
∫ R

R−ε
φ(y,Θ)

∂

∂y
P+
ε (y) dy if ρ ≥ R.

Likewise we have

φ−ε (ρ,Θ)− φ−ε (0,Θ) =

∫ ρ

0
g−ε (y)

∂

∂y
φ(y,Θ) dy =

[
g−ε (y)φ(y,Θ)

]ρ
0
−
∫ ρ

0
φ(y,Θ)

∂

∂y
g−ε (y) dy.

Thus, setting φ−ε (0,Θ) = φ(0) for all Θ, (6.5) implies

(6.9) φ−ε (ρ,Θ) =


φ(ρ,Θ) if ρ ≤ R,

P−ε (ρ)φ(ρ,Θ)−
∫ ρ

R
φ(y,Θ)

∂

∂y
P−ε (y) dy if R < ρ < R+ ε,

−
∫ R+ε

R
φ(y,Θ)

∂

∂y
P−ε (y) dy if ρ ≥ R+ ε.
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Setting ψε(ρ,Θ) = φ(ρ,Θ)− φ+
ε (ρ,Θ)− φ−ε (ρ,Θ) we get

(6.10) ψε(ρ,Θ) =



0 if ρ ≤ R− ε,

φ(ρ,Θ) (1− P+
ε (ρ)) +

∫ ρ

R−ε
φ(y,Θ)

∂

∂y
P+
ε (y) dy if R− ε < ρ ≤ R,

−P−ε (ρ)φ(ρ,Θ) +

∫ R

R−ε
φ(y,Θ)

∂

∂y
P+
ε (y) dy

+

∫ ρ

R
φ(y,Θ)

∂

∂y
P−ε (y) dy

if R < ρ < R+ ε,

∫ R+ε

R−ε
φ(y,Θ)

(
∂

∂y
g+
ε (y) +

∂

∂y
g−ε (y)

)
dy if ρ ≥ R+ ε.

Then, we have the identity

φ(ρ,Θ) = φ+
ε (ρ,Θ) + φ−ε (ρ,Θ) + ψε(ρ,Θ),

where the function φ+
ε (ρ,Θ) is equal to zero if ρ ≤ R − ε. Let us examine in details

the size of the term ψε(ρ,Θ). Owing to conditions (6.1) and (6.6), and since P+
ε (ρ) is

nondecreasing, and such that 0 ≤ P+
ε (ρ) ≤ 1∣∣∣∣∫ ρ

R−ε
φ(y,Θ)

∂

∂y
P+
ε (y) dy

∣∣∣∣ ≤ ∫ ρ

R−ε
|φ(y,Θ)| ∂

∂y
P+
ε (y) dy ≤ C

∫ ρ

R−ε

∂

∂y
P+
ε (y) dy ≤ C.

The same upper bound holds for the integrals appearing in the definition of ψε for R <
ρ < R+ ε. Therefore ψε(ρ,Θ) = 0 for ρ ≤ R− ε and

|ψε(ρ,Θ)| ≤ 3C · χ [R− ε < ρ ≤ R+ ε]

+ χ [ρ > R+ ε]

∣∣∣∣∫ R+ε

R−ε
φ(y,Θ)

[
∂

∂y
g+
ε (y) +

∂

∂y
g−ε (y)

]
dy

∣∣∣∣ .
Moreover, thanks to conditions (6.6)∣∣∣∣∫ R+ε

R−ε
φ(y,Θ)

[
∂

∂y
g+
ε (y) +

∂

∂y
g−ε (y)

]
dy

∣∣∣∣
=

∣∣∣∣∣
∫ ε

0
[φ(R− x,Θ)− φ(R+ x,Θ)]

∂

∂y
P+
ε (y)

∣∣∣∣
y=R−x

dx

∣∣∣∣∣
≤
∫ ε

0
|φ(R− x,Θ)− φ(R+ x,Θ)| ∂

∂y
P+
ε (y)

∣∣∣∣
y=R−x

dx

=

∫ ε

0

|φ(R− x,Θ)− φ(R+ x,Θ)|
|2x|

|2x| ∂
∂y
P+
ε (y)

∣∣∣∣
y=R−x

dx

≤ sup |∇φ(x)|
∫ ε

0
|2x| ∂

∂y
P+
ε (y)

∣∣∣∣
y=R−x

dx ≤ 2Cε.

Finally ψε(ρ,Θ) = 0 for ρ ≤ R− ε and

(6.11) |ψε(ρ,Θ)| ≤ C (3χ [R− ε < ρ < R+ ε] + 2Cεχ [ρ > R+ ε]) .

Inequality (6.11) asserts that |ψε(ρ,Θ)| is bounded by two constant functions, the first
different from zero only on a set of measure 2ε, the second bounded by 2Cε on the set
ρ > R+ ε. This clearly implies that

lim
ε→0

V ar[ψε(X)] = 0.
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Let us come to V ar[φ−ε (X)] and V ar[φ+
ε (X)] and let us consider first V ar[φ−ε (X)]. Thanks

to (4.27), we obtain

V ar[φ−ε (X)] ≤ c
∫ ∞

0

∫
Sn−1

(
w(ρ)

∣∣∣∣ ∂∂ρφ−ε (ρ,Θ)

∣∣∣∣2 +
n−1∑
i=1

∣∣∣∣ ∂∂θiφ−ε (ρ,Θ)

∣∣∣∣2
)
ρn−1f∞(ρ)dΘdρ

where w is the weight appearing in the one-dimensional Poincaré inequality relative to the
density σnρ

n−1f∞(ρ) and c > 0 is a suitable constant. Let us split the integral in dρ into

∫ ∞
0

dρ =

∫ R

0
dρ+

∫ R+ε

R
dρ+

∫ ∞
R+ε

dρ.

Thanks to definition (6.9) we have

∫ R

0

∫
Sn−1

(
w(ρ)

∣∣∣∣ ∂∂ρφ−ε (ρ,Θ)

∣∣∣∣2 +

n−1∑
i=1

∣∣∣∣ ∂∂θiφ−ε (ρ,Θ)

∣∣∣∣2
)
ρn−1f∞(ρ)dΘdρ

=

∫ R

0

∫
Sn−1

(
w(ρ)

∣∣∣∣ ∂∂ρφ(ρ,Θ)

∣∣∣∣2 +
n−1∑
i=1

∣∣∣∣ ∂∂θiφ(ρ,Θ)

∣∣∣∣2
)
ρn−1f∞(ρ)dΘdρ.

Recalling that

∣∣∣∣∂φ∂ρ
∣∣∣∣2 ≤ |∇φ|2 and

∣∣∣∣ ∂φ∂θi
∣∣∣∣2 ≤ ρ2|∇φ|2, i = 1, . . . , n− 1, we obtain

∫ R

0

∫
Sn−1

(
w(ρ)

∣∣∣∣ ∂∂ρφ(ρ,Θ)

∣∣∣∣2 +
n−1∑
i=1

∣∣∣∣ ∂∂θiφ(ρ,Θ)

∣∣∣∣2
)
ρn−1f∞(ρ)dΘdρ

≤ n
∫ R

0

∫
Sn−1

max(w(ρ), ρ2) |∇φ(x(ρ,Θ))|2 ρn−1f∞(ρ)dΘdρ

= n

∫
|x|≤R

max(w(|x|), |x|2) |∇φ(x)|2 f∞(x)dx

= n

∫
Rn

max(w(|x|), |x|2)χ|x|≤R |∇φ(x)|2 f∞(x)dx.

Now, let us estimate
∫ R+ε
R dρ. By definitions (6.7) and (6.9), we have for R < ρ < R + ε

and for i = 1, . . . , n− 1

i)
∂

∂ρ
φ−ε (ρ,Θ) = P−ε (ρ)

∂

∂ρ
φ(ρ,Θ)

ii)
∂

∂θi
φ−ε (ρ,Θ) = P−ε (ρ)

∂

∂θi
φ(ρ,Θ)−

∫ ρ

R

∂

∂θi
φ(y,Θ)

∂

∂y
P−ε (y)dy.



FOKKER–PLANCK EQUATIONS AND INEQUALITIES FOR ISOTROPIC DENSITIES 31

So,∫ R+ε

R

∫
Sn−1

(
w(ρ)

∣∣∣∣ ∂∂ρφ−ε (ρ,Θ)

∣∣∣∣2 +

n−1∑
i=1

∣∣∣∣ ∂∂θiφ−ε (ρ,Θ)

∣∣∣∣2
)
ρn−1f∞(ρ)dΘdρ

≤ c
∫ R+ε

R

∫
Sn−1

(
w(ρ)

∣∣∣∣∂φ∂ρ (ρ,Θ)

∣∣∣∣2 +

n−1∑
i=1

[∣∣∣∣ ∂φ∂θi (ρ,Θ)

∣∣∣∣2 +

(∫ ρ

R

∣∣∣∣ ∂φ∂θi (y,Θ)

∣∣∣∣ (−∂P−ε∂y (y)

)
dy

)2
])

ρn−1f∞(ρ)dΘdρ

≤ c
∫ R+ε

R

∫
Sn−1

(
w(ρ)

∣∣∣∣∂φ∂ρ (ρ,Θ)

∣∣∣∣2 +
n−1∑
i=1

[∣∣∣∣ ∂φ∂θi (ρ,Θ)

∣∣∣∣2 + sup
R<ρ<R+ε

∣∣∣∣ ∂φ∂θi (ρ,Θ)

∣∣∣∣2
])

× ρn−1f∞(ρ)dΘdρ

= Aε.

Due to hypotesis (6.1) on the smoothness of φ and to the continuity of w, we can deduce
by dominated convergence that

lim
ε→0

Aε = 0.

Last, let us come to
∫∞
R+ε dρ. For ρ ≥ R + ε the function φ−ε does not depend on ρ so

∂
∂ρφ

−
ε (ρ,Θ) = 0. Moreover, for ρ ≥ R+ ε and i = 1, . . . , n− 1 we have

∂

∂θi
φ−ε (ρ,Θ) = −

∫ R+ε

R

∂

∂θi
φ(y,Θ)

∂

∂y
P−ε (y)dy.

So ∫ ∞
R+ε

∫
Sn−1

n−1∑
i=1

∣∣∣∣ ∂∂θiφ−ε (ρ,Θ)

∣∣∣∣2 ρn−1f∞(ρ)dΘdρ

=

∫ ∞
R+ε

∫
Sn−1

n−1∑
i=1

∣∣∣∣−∫ R+ε

R

∂

∂θi
φ(y,Θ)

∂

∂y
P−ε (y)dy

∣∣∣∣2 ρn−1f∞(ρ)dΘdρ

≤
∫ ∞
R+ε

∫
Sn−1

n−1∑
i=1

[∫ R+ε

R

∣∣∣∣ ∂∂θiφ(y,Θ)

∣∣∣∣ (− ∂

∂y
P−ε (y)

)
dy

]2

ρn−1f∞(ρ)dΘdρ

≤
∫ ∞
R+ε

∫
Sn−1

n−1∑
i=1

sup
R≤ρ≤R+ε

∣∣∣∣ ∂φ∂θi (ρ,Θ)

∣∣∣∣2 ρn−1f∞(ρ)dΘdρ

=

∫ ∞
R+ε

n−1∑
i=1

(∫
Sn−1

sup
R≤ρ≤R+ε

∣∣∣∣ ∂φ∂θi (ρ,Θ)

∣∣∣∣2 dΘ

)
ρn−1f∞(ρ)dρ

=

[
n−1∑
i=1

(∫
Sn−1

sup
R≤ρ≤R+ε

∣∣∣∣ ∂φ∂θi (ρ,Θ)

∣∣∣∣2 dΘ

)]∫ ∞
R+ε

ρn−1f∞(ρ)dρ

= Bε

We get

lim
ε→0

∫
Sn−1

sup
R≤ρ≤R+ε

∣∣∣∣ ∂φ∂θi (ρ,Θ)

∣∣∣∣2 dΘ =

∫
Sn−1

∣∣∣∣ ∂φ∂θi (R,Θ)

∣∣∣∣2 dΘ
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and so ∫
Sn−1

∣∣∣∣ ∂φ∂θi (R,Θ)

∣∣∣∣2 dΘ ≤
∫
Sn−1

R2 |∇φ(x(R,Θ))|2 dΘ

=
R2

Rn−1f∞(R)

∫
Sn−1

|∇φ(x(R,Θ))|2Rn−1f∞(R)dΘ

=
R3

Rnf∞(R)

∫
|x|=R

|∇φ(x)|2 f∞(|x|)dσ(x)

= c(R)

∫
|x|=R

|∇φ(x)|2 f∞(|x|)dσ(x).

with dσ(x) is the surface measure of the ball |x| = R and c(R) > 0 a constant depending
only on R. By monotone convergence we get

lim
ε→0

Bε = c(R)

(∫
|x|=R

|∇φ(x)|2 f∞(|x|)dσ(x)

)(∫ ∞
R

ρn−1f∞(ρ)dρ

)
≤ c(R)

∫
|x|=R

|∇φ(x)|2 f∞(|x|)dσ(x).

In the end

V ar[φ−ε (X)] ≤ C
(∫

Rn

max(w(|x|), |x|2)χ|x|≤R |∇φ(x)|2 f∞(|x|)dx +Aε +Bε

)
and

lim
ε→0

V ar[φ−ε (X)]

≤ C

(∫
Rn

max(w(|x|), |x|2)χ|x|≤R |∇φ(x)|2 f∞(|x|)dx + c(R)

∫
|x|=R

|∇φ(x)|2 f∞(|x|)dσ(x)

)

≤ C

(∫
Rn

max(w(|x|), |x|2)χ|x|≤R |∇φ(x)|2 f∞(|x|)dx + c(R)

∫
|x|=R

|∇φ(x)|2 f∞(|x|)dσ(x)

)
.

We now estimate the last term V ar[φ+
ε (X)]. Since φ+

ε vanishes for |x| ≤ R − ε, we can
apply Proposition 15 and obtain

V ar[φ+
ε (X)] ≤ 2

∫
|x|≥R−ε

K(|x|) |∇φ(x)|2 f∞(|x|) dx

where K(|x|) is the weight related to the Fokker Planck equation (5.1). Of course

lim
ε→0

V ar[φ+
ε (X)] ≤ 2

∫
|x|≥R

K(|x|) |∇φ(x)|2 f∞(|x|) dx

= 2

∫
Rn

K(|x|)χ|x|≥R |∇φ(x)|2 f∞(|x|) dx.

Since

V ar[φ(X)] ≤ 4 lim
ε→0

(
V ar[φ+

ε (X)] + V ar[φ−ε (X)] + V ar[ψε(X)]
)
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gathering all estimates we have obtained

(6.12)

∫
Rn

φ2(x)f∞(|x|) dx−
(∫

Rn

φ(y)f∞(|y|) dy
)2

≤

C

∫
Rn

W (|x|) |∇φ(x)|2 f∞(|x|) dx + c(R)

∫
|x|=R

|∇φ(x)|2 f∞(|x|)dσ(x)

where C > 0 is a suitable constant,

(6.13) W (|x|) = max(w(|x|), |x|2)χ|x|≤R +K(|x|)χ|x|>R
and c(R) is a positive constant depending only on R. �

7. Appendix

In order to prove Theorem 5, we show first the following.

Proposition 22. [20] Let F (x, t) be the solution to equation (2.5) in I ⊆ Rn. Then, if
Ψ(x) is a smooth function such that

(7.1) |Ψ(x)| ≤ c <∞, x ∈ ∂I

for t > 0 the following equality holds

(7.2)

∫
I
f∞(x)Ψ(x)

∂F (x, t)

∂t
dx = −

∫
I
K(x)f∞(x)∇Ψ(x) · ∇F (x, t) dx.

Proof. The proof of (7.2) is immediate. Indeed, since F (x, t) satisfies (2.5), applying the
divergence theorem in the volume I, we obtain∫

I
f∞(x)Ψ(x)

∂F (x, t)

∂t
dx =∫

I
[Ψ(x)K(x)f∞(x)∆F (x, t)− f∞(x)Ψ(x)(x−m) · ∇F (x, t)] dx =∫
{|x|=R}

Ψ(x)K(x)f∞(x)∇F (x, t) · n dσ(x)−
∫
I
∇F (x, t) · ∇ (K(x)f∞(x)Ψ(x)) dx +

−
∫
I
f∞(x)Ψ(x)(x−m) · ∇F (x, t) dx =

−
∫
I
K(x)f∞(x)∇F (x, t) · ∇Ψ(x) dx +

−
∫
I

Ψ(x) [∇ (K(x)f∞(x)) + f∞(x)(x−m)] · ∇F (x, t) dx =

−
∫
I
K(x)f∞(x)∇Ψ(x) · ∇F (x, t) dx.

Indeed, the border term vanishes in view of conditions (7.1) and (2.7), and we used (2.1)
on the last line to conclude. �

Proof of Theorem 5: Since the integral defining Θ(F (t)) is uniformly bounded, we get

d

dt
Θ(F (t)) =

∫
I
f∞(x)φ′(F (x, t))

∂F (x, t)

∂t
dx.

Then, we apply Proposition 22 with Ψ(x) = φ′(F (x, t)) with fixed t > 0. �
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