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∀.Ε6:Β: 9682965<<1 2≅Α6:.Α6<;
<3 Α52 1Φ;.:60 0<?246<;.96Γ.Α6<; :<129

∆6Α5 52Α2?<Α<=60 1.Α.

A92≅≅.;1?< F.≅≅Ν, F?.;02≅0< F6;.ΓΓ6, C6;Γ6. DϑA?6.;<

DII∀∀, );6Χ2?≅6ΑΦ <3 B2?4.:<

.92≅≅.;1?<.3.≅≅<@Β;6/4.6Α

#<Χ2:/2? 30, 2009

Ab()∋ac)

(52 6;3<?:.Α6<; 0<;Α2;Α <3 :Β9Α6Χ.?6./92 ≅=.Α6<-Α2:=<?.9 1.Α. 12-
=2;1≅ <; Α52 Β;12?9Φ6;4 ≅=.Α6.9 ≅.:=96;4 ≅052:2. (52 :<≅Α 6;3<?:.-
Α6Χ2 0.≅2 6≅ ?2=?2≅2;Α21 /Φ Α52 6≅<Α<=60 0<;Η4Β?.Α6<; ∆52?2 .99 Χ.?6-
./92≅ .?2 :2.≅Β?21 .Α .99 ≅6Α2≅. (52 <==<≅6Α2 0.≅2 6≅ Α52 0<:=92Α29Φ
52Α2?<Α<=60 0.≅2 ∆52?2 16Μ2?2;Α Χ.?6./92≅ .?2 </≅2?Χ21 <;9Φ .Α 16Μ2?-
2;Α 9<0.Α6<;≅. A ∆299 8;<∆; .==?<.05 Α< :Β9Α6Χ.?6.Α2 ≅=.Α6<-Α2:=<?.9
:<12996;4 6≅ /.≅21 <; Α52 96;2.? 0<?246<;.96Γ.Α6<; :<129 (LCM).
I; Α56≅ =.=2?, Α52 :.Ε6:Β: 9682965<<1 2≅Α6:.Α6<; <3 Α52 52Α2?<-

Α<=60 ≅=.Α6<-Α2:=<?.9 :<129 ∆6Α5 ≅=.Α6.9 LCM 0<:=<;2;Α≅ .;1 Α2:-
=<?.9 1Φ;.:60≅ 6≅ 12Χ29<=21. I; =.?Α60Β9.?, Α52 0<:=ΒΑ.Α6<; <3 Α52
2≅Α6:.Α2≅ 6≅ /.≅21 <; Α52 E∀ .94<?6Α5: .;1 Α∆< ≅<9ΒΑ6<;≅ .?2 =?<-
=<≅21: <;2 6≅ /.≅21 <; Α52 :<?2 0Β:/2?≅<:2 2Ε.0Α :.Ε6:6Γ.Α6<; <3
Α52 . =<≅Α2?6<?6 2Ε=20Α21 9<4 9682965<<1 .;1 Α52 <Α52? 6≅ .; .==?<Ε6-
:.Α2 09<≅21-3<?: ≅<9ΒΑ6<;, ∆5<≅2 =?<=2?Α62≅ .?2 .≅≅2≅≅21 6; Α2?:≅ <3
/6.≅ .;1 2Λ 062;0Φ Α5?<Β45 .; 2ΕΑ2;≅6Χ2 ∀<;Α2 C.?9< ≅6:Β9.Α6<;.

 E, +∃&D∋: E∀ .94<?6Α5:; :Β9Α6Χ.?6.Α2 ≅=.Α6<-Α2:=<?.9 :<129≅; 1Φ-
;.:60 :.==6;4; =.?Α60Β9.Α2 :.ΑΑ2?≅; A2?<≅<9 ∃=Α60.9 (5608;2≅≅.
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1 I∃)∋%d∗c) %∃

∀Β9Α6Χ.?6.Α2 2;Χ6?<;:2;Α.9 1.Α. 0<9920Α21 <Χ2? ≅=.02 .;1 Α6:2 :.Φ .?6≅2 3?<:
Α∆< /.≅60.99Φ 16Μ2?2;Α ≅=.Α6.9 ≅.:=96;4 ≅052:2≅. C<;≅612?6;4 . :<;6Α<?6;4
≅Φ≅Α2: /.≅21 <; . ;2Α∆<?8 ∆6Α5 6;≅Α?Β:2;Α≅ ∆5605 1< ;<Α :<Χ2 <Χ2? Α6:2,
Α52 ≅6:=92≅Α 0.≅2 6≅ ?2=?2≅2;Α21 /Φ Α52 6≅<Α<=60 <? 0<99<0.Α21 0<;Η4Β?.Α6<;
∆52?2 2.05 Χ.?6./92 6≅ :2.≅Β?21 .Α 2.05 ;2Α∆<?8 ≅6Α2. F<? 2Ε.:=92, Α56≅ 6≅
Α52 0.≅2 6; :<12996;4 Α52 7<6;Α 16≅Α?6/ΒΑ6<; <3 .6? =<99ΒΑ6<; 0<;02;Α?.Α6<;≅
.;1 :2Α2<?<9<460.9 Χ.?6./92≅ 0<:6;4 3?<: Α52 ≅.:2 4?<Β;1 92Χ29 :<;6Α<?6;4
;2Α∆<?8 ∆6Α5 2Χ2?Φ ≅Α.Α6<;≅ 2>Β6==21 ∆6Α5 .99 Α52 6;≅Α?Β:2;Α≅.
(52 <==<≅6Α2 0.≅2 6≅ ?2=?2≅2;Α21 /Φ Α52 0<:=92Α29Φ 52Α2?<Α<=60 <? ;<;-

0<99<0.Α21 0<;Η4Β?.Α6<;, ∆6Α56; ∆5605 Α∆< 16Μ2?2;Α Χ.?6./92≅ .?2 ;2Χ2? </-
≅2?Χ21 .Α Α52 ≅.:2 ≅6Α2. A; 2Ε.:=92 .?6≅2≅ ∆52; :<12996;4 Α52 7<6;Α 16≅Α?6/-
ΒΑ6<; <3 =<6;Α∆6≅2 ≅.Α2996Α2 1.Α. .;1 =<99ΒΑ6<; 0<;02;Α?.Α6<;≅ 3?<: . 4?<Β;1
92Χ29 :<;6Α<?6;4 ;2Α∆<?8.
(52 .==?<.05 Α< :Β9Α6Χ.?6.Α2 ≅=.Α6.9 :<12996;4 /.≅21 <; Α52 96;2.? 0<?2-

46<;.96Γ.Α6<; :<129 (LC ) 5.≅ /22; 2ΕΑ2;121 Α< Α52 :Β9Α6Χ.?6.Α2 ≅=.Α6<-
Α2:=<?.9 :<12996;4 6; 09.≅≅60.9 =.=2?≅ (2.4. &<Β5.;6 .;1 +.082?;.429, 1990)
.;1 ≅Α699 12≅2?Χ2≅ ≅=206.9 .ΑΑ2;Α6<; 6; 96Α2?.ΑΒ?2. F<? 2Ε.:=92, D2 I.0< 2Α .9.
(2005) Β≅21 . /6Χ.?6.Α2 !C∀ :<129 3<? ≅=.Α6<-Α2:=<?.9 0<8?646;4 <3 6≅<Α<=60
Α2:=2?.ΑΒ?2 .;1 5Β:616ΑΦ 6; Α52 !<:/.?1Φ ?246<; 6; ;<?Α52?; IΑ.9Φ. ∋6:6-
9.?9Φ, J<≅Α 2Α .9. (2005) Β≅21 Α52 ≅.:2 0?<≅≅-=?<1Β0Α :<129 Α< .;.9Φ≅2 ∆.Α2?
≅Α<?.42 6; . 3<?2≅Α 20<≅Φ≅Α2: 6; AΒ≅Α?6.. ∀<?2<Χ2?, !6Β .;1  <682 (2007)
Β≅21 Α52 ≅=.Α6<-Α2:=<?.9 0<?246<;.96Γ.Α6<; :<129 3<? =.?Α6.99Φ 52Α2?<Α<=60
1.Α. <; ∆.Α2? >Β.96ΑΦ 6; Α52 A?682 ∋2., 6; J.=.;.
I12;Α6Η0.Α6<; .;1 2≅Α6:.Α6<; 6≅ . 82Φ 6≅≅Β2 6; Α52 0<?246<;.96Γ.Α6<; :<129

.≅ :<≅Α <3 .==960.Α6<;≅ .?2 /.≅21 <; 52Β?6≅Α60 Χ.?6<4?.: ΗΑΑ6;4. F<? 2Ε.:=92,
!.?8 .;1 %.=?6ΑΓ (2003) Β≅21 ≅6:Β9.Α21 .;;2.96;4 3<? ΗΑΑ6;4 Α52 0<Χ.?6<4?.:≅
Α< ≅<69 1.Α. <3 ∋∆6≅≅ JΒ?., .;1 B6≅5<= .;1 !.?8 (2008) 0<;≅612?21 ;<;=.?.-
:2Α?60 0<?246<;.96Γ.Α6<;. &202;Α9Φ, :.Ε6:Β: 9682965<<1 2≅Α6:.Α6<; 3<? Α52
=Β?29Φ ≅=.Α6.9 !C∀ 5.≅ /22; 0<;≅612?21 /Φ −5.;4 (2007), ∆5< ≅5<∆21 Α5.Α
Α52 E .94<?6Α5: 46Χ2≅ .; 6Α2?.Α6Χ2 =?<021Β?2 /.≅21 <; >Β.≅6-09<≅21-3<?:
3<?:Β9.≅, .Α 92.≅Α 6; Α52 6≅<Α<=60 0.≅2. I; =.?Α60Β9.?, .Α 2.05 E∀ ≅Α2= Α52
0<?246<;.96Γ.Α6<; :.Α?602≅ .?2 0<:=ΒΑ21 /Φ 09<≅21-3<?: ∆5692 <;9Φ Α52 9<∆
16:2;≅6<;.9 42<≅Α.Α6≅Α60.9 =.?.:2Α2?≅ ?2>Β6?2 ;Β:2?60.9 <=Α6:6Γ.Α6<;.
I; Α56≅ =.=2?, Α52 :.Ε6:Β: 9682965<<1 2≅Α6:.Α6<; 6≅ 0<;≅612?21 3<? Α52

52Α2?<Α<=60 ≅=.Α6<-Α2:=<?.9 :<129 ∆6Α5 ≅=.Α6.9 !C∀ 0<:=<;2;Α .;1 Α2:-
=<?.9 1Φ;.:60≅ =?<=<≅21 /Φ F.≅≅Ν 2Α .9. (2009) 3<? ≅.Α2996Α2 1.Α. 0.96/?.-
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Α6<;. (52 =?</92: <3 ≅=.Α6<-Α2:=<?.9 0.96/?.Α6<; 5.≅ /22; .ΑΑ.0521 Β≅6;4 Α52
 .9:.; Η9Α2? .==?<.05 (B?<∆; 2Α .9., 2001) .;1 Α52 0<8?646;4 (∃?.≅6 2Α .9.,
2009). ∃Β? ?2≅Β9Α 6≅ /.≅21 <; Α52 E∀ .94<?6Α5: .;1 42;2?.96Γ2≅ −5.;4 (2007)
.≅ 6Α .99<∆≅ 3<? Α6:2 0<??29.Α6<;, 0<Χ.?6.Α2≅ .;1 52Α2?<Α<=60 1.Α.. ∀<?2<Χ2?,
6Α 42;2?.96Γ2≅ F.≅≅Ν .;1 C.:292ΑΑ6 (2009.; /) ∆5< 4.Χ2 Α52 E∀ .94<?6Α5: 3<?
Α52 Β;6Χ.?6.Α2 0.≅2 ∆5605 5.≅ /22; 2ΕΑ2;121 Α< Α52 9<0.99Φ ∆2645Α21 ≅2ΑΒ=
/Φ B<1;.? .;1 ∋05:61 (2009). (∆< ≅<9ΒΑ6<;≅ .?2 =?<=<≅21, <;2 6≅ /.≅21 <;
Α52 :<?2 0Β:/2?≅<:2 2Ε.0Α :.Ε6:6Γ.Α6<; <3 Α52 . =<≅Α2?6<?6 2Ε=20Α21 9<4
9682965<<1, ∆5692 Α52 <Α52? 6≅ .; .==?<Ε6:.Α2 ≅<9ΒΑ6<; ∆6Α5 09<≅21 3<?:≅ 3<?
Α52 0<?246<;.96Γ.Α6<; :.Α?602≅.
(52 ?2≅Α <3 Α52 =.=2? 6≅ <?4.;6Γ21 .≅ 3<99<∆≅. ∋20Α6<; 2 6;Α?<1Β02≅ Α52

:Β9Α6Χ.?6.Α2 ≅=.Α6<-Α2:=<?.9 :<129 /.≅21 <; 0<?246<;.96Γ.Α6<; .;1 .ΒΑ<?2-
4?2≅≅6Χ2 Α2:=<?.9 1Φ;.:60≅. ∋20Α6<; 3 16≅0Β≅≅2≅ Α52 ≅Α?Β0ΑΒ?2 <3 /<Α5 1.Α.
.;1 Χ.?6.;02-0<Χ.?6.;02 :.Α?602≅ <3 Α52 Χ.?6<Β≅ :<129 0<:=<;2;Α≅. ∋20Α6<;
4 12Η;2≅ Α52 E∀ .94<?6Α5: .;1 =?<=<≅2≅ /<Α5 .; 2Ε.0Α =?<021Β?2 .;1 .;
.==?<Ε6:.Α2 ≅<9ΒΑ6<;, ∆5605 5.≅ Α52 .1Χ.;Α.42 <3 ?21Β06;4 Α52 16:2;≅6<; <3
Α52 ≅Β/≅2Α <3 =.?.:2Α2?≅ ∆5605 .?2 ;<Α 0<:=ΒΑ21 /Φ 09<≅21-3<?: 3<?:Β9.≅.
∋20Α6<; 5 699Β≅Α?.Α2≅ Α52 .94<?6Α5: 0.=./696Α62≅ Α5.;8≅ Α< .; 2ΕΑ2;≅6Χ2

∀<;Α2 C.?9< ≅6:Β9.Α6<; 0.:=.64; /.≅21 <; ?2.96≅Α60 1.Α. ?29.Α21 Α< ≅.Α2996Α2
A∃( 1.Α. 0.96/?.Α6<;. I; =.?Α60Β9.?, Α52 .94<?6Α5: 6≅ Α2≅Α21 <Χ2? 9.?42 1.Α.
≅2Α≅ Α5.Α 46Χ2 ?6≅2 Α< 0<Χ.?6.;02 :.Α?602≅ Β= Α< :6996<;≅ <3 292:2;Α≅. B6.≅ .;1
2Λ 062;0Φ <3 Α52 .==?<Ε6:.Α2 ≅<9ΒΑ6<; .?2 ≅5<∆; Α< /2 ≅.Α6≅3.0Α<?Φ. A3Α2? Α52
0<;09Β≅6<;≅ <3 ∋20Α6<; 6, Α52 A==2;16Ε 46Χ2≅ Α205;60.9 12Α.69≅ <; /<Α5 Α52
2Ε.0Α .;1 .==?<Ε6:.Α2 E∀ .94<?6Α5:≅.

2 M%de∀

F<? .;Φ Α6:2 Α 2 N .;1 .;Φ ≅6Α2 ≅ 2 D � R2, 92Α , (≅; Α) = (,1(≅; Α); :::; ,!(≅; Α))
0

/2 . >�16:2;≅6<;.9 ≅=.Α6<-Α2:=<?.9 =?<02≅≅. (52 Η?≅Α ≅Α.42 :2.≅Β?2:2;Α
2>Β.Α6<; 6≅

, (≅; Α) = ((≅; Α) + "(≅; Α) (1)

∆52?2 "(≅; Α) 6≅ . G.Β≅≅6.; 6;≅Α?Β:2;Α.9 2??<? ∆5605 6≅ ∆56Α2 ;<6≅2 6; ≅=.02
.;1 Α6:2 ∆6Α5 > � > 0<Χ.?6.;02 16.4<;.9 :.Α?6Ε �0(≅).
AΑ Α52 ≅20<;1 ≅Α.42, Α52 Β;12?9Φ6;4 Α?Β2 9<0.9 Χ.?6./92 ((≅; Α) 5.≅ Α52

3<99<∆6;4 ≅Α?Β0ΑΒ?2:

((≅; Α) = +(≅; Α)� +K−(Α) + �∗ (≅; Α) (2)
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∆52?2 +(≅; Α) 6≅ . /-16:2;≅6<;.9 ≅=.Α6<-Α2:=<?.9 Η291 <3 8;<∆; 0<Χ.?6.Α2≅,
−(Α) 6≅ Α52 1-16:2;≅6<;.9 9.Α2;Α Α2:=<?.9 ≅Α.Α2, ∆5605 6≅ 0<;≅Α.;Α 6; ≅=.02
.;1 5.≅ ∀.?8<Χ6.; Α2:=<?.9 1Φ;.:60≅, ∆5692 �∗ (≅; Α) 6≅ Α52 9.Α2;Α ?.;1<:
≅=.Α6.9 2Μ20Α .Α Α6:2 Α. I; =.?Α60Β9.?, Α52 9.Α2;Α ≅Α.Α2 .Α Α6:2 Α 6≅ 12Η;21 .≅

−(Α) = G−(Α� 1) + �(Α)

∆52?2 G 6≅ . 1� 1 Α?.;≅6Α6<; :.Α?6Ε ∆6Α5 2642;Χ.9Β2≅ �i ≅Β05 Α5.Α j�ij < 1,
�(Α) � !d(0;��) .;1 −(0) � !d(�0;�Z0). (52 > � 1 :.Α?6Ε K 6≅ ΗΕ21 6;
Α6:2 .;1 6Α .00<Β;Α≅ 3<? Α52 ∆2645Α≅ <3 Α52 1 0<:=<;2;Α≅ <3 −(Α) 3<? 2.05
≅=.Α6.9 9<0.Α6<; ≅ 2 D.
(52 9.Α2;Α 0<:=<;2;Α �∗ (≅; Α) 6≅ . G.Β≅≅6.; =?<02≅≅ G#!(0;�W ) .;1 6Α

6≅ 12≅0?6/21 /Φ . >-16:2;≅6<;.9 96;2.? 0<?246<;.96Γ.Α6<; :<129 (!C∀) <3 0
0<:=<;2;Α≅:

�∗ (≅; Α) =

cX

 =1

∗ (≅; Α)

∆52?2 ∗ =
�
∗ 1
 ; :::;∗

!
 

�
6≅ ∆56Α2 ;<6≅2 6; Α6:2 /ΒΑ 0<??29.Α21 <Χ2? ≅=.02

∆6Α5 . > � > 0<Χ.?6.;02 .;1 0?<≅≅-0<Χ.?6.;02 :.Α?6Ε 3Β;0Α6<; 46Χ2; /Φ

� (5; � ) =
�
c%)(∗ i

 (≅);∗
j
 (≅

0))
�
i;j=1;:::;!

= ) � (5; � )

(52 ./<Χ2 0<Χ.?6.;02 .;1 0?<≅≅-0<Χ.?6.;02 3Β;0Α6<;≅ .?2 .≅≅Β:21 Α< /2 6≅<Α?<=60
.;1 5 = k≅� ≅0k 6≅ Α52 EΒ09612.; 16≅Α.;02 /2Α∆22; Α∆< ≅6Α2≅ ≅; ≅0 2 D. F<?
2.05 = = 1; :::; 0, ) 6≅ . =<≅6Α6Χ2 ≅2:6-12Η;6Α2 > � > :.Α?6Ε .;1 � (5; � ) 6≅
. Χ.961 0<??29.Α6<; 3Β;0Α6<;, 3<? 2Ε.:=92 Α52 ∀.Α2?; 3Β;0Α6<;, 05.?.0Α2?6Γ21
/Φ Α52 =.?.:2Α2? Χ20Α<? � . I; .116Α6<;, Α52 =?<02≅≅2≅ ∗ .?2 Β;0<??29.Α21
6; Α52 ≅2;≅2 Α5.Α, 3<? .;Φ 6 6= 7

c%)(∗i(≅);∗j(≅
0)) = 0; 8≅; ≅0 2 D

(52 :Β9Α6Χ.?6.Α2 > � > 0<Χ.?6.;02 :.Α?6Ε 3<? ∗ 6≅ Α52;

�W (5; �1; :::; �c) =

cX

 =1

� (5; � ) =

cX

 =1

) � (5; � )

(52 :<129 =.?.:2Α2?≅ .?2 0<9920Α21 6; Α52 3<99<∆6;4 %� 16:2;≅6<;.9 Χ20Α<?

	 = Χ20�(�;�0;�0;G;��; ;)1; �1; :::; )c; �c) = (	Y ;	Z0 ;	Z ;	W ) (3)

∆52?2 Α52 <=2?.Α<? Χ20� Χ20Α<?6Γ2≅ .99 Α52 Β;6>Β2 =.?.:2Α2?≅ 0<;Α.6;21 6; Α52
0<Χ.?6.;02 :.Α?602≅ 2Ε09Β16;4 Γ2?<≅. (52 :.Α?602≅ K .;1 �Z0 .?2 .≅≅Β:21
Α< /2 8;<∆; .;1 1< ;<Α Α.82 =.?Α 6; :<129 =.?.:2Α?6Γ.Α6<; .;1 2≅Α6:.Α6<;.
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3 Da)a ()∋∗c)∗∋e

I; <?12? Α< 12.9 ∆6Α5 Α52 :<≅Α 42;2?.9 0.≅2, 6Α 6≅ .≅≅Β:21 Α5.Α 2.05 Χ.?6./92
6≅ =<≅≅6/9Φ </≅2?Χ21 <Χ2? 16Μ2?2;Α ≅2Α≅ <3 ≅6Α2≅. I3 &i = f≅i;1; :::; ≅i;nig 6≅ Α52
≅2Α <3 ≅6Α2≅ 3<? Α52 Χ.?6./92 ,i, 6 = 1; :::; >, Α5?22 0.≅2≅ 0.; /2 16≅Α6;4Β6≅521:
Α52 6≅<Α<=60 0.≅2, Α52 =.?Α6.99Φ 52Α2?<Α<=60 0.≅2 .;1 Α52 2;Α6?29Φ 52Α2?<Α<=60
0.≅2 (+.082?;.429, 1998). (52 6≅<Α<=60 0.≅2 6≅ 05.?.0Α2?6Γ21 /Φ Α52 3.0Α Α5.Α
2.05 Χ.?6./92 6≅ </≅2?Χ21 .Α 2.05 ≅6Α2, ≅< Α5.Α &1 = ::: = &!. +6Α56; Α52
2;Α6?29Φ 52Α2?<Α<=60 0.≅2, Α∆< 16Μ2?2;Α Χ.?6./92≅ .?2 ;2Χ2? </≅2?Χ21 .Α Α52

≅.:2 ≅6Α2 .;1

!\

i=1

&i = ;. A 92≅≅ ;.??<∆ 0.≅2 6≅ Α52 =.?Α6.99Φ 52Α2?<Α<=60

≅2ΑΑ6;4, 6; ∆5605 <;9Φ ≅<:2 Χ.?6./92≅ ≅5.?2 <;9Φ ≅<:2 ≅6Α2≅. I; Α56≅ ∆<?8 6Α
6≅ .9≅< .≅≅Β:21 Α5.Α Α52 ≅2Α≅ &i 1< ;<Α 05.;42 ∆6Α5 Α6:2 Α 2 T = f1; :::; ∋g.
#<∆, 92Α ,# = (,1(≅1;1; Α); :::; ,1(≅1;n1 ; Α); :::; ,!(≅!;1; Α); :::; ,!(≅!;nq ; Α))

0 /2
Α52 ! = ;1 + ::: + ;! 16:2;≅6<;.9 </≅2?Χ.Α6<; Χ20Α<? .Α Α6:2 Α .Α Α52 ≅.:-
=96;4 ≅6Α2≅ & = f&1; :::; &!g .;1 92Α +# /2 Α52 ! � / :.Α?6Ε <3 8;<∆; ?2-
4?2≅≅<?≅ .Α Α6:2 Α. !2Α , = (,1; :::; ,T ) /2 Α52 ! � ∋ 3Β99 1.Α. :.Α?6Ε,
− = (−0; −1; :::; −T ) /2 Α52 ∋ + 1 Χ20Α<? <3 Α52 9.Α2;Α Α2:=<?.9 =?<02≅≅ .;1
∗ = (∗ ;1;∗ ;2; :::;∗ ;T ), = = 1; :::; 0, /2 Α52 !�∋ :.Α?602≅ <3 Α52 0 ≅=.Α6.9
9.Α2;Α =?<02≅≅2≅. (52 0<9920Α6<; <3 .99 =?<02≅≅2≅ 6≅ ∗ = (∗1; :::;∗c).
(52 ! �! ≅Φ::2Α?60 :.Α?6Ε <3 16≅Α.;02≅ /2Α∆22; 2.05 =.6? <3 ≅.:=96;4

9<0.Α6<;≅ 6; & 6≅ 46Χ2; /Φ Α52 /9<08 ?2=?2≅2;Α.Α6<;

H =
�
H i;j

�
i;j=1;:::;!

∆6Α5 ;i � ;j 16:2;≅6<;.9 /9<08≅ H
i;j. I3 � (H; � ) 6≅ Α52 ≅=.Α6.9 0<??29.Α6<;

:.Α?6Ε 3<? Α52 ∗ =?<02≅≅ </≅2?Χ21 .Α &, Α52;

� () ; � ; H)=
�
Χi;j � (H

i;j; � )
�
i;j=1;:::;!

(4)

6≅ Α52 ! �! Χ.?6.;02-0<Χ.?6.;02 /9<08 :.Α?6Ε <3 Α52 =?<02≅≅ ∗ . I; =.?Α60-
Β9.?, Α52 8; 9-Α5 292:2;Α <3 Α52 /9<08 Χi;j � (H

i;j; � ) 6≅ c%)(∗ (≅i;k);∗ (≅j;l)),
8 = 1; :::; ;i, 9 = 1; :::; ;j. IΑ :Β≅Α /2 ;<Α21 Α5.Α, Β;92≅≅ Α52 6≅<Α<=60 ≅2ΑΑ6;4
6≅ 0<;≅612?21, <;9Φ Α52 16.4<;.9 /9<08≅ <3 � .?2 ≅>Β.?2.

4 Ma, #∗#-∀ !e∀ h%%d e() #a) %∃

(52 :.Ε6:Β: 9682965<<1 (∀!) 2≅Α6:.Α6<; <3 Α52 Β;8;<∆; =.?.:2Α2? Χ20Α<?
	 12Η;21 /Φ (3) 6≅ =2?3<?:21 /Φ :2.;≅ <3 Α52 E∀ .94<?6Α5: (∀0!.059.;
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.;1  ?6≅5;.;, 1997). (56≅ :2Α5<1 6≅ =.?Α60Β9.?9Φ Β≅23Β9 6; Α52 =?2≅2;02
<3 26Α52? 9.Α2;Α Χ.?6./92≅ <? :6≅≅6;4 1.Α.. (52 3<?:2? /26;4 Α52 0.≅2 <3 Α52
:<129 12Η;21 /Φ (1), 6; ∆5605 Α52 =?<02≅≅2≅ −(Α) .;1 �∗ (≅; Α) .?2 ;<Α 16?20Α9Φ
</≅2?Χ21.

4.1 L !e∀ h%%d f∗∃c) %∃

(52 0<:=92Α2 1.Α. 9682965<<1 L(	;,; −;∗ ) 0.; /2 ∆?6ΑΑ2; .≅

L(	;,; −;∗ ) = L(	Y ;, j −;∗ ) � L(	Z ;−) � L(	W ;∗ )

#<Α2 Α5.Α, ≅6;02 − 6; Β;0<??29.Α21 ∆6Α5 ∗ .;1, .9≅<, ∗ ;# 6≅ Β;0<??29.Α21
∆6Α5 ∗ 0;� 3<? 2.05 Α 6= � .;1 = 6= =0, =; =0 = 1; :::; 0 6Α 3<99<∆≅ Α5.Α

L(	Z ;	W ;−;∗ ) = L(	Z ;−)L(	W ;∗ )

= L(	Z ;−) �
cY

 =1

TY

#=1

L(	W ;∗ ;#)

∀<?2<Χ2?, ≅6;02 Α52 </≅2?Χ.Α6<;≅ ,# .?2 :ΒΑΒ.99Φ 6;12=2;12;Α 46Χ2; Α52 9.Α2;Α
0<:=<;2;Α≅ (−;∗ ), ∆2 5.Χ2

L(	Y ;, j −;∗ ) =
TY

#=1

L(	Y ;,# j −;∗ )

F6;.99Φ Α52 Η?≅Α-<?12? ∀.?8<Χ6.; .≅≅Β:=Α6<; 6:=962≅ Α5.Α

L(	Z ;−) = L (	Z ;−0) �
TY

#=1

L(	Z ;−# j −#�1)

#<∆ 3?<: :<129 .≅≅Β:=Α6<;≅ <3 ∋20Α6<; 2, ∆2 5.Χ2 Α52 3<99<∆6;4 =?</./696ΑΦ
16≅Α?6/ΒΑ6<;≅

(,# j −;∗ ) � !N(+#� +K−# + �∗#;�0) (5)

−0 � !d(�0;�Z0)

(−# j −#�1) � !d(G−#�1;��)

∗ ;# � !N(0;� ); = = 1; :::; 0 (6)
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(52≅2 46Χ2 Α52 9<4-9682965<<1 3Β;0Α6<; ∆5605, .=.?Α 3?<: .; .116Α6Χ2 0<;≅Α.;Α,
6≅ /.≅21 <; Α52 3<99<∆6;4 ≅Β::.;1≅

�29(	Y ;, j −;∗ ) = ∋ ∀% j�0j+

+

TX

#=1

�
,# �+#� �K−# � �∗#

�
0

(�0)
�1 �,# �+#� �K−# � �∗#

�

�29 (	Z0 ;−0) = ∀% j�Z0j+ (−0 � �0)
0 (�Z0)

�1 (−0 � �0)

�29(	Z ;−) = ∋ ∀% j��j+
TX

#=1

(−# �G−#�1)
0 (��)

�1 (−# �G−#�1)

�29(	W ;∗ ) =
cX

 =1

"

∋ ∀% j� j+
TX

#=1

(∗ ;#)
0��1 (∗ ;#)

#

4.2 The E-()e&

(52 (8 + 1)�6Α2?.Α6<; <3 Α52 E∀ .94<?6Α5: 6≅ 0<:=<≅21 <3 Α∆< ≅Α2=≅, Α52
E-≅Α2= .;1 Α52 ∀-≅Α2=. DΒ?6;4 Α52 E-≅Α2=, Α52 .94<?6Α5: 0<:=ΒΑ2≅ Α52
2Ε=20Α.Α6<; <3 Α52 0<:=92Α2 1.Α. 9<4-9682965<<1 0<;16Α6<;.99Φ <; Α52 </≅2?Χ21
1.Α. , Β;12? Α52 =.?.:2Α2? 	(k), Α5.Α 6≅

∃
�
	;	(k)

�
= E	(k) [�29(	;,; −;∗ ) j , ]

= ∃
�
	Y ;	

(k)
�
+∃

�
	Z0 ;	

(k)
�
+∃

�
	Z ;	

(k)
�
+∃

�
	W ;	

(k)
�

(7)

(52 Η?≅Α Α2?: 6; (7) 6≅

∃
�
	Y ;	

(k)
�
= ∋ ∀% j�0j+

TX

#=1

(∋
�
��10

�
�2#�2

0

# +
�AT# +K#

T
# K

0
��

∆52?2
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�2# = E(,# �+#� �K−# � �∗# j , ) = ,# �+#� �K−T# � �∗ T
#

�∗ T
# = E( �∗# j , ) =

cX

 =1

∗ T
 ;# =

cX

 =1

E(∗ ;# j , )

�AT# = Va∋( �∗# j , ) =
cX

 =1

AT ;# =

cX

 =1

Va∋(∗ ;# j , )

−T# = E(−# j , )

# T# = Va∋(−# j , )

+52?2 −T# , #
T
# .?2 Α52  .9:.; ∋:<<Α52? <ΒΑ=ΒΑ≅ ∆6Α5 3<?:Β9.≅ 46Χ2; 6;

A==2;16Ε (A.1), ∆5692 �∗ T
# .;1

�AT# .?2  ?646;4 >Β.;Α6Α62≅ 46Χ2; 6; A==2;16Ε
(A.2).

(52 ≅20<;1 Α2?: 6; (7) 6≅ 46Χ2; /Φ

∃
�
	Z0 ;	

(k)
�
= ∀% j�Z0j+ (∋

n
��1Z0

h�
−T0 � �0

� �
−T0 � �0

�0
+ # T0

io

(52 Α56?1 Α2?: 6; (7) 0.; /2 ∆?6ΑΑ2; .≅

∃
�
	Z ;	

(k)
�
= ∋ ∀% j��j+ (∋

�
��1� (&11 � &10G

0 �G& 010 +G&00G
0)
�

∆52?2

&11 =
TX

#=1

−T#
�
−T#
�0
+ # T#

&10 =

TX

#=1

−T#
�
−T#�1

�0
+ # T#;#�1

&00 =
TX

#=1

−T#�1
�
−T#�1

�0
+ # T#�1

(52 9.≅Α Α2?: 6; (7) 6≅ 46Χ2; /Φ

∃
�
	W ;	

(k)
�
=

cX

 =1

∋ ∀% j� j+
TX

#=1

(∋
n
��1 

h
AT ;# +∗

T
 ;#

�
∗ T
 ;#

�0io
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4.3 The M-()e&

AΑ Α52 ∀-≅Α2=, ∃
�
	;	(k)

�
6≅ :.Ε6:6Γ21 ∆6Α5 ?2≅=20Α Α< 	, .;1 	(k+1) 6≅

05<≅2; ≅< Α5.Α
	(k+1) = a∋ #a∗∃

�
	;	(k)

�

I; Α56≅ 0.≅2 Α52 :.Ε6:6Γ.Α6<; 0.; :<≅Α9Φ /2 ≅<9Χ21 6; 09<≅21 3<?: .;1 Α52
≅<9ΒΑ6<; <3 @Q

@	
= 0 6≅ </Α.6;21 /Φ =.?Α6Α6<;6;4 Α52 =.?.:2Α2? Χ20Α<? 	 =n

�	; �	
o
, ∆52?2 �	= f	Y ;	Z0 ;	Zg, �	 = 	W . (52 :.Α?6Ε �Z0 6≅ .≅≅Β:21

0<;≅Α.;Α.
EΕΑ2;16;4 Α52 ?2≅Β9Α≅ <3 F.≅≅Ν & C.:292ΑΑ6 (2008), Α52 09<≅21-3<?: 2≅Α6-

:.Α6<; 3<?:Β9.≅ 3<? Α52 =.?.:2Α2?≅ 6; �	 .?2 46Χ2; /Φ

�̂(k+1) =

"
TX

#=1

+ 0

#

�
�
(k)
0

�
�1

+#

#�1
�

�

"
TX

#=1

+ 0

#

�
�
(k)
0

�
�1 �

,
(k)
# �K−

T;(k)
# � �∗

T;(k)
#

�#

�̂
(k+1)
0 = −

T;(k)
0

Ĝ(k+1) = &
(k)
10

�
&
(k)
00

�
�1

�̂(k+1)� =
1

∋

�
&
(k)
11 � &

(k)
10 G

0 �G
�
&
(k)
10

�
0

+G&
(k)
00 G

0

�

∀<?2<Χ2?, Α52 09<≅21 3<?: 3<? Α52 > � > 16.4<;.9 Χ.?6.;02 :.Α?6Ε <3 Α52
6;≅Α?Β:2;Α.9 2??<? " 6≅ 46Χ2; /Φ:

�̂
(k+1)
0 = 16.4

�
1

;1
(∋ �
1;1;(k); :::;

1

;!
(∋ �
!;!;(k)

�
(8)

∆52?2

�
(k) =
�
�
i;j;(k)

�
i;j=1;:::;!

=
1

∋

TX

#=1



(k)
# =

1

∋

TX

#=1

�2#�2
0

# +
�AT# +K#

T
# K

0

.;1 

(k)
# 6≅ Α52 ! �! 16:2;≅6<;.9 ≅.:=92 Χ.?6.;02 :.Α?6Ε <3 " .Α Α6:2 Α .;1

8 � Α5 ≅Α2=. (52 Α2:=<?.9 .Χ2?.42 6≅ . 0<;≅2>Β2;02 <3 Α52 Α6:2-6;Χ.?6.;02
=?<=2?ΑΦ .≅≅Β:21 3<? Α52 16≅Α?6/ΒΑ6<; <3 ". (52 =?<<3 <3 (8) 6≅ 46Χ2; 6;
A==2;16Ε (A:3:1).
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F<? ∆5.Α 0<;02?;≅ ) , . 09<≅21 3<?: 2≅Α6:.Α6<; 3<?:Β9., </Α.6;21 3?<:
Α52 :6;6:6Γ.Α6<; <3 ∃

�
	Wp

;	(k)
�
, 0.;;<Α /2 2.≅69Φ 12?6Χ21 ≅6;02, Β;92≅≅ Α56≅

6≅ .; 6≅<Α<=60 0.≅2, 6Α 6≅ 16Λ 0Β9Α Α< ∆?6Α2 Α52>� > :.Α?6Ε ) .≅ . 3Β;0Α6<; <3
Α52 !�! :.Α?6Ε � () ; � ; H) 6; 09<≅21 3<?:. F<? Α56≅ ?2.≅<;, . 09<≅21-3<?:
2≅Α6:.Α6<; 3<?:Β9. 6≅ =?<=<≅21 52?2 3<? ) /.≅21 <; Β;0<;≅Α?.6;21 :6;6:6Γ.-
Α6<; <3 ∃

�
	Wp

;	(k)
�
.;1 92.≅Α ≅>Β.?2 :.Α?6Ε .==?<Ε6:.Α6<;. A00<?16;4 Α<

Α52 =?<<3 46Χ2; 6; A==2;16Ε (A:3:2), Α52 ∀-≅Α2= 0.; /2 .==?<Ε6:.Α21 /Φ

+) (k+1)
 =

0

BB
@
(∋
h
� 

�
H i;j; �

(k)
 

�
�(
i;j;(k)
 

i

(∋

�
� 

�
H i;j; �

(k)
 

�2�

1

CC
A

i;j=1;:::;!

= = 1; :::; 0 (9)

∆52?2

�( (k) =
�
�( i;j;(k) 

�
i;j=1;:::;!

(10)

=
1

∋

TX

#=1

(
(k)
 ;# =

1

∋

TX

#=1

�
A
T;(k)
 ;# +∗

T;(k)
 ;#

�
∗

T;(k)
 ;#

�
0

�
(11)

.;1 (
(k)
 ;# 6≅ Α52 ≅.:=92 ! � ! 0?<≅≅-0<Χ.?6.;02 :.Α?6Ε <3 ∗ .Α Α6:2 Α .;1

≅Α2= 8 � Α5. #<Α2 Α5.Α Α52 Α2:=<?.9 .Χ2?.42 6≅ . 0<;≅2>Β2;02 <3 Α52 Α6:2-
6;Χ.?6.;02 =?<=2?ΑΦ .≅≅Β:21 3<? Α52 16≅Α?6/ΒΑ6<; <3 ∗ ;#.
#Β:2?60.9 <=Α6:6Γ.Α6<; :2Α5<1≅ .?2 Β≅21 6; <?12? Α< Β=1.Α2 Α52 =.?.-

:2Α2? Χ20Α<? � ∆52; . 09<≅21-3<?: ≅<9ΒΑ6<; 0.;;<Α /2 3<Β;1. (56≅ 46Χ2≅

�̂(k+1) = a∋ #!∃
�p

n
∀% 
���(k) 

��+ (∋
h�
�(k) 

��1 �( (k) 

io
; = = 1; :::; 0

∆52?2 �
(k)
 = �

(k)
 () ; � ; H). ∃3 0<Β?≅2, 6Α 6≅ =<≅≅6/92 Α< 2≅Α6:.Α2 ) /Φ

;Β:2?60.9 <=Α6:6Γ.Α6<; Α<<, 46Χ6;4

h
)̂ (k+1)
 ; �̂(k+1) 

i
= a∋ #!∃

Vp;�p

n
∀% 
���(k) 

��+ (∋
h�
�(k) 

��1 �( (k) 

io
; = = 1; :::; 0

(12)
IΑ :Β≅Α /2 ;<Α21, 5<∆2Χ2?, Α5.Α Α52 :.Α?6Ε ) 6≅ 0<:=<≅21 /Φ (>

2 + >) =2 6;-
12=2;12;Α 292:2;Α≅ .;1 ;Β:2?60.9 <=Α6:6Γ.Α6<; /20<:2≅ 0Β:/2?≅<:2 ∆52;
> 6≅ 5645.
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5 M%∃)e Ca∋∀% ( #∗∀a) %∃ ()∗d−

I; <?12? Α< 2Χ.9Β.Α2 Α52 E∀ .94<?6Α5: <3 ∋20Α6<; 4.1, . 9.?42 ≅6:Β9.Α6<;
≅ΑΒ1Φ 6≅ 6:=92:2;Α21. (∆< .≅=20Α≅ .?2 Α.82; 6;Α< 0<;≅612?.Α6<;: 5<∆ ∆299
Α52 =.?.:2Α2? Χ20Α<? 	 0.; /2 2≅Α6:.Α21 3?<: 1.Α. .;1 5<∆ ≅Α.?Α6;4 Χ.9Β2≅
:.Φ 6;ΙΒ2;02 Α52 2≅Α6:.Α6<; =?<021Β?2. (52 Η?≅Α >Β2≅Α6<; 6≅ ?29.Α21 Α< Α52
≅=.Α6.9 .;1 Α2:=<?.9 ≅Α?Β0ΑΒ?2 <3 1.Α., ;.:29Φ Α52 92;4Α5 ∋ <3 Α52 Α2:=<?.9
3?.:2 .;1 Α52 ;Β:/2? <3 ≅6Α2≅ 6; &. (52 ≅20<;1 >Β2≅Α6<; 6≅ 0<;≅612?21
/Φ 3<?06;4 16Μ2?2;Α =2?ΑΒ?/.Α6<;≅ <; Α52 ≅Α.?Α6;4 Χ.9Β2≅. I; =.?Α60Β9.? ∆2
0<;≅612? /<Α5 ?.;1<: =2?ΑΒ?/.Α6<;≅ .;1 ≅Φ≅Α2:.Α60 <Μ≅2Α≅.
∀<?2<Χ2? ∆2 0<:=.?2 Α52 2Ε.0Α .;1 .==?<Ε6:.Α2 3<?:Β9.≅ 46Χ2; /Φ 2>Β.-

Α6<;≅ (12) .;1 (19) 6; Α2?:≅ <3 /6.≅ .;1 2Λ 062;0Φ.

5.1 S #∗∀a) %∃ %f ∋ea∀ () c da)a

A9Α5<Β45 16Μ2?2;Α ≅=.Α6<-Α2:=<?.9 ≅Α?Β0ΑΒ?2≅ 0<Β91 /2 ≅6:Β9.Α21, ∆2 Α2≅Α Α52
:2Α5<1 <3 Α52 =?2Χ6<Β≅ ≅20Α6<; 6; 0<;;20Α6<; Α< Α52 ?2.96≅Α60 0.≅2 <3 .6? >Β.96ΑΦ
:<12996;4 .;1 :.==6;4 16≅0Β≅≅21 6; :<?2 12Α.69 /Φ F.≅≅Ν 2Α .9. (2009). (56≅
6≅ 6;Α2?2≅Α6;4 ;<Α <;9Φ /20.Β≅2 <3 Α52 =9.Β≅6/92 =.?.:2Α2?≅ .;1 0<??29.Α6<;≅
6;Χ<9Χ21 /ΒΑ .9≅< /20.Β≅2 Α52 ≅6Γ2 <3 Α52 0<Χ.?6.;02 :.Α?602≅ 6;Χ<9Χ21 6≅ ?.Α52?
9.?42 .;1 0<:=ΒΑ.Α6<;.9 32.≅6/696ΑΦ :.Φ /20<:2 . ?292Χ.;Α 6≅≅Β2.
I; =.?Α60Β9.?, Α52 .==960.Α6<; 0<;02?;≅ 1Φ;.:60.9 :.==6;4 <3 Α52 0<;-

02;Α?.Α6<; <3 =.?Α60Β9.Α2 :.ΑΑ2? (# 10) <Χ2? Α52 ;<?Α5-∆2≅Α =.?Α <3 IΑ.9Φ
12=60Α21 6; F64Β?2 1. (52 # 10 0<;02;Α?.Α6<; 6≅ 0<9920Α21 2Χ2?Φ 1.Φ /Φ
. 4?<Β;1 92Χ29 :<;6Α<?6;4 ;2Α∆<?8, &PM , 0<:=<≅21 <3 84 ≅6Α2≅ 6; .?2. D3,
360� 220 8: 6; ≅6Γ2. A9≅< ≅22 B<1;.? 2Α .9. (2008).
(52 ≅20<;1 Χ.?6./92 0<;≅612?21 6≅ A2?<≅<9 ∃=Α60.9 (5608;2≅≅ (A∃() ∆5605

6≅ 0<9920Α21 /Φ ?2:<Α2 ≅2;≅6;4 .;1 6≅ 16≅=<≅21 <; . 10 � 10 8: ?24Β9.? 4?61
<Χ2? .?2. D3 ?2≅Β9Α6;4 6; . 4?61 <3 j&AOT j = 858 ≅6Α2≅. (52 Α∆< Χ.?6./92≅,
# 10 0<;02;Α?.Α6<; .;1 A∃(, .?2 ;2Χ2? </≅2?Χ21 .Α Α52 ≅.:2 ≅6Α2, 46Χ6;4
.; 2;Α6?29Φ 52Α2?<Α<=60 0<;Η4Β?.Α6<;.
∀<?2<Χ2?, Α∆< 8;<∆; 0<Χ.?6.Α2≅ .?2 Β≅21, ;.:29Φ Α52 :2Α2<?<9<460.9 Χ.?6-

./92 8;<∆; .≅ :6Ε6;4 52645Α, .0?<;Φ:6Γ21 /Φ ∀H (≅22 D.;1<Β 2Α .9., 2002)

.;1 9.;1 292Χ.Α6<;, !E. +6Α5 Α52≅2 1.Α., Α52 1.69Φ Α2:=<?.9 3?.:2 0<;≅612?21
6≅ 46Χ2; /Φ Α52 Η?≅Α ∋ = 240 1.Φ≅ <3 Φ2.? 2006:
#<∆, 6; <?12? Α< 12Η;2 Α52 :<129 Α< /2 ≅6:Β9.Α21 ∆6Α5 2>Β.Α6<;≅ <3

∋20Α6<; 2, ∆2 Β≅2 Α52 ?2≅Β9Α≅ <3 . =?296:6;.?Φ .;.9Φ≅6≅. (56≅ 46Χ2≅ . :<129
≅2ΑΒ= 05.?.0Α2?6Γ21 /Φ . Β;6Χ.?6.Α2 9.Α2;Α Α2:=<?.9 ≅Α.Α2 −, Α5.Α 6≅ 1 = 1:
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F64Β?2 1: ∋ΑΒ1Φ .?2. ∆6Α5 A∃( 4?61 (06?092≅) .;1 %∀10 :<;6Α<?6;4 ;2Α∆<?8
(≅Α.?≅).

(52 ?29.Α21 Α?.;≅6Α6<; :.Α?6Ε G 6≅ ?2=?2≅2;Α21 /Φ . ≅0.9.? 4, ≅.Α6≅3Φ6;4 Α52
0<;16Α6<; j4j < 1, .;1 :.Α?6Ε K 6≅ ≅2Α Α< ≅0.9.? 1.
∀<?2<Χ2?, Α52 96;2.? 0<?246<;.96Γ.Α6<; :<129 3<? Α52 9.Α2;Α ?.;1<: ≅=.Α6.9

2Μ20Α 0<;≅6≅Α≅ <3 <;2 0<:=<;2;Α (0 = 1) .;1 Α52 0<??29.Α6<; ≅Α?Β0ΑΒ?2 /2Α∆22;
16Μ2?2;Α ≅6Α2≅ 6≅ /.≅21 <; Α52 2Ε=<;2;Α6.9 :<129, Α5.Α 6≅

�(5; �1) = e∗&

�
�
5

�1

�

F6;.99Φ, Α52 =.?.:2Α2? Χ20Α<? 12;<Α21 /Φ 	0 .;1 .==?<=?6.Α2 3<? ≅Α.;-
1.?16Γ21 1.Α. 6≅ ?2=<?Α21 6; (./92 1.
)≅6;4 Α56≅ ?2.96≅Α60 ≅2ΑΒ=, Α52 ≅Β/≅2>Β2;Α ≅6:Β9.Α6<;≅, ∆5605 .?2 0<;16-

Α6<;.9 <; /<Α5 Α52 0<Χ.?6.Α2≅ .;1 Α52 ≅6Α2 0<;Η4Β?.Α6<;, .?2 </Α.6;21 /Φ
?Β;;6;4 :<129 <3 ∋20Α6<; 2 ∆6Α5 0<;16Α6<;.9 16≅Α?6/ΒΑ6<;≅ 46Χ2; /Φ (5)� (6)
.;1 =.?.:2Α2? Χ20Α<? 46Χ2; /Φ 	0.

5.1.1 De( g∃ %f e,&e∋ #e∃)

I; <?12? Α< ≅ΑΒ1Φ Α52 E∀ .94<?6Α5: 2Λ 0.0Φ 6; 2≅Α6:.Α6;4 Α52 =.?.:2Α2?
Χ20Α<?	0, Α52 ≅6:Β9.Α6<; 0.:=.64; 6≅ /.≅21 <; 25 16Μ2?2;Α ≅6:Β9.Α6<; ≅2ΑΒ=≅,
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12;<Α21 /Φ �i, .;1 6≅ ?2=<?Α21 6; (./92 3, ∆52?2 2.05 ≅6:Β9.Α6<; ≅2ΑΒ=, �i,
5.≅  = 100 ∀<;Α2 C.?9< ?2=960.Α6<;≅.
(52 :.6; .≅=20Α≅ 0<;≅612?21 .?2 Α52 16:2;≅6<; <3 .?2. D, Α52 ;Β:/2?

<3 1.Φ≅ ∋ .;1 Α52 Χ.?6./696ΑΦ <3 Α52 ≅Α.?Α6;4 Χ.9Β2≅ 	i;j;0, ∆52?2 6 = 1; :::; 25
6≅ Α52 6;12Ε <3 Α52 ≅6:Β9.Α6<; ≅2ΑΒ= �i .;1 7 = 1; :::; 6≅ Α52 6;12Ε <3 2.05
?2=960.Α6<;. ∀<?2<Χ2?, Α52 2Ε.0Α ≅<9ΒΑ6<; .;1 Α52 .==?<Ε6:.Α21 09<≅21-3<?:
≅<9ΒΑ6<; .?2 0<:=.?21 /Φ 2Χ.9Β.Α6;4 Α526? ?29.Α6Χ2 2Λ 062;0Φ 12Η;21 6; (13).
+2 0<;≅612? Α5?22 16Μ2?2;Α .?2.≅, ∆5605 .?2 ?2=<?Α21 6; (./92 2, 05.?-

.0Α2?6Γ21 /Φ . 16Μ2?2;Α 16:2;≅6<; .;1 . 16Μ2?2;Α ;Β:/2? <3 ≅6Α2≅ (.9≅< ≅22
F64Β?2 1). ∀<?2<Χ2?, ∆2 2Ε.:6;2 Α5?22 Α2:=<?.9 3?.:2≅ 46Χ2; /Φ ∋ = 60; 120
.;1 240.
F<? ∆5.Α 0<;02?;≅ ≅Α.?Α6;4 Χ.9Β2≅, 3<Β? 0.≅2≅ .?2 0<;≅612?21: ≅Α.?Α6;4

Χ.9Β2≅ 2>Β.9 Α< Α52 ≅6:Β9.Α6<; Χ20Α<? =.?.:2Α2? (	i;j;0 = 	
0), ≅Α.?Α6;4 Χ.9-

Β2≅ ∆6Α5 ?.;1<: =2?ΑΒ?/.Α6<; 02;Α?21 <; Α52 ≅6:Β9.Α6<; Χ20Α<? =.?.:2Α2?
(	i;j;0 = 	0 + �j), ≅Α.?Α6;4 Χ.9Β2≅ ∆6Α5 <Μ≅2Α (	i;j;0 = 	0 + �) .;1 /<Α5
≅Α.?Α6;4 Χ.9Β2≅ ∆6Α5 <Μ≅2Α .;1 ?.;1<: =2?ΑΒ?/.Α6<; (	i;j;0 = 	

0 + �j + �).
E.05 292:2;Α <3 Α52 Χ20Α<? �j 6≅ ?.;1<:9Φ 42;2?.Α21 3?<: . Β;63<?: 16≅-

Α?6/ΒΑ6<; ((0:7 0∀ ; 1:3 
0
∀) ∆52?2  

0
∀ 6≅ Α52 ?� Α5 292:2;Α <3 	

0. ∃; Α52 <Α52?
5.;1, 292:2;Α≅ <3 Α52 Χ20Α<? � .?2 0<;≅Α.;Α 3<? 2.05 7 = 1; :::; .;1 Α526?
Χ.9Β2≅ ?2=?2≅2;Α .; 26Α52? =<≅6Α6Χ2 <? ;24.Α6Χ2 <Μ≅2Α 5.Χ6;4 . :.4;6ΑΒ12 <3
20% <3 Α52 Χ.9Β2 <3 Α52 ?2≅=20Α6Χ2 292:2;Α <3 Α52 Χ20Α<? 	0.

5.1.2 EM e() #a) %∃

∃;02 Α52 1.Α. ≅2Α 6≅ ≅6:Β9.Α21, Α52 E∀ .94<?6Α5: 6≅ Α?6442?21 ∆6Α5 =.?Α60Β9.?
≅Α.?Α6;4 Χ.9Β2≅ 12=2;16;4 <; Α52 ≅6:Β9.Α6<; �i 0<;≅612?21. (52 :.Ε6:Β:
6Α2?.Α6<; ;Β:/2? <3 Α52 E∀ .94<?6Α5: 6≅ ≅2Α Α< 250 ∆5692 Α52 2Ε6Α 0<;16Α6<;

6≅ /.≅21 <; Α52 0<;Χ2?42;02 0?6Α2?6<;
k	(k+1)�	(k)k
k	(k)k

< 5 � 10�4. (52 ≅<9ΒΑ6<;

	̂i;j 6≅ Α52 7 � Α5 ?2=960.Α6<; <3 Α52 2≅Α6:.Α2 <3 	0 ∆6Α56; ≅6:Β9.Α6<; �i. I;

=.?Α60Β9.?, 	̂i;j 12;<Α2≅ Α52 ?2≅Β9Α <3 Α52 2Ε.0Α .94<?6Α5: ∆5692 +	i;j 12;<Α2≅
Α52 ?2≅Β9Α <3 Α52 .==?<Ε6:.Α2 ≅<9ΒΑ6<;.

5.2 S #∗∀a) %∃ ∋e(∗∀)(

F<? 2.05 ≅6:Β9.Α6<; �i 0<;≅612?21, Α52 ≅2Α≅ 	̂i =
n
	̂i;1; :::; 	̂i;M

o
.;1 +	i =n

+	i;1; :::; +	i;M

o
.?2 .;.9Φ≅21 6; <?12? Α< 2Χ.9Β.Α2 /6.≅ .;1 Χ.?6./696ΑΦ. (52≅2
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.?2 6;1Β021, <; Α52 <;2 5.;1, 3?<: Α52 2≅Α6:.Α6<; =?<021Β?2 <3 Α52 E∀

.94<?6Α5:, .;1 <; Α52 <Α52?, 3?<: Α52 ;.ΑΒ?.9 Χ.?6./696ΑΦ <3 Α52 1.Α. ≅2Α≅
0<;≅612?21.
BΦ 0<;≅612?6;4 �	i .≅ Α52 .?6Α5:2Α60 :2.; Χ20Α<? <3 	̂i (+	i 3<? Α52 .==?<Ε-

6:.Α2 ≅<9ΒΑ6<;), Α52 /6.≅ 6≅ 2Χ.9Β.Α21 /Φ Α52 :2Α?60 /i =


�	i �	0



 = k	0k.

I3 ≅i;∀ 6≅ Α52 ≅.:=92 ≅Α.;1.?1 12Χ6.Α6<; <3 	̂
∀
i =

n
	̂∀i;1; :::; 	̂

∀
i;M

o
, ∆6Α5 	̂∀i;j

Α52 ?� Α5 292:2;Α <3 Α52 Χ20Α<? 	̂i;j, Α52; Α52 .Χ2?.42 0<2Λ 062;Α <3 Χ.?6.Α6<;

6≅ C)i =
1
R

PR

∀=1 ≅i;∀=
���	∀i
��, ∆52?2 �	∀i 6≅ Α52 ? � Α5 292:2;Α <3 Α52 Χ20Α<? �	i

.;1 % 6≅ Α52 16:2;≅6<; <3 Α52 =.?.:2Α2? 	0.
(52 ?29.Α6Χ2 2Λ 062;0Φ /2Α∆22; Α52 2Ε.0Α .;1 Α52 .==?<Ε6:.Α2 ≅<9ΒΑ6<;≅

3<? 2≅Α6:.Α6;4 Α52 :.Α?6Ε )1 6≅ 12Η;21 .≅

233i =
1

%

RX

∀=1

% &E
�
	̂∀i

�

% &E
�
+	∀i

� (13)

(./92 4 ?2=<?Α≅ 12Α.6921 ≅6:Β9.Α6<; ?2≅Β9Α≅ 3<? �17. #<Α2 Α5.Α Α52 /6.≅ 6≅
≅:.99 63 0<:=.?21 Α< Α52 Χ.9Β2 <3 Α52 ?2≅=20Α6Χ2 292:2;Α <3 Α52 Χ20Α<? 	0.
A9≅< ;<Α2 Α5.Α ≅Α.;1.?1 12Χ6.Α6<;≅ .;1 &∀∋E≅ .?2 56452? 3<? =.?.:2Α2?≅
?232??6;4 Α< Α52 # Χ.?6./92. (56≅ 6≅ . 0<;≅2>Β2;02 <3 Α52 16Μ2?2;Α ;Β:/2?
<3 ≅6Α2≅ <Χ2? ∆5605 Α52 Α∆< Χ.?6./92≅ .?2 </≅2?Χ21 (j&AOT j � j&PM j).
C<;02?;6;4 Α52 D∃E <3 (./ 3, .44?24.Α21 ?2≅Β9Α≅ .?2 ?2=<?Α21 6; (./92

5, 6 .;1 7 3<? ∋ = 60; 120 .;1 240 ?2≅=20Α6Χ29Φ.
(52 Η?≅Α =<6;Α ∆<?Α5 Α< /2 =<6;Α6;4 <ΒΑ 6≅ Α52 <Χ2?.99 ≅Α./696ΑΦ <3 /<Α5 E∀

.94<?6Α5: ≅<9ΒΑ6<;≅ =?<=<≅21, ∆5605 6≅ 0<;Η?:21 /Φ Α52 0<;Χ2?42;02 3<? .99
30800 = � 38 ∀<;Α2 C.?9< ≅6:Β9.Α6<;≅, 6??2≅=20Α6Χ2 <; Α52 6;6Α6.9 Χ.9Β2≅.
∋20<;19Φ, .≅ 2Ε=20Α21, Α52 2≅Α6:.Α6<; 2??<?, .≅ .≅≅2≅≅21 /Φ Α52 Α<Α.9

&∀∋E, 120?2.≅2≅ ∆6Α5 /<Α5 42<4?.=560 .?2. .;1 Α2:=<?.9 3?.:2 ≅6Γ2≅, j&j
.;1 ∋ ?2≅=20Α6Χ29Φ. (56≅ 0<;Χ2?42;02 ?2≅Β9Α ≅22:≅ ;<Α Α< /2 6;ΙΒ2;021 /Φ
Α52 ≅Α.?Α6;4 Χ.9Β2 =2?ΑΒ?/.Α6<;. H2;02 Α52 =?<=<≅.9 ?2≅Β9Α≅ Α< /2 ?</Β≅Α ∆6Α5
?2≅=20Α Α< 6;6Α6.9 Χ.9Β2≅.
F6;.99Φ 0<;≅612?6;4 Α52 .==?<Ε6:.Α2 ≅<9ΒΑ6<; <3 2>Β.Α6<; (19), 6Α 6≅ 6;Α2?-

2≅Α6;4 Α< ;<Α2 Α5.Α /6.≅ .;1 &∀∋E .?2 42;2?.99Φ ≅=2.86;4 ?.Α52? ≅:.99 6; .99
≅6:Β9.Α6<; ≅2ΑΒ=≅. ∀<?2<Χ2?, Α52 2Λ 062;0Φ ∆6Α5 ?2≅=20Α Α< Α52 2Ε.0Α ≅<9Β-
Α6<; <3 2>Β.Α6<; (12) 6≅ ≅Α./92, ∆5605 0<;Η?:≅ Α52 612. Α5.Α Α52 .==?<Ε6:.Α2
≅<9ΒΑ6<; 46Χ2≅ . 0<;≅6≅Α2;Α 2≅Α6:.Α2. (52 2Λ 062;0Φ Χ.9Β2, 3<? <Β? ?2.96≅Α60
≅6:Β9.Α6<; ≅2ΑΒ=, 5.≅ . 9<∆2? /<Β;1 09<≅2 Α< 0.7.
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6 C%∃c∀∗( %∃(

(56≅ =.=2? 12Χ29<=≅ Α52 E∀ .94<?6Α5: 3<? Α52 96;2.? 0<?246<;.96Γ.Α6<; :<129
(!C∀) ∆6Α5 1Φ;.:60 0<:=<;2;Α≅, ∆5605 6≅ Β≅23Β9 3<? ≅=.Α6<-Α2:=<?.9 :Β9-
Α6Χ.?6.Α2 1.Α. </≅2?Χ21 <; ;<;-0<99<0.Α21 ≅6Α2≅.
(52 2ΕΑ2;≅6Χ2 ∀<;Α2 C.?9< ≅6:Β9.Α6<;≅, /.≅21 <; . 9.?42 ?2.96≅Α60 1.Α.

≅2Α, ≅5<∆ Α5.Α Α52 :2Α5<1 5.≅ 4<<1 ≅Α./696ΑΦ =?<=2?Α62≅ 2Χ2; ∆6Α5 ?.Α52?
9.?42 0<Χ.?6.;02 :.Α?602≅. ∀<?2<Χ2? 6Α 6≅ >Β6Α2 ?</Β≅Α ∆6Α5 ?2≅=20Α Α< 6;6Α6.9
Χ.9Β2≅.
I; <?12? Α< 6:=?<Χ2 0<:=ΒΑ.Α6<;.9 =2?3<?:.;02 3<? 9.?42 !C∀ϑ≅, Α52 2Ε-

.0Α 3<?:Β9.≅ .?2 0<Β=921 ∆6Α5 .==?<Ε6:.Α2 09<≅21-3<?: 3<?:Β9.≅ 3<? Α52 0<?2-
46<;.96Γ.Α6<; :.Α?602≅. A00<?16;4 Α< <Β? ≅6:Β9.Α6<;≅, Α52 .==?<Ε6:.Α2 E∀
46Χ2≅ 2≅Α6:.Α2≅ ∆5605 .?2 0<;≅6≅Α2;Α Α5<Β45 ≅Β/-<=Α6:.9.
+2 Α52; ≅Β442≅Α Α< Β≅2 Α52 =?2Χ6<Β≅ Α∆< .94<?6Α5:≅ 6; ≅2?62≅. A00<?16;4 Α<

Α56≅, Α52 .==?<Ε6:.Α2 .==?<.05 6≅ Β≅21 .Α Η?≅Α .;1 Α52; Α52 2Ε.0Α .94<?6Α5:
6≅ 321 ∆6Α5 Α52 .==?<Ε6:.Α2 ?2≅Β9Α≅ .≅ 6;6Α6.9 Χ.9Β2≅.

A A&&e∃d ,

A.1 Ka∀#a∃ (#%%)he∋

AΑ Α52 42;2?60 8�Α5 6Α2?.Α6<; <3 Α52 E∀ .94<?6Α5:, Α52  .9:.; ≅:<<Α521 −T#
6≅ Β≅21 6;≅Α2.1 <3 Α52 Β;8;<∆; ≅Α.Α2 −#, 3<99<∆6;4 Α52 3<?∆.?1 .;1 /.08∆.?1
 .9:.; ?20Β?≅6<;≅ ∆5<≅2 3<?:Β9.≅ .?2 46Χ2; 6; Α56≅ ≅20Α6<;.
!2Α −�# , #

�
# .;1 # �#;#�1 12;<Α2 Α52 :2.;, Α52 Χ.?6.;02 .;1 Α52 9.4-<;2

0<Χ.?6.;02 <3 −#, Α = 1; :::; ∋ 0<;16Α6<;.9 <; Α52 </≅2?Χ.Α6<; :.Α?6Ε , Β= Α<
Α6:2 � , ?2≅=20Α6Χ29Φ. (52  .9:.; Η9Α2? 2>Β.Α6<;≅ 3<? Α52 =?2160Α21 Χ.9Β2≅
.?2 46Χ2; /Φ �

−#�1# = G−#�1#�1

# #�1# = �� +G#
#�1
#�1G

0

∀<?2<Χ2?, Α52 Β=1.Α6;4 2>Β.Α6<;≅ .?2 46Χ2; /Φ

�
−## = −#�1# + J#

�
,# �+#� �K−#�1#

�

# ## = (I � J#K)#
#�1
#

(14)

∆52?2 Α52  .9:.; 4.6; J# 6≅

J# = # #�1# K 0(K# #�1# K 0 + � �W )
�1
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.;1 � �W =
Pc

 =1� : A/<Χ2 ?20Β?≅6<;≅ .?2 /.≅21 <; Α52 6;6Α6.9 Χ.9Β2≅ 46Χ2;

/Φ −00 = �0 .;1 #
0
0 = �Z0.

+6Α5 Α52≅2 ?2≅Β9Α≅, Α52 ≅:<<Α521 Χ.9Β2≅ .?2 0<:=ΒΑ21 3?<: Α52 3<99<∆6;4
/.08∆.?1 ?20Β?≅6<; 3<?:Β9.≅ 3<? Α = ∋; :::; 1:

−T#�1 = −#�1#�1 + #
T
#;#�1G

�
# #�1#

�
�1 �

−T# � −#�1#

�
(15)

# T#�1 = # #�1#�1 + #
#�1
#�1G

�
# #�1#

�
�1 �

# T# � # #�1#

� �
# #�1#�1G

�
# #�1#

�
�1
�
0

(16)

∆52?2 Α52 6;6Α6.9 Χ.9Β2≅ −TT .;1 #
T
T .?2 Α52 <ΒΑ=ΒΑ≅ <3 Α52 =?2Χ6<Β≅9Φ 12Η;21

 .9:.; Β=1.Α6;4 2>Β.Α6<;≅.
∀<?2<Χ2?, Α52 ≅:<<Α521 9.4-<;2 0<Χ.?6.;02 6≅ 0<:=ΒΑ21 Β≅6;4 Α52 3<99<∆-

6;4 2>Β.Α6<; 3<? Α = ∋ � 1; :::; 1

# T#;#�1 = # ##

�
# #�1#�1G

�
# #�1#

�
�1
�
0

+

+
�
# ##G

�
# ##+1

�
�1
� �
# T#+1;# �G# ##

� �
# #�1#�1G

�
# #�1#

�
�1
�
0

.;1, 3<? Α = ∋; ∆2 5.Χ2

# TT;T�1 = (I � JTK)G#
T�1
T�1

A.2 La)e∃) (&a) a∀ e.ec) e() #a) %∃

I; Α56≅ ≅20Α6<;, Β≅6;4 Α52 7<6;Α :Β9Α6Χ.?6.Α2 ;<?:.96ΑΦ <3 ∗ .;1 ,; 09<≅21-
3<?: 3<?:Β9.≅ 3<? ∗ .?2 46Χ2; ∆5605 42;2?.96Γ2 Α52 0<??2≅=<;16;4 3<?:Β9.≅
<3 −5.;4 (2007) : (< ≅22 Α56≅, ;<Α2 Α5.Α, 3<? . ΗΕ21 Α 2 T = f1; :::; ∋g .;1
3<? 2.05 = = 1; :::; 0, ∆2 5.Χ2 Α5.Α

c%) (∗ ;#; ,#) = c%)(∗ ;#;∗ ;#) = � 

∀<?2<Χ2? ;<Α2 Α5.Α Α52 2Ε=20Α.Α6<; <3 ∗ ;# 0<;16Α6<;.99Φ <; Α52 </≅2?Χ21
1.Α. , :.Φ /2 ∆?6ΑΑ2; .≅

∗ T
 ;# = E(∗ ;# j , ) = E [E(∗ ;# j ,; −) j , ]

I3 −# 6≅ </≅2?Χ21 3<? 2.05 Α 2 T , Α52;

E(∗ ;# j ,; −) = E(∗ ;# j ,#; −#) (17)
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F?<: Α52 ∆299 8;<∆; =?<=2?Α62≅ <3 Α52 :Β9Α6Χ.?6.Α2 ;<?:.9 16≅Α?6/ΒΑ6<;, 6Α
;<∆ 3<99<∆≅ Α5.Α

E(∗ ;# j ,#; −#) = � �
�1 (,# �+#� �K−#)

C<;16Α6<;6;4 <; , 46Χ2≅

∗ T
 ;# = E

�
� �

�1 (,# �+#� �K−#) j ,
�

= � �
�1
�
,# �+#� �K−T#

�

I; . ≅6:69.? ∆.Φ, 46Χ2; Α52 </≅2?Χ21 1.Α. , , Α52 0<;16Α6<;.9 Χ.?6.;02 <3 ∗ ;#

6≅ 46Χ2; /Φ

AT ;# = Va∋(∗ ;# j , )

= Va∋ [E (∗ ;# j ,; −) j , ] + E [Va∋ (∗ ;# j ,; −) j, ]

.;1
Va∋ (∗ ;# j ,; −) = Va∋ (∗ ;# j ,#; −#) = � � � �

�1� 

AT ;# = Va∋
�
� �

�1 (,# �+#� �K−#) j ,
�
+
�
� � � �

�1� 
�

= � �
�1K# T# K

0��1� +
�
� � � �

�1� 
�

∆52?2

� = Va∋ (,#) =

cX

 =0

� 

A.3 E,&ec)ed ∀%g-∀ !e∀ h%%d de∋ +a) +e(

(56≅ ≅20Α6<; =?<Χ612≅ 12Α.69≅ ./<ΒΑ Α52 2Ε=20Α21 9<4-9682965<<1 12?6Χ.Α6Χ2≅
6:=92:2;Α21 6; <?12? Α< </Α.6; 09<≅21-3<?: 2≅Α6:.Α6<; 3<?:Β9.≅ 3<? �̂0 .;1
+) , = = 1; :::; 0.

A.3.1 De∋ +a) %∃ %f ∃
�
	Y ;	

(k)
�

(52 2Ε=20Α21 9<4-9682965<<1 ∃
�
	Y ;	

(k)
�
0.; /2 ?2≅Α.Α21 .≅ 3<99<∆≅
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∃
�
	Y ;	

(k)
�
= ∋ ∀% j�0j+

TX

#=1

(∋
�
��10

�
�2#�2

0

# + �AT# +K#
T
# K

0
��

= ∋ ∀% j�0j+ (∋

"

��10

TX

#=1

�
�2#�2

0

# + �AT# +K#
T
# K

0
�
#

= ∋ ∀% j�0j+ ∋ (∋
�
��10 �


�

BΦ .≅≅Β:6;4 Α5.Α " 5.≅ Β;0<??29.Α21 0<:=<;2;Α≅, Α52 ! � ! :.Α?6Ε �0
5.==2;≅ Α< /2 /9<08 16.4<;.9 .;1

j�0j =

!Y

i=1

�

i;i0
�ni

(∋
�
��10

�

�
=

!X

i=1

1


i;i0
(∋
�
�
i;i
�

(52;

∃
�
	Y ;	

(k)
�
= ∋

!X

i=1

;i ∀% 

i;i
0 + ∋

"
!X

i=1

1


i;i0
(∋
�
�
i;i
�
#

D2?6Χ6;4 ∃
�
	Y ;	

(k)
�
∆6Α5 ?2≅=20Α Α< 
i;i0 , 6 = 1; :::; >, Φ6291≅ Α<

@∃
�
	Y ;	

(k)
�


i;i0
=
∋;i


i;i0
�
∋ (∋

�
�
i;i
�

�

i;i0
�2

.;1∃
�
	Y ;	

(k)
�
6≅ :6;6:6Γ21 /Φ Α52 >�> 16.4<;.9 :.Α?6Ε �̂0 ∆5<≅2 16.4<;.9

292:2;Α≅ .?2 46Χ2; /Φ


̂i;i0 =
1

;i
(∋
�
�
i;i
�

A.3.2 De∋ +a) %∃ %f ∃
�
	Wp

;	(k)
�

A≅ :2;Α6<;21 6; ∋20Α6<; 2, ∆52; =.?Α6.99Φ <? 0<:=92Α29Φ 52Α2?<Α<=60 ≅2ΑΑ6;4≅
.?2 0<;≅612?21, 09<≅21-3<?: 2≅Α6:.Α6<; 3<?:Β9.≅ 3<? ) 0.;;<Α /2 2.≅69Φ </-
Α.6;21 ≅6;02 6Α 6≅ 16Λ 0Β9Α Α< ∆?6Α2 Α52> � > :.Α?6Ε ) 6; 09<≅21-3<?: 3?<:
Α52 !�! :.Α?6Ε � () ; � ; H). (56≅ ≅20Α6<; =?<=<≅2≅ . 09<≅21-3<?: 3<?:Β9.
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3<? ) /.≅21 <; Β;0<;≅Α?.6;21 :6;6:6Γ.Α6<; <3 Α52 2Ε=20Α21 9<4-9682965<<1
∃
�
	Wp

;	(k)
�
.;1 92.≅Α ≅>Β.?2 :.Α?6Ε .==?<Ε6:.Α6<;.

(52 ∃
�
	Wp

;	(k)
�
0.; /2 ?2-∆?6ΑΑ2; 6; . :<?2 0<:=.0Α ∆.Φ .≅ 3<99<∆≅

∃
�
	Wp

;	(k)
�
= ∋ ∀% 

���+� 
���+

TX

#=1

(∋
n
+��1 

h
AT ;# +∗

T
 ;#

�
∗ T
 ;#

�0io

= ∋ ∀% 
���+� 
���+ (∋

"
+��1 

TX

#=1

AT ;# +∗
T
 ;#

�
∗ T
 ;#

�0
#

= �∋ ∀% 
���+��1 

���+ ∋ (∋
n
+��1 �( 

o

∆52?2 +� 6≅ . 42;2?60 ≅Φ::2Α?60 ≅2:6-=<≅6Α6Χ2 12Η;6Α2 :.Α?6Ε. (52 12?6Χ.Α6Χ2
<3 ∃

�
	Wp

;	(k)
�
∆6Α5 ?2≅=20Α Α< +��1 6≅ 46Χ2; /Φ

@∃
�
	Wp

;	(k)
�

@ +��1 
= �∋ +� + ∋ �( 

.;1 ∃
�
	Wp

;	(k)
�
6≅ :6;6:6Γ21 .Α

+� = �( (18)

(52 ≅<9ΒΑ6<; 6; (18) 6≅ ;<Α 0<;≅Α?.6;21, ;.:29Φ 6Α 1<2≅ ;<Α ?2Ι20Α Α52 0<?2-
46<;.96Γ.Α6<; ≅Α?Β0ΑΒ?2 12≅0?6/21 6; ∋20Α6<; 2. I; =.?Α60Β9.?, Α52 :.Α?6Ε
� () ; � ; H) :Β≅Α ?2≅=20Α Α52 /9<08 ≅Α?Β0ΑΒ?2 <3 (4), 6; ∆5605 0.≅2 Α52?2
6≅, 6; 42;2?.9, ;< ) Α5.Α ≅.Α6≅Η2≅ Α52 2>Β.Α6<; � () ; � ; H) = �( .
+2 .≅8 3<? +) Α5.Α :6;6:6Γ2≅ Α52 16Μ2?2;02 /2Α∆22; Α52 :.Α?6Ε � () ; � ; H)

.;1 Α52 :.Α?6Ε �( . A =<≅≅6/92 ≅<9ΒΑ6<; 6≅ Α< 05<<≅2 :.Α?6Ε +) ∆5605 :6;6-
:6Γ2≅ Α52 F?</2;6Β≅ ;<?:, ;.:29Φ

+) = a∋ #!∃
Vp



� () ; � ; H)� �( 



F

(19)

EΕ=9<6Α6;4 Α52 /9<08 ≅Α?Β0ΑΒ?2 <3 � () ; � ; H) .;1 �( (≅22 2>. 10), Α52
:6;6:6Γ.Α6<; 6; (19) 0.; /2 6:=92:2;Α21 /Φ 0<;≅612?6;4 2.05 292:2;Α Χi;j ,
6; 7 = 1; :::; >, <3 Α52 :.Α?6Ε ) ≅2=.?.Α29Φ:

+Χi;j = a∋ #!∃
∃
i;j
p



Χi;j � (H
i;j; � )� �( i;j 




F
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+6Α5 Α52 3<99<∆6;4 ≅Β/≅Α6ΑΒΑ6<;≅ Χ = Χi;j , � = Χ20(� (H
i;j; � )), Β = Χ20( �( i;j ),

6Α 6≅ 2.≅69Φ ≅22; Α5.Α

+Χ =
�0Β

�0�

#<∆, 3?<: Χ20(A0)0Χ20(B) = (∋(AB); 6Α 3<99<∆≅ Α5.Α

+Χi;j =
(∋
�
� (H

i;j; � ) �(
i;j
 

�

(∋ [� (H i;j; � )2]
=
(∋
�
� (H

i;j; � ) �(
i;j
 

�

k� (H i;j; � )k
2
F

.;1, /Φ 0<9920Α6;4 2.05 +Χi;j ∆6Α56; Α52 :.Α?6Ε +) , Α52 ≅<9ΒΑ6<; 6; (9) 6≅ </-
Α.6;21.

A08;<∆92142:2;Α≅

(52 ∆<?8 6≅ =.?Α6.99Φ ≅Β==<?Α21 /Φ %&I# 2006 =?<720Α ;.2006131039 Sta-
tistical analysis of spatial and temporal dynamics and health impact of partic-

ulate matter≅ .;1 &246<;2 %62:<;Α2 =?<720Α CI%E 2004 Statistical methods
and spatio-temporal models for atmospheric pollution monitoring.
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�AOT;MH �AOT;LE �PM;MH �PM;LE 
AOT;AOT0 
PM;PM0

-0.3 -0.5 -0.4 -0.6 0.6 0.6

4 �2� ΧAOT;AOT1 ΧAOT;PM1 ΧPM;PM1 �1
0.8 0.2 1.0 0.6 1.0 60.0

(./92 1: ∗.9Β2 <3 Α52 =.?.:2Α2? Χ20Α<? 	0.

A?2. ∗61Α5 (8:) H2645Α (8:) j&AOT j j&PM j
D1 130 100 130 42
D2 190 160 304 60
D3 330 260 858 84

(./92 2: C<;Η4Β?.Α6<; <3 Α52 .?2.≅ 0<;≅612?21.

� D ∋ &.;1<: ∃Μ≅2Α � D ∋ &.;1<: ∃Μ≅2Α
1 D1 60 ;< ;< 13 D2 60 ;< ;<
2 D1 60 Ε2≅ ;< 14 D2 60 Ε2≅ ;<
3 D1 60 ;< Ε2≅ 15 D2 60 ;< Ε2≅
4 D1 60 Ε2≅ Ε2≅ 16 D2 60 Ε2≅ Ε2≅
5 D1 120 ;< ;< 17 D2 120 ;< ;<
6 D1 120 Ε2≅ ;< 18 D2 120 Ε2≅ ;<
7 D1 120 ;< Ε2≅ 19 D2 120 ;< Ε2≅
8 D1 120 Ε2≅ Ε2≅ 20 D2 120 Ε2≅ Ε2≅
9 D1 240 ;< ;< 21 D2 240 ;< ;<
10 D1 240 Ε2≅ ;< 22 D2 240 Ε2≅ ;<
11 D1 240 ;< Ε2≅ 23 D2 240 ;< Ε2≅
12 D1 240 Ε2≅ Ε2≅ 24 D2 240 Ε2≅ Ε2≅

25 D3 60 ;< ;<

(./92 3: ∋6:Β9.Α6<; 0.:=.64;. !242;1: �: ≅6:Β9.Α6<; 6;12Ε; D: 0<;≅612?21
.?2.; ∋ : 0<;≅612?21 Α2:=<?.9 3?.:2; &.;1<:: ?.;1<:6Γ21 ≅Α.?Α6;4 Χ.9Β2≅;
∃Μ≅2Α: ≅Α.?Α6;4 Χ.9Β2≅ ∆6Α5 <Μ≅2Α.
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	0 �	 /6.≅ ≅Α1 % &E >0:025 >0:975
�AOT;MH �0:3 �0:301 �0:001 0:010 0:010 �0:327 �0:278
�AOT;LE �0:5 �0:500 +0:000 0:012 0:012 �0:526 �0:465
�PM;MH �0:4 �0:403 �0:003 0:027 0:028 �0:464 �0:346
�PM;LE �0:6 �0:604 �0:004 0:037 0:038 �0:675 �0:532


AOT;AOT0 +0:6 +0:597 �0:003 0:006 0:007 +0:583 +0:609


PM;PM0 +0:6 +0:593 �0:007 0:015 0:017 +0:560 +0:620
4 +0:8 +0:776 �0:024 0:077 0:080 +0:598 +0:887
�2� +0:2 +0:209 +0:009 0:047 0:048 +0:132 +0:322

ΧAOT;AOT1 +1:0 +1:000 +0:000 0:043 0:043 +0:927 +1:082

ΧAOT;PM1 +0:6 +0:596 �0:004 0:034 0:035 +0:531 +0:654

ΧPM;PM1 +1:0 +1:001 +0:001 0:048 0:048 +0:915 +1:103
�1 +60:0 +59:429 �0:571 3:228 3:278 +53:203 +66:141

(./92 4: ∋6:Β9.Α6<; ?2≅Β9Α≅ 3<? �17 (D = D2; ∋ = 120).
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D1 D2

∀33≅2Α ∀33≅2Α
./≅2;Α =?2≅2;Α ./≅2;Α =?2≅2;Α

/6.≅ 0:048 0:010 /6.≅ 0:005 0:005
. E∆ C) 0:127 0:149 E∆ C) 0:095 0:110
/ % &E 7:909 9:743 % &E 5:334 5:605
≅ 6Α2? 37 68 6Α2? 22 77
2 /6.≅ 0:003 /6.≅ 0:022

% ; C) 0:168 C) 0:136
. Α A= % &E 9:910 A= % &E 9:288
; 233 0:792 233 0:704
1 6Α2? 44 6Α2? 40
< /6.≅ 0:019 0:017 /6.≅ 0:012 0:007
: = E∆ C) 0:145 0:159 E∆ C) 0:119 0:130

? % &E 7:502 8:042 % &E 4:943 6:546
= 2 6Α2? 57 72 6Α2? 56 67
2 ≅ /6.≅ 0:005 /6.≅ 0:012
? 2 C) 0:194 C) 0:154
Α ; A= % &E 11:461 A= % &E 7:878
Β Α 233 0:771 233 0:767
? 6Α2? 51 6Α2? 45
/ D3

. ∀33≅2Α
Α ./≅2;Α =?2≅2;Α
6 /6.≅ 0:004
< . E∆ C) 0:065
; / % &E 3:278

≅ 6Α2? 16
2 /6.≅ 0:014
; C) 0:102
Α A= % &E 5:241

233 0:697
6Α2? 27

(./92 5: A44?24.Α21 ≅6:Β9.Α6<; ?2≅Β9Α≅ 3<? ∋ = 60 .;1 16Μ2?2;Α =2?ΑΒ?/.-
Α6<;≅ <; Α52 ≅Α.?Α6;4 Χ.9Β2≅. !242;1: E∆: 2Ε.0Α ≅<9ΒΑ6<;; A=: 09<≅21-3<?:
.==?<Ε6:.Α21 ≅<9ΒΑ6<;; /6.≅: .Χ2?.42 /6.≅; C) : .Χ2?.42 0<2Λ 062;Α <3 Χ.?6.-
Α6<;; % &E: Α<Α.9 &∀∋E; 6Α2?: .Χ2?.42 6Α2?.Α6<; ;Β:/2? Α< 0<;Χ2?42;02;
233 : ?29.Α6Χ2 2Λ 062;0Φ /2Α∆22; 2Ε.0Α .;1 .==?<Ε6:.Α21 ≅<9ΒΑ6<;.
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D1 D2

∀33≅2Α ∀33≅2Α
% ./≅2;Α =?2≅2;Α ./≅2;Α =?2≅2;Α
. /6.≅ 0:026 0:027 /6.≅ 0:009 0:006
; . E∆ C) 0:085 0:102 E∆ C) 0:062 0:083
1 / % &E 5:262 6:250 % &E 3:641 3:773
< ≅ 6Α2? 29 80 6Α2? 21 80
: 2 /6.≅ 0:033 /6.≅ 0:001

; C) 0:116 C) 0; 087
= Α A= % &E 7:502 A= % &E 4:895
2 233 0:771 233 0:753
? 6Α2? 41 6Α2? 34
Α /6.≅ 0:029 0:015 /6.≅ 0:015 0:002
Β = E∆ C) 0:110 0:112 E∆ C) 0:087 0:091
? ? % &E 6:017 6:980 % &E 4:191 4:498
/ 2 6Α2? 62 76 6Α2? 52 72
. ≅ /6.≅ 0:027 /6.≅ 0:001
Α 2 C) 0:135 C) 0:110
6 ; A= % &E 8:201 A= % &E 5:588
< Α 233 0:851 233 0:824
; 6Α2? 50 6Α2? 44

(./92 6: A44?24.Α21 ≅6:Β9.Α6<; ?2≅Β9Α≅ 3<? ∋ = 120 .;1 16Μ2?2;Α =2?ΑΒ?/.-
Α6<;≅ <; Α52 ≅Α.?Α6;4 Χ.9Β2≅. !242;1: ≅22 (./92 5.
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D1 D2

∀33≅2Α ∀33≅2Α
% ./≅2;Α =?2≅2;Α ./≅2;Α =?2≅2;Α
. /6.≅ 0:018 0:019 /6.≅ 0:005 0:008
; . E∆ C) 0:056 0:067 E∆ C) 0:042 0:052
1 / % &E 3:404 3:727 % &E 2:431 2:626
< ≅ 6Α2? 24 83 6Α2? 15 81
: 2 /6.≅ 0:013 /6.≅ 0:003

; C) 0:087 C) 0:062
= Α A= % &E 6:125 A= % &E 3:704
2 233 0:703 233 0:701
? 6Α2? 38 6Α2? 29
Α /6.≅ 0:032 0:015 /6.≅ 0:014 0:005
Β = E∆ C) 0:087 0:088 E∆ C) 0:073 0:067
? ? % &E 4:538 4:297 % &E 3:014 2:932
/ 2 6Α2? 62 75 6Α2? 53 77
. ≅ /6.≅ 0:005 /6.≅ 0:008
Α 2 C) 0:104 C) 0:089
6 ; A= % &E 5:710 A= % &E 4:220
< Α 233 0:877 233 0:844
; 6Α2? 50 6Α2? 47

(./92 7: A44?24.Α21 ≅6:Β9.Α6<; ?2≅Β9Α≅ 3<? ∋ = 240 .;1 16Μ2?2;Α =2?ΑΒ?/.-
Α6<;≅ <; Α52 ≅Α.?Α6;4 Χ.9Β2≅. !242;1: ≅22 (./92 5.
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