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Abstract

We consider a Sturm-Liouville operator of the kind % + A’((tt)) %
(0,400) and the related eigenfunction expansion. We prove that, under
suitable assumptions on A (t), the partial sums of the Fourier integral as-
sociated to such expansion behave like the partial sums of the classical
Fourier-Bessel transform. This implies an almost everywhere convergence
result for LP (A (t)dt) functions. Our methods rely on asymptotic ex-
pansions for the eigenfunctions and the Harish-Chandra function that we
prove under very weak hypotheses.

on

MSC2000: Primary 43A62. Secondary 43A32, 34L.10

Differential operators of the kind

B 2 At d
Cdt2 T A(t) dt
and the associated spectral decompositions arise naturally in harmonic analysis.
For example when A (t) = t" 1, the operator £ is the radial part of the Laplacian
in R™ and in this case the associated spectral decomposition is the so called

Fourier-Bessel expansion that corresponds to the harmonic analysis of radial
functions in R™. This transform is defined for any a > —% by

Jo (M)
(At)*
but of course it can be interpreted as a Fourier transform of a radial function

only when o = (n — 2)/2. The inversion formula associated to this transform is
given by

c (0.1)

2a+1 dt

+oo
Fuf () = / £ (5)2°T ( +1)

[t N Jo (At) A% Tax

In a non compact symmetric space of rank one there are values of v and

3 such that, setting A (¢) = (sinht)***" (cosh t)QBH, one obtains the radial

part of the Laplace-Beltrami operator and in this case the associated spectral

decomposition is the harmonic analysis of spherical functions. More precisely
in this setting one has the Fourier-Jacobi transform

(0.2)

Hosf 0 = [ 000 (1) (sinh ) (cosh )



and the inversion formula

PO = [ Hasr en ) — 2
o P M e (WP
where
oA ()= 2F1 <a+ﬁ—gl_Z)\,a+ﬁ—;1+2)\;a+1;—sinh2(t)>

is the Jacobi function (see e.g. [6] or [8]) and
[ (a+1)T(iA/2)T (“*—2”)
- 27T (a+B§1+i>\) r (a76§1+i)\)

is the Harish-Chandra function.

In this paper we will study the convergence properties of the inversion of
the expansion associated to the operator £, under suitable assumption on the
function A (1).

Our starting point is a theorem of Colzani, Crespi, Travaglini and Vignati
(see [6]) that can be stated in the following way.

Let a > —% and let

(M) AZTlan
£)* 4°T2 (a + 1)

R
Jo
Tif )= [ Fp 02T @+ T
0
be the R-th partial sum of the Fourier-Bessel integral. When oo = —% we obtain
_1
the classical cosine expansion and in this case we set Cr = Ty

ot
) 11t

Theorem 0.1 Let f € L* (R“‘ dt) and let 0 < t < 400, then

1

Jim TR () e eal) 7 (010 = 0,

Moreover the convergence is uniform in every interval 0 < e <t <n < +00.

In [6] the authors also sketch a similar equiconvergence result for the Fourier-
Jacobi expansion Hq 5 in the case o = 3 and 8 = 1.

One of the main results of this paper is an equiconvergence theorem for the
partial sums associated to the spectral decomposition of operator of the kind
L :% + %%. More precisely we will show that such partial sums behave
like the partial sums of the Fourier-Bessel transform for a suitable value of the

dimensional parameter a.

0.1 Assumptions

We now introduce the main hypotheses on the function A ().
Let A :[0,+00) — R and assume that

(H1) A € C*(0,400) and it is continuous in 0.



(H2) A is positive in (0, +00).
(H3) There exists & > —1 and an odd function B € C* (R) such that

A(t)  2a+1
Aty ot

+B(t) forte (0,400).

(H4) ‘% is nonnegative, decreasing on (0, +00) and , ligl A(t) = +o0.
—+o00

By (H3) we have A (t) ~ ct>**1 as t — 07. From now on we assume that
A (t) is normalized in such a way that ¢ = 1. We also set
A’ (1)
li .
t—to A (f)

20 = (0.3)

The above assumptions allow to define in the half-line the so called Chébli-
Trimeche hypergroup (see [1, §3.5] for the details). The harmonic analysis as-
sociated to the differential operator £ and the corresponding hypergroup has
been studiated by several authors. We refer the reader to [1] and [14].

Let A € C, by Bocher [3] the Cauchy problem

Lu+ (N +p)u=0
u(0)=1
v (0)=0

has a unique solution ¢, defined in [0,+00). It is an easy task to see that
loy ()] < 1 for A 4 p2 > 0. Indeed, multiplying by ¢\ the above equation and
integrating one obtains

/0 PALoydt+ (A + p) /0 Prprdt =0,

and a direct computation shows that the first term is positive and the second
one equals % ()\2 + p%) [go/\ (2)* — ¢, (0)2}. It follows that |p, ()] < 1.
Let now f € L' (A (t)dt). The Fourier transform of f is defined by

~ +oo
Foy = / £ () on () A (1) dt.

For this Fourier transform an inversion formula is given by

too d\
f(t):A Fer ) 5

where ¢ () is associated the Harish-Chandra function (see Section 1.3 below).
By means of the classical Liouville transformation

v(t) = vVA@)u(t)
the equation Lu + (/\2 + p2) u = 0 can be written as

"+ N = q(t)v



where

2 /
w03 (5) +2 (Gw) - o0
Since % = 20l 4 B(t) by (H3) the above equation takes the form
a? -1
v + ()\2— 2 4)v:G(t)v (0.5)
where )
Gt) = %B’ () + <a+ ;) BT“) + Bff) _ A (0.6)

Being G (t) smooth, equation (0.5) can be seen as a perturbation of Bessel
equation and one can expect that its solutions can be approximated at the
origin by Bessel functions. This is indeed the case, at least for large A, as we
will show in Theorem 1.2. To deal with the case A small we need more precise
information on the behavior of ¢ (¢) at infinity. We make the following extra
assumption.

(H5) There exists a > 0 such that

a? —
0 ="

for some ¢ € L' ((1,+00), tdt) for a > 0 or ¢ € L' ((1, +o0), tlogtdt)
for a = 0.

We will show in Remark 1.14 that under the above assumption for t — +oo
VA(t)gy (t) ~ >t
where b > —1 and [b| = a or

VA )y () ~ ct? logt.

This last singular case may occur only for a = 0. In this case we set b = 0.
In some cases we need a stronger integrability condition on the function ¢ ().
Namely

(H6) When —1 < b < 0 and /A (t)p, (t) ~ ct2t? we assume that ¢ (t) €
L' ((1,400),t?P1+1dt). When b = 0 and /A (t)¢, (t) ~ ct? we assume
¢(t) € L' ((1,+00) ,tlog> t dt).

We will show that this case can be given only when p = 0, so that ¢, (t) = 1.

0.2 Main results

In order to state our main results let us define the following partial sum operators

R/\
Spf (1) = / f(A)soA(t)%'f?W.
and \f
ta+s A
Frf(t) = T2 £ ().
R ()= e R<(.)a+2f><>

Our main result is the following



Theorem 0.2 Assume (H1) to (H6) hold and let ¢'(t) € L' ((1,+c0),dt).
Then for every f € L' (R*, VA®) dt), Srf (t) and Frf (t) are well defined

T+
and for every t € [0, +00)

i |Sef (8) = Frf (0] = 0.

Corollary 0.3 Assume (H1) to (H6) hold and let ¢’ (t) € L' ((1,+00),dt).

Assume p = 0 and 3313 <q< %, or p >0 and 2t% < ¢ < 2. Then for

2a+3
every f € LY (RT, A (t)dt)

lim Sgf(t)=f(t) ae.

R—+o00

The next Theorem shows that the above results are essentially sharp.

Theorem 0.4 Assume (H1) to (H5) hold. If p > 0 the operator Sg cannot be
defined from LP (RT, A(t)dt) into the space of tempered distributions for any
p > 2. If p = 0 the operator Sr cannot be defined from LP (RT, A (t)dt) into
the space of tempered distributions for any p > T—T—l'

Theorem 0.5 Assume (H1) to (H5) hold. There exists f € L7t (R, A(¢) dt)
supported in (0,1) such that Sgf (x) diverges as R — +oo for every x €
(0, +00).

As we pointed out before, the equiconvergence Theorem 0.2 is based upon
the asymptotic expansions of the eigenfunctions ¢, (z) and the Harish-Chandra
function ¢ (\). Some of this kind of results are well known, some are not. In
particular, our techniques require to know the behaviour of the function ¢ (X)
for InA < 0 and |A| small. In [2], Bloom and Xu solve this problem, apart
from the case which, in our notation, corresponds to p =0, —1/2 < b < 0, A(t)
recessive (see Definition 1.10). This case has been studied by O. Bracco in his
Ph. D. thesis [4], but only in the case A € R. In this paper we completely solve
the problem, with weaker hypotheses than those required in [2] (see Theorem
2.4 here). In an effort to make the paper more accessible, even for the reader
unfamiliar with this subject, we decided to state all these approximation re-
sults, both old and new, with complete proofs. Sections 1 and 2 are therefore
devoted to these matters, and are essentially self-contained. In Section 3 we
prove the convergence and divergence results. In the Appendix we state some
general results on asymptotic approximation of eigenvalue problems, that we
use repeatedly in Sections 1 and 2.

As a final remark, we would like to emphasize that the proof of the equicon-
vergence result does not require the Fourier inversion formula (0.2). This, in
fact, is an immediate consequence of Corollary 0.3.

Corollary 0.6 (Inversion formula (see [2])) Assume (H1) to (H6) hold and
let ¢' (t) € L' ((1,400),dt). Let f € L' (RT, A(t)dt)(C (RT) and assume that

n 1 + d\
fEL (R ,W),then

dX

+<><>A
f(t)=/0 Fen )



0.3 Notation and preliminary estimates

In this section we introduce the notation that will be used throughout the pa-
per. We will also recall some definitions and well known estimates for Bessel
functions.

By f(t) ~ g (t) as t — to we mean

lim m =1.
t=to g (¢

By f(t) =0(g(t)) as t — top we mean

mM—O.

1 =
t=to g (1)
By f(t) = O (g(t)) we mean that there is a positive constant ¢ such that
t
‘f()‘ <e
g(t)
By f(t) = g(t) we mean that there are positive constants ¢; and ¢y such
f(®)
€1 X g (t) X C2-
The symbol C* denotes the non zero complex numbers, RT denotes the

positive real numbers and R~ denotes the negative real numbers.

The Wronskian determinant of the functions f and g is the function W (f, g) =
fg —1rfyg.

The Bessel function of the first kind of order v will be as usual denoted by
Jy (), the Bessel function of the second kind of order v by Y}, (x) and the Bessel

functions of third kind (Hankel functions) of order v by HY () and HY (x),

HY (z) = J,(2)+iY, (2)
H? () = J,(z) -1V, (z).

We will use the notation
Ju (2) = V&, (z)
Vo (z) = VaY, (2)
HY () = Vel (2)

HE () = Vel (2)

All these are multivalued holomorphic functions on C*, and we will consider
their principal branch on the complex plane cut along the ray (—o0,0]. For a
negative x we will agree to define

HP (z) = lim HP (2).

Z—T
Im 2<0



In other words we will take the principal branch of HP (z) for all z € C* with
—7m < arg(z) < .

In the sequel we will use the notation (z) = | - Observe that for small
value of z, (z) ~ |z| while for large z, (x) ~ 1.

Proposition 0.7 For all v > —2% the following estimates hold uniformly in

2
t>0, AeC.
17, (M) < C (A) /2 elmAlt,

’8875 (T (m)‘ < CIA ()2 elmale,

For v # 0,
D, (A)] < C (A)~IHL/2 climle,
i —|v|-1/2 |I )\\t
Also 2
< 1/2 |Tm At
Vo (At)] < C (At)? 1og <<At>) Al
0 —-1/2 2
ot S - |Ith.
ot (yO ()\t))‘ <C |)\‘ <)\t> log <<)\t>> .
For v #0,
’H,(,Q) ()\t)’ < C<)\t>—u+1/2 Y
‘gf, (Hl(,2) (At))‘ <O\ <)\t>*ufl/2 lm At
Also

2
1 (0] < €' 1og ( < At>> elmAt,

& (12 ))’<C|)\|<)\t>1/210g<<i>)61m,\t.

See [10] Chapter 5 for the details.

1 Asymptotic expansion of the eigenfunctions

1.1 Estimates for ¢, for large A

In [7] Fitouhi and Hamza obtained an asymptotic expansion of the kind

M
ja+m ()\t)
VAR, (t) = Z am (1) Nl + R (A1)
m=0
and suitable estimate for the remainder valid for A € R and ¢ > 0. This
expansion essentially quantifies the effect of the perturbation B (t) of assumption
(H3) by showing that the eigenfunction p, can be approximated using Bessel



functions. In the case of noncompact symmetric spaces this expansion has been
previously obtained by Stanton and Tomas (see [12]).

For the proof of Theorem 0.2 we need estimates for the remainder valid for
A € C. This estimates will be proved in Theorem 1.2 using a technique similar
to that of Fitouhi and Hamza.

Lemma 1.1 Let G be a smooth even function. Define recursively

by = 2°T (v + 1)

L o (5
b 0 = =g [ " (b () 2

(1—-2a)—G ()b (s)) ds.

Then by, is smooth and even. Also, calling an, (t) = t™b,, (t) we have

, 1-2a—-2m , 2am +m
Gy ; ay, 2

am — G (t) am +2a),,; = 0. (1.1)
Furthermore, assume that for all 0 < k < M one has

G™ e L' ((1,+00),dt).
Then for every0 < m< M+1and 1 <k<M—m++2 one has

a®) e L' ((1,+00),dt). (1.2)

Proof. Assume by induction that b,, is smooth and even, then

o (064 "2 1 20) - G (9 )

S

has the parity of m, it is smooth and is O (s™) near zero. Therefore its integral
has the parity of m + 1 and is O (tm“) near zero. Multiplication by ¢t~™~1
gives an even smooth function. Equation (1.1) follows directly from the recursive
definition of by, 1.

Assume now

G® e L' ((1,400),dt)

for all 0 < k < M. To prove (1.2) assume by induction (on m) that al¥) e It
forI<kE<M-m-+2.
Observe that since

1 t
amy1 () = —5/0 (s™blr, + ™10, (1—2a) — G (s) an) ds
I 1—20—2 242
_ _,/ oAz m e (W—G(s)>d&
2 Jo s s

agﬂq is a linear combination of expressions of the form k=146 for ¢ =

0,...,k+1or G(kfl’z)a%) for £ = 0,...k — 1, all integrable by the induction
hypothesis if 1<k M-m+1. =



Theorem 1.2 Assume that (H1) to (H4) hold. Let G as in (0.6), let M > 0
and assume G*) € L' ((1,400),dt) for 0 < k < M. Then for A\ € C* and t > 0

M
VAD 0 = Y om0 2280 4 Ry (01

where the coefficients a,, are as in Lemma 1.1 and the remainder satisfies the
following estimates. If a # 0

« 2 M+1
(AR ) Im(\)|¢
[Bar (A 1) < C N[O/ eltmle (1)

and -
'5 flar (2 ’”’ C<At>|i+a+jfszu e 1)
where O (t) = e i JoIG@)ldv. Ifa=0
M M+1
a0 < 0 +|2>\<|3>/2++1\410g< T Im(leg (1
e M+L \M+1
%RM ey t)’ PO ey

) Im(\)|t
|>\|1/2+M eltVle (1).

Proof. Observe that, ¢, = ¢_, and that, being Jatm(At)

ST EEVE entire and even in
A, the above expansion only needs to be proved for A € C*\R™. Replacing the
expression

M
Tatm (M
> am (1) W + Rar (A1)
m=0

in equation (0.5) we obtain

Qm

@y Ay
e mz::() { it Jatm (AL) + 2)\ Wjoc-‘rm (L)

2 1
+(/\2at2 4)?\2‘7(1-}7;1()‘15)G(t)i:’llja"’_m(/\t)}
d2

2 _ 1
2 @773
+ ﬁRM (A1) + ()\ - 4 —G(t)) Ry (M t) =

Using the well known identities




and the recurrence relation defining the coefficients a,, (t), we obtain

d2RM )\2 _ 042 - i
dt2 2

joc—i-M (At)
)\M+(l+1/2 .

)RMG(t)RM+2a/M+1

The associated homogeneous equation
2_ 1
a2 -1
v”—|—<)\2— 4)11:0

has the linearly independent solutions 7, (At) and Y, (At), with Wronskian

™

(see [10, §5.9]). In view of Lemma A.1, a solution of the integral equation

To (M) Va (AS) —Va (/\t) Ja (/\5)
2

Ry (A1) = —w/t (1.4)

, Jot+m (A
X {G (s) Rar (A, 8) + 2aly41 (5) W} ds.

also satisfies equation (1.3). We will clarify later that there is a solution of
the above integral equation which satisfies the required Cauchy conditions, and
therefore there is no ambiguity in calling Rjs (A, s) the solution of (1.4). We
now apply Theorem A.2 with kernel

Ta (At) Yo (AS) — Vo (ML) Ta (As)

k(t,s)=—= o . (1.5)

In order to estimate the above kernel we point out that it can also be represented
in the following forms

77Tj_a (M) Ta (As) — Ta (M) T—o (A8)

kL, s) = 2\ sin (o) (1.6)
s = —n W OOHD 09 - HO Q) HE 00 o

4

Classical estimates on Bessel and Hankel functions applied to (1.5) when |A¢] < 1
and o > 0, to (1.6) when |X| < 1 and —3 < a < 0 and to (1.7) when |Xt| > 1
give (see Lemma 1.5 in [4]), for 0 < s < ¢,

cL <)\t>|al+1/2 eltm)|(t—5) <>\S>,‘a|+1/2 Jifa#0

[Al
|k (t, s)| <
Cﬁ (A2 ImNIE=3) (A5)1/2 Jog ﬁ, ifa=0
’8k C <)\t>\a|fl/2 eltm(N)[(t—5) <>\S>,‘a|+1/2 L ifa#0
ar (t’ 8) <
ot

C ()12 eltmOIE=9) (A5) 2 log 25 if @ = 0

10



and the hypotheses of the theorem are satisfied with

1 a
PO (t) _ OW <)\t>‘ |+1/2 e\Im(/\)|t

P (t) = C<)\t>|a\—1/2€|1m(>\)\t

<)\5>7‘a|+1/2 e Imls if o £ 0

Q(s) = " ) o
(As)" /" log (W) e~ MmNls if o =0
/ o )\
69 = 2o (9L
J(s) = Qs)7
Observe that o
Ko =sup Py (t) Q (1) =
£>0 A

and

k=supQ ()| ()] = 1.

t>0

The integral
t
v(0) = [ Jo()] ds
0
converges, since

CINT 2 M fal g ()] Q)T i a2 0
[6(s)] <

O Jaly g ()] ) o () i =0,

Actually, noticing that
@y (5)] < CsM
for s < 1 and that a),, € L* ((1,+00),dt) a simple computation shows that
C [N HEM ()l EMEL ( MAL o o £ 0
o (1) <
CIN MM ()M o s for a = 0.

Therefore there is a continuously differentiable solution Rys (A, t) satisfying the
estimates given in the statement of the theorem.
Since /A (t) = t*t1/2 (1 + o(t)) as t — 0% (by (H3)) the initial conditions

become after the Liouville transformation

VA, (t) =tTY2 (1 +0(t)) ast — 0.

11



The expression

o~ _an ()
Y iz Jatm (ML) + Rar (A1)

m+a+1/2
m=0 A

trivially satisfies this condition, as

M

Z am (t) Toem (\) = pat1/2 4, (ta+3/2> :

m+a+1/2
m=0 A

while |Rar (), t)] < Cyto+5/2 ‘log ('*"f)( — o (t*¥2) as t — 0. m

1.2 Estimates for ¢, for small A

In this section we will show that the equation v = qu that is satisfied by
VA (), (t), has two independent solutions W; and Ws that have different
behavior at infinity. Namely Wy (t) &~ ¢tz and Ws (t) ~ ta+3 . Consequently
VA (t)pg (t) has one of these two possible behaviors. In the following we will
study under which conditions these two behaviors occour. This will play a key
role in the study of the Harish-Chandra function as we will see in Chapter 2.

In the next Lemma we obtain a bound from below for ¢;, (t) when —p <
n < 0.

Lemma 1.3 Assume (H1) to (H4) hold and let —p < n < 0. Then
Pin (t) > e~ (p+mt.

Also
0o (t) = e P (1+pt).

Remark 1.4 The first estimate of the above Lemma follows readily from the
Laplace representation of p,, (see e.g. [5]). The second estimate seems to be
new. We give a direct proof of both.

Proof. When n = —p the estimate is trivial since ¢_;, = 1. Assume p > 0 and

—p<n<0andlet g(t) = e(p+’7)tgam (t). A simple computation shows that g
satisfies the problem

9"+ (A((t)) (p+n))g —(p+n) (A((t)) 2/))9 =0
g(0)=1
9" (0)=p+n

Consider first n = 0. We only need to show that ¢’ (¢t) > p for every ¢t > 0.
By contradiction assume ¢’ (t) < p for some ¢ and let

tO:inf{t>0:g’(t) <p}.
Our assumptions imply that ¢ (0) = — 5445 so that g" (0) = %ziépQ > 0, since
g’ (0) = p we have ty > 0. Also ¢ (to) = p and ¢” (t9) < 0. Being ¢’ (t) > p on
[0,t0] we have g (tg) > 1 + pto. By the definition of ¢y there exists t; > ¢y such
that ¢” (t1) <0, ¢’ (t1) < pand g (¢1) > 1.

12



Substituting into the differential equations yields

")+ (S ~20) @ () = po (1)) =0

which contradicts ¢” (¢1) < 0.
Let now —p < 1 < 0. In this case it is enough to show that ¢’ (t) > 0 for
every t > 0. By contradiction assume ¢’ (t) < 0 for some ¢ and let

to =inf{t > 0: ¢ (¢t) < 0}.

Since ¢’ (0) = p +n > 0 we have ¢ty > 0 so that ¢” (to) < 0. As in the previous
case there exists t; > to such that ¢” (t1) < 0, ¢’ (t1) < 0 and g¢(¢t;) > 1.
Substituting into the differential equation we obtain

")+ (G =200 ) ) = o+ (S —20) 9 o)

that contradicts g’ (t1) < 0. m

Remark 1.5 A close look at the proof shows that v, (t) = e="'g (t) where g is
a increasing function for —p < n < 0 and ¢’ (t) = p for n = 0. In both cases
9(0)=1.

The following Lemma shows that under our assumptions, p > 0 implies
a > % This fact will be useful in the sequel.

Lemma 1.6 Let assumptions (H1) to (H4) be satisfied and let p > 0. Then
(H5) cannot hold for any a < .

Proof. Assume, by contradiction that (H5) holds for some 0 < a < . Let

o =2p+h(t),

by (0.4) and assumption (H5) we have

a(t)=ph(6)+ {h(+ 5K ()= "2 +¢0)

where ¢ € L' ((1,400) , tdt). Then

ph(0) + 3 (1) < ph (1) + 3h (B + 30 () = "2 4 C(0),

so that
2 1

20th (1) + th' (t) < 22 t_ 14 21¢ (1),

Therefore

/: (2psh (s) + sh' (s))ds < 2 (a2 — i) logé + 2/Z+OO s|¢ (s)|ds.

13



Integrating by parts we obtain

th(t)—zh(z)+/:(2ps—1)h(s)dsgz(aQ—1) 1ogi+2/:°°s|<(s)|ds

4

Taking z > ﬁ we have

1 oo
_zh(z)<2(a2_4)logz+2/ s|¢(9)]ds

and letting ¢t — +00 we get a contradiction. m

We now consider the behavior of ¢, (t) as t — +00. We will show that under
assumption (H5) the differential equation Lu + p?u = 0, satisfied by ¢, (¢) has

two linearly independent solutions that behave like A (t)_% t£972 when a > 0

and like A (t)_% t2 and A (t)_% t2 logt when a = 0.

The next result can be found in the proof of Proposition 3.17 of [2]. See also

[4].
Theorem 1.7 Assume (H1) to (H5) hold and let

t—a—&-%sa—&-% _ ta—&—%s—a—&-%

E(ts) = - (5

when a > 0 or
k(t,s) = (t%s% log (s) — t7 log (t) s%> ¢ (s)
when a = 0. Then the equation
v’ = qu

has a unique solution W1y that satisfies the integral equation
1 +oo
Wy (t)=t"2 + / k(t,s) Wy (s)ds
t

and such that, setting )
Wy (t) =t 2 4+ E(t),

the error term E (t) satisfies
|E(t)] < t otz (ecft > sl¢(s)lds _ 1) ’
E'(t)] < t oz (ecf:“s\c(snds _ 1)
fora >0 and
B(t)] <t (ecffwslog(1+s>|<<s>\ds _ 1) 7
|E'(t)] < t7% (ecff""slog(1+s>|<<s>\ds B 1)

fora=0.
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Proof. We write the equation (1.9) in the form

and we observe that the associated homogeneous equation has for a > 0 the
solutions 472 and ¢t=92 while for a = 0 the solutions are t2 and ¢2 logt. The
fact that a solution W7 (¢) of (1.10) is also a solution of (1.9) is a consequence
of Lemma A.1. The existence and uniqueness of W; satisfying the estimates for
E (t) = W (t) — t~**2 follow from Theorem A.2. m

Corollary 1.8 Assume (H1) to (H5) hold. Then the equation
v =qu (1.11)

has a solution V satisfying V (t) ~ t972 as t — +o0 for a > 0 and V () ~
t2 log (t) as t — +oo for a = 0.

Proof. Let ty be large enough and let

¢
Wi (t
v [ U
to (Wi (s))
It is not difficult to check that V satisfies (1.11) and the required estimates. ®

Remark 1.9 Since VAp, is a solution of equation (1.11) we have \/Z(po =
Wi (t) + oV (t). If follows that \/Ap, has two possible behaviors at infinity.
If c3 # 0 we have v Ap, =V (t) otherwise v Apy = c; W (t).

In order to distinguish these two possible behaviors we introduce the follow-
ing terminology.

Definition 1.10 Assume (H1) to (H5) hold for some a > 0. If /Ay, (t) =
c1Wi (t) for some c¢1 # 0 we say that A(t) is recessive. Otherwise we say that
A(t) is dominant.

Lemma 1.11 Assume (H1) to (H5) hold with p > 0 then A (t) is dominant.

Proof. By Lemma 1.6 we must have a > % By contradiction assume that A ()
is recessive. By (H3) and (0.3) we have /A (t) > ce?? for large t. Applying
Lemma 1.3 we have

1

Ce?t (1 + pt) e <A (), (t) = W () ~ 79T 2
that letting ¢ — +oo gives a contradiction. m

Lemma 1.12 Assume (H1) to (H5) hold with p =0 and a > § then A(t) is
dominant.

Proof. Assume by contradiction that A (t) is recessive. When p = 0 we have

©g (t) = 1. Therefore
VA =Wy (t) ~t 2
that contradicts the fact that A (t) — +o00 ast — +00. ®
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Lemma 1.13 Assume (H1) to (H5) hold with p=0 and 0 < a < § then A(t)
A)

is dominant if and only is =~ is unbounded as t — +o0.

Proof. Assume A (t) is recessive, then /A (t) = cW; (t) ~ t~**2 so that

@ ~ 72 If instead A (t) is dominant then /A (¢) ~ t2+% for a > 0 or

A(t) ~t2logt. m

Remark 1.14 We have shown that, if (H1) to (H5) hold, there is a b > —1/2,
b] = a, such that \/A (t)p, (t) ~ t27°, except when A is dominant and a = 0,
in which case \/A (£)@, () ~ t2 logt. In the former case the values —3<b<0
correspond to A (t) recessive while the values b > 0 correspond to A (t) dominant.
In the latter case we will say that A is singular.

To deal with the recessive case we need a solution of equation (1.9) con-
structed in a way similar to the one used to construct Wi. This requires the
stronger integrability condition on ¢ described in assumption (H6).

Theorem 1.15 Assume (H1) to (H6) hold with A (t) recessive. Let k (t,s) as
in Theorem 1.7. For —% < b <0 the equation
1!

v = qu

has a unique solution Wy (t) that satisfies the integral equation
1 Foo
Wy (t) =tz + / k(t,s) Wa (s)ds. (1.12)
t
such that, setting Wy (t) = t%72 + E (t), we have

[E(1)]

|E/ (t)| g tiaié (66 ft‘FOO S2a+1‘<(5)|d8 B 1) '

N

oty (ecfi“” s2F[¢(s)|ds _ 1) 7

When b = 0 the above equation has a unique solution Wy (t) satisfying the
integral equation

+o00
Wa (t) :t%log(t)—l—/ k (t,s) Wy (s) ds (1.13)

such that, setting Wy (t) = t2 log (t) + E (t) we have
|E(t)| < t% (ec t+00510g2(1+s)|c(s)\ds _ 1) ’

E'() < t°3 (ecfr‘”slog2(1+s>|<<s)\ds _ 1) .

The proof is similar to the one of Theorem 1.7.
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1.3 Estimates for o,

The next Theorem is essentially due to Bloom and Xu (see Lemma 3.4 in [2]).
We include a proof for reader’s convenience.

Theorem 1.16 Assume that (H1) to (H4) hold and let G € L' (1,+00). Then,
for every A € C*, the differential equation

Lu = ()\2 +p2)u

has a unique solution ®y (t) over (0, +00) which is twice continuously differen-
tiable and satisfies

A2 () @y (1) = e + MR (N, 1), (1.14)

with
R(\t)—0 ast— oo, (1.15)
88—7:(/\, t) — 0 ast — oo. (1.16)

Moreover, for Im () >0, A # 0, and t >0
IR\ )] < entdila@ldr _y

9 7 S la()] dv
N < ¢ 14 — .
atR()\, t)‘ < A (ew 1)

Proof. Let A # 0. After the Liouville transformation /A (t)u (t) = v (¢), the
above equation becomes equation (0.5)

UH—I-()\Q—a

Replacing v (t) with e + eMR (), t), we obtain

%R(/\, ) +2M%R()\, H=q®) RO ) +q(t). (1.17)

The homogeneous equation

d—QR(A t)+2'/\£72(/\ t)=0
dt? ’ Nt P

—2iAt

has the linearly independent solutions 1 and e with Wronskian

W (1, e7?) = —2ixe N,

Assume now Im(A) > 0. In view of Lemma A.1, a solution of the integral
equation

00 e—QiA(t—v) _
R(A,t>=[ g @R O, ) g (0) do.

also satisfies equation (1
e—2iN(—v) _

.17). 'We now apply Theorem (A.2) with k (¢, v) =
PID ) ¢(U) = 7/}0 (U) =

q(v) and J (v) = 1. Since Im (A) > 0 a standard

17



computation shows that we can set Py (t) = ﬁ, P (t) =1, Q(v) = 1. There-
fore there is a unique solution R (A, t) of the integral equation which is twice

continuously differentiable in (0, +00) and satisfies

R(\ t) —0ast— oo,

0
&R()" t) — 0 ast— oo.
Furthermore Lo
R (A )] < e Jla@ldr g
and

9 & [ la() dv
SR t)’ <A (ew - 1) .

When Im (\) < 0, we consider the integral equation

2iA
instead. Its solution also satisfies equation (1.17). Applying Theorem A.2 as be-

t 672i)\(t7v) _
R(A,w:—/b Tl @R 0 + g} du

fore we obtain a unique solution R (X, t) continuously differentiable in (b, +00)
and satisfying

R(A\t)—0ast—b,

%ﬁ(/\v t)—0ast—b.
FurthermOre |
‘75(% t)] < et fila@ldv g
and ,
~ o
ot < Wfb‘Q(’U)\dv . .
‘atR()" t)‘ <Al (e 1)
Observe that R (A, 00) = limy_o R (A, t) exists and is finite. Indeed,
R ] _ g 2iA(t—v) i
R (A oo) = tll>rgo b N [q(v)R(/\ v) Jrq(v)} I
1

= s [[s@RO ) +aw] @
_/t/2 o~ 2iA(t—v) {q ()R (A, v) +q(v)} dv
b
_/tt o= 2iA(t—) {q ()R (A, v) _,_q(v)} dv S

/2

and this limit exists because R (A, v) is bounded, ¢ (v) is integrable near infinity,
and

ye ~ t/2
/ 6721/\(1571)) {q (U) R ()\7 'U) +q (U)} dv| < Ce2lm At/2 / ‘q ('U)| dv — 0
b b

¢
< C lg (v)] dv— 0
/2

/t; o~ 2iA(t—) {q (W) R\, v) +q (U)} dv

18



as t — oo. Thus R (\,00) = 35 o {q(v)ﬁ(k, v) +q(v)} dv. It is easy to
show that the function

R\ t) =R (X, 00)
1+ R () o)

R\ t) =

(the denominator is different from 0 as long as b is big enough) is a solution of
(1.17) too. Furthermore,

RN\ t)—0ast— o0

and
R 1 OR
— (N t) = — — A\, t) =
8t( ) 1+ R (A o0) Bt( )
1 " aiaot) ~
= — e MUT V)R (A v)+q(v dv}—>0,
1+R(Mo){/b laRO ) +a()
as t — oo.

We have shown that the equation Lu = ()\2 + p2) u has a solution ®, that
satisfies (1.14), (1.15) and (1.16). Observe now that ®_j is an independent
solution of the same equation (see the next Corollary for an explicit computation
of the Wronskian). It follows that any solution can be written as c; @y +co®_ .
This immediately implies the uniqueness of ®,. m

Corollary 1.17 Assume (H1) to (H4) be satisfied and let G € L' (1,+00). If
A € C* then the functions @y (t) and ®_y (t) are linearly independent solutions
of the equation

Lu= (N +p*)u

and their Wronskian is given by
W (®y, D_y) (1) = —2iXA ()"

Proof. It is enough to show that W (A1/2<I>>\, A1/2<I>,,\) = —2i)\. First observe
that W (AI/QCID)\, A1/2<I>_>\) is constant in ¢, since the coefficient of v in equation
(0.5) vanishes. Thus,
% (A1/2<I>A, A1/2<I>,A) = lim W (A1/2 () Dy (), AV2 (£) D_ (t))
—00

= lim W (M A+RA ), e ™M (1+R (= 1))

= tlim “2IAN14+RN))A+R(=N))+WA+RA L), 1+R(=At)

= =2\

[
Following, and partially modifying [2], we define

NTY29 ) (1) when a > 0,
& (1) =
A2 (log %)_1 ®_,(t) whena=0,
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2031 (a)

— e 1 2a=1F  when a > 0,

Cy (a) =
%ei% when a = 0,
" g
T when 0 < a < 3,
Cs(a) = 2 2 ay/m

\/ge’i% (1 — 2772) when a =0

where v = 0.57721566... denotes the Euler constant. Also let W; as in Theorem
1.7 and W5 as in Theorem 1.15. _

The next three Theorems describe the analyticity properties of A — ®_, (¢)
and its behavior as A — 0. The first one is contained in [2].

Theorem 1.18 Assume (H1) to (H5) hold. Then for each t > 1 we can write

VAD)D_y (t) = Cy () Wy (t) + 25 (£)

with A — 2, (t) and X — 2, (t) analytic in {Im (\) < 0} and continuous in
{Im (A\) < 0}. Moreover

lim 25 (1) =0 (1.18)
Im?éo()

and

d
lim — =0. .
lim =2, (1) =0 (1.19)
Im A<O0

In the case A (t) recessive we will need more precise information on the
behavior of Z) (t) as A — 0. This situation happens only if f% <b< 0. We
address this case in the following two Theorems. Recall that a = |b|.

Theorem 1.19 Assume (H1) to (H6) hold with —1 < b < 0. Then
A(t)B_y (t) = Cy (a) Wy (£) + Cs () N2Wy (£) + A2 Zy (1)

and for every t > 1, the functions X\ — Z (t) and X\ — 4 Z, (t) are analytic in
Im A < 0 and continuous in Im A < 0. Moreover

lim Zy(t) =0 (1.20)

and

I A<0
Theorem 1.20 Assume (H1) to (H6) with b =0 and A (t) recessive. Then

C2 (0) Wy (t) — Cy1 (0) Wa (2) n Zx (t)

A)D_x (t) = C1 (0) Wy () + o 2 log 2
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and for every t > 1, the functions X\ — Z (t) and X\ — L Z, (t) are analytic in
Im A < 0 and continuous in Im A < 0. Moreover

lim Zy (t) =0
A—0
Im A<0
and

(1.21)

of

Proof of Theorem 1.18. Observe that, by (0.5), \/A (£)®_ (¢) is a solution

o (1) + (/\2 - a:; 3*) v (t)

The associated homogeneous equation

(1.22)

v (t) + ()\2 - QZ; i) v(t)=0

has the two linearly independent solutions HS” (At) and T, (At) with Wronskian

w (H53> (), T ()\t)) _ 2

™
By Lemma A.1, a solution of the integral equation

v () = C () HD (A) + / ki (bs, ) €2y (s (1.23)
t
where

ky(t,s,A) = L)\ (Hff) (M) To (As) — Tu (M) HP) ()\8)) ¢ (s) et=2)
i
also solves (1.22).
We will show later that for a suitable choice of C (a), \/M‘ILA (t) is a
solution of (1.23).

Assume now a > 0 and let ¥y (t) = A3y (t) €. With this notation the
above equation reads

Ty (1) = C (a) N THE) (At) e + / Ky (t,s,\) Dy (s)ds
t

(1.24)
When ¢ < s and Im A < 0 the expansions for Bessel and Hankel functions give

—a+1/2
k5, 2] < 0

o P (1.25)
0k —a—1/2 a+1/2
E (t’ 5, )‘> < C <)‘t> <)\S> |C( )| .
Theorem A.3 applied to the integral equation
_ 1 , ki (t, s, A _
Oy (t) = C(a) X" 2HD () M + / 15(((85))54 (s)Tx (s)ds  (1.26)
t
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with

d(s) = sC(s)
J(s) = C(a) A THD (At) e
Q(s) = CsHs)"™/?
Py(t)y = [A7MQw 2
Pty = (a2

ko= CA*T?

kg = C

shows that there is one solution vy (¢) such that

U (t) = C(a) X 2HE (M) e — 0,

% (%\ (t) —C(a) )\a_%H((f) (At) ei’\t) - 0
as t — oo. Let now
Cfa) =y 3¢5 (1.27)

so that C (a) )()\t) e ~ 1 ast — +oo. Theorem (1.16) and the decay
properties of vy ( ) give

Oa () = AY2 (1) D, () €.

Theorem A.3 also gives

]m () — C (a) \* 2 H® (At) e (1.28)
¢ —a+1/2 o
< JE2IC(s) sl ds _
S C<1+|)\|t> (6 1)
and
8 ~ a—1 i
‘31& (w () — C () \* 2HP (M) e M) (1.29)

n —a—1/2
< of -t O fRicllslds _ 1)
(1+|A|t> (e )

More precisely

=> (Wi (A = v (, A)
7=0
where

01 (6 0) = C (@) N"HHE) () e+ /t N wsc ()3 (5,7 ds

and vg (¢, \) = 0. Then for Im A <0,

¢ )—a+1/2 (Cf )| ds )J+1

. — s <
loj1 (8, A) — v; (¢, A)|\c<1+wt ].
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and

anJrl avj

i )= 2, A)‘ <c(

¢ —a—1/2 (C ftoo |C (S)| Sds)j-‘rl
1+ |/\t‘ j! '

This shows that vy (¢) and v} (¢) are analytic in {Im A < 0} and continuous in
{ImA < 0}.

In order to show (1.18) and (1.19) we observe that the estimates for v and
v}, allow to apply the dominated convergence theorem in 1.26. Since

20T
lim A*"2H®) (At) = wt%_‘ﬂ
A—0 s

letting A — 0 gives
To (t) = Cy (a)t2™° +/ k(t,s) o (s) ds
t

where k (¢, s) is defined by (1.8) and C; (a) = C (a) w
Also by (1.28) and (1.29) we have

5 (6) — Cu (a) 2

v (t) — (; - a) Cy (a)t~o"%

< Ctotl? (ec J=IC@)listds _ 1) ’

< Cpel2 (ecff\q(s)ns\ ds _ 1) ,

By Theorem 1.7 we see that g‘ig;)) satisfies the same integral equation as W7 ().

The above estimates guarantee the uniqueness of the solution of the integral
equation and we finally obtain vg (t) = Cy (a) Wy (¢) and therefore (1.18). Dif-
ferentiating (1.26) and letting A — 0 gives

lim o} (t) = <1 - a> Cy(a)t™ % + / ok (t,s) C1 (a) W1 (s)ds
1 A20 2 ¢ Ot

= Cy(a)W, ().

1

Assume now a = 0, and let Uy () = A2 (log%)flv(t) e, With this
notation equation (1.23) reads

) 2\ ! . o
Ty (t) = C(0) A2 <log A) HP (At) e + / ky (£, 5, M) Ty (s) ds
t

When [A|s > 1 and Im A < 0, the standard expansions for Bessel and Hankel
functions give

b (ts M) < CIAT 02 log (<i>) As)21¢ (5)
(1.30)

’ Oky

M, A>| < 0 og (1) 09216l

For the remaining case, |A|t < |A\| s < 1, observe that

HP (M) Jo (As) — To (M) HE (As) = —idvEs (Yo (M) Jo (As) — Yo (As) Jo (AL))
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and

Yo (2) = 2o () log & — = F (2)
where
_+oo (_1)k 2)2/@ k 1
FO=2 (T

and v = 0,577. .. is Euler’s constant (see [10, Chapter 5]). Thus

HE (ML) To (As) — To (M) HS (As)

= —i\ts [( Jo (At) log ﬁ - gF (/\t)) Jo (As)

(Lthbgﬁﬁ—QFu@)mxmﬂ
- —;i)\\/lg <J0 () Jo (As) 1og£ “F (M) Jo (As) + F (As) Jo ()\t)) .

It is easy to see that, for |A|t <

VR (A ‘ < CVAtand |2 (\/EF(/\t)ﬂ <
C |\l (\/\)\| t>7 . Therefore, for |A|t < || s < 1, we trivially have

) (M) o (0s) = T O MY (4s)

1 2
(As) : log TS

N

2
< C|)A VtzlogTS ~ (\t)

0
ot

2 _1 1 2
<cwﬁm:mmmawm%;

pfg (At) Jo (As) — To (ML) <>(Asﬂ‘

In the overall we have, for t < s and Im A < 0,

b (65, A< O (02 00 10 S5 I )
and Ok 2 (As)
1 —1/2 1/2 S
e (t, s, )\)’ C (\t) (As)"'“ log o 1€ (9)]-
Since

2 (\s) 2 2\ "
log g S < clog — o <log(25) <log |>\|> >

we can write

e s, N < el O log 7 <As>”2<1°g<2§’>|<<s>|,

log ™

N

0k
ot

R R <As>”2<1 L )><<>|

1og By
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The proof now follows applying Theorem A.3 to
2\ .,
() = CO)HP (M)A~ <10g A) eiMt

T e s s)C(s)v(s))ds
+/t Slog(QS)C(s)( log (2s) ( () v (s)) ds.

as in the case ¢ > 0. m
In order to prove Theorem 1.19 we need the following technical Lemma.

Lemma 1.21 Assume (H1) to (H6) hold with —1 <b <0, let
C'(a) = \/Zei‘“t”"
and let

Or(t) = C(a)HD M)A "2 — Oy (o) N2 7% — Cy (a) t2 0

Tk (t,8,0) —k(t,s a
+/ it A)Qa ©5) (64 (@) Wi (5) + Ca (@) W (s)) ds
t

where k1 is as in the proof of Theorem 1.18 and k is as in Theorem 1.7. Then
uniformly in Im X <0, )

|Ox ()| < etz
Also for every fized t > 1 we have

lim @,\ (t) =0

A—0
Im A<0

and
. / -
Im A<0

eV, (2) — J_q (2)

Proof. Since H? (2) = F—
T

the asymptotic expansions of J, we have

(see [13, Chapter ITI, §3.61]), from

gima O™ (et
aT(a —aT(—a 5_q
HE (At) = 2T(atD — 21 +1)+O(()\t)2 )
isinmTa

when |[A| ¢ < 1. A few computations give
C(a) N 2HP (At) €M — Cy (a) A7242 7% — Cy (a) t2 12
= o(MmE) =0 ().

Observe that since a < % the estimate O ()\1_2%%*”) implies that the above

expression goes to zero as A — 0.
In the case |At| > 1, the standard estimates on the Hankel function give

‘c (@) A2 HP) (At) €M — Cy (a) X723 — Cy (a) t21°

< ‘c (@) A" EH@) (Ap) ei)‘t‘ + \cl (a) A"20¢—a

+ ‘02 (a) t3+e

1
< cetzte,

25



We now estimate the integral part in the definition of © (¢). When |Af| < 1 we
estimate separately the integral on (¢,1/|A]) and the integral on (1/|A], +00).

The standard expansions for J, and J_, along with the identity HCE2) (z) =
a2 =Ioal2) give for M| < [As| <1

isin(am)

k1 (t,s,A\) — k(t,s)

e S et RS APTC ()]

so that

/1/|>\
t

/A b oo
< et / §2-20 | N[220 1420 | ()] ds < ot~ / 1420 |¢ ()] ds.
t t

kl (t7 S, A) —k (t’ 3)
)\211

‘C’l (a) Wy () + Co (a) A" W, (s)| ds

Since a < % we have

ky (ta S, >‘) —k (ta 5)

)\20, - 0

as A — 0 in Im A < 0, and the dominated convergence theorem shows that

/1/|)\ ky (t7 s, ))\\)2(1— k (t, S) [Cl (a) W, (S) + Oy (a) )\QaV[/'2 (5)] ds — 0.

When |As| > 1 by (1.25) we have
|k1 (¢, s,\) — Kk (¢, 9)] |k1 (¢, s, \)| + |k (t,9)]
et= 3 (I E 45 ) [ (s)]

< TS (s))

<
<

and therefore
[
1/[Al
1 oo
< ct§_a/ IC (s)] s'T2ds
/A

ki (t,8,A) — k(t,5)
/\2(1

’Cl (a) Wi (s) + Cy (a) \2*W, (s)| ds

that vanishes as A — 0 so that lim x_o O, (¢) =0.

Im A<0
In the case |At| > 1 we have

/+oo
t

+oo
< c/ (|A|*1+t%—asf+a) IC (s)] sE+ads
t

ki (t,s,A) — k(t,s)
/\2(1

|Cy (a) Wi () + Cz (a) N** W (s)| ds

1 oo
< ct5_“/ € (s)] s*T2ds
t
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In the overall

[ BRI (6 W (9) 4+ G () 22 (9) s

1 +oo 1
< ctﬁia/ € (s)] s'T2%ds < ct2 T,
t

The fact that lim y_o © (t) = 0 follows similarly. m
Im A<0

Proof of Theorem 1.19. Since ®_, (t) is analytic in Im A < 0 and continuous
in Im A < 0 it suffices to consider the case |A| < 1. Let

B (1) = VADF (1)
and N )
0 (t) = C1 (a) W (1) — Ca (a) AW ()
)\2(1 :
We will show that the functions A — Zy (t) and A — Zf\ (t) are analytic in
{Im A < 0} and continuous in {Im A < 0}, and that

Zy(t) =

lim Z, (t) =0
A—0
Im A<0

and B
. o
Im A<0
The analogous results for the function Z follow easily.
By (1.24), (1.10) and (1.12)

- +oo ~
7y (t) = Ox () + / Fy (t,5,\) Zy (s) ds. (1.32)

where O, is as in Lemma 1.21.
We now apply Theorem A.2 to the equation (1.32) that we rewrite in the
following form

_ +oo0 5 _
Zx(t) = O, (t) + / Fa (5, %) (5) 29117, (s) ds.

¢ Gls)s?eHt
For the kernel we have the estimates (see (1.25))

(M) 2 (As) 3

Fa(t,sA) | A —h®HQE)

(S) 82a+1

and ) )
O <)\s>a+§

9k A
5 (L5, ) NI =P (£)Q(s)

C(5) 571

arl —a+l 1
where Q (s) = c%, Py (t) = % and Py (t) = (At)"“"2. A simple

computation shows that kK = c|)\|a+% and kg = c¢. By Theorem A.3 equation
(1.32) has a unique solution wuy (¢) such that

Jlim_[ux (1) = ©x (5] =0
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and
lim_[u} (¢) — ©} (£)] = 0.

t——+o0

Such a solution is given by
ur (8) = D [ (8, 3) =y (¢, )] (1.33)
where

+oo
W (A =00+ [ ks N (5,0 ds
t

and ug = 0. Moreover

j+1
port (efTICE) e ds)
[ujtr (6, A) —u; (G A)] < e

(14 [A[#)~°F2 j!
and
el +oo 2a+17,)" !
Ousir 30 ’< rer (s
ot ot (1+ M) 2 J!

Therefore the above series and its derivative converge uniformly in A and we
have the estimates

oty

n -0 {—————
lux (£) = O (8)] < ENYISGE

(gﬂmm@w“wa_g

and .
Juh (1) — O ()] < ey (eSS )
(1+ X)) 72

By (1.32) we have

Zx(t) — Ox (1)

+oo -
/ k1 (t,s,A) Zx (s)ds
t

j:—oo k1 (t,5,2) (Ux (s) — C1 (a) Wi (s) — Ca (a) N2, (s)) ds.

)\Qa
Using the estimates on k1, ®_,, W7 and W5 we obtain that for large ¢
‘ZA (1) — Oy (t)‘

< 1/+Oo|k: (t,s,A) (0x (s) — C1 (a) Wr (s) — C: (a) N2 (s))] ds
S o 1 (2, s, A 1 1 2 2

1 +oo o
< C|)\|1+2a/t S a+t ‘C(S)|d$

It follows that _
lim [ZA () — Ox (t)} —0.

t——+oo
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A similar estimate shows that

lim [Z; (t) — O, (t)] =0

t——+o0

and by the uniqueness of the solution of (1.32) we have u, (t) = Z (t). To show
lim Z, (t) = 0 observe that
1 A20

Juj (£, N)] < ;e
and

li ; —0.

lim -, (t,A\)=0

Im A<0

Indeed, since

up (6, A) = O (1)

we have, by induction,
1 +oo )
w0 < 0 (19) ey [ b (s ) st s
t

1 1 +oo
< O <t5+a) +ct 0t / 1€ (s)| s*2tds
t
= 0 <t%+a) .
By the dominated convergence theorem we have

}\IH%) Uj41 (t, )\) =0.
ImTSO

Since the series in (1.33) converges uniformly we have

lim Zj (t) = 0.
A—0
Im A<0

The fact that lim x_.g Z;\ (t) = 0 follows similarly. m
I A<0

We now study the case b = 0 and A () recessive. As before, we need a
technical lemma.

Lemma 1.22 Assume (H1) to (H6) with b =0 and A (t) recessive, let

and let

Ox(t) = COHP A 2eM 13 (01 (0) log§ +C2 (0) — C1 (0) log t)

+oo kl (ta S, A)ik(t,s) S
+/t (1og§)‘1 {Cl (0) Wi (s)+

+ <10g i) (G (0) W (5) — €1 (0) W (s))] ds.
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Then for any t > 1, uniformly in Im A < 0,

ctzlogt for |\t >1
O ()] < )
ctz for At <1

Also for any fixed t > 1, we have

li =
)\lir%) @,\ (t) 0
Im A<O0

and

Im A<0

Proof. Since for ||t <1

VAt (logi 10gt> + (1 - 2;) VL4 O ((/\t)%)

il

HE (A) =
we have

CO)HP (M) A2 — 3 <01 (0) log§ + 5 (0) — C1 (0) log t)

= 0 ()\t%) log% =0 (t%) .

In particular the above quantity vanishes as A — 0.
In the case |At| > 1, the standard estimates on the Hankel function give

1 1 2
‘c 0)HP (M) A2t — 3 (C’1 (0)log -+ C2 (0) = C1 (0) log t) ‘

1 . 1 2
< Je@mR x| ik (e )l1og + 12 O]+ 61 0) gt

< ct? logt.

We now estimate the integral part in the definition of ©, (t). When |A\¢| < 1
we estimate separately the integral on (¢,1/|\|) and the integral on (1/ ||, +00).

The standard expansions for H(()z) and Jp give for |[At] < |As| <1

ki (t,s,A) — k(t,s)
(log %)™

2
A

< c|\log

2
ths3log = [ (s)

Cg (0) W1 (8) — 01 (0) W2 (S)

log %

so that
ki (t,8,2\) —k(t,s)

/1/|)\
t (log %)71

/1Al ) ) -1
< c/ c|Allog Wtésg logTs 1< (s)] [si‘ + (log ‘%) s? logs} ds
¢

ds

‘Cl (0) Wy (s) +

RYARY )
< ctf/ | (s)| slog” sds
¢
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Since
ky (ta S, )‘) —k (ta S)

(log 3) "
as A — 0 in Im A < 0 and ¢ (s) is integrable in slog? sds, the dominated con-
vergence theorem shows that the integral on the interval (¢,1/|\|) vanishes as

A—0inImA\ <0.
When |As| > 1 by (1.30) we have

— 0

[kt (5, 0) =k (69)] < Lk (85, A)] + [k (8, )
< CINTEebl0g (1) 1€ (5)] + st Tog s (s)
< ot (w—% log (ﬁ) + 57 logs) I (5)|
< Ctrstlogs|((s)]

and therefore
kl (ta S, A) —k (t7 5)

[
/1Al (log§)_1

+oo
/ € ()| slog? sds
/Al

ds

|:Cl (O) Wi (S) + Cs (O) Wi (S) - C4 (0) Wo (S):|

log %

W=

< Ct

that vanishes as A — 0. It follows that lim y_o O, (¢) = 0. The fact that

Im A<0

lim y_o ©) (t) = 0 follows similarly.
Im A< 0

In the case [MAt] > 1 the integral part in the definition of ©) (t) is bounded
by

+oo
ct? / | ()| slog? sds.
¢

The estimates on O, (¢) follow. m
Proof of Theorem 1.20. The proof follows the same lines as in the proof of
Theorem 1.19. In this case we define

O (£) = C1 (0) W (£) + (log 3) ™ (Ca (0) Wi () — C1 (0) W (1))
(log3) "

and we apply Theorem A.3 to the equation

Zy () =

_ oo 5 _
Zx(t) =0, (t) + / Fa (5, %) (s) slog? sZy (s) ds.

¢ C(s)slog?s
For the kernel we have the estimates (see (1.31)

k‘l (t, S, )\)

W gPo(t)Q(s)

and
9o (t,5,\)
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As 1/2 log(2s)(log 2 -t
L0t B) )y (1) = I (00 o 5 and Py (1) =

where Q (s) = SToz3]

<)\t>_1/2 log (}\—2” A simple computation shows that x < ¢ |)\|% (log I%\) and

ko = ¢. The proof follows as in the case —% <b<0. m

2 The Harish-Chandra function

Since for A € C*
4% ((I))\’ (I)—)\) 7£ Oa

the eigenfunction ¢, is a linear combination of ®, and ®_,. We define the
Harish-Chandra function ¢ () by

Ox(t)=c(A)Pr(t) +c(=A)D_x(2). (2.1)

By Corollary 1.17 we have

W (A2 (@) ey 1), A2 OAB) = W (A0 (1), AV (1) 0 (1))
= —2iAc(N).
so that
ey =i VA B0 (t;;A” MULSY0)} (2.2)
Since the Wronskian is independent of ¢ we also have
thm 14% (A1/2 (t) oy (1), AV (1) D_, (t))
c(\) =i—=2 (2.3)

2

In the next theorem we obtain an asymptotic expansion for ¢ () based on
the asymptotic expansion for A2 (t) ¢, ().

Theorem 2.1 Assume (H1) to (H4) be satisfied and let G and a,, be de-
fined respectively by (0.6) and Lemma 1.1. Let M > 0 and assume G*)
L' ((1,400),dt) for k=0,...,M. Then, for every A € C*, Im (\) < 0 we have

f 77(a+m)77)
27-‘- Z )\n7,+o¢+1/2 + EM (A) ’ (24)

m=0
where
eTN
[Ev (N <C [
and
Qm, (OO) = tl}gloo Am, (t) .
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Proof. By Theorem 1.2 and Theorem 1.16 we have
lim W (A1/2 (t) oy (), AYV2 (1) D_, (t))

t——+oo

M

. Qm —1 —1

= lm W (Z Wg/zjwm (M) + Rar (A1), e +em MR (=, t))
m=0

— —iAt
- ,im W ()\m+a+1/2‘70‘+m (AL), e )

M
( ) —iAt
+ ~ t—lgi-noo w (ijaer ()‘t) R (_>\a t)

+ Jim W (Rar (A1), e ™) + Jim W (R (A1), e MR (=M, 1))

Let us begin with the principal part. By Lemma 1.1 o
This easily implies a,, (£) — 0 as t — +00, so that

1 —1
W tllglo w (am (t) ja+m ()\t) , € )‘t)

1 N\ —i
= W hm {am t) Jatm (A) (—iX) e A m( ) Tatm (At) e

_am( ) (ja+m )\t Z)\t}

s i (D (o (O8) (<) — (Tacn (WD)')

)\m+a+1/2 =

a’ € L' ((1,400) ,dt).

m? m

The standard expansions for Jy 4 (Af) and the well known identity

(Focrm (A1) = MJM (M) + Aacsm—1 (M),

| (1) e _ —fd Batmif)
tllgrnoow (Am+a+1/2 Joctm (M) € ) B T \mta—1/2 tll+moo am (1)

Observe that lim;_, | o ay, (t) exists since a/, € L' ((1,+0o0), dt). The remainder
terms

W <W3a+m (At), e MR (=), t)>

)\m+a+1/2
and 4
W (Rar (A1), e MR (=N, 1))
tend to 0 as t — 400, as the functions )\71?++(i)1/2u7a+m (A\t) and their derivatives

are all bounded by ¢ /™ (and so do Rys (A,t) and its derivative) while
e MR (=, t) and its derivative are bounded by e!™™?* times a term that tends
to 0 as t — +o0.

As for the other term, by Theorem 1.2

C
—iA CelT
Jim W (R (A 8), ™) | < DY

By (2.3) the theorem follows. m
In the sequel we will need the following expansion for |c (\)|°.
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Theorem 2.2 Assume (H1) to (H4) be satisfied. Let M > 0 and assume
G®) e L' ((1,400),dt) for k=0,...,2M + 1. Then for every A > 0 we have

M

2 1 dy =
lc(MI" = oot T Sz:;) e + Eoprt1 (A),
where
2s
ds = (_1)3 Z (_1)m Qm, (OO) a2s—m (OO)
m=0
and

C
~ ex T
‘E2M+1 (/\)‘ < szMm~

Furthermore, if G,G" € L* ((1,+00) ,dt) then for every A € C*, Im (\) < 0, we
have

a2 ay (00) ag 1 =
NP = 0 Im~ + FE; (\),
e (V)] 27T|)\|2a+1 ﬂ_‘)\|2a+l m>\+ 1(A)
and
_ eTAT
’El (A)‘ <C|>\‘QT+3~

Finally, if G € L' ((1,+00) , dt) then for every X € C*, Im (\) < 0, we have

and

Proof. By Theorem 2.1

1 (WH ¢i(=F(orm)—F)

cNe) = — | >

2m \ am (00) + E2n41 (>\)> X

)\m+a+%

M4 i 5 (atn)+T)

> o () + B )
1 2M+1 s

= X X

s=0 m=0

2M+1

61’%(572777,) .
Wam (00) as—m (00) + Eanrv1 (A)

1

27
s=0

i . ~
Nst2atT Z (=1)" @y, (00) s (00) + Eanrg1 (N).
m=0

Since for s odd, .7 _ (=1)" am (00) as—m, (00) = 0 we have
M

m=0
2 1 (71)5 > m -
e = 5.2 Jzsrmat D (1) am (00) ags—m (00) + Eanrgr (A)
s=0 m=0

M

1 1 ~
- o Z st + Eaonrg1 (N) .
s=0
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The estimate for Eg M+1 (A) follows from the analogous estimate for the remain-
der in Theorem 2.1. The rest of the theorem follows in a similar way. m

Corollary 2.3 Assume (H1) to (H4) and let G € L' ((1,+00),dt). Then if
|IA| = 400, Im A < 0 one has
L
e (M)

Theorem 2.4 Assume (H1) to (H6) hold for some b > —1/2. If A is non
singular (see Remark 1.14) then if A — 0, Im A < 0

~ MOtz

~ |)\|b+%

gevl

and X\ 3¢ (A" is analytic in Im A < 0 and continuous in Im A < 0. If A (t)
is singular then if A\ — 0, Im A < 0

1 12 2\ "
—— & | <log )
[c(A)] Al

and A~Y/? log 2 ¢(N) " is analytic in Im A < 0 and continuous in Tm X < 0.

Remark 2.5 When b > 0, or b = 0 and A(t) is singular the above result is
due to Bloom and Xu (see [2] Proposition 3.16). Using the expansions of ®_y
proved in the previous section we complete their arguments in order to obtain
the estimates for b > —%. For the sake of completeness we give the proof in all
cases.

Proof. Using the method of successive approximations it is not difficult to
prove that ¢, and ¢/ are entire functions in A. By Theorem 1.18 and equation
(2.2) it follows that c¢(A) is continuous for ImA < 0, A # 0 and analytic in
ImA <O.

We now prove that ¢(A) # 0 for A # 0 and Im A < 0. Observe that since
vy Z 0, then ¢(\) and ¢(—\) cannot vanish simultaneously. Hence if A € R,
since ¢ (\) = ¢(—A) we have ¢ (\) # 0.

Assume now X\ = £ +in, n < 0, by Theorem 1.16 we have ®_,, &' , €
L? (R, A(t)dt). Thus

/Om (N2 +p?) [@_x ()P A () dt

+oo Yoo ,
= _A D5 ()LD 5 (1) A(t) dt:—/ D, (1) (P, (1) A®) dt

0

— [eS) +oo
_{Q,A(t)él,\(t)A(t)}: +/O D7, (1) A(2) dt.

If ¢(X) =0 then ¢, = c¢(—A) P_» and therefore lim, o+ ®_» (£)®", (t) A(t) =
0. Also by Theorem 1.16 lim;_ 4o ®_» (£)®" , (t) A(t) = 0. It follows that

()\2 + p?) = 0 and therefore ¢ () # 0 for £ # 0 or n < —p.
Assume now —p < 7 < 0 and observe that by Theorem 1.16 and (2.1) we

have
c(in) = lim _e"\VA()p, (t).

35



Since A (t) > Ce?* with C' > 0, by Lemma 1.3 we have
c(in) = C > 0.

We now assume A (t) dominant and we set

B A3 (N) b>0
“ (A)_{ A% (log2) e(d) b=0

By (2.2) we have
a(\) = %W (\/Z%, \/Z&L)\) .

By Theorem 1.18 we know that ¢; (A) is continuous in Im A < 0 and analytic in
Im A < 0. It follows that
lim C1 ()\) = C1 (0)

A—0
Im A<0

exists. Being A (t) dominant v/Ag, and W; behave differently at infinity and
therefore they are linearly independent. Since

1 0) = 5 (VAg, 1 () Wh)

we have ¢; (0) # 0 and in this case we obtain the required estimates for le\)l

Assume A (t) recessive, so that p = 0 and —3 < b < 0 and \/A(t) =
VA(t)py (t) = Wi (t). Consider first —3 < b < 0. Since A — ¢, is even we
have o, =1+ 0 ()\2), also ¢\ =0 ()\2). Applying Lemma 1.19 we have

w (ﬂ%, ﬂ%,x) W (W1 + 0 (A\2),Ch (a) Wi + Ca (a) \Ws + A2 Zy)

N2 Cy (a) W (Wh, Wa) + 0 (|)\|2“) ,

since
i =
)\li% Z,\ (t) 0
Im A<0
and
1 =
AD0dt 2 (1) =0
Im A<0
Therefore

and since W and W5 are linearly independent we have
e~ A2

It remains to consider the case A (t) recessive and b = 0.
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Applying Theorem 1.20 we have

w (\/Z@)n \/Z(E_A)
W (cW1 +0(32),C1 (0) Wi + (log 2) " (Cy (0) Wy — Cy (0) Wa) + (log 2) " ZA>

%
01 (0)c(l0g3) " W (W1, Ws) + 0 (10g 2) ")

since
lim Z,(t)=0
A—0
Im A<0
and
lim iZ (t)=0
A—0 dt A o
Im A<0
Therefore

c(A) = A3 <—;C’1 (0)eW (W1, W) +o0 (1))

and since W7 and W5 are linearly independent we have

A2

Q

e (V]

3 Convergence and divergence results

Let us define the operators.

and

Spf = A2 Sp (f A—%) (3.1)

Fpf = A% Fy (f A—%). (3.2)

A simple computation shows that

with

and

- +oo
Spf(x) = / S (x,) f () di

+oo

Frf(z) = ; Fg (z,t) f (t) dt.

S (1) = / AW () VA@ o (1) — P
s 0 A AP HIPINIE

_ R
Fr(z,t) = /0 To (M) Ta (Az) dA.

In the next Lemma we estimate the difference of the kernels of the above
two operators. This is the main step to prove Theorem 0.2.

37



Lemma 3.1 Assume that A (t) satisfies (H1) to (H6) and let ¢’ (t) € L' ((1,4+00), dt).
Let n > 0. Then there exists a positive constant ¢, such that

Cn

—_— > t>
TS Rp—qg Jre>mort>m

§R(x7t)_ﬁR(x7t) <
cy forx <mandt<n.

Proof. Assume first x > n or ¢ > 7. Since both kernels are symmetric it is
enough to consider x > n and x > t. Since

P (2) = c(N) @x (2) + ¢(=A) Dx (2)

and for A real ¢(—\) = ¢(\) we have

R
/0 VABex (1) VAN By () — 2

2 e (V)2

R dX
+/O VAR)er () VA(@)e(-A) Px (2)

2m |e (A)[?

R
- / VABpr () VA@D_y () 2
-R 2me ()

Sk (z,1)

Since Fg (z,t) is a particular case of Sk (z,t) when A (£) = 27! we can write

_ R dA
Fr ({Lt) _ /_R \/WQO)\ (ﬁ) W(},)\ (.’13) m

where ¢, (t) = 2°T (¢ + 1) J(‘j\x‘i), ®_,(x)= 1/%)‘6_i%(2“+1)x_aH,g2) (Ax) and
o(a) = ZLlasne Feoty

. . It follows that
NCZINa

Sg (z,t) — Fg (z,t)

. b, () B, (2)
= [ (VAT O VAT G2~ VBT, () VT 52 an
_R 2me () 2me ()

Observe now that @, (¢) and ¢, (t) are entire functions in A; that

S a(t) _ATER (D) \bFl—a
c(N) Atz ())

is analytic for Im A < 0 and continuous for Im A < 0 by Theorem 1.18 and 2.4

the case a = 0 being similar) and that LESYCIRER analytic and continuous in
c(A)

the same domain. Therefore we can change the path of integration in the above
integral. Let v = {Re? : —7 < 0 < 0}. Then

S (x,t) — Fg (x,t)

= [ (VAGr 0 VA 325 - VT, (0 Vi 52
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By Theorem 1.2 we have

VA(@)ey (t) = VEErtip, (t) + Ro (A1)

where, uniformly in |[A| > 1,

By Theorem 1.16, for x > 7

VA@P_\(z) = ™1 +Ri(\ 1))
Va2otl®_ (z) = ™ (1+R2(\2))

where

Finally, by Theorem 2.1,

C
[EN)] < -
RY
Therefore 1
SR(QT,t) —FR(z,t) = %(Il +IQ—|—I3+I4)
where

—iAx
Il = / V t20¢+1(p)\ (t) —e Rl (A’ Jj) dA
~ c(A)

I = /\/Ww(t) e_m(HRl(A’m))E(A)dA

c(A)
B e (1 + Ry (N 2))
I3 = /WRO (A1) C()\) (I+E\)dX
e—i)\r 9 T
I4 - _ [y ,/t2a+1¢>\ (t) (;R(')\)(/\)d/\

By the classical estimates for Bessel functions we have

0
|I1| < cn / eRsin 0<w7t>d9

%
1+ Rz —t

<

Similar computations give the same bounds for Is , I3 and Iy.
We now consider the case x <7 and t < 7.
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Let

R
= /0 (\/ A(t)ex (t) VA(z)py (2) %712 = Ja (At) Ta ()\x)> dA

O]
< /01...d)\'+

For the first integral we have

/

1 1
< [ [VAGer @ VAT 0] ;g dht [ 172 (0a) Ta ()] i
0 2T )| 0
C

2 e (V)[*

VA (@) VADpr () ———— — Ta (A1) Ta w)] aA

e (A
<

since |, (z)] <1 and |¢(\)|”? is bounded for small A by Theorem 2.4.
Let us consider the second integral. When A > 1, by Theorem 1.2, we have

t s
VAW () = 227 00+ 2 s )+ 0 (A1)

Also, by Theorem 2.2, we have
1 1
- _ 72)\2044*1 + O ()\2&71) .
27 [e (V)] ag

A simple computation then shows that
1
VA@B)ex () VA(@)es () ———75 — Ja (M) Ja (Az)
2m e ()]
1

= (a1 (@) Ta ) Tt (W) + 01 (8) Japr (M) T (M) + 0 (A72) .

aoA

We are reduced to showing that

R
/1 (0 () Tt ) T (M) + a1 (1) T ) T (M) 5 dA| < C

Without loss of generality, assume x < ¢. Then
n/x 1
/ a1 (2) Tar1 (A7) Ta (AE) + a1 () Tat1 (M) Ta (Az)] 5 dA
1
n/x 1 n/@ 1
< Cla ()] / (Ax)™ 2 S dA + C lar (8)] / (M)t Sdr< o
1 1

This proves the inequality when z < nR~!. When = > nR™!, all that is left to
show is the boundedness of

R
[ (060 T 0) T 40) 0 0) s O4) 7 ) 5
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Using the classical asymptotic expansion for 7, (z)

Ja (2) = \/Zcos (z=7v,)+O0 (271)

for z — oo (here v, = (2a + 1) w/4) it is not difficult to reduce the boundedness
of the above integral to the boundedness of

R
dA
/ a1 (z) cos (Az — Y1) cos (At — v4)+a1 (t) cos (At — Y1) cos (Az — 7,) 3
n/z
Since

a1 (z) cos (A — v441) cos (At — 7,) + a1 (£) cos (At — v441) cos (Az — 74,)

= %Ch (z) [COS()\(:C +t) — (a+1)7) + cos ()\(;v —t) — g)}
+%a1 (t) {COS Az +1t) — (a+1)m) + cos ()\ (t—=x)— g)}
- ;(al(x)+a1(t))cos()\(x+t)—(a—|—1)7r)
—|—% [a1 () — a1 (x)]sin (A (t — x))
we have

R
a1 (z) cos (Az — v441) €os (At — 7,) + a1 (£) cos (At — v441) cos (Az — 7,,) %

[a1 (x) + aq (t)]cos(A(z+t) — (a+1)7) d—;

M| —

:\:Ui\

/x
/R
n/x

Integrating by parts and using the fact that a1 is C! and satisfies |a; (t)| < Ct
gives the desired result. m

[a1 (t) — a1 (2)]sin (A (t — x)) %

+
DN | =

Proof of Theorem 0.2. By (3.1) and (3.2) the theorem is a simple con-

sequence of the fact that for f € L! (ﬁdt), F rf and S rf are well defined

and

Jim [§R F(z) = Fpf (x)} = 0. (3.3)

To see this observe that Fg f is well defined by Theorem 0.1, and that

S0/ @)~ Fud @] < [ [Sutet)~ F ot 17 @]

e 5 = |f @)l
/0 (1+1) ‘SR (z,t) — Fr (x,t)’ et

For every fixed > 0, by the previous lemma (1 + ¢) ’53 (z,t) — Fg (z,t)] is

bounded in ¢. For every fixed > 0 and for every ¢ > 0

lim (1+1)|Sp (2,8) = Fr (w,8)] =0,

R—+4
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and by the dominated convergence theorem (3.3) follows. m
Proof of Corollary 0.3. Let f € L9(A(t)dt). It is easy to check that

felLt ( VA() dt). By Theorem 0.2 and Theorem 0.1, Sgf () is equiconver-

1+t

gent with \/%C’R (\/Zf) (z). Since for every 0 < € < 7 we have VAf €

L4 ([e,n],dt), by the localization principle and the Carleson-Hunt theorem we
have that ———Cpg (\/Z f) (z) converges almost everywhere to f (z) in [e, 7]

VA(@)
and so does Spf (z). m
Proof of Theorem 0.4. Assume p > 0 and let g € L (A (¢) dt) with ¢ < 2.
Using the asymptotic expansion for ®, and c¢(\) one can easily check that
0y = c(A) Py +c(—=A)P_y € L" (A(t)dt) for any r > 2. It follows that g
is continuous. Assume now that for some p > 2, Sk maps LP (A (¢)dt) into
tempered distributions. By duality Sg maps test functions in L? (A () dt).

Since p’ < 2 it follows that for every test function f, Sgf is continuous. However
the L? theory for the Fourier transform (see e.g. [1], Chapter 2) shows that
Srf = Xxp,r)f-

Let now p = 0 and assume that Sk maps L” (A (x) dz) into tempered distri-
bution for some p > 22£4 By duality Sz maps test functions in L7 (A (z)dx)

2641 "
%. Let f # 0 be smooth, even and compactly supported. Let

R such that f(R) # 0. We have

for some ¢ <

B dX R ~
swf@ = [ Fme@ s [T Fo-Tm]ew

dA
27 e (A)[?
— I+IL

A change in the path of integration in I (as in the proof of Lemma 3.1) and

(2.1) give
f(R) / d\
Dy (2) 22
. c(N)
where v = {Re“’ <0< O}. By Theorem 1.16 we have
d_y(2)=A"7 (2)e ™ (1+R(\2))

with e
R (A a)| < ettt = Tlawdr

By (Hb5), for large values of A and z we obtain

d_\ (1) =A% (z)e (1 +0 (;CE)) .

By Corollary 2.3,

I = fz(f) / A%<x>ei“(j§)+f§f) / 475 (@) 0 (L)‘ﬁ)

= f(R) _% —iAz dA n —% 0  sin 1 « %
= ?A (x)Le A C()\)+O<f(R)A (m)/ elt 953 + Rd&)

—T

- B [en o (fun L),
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Also, by Theorem 2.1
1
c(A)

—e\*t: 10 ()\“’%)

and therefore

/e_i)‘“” dA = c/e_i’\l)\a+%d>\+0 (/ e_i’\l')\o‘éd)\>
TPy ; :
R o1
- c/ e~ Nt IgN 4+ O (R )
—R X

Some standard computations show that

R ) Ot+l a—1L
/ e~ N3 I\ = ¢sin <Rw— T <a+ 1)) L + O (R 2)
—R 2 2 xr IQ

and therefore

e 0 o - (o) o (3]

Let now z such that |sin (Rx -3 (a + %)) ’ > % and R sufficiently large such
that O (§) < 3. We have

[>cf(R) A=} () 2

We now estimate 1. A similar computation shows that

.
c(A)

~

o [T = Fm] e

T
<C/
0

Since f(Re*iRe) — f(R) =0 for # =0 and 6 = 7 it is easy to see that

A3 (x)
z?2

1| =

1

J?(RefiRG) _ .}/c\(R)’ A7 (2) efRa:sinORaJr%de'

|[1I| < cr

Let now x such that ’sin (Rx — g (a + %))| > % then

|Srf (@)] = [T+1I|>cf (R)A2 (2) —CR

_1
_ A2l (cf(R) Rt cR1>.
x x
Since A (z) ~ 22*T! (A (z) ~ zlog? = in the singular case), integrating over
{o:|sin(Rz -5 (a+ %))‘ > %A} shows that Sgpf (v) ¢ L7(A(x)dz) for any

< % (observe that since f is entire we can always find large values of R

such that f(R) #0). m
Proof of Theorem 0.5. In the case of the Fourier-Bessel expansion the result
is contained in [6]. Using the asymptotic expansion for ¢, given Theorem 1.2
and the estimate for |c(\)| given in Corollary 2.3 one can easily adapt their
proof.

|
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A Appendix

In this appendix we collect some known facts used repeatedly in the paper.

Lemma A.1 Letu; andus be two linearly independent solutions of the equation
v’ + pru’ + pou = 0.

If ¢ (t) is a C? solution of the integral equation

U(t):*/t Ui (t)UQ(S)*UQ(t)ILl (5) (¢O(S)U(S)+J(S)¢(S)) dS,

uy (s) ujh (s) — uz (s) uy (s)
then ¢ (t) is a solution of the differential equation
u” + pru’ + pou = hou + J .

The above integral equation can be solved by the method of successive ap-
proximation. For reader’s convenience, we restate Theorem 10.1, Chapter VI of
[11].

Let us consider a kernel k (¢, s) defined for t € (to,%1) and s € (¢o,t] that
satisfies the following conditions

1. k(t,s) and 2 (¢, ) are continuous,

2. for t € (to,t1) we have k (t,t) = 0,

3. there exist continuous functions Py, P; and @ such that, for all s € (¢, t],
[k (L, s)| < Po(t)Q(s)

and

ok
o] < mwQ).
4.
k= sup Q()|J ()] < +oo
te(to,t1)
and

ko= sup Q(t)F(t) < +oo.
te(to,t1)

Theorem A.2 Given an integral equation of the form

u(t) = */ k (L, 8) (Yo (s)u(s) +J (s) ¢ (s)) ds (A1)

to

assume that

1. the functions 1, J, and ¢ are continuous,

2. the following integrals converge

/ 16(s)] ds / 1 (5)] ds,
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then (A.1) has a unique twice continuously differentiable solution u (t) sat-

isfying )
u(t _ u’ (t) _ .
Py (1) 0, X0 0 ast — 1o.
Furthermore
lu(@®)] v @) ! < ! )
@ Prt) <K \ |o (s)] ds|exp | ko \ [to (s)] ds| ) .

If ¢ (s) =y (8), then the above estimate can be sharpened

u@®l [ ) )-).

B A SR (e"p (

Theorem A.3 Let k as above and assume that J is differentiable on (tg,t1)
and ¢ (s) continuous on (tg,t1), such that f:o | (s)| ds converges for every t €
(to,t1). Let up =0 and define inductively

t
) |6 (s)] ds

w0 = 70 = [ R(t5) o)y (5) ds

Then N
Ko ;. s)|ds !
luj1 () —uj (t)] < L p, (1) ( 0 Ju, |¢a )| )
Ko ;!
and
t j+1
K s)|ds
’u9+1 (t) — u; (t)‘ < ipl (t) ( 0 fto ‘¢(' )l )
Ko !
Moreover n
w(t) = (s (8) —uy (¢))
=0

is the unique solution of the integral equation

u(t):J(t)—/ k(t,s)o(s)u(s)ds

such that '
HOTO g LSO Ly,
Furthermore
O =101 < A0 (o (n t:¢<s>| ) 1)
0= 00 < P (o (o] [0 as]) 1)
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