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Abstract

We give a self-contained analytical proof of Hérmander’s hypoelliptic-
ity theorem in the case of left invariant sub-laplacians of Carnot groups.
The proof does not rely on pseudodifferential calculus and provides inter-
mediate regularity estimates expressed in terms of Sobolev spaces induced
by right invariant vector fields.

1 Introduction

A linear differential operator £ with smooth coefficients is said to be hypoellitic
in an open set Q C RY if, for every open set ' C , whenever a distribution
u € D' () is such that Lu € C () then u € C* (). The celebrated
hypoellipticity theorem of Hormander [5] provides an almost complete charac-
terization of second order hypoelliptic operators with real coefficients.

After noting that every hypoelliptic second order differential operator has
necessarily semi-definite principal part, Hormander proves that in any open set
where the rank of the coefficient matrix is constant, the operator (or its opposite)
can be rewritten in the form

c:Zx§+X0+c (1.1)

Jj=1



where Xy, X1,...,X, are real smooth vector fields (that is, first order differ-
ential operators) and ¢ is a smooth function. Motivated by this preliminary
analysis, Hérmander studies operators already written in the form (1.1) and
proves that £ is hypoelliptic in Q C R if the vector fields of the Lie algebra
generated by Xo, X1,..., X, span the whole R at every point z € 2 (an as-
sumption which has been labeled “Hérmander’s condition”). Conversely, if in
an open set U C ) the rank of the Lie algebra is constant and strictly less than
N, then the operator L is not hypoelliptic in U, hence Hérmander’s condition is
“almost necessary” for hypoellipticity. A somewhat easier proof of Hérmander’s
theorem was given by Kohn [6], deeply exploiting techniques of pseudodifferen-
tial operators. The paper by Kohn emphasizes an intermediate result which has
great independent interest, namely the so-called subelliptic estimates, allowing
to control a fractional Sobolev norm H* of u (for some small £ > 0) in terms
of a norm H® of Lu and some other less regular norm of u.

Although throughout the years several authors have written other proofs
of Hormander’s theorem, it is remarkable that, apart from the probabilistic
approach due to Malliavin [7], all the analytic proofs of this result substantially
go along the line of Kohn, based on subelliptic estimates and pseudodifferential
operators.

After the seminal hypoellipticity result by Hormander, the theory of “Hérmander’s
operators” (1.1) has undergone a tremendous development. In particular, much
more precise estimates for the regularity properties of operators of this kind
have been obtained: Folland [4] and Rothschild-Stein [8] proved, in increasing
generality, a priori estimates in LP (1 < p < o) for the highest order deriva-
tives with respect to the vector fields involved in the equations, that is estimates
on X;X;u (4,5 =1,2,...,9), Xou, in terms of Lu and u, and analogous higher
order estimates. More in detail, Folland [4] studied “Hérmander’s operators on
homogeneous groups”, that is operators of the kind

q
L= X;+Xo

Jj=1

where the vector fields are assumed to be left invariant with respect to a Lie
group in RV (“translations”) and homogeneous with respect to a family of group
automorphisms (“dilations”), so that £ be 2-homogeneous and left invariant
(precise definitions will be given later). For these operators Folland showed the
existence of a global homogeneous fundamental solution, which is a key tool in
proving sharp a priori estimates. Rothschild-Stein [8] proved analogous a priori
estimates for general Hormander’s operators, also exploiting the fundamental
solution built by Folland on groups. It is worthwhile noting that Folland’s con-
struction of a homogeneous fundamental solution for Hérmander’s operators on
homogeneous groups exploits, among other results, the hypoellipticity of these
operators, a fact which, instead, is not directly used any longer in the theory
developed by Rothschild-Stein. Hence we can say that Hormander’s theorem
plays a special role in the context of homogeneous groups. Also, from different
points of view one can say that Hérmander’s operators on groups serve as models



for general Hormander’s operators. The corresponding theory, and particularly
that of sublaplacians on stratified homogeneous groups (nowadays called Carnot
groups), that is left invariant 2-homogeneous Hérmander’s operators of the kind

q
L= X}
j=1

has been widely studied in the last decades. The books [1] and [12] contain lots
of material on this subject and also references to the original papers.

In this paper we give a new proof of Hormander’s hypoellipticity theorem
for sublaplacians in Carnot groups (as far as we know, the first proof in such
simplified context). The double simplification consisting in assuming an under-
lying structure of Carnot group and avoiding the presence of the “drift term”
X allows to devise a fairly elementary proof. Actually, we completely avoid the
use of the theory of pseudodifferential operators. We prove a kind of subelliptic
estimates which are not shaped on Euclidean Sobolev spaces of fractional order,
but on Sobolev spaces induced by the vector fields themselves, hence more in the
spirit of the subsequent developments of the theory of Hérmander’s operators.
Our proof will consist in two steps. First, in section 3, we will prove a priori
estimates stating that if u € W)lgioc is a local weak solution to Lu = f in a
domain (see section 2 for precise definition and notation), then the L? norm of
any fixed number of X Z-derivatives of u (X[ being right invariant vector fields)
can be controlled in terms of the L? norm of u and those of a (much larger)
number of derivatives of f. Although this kind of estimate is not sharp, it has
the same independent interest of Kohn’s subellipticity estimates, because not
only it implies that if f is smooth also u is smooth, but also expresses a quan-
titative a priori control on any finite number of derivatives, which is useful in
several situations. The second part of the proof (section 4) consists in weaken-
ing the assumption on u, from u € W;(zl o to general distribution, which implies
the hypoellipticity of £. The first part of the proof (section 3) is nearly self-
contained: we will make use of some standard facts from the theory of Carnot
groups, collected in section 2. In the second part of the proof (section 4) we also
have to make use of some well-known facts from distribution theory. Our proof
will make use both of the Sobolev spaces induced by the vector fields X; (as
well as their right-invariant counterparts X*) and of some seminorms defined
in terms of finite differences that measure the Holder continuity in L? sense
along the vector fields of the first layer, and will be introduced and discussed in
section 3. We will sketch the strategy of each of the two steps of the proof at
the begenning of the corresponding section.

Acknowledgement. The authors wish to thank Ermanno Lanconelli for
inspiring them the idea of a self-contained proof of Hormander’s theorem on
Carnot groups and for several helpful discussions on the argument of the present

paper.



2 Some known facts about Carnot groups

In this section we recall a number of standard definitions and results that will
be useful in the following. For the proofs of these facts the reader is referred to
[4], [1, Chap.1], [10, Chap.XIII, §5], [2].

A homogeneous group (in RY) is a Lie group (R™,o) (where the group
operation o will be thought as a “translation”) endowed with a one parameter
family {Dx},., of group automorphisms (“dilations”) which act this way:

Dy (1,29, ...,xn) = A z1, A“229, ..., A"V N) (2.1)

for suitable integers 1 = a1 < az < ... < ay. We will write G = (RY, 0, D)) to
denote this structure. The number

N
Q=)
i=1

will be called homogeneous dimension of G.
Under the change of coordinates = D) (y) the volume element transforms

according to
dz = \9dy (2.2)

which justifies the name of homogeneous dimension for (). Note that we always
have @ > N, and @ = N only if the dilations are the Euclidean ones.
A homogeneous norm on G (also called a gauge on G) is a continuous func-
tion
Il - RY = [0, +00),

such that, for some constant ¢ > 0, for every =,y € RV,

(7) |z =0<= 2 =0

(il) [ Dr(@)l = Azl ¥A >0
(ii)) o=t < el

(iv) oyl <c(lal + yll)-

We will always use the symbol ||-|] to denote a homogeneous norm, and the
symbol |-| to denote the Euclidean norm.

Concrete ways to define a homogeneous norm on G are for instance the
following:

1
— a
ol = _max ]
or
N 1/Q
Q
]| = (Z k] “k> -
k=1
It can be proved that any two homogeneous norms |-||; , ||-||, on G are equiv-

alent: there exist two positive constants ki, ko such that

ka llally < llelly < k2 flall, Vo€ RY.



Also, the following local comparison with the Euclidean norm holds: for any
R > 0 there exist two positive constants ¢1,ce (depending on R) such that

cr l2] < [lall < eslafV?if o] < R (or o < R) (2.3)

Although in general x—y # y~'ox, they are locally equivalent near the origin.
More precisely there exist positive constants ¢; and ¢ and a neighborhood of

the origin V' such that for z,y € V we have
el —y| < ’y_lox’ el —yl. (2.4)

To see this let P, (z) =y~ o x. It follows from the structure of the group

operation on a homogeneous group that %I;y (y) is close to the identity in a
neighborhood of the origin. Since

oP,

y‘lofc=Py(y)+E(y)(y—wHO(y—w)

and P, (y) =0, (2.4) readly follows.
We say that a smooth function f in RY \ {0} is Dx-homogeneous of degree
B € R (or simply “B-homogeneous”) if

f(Dx(2)=Nf(x) VA>0,2cRY\{0}.

Given any differential operator P with smooth coefficients on RY, we say
that P is left invariant if for every z,y € RY

P(Lyf)(x) = Ly (Pf (z))

for every smooth function f, where

Lyf(z)=f(yox).

Analogously one defines the notion of right invariant differential operator. Also,
P is S-homogeneous (for some ( € R) if

P (f (Dx(x)) = A7 (Pf) (D (2))

for every smooth function f, A > 0 and = € RV,
A wector field is a first order differential operator

N
X = z«:i () O, -

=1

Let g be the Lie algebra of left invariant vector fields over G, where the Lie
bracket of two vector fields is defined as usual by

[X,Y] = XY - YX.



Let us denote by X7, Xs,..., Xy the canonical base of g, that is for i =
1,2,...., N, X, is the only left invariant vector field that agrees with 0., at the
origin. Also, X{, X ... X% will denote the right invariant vectors fields that
agree with 9,,,0.,, ..., 0z, (and hence with X7, X5,..., Xy) at the origin.

We assume that for some integer ¢ < N the vector fields X, Xo,..., X, are
1-homogeneous and the Lie algebra generated by them is g. If s is the maximum
length of commutators

[Xila [Xiza ooy [Xis—nXisH] ) ij € {1’27‘“7(]}

required to span g, then we will say that g is a stratified Lie algebra of step s,
G is a Carnot group (or a stratified homogeneous group) and X1, Xs,..., X,
satisfy Hormander’s condition at step s in RY.

Under these assumptions, let us denote by

q
_ 2
=y
j=1
the canonical sublaplacian on G. It will be sometimes useful the compact nota-
tion

q
IVxfl =) 1X;f|
j=1
q
Vxnfl=>_ |X[f|
j=1

We will make use of the Sobolev spaces WP (G), W)k(,’; (G) induced by the
systems of vector fields

X:{X17X27"'7Xq}7XR: {XiR,Xé%vaqR}u

respectively. More precisely, given an open subset  of R, we say that f €
WP (Q) (1 <p<oo)if f € LP (Q) and there exist, in weak sense, X; f € LP ()
for j = 1,2,...,q. Inductively, we say that f € W)k(’p (Q) for k = 2,3,... if
fe W)k{l’p () and any weak derivative of order k — 1 of f, X; X;,..X,, ., f,
belongs to Wy (Q). We set

k
Hf”W)’?p(Q) = Hf”Lp(Q) + Z Z Hleij---thf”Lp(Q) :

h=1j;=1,2,....q

The space W;I}; (©) has a similar definition.
As usual, one can define the Sobolev spaces of functions vanishing at the

boundary of a domain, Wol,’g} () or W% () taking the closure of C§° (Q) in
the norm Wy () or W;ﬁ (1), respectively. It can be proved that for 1 < p <

o0 one has Wy % (RV) = WP (RV) and analogously for X ®-spaces.



We will also use local Sobolev spaces. For example, we will say that f €
W)’?”l)oc (Q) if for every ¢ € C§° (2), we have ¢f € W)k(’p Q).

The validity of Héormander’s condition at step s implies the following impor-
tant:

Proposition 2.1 (Regularity by means of Sobolev spaces) Under the above
assumptions we have:
1. Forany1 <p < >

N ik
NWx” (Q) cC™(Q).
k=1
2. For any positive integer k and p € [1,00] and any Q' € Q there exists a
constant ¢ > 0 such that, for every u € W™ (Q) we have
||u||Wk,p(Q/) < C”“”w}’?vp(g) )
where WP (') denotes the standard Sobolev space.

Let us also recall the definition of control distance induced by the vector
fields X1, X2, ..., X, in RY. For any & > 0, let C,,, (§) be the class of absolutely
continuous mappings ¢ : [0,1] — RY which satisfy

q

O (1) =D ai (1) (X)) ace.

i=1
with a; : [0,1] — R measurable functions,

la; (t)] < § a.e.
@ (0) =m0 (1) =

Then define
d(z,y) =inf {6 >0:3p € Cypy ()},

with the convention inf ) = +o0o0. We also define the d-balls
Bx (z,r) ={y e Q:d(z,y) <r}.

A consequence of Hormander’s condition is that actually d(x,y) is finite
for every couple of points (Chow-Rashevskii connectivity theorem). The control
distance d on a Carnot group has several properties:

i) d is left invariant:

d(zoxz,zoy) =d(x,y) Vz,y,zecRY (2.5)

and satisfies .
d(zryo0x90...02,0 Zd xj,0); (2.6)

Jj=1



ii) d is 1-homogeneous:
d(Dx (z),Dx (y)) = Ad(z,y) Va,y € RY, A > 0.

iii) the function

2]l = d (z,0)
is a homogeneous norm. More precisely, it also satisfies the stronger properties
27} = =]
2oyl < llzfl + llyll - (2.7)

Throughout the following we will need to use a homogeneous norm satis-
fying the triangle inequality (2.7). The previous discussion shows that such a
homogeneous norm always exists.

Actually this particular choice of a homogeneous norm is relevant only within
the proofs, while the statements of all our results will still hold, with possibly
different constants, if we replace this homogeneous norm with a different one.

Let Exp : g — G be the exponential map, defined as usual letting

Exp (X) = exp (X) (0)

where exp (V) (zg) = F (1) for F the solution to the Cauchy problem F' () =
Yr(r); F'(0) = 9. One has

exp (X) (z) = x o Exp (X). (2.8)

Also recall that for every smooth function f and every ¢t € R

%(f (xoExp (tX))) = Xf(zoExp (tX)). (2.9)

Let us pointing out a relation between left and right invariant operators
which will be very useful in the following.

Proposition 2.2 Let L,R be any two differential operators with smooth coef-
ficients, left and right invariant, respectively. Then L and R commute:

LRf=RLf
for any smooth function f.

Proof. We have



where Ly, Ry are constant coefficient differential operators (namely, they are
the variable operators £, R evaluated at the origin). Then:

LR () = Ly [Rf (zoy)ll,—o = Lo [R5 [f (zozoy)ll._oll,—g
= LERG[f (z0x0 y)]|(z7y)=(o,o) = RLy [f (z0m0 y)“(z,y):(o,o)
=RLSf (x)

since R§, L£§ obviously commute. m

We will now introduce on G the convolution between test functions and dis-
tributions. Throughout the paper we will denote this operation with the symbol
x. Since the group G is in general noncommutative also * is noncommutative.
However, most of its properties are straightforward adaptations of the same
properties that hold for the standard convolution, see e.g. [9, Chaper 6]. Hence,
we will not give the proofs of the following two propositions.

For any given couple of test functions ¢, € C5° (G) we define

@*w(w)=/(;so(y)¢(y‘low)dy-

It is a simple exercise to check that ¢ * 1 € C§° (G) and that given ¢, 9, w €
C§° (G) we have
px (Y rw) = (pr9) *w.

Using the left translation operator L,y (y) = ¢ (xoy) and the inversion
operator @ (z) = ¢ (z7!) we can also write

pro@) = [ WLy
so that given f € D’ (G) (the space of distributions on G), it is natural to define
@) = (f L ¥). (2.10)
For f € D' (G) let also define f requiring that for every ¢ € C5° (G),
(F.0) = (1.3
One can prove the following:

Proposition 2.3 Let f € D' (G) and let ¢, p € C§° (G). Then we have:
i)
(i) = (fox¥) = (Foxp)

it) if P is a left invariant differential operator then

P(f*v)=[f*Py,



i11) if P is a right invariant differential operator then

P(f=¢)=Pf 9
Remark 2.4 From ii) it follows that f x ¢ € C* (G).

Assume now that f € D’ (G) has compact support. In this case f has a
unique extension to a linear functional on C* (G) and therefore (2.10) can be
used to define the convolution with functions ¢ € C* (G).

Also in this case if P is a left invariant differential operator we have P (f x ) =

fxP.
Let now f € D' (G) with compact support and g € D’ (G). For every
¢ € C§° (G) we define

(f*g,0) = <7,g*¢>

where the inversion operator for distribution is defined in the obvious way:
(F.0) = (£.3).
Note that g x p € C* (G) so that <?, g * gvp> is well defined.

The following holds:

Proposition 2.5 Let f,g € D' (G) and assume that f has compact support.
We have the following:
i) If P is a left invariant differential operator then

P(fxg)=fxPyg
it) If P is a right invariant differential operator then

P(fxg)=Pfxg.

3 Regularity estimates for the sublaplacian in
1%

In order to show that whenever L£f is smooth also f is smooth we will prove
estimates that allow to control the Sobolev norm of f in terms of the Sobolev
norm of Lf.

Our starting point is the following elementary computation. Let f € C3° (G),
then

IV I = /G > 06 (@) de
=—/£f(a:>f<x)da:
G

< LSl 112 < 5 (1EF15 + 11£15)

N |

10



which gives the estimate
[fllwrz < cUILflly + £ Ve G (G). (3.1)

Assume we would know, instead of (3.1), the following apparently similar
estimate

If e < e (LFll +1fl5) VS € C6° (3.2)

where the Sobolev norm in the LHS is computed using the right invariant vector
fields. Then exploiting the fact that the left invariant operator £ commutes with
the right invariant operators X/t (see Proposition 2.2) we could apply (3.2) to
the function Xi}inf...Xfif, obtaining

X X 2 < e (XX XA, + (XX XA ]])

1 k 11 1
= e(|x3Xi XLt |, + |1 XEXE- XA L)

hence
1A llya < e (£ FIyrz + 1z )

and iteratively

I lhisrs < (1EF e + 1£1,)
X X

an estimate that allows to control the derivatives of f in terms of the deriva-
tives of Lf. In other words, the idea of measuring the degree of smoothness of
a solution to Lu = f (with L left invariant) using right invariant derivatives
apparently trivializes the problem, as if we were handling an elliptic operator
with constant coefficients. However, we do not have the bound (3.2). Neverthe-
less, we will see that it is possible to control the regularity expressed using right
invariant vector fields in terms of the left invariant ones, but this implies a loss
of regularity. If s is the step of the Lie algebra of G, using one derivative with
respect to the left invariant vector fields, we can only control a right invariant
regularity of order 1/s. More precisely we will show that for small h € G the
following bound holds

1/2
( / f(hox)—f<w>|2dx) <M 1 £l < e lRIY (LA + £

(3.3)
In the next section we will show that iterating the above estimate it is
possible to control a full derivative with respect to the right invariant vector
fields using s — 1 derivatives of Lf. More generally we will show that it is
possible to control k derivatives X7 of f using k + s — 1 derivatives of £f and
from this we will deduce that for a function f that is locally in W;(’Q, whenever
Lf is smooth also f is smooth. 7
Before stating precisely our regularity result let us clarify the meaning of L f
for functions that are locally in W)l(’z.

11



Definition 3.1 Let f € W)l(’?loc (G). We say that Lf € L} (G) if there exists
F e L% . (G) such that for every ¢ € C5° (G) we have

loc
q
=S / X, [ X bda = / Fodz Vo € C° (G), (3.4)
j=1

and in this case we will say that f is a local weak solution to the equation Lf = F

Remark 3.2 If f € I/V)l(’2 (G) and Lf € L?(G) then, by density, (3.4) holds
for every ¢ € I/V)l(zO (G).

Notation 3.3 For a couple of cutoff functions (,¢1 € C§° () we will write

(<G

to say that
(1 =1 on sprt(.

Our regularity result is the following.

Theorem 3.4 (Regularity estimates) Let f € W)l(’,zloc (G) be a local weak

solution to Lf = F € L% _(G), and, for some open set Q@ C G, let (,¢1 €
C§° (2),¢ < (1. Then:
(i) For any k = 1,2,3,..., there exists ¢ > 0 such that whenever Lf €
2
Wit 2 () then f € Win | (9) and

||CfHW;v§(RN) < C{HglﬁfHWig*lv?(RN) + ||C1f||L2(RN)} : (35)
(i) In particular, if Lf € C™ () then f € C*(Q).

The proof of Theorem 3.4 will be accomplished in §3.2. In §3.1 we develop
some properties of finite difference operators that will be necessary for the proof
of the theorem.

3.1 Finite difference operators and Sobolev norm

It is well known that Hérmander condition for the vector fields X, Xs,..., X,
implies that it is possible to connect two points using only integral lines of the
vector fields. From an algebraic point of view this means that every element of

the group G can be written as a product of exponentials of the first layer vector
fields.

Theorem 3.5 Let G be a Carnot group. There exist absolute constants M € N
and ¢ > 0 such that for every x € G there exist real numbers t1,to, ...ty and
indices ki, ka, ..., ky € {1,2,...,q} such that

x = Exp (t1 Xk, ) o Exp (t2Xk,) 0 - - 0 Exp (tar Xk, )

and |t;] < c|le].

12



For a proof of this theorem see e.g. [1, 19.2.1].

A simple but important consequence of the above theorem is the fact that
it is possible to control the increment of a function using |V x f|. We start with
a definition.

Definition 3.6 (Finite difference operators) For every h € G let us define
the operators:

Apf(z) =f(zoh)—f(z)
Anf (@)= f(how)~ f(x).

Note that the operator Ay, which acts on functions computing the increment
of f corresponding to an increment of its variable on the right (z — x o h) is

actually a left invariant operator (LyAp f = ApLy, f); analogously, Ay, computes
the increment of f corresponding to an increment of its variable on the left and
is a right invariant operator. This “duality” is a central point in the techniques
which will be used throughout the paper.

Proposition 3.7 There exists a constant ¢ = ¢(G) such that for any h € G
and any f € Wy (G) we have

1A flly < clIRIHITVx £l

and for any f € W)l(,% (G) we have

|Bas, < clnliwxnsil,-

Proof. It is enough to prove the first assertion, since the second one is anal-
ogous. Also, it’s enough to prove the assertion for f € C§°(G), the case
f e I/V)l(’2 (G) then follows from the fact that C§° (G) function are dense in
Wi* (G).

Let h € G, by Theorem 3.5 we can write

h = Exp (thk1) o---oExp (tM—le']\/I—l) o Exp (tMXk'ZM)

with
[t:i| < cl|n].
Let z € G and set
hy = Bxp (tX0,)
To=1x
rj=xj_10hj=x0hiohyo..oh;

Ty = x0h.

13



For any f € C5° (G) using (2.9) we obtain

M
f(zoh)- Zf zj) = flj—1) = Zf(fvj—l ohj) = f(xj-1)
M t; d
:Z/O - [f (zj—1 0 Exp (sXy,))] ds

Jj=1

tj
| Xt (v 0B (51, .
0

™z

Jj=1

Hence

[t1]
1w, < / 1 X4, f (0 Bxp (X))l ds

+Z/ |Xk f xohlthO ohj_1 oExp (stj))szs
Since
90,7 (o o by o ys o Bxp (X0 )2 = [ %07 0
G

we have (by Theorem 3.5)

N
1ALl < max {|t;[} > || Xe, ], < CIRI IV £, -
j=1

]
In order to prove a bound of the kind (3.3) we need to translate the infor-

A
mation about a control on the quotient I ";Lﬂlb in terms of a control on I H%Hz .

As already remarked, this implies a loss of regularity. The following lemma is
an adaptation of the proof of Lemma 4.1 in [5].

Lemma 3.8 Let f € L?>(G),U € G, sprt f C U. There exists ¢ > 0, depending
on U, such that

3], 1A £,
sup 1 < u
o<linli<t ||AM* o<nl< |7

whenever the right hand side is finite. (Here s is the step of the Lie algebra of
G).

Proof. Let h € G, ||h]| < 1 and let B = {k‘ eG: |kl < Hh||1/s}. For every
k € G we can write

/(}If(hox)—f@)ﬁdx
2/G|f(hox)—f(xok)| dw+2/G|f(w°k)—f(x)l da

14



and since |B| = ¢ ||hHQ/S, integrating over B we obtain
/G\f(hox) — f@)Pdx
<c||hH‘Q/S//|f<hox>—f<xok>|2dxdk
BJG
+c||h||_Q/3//If(xok)—f(x)l2dxdk
BJG

= c|lhm / / f(how) — f(zok)drdk +c a9 / 1ALFI2 dk
BJG B
= A+ B.

We have

— s kf”
Bl sup 1OF 2/|| I an
o<uk’n<1 IIk [

_ JANY,
<ol @ sy BRI e [ g,
o<iwi<t IR

2 |Aw f112
=c|n|** sup — 52
o<llkrli<t |||

Let us consider A. We make the change of variable
(2, k) = @ (y,u) = (h T oyou,u oy tohoy)

so that

A= el [ (fow — £ () det Ja, ()| dyd

@, (GxB
Since u =y tohoyok™l,
lull < [ly™" e hoy| + &7
<e(lytonoy" + ).

Let F (y,h) =yl ohoy. Since F is smooth and F (y,0) = 0, it follows that
‘y—l oho y’ < c|h| for y ranging in a compact set. This happens because x

ranges in the compact set U, ||k| < ||hH1/S < 1, & (y,u) is a diffeomorphism,
hence also (y,u) range in a bounded set. Hence we can write

el < e (10l 4 B1°) < cling e
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Moreover since the Jacobian Jg, (y,u) is also bounded by a constant depending
only on U,

A< e|h|9 /

{lluli<elin)* = }

—0/s A flI?
<l @ sy 2Ll ] ol du
o<wl<t &7 S{iul<elng/}

||Ak’f||2 || ”2/5

o<li<t |[&)?

/If(you) ~ F ()P dydu
G

(]
Combining Proposition 3.7 with the above lemma gives

|Bns|, < el Vil < el (Lflo + 151 (3:6)

for every f € WX’ (G) supported in a compact U, and Lf € L?(G), with ¢
also depending on U. Now we need to recover a full derivative with respect to
right invariant vector fields. To do that we introduce higher order difference
operators and adapted seminorms.

Definition 3.9 Form =1,2,3,4,..., let
= ApAp. LAy
—_————

m times
AT = ApAy. Ay
N————

m times

Then, for a >0 and f € L? (G) we define the semi-norms

[PAVAAl
|l = sup{w ch=Exp(tX;) fori=1,2,...,¢,teR s.t. 0<|h]| <1

£l o = sup H ||h‘|L2(G) h=Exp(tX,) fori=1,2,..q,t €R s.t. 0 < ||h]| < 1

We also set for convenience

flo = 1515 = 1/l 2s)
[l = 1Flnm

Remark 3.10 From Proposition 3.7 we read in particular that
|f|1 C”f”w”@)

|f|1 < C||f||wj(§(@)
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forany f € W)l(’2 (G) or W)I(IQ? (G), respectively. It is not difficult to extend this
bound to higher order seminorms:

Theorem 3.11 Let f € L? (G) and let m = 1,2, .... Then:
1. If f e W2 (G) then

Z [fli <c ||f||W§?*2(G) (3.7)
k=0

Analogously,
2. If f € W2 (G) then

R
Z [fli <c ||fHW§‘};f(G) ‘ (3.8)
k=0

Proof. Let us prove (3.7), the proof of (3.8) being similar. Let f € W;(n’Q (G)
and let h = Exp (tX;), for some j = 1,2,...,¢, and 0 < [|h]| < 1. First of all
observe that a simple induction argument shows that

t t
x):/ / X" f (xoExp (s1Xj) 0+ o Exp (5, X;)) ds1 -+~ dsp,
0 0
Indeed for m = 1 we have

Anf (x) = f (o Exp (tX;)) — f (z)

/—f (z 0 Bxp (sX;)) ds

= / X, f (xoExp(sX;))ds
0
where the last identity follows by (2.8) and the definition of exponential of a
vector field.

Assume now (3.9) holds for some m. Since Exp (sX;) and Exp (¢tX,) com-
mute we have

AP () = A f (w0 ) — A f (@)
t t

:/ / [X;”f(xohoExp(lej)o...oExp(szj))
0 0

—X;"f (x o Exp (51X;) 0o Exp (smX; )] dsy -+ dsm,
:/ / / i[ijf(ar:oExp(sz)oEXp(lej) -0 Exp (s, X;))] dsdsy - - - dspm,
0 0 Jo ds
¢
:/0 /0 /0 % [X]’-”f(a:OExp(lej)o~~~OExp(szj)0Exp(sz))] dsy - -dsp,ds

t t
:/0 /O X;-n—i_lf(.L“OEXp(SlXj)O~--OEXp(Sm+1Xj))d81"'d8m+1.

17



Then, since ||h]| < ct, by Minkowski’s inequality for integrals and the trans-
lation invariance of Lebesgue measure on G, we obtain

ARl 2 ()

Il Il
g/ / HX]mf(onxp(lej)o~~~oExp(szj))HLz(G)dsl---dsm
0 0

[t] [t]
= [ LI A gy s s < I X sy < BN Wy
|

Remark 3.12 The same proof also shows that
1A fll ooy < IR 1 e ) » (3.10)
an inequality that we will sometimes apply in the following.

So far we have seen that Sobolev norms control the corresponding seminorms
defined by finite difference operators. Let us prove a converse result, for the case
m=1:

Proposition 3.13 Let f € L? (G).
1. If |f]; < oo then f € W;{’Q (G), with
<

1 X;flly < Cfl; forj=1,2,...q.
2. If |f|F < 0o then f € WL (G), with
|XEf|, <CUAT forj=1,2,....q.

Proof. Let ¢ € C§° (G) and h = Exp (tX;) for some ¢, j =1,2,...,q. Then

ﬁ ‘/AhfW(x)dw <If1, 18], -

On the other hand since h~! = Exp (—tX;), we have

1 -1
W/Ahf($)¢(x) dx = m/f(x) Ap-16 (z) da

[ s e Bt o),

hence

[ 1) 2B EED =B 4ol <, o,

—t

and for t — 0

’_/fXj¢d:c <If1 el

18



which implies that there exists, in weak sense, X;f € L? (G), with || X, f|, <
|fl;- The proof of 2. is similar. m

Let us note an important difference between the seminorms |f|,, for m =1
and for higher m. While for m = 1 the finiteness of |f|; for an L? function
implies the finiteness of the Sobolev norm W)l(’Q, for higher m the seminorms
|f],, are strictly weaker than ||HW;2 Howewer, the equivalence in case m =1
will be enough for our purposes.

3.2 Regularity estimates

We split the proof of Theorem 3.4 into several steps. Let us start rewriting (3.6)
in the form

151 e < cULFly +111,) - (3.11)

Recall that the constant ¢ depends on some compact U containing the support

of f.
As a first step we will show, with an iterative argument, that this estimate
can be extended to higher order seminorms ||* (Theorem 3.15), which in

m,m/s
turn allows to control Hﬁ’l by |-|i7m/s, for m large enough (see Lemma 3.16).

This is the estimate that is needed to implement the idea described at the
beginning of Section 3.
We start with some Lemmas.

Lemma 3.14 For every m € N and h € G we have

m

Ay (0= (1) B4s ThBp s (312)

k=0
where Ly, is the left translation operator
Lpf(z)=f(hox). (3.13)

Proof. When m =1 it is immediate to see that

An (f9) (x) = Anf (x) Lng (x) + f (2) Ang (z) .

The case m > 1 can be obtain by induction. We omit the details. m
Let us come to the extension of (3.11) to higher order difference operators,
also in a localized version.

Theorem 3.15 Let (p,¢ € C§° (G) with o < (. For every m € N the exists
¢ >0 such that if f € Wy, (G) and Lf € L}, (G) then

loc loc

m—1
(Cof I mys < | D ICLEAT+ICE, ] (3.14)

Jj=0

whenever the right hand side is finite.
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Proof. Given two cut-off functions (o, € C§° (G) satisfying (y < ¢, for any
fixed positive integer n we can always construct intermediate cut-off functions
Co < (1 < ... <y = (. Also, for a fixed positive integer m there exists ¢ > 0
such that when ||| < e we have A}""'¢; < (;4+1 for i = 0,1,...,n. The number
n will vary in different steps of the proof.

We will prove the theorem by induction on m. Let m = 1. Applying (3.11)
to (pf we obtain

|C0f‘1 1/5 (||£(<0f)||2+ ”COfH )

c <|Coﬁf|2 + incoxif

i=1

+ 7 LGl + ||Cof||2> (3.15)

2

q
¢ <|Co£f|2 +D X (Gl + ||le2> :

i=1

For the term that contains the first order derivatives we have

ZHX GHls = Z/X (Gf) Xi(Gf)d /E Gf)(Gf)da
- [acr-agae- [ €q) Pads -2y / (X:) (X:f) G fa
q = q
<IGLS N [0l +el@f3 - 23 [ (66) () fde+23 [ (660)? o
=1 =1

q
SNGLIl G F g + el f 15 +2 D 1K (Gl G fl

=1
q
¢ (G115 + Icaf1) + D7 1 (A5 + = G113
i=1

therefore

S IXi (GHlly < e (IGLFlly + N16f1l,) (3.16)
=1

which inserted into (3.15) gives

G171/ < cUIGLEly + G2 ]) - (3.17)

Assume now that (3.14) holds for every m’ < m and let h = Exp (tX) for
some i = 1,...,q such that 0 < ||| < e. Since

|35 |, = BBy Gon)|, = [Bn Gagn)]
with gp, = A" (¢of) < ¢ we have
|35 @n, <101 16ignl

< [l (I2Lanlly + [1Cagnlly) -
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where we have applied our theorem for m = 1. Since £ and Ay commute we
obtain

|85 on |, <elnl™ (8= @nl|, + |37 @il ,)
= c 0l (At on)|, +||Br )|

+

=c||h|"* | {|Ap (Coﬁf +2> " X6 X, + fECo>

J

Ayt (Cof)H2>

(3.18)

2

<c M | |An-t (Coﬁf)H2+ZH£ZL1 (X;¢o Xjf)’2
J

&t e, + At on),) -
From Lemma 3.14 we obtain

|ar—t@en], < S |3k en LiAp 10|
k=0

e sl |3t e
k=0

.
and by (3.10)
Ayt (GoLf) <c"f||hnm*’“*1 Ak (GLf) (3.19)
2 =0 2
<cn|™ mf GLAE -

k=0

As for the second term in (3.18) we have

H&;;H (X;Co Xjf)H2 < cnil Hﬁf; (X;C0) Lﬁﬁ;“—l—kxijQ (3.20)
k=0

N

m—1
S st o],
k=0

% (4|

’
2

where we used the fact that X; and ﬁ’{”*l*k commute and (y < (1.
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Using (3.16) and the fact that £ and ﬁh"“l*k commute we have

[ (adprn)||, < e (lednrer], +[ear])
<e(||Br |, + || A @),
<cllh™ R IGL Ay
[ A 1 LN

Using the inductive assumption for any k£ = 0,...,m — 1, we obtain

m—k—2
1o It~k (m—1—y s < € ( o olaLr+ ||C4f|2>

i=0

(here we implicitly assume that for & = m — 1 the summation is empty). There-
fore

|5 (qBp=1r)|| < climl™ et iy

m—k—2
R T ( STl + ||C4f2> :

=0
Since HAZCJH < c||h||F using (3.20) we obtain

m—1

| At coe x|, < el Y s
k=0

m—1 m—2
N 11 1 i <Z LI+ ||<4f||2>

k=0 =0

m—1
<cln™ Y 1GLfly (3.21)
k=0

m—2
+e )b (Z LI+ |<4f||2>

k=0

m—1
<ellp)/tmHre (Z LI+ ||C4f||2> .

k=0

As to the last two terms in (3.18) we can bound

i e, + 52w o

m—1)/s R R
<RI (LGl - ey + 160 Tt ony )
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Inserting (3.19), (3.21) and (3.22) in (3.18) we get

m—1

|35 n, < clarm (Z GLIIE + 16 1

k=0
R R
+ |f[’<0|m—1,(m—1)/s + |<Of|m—1,(m—l)/s) .
By the inductive assumption, we obtain

m—2

R R R
|f‘CC0|m—1,(m—1)/s + ‘C0f|m—1,(7n—1)/s g ¢ Z |C2£f|3 + ||42f||2
j=1

so that -
|ar @, < el (Z GaL Al + ||C4f|2> -
=0

Recall now that we chose h = Exp (tX;) with 0 < ||h]| < e. To obtain (3.14) it
is enough to observe that when ||A|| > € one has the trivial estimate

3% @nll, _ s,
S

<cllCaflly-

]

The previous theorem allows to control the regularity of a function f, mea-
sured using difference operators, by means of the regularity of £f. Unfortu-
nately we cannot apply directly Lemma 3.13 to bound X2 f since it requires
an estimate for the first order difference of f while (3.14) contains higher order
differences. A result of M.A. Marchaud allows to bound the first order difference
operator using higher order one (see e.g. [3, Chapter 2, Theorem 8.1]). In the
following proposition we adapt this classical result to our setting.

Proposition 3.16 (Marchaud inequality on Carnot groups) Let f € L? (G)
and assume there exist A > 0, an integer m > 1 and 1 < a < 2 such that for
every ||h|| < 1 we have

|3, < annie. (3.23)
Then there exists ¢ > 0, independent of f, such that for ||h|] <1
|Bns[, <casiisiy) mnl.

Proof. For every integer k > 1 let

127 (@41
B z—1

Qk (z)
and observe that Qy (z) is a polynomial satisfying

(@-1)" = (@ - 1) Qp(x) +27% (22 —1)". (3.24)
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For every h € G let Ly, denote the left translation operator (3.13). Then cleary

Af(z)=(Ln—1I)f.
Also note that Ly L = Lo, where from now on we will write

nh=ho---oh.
—_——

n times

Replacing in equation (3.24) the variable x with the translation operator Ly,
gives
(L — )F =27% (Lo, — D* + Qi (L) (L, — D)™

(note that all the operators involved commute). Since || Ly fl, = || f||, we have
1@k (Ln) gll < My ||g|l, where M}, only depends on the coefficients of the poly-
nomial Q (x). It follows that

|8k, <27 8], + oz &3]
SR N R P
Applying n times the above inequality we get

| Bk, < a2 Ak + 2 Bbnt]| - 329)
5=0

We will now prove that

. ek (A+[Ifll) [RI™ for 1 <k <m,
|35s], < (820
cx (A4 fll2) Inl] for k=1,

where m is the integer appearing in (3.23). Clearly (3.23) gives the above bound
when k = m. We now assume that (3.26) holds for k& + 1 and we will prove it
for k (assuming k > 1). For ||h]| < 1, using (3.25) we obtain

|Bta], < 3 o2 A ) J2m® + 270 | B ]
j=0

< M (A [1£1l,) Y 279529 ||| ™+ 27FOHD2x |
§=0

where in the last inequality we used the fact that

[nhll = [ho---ohl <nh].
—_——

n times
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Choosing n € N in such a way that 27" < ||h| < 277! gives
n
X , i(a— k
|85 7], < A 17 11" 3278 4 g 51,
=0

Since 1 < o < 2, if k£ > 2 the sum is bounded independently of n so that

|Bhs, < e as sl In

If kK =1 we obtain

|Bns, < M A+ 1Al 101 D2 270 + ) 11,

=0
< My (A ||£lly) Rl 20D+ 1 ia) £,
< My (A+ [ £ll) IR e IR + R,
=c1 (AR +[Iflly) -

Corollary 3.17 Let f € L? (G) and assume that for ¢ € (0,1) and some integer

m > 1 the seminorm |f|? is finite. Then

m,14¢€
R R
AT < {1l wpe + £}

Proof. Since |f\m 14 is finite we can write

B ]|, < 110 e IR

and by the previous Lemma with a =1+ ¢ and A = |f|§L .» we obtain

|Bas], < e (1715 10+ 171) N2l

and the thesis follows. m
Before proceding with the proof of Theorem 3.4 we still need the following.

Proposition 3.18 Let f € Lloc (G) and assume that in the sense of distribu-
tions Lf = F with F € L} (G), that is for every ¢ € C§° (G),

/Gf(x)&b(x)dx:/GF(a:)qS(x)d:L‘.

IfF e W)S(Rzl (Q) then f € W)l(il (Q) and for every ¢, ¢ € C§° (Q) with

¢ < ( the followmg estimate holds:

1CA w2 gy < e {IGF e @y + 1607 oy } - (3.27)
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Remark 3.19 As the reader will notice, the proof of the above proposition re-
quires the knowledge of Theorem 3.4 for k = 1. In turn, the above proposition is
required in the proof of the inductive step of Theorem 3.4 (but not in the proof
of the case k = 1), so that our argument is not circular.

Proof. Let ¢ € C5° (G) such that

¢ =0, ¢(x)=0for ||z|| >1 and /qﬁ(a:)dx:
G

Define, for any € > 0,
oe (x) = szng (D.-1z)
and

f- (@) = (6e % ) ‘/¢a o z) dy.

Since by Proposition 2.3 and Remark 2.4 f, is smooth, we can apply to f. the
estimate of Theorem 3.4 for k = 1:

||Cfs||w;;(¢;) < C{HQL: (fE)HW}‘?;(G) + ||lea||L2(G)} : (3.28)
By known properties of mollifiers we have

Hcl.ft?”[,? — Hle”Lz .

Also, by Proposition 2.5, observe that £ (f.) = L (¢- * f) = ¢p-+Lf = (Lf)..
Unfortunately the left convolution with ¢. provides convergence in Wff but not
in Wk R and we are forced to the following rough estimate,

JGL () = QLS ez o) < CIGL (L) = LSy (3.20)

where we used the fact that since at every point the vector fields X{t, X£t, ..., Xf
and their commutators up to the step s span R¥ it is possible to represent every
derivative 0., by means of a linear combination of right invariant differential

operators of the kind XX/ ... X[t with k < s. Since Lf € W loc (G) the

RHS in (3.29) vanishes as e — 0. In particular the RHS i in 3.28) is bounded,
hence the sequence (f. is bounded in VV;(2 (©). Since W » (Q) is a separa-
ble Hilbert space by Banach-Alaoglu theorem there exists a subsequence of (f-
converging weakly in W)l(?? (©2). This shows that (f € W;(I% (©). Moreover the

: 1,2 T
weak convergence in W% (€2) implies

1CH w2 oy < T inf lICFellyra vy < € {IGLE e oy + 1S o)

hence (3.27) holds. m
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Proof of Theorem 3.4. We will prove (i) by induction on k. We start with
k=1 Let f € Wy, (G) such that Lf = F € Wg ;% (Q). By Corollary 3.17
and Theorem 3.15 we have ’

AT < {1y + 16} <3 D IGLAT + 161N
§=0

where ¢, (1 € C§° () such that ¢ < (3. Also, by Proposition 3.13 and Theorem
3.11

ICF oy < e {ICHT + 11 )

<ed SMGLAT + sl ¢ < e {IGL s ey + 16 F] }

3=0
which is the case k = 1.
Assume now that (3.5) holds up to the integer k and let f € W)l(’?loc (G)

such that Lf € phts”.2 (Q). By the inductive assumption we know that f €

XZE loc

W2 (G). Let X be any right invariant differential operator with |I| < k.

XZE loc
Then XEf € L2 () and since XF and £ commute we have, in the sense of
distributions )
L(XTf) = XPLF € Wi, ().
It follows that we can apply Proposition 3.18 to XEf and conclude that
XEfeWys, (Q) and satisfies the estimate

XE loc
X Tl ) < IOXFE g ey + 10Xy -

This means that f € W)k;;ll’sc (Q) and, introducing other cutoff functions such

that o < ¢ < (1 < (2 < (3 and exploiting the inductive assumption,

”COfHW;*;v?(RN) = ”COfHW;;(]RN) + Z HX}% (COf)HW;;(RN)
|I|=k

<c ||<1f||W)’C(a§(RN) + Z ||<1XFfHW)1(’]2%(]RN)
=

S e IGL lwsmra@n) + > <||@XF£f||W§§<RN)+||<2Xﬁf||L2(RN)>
|I|=k

< eI e, + 166l agem, |

so we are done. Part (ii) of the theorem follows from the fact that

() Win () cC=(Q).
k=1
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4 Hypoellipticity of the sublaplacian

In this section we will prove the hypoellipticity result extending Theorem 3.4
. . 1,2 A
from functions in W* to generic distributions.

Theorem 4.1 (Hypoellipticity of the sublaplacian) Let Q@ C RY be an
open set and let f € D' () such that Lf € C*(Q), then f € C* (Q). That is
L is hypoelliptic in RN .

To prove this extension we will use a regularizing operator that commutes
with £, namely the convolution with a parametriz (that is an approximate
fundamental solution) of a right invariant elliptic operator. Let us consider the
second order differential operator

built using the whole canonical base of right invariant vector fields. From the
structure of the vector fields X* we can read that at the origin the principal part
of L® coincides with the classical Laplacian. Using the fundamental solution
of the Laplacian we will construct a parametrix for L that we will name 7
(Proposition 4.2). We will then study the operator T'f = 7 f, and we will show
that if f is a distribution, then for K large enough T f € W)l(zloc (Proposition
4.4 and Corollary 4.5). Since T and £ commute (Proposition 4.6), then if £f
is smooth also LTX f = TKLf is smooth and therefore by Theorem 3.4 we see
that TX f is smooth. Now, if 5 were the fundamental solution of L then just
applying K times L to TX f we would obtain that f is smooth. The fact that ¥
is only an approximate fundamental solution introduces a minor difficulty that
is addressed in Lemma 4.8.
Let us start with the construction of 7.

Proposition 4.2 (Parametrix of a right invariant elliptic operator) Let
V C G be a neighborhood of the origin. There exist 7 € C™ (G \ {0}) and
w € C* (G \ {0}), both supported in V, satisfying

Cc

7 (@) € —x— (4.1)
||
~ C .
‘8%7(‘%” < |(E|N71 i=1,2,..,N (42)
|w (2)] < ]CV,Z (4.3)
|z|

and such that in the sense of distributions

LAy = 6+ w.
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Proof. Let W C V be a neighborhood of the origin, such that also WoW C V
and let n € C§° (W) identically 1 in a neighborhood of the origin. Let

1
V(@) =cenTxs
|z]

be the fundamental solution of the standard Laplacian —A and set v, = ~n.
An easy computation based on the structure of the vector fields X/ shows that

we can write 52 5
=A+ ; bij 7817181’] + ; Ci% (4.4)

where b;; (z) and ¢; (z) are polynomials and b;; (0) = 0, see [1, Corollary 1.3.19].
For every test function ¢ € C§° (RY) we have

(L1, ) = /71 (z) LR (z) dx

- 5@ (z)
_/G% () Ap (z) d +/G Zb” 31'131‘3 + ;Cz Ox; e

v (x)dx.

:/any(x) Ay (m)dx—i—/ Z@x oz, (mbij) ( 8

Observe that the integration by parts is justified by the fact that b;; vanishes
at the origin so that 1b;; can be differentiated twice without loosing summa-
bility. A simple computation shows that

NYAp = yA (np) — 2div (v9Vn) + vpAn + 20V Vn

and therefore
/G nyApdr = /G (YA (ng) — 2div (v¢Vn) + vpAn + 20V Vn) dx
=—p(0)— 2/ div (y¢Vn) dx + / w (yAn 4+ 2V~Vn) dx.
G G

Since vpVn € Cg° (G) the first integral vanishes in the last expression, so that
LR’yl = -4 + w1 (45)

where
82
= (vAn +2VAVn) + ; 9203, - (11035) Z oz, (11¢:)

Observe that for small x we have

jwi ()] < P (4.6)
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and that w; is supported in W. Unfortunately w; is still a bit too big. We need
to add a term to 7; to improve the approximation. Let

Y=+ *wi. (4.7)

It is immediate to check that

LE (4 * W) Ly s wy = (=0 +w1) xw

= —w1 t w1 *xws
and therefore

LAY = LB~y 4+ L (1 % w1)
=—-0+w

where
W= Wy * Wi.

We are left to check that w satisfies the properties stated in the Proposition.

Since w; is supported in W it is clear that w is supported in WoW C V. It
remains to show that w € C* (G\ {0}) and that |w (z)] < ¢|z|* V. Let us fix
zo # 0 and a neighborhood B, (z¢) such that 0 ¢ B, (z). Let v € C§° (G) be a
cut-off function which is identically 1 in a neighborhood of the origin and with
support disjoint from B, (zo). We can also assume that z ow™! and w™! oz
are bounded away from zero when w € sptri and = € B, ().

For any = € B, (x¢) we write

o) = [ o) v @) vdn+ [ (o) o) (row) du
+/Gw1 (row™) wn (w) [1 -t (w) - (xow )] du
=L (z)+ L(z)+ I3(x).

Let us show that the three terms are smooth.

Let P be any right invariant differential operator, since w (z o w™!) is not
singular on the support of 9,

R
PRI (z) = /G Phw (zow™) wi (w) ¥ (w)dw

so that Iy (x) is smooth. Similarly, if P is any left invariant differential operator
we can write

Pl (z) = /(;wl (w) Pwi (w™! o)1 (w)dw

and I (x) is smooth. Finally observe that in I3 there are no singular terms, we
can easily differentiate under the integral sign and therefore also I3 is smooth.
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As to the growth of w, using (4.6) and (2.4) we easily obtain

@< [ frow|"

< c/ lz —w|"™ Jw" N dw < clzV.
%

N |w|1_N dw

Finally, let us prove (4.1) and (4.2). Recall that ¥ = 71 + 71 * w1 with v (z) =
CN Ix\%n (x). Since vy, and w; are compactly supported, also ¥ is compactly

supported and

1 1

~ c
F@I< iz +e [ty g
|z] w [z o w7 uwl

c 1 1
ST =2t C/ {IN—2| N—2 dw
|| w |z — w7 [w)

C

S TN
]

Moreover, since,

100 (2)] < ox—prt
||
and
02,7 (x) = Op; 1 () + O, (11 ¥ w1) ()
we have

O, (N *w1) (x) = /G@xi (1 (zow™)] wi (w) dw

N
= [ 3 (@m) (zow ™) 0y, [(xow™),] wi (w) dw

G =1

where 0, [(az o w_l) } is a polynomial. Therefore

k

|(ark'71) (xowilﬂ < ° T S © N_1
|z o w1 |z — w]

near the pole; hence

1 1 c
|0z, (71 *w1) (z)] < c/ T 1w < —x—3-
Wz — w7 [wl 2|

|

Let us now consider three open sets in G, Q' € Q" € Q and let V be a
neighborhood of the origin such that V=1 o€ C Q”. Define ¥ as in Proposition
4.2, with 5 supported in V. The convolution with 4 defines a regularizing

operator that acts on functions f € L, () as follows. For every z € Q' we set

TS (x) =7+ f (z) = /G 7 (zoy™) £ (y) dy. (48)
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Note that
T:LYQ") — L' ()
Namely, for z € ' and zoy~! € sprt7, the point y = (l’ o y‘l)_l ox ranges
in V1o C 9", hence introducing characteristic functions,

(xTf) () = /@ Gxv) (2o ™) (fxar) (4) dy,

or
xeTf=7xv * fxar (4.9)
which by Young’s inequality gives

1T fll ey < MLy 1N pr gy -

Also, T acts on distributions f € D’ (2) as follows. For every ¢ € C§° ()
we set

(Tf,p)=(f.T"p) (4.10)

where
T o (y) = /Gﬁ(xoy“) ¢ (z) da.

We claim that
T:D'(Q) —D ().

Observe that the assumption on V' implies that T* is a test function in €'.
Namely, for 2 € sprtp and x oy~! € sprt¥ the point y ranges in Q' € Q. By
Remark 2.4, T*p is smooth and therefore the pairing (4.10) is well defined.

Remark 4.3 The definition of the operator T depends on the choice of the
neighborhood V' used to define . In the following, in order to stress this depen-
dence, we will also write Ty .

Proposition 4.4 (Regularizing properties of Ty) Let Q) € Q" € Q. There
exists a neighborhood V' of the origin such that the operator Ty defined in (4.10)
has the following properties.

(1) Let f € D' (Q) such that f = D%g, for some g € L},.(Q) and multiindex
a. Then Ty f € D' () and

Ty f = Z DPAg in Q
1BI<]al—1
for suitable Ag € L}, . ().
2) Let f € LY (Q) for some 1 < p < X, then Ty f € LP () for every
2
1_ 2

loc
> -« and

3

1
pl
1T fll o 2y < €l g -

(3) Let f € L2, () then Ty f € Wy? (V).

loc

(4) Let f € C*(Q) then Ty f € C>= ().
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Proof. (1) Let f = 8,,D%g for some o/ with |a/| = |a| — 1. Then, for
p € Cge ()

(Tvf,e) = <8yiD“/g(y)7/GW(xoy‘1)go(:c) dgc>
(0%, [ 0, [ (wor ) e @) r).

We can write

2

N
—0y, [T (oy™)] ==Y _(07) (woy™ )0y, [woy ] =D h(zoy™) Zi(x,y)
Pt Pt

where by (4.2) hi (z) are locally integrable functions, smooth outside the pole,
and Zj are polynomials. Hence

<va,¢>< /Gzhk voyY) Zu (u,9) ¢ (v )dx>

k=1
:< /th ) Zi (wouy, y)(p(woy)dw>
G k=1

since the function y — [, Z,ivzl hi (w) Zg (w o y,y)  (w o y) dw belongs to C§° (£2)

< /«}th |“|Da [Z) (w oy, y)(p(woy)]dw>

k=1

Now,

(0D [z (woyy) pwoy) = 3 (D) (woy)ag (w,y)
|81’

for suitable polynomials ag j, hence

(Tv f,p) = / (/@ Z hy (w (Dﬁcp) (woy)agk (w,y) dw) dy

k=1 \BI<\0¢’|

:/Gg(?/) (/GZN:’“« (oy™) > (D°¢)(z)agx (xoy™",y) dx) dy

181<a]
-

N
Z</ y) hi (zoy ") agy (:coyl,y)dy> dx
|B|<Ia’\ k=1

Next, observe that

i(/ y) hi (zoy™") agn (fﬂoyl,y)dy)

k=1
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belongs to Lj,, (), since g € L}, . () , hy € L' and is compactly supported in
V', ag, are polynomials. Hence, letting

Ag (2) = (—1)"' b (2)

we can write

(Tyf. ¢ / S (1) Ay (2) (DP) () da

1BI<|e|

(z 7w

1BI<]al -1

with Ag € L}, . (Q'), so that Ty f has the desired structure.

(2) follows from (4.9) and Young’s inequality since, by (4.1), 7 € L™ (G) for
1<r< N

(3) We know that any derivative 0,7 (¢ = 1,2,...,N) is integrable and
supported in V', hence each function X Ry (i=1,2,...N ) is a linear combination
with polynomial coefficients of mtegrable functions, compactly supported in V,
so that X5 € L' (G). Also, fxar € L? (G) hence by Young’s inequality

Tvf=9%*(fxa) € L*(G),

that is Ty f € L? (©'), and

X X[ Ty f = (X]3) = (fxar) € L* (G),

that is X2Ty f € L2 (). This holds for i = 1,2,...,N (not just for the first
q derivatives). Now, let us recall that the left invariant vector fields X; (i =
1,2,...,N) can be written as linear combinations with polynomial coefficients of
the right invariant vector fields X/*. Hence by the boundedness of ' we also
have

X TyfeL?>(Q) fori=1,2,..,N

in particular Ty f € Wy* ().
(4). Let f € C*(Q). From

Tof@) = [F@or™) 1@ dy= [ Fw)f (' oo)dv

G

we read that for z € Q' and any left invariant differential operator P we can
write

Py f (x) = / F(w)Pf (w™! o) dw,
G
showing that PTy f € C* (Y). =

Corollary 4.5 Let Q' € Q. For every distribution f € D' (Q) there exist a
neighborhood of the origin V' and an integer K such that (TV)K fe VV;(’2 Q).
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Proof. For fixed )’ € Q and positive integer K to be chosen later, there exists
a neighborhood V of the origin such that

VoVo..oVoQeQ.
———

K times

Let

Qj=VoVo..oVoQforj=12..,K
———————
J times

Q=9

so that Qg € Q. If f € D' (), then the restriction of f to Qx coincides with
a finite sum of derivatives of locally integrable (actually, continuous) functions:

M
f=Y D%y,
j=1

for suitable g; € L' (k) and multiindices «;, see e.g [11, Corollary 3, p. 263].
Applying point (1) in Proposition 4.4 kjtimes, with k; large enough we find
that

T3 (f) € L' (Qr—,) -
Applying point (2) in Proposition 4.4 ko times (with ko large enough) provides

Te = (f) € L2 (i —ky—1-1s)-
Finally, using point (3) we obtain

TRt () € W (Qk iy —1-ka-1) »
which is the desired result, for K = ki + ko +2. m

Proposition 4.6 Let Q' € Q and V small enough so that V o Q' € Q. Then
for any distribution f € D' (Q) and every left invariant operator P we have

PTyvf=TyPf in D ().

Remark 4.7 The previous proposition can be obviously iterated writing
PTEf=TEPS in D ()

for any fixed positive integer K, provided V is chosen small enough to have

VoVo..oVoQ e
—_———

K times

Proof. This is essentially Proposition 2.3. We omit the details. m

Lemma 4.8 Let ' € Q" € Q and f € D' (). There exists V small enough
so that if
Ty f e C™ (")

then f € W;(’Q ().
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Proof. The proof is similar to that of Corollary 4.5. For a fixed Q' €  and a
positive integer K to be chosen later let V' and €; as in the proof of Corollary
4.5. Let ¢ € C§° (2 ), using the definition of Ty, and Lemma 4.2 we obtain

LAy f =LY+ ) =L f = (-0 +w)s f=—[+w=[
Since f € D’ () we can write

M
f= > DYg;inD ().

Jj=1
lerj|<A

Note that the kernel w satisfies the same properties of ¥ in terms of support and
growth estimate. Then, arguing as in the proof of Proposition 4.4 we see that

wH f= Z DP Ag

IBl<A-1

so that
f= Z D’BA[g - LRva in D’ (QK) R
[Bl<A-1

with LETy f € C°° (Qg) since Ty f € C* (Qk) by assumption. We can then
start again with the identity

LAy f=—f4wxf

where now we know in advance that f = Z\B\éAfl DPAg in D' (Qk) (the

smooth function LETYy, f can be absorbed in this expression) and, applying itera-
tively the above argument, in k1 steps we eventually conclude f € L}, (Qx_x, ).
Hence

LATyf=—f+wx* finD (Qr_,)

that is, modulo the smooth function LETy f, f coincides with wx f in D’ (Qg 4, )-
Let us reason again like in the proof of Corollary 4.5: since by Proposition
1

4.2, w € L= (G) we see that f € L™ " (Qx_p,_1); then with ky iterations
of this argument we conclude that f € L? (Qx_g,—1-,) and with one more
iteration f € W)lgz (UK —ky—1—k,—1)- Picking finally K = k; + ko + 2 we get the
desidered assertion. m

Proof of Theorem 4.1. The proof still contains interative arguments. Fix
Q' € Q' € Q. By Corollary 4.5, there exist a positive integer K and a neigh-
borhood V of the origin such that T f € Wy (Q”). Let now U C V a
neighborhood of the origin such that

UoUo..ocUoQ €.
~—

K times
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Let

Qj=UoUo..0UocQ for j=1,2,... K
~—
J times

Qo = Qs

so that Qr € Q”. Clearly, it is still true, a fortiori, that TX f € W;(’Q Q"
(having replaced the operator Ty with Ty, based on a smaller neighborhood).
By Proposition 4.6 and Remark 4.7 we have

L(TEf) =THFLf in Q. (4.11)

Since Lf is smooth in , by point (5) in Proposition 4.4 also T L f is smooth in
Qx. By (4.11) then £ (T f) is smooth in Qx and, since T f € V[/)lg2 (Qx), we
can apply Theorem 3.4 to conclude that T f € C°° (Qk). Applying Lemma 4.8
we see that Tgilf € W;(’Q (Q—1). Tterating this argument K times shows that
fe Wy (Q) = Wy (V). Since Lf € C*° () we can apply again Theorem
3.4 to conclude f € C*° (V). For the genericity of ', we have f € C* (Q). =
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