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Abstract

Let X1, Xa,..., X, be a system of real smooth vector fields satisfying
Hormander’s rank condition in a bounded domain 2 of R™. Let A =
{ai; (t,2)}] ;_, be a symmetric, uniformly positive definite matrix of real
functions defined in a domain U C R x €. For operators of kind

q

q
H:@t — Z aij (t,x)Xin —sz (t,.%‘)Xi —C(t,l’)

i,j=1 i=1

we prove local a-priori estimates of Schauder-type, in the natural (par-
abolic) C** (U) spaces defined by the vector fields X; and the distance
induced by them. Namely, for aij, bi,c € C*® (U) and U’ € U, we prove

lallgns.aqury < e {IH gra oy + 1l o o) } -



1 Introduction

Let Q2 be a bounded domain of R”, and let X7, X», ..., X, be a system of smooth
real vector fields satisfying Hormander’s rank condition in €. In this setting,
“sum of squares” operators
q
> Xt
i=1

or their “parabolic” analog
q
o —> X} (1.1)
i=1

have been widely studied since Hormander’s famous paper [21]: these opera-
tors are hypoelliptic, and share with elliptic and parabolic operators several
deep analogies. In recent years, nondivergence operators modeled on the above
classes, namely

q
L= aijx) X;X; (1.2)
i,j=1
or
q
H= Ot — Z Q5 (t,.’L') XZ‘Xj (13)
i,j=1

have also been studied, assuming that A = {a;; }gjzl is a symmetric, uniformly
positive definite matrix of real functions defined in © (in case (1.2)) or in a
bounded domain U C R x 2 (in case (1.3)), and A > 0 is a constant such that:

q
ATHEP <Y ai&iy < M) for every € € RY, (1.4)

ij=1

uniformly in © or U. These classes of operators naturally arise in some prob-
lems related to geometry in several complex variables (see [28] and references
therein) as well as in some models of human vision (see [14] and references
therein); moreover, these operators realize a framework where a suitable theory
of nonlinear equations modeled on Hormander’s vector fields can be settled.

A system of Hérmander vector fields can be thought as the natural substitute
of the “cartesian” derivatives 0,,, in the study of degenerate equations like
(1.2) or (1.3). Moreover, it induces a “Carnot—Carathéodory distance”, which
is (locally) doubling with respect to the Lebesgue measure. These facts allow
to define several function spaces shaped on the vector fields, such as Holder
spaces, Sobolev spaces, BMO, VMO etc. It is then natural to use these spaces
to express the required regularity of the coefficients a;;. Clearly, as soon as
the coefficients a;; are not C'™, the corresponding operator (1.2) or (1.3) is no
longer hypoelliptic, and no result can be drawn on it from the classical theory of
Hormander’s sums of squares. Nevertheless, many classical results about elliptic
and parabolic operators, which do not require, in principle, high regularity of



the coefficients, when properly reformulated in the language of vector fields, look
like desirable properties of these operators, and reasonable -although nontrivial-
conjectures. Two typical instances of this situation are (local) LP estimates and
C“ estimates on the “second order” derivatives X; X ;u. In [4]-[5] we have proved
L? estimates of this kind for operators of type (1.2) or some more general classes,
assuming the coefficients a;; in the space VMO, extending the classical results
of Rothschild-Stein [30] for Hormander’ sum of squares. In this paper, we prove
local C* estimates of Schauder type for an operator (1.3). Our main result is
the following (all symbols will be defined in the following sections):

Theorem 1.1 Let Q be a bounded domain of R™, and let X1, Xs,..., X, be
a system of smooth real vector fields defined in a neighborhood 0, of Q and
satisfying Hormander’s rank condition in Q,. Let U be a bounded domain of
R U C R x Q; let A= {a; (t,x)}g’jzl be a symmetric, uniformly positive
definite matriz of real functions defined in U, and A > 0 a constant such that
(1.4) holds in U. Assume a;j,b;,c € C* (U) for some integer k > 0 and some

ae (0,1). Let

q

H=0,- )Y aj(tz) X;X; - zq:bi (t,z) X; — c(t, ). (1.5)

ij=1 i=1

Then, for every domain U’ € U there exists a constant ¢ > 0 depending on
U, U {X;},a,k, A\ and the C** norms of the coefficients such that for every
u e CI2(U) with Hu € C** (U) one has

loc
lullonsnaory < e {18l ooy + Nl oo |

Analogous Schauder estimates for stationary operators (1.2) obviously follow
from the above theorem, as a particular case.

Let us briefly compare our result with the existing literature. In [34], Xu
states local estimates of Schauder type for operators of type (1.2), under an
additional assumption on the structure of the Lie algebra generated by the
X;’s. In [12], Capogna and Han prove “pointwise Schauder estimates” (in the
spirit of Caffarelli’s work [9] on fully nonlinear equations) for equations of type
(1.2) in Carnot groups. In [27], Montanari proves local Schauder estimates for
a particular class of operators of type (1.3), namely tangential operators on CR
manifolds, where the vector fields are allowed to be nonsmooth (namely, C1'%).

The main feature of the present paper, besides the “evolutionary” case it
covers, is that our theory applies to any system of Hérmander vector fields.

The general strategy we use (described in detail in §5) is similar to that
we have followed in [5], [6]. A basic role is played by C*® continuity of sin-
gular and fractional integrals on spaces of homogeneous type (in the sense of
Coifman-Weiss [15]), coupled with the machinery introduced in [30] and adapted
to nondivergence form operators in [5]. These results about C* continuity of
singular and fractional integrals are proved in Theorems 2.7 and 2.11, (see §2)
and can be of independent interest. Again, the main feature of these results,



compared with the existing literature, is their generality, which makes them
suitable for application to the context of general Hormander’s vector fields.
Once we have proved Theorem 1.1, a more subtle question poses, namely
the possibility of using the above a-priori estimates to show that, whenever a
function u € Cfo’ca (U) solves Hu = f in U with C*< (U) coefficients and data,

then actually u € C’lkof’a (U) . This natural regularization result follows from
the a-priori estimates as soon as one can solve the classical Dirichlet problem,
for operators of kind (1.5) but with smooth coefficients, provided a good mollifi-
cation technique, suited to this context, is available. Solvability of the Dirichlet
problem is a classical result, due to Bony [3], while in §11 we will construct a
family of mollifiers adapted to our context. This construction, which can be
of independent interest, makes use of the existence and properties of the “heat
kernel” for the model operator (1.1), and also of the abstract theory of singular
integrals developed in §2. The desired regularization result is proved in The-
orem 11.5. For technical difficulties, our technique allows to prove this result
only for even k.

A first application of the theory contained in this paper is the following. In
[7], Lanconelli, Uguzzoni and us prove that operators of type (1.3) possess a
fundamental solution, which satisfies sharp Gaussian estimates. The “Schauder
theory” developed in this paper allows to show that this fundamental solution
has a finite C*“ norm, in any bounded domain excluding the pole, depending
only on the vector fields, the C'* norms of the coefficients, and the ellipticity
constant A. This fact will be proved in [7].

Plan of the paper. In §2 we prove some abstract results about the action
of singular and fractional integrals on spaces of homogeneous type. The next
two sections are of preliminary nature: in §3 we prove some properties of the
“parabolic Carnot-Carathéodory distance” induced by the vector fields, which
will allow to apply the abstract theory of §2 to our setting, while in §4 we
collect some properties of parabolic Holder spaces C* and C*® induced by
Hormander’s vector fields. In §5 we state precisely our main results and illustrate
the general strategy of the proof: our basic result, that is the C%® estimate for
an operator without lower order terms, will be proved in three steps, which are
briefly explained in §5. These three steps constitute §6, 7, 8, respectively. The
basic result is then extended to higher order derivatives in §9, and to operators
with lower order terms in §10. The construction of a family of mollifiers which
allow to control C*®-norms, and the proof of regularity results, are performed
in §11. Finally, an Appendix (§12) collects some notation and known results
which are employed throughout the paper, and should be known to any reader
who is familiar with the two classical papers [17] and [30].

Acknoledgement. We wish to thank Ermanno Lanconelli and Francesco
Uguzzoni for some useful discussions on the subject of this paper.



2 Singular integrals on spaces of homogeneous
type and continuity on Hélder spaces

Let X be a set. A function d : X x X — R is called a quasidistance on X if
there exists a constant ¢y > 1 such that for any z,y,z € X:

d(z,y) >0and d(z,y) =0 & 2 =vy;

d(z,y) =d(y,z);
d(z,y) < cq(d(z,2) +d(2y)). (2.1)

We will say that two quasidistances d,d’ on X are equivalent, and we will
write d ~ d’, if there exist two positive constants ci, ¢y such that ¢;d’ (z,y) <
d(z,y) < cod' (z,y) for any z,y € X.

For r > 0, let B, (x) = {y € X :d(z,y) <r}. These “balls” satisfy the
axioms of a complete system of neighborhoods in X, and therefore induce a
(separated) topology. With respect to this topology, the balls B, (x) need not
be open. We will explicitly exclude the above kind of pathology:

Definition 2.1 Let (X,d) be a set endowed with a quasidistance d such that
the d-balls are open with respect to the topology induced by d, and let v be a
positive Borel measure on X satisfying the doubling condition: there exists a
positive constant c,, such that

p(Bar () < ¢y (B () foranyxz e X,r > 0. (2.2)
Then (X,d, p) is called a space of homogeneous type.

To simplify notation, the measure du (x) will be denoted simply by dz, and
p (A) will be written |A|. We will also set

B (z;y) = Bagay) () -

Definition 2.2 (Hélder spaces) For any a >0, u: X — R, let:

‘“|Ca(x) = SUP{W rx,y € X,z # y}

[[ul

ca(x) = luloax)y + lull g x)
o (X) = {u (X SRl gy < oo}.

Also, we denote by C§ (X) the subspace of boundedly supported C* (X) func-
tions.

A basic result proved by Macias-Segovia (see Theorem 2 in [25]) states that:



Proposition 2.3 Let d be any quasidistance on a set X. Then there exists
another quasidistance d' on X, equivalent to d, a constant ¢ > 0 and an exponent
ag € (0,1] such that for every r > 0,x,y,z € X with d' (x,z) <r,d (y,z) <r,

|d' (z,2) —d (y,2)] <cd (z,y)r' ™ (2.3)

Remark 2.4 This proposition says that the function x — d' (x, z) (for z fized)
is locally Hélder continuous (with respect to d' and therefore also to d). This
allows to prove, under reasonable assumptions on the measure u (for instance, if
1 is a Radon measure) that on the space of homogeneous type (X, d, 1), C§ (X)
is dense in LP (X)) for any p € [1,00) and any o < ag (with ap as in (2.3)).
In particular, if d is (equivalent to) a distance, then ag = 1 in (2.3)). So, in a
general space of homogeneous type, Holder spaces are always interesting spaces
for a small enough. On the opposite side, we cannot say, in general, that for o
large enough the space C* (X) is reduced to constant functions; this will be the
case in our application to Carnot-Carathéodory distance, due to the presence of
a suitable "gradient” related to the distance.

Definition 2.5 Let (X,d,dz) be a space of homogeneous type.
We will say that a measurable function k(x,y) : X x X — R is a standard
kernel on X if k satisfies the following properties:

c
|k (z,y)] < By for any z,y € X; (2.4)
( “growth estimate”)
c d(mo,x))ﬁ
k(xz,y) —k(xo, < 2.5
o) = ol < s (e (%)

for any xo,z,y € X, with d(xzo,y) = Md(zg,z), M > 1,¢,8 > 0 (“mean value
inequality”).

Remark 2.6 Condition (2.4) and the doubling condition immediately imply
that for any fized c1,co > 0,

/ s (2, 9)ldy < o (2.6)
cir<d(z,y)<car

for any r > 0, with ¢ independent of r.

Note also that, if condition (2.5) holds for some My > 1, then it holds
for any M > My. We can assume M large enough, so that the condition
d(zo,y) = Md(zg,x) implies that d(zg,y) ~ d(x,y). We will use systemat-
ically this equivalence. Moreover, just not to use one more constant, we will
assume that this “large” value of M is 2. This means to assume that the con-
stant cq in (2.1) is < 2. The reader will excuse this little abuse of notation.



Theorem 2.7 Let (X,d,dzx) be a bounded space of homogeneous type, and let
k (z,y) be a standard kernel. Let

Kf@=[ ke o (2.7

where d' is any quasidistance on X, equivalent to d, and fized once and for all.
Assume that for every f € C*(X) and x € X the following limit exists:

KF @)= PV. [ K@) ) dy = lim K. f (2).

Also, assume that:

< e (2.8)

/ k(z,y)dy
d'(z,y)>r

for any r > 0 (with cx independent of r) and

/ k(w,y)dy*/ k (zo,y) dy
d'(z,y)>e d'(zo,y)>e

for some v € (0,1], where d' is the same quasidistance appearing in (2.7). Then
the operator K is continuous on C* (X); more precisely:

lim < cxd(z,20)” (2.9)
E—

(K floax) S ek [fllca(x) for every a <y, < B (2.10)
where v is the number in (2.9) and B is the number in (2.5). Moreover,

HKfHoo < CK,R,OZ ||f||a (2]‘1)
where R =diamX.

Remark 2.8 The fact that classical singular integrals "with variable kernels"
(those arising in the study of linear elliptic equations) preserve Hdélder spaces
was already proved by Calderdn-Zygmund in [10] (see Theorem 2 p.909). In
the context of "homogeneous spaces with gauge”, continuity of singular integrals
on Hélder spaces was proved by Koranyi-Vagi [22]; this result has also been
applied by Folland [17], in the context of homogeneous groups. These results
are particular cases of the previous proposition, while the lack of any kind of
homogeneity in the space is the main feature of our result. It is worthwhile to
mention that the boundedness of the space X is necessary only for 2.11.

Remark 2.9 (On the role of different quasidistances) Here we want to
clarify the role of the two possibly different quasidistances d,d’. In some ap-
plications of the abstract theory of singular integrals on spaces of homogeneous
type (included the present application to the proof of Schauder estimates), it is
useful to switch from one quasidistance to another one, having different good



properties. In particular, in the definition of principal value of a singular inte-
gral, the small region around the pole which is removed and shrinked needs not
to be a ball with respect to the original quasidistance. Also, it is worthwhile to
note that properties (2.4), (2.5) are preserved replacing the quasidistance with
an equivalent one; the same is true for (2.8), provided also (2.4) is assumed
(therefore, in (2.8) the presence of d' instead of d is not relevant, but only
written for consistence with (2.7)); on the other hand, property (2.9) is not ob-
viously preserved replacing the quasidistance with an equivalent one. Therefore,
the possibility of choosing in (2.9) and (2.7) a suitable quasidistance d’', possibly
different from d, will be crucial to check these assumptions in our context of
Hérmander vector fields.

In the proof of the above proposition we need the following Lemma, that
can be proved by a standard computation (see [6], Lemma 2.8):

Lemma 2.10 Let X be any space of homogeneous type. Then
a.

d B
/ 7(33’ y) dy < er’ for any 8 > 0;
d(z,y)<r |B (‘Tay)|

-8
/ M dy < er™® for any B > 0.
d(z,y)>r |B (x; y)'

Proof of Theorem 2.7. To prove (2.10), let us write:
Kf(z) = Kf(x0)

{/ E o) f(x)]dy—/xk(wo,y)[f(y)—f(xo)]dy}+

+lim { f () / k(o) dy — f (20) /  (w0,y) dy
e=0 (@) >e &' (z0,y)>e
= A+ B.

A= {/ {k (2, 9) [f (v) = [ (@)] = (2o, 9) [f () = f (wo)]}dy} +
(z0,y)>2d(z0,)

T { / {2 0) [f () — £ ()] — E (20,9) [f (0) — f (z0)]} dy
d(zo0,y)<2d(zo,x)
= A1 + Az.
A= / {15 (2, 9) — k (50, 9)] [ () — f (w0)]} d+
d(xzo,y)>2d(zo,x)

o) = S @) [ b (2, ) dy
d(z0,y)>2d(zo,)
= A1+ Ao



c (d(xo,:z:)

B
A g/ ) fl, d(zo,y)* dy =
| 11‘ d(zo,y)=2d(zo,x) |B(.’E0,y)| d(mo,y) | | ( 0 )

1
:C|f|ad($o,$)ﬁ/ _dy<
d(w0.y)>2d(z0,2) | B (20;y)| d (20, y)"
if @ < B, by Lemma 2.10, b,

<clfl, d(@o,z)’ d(zo,2)* " = c|f], d (z0,x)"

As to the second term,

|Avo| < |f], d(z0,2)” k(x,y)dy|.

/d(xg,y)> 2d(zo,x)

By Remark 2.6, d (zo,y) > 2d(x9,z) = d(z,y) > cd(xo,z) for some ¢ > 0.
Then

/ k(x,y)dy =
d(zo,y)>2d(zo,x)

:/ /f(x,y)dy—/ k(z,y)dy
d(z,y)>cd(zo,x) d(zo,y)<2d(zo,z), d(z,y)=cd(xo,z)

and, by (2.8) and (2.6),

+

|[A12| < Iflad(xo,x)a{ / k(z,y)dy
d(z,y)>cd(zo,x)

+f |k<z,y>dy}
d(zo,y)<2d(zo,z), d(z,y)=cd(xzo,)

<\l d (0, 2) {cK +/

< ek |flyd (2o, )"

|k (2, )] dy}
d(zo,z)<d(z,y)<c1d(zo,z)
< | k@)l 1f ()~ f (@) dy+
d(z0,y)<2d(zo,z)
+ (o )15 () = 1 (o)l dy
d(xo,y)<2d(x0,z)
since d (xo,y) < 2d (zg,x) = d(x,y) < cd (zg,x)
</ @I 1f () = f (@) dy+
d(z,y)<cd(zo,z)

+/ (o )15 () = 1 (o)l dy
d(xo,y)<2d(zo,z)

= Aoy + Ao



X

d(z,y)”
|A21| < ek ‘f|a/ &
d(x,y)<cd(xzo,x) |B (l’,y)|

by Lemma 2.10, a)
< cex | flod(@,20)"

Analogously,
|Agg| < e |f], d(x,20)" .

We have therefore proved that
Al < ek |fl, d(@,20)" .

Let us come to B.

B = lim {f(x)/ k(z,y)dy — f(fﬂo)/ k (xo,y) dy} =
e— d'(z,y)>e d'(zo,y)>e

= [f () = f (z0)] lim k(z,y) dy+

e—0 d'(z,y)>e

+ f (zo) lim / k(z,y)dy — / k (zo,y) dy
e—0 d'(z,y)>e d'(z0,y)>e
= B1 + B2.

| B1| < |f], d(z,20)" sup
e>0

< ek |fly d(z,20)"

<

/ k(x,y)dy
d'(z,y)>e

by (2.8). Moreover, by (2.9), we can conclude
1Bl < e | fl, d(@,20)" + ek || flloo d (2, 20)7

This ends the proof of (2.10).
To prove (2.11), let us write:

Kf(z):/xk(m,y) [f (y) = f (@) dy + f (2) lim k(z,y)dy = A+ B

=0 Ja(z,y)>e

d(z,y)”
Al<exlfl, [ Ty <
A < exc 1] x |B(z;9)]

for some fixed R > 0, since the space is bounded

d «
<chu/‘ LACT) M
d(z,y)<R |B (ij y)|

by Lemma 2.10, a)
< ci |f|aRa.

10



B < [[fllo sup <k [ fllso
€

/ k(z,y)dy
>0 |Jd (z,y)>e

and this concludes the proof. m
The next Theorem provides a result of C'* continuity for fractional integrals:

Theorem 2.11 Let (X,d,dz) be a bounded space of homogeneous type, and
assume that X does not contain atoms (that is, points of positive measure). Let
ks (z,y) be a "fractional integral kernel”, that is:

(2.12)

for any x,y € X, some ¢,d > 0;

5 5
ks (%,y) — ks (z0,y)| < ed (w0, ) (d(mo’x)> (2.13)

|B (z0;9)| \ d(z0,y)

for any xg,z,y € X, with d(xo,y) = Md (zo,z), some M > 1,¢,8 >0 (“mean
value inequality”). Then the operator

Lif (x) = /X ks (,9) f () dy

is continuous on C* (X), for any o < min (3, 9).

Remark 2.12 If the space X contains atoms, the definition of Is has to be
modified as

Isf (2) = /X s f)

in order to assure the convergence of the integral; we want to avoid these techni-
calities. Fractional integrals on spaces of homogeneous type have been extensively
studied by Gatto-Vagi, see [18], [19]; see also [20] and references therein. How-
ever, our result is not comparable with theirs because on one side they make the
extra assumption of normality of the space, while on the other side they do not
require boundedness of X. Moreover, our result is not sharp: one should expect
Is to map C in C*T9; here we have limited ourselves to prove, in the shortest
way, the result which we need for subsequent applications to Schauder estimates.

Proof. Let R be the diameter of X. We will check that ks satisfies assump-
tions (2.4), (2.5), (2.8), and (2.9); then the result will follow by Proposition 2.7.
Namely: property (2.12) implies (2.4) with the constant ¢ replaced by cR’; anal-
ogously, property (2.13) implies (2.5), with the same exponent . By Lemma

2.10, a,
d 5
/ ks (z,y) dy| < c/ Mdy < cR°
d'(z,y)>6 d

)<k |B(x;9)]

11



hence (2.8) holds. Finally, to prove (2.9), we start by noting that in this case

/ k6 (1‘73/) dy_/ k(5 (any) dy
d'(z,y)>e d'(zo,y)>e

/Xk(;(x,y)dy—/xké(wo,y)dy‘

because, by (2.12), the integral of ks (x,-) is convergent, hence

lim
e—0

/ ks (z,y)dy — 0 for e — 0
d'(z,y)<e
since X has no atoms. By (2.12), (2.13) and Lemma 2.10,
‘/ ks (wvy)dy—/ ks (xo,y)dy’ <
X X
</ ks (.9) = s (20,)| dy
d(zo,y)>2d(zo,x)

+/ |ks (x,y) — ks (zo,y)| dy
d(zo0,y)<2d(z0,x)

dy
(w0,9)>2d(wo,2) | B (203 y)| d (20, y)
d(z,y)° d °
+C/ (may) dy+C/ (any) =
d(z,y)<cd(zo,x) |B ($; y)' d(xo,y)<2d(xz0,z) |B ({L‘(); y)'
Now: if 8 > 4,

< cd(xmx)ﬁ/d 55T

I<cd (xo,x)B . d(mo,x)‘;*ﬁ +cd (xo,x)6 <cd (mo,x)é;
if 8<0,

d o=
I< cd(xo,x)ﬁ/ (Bmo,iy)
d(xo,y)<R ‘ (an y)‘

< cd (w0, )" R + cd (w0, 2)° < ed (o, z)” RO—F

dy + cd (:ro,:n)5 <

since we can assume d (zg, z) < R; finally, if 8 =4,

I< cd(xo,x)ﬁ/

d(zo,y)<k | B (T03y)]

d(zo,y) 1
<cd(x ,mﬁ/ < :
" ] e \d(@ox) ) Blaoy)

< ced (w0, 2)" " R* + cd (w0, 2)” < ced (w0, 3)° ¢ R°.

dy + cd (zo, x)ﬁ <

dy + cd (zo, 5(:)’8 <

Hence (2.9) holds for any v < min (3,0); by Proposition 2.7, I is continuous
on C%(X) for any o < 7, < 8, that is for any o < min (5,5). =

12



3 Parabolic Carnot-Carathéodory distance

Let Q2 be a bounded domain of R”, and let X7, X», ..., X, be a system of smooth
real vector fields defined in a neighborhood €2, of 2 and satisfying Hérmander’s
condition of step s in €2,. Explicitely, this means that:

Xz' = Z bik (CE) 8zk
k=1

with bz € C (), and the vector space spanned at every point of Qqy by:
the fields X;; their commutators [X;, X;] = X;X; — X X;; the commutators of
the Xj’s with the commutators [X;, X;];...and so on, up to some step s, is the
whole R™.

Let us recall the following

Definition 3.1 (Carnot-Carathéodory distance) For x,y € Q, let:

d(z,y) = mf{T(y) [ :[0,T(7)] = R" X-subunit, v(0) =z, ¥(T(7)) = y},

where we call X -subunit any absolutely continuous path v such that
Y () =D AX; ()

j=1

a.e. with Z;nzl Ni(1)? <1 ae.
For x € Q, we set

B.(z)={ye€Qp:d(z,y) <r}.

It is well known (see [29]) that d is a distance (called Carnot-Carathéodory
distance, or briefly CC-distance, induced by the system of Hérmander’s vector
fields X;) and that there exist positive constants c, 7o, c1,c2 depending on €
such that:

| Bay (2)| < ¢|By (z)| for any = € Q,r < rg

crlr—yl <d(w,y) <ealr—y"* for any 2,y € Q, (3.1)

where s is the step appearing in Hérmander’s condition.

In order to apply to a domain A C ) the abstract theory of spaces of ho-
mogenous type developed in §2, we need to know that in (A, d, dz) the doubling
condition holds. Explicitly, this means that

|Bay () N Al < ¢|By () N A| for any z € A,r > 0.
This requires some regularity property of 0A.

Definition 3.2 Under the above assumptions, we say that a domain A C € is
d-reqular if
By (z) N Al > ¢|B; (z)]

for every x € A, 0 < r <diam(A).

13



In [6] we have proved the following criteria of regularity:
Lemma 3.3
i Let A= Bpr(z9) C Q, be a metric ball. Then, Bg (zo) is d-regular.
ii The union of a finite number of d-reqular domains in Q, is d-regular.

iii If A is a bounded d-regular domain in Q,, then (A,d,dzx) is a space of ho-
mogeneous type.

Let us now consider the parabolic Carnot-Carathéodory distance dp corre-
sponding to d, namely

dp ((t,2),(5,9)) = \/d (5, 9)° + |t — 51,

defined in the cylinder R x Q.
One can easily check that:

Lemma 3.4 Wheneverd (z,y) is a distance defined on some set Q, dp ((t,z), (s,y))
defined as above is a distance on R x ).

Notation 3.5 We will write B, (z) for the d-ball in Q with radius r and center
z, and B, (t,x) for the dy-ball in R x Q with radius r and center (t,z). In
other words, with this notation the center of the ball reveals the dimension of
the space.

To apply the theory developed in §2 to the space
(Br (to, x0) ,dp, dtdz)

we need to know that a dp-ball By (tg,zq) is dp-regular. This fact will be
actually proved in this section, and will require some labour.

First, we need to introduce some standard subsets related to parabolic geom-
etry, namely:

"parabolic cones" of the kind:

tf
C(t,z) = {(T,z) =1 <r?d(z,2) <r— |TT|}
and "parabolic cylinders":
Qr(r,x) ={(t,2): [t —7| < 2, d(x,2) < r}.
Then:
Lemma 3.6 The volume of the sets

By (t,x),C (t, ), Qr (t,7)

18 equivalent to
r?| By (x)].-

Moreover, if d(x,y) < cr, then |B, (t, )| is equivalent to | B, (t,y)]| .

14



Proof. Obviously,
Q. (t,x)| = 2r? | B, (2] .

Moreover,
B, (t,x) C @, (t,z) and C, (t,x) C Q, (t,x)

hence
|B, (t,z)] < 2r?|B, (z)| and |C, (t,z)| < 2r?|B, (z)|.

As to the estimates from below, we can write:

2

tJra"2 r
B, (t,x :/ dT/ dy:2/ B ym— (z)|dr >
LA il SN p— By (@)

3
3, 3
> 2/4 ’BT/Q (a:)| dr = 57“2 ’BT/Q (x)
0

t+r2 2
|C’T(t,:1c)|:/ dT/ , dyz?/
t—r2 d(w,y)<$ 0

’I“2

22/ |Br/2 (m)|dT:T2|Br/2 ($)|
0

b

=

By the doubling property of | B, (x)|, the result follows.
Finally, the last assertion holds because, since d (x,y) < cr, by the doubling
condition on d,

|Br (t,2)| < 2% | By (2)] < e1r? | By (y)| < 2By (t,y))].-

]
We also recall the following:

Lemma 3.7 Let Bg (xg) be a metric ball, x € By (x9), d(z,x0) = p < R. If
r < 3p, then there exists x1 such that:

i) By/3 (x1) C Br(x0) N By (x);

i) d(xo,x1) < p— %;

ii) d (z1,2) < 37
If r = 3p, then taking x1 = xo, properties i),ii),iii) hold.

The above Lemma is contained in the proof of Lemma 4.2 of [6]. We can
now prove the following:

Proposition 3.8 Let Bg (to,zo) be a dp-ball. Then Bp (to, o) is dp-reqular,
that is there exists ¢ > 0 such that

|Br (to, o) N By (t, )| = ¢|B, (t,z)|

for every (t,x) € Br (tg,x0),0 <r < 2R.
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Proof. For (t,x) € Bg(to,x0), let us consider the ball B, (¢,z), for some
r < 2R;let p=d(x,x0).
15t case: we assume 1 < 3p. Let =1 be as in Lemma 3.7. Then, we claim
that:
C, /3 (t,x1) C Bg (to,x0) N By (L, 7). (3.3)

Namely, let
r? r o3
(1,2) € Cry3(t,xy) = (1,2) [t — 7| < g,d(xl,z) < 3, [t —7|p.

To prove that (7,2) € B, (t,x), we write

dp ((7,2), (t,2)) = \Jd (2, 2)* + |7 — ] </ (d (5, 21) + d (21, 2)° + |7 — 1] <

by iii) of Lemma 3.7 and definition of C, /3 (t, z1)

< gr+f—§\t— | 2+| —t] =
SV Ty T

9
:\/2|t—7|2—5|7—t|+r2<7“
T

because the function f (s) = % s? — 5s + 2, is decreasing in [O» 92} hence has

its maximum at s = 0, and f (0) =
To prove that (7,2) € Bg (to, mo) we write:

dp ((T z t(),ZL'O \/d SL'(), -|— |T—t0| g

< \/(d(xo,xl) +d (21, 2)2 + T —t]+ [t — to] <

< T 3 y) st -t <
< —sto =T T — —to| <
P=3737 % 0

9 6
§\/(;02+|7'—t|)+<702|7'—t2—fT—t+|T—t|)<R

because p? + |7 — t| < R? and % |7 — t)? — GP |7 —t|+ | —t| <0 for r < 3p.
Inclusion (3.3) and Lemma 3.6 imply that in case 1,

|Br (to, 20) N By (t,2)| = |Crys (t,21)| = 1 | By (t,21)] = 2| By (¢, 2)] -

The last inequality follows, again by Lemma 3.6, because d (z,z1) < 7"
27 case: we assume 7 > 3p and |t —tg| < 5R2 Under the assumption
> 3p, Lemma 3.7 states that
i) B3 (z0) C Br(20) N By (2);
i) d (zo, ) < 2.
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Let us show that (3.3) still holds, with 1 = x¢, that is:
CT/B (ta :Eo) C BR (tO, 1'0) N B, (t’ 1’) . (34)

Inclusion C,/3 (t,20) C B, (t,) follows by the same proof as above. To show
that C..3 (t,z0) C Br (to, o), let (7,2) € C,/3 (t,z0) ; then:

dP ((T Z thxO \/d xOv + |7_ - t0| <

2
r 3
<\/(—|t—7|) =t 4= to] <
3 r

9 2 5 2 5
=\/2|t—7|2—|7—t|+r+R2< %+7R2<R

where we used the fact that % [t — 7> = |t —t] <0 for |7 —t| < %, and that
r < 2R. This shows that albo in Case 2,

|Br (to, m0) N By (t,2)| > |Cry3 (t,m0)| = c1 | By (t,20)| = 2| By ()|

where the last inequality follows, by Lemma 3.6, because d (z,z¢) = p < .

374 case: we assume r > 3p and gRQ < |t —to| < R2. Since r > 3p, as in
case 2 we know that:

i) Byys (20) C Br (v0) O Br (2)

ii) d (zo, ) < 3.

To fix ideas, assume ¢ > to (the other case is identical), that is ¢ > to + 3 R2.
Let us define:

_ r? r? r 3
C’T/g(t,wo)— {(t,z).t—g <T<t—1—8,d(a:0,z) < 3_r|t_T|}'
We claim that
C, /3 (t, o) C Bg (to,zo) N By (L, 2) - (3.5)

Inclusion C' (t,z0) C By (t,x) can be proved as in Case 1. To show that
C,_/3 (t,z0) C Bpr (to, o), let (1,2) € C’,r_/3 (t,x0); then 7 > to and:

dp ((’T Z to,xo \/d .’ﬂo, +T—t0 <

g\/<;—i(t—7)>2+(t—t0)—(t—7)<

9 2 r2

because the function f(s) = %s? — 3s + g for s € [ﬁ is decreasing and

7,2
1829
attains its maximum at s = g, f (%) = —g—; < 0. Therefore (3.5) holds, and
we conclude that in Case 3,

N

B (to, 70) 0 By (£,2)] > [Cry (t,30)| = 1 By (20)] > €2 | By (t,2)]
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where the second inequality follows by a similar computation to that of the
proof of Lemma 3.6, and the last inequality follows by Lemma 3.6. This ends
the proof of the Proposition. m

4 Parabolic Héormander Hdélder spaces

We now define parabolic Holder spaces adapted to this context. Let Q be as in
previous section. For any bounded domain U C R x € and any « > 0, let:

uleey =sup { B O 10) o) € U 10) £ (50

[ull ooy = Il ooy + 1l oo @y
o (U) = {u U =R lullgn ) < oo} .

Note that, by (3.1), a function u € C* (U) is also continuous on U in Euclidean
sense. By Lemma 3.4, dp is a distance; if U is a dp-regular domain (for instance,
a dp-ball), then (U, dp,dtdz) is a space of homogeneous type and, by Remark
2.4, the space C§ (U) is dense in L? (U) for any a € (0,1] and p € [1,00). We
are going to show that for a > 1, C'* spaces become trivial:

Proposition 4.1 Let d be the Carnot-Carathéodory distance induced in a do-
main 2 by a system of Hérmander’s vector fields X1, ..., X4, and dp the corre-
sponding parabolic distance. Then:

i If f(x) € C* () for some o > 1, then [ is constant in €;

ii if f(t,xz) € C*(U) for some a > 2, then [ is constant in U; if 1 < a < 2,
then f does not depend on x.

Proof. (i). Let us show that X,;f =0 in Q for i = 1,2, ..., ¢; then Hérmander’s
condition implies that the Euclidean gradient of f vanishes in €2, hence f is
constant. For any = € , let v (¢) be the integral curve of X; such that:

Then:

d
X @) = | 5 0 0)] © = finy
Since v is subunit (see §3), we can write:

IF (@) = F (YOI < Iflgd (v (), 7 (0)" < |f], £
and, if o > 1, this implies X, f () =0, by (4.1).

18



(ii). Applying (i) to the function z — f (¢, ) for fixed ¢, we deduce that
if @« > 1 then f does not depend on x. Now, saying that f (¢) belongs to the
parabolic C'* space means that

If(t) = f(s)| <clt—s|*?

and this implies that f is constant if « > 2. m

By the previous discussion, henceforth we will consider parabolic Holder
spaces C“ for o € (0,1).

For any positive integer k, let

che(U) = {u U = R ullgra gy < OO}

with

||u||ckv”(U): Z ||athXI“Hoa(U)
|T|+2h<k

where, for any multiindex I = (i1, 42, ...,%5) , with 1 < 4; < ¢, we say that |[I| = s
and
Xy =X, X4,.. X5 u.

Note that all the derivatives 9 X u involved in the definition of C*< are
continuous in Euclidean sense, because they belong to C¢.

We will also set C’g ““(U) for the space of C* (U) functions compactly
supported in U.

Occasionally, we will also use the space C*? (U) of continuous functions u
with continuous derivatives X;u (for i = 1,2, ..., q), and the corresponding space
Cé 0 (U) of compactly supported functions.

The following Proposition collects some simple facts about parabolic Holder
spaces, which will be used later:

Proposition 4.2 Let U be as above.
i For any couple functions f,g € C*(U), one has:

[F9lce < [flcallgllpee + 1Fll Lo |9l ca (4.2)

and
[follce <20 fllga llgllge - (4.3)

Moreover, if both f and g vanish at least in a point of U, then

9l ce < 2(diamU)" |f|ca 9] o (4.4)

Also, for any couple functions f,g € C** (U)

1fgllore <erllfllgra llglora (4.5)

for some absolute constant depending only on k.
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ii If Br (o) is a d-ball in R™, f € C' (Bsr (z0)) one has:

|f () = fWI < sup [Xf[-d(z,y) for any z,y € Br(xo)  (4.6)

Bsr(zo)

where

(X f] =

If Bg (to, o) is a dp-ball in R"*, for any f € C} (Bg (to, o)) one has:
|f (t,2) = f (s,9)] < (sup [ X f|+ Rsup |0, f]) - dp ((£,2), (s,9)) . (4.7)

In particular,
[floa < R (sup | X f| + Rsup |3, f]) (4.8)

iii If U’ C U, then
|fleawn < [ floaw) (4.9)

iv For any ball Bg (to,x0) C U, for any f € C*(U), with sprtf C Br we have
‘f|Ca(U) = |f|ca(BR)
v Let B! (i=1,2,....k) a finite family of balls (in R"*!) of the same radius,

such that U™ B C U. Then for any f € C* (U),

k
1 llee(or,56) < € 1 lon(s, ) (4.10)
i=1

with ¢ depending on the family of balls, but independent of f.
vi The following interpolation inequality holds for the time derivative of any
function f € Co* (U):
2
1fell oo <72 felga + 1l for anyr>0,a € (0,1).  (4.11)

Proof. The first two inequalities in (i) are obvious. The third follows from the
second by the following remark: if f (¢9,20) = 0 for some (tg,x0) € U, then for
any (t,z) € U,

[f (t,2)] = |f (t,2) — f (to, m0)| < |f], dp ((t,2), (to, %0))"

hence
1fllo < Ifl,, (diamU)”

and the same holds for g. Inequality (4.5) obvioulsy follows from (4.3).
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To prove (ii), for any fixed € > 0, let v be a subunit curve joining z,y such
that:

v (t) = Z i (8) Xi (v (1))

YyO0)=z; v (T)=y; T <(1+¢e)d(z,y).

Observe that v C Bsg (z9): namely, for any z € 4, let v, be the portion of v
which joins z to z, v (T.) = z, then

d(z,2) <T. <T<(14+e)d(z,y) < (1+¢)2R

<
for z,y € Bg (z0), hence d (z,x0) < d(z,2) +d(x,z9) < 5R.
We have

&)~ @) =1 6@) - (r(0) =
T d T 4
= [ Gueed= [ S aor oo

Then

F ) - f @] < / \IZAi <t>2¢ZXif<v ()%dt <

i=1

< sup [(XF(R)[-T<(+e)d(zy)- sup [X[f(2)].

2€Bsr(z0) 2€Bsr(zo0)

For vanishing ¢ we have (4.6). For functions depending also on ¢, the same
reasoning gives

|f (&) = [ (s,9)] < sup [ X [f]-d(z,y) +sup|Of]- [t —s| < (412)
<sup |Xf| - d(x,y) +sup|dnf] - |t —s|'* R
< (sup [ X f|+ Rsup[0:f]) - dp ((t,2) . (s,9))
which is (4.7); this also implies (4.8).

(iii) is obvious. To prove (iv): [f|ca(r) 2 |floa(py) is obvious; if (¢,z) €
Bg, (s,y) ¢ Br, pick a subunit curve v joining = to y, with

T(y) <(I+4e)d(z,y)

and let y* € 4 such that (¢,y*) € 0Bg; then

dp ((t,z), (t,y") =d(z,y") < 1 +e)d(z,y) < (1+¢)dp ((t,2),(s,9)).
Since f (s,y) = f (t,y*) = 0 we have

f(tz) = fs,9)] |f (£, 2)|
dp ((t,l’) ) (Svy))a dp ((tvx) ) (S’y))a h
< (1+€)a |f(t,l’)| (1+6)a |f(t,£l?) 7f(tay )|

dp ((t,2), ()™ dp ((t,2), (t,y)"
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therefore | f|ga gy < (1+ e)* |flce(py) for any € > 0, and we are done.

(v) can be proved with a similar reasoning to that used in [6], Lemma 4.4: let
¢ (i =1,2,....k) be smooth cutoff functions such that sprt ¢; C Bj,, Zle G=1
in U¥_, BL. Then, subadditivity of the seminorm and (4.9) give

k k

\f|ca (Uh, Z|f§z\ca (Uk_,B) S Z|f€i|ca(uf7?:1}3%'r) =
: pat :

by (iv), since sprt {; C BS,.

k
Z |f<z|ca Bi,. QZ Hf”ca Bi ) ”Cznca Bi,. CZ ”.f”ca
=1

i=1

(vi) can be proved as in the Euclidean case (see [23], p.124):

fi (t,.’)ﬁ) = fi <t7x)_ [f(t—l—l,cc)—f(t,x)]—l—[f(t—i—l,ac)—f(t,a?)] =
:ft (t,.’E)—ft (t—i—@,x)—i—[f(t—i—l,m)—f(t,x)]

for some 6 € (0,1). Then

[fe (@ 2)| < [fe(ta) = fe(t+0,2) + 2| f]] L <

<
<O felca + 21l -

The same reasoning applied to the function f (¢,x) = g (rt,z) (for any r > 0)
gives:

rlfe ()l < (0 v |filge +21f]
and finally

o 2
[ fell e <7721 filge + =~ 1l -

5 Local Schauder estimates: statement of re-
sults and strategy of the proof

We are now in position to summarize our assumptions and main results.

(H1) Let © be a bounded domain of R™, and let X1, Xs,..., X, be a system
of smooth real vector fields defined in a neighborhood €2, of Q and satisfying
Hormander’s condition of step s in €2,.

(H2) Let U be a bounded domain of R"*', U € Rx; let A = {ay; (t,2)}] ,_,
be a symmetric, uniformly positive definite matrix of real functions defined in
U, and let A > 0 be a constant such that:

q

THEP <D ai (£,2) &8 < M€ for every € € RY, (t,x) € U.

i,j=1
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(H3) Assume a;; € C* (U) for some o € (0,1).
We consider the differential operator:

q
H = 815 — Z Q4 (t,x) Xin.

ij=1
Our basic result for the operator H is the following:

Theorem 5.1 Under the assumptions (H1),(H2),(H3), for every domain U’ &
U and o € (0,1) there exists a constant ¢ > 0 depending on U, U’ {X;},a, A
and ||ai; | ga 1y Such that for every u € CEo (U) with Hu € C* (U) one has

lullozaqr < e {I1HElgn @) + 1l oo } -

We now outline the strategy of the proof.

To study H, we will use extensively results and techniques from [30] (in
particular, Rothschild-Stein’s technique of "lifting and approximation"), as well
as from our previous papers [5], [6]. We will briefly recall the basic definitions
and results in the Appendix, which we refer to for our notation. For more
details, the reader is referred to the papers quoted in the Appendix.

First of all, by Rothschild-Stein "lifting Theorem", we lift the vector fields
X; (x), defined in R", to new vector fields X; (¢) defined on RY, with & =
(z,h),h € RN=". We also set aj; (t,€) = a; (t,z,h) = a;; (t,z), Q@ = Q@ x I,
where I is a neighborhood of the origin in RV—", U=UxI and

q
H=0,- Y a;(t¢X:X;.

i,j=1

All the notation and results introduced in §§3-4 can now be applied to the

system of Hérmander vector fields {XZ- } To make explicit the context where we

are now working, we will denote by d the CC-distance induced in Q) by the system

{X’z} , and by d, p its parabolic counterpart in NV + 1 variables. Accordingly, the

symbol B, (to,&o) will denote the dp-ball of center (to,&o) and radius 7.
Following a general strategy already employed in [5],[6], the proof of Theorem
5.1 will then proceed in three steps:

Step 1: C'*-estimates for H, when u is a test function with small support in
RY:

Theorem 5.2 There exists r,c > 0 such that for any u € C** (ﬁ), U com-
pactly supported in some ball B, (to,&0) C U,

lull s (5, < c{HﬁquCa(E) - |u||Lx(§,,)}

where ¢,r depend on {X;}, o, \ and ”aij”ca(U) .
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Step 2: C'“-estimates for Hona ball, for functions not necessarily vanishing
at the boundary:

Theorem 5.3 There exist positive constants r, ¢, 3 such that for anyu € C** <§T (to, §0)) ,
O<t<s<m,

)t IIUIILw(és)}

where ¢,r depend on {X;},a, X and ”aij”Ca(U) , B depends on {X;}, a.

”U”Cz,a(ét) < G _ct)ﬁ {Hflu‘

Step 3: C-estimates for H on a ball, for any u € C2% (U):

loc

Theorem 5.4 There exist positive constants r, c, 3 such that for anyu € C*® (B, (tg, 7)) ,
O<t<s<r,

C
lullenoqsy < =57 {1 ulenimy + Tl o,

where ¢,r depend on {X;},a, X and ||a’ij||C”(U) , B depends on {X;}, a.

Step 1 will be achieved in §6, exploiting the results of §§2-3-4, and adapting
ideas and techniques already applied in [30],[5],[6]. Step 2 will be achieved in
87, and will follow from Step 1 by standard properties of cutoff functions and
suitable interpolation inequalities for Holder norms, which will be proved there.
These, in turn, rely both on results and techniques of §6, and on the abstract
results proved in §2. Step 3 will be achieved in §8, and will follows from Step
2 by known properties of the metrics induced by the vector fields {X;} and

{Xi} , provided we use an integral characterization of Holder spaces, which is

also proved in §8. Finally, by a covering argument, Theorem 5.1 immediately
follows from step 3.

6 Operators of type [, parametrix and local es-
timates for functions of small support

In this section we will prove Theorem 5.2, that is the first step in the proof of
our basic result, Theorem 5.1. We will use systematically notation and results
borrowed from [30] and [17]; the reader is referred to the Appendix for the
details.

Let us start again from the lifted operator

a
H=0,- Y a;(t¢X:X;.

ij=1
By Rothschild-Stein “approximation theorem” (see Theorem 1.6 in [5]), we can

locally approximate the vector fields X, with left invariant vector fields Y; de-
fined on a homogeneous group G (which is actually RY endowed with a suitable
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Lie group structure). This approximation is expressed by the following identity
which holds for every f € C§° (G):

X (£ (0 () () = (Yif + BEF) (¢ () (6.1)

where O () = O (£,7) is a local diffeomorphism in RY, and the vector fields R}
are remainders in a suitable sense (see the Appendix, or [5]). The superscript
¢ in Rf recalls that these vector fields depend on the point £, while they act as
derivatives with respect to 7. _

We now freeze H at some point (t9,&y) € U, and consider the frozen lifted

operator:
q

Hy =0, — Z ai;(to, §0) X X
i,j=1
To study ﬁo, we will consider its approximating operator, defined on G’ =

R x G:
q

Ho =0 — Y dij(to, &)YV

1,j=1

Here we regard G’ as a homogeneous group, with translations

(t,&)o(s,m)=(t+s,Eom),
dilations
D (N (t,6) = (A, D (\)€)
and homogeneous dimension Q' = QQ+2, where Q is the homogeneous dimension

of G. Since Hy is left invariant and homogenous of degree 2 in G’, by known
results by Folland (see §§ 2-3 in [17]), it has a fundamental solution, denoted by

h (t07§07 S,U)

which is homogeneous of degree 2— Q' = —Q. Also, h (to, o, s, 1) is nonnegative
and vanishes for s < 0. B B
Throughout this section, d will dentote the CC-distance induced in 2 by the

system {)}l} , and CTP its parabolic counterpart in N + 1 variables. Moreover,

we will use the quasidistance, introduced by Rothschild-Stein in [30]:

d (&n) =0 &n)l

where ||| is the homogeneous norm in G; note that d is defined only locally
and it is a quasidistance, equivalent to d; we will also set

o (1€), (5,m) = /@ (&) + [t — 5.

Obviously, J’P is a quasidistance, equivalent to Jp. Note also that, denoting by

B ((t,€):(s,m) = éd}((t,g),(sm)) (. &),
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we have

B((t:9): (s.m)| = dr ((4.), (s.m)? .

Notation 6.1 Henceforth we will use the symbol D* to understand the sum of
all space derivatives of order k. For instance, in the statement of the Lemma
here below, the symbol

17 0 D¢l o
stands for
S ok

1<ij<q

ca’

Lemma 6.2 (cutoff functions) For any 0 < p <, (t,&) € RNt there ewists
peCye (RNH) with the following properties:

i0<p<l,p=1o0n Ep(t,f) and sprt o C B, (t,&);

ii
Ck,h

ok Dk | < T fork,h eN (6.2)

iii For any f € C“,

Ck,h

Hf@kagDHCa < Mw”fﬂca fork,h €N (6.3)

and r — p small enough.

We will write _ B
BP (tvg) = 90 < B’I‘ (t,f)

to indicate that o satisfies all the previous properties.
Proof. Since B, < ¢ < B, implies B, < ¢ < B, for any p’ < p, we can assume
without loss of generality that p > r/2.

The proof of (i)-(ii) is very similar to the proof of Lemma 3.3 in [5]; we repeat
it for convenience of the reader. Pick a function f: [0,00) — [0, 1] satisfying:

f=1in[0,p], f =0in [r,00), f € C*(0,00),

’f(’f)’ < (riikp)k fork=1,2,.. (6.4)

Setting (s,n) = f (c?}; ((t,€), (5,77))), we can compute:

Kio(s,m) = f(dp (1), (s DX (dp (16 ()) () (65)
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)?i)?jga (s,m) = (6.6)
= " (1€, (5:m)) X (dp ((1:8),(5,)) () K (dp ((4,€),(5))) () +
+ 1 (1:6), (5) Xi % (2 (1,6),(5,)) ().

Next, we use the approximation Theorem:

% (Vo€ +1e-sl) o) = (6.7)
= ((vi+2) (VIHE+1e=1) ) 06 =

166, nll ((Y,» +RS) (1)) (©€m)

N

By homogeneity of the norm, Y;(||u||) is bounded and, since Rf has local degree

<0, Rf(||u||) is also uniformly bounded; hence

% (@ (69, ()) )| < (6.5)

Analogously,
c

Z~j d; yS) s 8y <=——"—"—"— 6.9
(d (16, (5,)) () R (6.9)

for C?P ((t,€),(s,m)) small enough. Then (6.4), (6.5), (6.8) imply

c
_p.

fiw(s,n)’ <

Since I'(dp ((t:€) ,(s.m)) # 0 for dp ((1,€) . (s,1)) > p. (6.4), (6.6), (6.8), (6.9)
mply:

X; X <
oA 77)‘ (r— P)2

proceeding analogously we get:
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and

hence ¢ ’ ¢
|0s(s,m)| < e <
plr=p) = p(r—p°  (r—0p)
Analogously,
c
|00 e(s,m)] < ——5
(r=p)

Combining these computations we can complete the proof of (i)-(ii).
To prove (iii), we apply (4.12) to 9" D¥*p. By (6.2) we get:
|00 D (u, ) = 9¢ D (s,m)| <
< sup ‘8;‘Dk+l<p’ J(C,n) + sup ‘8?+1Dk<p‘ lu —s] <
1 ~ 1 ~ 9
S Ckyh wdlp ((u, Q) (s,m) + Wd;? ((u, Q) (s,m))

(r=p) (r
Now: if (f’P ((u,€), (s,m)) < r— p, then:

02D p(u, ¢) — 8l DFp(s,m)]| < #d} ((1,0), (5,m)

if djp ((u,€), (5,m)) > 7 — p, then
|02 D*o(u, ¢) — LD p(s,m)| < |0k D o (u, ()| + |01 D*o(s,m)| <

dp ((u,€), (5,m))
< (r_pc)k+2h<(r_;k+2h' 5 ur_psn <
< #Jp ((u, ), (s,m).

This, together with (6.2), means that

C
197 D¢l ¢ < (T_p;c%

which, by (4.3) implies (6.3). m
Let us recall the key definition which describes the singular and fractional
integral operators which appear in this context.

Definition 6.3 As above, let h (to, o, s,u) be the fundamental solution of Hy,
homogeneous of degree 2 — Q' = —Q. We say that k(to,&o;t,&,7m) is a frozen
kernel of type £, for some nonnegative integer £, if for every positive integer m
there exiats a positive integer H,, such that

Hp,
k(to,&ost,&m) = Zai(é)bi(n) [Dih(to, §o; )] (¢, ©(n,€)) +
i=1

+ ao(§)bo(n) [Doh(to, £o; )] (£, ©(n,€))
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where a;, b; (i =0,1,...Hy,) are test functions, D; are differential operators
such that: for i = 1,...,Hy,,, D; is homogeneous of degree < 2 — £ (so that
D;h(to,&o;-) is a homogeneous function of degree > € — @Q'), and Dq is a dif-
ferential operator such that Doh(tg,&o;-) has m derivatives with respect to the
vector fields Y; (i=1,...,q).

We say that T(to,&o) s a frozen operator of type £ > 1 if k(to, &o;t,&,m) is
a frozen kernel of type £ and

t
Tlto,&0)f(t.6) = [ [ Ko goit = s.6m) ) dc

we say that T(to,&o) is a frozen operator of type 0 if k(to, &o;t,&,m) is a frozen
kernel of type 0 (or "frozen singular integral”) and

T(thgo)f(taf) = PV/; BN k(thgo; t— Sa§7n) f(8777) deTH' (610)

+a (t0a£0) B (t,ﬁ) f (t7£) 5

where « is bounded and B is smooth. FExplicitely, the principal value of the
integral is defined as:

t
P.V./ / ..dsdn = lim [ ...dsdn.
—oo JRN 0, ((1,6),(s,m)>e

The link between this definition and the abstract theory of §2 is contained
in the following:

Proposition 6.4 Let

kj(ta 5, S, 77) = a(f)b(n) [Djh(t07 50; )] (t - S, @(7’7 5))

be a kernel like those appearing in the definition 6.3, with D; differential operator
homogeneous of degree j (we now leave the dependence on the frozen point (to,&o)
implicitely understood). Then:

i (growth condition) k; satisfies (2.4) in the form:

¢ dp ((t,€), (5,m)"”
k;(t, €, s, S = SR |
sl e o™ =B () o)

ii (mean value inequality) k; satisfies (2.5) in the form:
dp (t1,61,t,€)
dp (11,61, 5,m) 7
< CJP (t1,6,t,6)°77 ) (JP (tlafl,t7§)>
B((t.9):(s.m)| \dr(tr&5m)

when gp (t1,&1,8,m) > 26TP (t1,61,t,6)

|kj (t,gasvn) - kj (tlﬂgla Sa”)' ¢
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iii (cancellation properties) If j = 2, then k; satisfies properties (2.8), in the
form

kj (t,&,8,m) dsdn| < c

/r<fifp<<t,s>,(s,n))<R

with ¢ independent of r, R and satisfies (2.9), in the form

lim
e—0

< CCA{P <t17 gla t) 5)7

/,v kj (ta€75777) deU*/~ kj (tl,fl,s,’/]) dsdn <
dp ((t,8),(s,m))>e dlp ((t1,61),(s,m)) >

for every v € (0,1).

Remark 6.5 Point (ii) of this Proposition is similar to, but sharper than,
Proposition 2.17 of [5]. The point is that, to get Schauder estimates for any
a € (0,1), here we need (2.5) with exponent 5 =1 at the numerator, while in
[5], following Rothschild-Stein, we only get § = 1/s with s =step of Horman-
der’s condition. Also, point (iii) of this Proposition is similar to, but stronger
than, Lemma 4.11 of [6].

Proof. By the uniform Gaussian estimates proved in [1] for the fundamental
solution of Hg, we know that

2
oo el
C2 3

|08Y;, Vs, Yi b (to, o, 5, u)| < (6.11)

1 Q 24 k+r/2

with ¢1, ¢ independent of (g, &y). More generally, if Dy, is a differential operator
homogeneous of degree k, we can write:

L lwl?
e 2 s
|th(t0,§0,s,u)| < CIW < (612)
2 ok o lwll?
[ul” +s e s
<a o <
S 9 >
(Il + )
C3
ST @
(Il + 5)
Q+k

because the function o — (1 +«a) 2 e %% is bounded on [0,00). Again, the
constant cz is independent of (£9,&p). This implies, for the kernel k; in the
statement of this proposition,

C3 C

V‘ﬂ'(t’f, ) )‘< — < = ‘
o (Gl +1t - s1) e ((4.9) (5P
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which is (i).
To prove (i), fix (t1,&1),(s,n), and let 2r = dp (t1,&1, 8,7) ; then condition

JP (tlaﬁla 8577) > 2£ZVP (t17§17t7£)

means that (¢,¢) is a point ranging in By (t1,&1). Let ¢ (¢,€) be a cutoff function
such that

B, (t1,&) < ¢ < E%’r (t1,61)

(see Lemma 6.2) and let
U(t,f) = kj (ta€75,n) 2 (tag) .

Then u € Cé’o (E%, (t1, 51)), and, for dp (t1,&1,t,€) < r, we can apply property
(ii) of Proposition 4.2:

|kj (t7£78777) - kj (tlagla San)| = |u (t,f) - u(t17£1)| < (613)
~ ~ 3
g dP (tlafla t7§) : %U.p Xu (Ta C)‘ + o %up |ut (T’ C)'
(T7C)€B%T(t1’§l) (TaC)EB%T(tlvgl)
Now,

)’Ehu (T7 C) = )}hkj (7',@3’77) 90(7—7 C) + kj (7'7(73,77) )}hﬁo (7-7 C) =1 + 11

and
Xk (1,¢,5.m) = a(Q)b(n) (YaD;h) (to, &0, 7 — 5,0 (¢,0)) +
+a(Q)b(n) (BED;R) (to, 0,7 — 5,0 (Cm)) +
+ a(C)th(U) (D7h) (tO’ §0a T=35, S} (Cv 77))
so that
cp (7,¢) c ¢
|I| < JP (TaC757n)Q+j+1 < TQ+j+1 < EZVP (tla€17san)Q+j+l

where we have used the fact that, for (7, () € E%T (t1,&1) and 2r = dp (t1,&1,8,m),
we have dp (1,¢,s,m) = cr. On the other hand,

Cc c Cc

1] < S S 7 o
)Q+J rQ+i+l dp (t1,&1, 8, 77)@+J+1

dP (7—7 C7 S,1

et

Similarly,

ug (1,¢) = 0ik; (7, 8,m) @ (7, C) + K (7, ¢, 8,m) i (7€) = I + 13,
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with

cp (7,6) ¢

|It| < C|atDjh(t07€0,T_536(4377))50(7—, §)| g dNP (T C 3 n)Q+j+2 g rQ+j+2
and . c c

1| < - = - < -

<7 (1,Cos,m) 977 QT
Therefore,

c c
r sup lue (1, € —g7 < = -
(r,0)€Bs (t1,61) r@HTL T b (b, &1, 5,m) 9
2

and finally, by (6.13), we get:

dNP (tla 517 ta 5)
dP (tl, 517 S, n)Q+g+1

‘k(t?gﬂsan) - k(t1a§178an)| <c

when dp (t1,€1,,1) = 2dp (t1,61,t,€) .
To prove (iii) when j = 2, we proceed similarly to the proof of Lemma 4.11
of [6]: if
ka(t, €, 5,m) = a(§)b(n) [Da2h(to, o3 -)] (t = 5,0(n,£))

where [Dsh(to, &o; -)] is homogeneous of degree —Q’, we split k; as follows:

a(§)b(§)c (&) [D2h(to, &o; )] (t — 5,0(n, §))

bl ) = 9(60(En) ’
a(§)b(§) [Dah(to, §o; )] (t — 5,0(n,€))

+a(§) [b(n) — b(&)] [D2h(to, &o; )] (t = 5,0(n,€))

= ka(t7€757n) + kb(t>§a5a77) + kc(tagasan)

where g and ¢ (&) are the functions appearing in the following formula of change
of variables (see Theorem 1.7 in [5]):

u=0(£n); dy=g(&u)du; g(§u) =c(&) (140 (lul)).

We will prove that kg, ks, k. satisfy (2.8) and (2.9). First, let us note that
kq is singular, but satisfies the strong vanishing property, with respect to the
quasidistance d'p:

/ B ka(t, €, s,m)dnds
r<dp((&,t),(n,5))<R

=a

(©)b(&)c (§) /T< HUHQHSKRDzh(to,fo;s,u)duds:0
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where the last integral vanishes by a known property of homogeneous distribu-
tions of degree —@Q’ in homogeneous groups (see [17], Proposition 1.8). Hence
k. obviously satisfies (2.8) and (2.9), for any ~.

On the other side, let us check that both k; and k. are fractional integral
kernels that satisfy properties (2.12) and (2.13) with 5 = § = 1. As we have
seen in the proof of Proposition 2.11, this implies that k;, and k. also satisfy
(2.8) and (2.9) with any v < 1. Namely,

_a(§)b(§) [Dah(to, os-)] (T —5,0(n,8))
Bolta &, 5m) = MECIGE)
a(€)b(€) [D2h(to, &o;)] (t — 5,0(n,8))

- 1+ 0 (O ctietm

[9(£,0(&m) —c ()]

so that

_ cla(@NOI_ __ cla@b©]
dp ((£,€), (5,m) ™"~ dp ((£,€), (s,m)* "

Finally, since b is smooth, and

€ —nl <ed(&m) < ed (&) < edp (1), (s,m))

‘kb(t7§7 S, 77)‘ <

Ike(t, €, 5,m)] =al€) [b(n) — b(€)] [DA(to, o: )] (¢ — 5,0(1,£))]
< cla(€)] |n — € |Dhlto, o; ) (t — 5,0(n, )]
o cl@l ___ cla@
dp ((£,€), (5,m)% ™"~ dp ((1,€), (5,m)?~

This means that k; and k. satisfy (2.12). A similar and more tedious computa-
tion shows that also (2.13) holds, with S =d=1. m

Theorem 6.6 Let T'(tg, &) is a frozen operator of type £ > 0 and B, a dp-ball
in RN*L then T(to, &) is continuous on C* (ET) :

IT(t0, €0) Fllce(5,) < cllflca(s,) -

Proof. We prove the theorem for frozen operators of type 0, being the other
cases implicitely contained in this, by Definition 6.3. So, let T'(¢,&o) be as in
(6.10). Throughout this proof, we will apply the results of §2 to the homogeneous
space

(Er, dp, dtdg) .

This is possible in view of Proposition 3.8.
The multiplication operator

[ al(to,)Bf
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is obviously continuous on C¢ (Er), by (4.3), because (8 is a smooth function.

On the other hand, by Definition 6.3, the kernel of T (¢g,&p) is a finite sum of
kernels of the kind

kj(t, €, s,m) = a(§)b(n) [D;h(to, So; )] (E — 5,0(n,£))

with [D;h(to,&o; -)] homogeneous of some degree j > —@Q’ (that is, D; homoge-
neous of degree j < 2), plus a regular kernel.

This regular part obviously satisfies (2.12) and (2.13) with 3 =6 = 1 on any
bounded domain, by (ii) of Proposition 4.2, hence defines a continuous operator
on C¢ (§T>, by Theorem 2.11.

By Proposition 6.4, we get that:

If j < 2, then k; satisfies (2.12) and (2.13) with 8 = 1 and § = 2 — j; the
operator with kernel k; is a fractional integral operator, continuous on C'* (é,)
for any a € (0,1), by Theorem 2.11.

If j = 2, the kernel k; satisfies (2.4), (2.5) with 8 =1, (2.8), and (2.9), with
any vy < 1; the operator with kernel k; is a singular integral operator, continuous
on C¢ (ET) for any « < v, and therefore for any a € (0,1), by Theorem 2.7.
]

With Theorem 6.6 at hand, we can complete the proof of Theorem 5.2 with
a fairly straightforward adaptation of techniques contained in [30], [5] and [6].
For convenience of the reader, we present a reasonably detailed proof.

As in [30], Theorem 8 (for a detailed proof see Lemma 2.9 in [5]), we have:

Proposition 6.7 IfT(tg,&o) is a frozen operator of type £ > 1, then )Z'iT(to,&))
s a frozen operator of type £ — 1.

Next, we recall the basic “representation formula” which holds in this context
(compare with Theorem 3.1 in [5] ).

Theorem 6.8 (Parametrix for ﬁo) For every test function a, every to,&o,
there exist a frozen operator of type two, P*(to, &), and ¢* frozen operators of
type one, Si;(to,&) (i,j = 1,...,q), such that for every compactly supported
function f € C*?,

q

P*(to, &) Hof(t,€) = a(¢ Z i(to,€0) Sij(to, ) f(¢,€).  (6.14)

In particular,

Pl ©= [ [ atmpentio, &t - 5,0 (€m) s, dnds

Sketch of the proof. (see [5] for details)
1. One considers the formally transposed operator

q
=0, — Y ai(te, &)X X

i,j=1
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and the corresponding approximating operator

q
Ho=0r— Y Gij(to, &)YiY;
i,j=1
(recall that, on the group G, Y;* simply coincides with —Y;, see e.g. [30] p.252).
2. One defines

Po(to,&0)f (t,€) = / /RN h(to,o;t — s,©(n,€)) f(s,n) dnds

where h (tg,&p; ) is the fundamental solution of Hy, and a,b are suitable cutoff
functions. B

3. One computes HPy(to, o) f (t,€) by means of relation (6.1), and finds the
identity:

q

ﬁg-PO (t(),g()) f(tvg) = a Z tUaé-O ij (t07£0)f(ta 5)

where S7; (to,&o) are frozen kernels of type 1, by Proposition 6.7.
4. One transposes the last identity, and finds:

q

P* (to, &) Hof (t,€) = a(¢ Z j(to; §0) Sij(to, &) f (2, €)

where the S;; (t9,&o)’s are frozen kernels of type 1, and P* (to,&o) is a frozen
kernel of type 2; namely,

Plto )1 © = [ [ almbenttn, it~ 5. €n) S(s.n) s

This is exactly the identity (6.14). m

Next, we want to take the second derivative )N(h)?k of both sides of (6.14),
to get a representation formula for the second derivatives of a test function. To
perform this computation, the following property is crucial:

Proposition 6.9 If S(to, &) is any frozen operator of type 1, there exist g+ 1
frozen operator of type 2, P (to, &), P* (to, &) (k=1,2,. ,q) such that

S(to, &) f Z (to, o) X f (t,£) + P (to, o) f (£,€) -

In the stationary case, this property is contained in Theorem 9 (p.292) of
[30]; in this computation the presence of the time variable is irrelevant, hence
the Proposition holds.
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Conclusion of the Proof of Theorem 5.2 (sketch). By Proposition 6.9,
one can rewrite the parametrix formula (6.14) in the form:

P* (to, &) Hof(t,€) = a(€) (¢, )+
+ Z ai;(to, &o) {Z F (to, &0) Xif (8,€) + Py (to,ﬁo)f(taf)}

where P* P”,P are frozen operators of type two. Taking two derivatives
of both sides of the previous identity, applying Proposition 6.7 and writing

flozﬁ—i— (Efo—ﬁ) we get:

X, X, (af) (t,6) = T (to, &) Hf (£, &)+ (6.15)
4 ~ o~
+T (to,%) Y [ai(to, &) — @i (6, )] Xi X, f (1,€) +
=
q q
+ Z Qi tvaO {ZTZ tvaO ka (t 5) +T2J (t0a§0)f(t7§)}'
ij=1 =1

where T, T”,TZ] are frozen singular integrals.

Next, we take C¢ (§T> norm of both sides of (6.15) and apply Theorem 6.6,

writing:

[%%s]|.. 5, <
Hﬁ[fHCa(é,,) + wzq_:l “[aij(t()af()) — ai;(-)] Xvi‘f(jf“cg(ér) +

+z |5t ) + 171 >}.

To handle the term involving )?Z)?jf in the right-hand side of the last in-
equality, we now exploit the fact that, for f € C’g’a (§T> , both )?i)N(j f and
[@i;(to, &) — @i;(+)] vanish at a point of B,; then (4.4) implies

)al (to, o) — as;( XX f‘ < or®aij] o,
,JZ1 J J ilce(B,) oo (B.)
while obviously

Z H Qi tngO - alj X X fH C’I“ |az3‘ca HX X; fH ) .

3,7=1
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This allows, for r small enough, to get:

szk)?h

Nowisy < {HHfH +ZHleH 3 W lee( )} (6.16)

(this is the classical "Korn’s trick"). Since from the equation we also read

10T o (7,) < [ ., + Z [xut] . 5
h,k

from (6.16) we have

Ifllcz.a(s, Hf +Z le +||f||cw O (617)
(B (B-)

Next, we want to get rid of the term H)N(l f H 5. in the last inequality. To
C* (B,

do this, we start again with (6.14), take only one derivative X; and reason like
above, getting:

X [a(€) £(2,€)]
= S (to, &0) Hf(£,€) + S (to, &) | D [@ij(to, o) — @iy ()] Xi X, f | (£,€)
i,j=1

+ Z aij(to, &0) T (to, &0) (£, €).

ij=1

In the last formula, S (to, &), T% (to,&o) are, respectively, frozen operators of
type 1,0. Taking C“ norms in the last equation and substituting in (6.16) we
get

q

a | g,y * Ml [%exut] . 5

ey < {17 . )+ Mlonia | ve 3 [%k]. .,
with ¢ small for small . Hence we conclude:

ey < {1 5, Mllncay - (6.19

Finally, we want to replace the term ”fHC“(ET) with Hf||L(x,(§T) in the last
inequality. To this aim, we apply (4.8) and write:

q ~
1l ee B,y < IFpe(m,) +77° (Z |%s] . +r||athm) :
=1
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Substituting this in (6.18), for r small enough the term ( i H)?lfHL +r HatfHLx)
can be taken to the left hand side, to get

||chzﬂa(§T) < C{HﬁfHCa(ET) + ||fmo(§,.)}

that is Theorem 5.2. =

7 Interpolation inequalities for H6lder norms and
local Schauder estimates in the lifted variables

In order to get from Theorem 5.2 a local estimate for C?© functions (not nec-
essarily with compact support), we need to establish suitable interpolation in-
equalities. This will require some labour; we start with the following:

Proposition 7.1 (Interpolation inequality for test functions) Let H =0;—
> X2 and let Bp C RN q ball of radius R. Then for every a € (0,1) there
exist positive constants v = 1 and ¢, depending on o and {X;}, such that for

every € > 0 and every f € C§° (ER)

|%is

(&
S<elBfllg + = Ifllp= -

.
This result, in turn, relies on a similar interpolation for operators of type
{>1:

Lemma 7.2 Let P be an operator of type £ > 1 and o € (0,1). Then there
exist positive constants v and ¢, depending on o and {X;}, such that for every

e >0 and every f € C§° (§R>

c
IPHF|l, < e [Bfllq + = [1Fll
Proof. Let

PHf: _ k(t*S,é.’U) Hf (5777) dndS,
Br
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where k satisfies the properties of a frozen kernel of type ¢, and let (. be a cutoff
function such that B, 5 (t,£) < (- < B (t,£). We split PH as follows

PHY (1,€) = / B (t— € m) Hf (5,) dnds
/ k(t—s;6n)[1—C (s,m)]HS (s,1) dnds+
dp((s,m),(t,€))>e/2
k(t—s;&m)C (s,m)Hf (s,m) dnds

+
\

dp((s,m),(£,€))

-/ B b (= 56,) (1= G ()] (50)  (so0) dds+
dp((s:m),(t,£))>e/2

/ Rt~ 5:6,m) C (5,m) LS (s,17) dyds
dp((s,m),(t,))<e

I(t,8)+1I1I(t,¢).

where H” denote the transpose of H.
Let he(t, & s,m) = HT [k (t — €,-) (1 — ¢ (+,+))] and observe that for a suit-
able v > 1

12 (8, € 5,m)] + [00h (1,€55m) | + 7 [ KSR (8,655,m)| < e=.

This follows from (6.12), by the definition of h®.
By (ii) of Proposition 4.2, it follows that

|h(t1, €13 8,m) — hE(ta, E23.5,m)| < cre ™ Vdp ((t1,61) s (t2,&2))

and therefore

‘I(thgl) - I(t27§2)| < /|h5(t17§1§5777) - hs(t27£2;87n)| |f(5>77)|d77d3

_|_

Lee™? ER‘ ||f||Loc(§R) dp ((t1,€1), (t2,62)).-
Also, since
reol< [ =1 (s,m)| dnds < e= | B 171 1 3,
dp((s,m),(t,€))>e/2
we obtain

M, <ce™ || fll e forany a e (0,1).
Let us consider I7 (¢,£) ,and let
ke (8,€,5,m) =k (t = 5:6,m) G (5,7) -

By Proposition 6.4, and keeping into account the support of k., for any fixed
0 € (0,1), the kernel satisfies properties (2.12), (2.13) in the form:

de ((68),(5m) _ sdp (68, ()"
B((£:€)5(s,m))| B (t.€): (5,m)

ke (£,€,5,m)| < c
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ma@sm—mmfmmn<J%Wﬂ*“&”(ﬁ““”m‘m><

1B ((t1,€0) s (s,m)| \d ((t1,60)  (5,m)

Cgiwa@»@hank5<@wufmuh&»>
)E((tl,gl);(s,n))‘ dp ((t1,€1), (s,m))

N

~

for dp ((t1,&1), (s,m)) = 2dp ((t,€), (t1,€1)) . By Theorem 2.11, this implies
I121]],, < ce® [HF]l,
for every o < 1 —4. Therefore, for every a € (0, 1) there exist 4,y > 0 such that
IPHFI, < " [, + e e 30
which implies the Lemma. m

Proof of Proposition 7.1. Let {a;;} be the identity matrix. By Theorem 6.8,
we can write

PHS (t,€) = a () f (£,8) + 5[ (£,€)

where P is an operator of type 2 and S is an operator of type 1. If we assume
a=1on ER, for f € C§° (BR) we obtain

f = PHf - Sf (7.1)

and therefore, by Proposition 6.7
X,f =S Hf +Tf (7.2)
where S; is an operator of type 1 and T is an operator of type 0. Substituting

(7.1) in (7.2) yields
X.f =S Hf + TPHf —TSf

and therefore

s

< IS Hf [l + ITPHS ||, + 1 TSfl, < (7.3)

by Theorem 6.6,
< c{lISHF, + IPHS[, + 1571} <

applying Lemma 7.2 to S; and P

<c{el®Efll, +e 7 (1l + 1SFlla} -

We end the proof by showing that

1Sflla < el fllze -
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Indeed, if
Sf(t.&) = [_ k(t,&s,n) f(s,n)dnds

Br
we have

|Sf (t1,&) — Sf (t2,&2)| = ’/[k (t1,&158,m) — k (t2,&2;8,m)] f (s,m) dsdn
</|k(t1,sl;s,n>w(tg,@;s,nn | ()| dsdn

< ”f”LOO(ER)/|k(t17£1§5a77)7k(t2352;5a77)‘d8d77'

Arguing as in last part of the proof of Theorem 2.11 (with 8 = § = 1), we obtain
that for every a € (0,1)

/|k(t1,§1; 5,1) — k (2, &2; 5,m)| dsdn < cadp ((t1,61) , (t2,&2))* R .

This shows that
1Sl < cllfllpe -
Moreover,

ISF (.€)] < / e (t,€ 5,1) f (5, )| dipds <
Br
i
dp((t,€),(sm)<eR |B((¢,£),(s,m))

S R fllpe
by Lemma 2.10. Hence

dsdn <

15 flla < el flle -

]

We can now follow the technique used in [6], to prove a version of the previous
theorem for functions which do not vanish at the boundary of the domain. Some
complication will arise to handle extra terms involving the time derivative.

The following technical lemma is adapted from [13], Lemma 4.1 p.27, and is
proved in this form in [6].

Lemma 7.3 Let ¢ (t) be a bounded nonnegative function defined on the interval
[To,T1], where Ty > Ty = 0. Suppose that for any Ty <t < s < T1,v satisfies
A
W () <Y (s) + —— + B,
(s—1)

where 9, A, B, 5 are nonnegative constants, and ¥ < % Then

s VTO<p<R<T1

where cg only depends on 3.
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Theorem 7.4 (Interpolation inequality) There exist positive constants ¢, R,~y
such that for any f € C**(Bg), 0 < p < R,0<§ < 1/3,

c

||Df||ca(§p) <90 {HDQ}CHC@(ER) =+ ||3tf||ca(§R)] + W ||f||L°°(§R).

The constants ¢, R,y depend on a, {X;}; v is as in Proposition 7.1. (Recall
Notation 6.1 for the use of symbols D, D?).

Proof. If f € C?* (éR) ,0 <t < s < R and ( is a cutoff function with
B, < ¢= és, applying Proposition 7.1 to f¢ and using Lemma 6.2, we get:

1Dfllge(z) < 1D CHllcn(z) < MHECHlloa(z) + = Ifle(z)  (T4)
where:

P len(5) < KBS llen(3) + 126D o) + I Clcn(s) < (75)

(B) m IDfllga(z,) +
+ A £l Loe (5,) + [/ HC a3, -

To bound the last term in the last inequality, we apply (4.8), and write:

FHC ) < B (1D (FHO) (5 )+R||at (FHO) | 1 (5

<
{ 2 D f||L°C( ) (s— 3 ||f||L°° }+

{ 2 100 (5,) + 57 1 i=5.)

This bound inserted in (7.5) gives:

BN ez < = {10 oy + 10ufllenay } +

(s

+ W |D fHCOt(ES) + W ||f||Loe(§S)

where now all the constants ¢ depend also on R. Next, we insert the last
inequality in (7.4), choosing e = 6 (s — t) /¢; and get:

ca(B) SONDfllca(s )+c5{||D2f||CW ) H10:Fll e (5 )}+

cd
+<(s—t)2+6 oo 0® >|f||L°°( B.)
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Let ¢ (t) = ||DfHLoo(§t). Then, for R fixed once and for all (small enough),
¥ < 1/3 fixed, and any § < ¢ we get, since v > 1,

C
8O <066+ 5 W5y 9 (1Dl 5,) + 1931
for any 0 < t < s < R, and by Lemma 7.3 we get
C
¥ (p) < (R £l Lo (Br) + €0 I:HDQfHCa(ER) + ||5tf||ca(§R)}

forany 0 <p< R. m
We now come to the goal of this section:

Proof of Theorem 5.3. If f € %~ <§R) (R small enough to apply Theorem

5.2),t < R,s = (t+ R) /2, and ( is a cutoff function, B; < ¢ < B,, we can
apply Theorem 5.2 to f(, getting

ooy < e{[F GO 5+ 1elimgay | <

by computations similar to those already done in the proof of Theorem 7.4

<c{3_tu oyt s Py + (00

( ) ||f||Loo ‘fHC‘ }"’”fCHLOC(ES)'

_ _ in a different way.
c=(B.) v

Applying (4.8) and (4.11) we can write, for some small 1 to be chosen later:

18 5y <1 ([P (A 0 (1) )

<R {(_t) 1D (5 + ;g0 ||f||Lm(gs)} + (1)

Now, however, we have to handle the term ’ fﬁ ¢

N

I U LG I T B
Now:
XAy < o W5 (78)
A \(at VA PO (7.9
On A, o<l tfnca(gs); (7.10)
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<

X

\fat Z

Cc~(B,)
<r ([p(saio)], -, +RH8t(f8tH<)HLw ) <

(B
gRla{@:yl||Df|Lm(§s) (5 )5 H.f”[po(é )}+

+ R*@ { o 1O f 1l < (5, + Goo° £l e (5, )} (7.11)
6

Inserting (7.8), (7.9), (7.10), (7.11) in (7.7) and then in (7.6) we get:

5] . s

1Flleaa(zy <o { — 5 IDfleeqzy +  (712)

s—t

(8)

1 1 a/2 1
+ ((S—t)3 + 1 (s —t)2) ||f|L<>O(§S)} + cam / {(S—t)4 ||5tfHCa(§§) +

1 1
+m IDfllge(m,) + P IIfIILm(gs)}

where now the constants c¢; depend also on R.
For a small € to be chosen later, we not pick  such that con®/2/ (s —t)* =&,
and write:

||fHC2,a(§t) < (7.13)

cad 2 |Es| s 1Dl ¢+
s—t C BR ( t)

c
tellfllora(my) + (s 1) £l Lo (B
Next, we apply Theorem 7.4 to write
c
< ~ ~ .
IDfllga(z.) < ONflloze(m,) + (5 1) 1FN oo (52 (7.14)

(recall that, by our choice of ¢,s, R, (s —t) = (R—s)). We insert (7.14) in
(7.13) with § such that ¢16/(s — t)? = ¢, and get:

¢
e (R—t)7

ey € g 15 iy 22 W () + Fll~(B2)

Letting v (t) = ”chla(ét) and choosing e such that 2¢ = ¢ < 1/3, we can

rewrite the last inequality as

¥ (t) <0 (R) + (R 6” <H f” + |f||L°°(BR)>
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and by Lemma 7.3 we get

Cc

i@y < g (Bl + Wlimeny) @9

for R small enough, with ¢ depending also on an upper bound for R. =

8 Holder spaces and lifting

To show how Theorem 5.3 implies Theorem 5.4 and then Theorem 5.1, we
need some facts about the metric induced by vector fields. Let d(z,y) the
CC-distance induced by a system X, Xo,..., X, of Hérmander’s vector fields

in R™, and let d (&,m) be the CC-distance induced by the lifted vector fields
)21, )?2, . )Z'q in RY; also, let dp, Jp be the corresponding parabolic distances.
For a bounded domain U € R+, let U = U x I € R¥*! be the lifted coun-
terpart of U, where I is some neighborhood of the origin in RY~". Denote by
cs (U), C')O‘? (ﬁ) the Holder spaces induced by dp and d, p, respectively. We are

interested in the following question: if, for any f : U — R we set f: U — R with
[,z h) = f(t x), can we say that f € C§% (U) if and only if f € C% ((7)7
By Lemma 7 (p.153) in [31], we know that

d((z,h),(y,k)) > d(z,y).
This obviously implies

dp ((ta Z, h) ) (Saya k)) > dp ((t71') ) (Svy))

and therefore

’ﬂcz(ﬁ) < |flee) - (8.1)

However, no simple inequality of the kind

d((z,h),(y,h)) < cd(z,y)

seems to be known, so an inequality of the kind
flegw) < o] o ) (8:2)
X

is not trivial and, as far we know, has never been proved. (Note that in [34] the
lifting technique was avoided, making a stronger assumption on the algebra of
the vector fields).

We are going to prove (8.2) here. The point is to make use of an integral
formulation of Holder continuity.

Let

1

Ma,BR(to,.’I:Q) (f) = Sup inf oD (12 0N |f (87 y) - C| dey'

(t.0)eBrr>0€R T By (8, )| JB, (+.0)"Br(to,z0)
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If f e C% (Br(to, o)), then My g (t0,20) (f) < € \f|C§(BR(tO’IO)) . But the con-
verse is also true:

loc

00, then there exists a function f*, a.e. equal to f, such that f* € C% (Br (to, %0))
and

Lemma 8.1 If f € L, (Bg (to, o)) is a function such that My g, (t.20) (f) <
T

‘f*|Cg(BR) < Mo, Br(to,0) (f)

for some c independent of f.

Proof. This result, in the Euclidean case, is due to Campanato (see [11], Teor.
[I.2] p.183, see also [26] and [32] for related results). Reading pp.177-184 in [11],
one can see that exactly the same proof holds in a much more general context,
namely:

If (X,d, p) is a space of homogeneous type, and 2 C X is a bounded domain
in X, d-regular in the sense of Definition 3.2, then there exists r > 0 such that

If* (@) = £ ()] < Moo (f)d(2,9)

for a suitable function f* = f a.e., and any couple of points z,y € Q with
d(z,y) < r (with the obvious meaning of symbols).

We can apply the above statement to 2 = Bg (to, zo) and dp the parabolic
CC-distance induced by the vector fields X, in view of Proposition 3.8, getting

|f}k (t’ IE) - f}k (Svy)l < CaMa7BR(tO7‘TO) (f) dp ((tvx) ’ (5’ y))a

for dp ((t, ), (s,y)) < r. It is then easy to extend this bound to any couple of
points (¢,z), (s,y) € Br (to, o) such that dp ((¢,2), (s,y)) = r. To this aim, it
is enough to show that we can choose k points (¢;,z;), ¢ = 1,2, ...,k such that:
(i) (ti,@i) € Br(to,0) for i = 1,2,...k, (t1,21) = (t,z) and (t, 2x) =
(Sa y) ;
(11) dp ((ti—hxi—l) y (ti,xi)) <r for i = 2, 3, ceey k
(iii) the integer k and the constant ¢ can be chosen dependently only on 7, R.
Once this is done, we can write:

k
5 (8 w) = £ (s, 0)| < DI (i) = [ (tion, i0)] <
i=2
k
<Y Mo Brtoe) (F)dp ((tio1,wio1) , (ti, )" <
i=2

< keMy, By (to,20) () dp (), (5,9))" =
=c (7”, R, O‘) dp ((tv l’) ’ (5’ y))a .

So, let us show how to choose these points. To fix ideas, assume [t —to| >
|s — to| . Recalling that

dp (o), (5,9)) = \/d (@,9)* + |t — 5],

46



we can join (t,z) with (s,y) along the following line: first we move from (¢, z)
to (s, ) along a segment; this segment is contained in B, (to, o) and can be di-
vided in k; equal parts, each of (euclidean) length < r2, with k; only depending
on 7, R; then we consider the two points x,y € B\/m (z0) ; by definition
of CC-distance, we can join = to x¢ and y to z¢ with two subunit curves 71, v2

contained in B\/m (LU()) s with

T () < R< Cdp ((62), (5,9)).

Therefore we can also join (s, x) to (¢,y) with a line v contained in Bg (o, o),
with
T(y) <cdp((t,7),(s,9));

on this line we can choose ks points such that the distance of two subsequent
points is < r; moreover, the number ks only depends on 7, R. This ends the
proof. m

The second fact we use is the following property:

Lemma 8.2 There exist ¢ > 0 and 6 € (0,1) such that for any positive function
g defined in U c RV+! ,(t,x,h) € U r > 0,7 small enough,

1
|Bsr- (t, @) N Br (to, T0)| J By, (t,0)nBr (to,00)

’B ta:h‘/wmh)

g (s,y)dsdy <

s,y) dsdydh’
Proof. By Theorem 4, p.151 in [31] (quoted in the Appendix) we know that,
given a point (z,h) € RV,

‘Er (m,h)‘ ~ |B, (z)| - Hh eRVN": (z,1) € B, (m,h)}‘
provided z € By, () for some fixed 6 < 1. The equivalence holds with respect to
r > 0, and the symbol |-| denotes the volume of a set in the suitable dimension.
Multiplying both sides for 2 we see that this property immediately extends to
the parabolic version: given a point (t,z,h) € RV+L,

‘ET (t,x,h)’ ~ |B, (t,z)| - Hh eRN"" . (,2,1) € B, (t,x,h)}‘

provided (7,2) € By, (t,z) for some fixed § < 1. Exploiting this fact, for any
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positive function g (s,y) defined in R"*! we can write

1
— /~ g (s,y) dsdydh’ =
‘B,. (t, z, h)’ B (t2,)

— = [ gGwdsdy | s
‘BT (t7 x, h)‘ B, (t,z) {h’ERN*":(s,y,h’)GBT(t,x,h)}

‘B (t,2, h)
= 79 (s,y)dsdy =
’B t:ch‘/Bar(tac) B, (t, )]
S — g (s,y)dsdy >
1B, (t,2)| JBs, (t0) -
C
g(s,y)dsdy >
\Bér( )| B t,0)

c

> g(s,y) dsdy
|Bsy (t,2) N Br (to, %0)| J B, (t,0)1 Br(to,z0)

where the last inequality holds by Proposition 3.8. =
The above Lemma enables us to state the following;:

Proposition 8.3 If f,]ch are as above, then
< o < . 8.3
\ﬂ0§(53) | flog ) S € ‘ﬂc%(BR) ®.3)

Moreover,

XLleQszﬂC%(E ‘X“ng szf‘Ca(BR g C

Xi, Xi, . X, ”‘ _
i1 <N 'llcf C%(BR)

fori; =1,2,...,q
Proof. For any ¢ € R, we have the following inequalities:

1 ! |
% | B, (t,x) N Br (to: %o)| J B, (t,2)nBr(te.z0)

[ (s,y) — el dsdy <

by Lemma 8.2

1 ~
S %~— /N f(s,y,h)— c’ dsdydh <
r ‘Br/(g (t, x, h/) BT/J(t,fL‘,h/)

choosing ¢ = f (t,z) = f(t,x, h)

re ﬂc%(éR) (r/o)" = C‘ﬂcg{(é )

\Ta
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Taking the sup on 7 > 0 and (¢,z) € Bg (to,%0) , and the inf on ¢ € R we get

Ma,BR(tO,zg) (f) <c )ﬂCﬁ(ER)

and, by Lemma 8.1, the second inequality in (8.3) follows (while the first is
trivial).

Now, inequality (8.4) is also a consequence of what we have proved, just
because X; f = (X f). To justify this assertion, it’s enough to recall the structure
of the lifted vector fields X;:

N—n
Xl:X1+ Z Cij (I‘,hl,hg,...,hj_l)ahj Zil,,q
j=1

Since J?does not depend on the added variables h;, )Z'if: Xif: (X.f). The
same reasoning can be iterated to higher order derivatives. m

Combining Theorem 5.3 with Proposition 8.3, we immediately get Theorem
5.4:
Proof of Theorem 5.4.

Ul sy b <
E +||U||LW(BS)}\

{||Hu||cu<3 )+ Il e }

lullezea, < ellillzez,) < {H i,
C

(s—1)

<

]

Finally, by a covering argument Theorem 5.1 follows:
Proof of Theorem 5.1. Let U',U as in the statement of the theorem, and
chose a family of balls By, such that

k k
U'c|Brc|JBircU.
=1 =1

Then by (4.9), (4.10) and Theorem 5.4,
H“||c2~a(U/ ||u||02a uB7 CZ ”uHc2 a B7 <

k
<X {I1Hullcn(ay,) + Iulm(sy,) } <

i=1

< e{lIHul o) + Il ) -
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9 Schauder estimates of higher order

In this section we want to extend Theorem 5.1 to higher order derivatives,
proving Theorem 1.1 for the operator H (without lower order terms). Explicitly,
we are going to prove the following:

Theorem 9.1 Let k be a positive integer. Under assumptions (H1),(H2) (see
§5), if ai; € Ck2 (U) for some positive integer k and o € (0,1), then for every
domain U’ €@ U there exists a constant ¢ > 0 depending on U, U’ {X;},a, k, A

and Ha/ij”c”‘”“(U}’ such that for every u € Cfotk’a (U) with Hu € C* (U) one
has

lllgosaory < e {18l ooy + Nl oy |

Let us recall the definition of C*“-norm:

||U||ck,a(U): Z ||athXIUHC“(U)
|I|+2h< k

where, for any multiindex I = (i1, 42, ..., is) , with 1 < i; < ¢, we say that |I| = s
and
X' = X;, X4,... X, u.

The first step to prove the above theorem is to get the analog of Theorem
5.2, for || fllqr.a:

Theorem 9.2 Under the assumptions of Theorem 9.1, there exists r > 0 such
that for any f € C’g+2’°‘ (Br>, for some ball B, (to,&) C U,

1Fllcrne < e{|[E1]

e 1l }

In turn, the proof of this result will be achieved through several Lemmas.

Lemma 9.3 For every k > 0 and every multi-index J = (j1,...Jr) there exist
operators Py and Sy that are a linear combination of frozen operators of type 2
of type 1, respectively, such that

k
X ah)=> 3 (PIXIHoerS]XI f).
m=0 |[|=m
Proof. When k£ = 0 the above formula reduces to
af = PHof + Sf

which is (6.14).
Let us prove the formula by induction on &, so assume it holds for |J| = k and
let us prove its analog for a derivative of the kind X, X (af). By Proposition
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6.9, for suitable operators Pr,, Pr o of type two, and Sy, Sro of type one, we
have

)?h)?J (af) =

= Z Z ()?hPI)}Iﬁof—l-)thIf(If)

—z_z(

m

E

q q
Z Py Xp X1Hof + ProXiHof + Z St pXpX1f + 51,0X1f>

p=1 p=1

k+1
(PI’XI’HOf + SI’XI’f)

HM

m=0
which is exactly the assertion for kK + 1. =

Lemma 9.4 For any integer k > 0, there exists r > 0 such that for any f €

Ck+2 ,a (NT)

D2 f]| oo < | lasliona Y D7 fl e (9.1)
j<k+1
and hence, by iteration
||Dk+2f‘|c“ < Cak ( Ck,a) (9.2)

where cq . depends on ||aij|| qi.o -

Proof. By the previous Lemma and Proposition 6.7, for any multi-index .J,
|J| =k and m,l =1,...q we have

k

XXX af) =303 (B Xidof + XnKiSi %11 )
=0 |I|=i

where T7 is ot type 0, Sy is of type 1. By Proposition 6.9, this last equals
k o q s _
SN (TIXIHof + ) T XpXof + Tz,onf> :
i=0 |I|=i p=1

for suitable operators 175, 17,0 of type 0. Hence

D524, < cZZHXIHofH re 30 1Pl

i=0 |I|=1
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To estimate HXIﬁOfHC we write
)?Iffof =X; (ﬁo - ff) f+)?1ﬁf
q
= > X ((a (to, &0) = a3 () XXy ) + X H |

= Y (aij (to, o) — ai; (-,-) XrXiX; f+

— Z ()?J/aij) )?Ju)?iijf—i-)z[ﬁf
|+ =1
|7'|>0

and therefore, (by the same "Korn’s trick" explained in the proof of Theorem
5.2)

"XIﬁof"Ca <e HDk+2f||Ca + llaijll ox.a Z HDijC” + Hﬁf‘
<kl

Ck,x

which gives:

1052l < | (1D + Nasllene D (1D lloa + |5
j<k+1

Ck',a

hence

‘|Dk+2fHCa <c ||aij||ck,a Z HDJfHCa + Hﬁf‘
j<k+1

Ok.o

Iteration gives

1052l < Ca (IF e + ||

o)

and hence, by our "basic estimate" for £ = 0 (that is Theorem 5.2)

o)
]

The problem is now to bound also time derivatives of f. Recalling that:

Ifllgrza = > OrD™f||cu

2h+m<k+2

[D**2 f]| o < Cap (||f||L°° + Hﬁf‘

let us prove the following:
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Lemma 9.5 For any triple of integers k,h,m such that k > 1,h > 1,m > 0,
2h +m < k+ 2, we have

lorDm £, < ca (| B

1) (9.3)

Ck,a

Proof. Let us prove (9.3) by induction on h. For h = 1 we have to show that:

k
SN0l < can ([HS] .+ 1512
m=0 ohe
We start from the equation:
~ q ~ ~
Of=Hf+ Y ayXiX;f (9.4)

i,j=1

q
Doy f =D"Hf+D™ | > ai; X; X, f

i,j=1

q m
e T 22 2P 0 cu (1D f | <
i,j=11=0

100" fllgo < e | |[ES]

by (9.2)
< can (| FA]| .o #1712

Assume (9.3) holds up to h — 1. Again from (9.4) we get:

q
Dmaff = Dmﬁll_le + Dmath_l Z aininf

ij=1

1070 . < |77

m
+ Ca,m42n—2 Z [ D200 f]] e <
1=0

Cm+2h—2,0

by inductive hypothesis and our assumptions on m, k, h

(1

e 1l

]
By Lemmas 9.4 and 9.5, Theorem 9.2 is proved. The second step of the
proof of higher order Schauder estimates is contained in the following:
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Theorem 9.6 Under the assumptions of Theorem 9.1, there exists R > 0 such
that for any for every f € Ck+2e (ER (t0,§0)) ,0<t<s<R,

ooy < = |y * Mo - @9

Proof (sketch). The proof is now a tedious but quite straigthforward iteration
of the steps of the proof of Lemmas 9.4 and 9.5, using suitable cutoff function.
We state the steps.

1. We start from (9.1), in the following slightly sharper form, which is
actually what has been proved in Lemma 9.4 (here the norm of H f involves
only spatial derivatives):

1D |l ee < era | 32 1D 7llce + ||
j<k

j<k+1

and apply this to f¢, with f € CFt2e (§s> and ¢ cutoff function with B, <
¢ < B,. Then we get, with the usual techniques:
D" £l o) < (9.6)
Sena | Y 10 oy + e ||
A sty D7 (s 1)

2. Next, we refine the above argument as follows. For fixed 0 <t < s, we
set t; =t + k%n (s—1t) for 7 =0,1,2,...,k + 1, and rewrite (9.6) as:

107l ces,, ) <

Cl\a

1 i B ;
< Cha Z W ||D f||C@(Btj) + (tj —tjfl)iJrl H f’

1<j+1

CJu

for j = 1,2,....,k. Collecting all these inequalities and our basic estimate for
k =0 (that is Theorem 7.15) we get, by iteration:

10l < =25 (|4,

3. We now have to add, at the left hand side of our inequalities, the terms
involving time derivatives. To do this, we apply (9.3) to f¢, where ( is a cutoff

oy Mlim@y)- D

function with Et <(¢= Bs. By standard computations this yields, for any triple
of integers k, h,m such thay k > 1,h > 1,m >0, 2h +m < k + 2,

108 D™ fll o 5, <

< 1 H 1
XCak | 777 71
(8 _ t)kJrl

)+ £l e 5,y + o ||f||c’f+1’a(§s)> :
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Together with (9.7), this allows to write:

1
||f||ck+2,a(§t) < Cajk <(

s—t

+ (9.8)

]

Ck:a

1 1

+W £l e (5.) + G ||f||ck+1,a(§5)> :

4. Reasoning like at step 2 of this proof, (9.8) iteratively implies

17l s,) )

Ca,k

1Fllnrea(m,) < (s 1% (H

which ends the proof. m
Finally, we note that Theorem 9.6 immediately implies Theorem 9.1, by the
same arguments of §8.

10 Operators with lower order terms

We now complete the proof of Theorem 1.1, considering an operator with lower
order terms. We start with C?“-estimates:

Theorem 10.1 . Let:
q q
=0 — Z Qij (t,.T) XX, + ij (t,l‘) X;+ C(t,l‘) .
ij=1 j=1
If (H1),(H2) hold, then for every domain U" € U, a € (0,1), a;j,b;,c € C* (U),
there exists a constant ¢ > 0, depending on U,U’,{X;},a, X and the C* (U)-

norms of the coefficients ai;, bj, c, such that for every u € 012(;? (U) with Hyu €
C*(U) one has

el quny < eIl + el g } -

Proof. The proof will follow the same three steps of the proof of Theorem 5.1.
Let

q q
=0, — Z a;j (t,2) X; X + Zbk (t,x) Xy +c(t,z) =
ij=1 k=1

a
=H+ Zbk (t,x) Xi +c(t,x)
k=1
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By (6.16) and (4.3) of Proposition 4.2 we can write:

H)}k)?hf

‘Cu(ﬁ < (10.1)

< {185y + N+ e} <
<[]+ S5 gy Wi

for every f € Cg’a (ET) , with r small enough. To get rid of the term contain-

ing X, f,we now apply the interpolation inequality of Theorem 7.4 which, for
functions with compact support, rewrites as:

1D w8,y < 6 (1P Fllow(5,) + 10 fllca(s,)] + 575 1/ le(z,y - (10:2)

From (10.1) and (10.2) we get

1Flena(s,) < {HHJH 3 * 1oz )}

and the same reasoning of the the last lines of §6 then gives

I lene(sy < (| S] o ) * 1950 (103

that is Step 1 for the operator H;.
Now, look at the proof of Theorem 5.3, at the end of §7. If f € C%* ((7),

Bpr C U, (R small enough to apply Theorem 5.2),t < R,s = (t+ R) /2, and ¢
is a cutoff function, B; < ¢ < B, we can apply (10.3) to f(, getting

ey < e { [ 70 )+ 10€im(s) -

Now, expanding the expression H, (f¢) and bounding the C¢ (§S>—norm of

each term, we get essentially the same terms obtained in the proof of 5.3; so the
rest of the proof can be repeated without changes, and we get:

honezy < o= (I8l * Wleezy) - 000

(t—
that is, Step 2 for the operator H;. Finally, by the same arguments of §8, (10.4)
implies Theorem 10.1. =

We can now easily extend to the operator with lower order terms also the
CF+2.a_estimates of Theorem 9.1, completing the proof of Theorem 1.1
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Proof of Theorem 1.1. By Theorem 9.1 we can write

oo sy < e {I1HUll Gra oy + Nl ooy | <

q
Sc ||H1U||ck,a(U) + ||u||L°°(U) + Z ||ijju||ck,a(U) + chHck.a(U) <
j=1
by (4.5)
< eIl gnn oy + Nl ooy + Il esroen }- (10.5)

Next, we choose an increasing family of domains U; (5 =0,1,2,...,k + 1) such
that
Uy=U ceU, €Uy .. EU; €Uyt =U,

and rewrite (10.5) as:

[ullgotso(w,_ ;) < C{HHWHCM(U) + [l oo o) + HU||CJ+La(Uk_j+1)}

for j = 1,2,..., k. Collecting these inequalities and our basic estimate on Hu||02,a(Uk),
that is Theorem 5.1, we get

lullga sy < e {1l gy + lll o o }

which is our desired result. m

11 Regularization of solutions

In this section we will prove a regularization result for the complete operator H;
considered in §10. The main tool for this result is a family of mollifiers adapted
to the vector fields X;. We start with a technical Lemma.

Lemma 11.1 Given an operator of type

q
Ho=0,— Y aij(t,x) Z:iZ;,

4,5=1

where Z1,. .., Zq satisfy the assumptions (H1) in some bounded domain Q@ C R™,
the matriz A = {a;;} satisfies assumptions (H2), (H3) in U C R x Q, and given
U’ € U, there exists a new operator of type

HYy=0,— > aj(t,z) X;X; (11.1)

ij=1

such that:
i) the vector fields X;’s and the coefficients a;»j are defined on the whole
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space R*H1;

i) H', coincides with Ha in U’;

i11) H', coincides with the classical heat operator for x outside €2;
iv) H'y satisfies (H1) and (H2), with the same constant A.

Proof. Let ¢ € C5°() be a fixed cut-off function such that ¢(z) = 1iff z € €,
being ' an open set with Q' € Q. Let us define the new system of vector fields
X1,..., Xm (m=q+mn), as follows:

Xi=vZ;, i=1,...,q, Xort=1—¢)0s,, k=1,...,n.
Next, let ¢ € C§° (U), ¥ =11in U’, and set

n+ {ank}} oy O
{bij}i,jgl = [ Oh’k ! IJ ;

ag; = PYbij + (1 =) 4.

For the operator H'; defined as in (11.1) by these vector fields X;, conditions i),
ii), iv) and (H2) are obviously satisfied, so we only need to check Hérmander’s
condition. Fix a point € R™; if ¢ (z) # 1, then in a neighborhood of z the
system Xj,...,X,, contains nonvanishing multiples of the n fields 9,,, which
span; if ¢ (z) = 1, then the fields X; = ¢Z;, i = 1,..., ¢, satisfy Hérmander’s
condition at x because at that point

(Xi, X;] = [0Zi,pZ;) = 0% [Zi, Zi) + ¢ (Zip) Zj — 0 (Z;0) Zi = | Zi, Zj]

since in ' ¢ = 1 and ¢,, = 0 for every k. Iterating the above relation, we see
that at the point z the system X; (i = 1,...,q) and the system Z; (i =1,...,q)
generate the same Lie algebra, that is the whole R™. m

Let

q
H=0,-L=0-)» X}
i=1
By the above Lemma, the vector fields X; have globally bounded coefficients and
by known results of Kusuoka-Stroock (see [24] §4), there exists a fundamental
solution A (¢, z,y) such that

Oh

a (tv z, y) = [Lh (tv "y y)] (x) = [LTh (ta z, )] (y) (11'2)
for (¢t,z,y) € (0,+00) x R™ x R™, satisfying the estimates
1 cd(e,y)? c d(z.y)?
———F—e ¢ <h(tz,y < ——F=7€ (11.3)
c|B (V1) |B (=, V1)
z,y)?
| XIX]h(t2,y)| < - (11.4)

t(I1+1J1)/2 |B (x, \/i)’
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for (t,z,y) € (0,1) x R™ x R™, for every multi-indexes I and J. By construction
h(t,x,y) is the density of a probability measure and therefore

/ h(t,x,y)dy =1

for every (t,z) € (0, +00) x R”.
We now use this “Gaussian kernel” to build a family of mollifiers adapdet
to the vector fields Xj.

Theorem 11.2 (mollifiers) Let n € C§° (R) be a positive test function with
[n(t)dt=1 and let

_ t
¢ (t,z,y) = e h(e,z,y)7 <8> :
For any f € C* (R"™1), e € (0,1), set

folte) = [ 6ot 5.0 f (s.9) dsdy.
Rn+1
Then, there exists a constant ¢ depending on o, {X;}, such that

Ifellga < ellfllga - (11.5)

Moreover,
g{%“fa —f||L°°(Rn+1) =0. (11.6)

Proof. To prove (11.5), we will show that ¢. (¢t — s, z, y) satisfies the properties
of singular integral kernels, (2.4), (2.5), (2.8), (2.9), with 8 = v = 1, uniformly
in €. By (11.3) and Lemma 3.6, we have

o,1)2 e)?
U(FTS) _d(cay) B ’I](;S)e_d(csy) .
e|B (z,v¢)| 1B ((t,z),ve)

and therefore when dp ((¢,z), (s,y)) < v/ we obtain

0< ¢ (t—s,2,y) <c (11.7)

SB, s9)

If now dp ((¢,2), (5,9)) = +/€, by the doubling condition there exists o > 0 such

that
[B((t2), (s 9Dl (dP ((t,2), (S,y)))’
1B ((t,z),vE)| Ve '

¢€ (t - s,x,y)

77| o) 22 ¢ <dp((t,:\v};(svy))>gn(t;5) ot
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Since 7 € C§° (R) we have 7 (v) < ce™ Il and therefore

t—8\ _d@w? e
n e ce <e B
€

Since the function ¢ — t“¢~" is bounded on (0, 00) we conclude

_d(z,y)? _ Jt—s|td(z.y)? _dp((tx).(s,9))?
e ce <e ce =€ ce

(11.8)

n(fi)e—% dp ((t,z), (s,9))\° _dplo).cun?
N )>|< >

Bt Vol S Bt NG -
)

STBo)

5,y
$,y)|°
that is (2.4).
Let now R = dp ((to, o), (t,2)). By 4.2 ii) we have
‘¢€ (t -5, l’,y) - ¢6 (tO - 5,$0,y)|

g (bup |le¢€ (T -5,z y)| + R sup |8t¢6 (T - S, Z7y)> dP ((t,ZE) 9 (to, 'TO))

(1,2) (1,2

where the sup is taken for (7, z) € B ((to,z0),5R).
Assume that

dp ((to, o), (s,y)) = Mdp ((to, o), (t,x))

with M > 5; then for a suitable constant ¢ we have dp ((tg,z0),(s,y)) <

cdp ((1,2), (5,9))-
Using (11.4) and reasoning as in (11.8) we obtain

_dp((1,2),(s,y)?

_d(zw)?
C e ce T— S8 C e ce
X ¢ (1 — <=5 S
X797 =920l < o B(z,ﬁ)|n< : ) VEIB((r.2), V&)l

_ dp((tg,w0),(s,9)*
ce

S VE B {(7.2) VR
Assume that dp ((7,2),(s,y)) < +/e. Then

B ((to, z0) » dp ((to, x0) , (s,9)))| < ¢[B((s,9),dp ((to, z0) , (s,9)))|
<c|B((s,y),dp ((7,2),(s,9)))l
<c|B((1,2),dp ((1,2), (5,9)))]
< c’B ((r,2),ve)].

Therefore

_ dp((to,@0),(s,9))?

ce

% |B ((tO,IEO) 5 dP ((to,l‘o) ) (Say)))| .

[ X ¢ (T —5,2,9)] <
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Let now dp ((7,2),(s,y)) = /€ then

‘B ((to,xo) ,dp ((t0=$0) ) (s,y)))| < |B ((7—7 Z)ﬂdP ((T7 Z) ) (3>y)))‘ <

|B((1,2),Ve)| N |B((1,2),Ve)| h
dp ((1,2),(5,9)\°
()
so that
¢ e dp<<mzc>g,<s,y>)2
|Xi ¢e (T — S,Z,y)| < %m
o e (dp ((r.2). (s,y»)“
= Ve B ((to, o) s dp ((to, m0) 4 (5,9)))] Ve
_ dp((tg,20),(s,9))?2
S VETB((o,20) . dr ((t0,20) (5 9]

Similarly

W (=)o
e?|B (2,2

_dp((1,2),(s,9)?
ce

R[0e (1= 5,2,9)] < ol

R ce
< —
\/g \/E|B ((t07x0) 7dP ((tO’mO) ) (S,y)))|
_ dr ((t0,20)  (5,1)) C———

\/g \/g|B ((t()a IO) ) dP ((t07x0) ) (57y)))|

_ dp((tg,0),(s,9))?
ce

S VE1B ((to 70) . dp (k0. 70) . (5. 9))]

Hence

|¢E (t - saxay) - (bE (to - S,ﬂ?o,y”

_ dp((tg,20).(s,y)?
ce ce

< \E ‘B ((to,xo) ,dp ((to, :Uo) s (Su y)))'

< dp ((thxO)a(Say)) cdp ((tax)7(t0’x0))e
A \ﬁ dp ((t07x0)7(57y)) |B ((to,xo),dp ((t07x0)7(57y)))‘
< Cdp ((t7.’17),(t0,5(,'0))

h dp ((th 170) ) (Say)) |B ((t07x0) dp ((t()vxo) ) (Svy))”

< cdp ((t, z), (to, zo))

= dp ((t,2),(s,9) 1B ((to, o) , dp ((to, o), (5,9)))|

This is exactly (2.5) with 5 = 1.

dP ((tvx) ) (t(),l'O))

_ dp((tg,=).(s,9))?2
ce
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Next, we have

/ ¢ (t — s,2,y) dsdy
dp ((6,x),(s,9)) >

which is (2.8). Also,

ti
< / 571h(57$ay)n <S) dey =1
Rn+1 19

¢e (to — s, 20, y) dsdy

lim
r—0

/ o (t—s,x,wdsdy—/
d’p ((t,x),(s,y))>r d’p ((to,xo),(s,y))>r

e (t*S,Ly)dsdy*/ e (ts,x,y)dsdy' =[1-1=0
Rn+1

Rn+1

which trivially implies (2.9) with v = 1.
By Theorem 2.7 we get

[felca < c||fllga for every o € (0,1).

Since we also have

¢€ (t - S, m,y) |f (S,y)\ dey <

Rn+1

<l [ 0clt=smm)dy =11,

|fe (t,2)] <

we conclude
| fellca < c||f]lge for every o € (0,1)

that is (11.5). Note that we have applied only (2.10) in Theorem 2.7, which

does not require boundedness of the space.
Let us come to the proof of (11.6). Since [p,11 ¢c (t,2,y) dtdy = 1 we have

fo(tx) — [ (ta) = / be (t— 5,2,9) [f (5,9) — f (t,2)] dsdy.
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Hence, using (11.7) and (11.8) we get

e (t2) — (1, 2)
/¢E — s, ) |f (5,9) — [ (t,)| dsdy

<Eam e E ar w) a) dsay

t,x s, 2
B / _dp( C)E( y)) d ((S,y) 7 (t,x))a dsdy
" [B((t.x), Vo)l B((t,2), f

+ ail
Z < |B((t,2), V)l J((t),25+1 o)\ B((1,2),2% V/7)

Lo/ B ((t,z), 21/ L
/+Z| B o). \[)')’ (2k+ \[)

<e? 4 22(“1)"@_ﬁ (2" VE)" = ce/2.
k=0

_dp((t,2),(s,9)2

dp ((Sv Z/) ’ (t’ m))a dey

Proposition 11.3 For any o € (0,1), k even integer, U, U’ bounded open sets,
with U’ € U, there exists a constant ¢ such that for any f € C** (U), e € (0,1),

Ifellgrawsy < cllfllgraw) -
Proof. By (11.2), we have
1 [t—s
€ [Lh (e, )] () [ (s,y) dsdy
—

J )
Lo (0) h e ) 00 £ st
)

Lf. (t,x) =

m

n+1

Es

3

3

t —
:/ 6_177< i
Rn+1

gtfa(t’x):/w+1£_1;[ (t;‘sﬂh(sxy)f(s y) dsdy

ff/ 5718 {n(t )} (e,z,y) f (s,y) dsdy
R+l

:/RM ey <t€5> hie,z,y) gf (s, y) dsdy — @{)6(15,:0).

Therefore we have

h (57 Zz, y) Lf (57 y) dey = (Lf)e (t’ 'T)

™

Also

3

Hfa = (Hf),g
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Iterating, we obtain for any positive integer m,
H"f. =H"f).. (11.9)

Also, we need to iterate the inequality in Theorem 9.1, as follows: let U’ =
Um S Um,—l c...c U1 = U, then

1 llgm vy < €I o sy + 1w, } < (11.10)
< AIB2 ] o,y + I e+ 1 e} <
< ... <

N

C{HHmeCa(Ul) + HHm_lfHLOC(Ul) Tt Hf||L°°(U1)}'

By (11.9), (11.10) and Proposition 11.2 we can write:

el oy < e ™ Fell gy + I e ey o+ el =

= (I 1)y + 1), ey e+ el i} <

|HmeCa(U1 + HH’” lfHLOQ(Ul + ...+ ||f||L°°(U1)}

cllf llgoma oy

Q

<c

N

]
We will also need the following compactness Lemma:

Lemma 11.4 Let {u,} be a sequence of C* (U) functions such that

||un||ck,a(U) <c

independent of n. Then, there exists a subsequence up, and a function u €
Ck2(U) such that uy,, — u in C* (U). Explicitely, this means that

"X, — Xy
uniformly in U for any m, I such that 2m + |I| < k

Proof. For any m, I such that 2m + |I| < k, the functions 9" X'u,, are equi-
bounded and equicontinuous (in classical sense), hence by Arzelad’s theorem
there exists a subsequence 9" X!u,, uniformly converging in U to some func-
tion vy, 1. Moreover, we can extract a single subsequence u,, such that all
these conditions simultaneously hold. Set u = v . By Proposition 2.2 in [8]
(see also Lemma 57 in [7]), this implies that u € C* (U) and vy, 1 = 9" X,
hence u,, — u in C* (U). Finally, passing to the limit in the inequality

|07 X T, (8, 2) = 07" X, (5,9)] < edp ((t,2), (5,))"

we find that actually u € C* (U). m

Next, we apply the previous mollification machinery to prove that the a-
priori estimates of higher order that we have proved in §9 also imply a regular-
ization result. Namely:
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Theorem 11.5 Under the assumptions of Theorem 1.1, for every o € (0,1), if
ue CHY(U) and Hyu € C* (U) for some even integer k, then u € CotM™ (U).
Moreover, for every domain U' € U there exists a constant ¢ > 0 depending on

U, Ulv {Xi}vaa k, A and ||ainCk1a(U) ’ ”bi”Ck,a(U) ) HC”C’C,Q(U) such that

||UHC2+k,a(U/) < C{”HluHck,a(U) + ||u||L°°(U)} :

Proof. Let u € C;% (U), f = Hyu € C* (U), and let ayj,b;, ¢ be the coeffi-
cients of H. By Lemma 11.1, we can assume that a;; € Ck-e (R"“) and satisfy
the ellipticity condition (H2) on the whole space. Analogously, we can extend
the function f and the coefficients b;, c to the whole space in such a way that

fibj,c e Che (]R""‘l). Assume first that ¢ satisfies the sign condition

c(t,x) > co > 0 for any (t,z) € R"*L. (11.11)
Let now af;, b5, c®, f€ be the mollified versions of a;;,b;, c and f, and set
Hf =0, — > a5 (t,2) XiX; + Y b (t2) X+ (t,x).
i,j=1 i=1

Note that the af;’s satisfy (H2) with constant A independent of e. Since H{ has
smooth coefficients, it can be written as a Hérmander operator. This, together
with condition (11.11), allows to apply known results of Bony [3]: for every
point of U’ we can find a neighborhood D € U where we can uniquely solve the
classical Dirichlet problem:

Hfu*=f¢ inD
ut =u on 0D

Moreover, the domain D satisfies the following regularity property (see Corollary
5.2 in [3]) which will be useful later: for every point (t1,z1) € D there exists
an Euclidean ball of center (tg,zo) ¢ D which intersects D exactly at (t1,z1).
Since Hf is hypoelliptic, the solution u® belongs to C* (D) ; in particular,
u® € C’lkotza (D), hence we can apply our a-priori estimates (Theorem 9.1),
writing
letellemeza(ory < €= {1 felloman oy + Il ooy | -

The constant c. depends on the coefficients a;;, b5, c® only through their Ck (D)-

norms and the ellipticity constant, hence by Proposition 11.3, if k& is an even
integer c. can be bounded independently of . For the same reason || ¢ ”C'w(D) <
cllfllora () » While, by the classical maximum principle (for operators with non-
negative characteristic form satisfying (11.11)),

[l oo (py < 1wl Lo oDy = Ul Lo (o) -
This means that, for any D’ € D,

||Ua||ck+2,a(D/) <c (11.12)
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with ¢ depending on D’ but not on €. By Lemma 11.4, for every D’ € D we
can find a sequence &, — 0 and a function v € C*+2:® (D’) such that

u., — v in C*2 (D).

By a standard “diagonal argument”, we can also select a single sequence €,, — 0
and a function v € C;-t** (D) such that

loc

e, — v in CFF2 (D) and pointwise in D.

In particular, this means that Hyu., — Hjv. On the other hand, Hyju., =
fe, — f by (11.6), hence
Hyv=fin D.

Our next task is to show that v = w in D; this will imply u € C’ﬁ;z’a (D),
that is the desired regularity result. To do this, we will make use of a classical
argument of barriers, taken from [3], to show that uw = v on dD; this will imply
that v = w in D, again by the maximum principle, applied to H;.

Fix a point (t1,21) € 9D; let (to, o) be the center of the exterior ball that
touches 0D at (t1,z1), and set:

w(t,z) = o Klle—zol*+(t—t0)’] _ ~K[lz1—zo|*+(t1~t0)?]
with K a positive constant to be chosen later. By construction, w (t,z) < 0
in D. A direct computation shows that, by the construction of D made in [3],

Hyw (t,z) < 0 in a suitable neighborhood D; of (¢1,z1), for K large enough.
Next, we compute, for a large constant M:

Hi (Mw+ (v —u))=MHwx(f*—f)<0in DyND

for M large enough, since (f€ — f) is uniformly bounded with respect to . Let
us show that
Mw+ (v —u) <0ond(DyND).

On D;N0D, we have Mw= (u® — u) = Mw < 0; on the other hand, on 0D; N D
we have w < ¢ < 0, while (u® — u) is uniformly bounded with respect to ; hence
for M large enough Mw % (u® — u) < 0. The maximum principle then implies

Mw+ (u®—u)<0in DyND
that is
|u® —u| < —Mw in Dy N D, uniformly in €.
For ¢ — 0 we get
|(v—u)(t,2)] < —Mw(t,x) for (t,z) € D1ND
and, for (¢,z) — (t1,21) we get v (t1,21) = w(t1,21). This ends the proof of

our result, under the additional assumption (11.11). In the general case, since
¢ is bounded we can rewrite the equation Hiu = f in the form

(Hi+co)u=f+cou

where ¢ is a constant such that ¢+ satisfies condition (11.11). Since f+cou €
C?% (U), the above reasoning implies u € Cfo’? (U). Tterating this argument
yields our result in the general case. m
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12 Appendix. Homogeneous groups, Rothschild-
Stein “lifting and approximation” technique
and their parabolic version

Let Xi,...,X, be C* real vector fields on a domain 2 C R". For every
multiindex a = (aq,. .., aq) with 1 < o; < ¢, we define

Xo = [Xauw [Xew s [Xazs Xaa] -]

and |a|] = d. We call X, a commutator of the X;’s of length d. Assume that
X1,..., X, satisfy Hérmander’s condition of step s at some point xy € R”; this
means that { X, (20)}|aj<s spans R". Let G (s, q) be the free Lie algebra of step
s on g generators, that is the quotient of the free Lie algebra with ¢ generators
by the ideal generated by the commutators of length at least s + 1, and let
N =dimG (s, q), as a vector space. One always has N > n. If e1,...,¢e, are
generators of the free Lie algebra G (g, s) and

€a = [€au; [€au_1s---[€ans€ar)---]],

then there exists a set A of multiindices « so that {e,}aeca is a basis of G (g, s)
as a vector space. This allows us to identify G (g,s) with RY. Note that
Card A = N while maxyecala] = s. The Campbell-Hausdorff series defines
a multiplication in RY (see e.g. [30] or [31]) that makes RY the group N(q, s),
that is the simply connected Lie group associated to G (g, s). We can naturally
define dilations in N(q, s) by

DY) (ta)aes) = (Aua) -
These are automorphisms of N (g, s), which is therefore a homogeneous group,
in the sense of Stein (see [33], p. 618-622). We will call it G, leaving the
numbers ¢, s implicitly understood. Note that the G is uniquely determined by
the number ¢ of the vector fields X; and the step s of the Hérmander’s condition
they satisfy.

The following structures can be defined in a standard way in G.

e Homogeneous norm ||-||: for any v € G, u # 0, set
1
lell=p < |DC)u =1,

where |-| denotes the Euclidean norm; also, let ||0|| = 0. Then:
ID(N)ul|| = M |u|| for every u € G, A > 0;
the set {u € G: ||u|| = 1} coincides with the Euclidean unit sphere ) ,;
the function u — ||u|| is smooth outside the origin;
there exists ¢(G) > 1 such that for every u, v € G

luovl <c(lull +lvl)  and  [lu"|| < cllull;
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1 s .
Sl <ol <elol* i ol < 1.
e Quasidistance d:
d(u,v) = |[v" o ul|
for which the following hold:
d(u,v) 20 and d(u,v) =0 if and only if u = v;

1
—d(v,u) < d(u,v) < cd(v,u);
c

d(u,v) < ¢ {d(u, z) + d(z,v)}

for every u, v, z € RY and some positive constant ¢(G) > 1.

If we denote by B(u,r) = B, (u) = {v € RN: d(u,v) <r} the metric balls,
then we see that B(0,r)=D(r)B(0,1). Moreover, it can be proved that the
Lebesgue measure in RY is the Haar measure of G. Therefore

|B(u,r)| = |B(0,1)] 9,

for every u € G and r > 0, where Q = >
dimension of G.
e The convolution of two functions in G is defined as

(@ = [ faoyawdy= [ ot o) fw)dy.

N

aca |al is called the homogeneous

for every couple of functions for which the above integrals make sense.

Let 7, be the left translation operator acting on functions: (7, f)(v) = f(uo
v). We say that a differential operator P on G is left invariant if P(7,f) =
Tu(Pf) for every smooth function f. From the above definition of convolution
we read that if P is any left invariant differential operator,

P(fxg)=[xPg

(provided the integrals converge).
We say that a differential operator P on G is homogeneous of degree 6 > 0
if
P (f (D(Nu)) = A (Pf)(D(N)u)
for every test function f, A > 0, v € RY. Also, we say that a function f is
homogeneous of degree d € R if

F(DNu) =X f (u) for every A >0, u € RV,

Clearly, if P is a differential operator homogeneous of degree §; and f is a
homogeneous function of degree ds, then Pf is homogeneous of degree do — d1.
For example, u, % is homogeneous of degree |8| — |a.

Denote by Yj (j = 1,...,q) the left-invariant vector field on G which agrees
with % at 0. Then Y} is homogeneous of degree 1 and, for every multiindex «,
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Y, is homogeneous of degree |«|. The system of vector fields {Yj}?:l satisfies

Hormander’s condition of step s in RY, and their Lie algebra coincides with
G (g,s). Again, the Y;’s are uniquely determined by the numbers g, s, related
to the original vector fields X; defined in R™.

A differential operator on G is said to have local degree less than or equal to
£ if, after taking the Taylor expansion at 0 of its coefficients, each term obtained
is homogeneous of degree < /.

We are now in position to state the famous “Lifting and approximation”
result by Rothschild-Stein [30].

Theorem 12.1 Let Xy,..., X, be C* real vector fields on a domain @ C R"
satisfying Hormander’s condition of step s at some point xg € 2. Then in terms
of new variables, hi,...,hx_p, there exist smooth functions c;;(x,h) (1 < i< q

1<j<N-n) deﬁned in a neighborhood U of & = (x0,0) € Q@ x RN—" = O
such that the vector fields X given by

N—n
X11X2+ Zcij (I,hl,hg,...,hj_l)ahj iil,...,q
j=1
satisfy Hormander’s condition of step s. Moreover, denoting by {X (&) }aca a
basis for RN for every € € U let us define, for &, € U the map

95(77) = (Ua)acA

with

1= exp (Z uﬁh) 3

acA

Then there exist open neighborhoods U of 0 and V,W of & in RN, with W € V
such that:

a) ©¢ | V is a diffeomorphism onto the image, for every £ € V;

b) Oc(V) DU for every £ € W;

¢) ©:V xV = RN defined by ©(&,n) = O¢(n) is C=(V x V);

d) In the coordinates given by O¢, we can write X, =Y+ Rf on U, where

Y; are the homogeneous left invariant vector fields defined above, and Rf are
vector fields of local degree < 0 depending smoothly on & € W (the superscript
& does not denote the variable of differentiation but dependence on the point £ ).
Ezplicitly, this means that for every f € C§° (G):

Xi (F©e () () = (Yif + RES) (¢ ().
e) More generally, for every a € A we can write
X, =Y, + RS

with RS, a vector field of local degree < |a| — 1 depending smoothly on &.
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Roughly speaking, the above theorem says that the original system of vector
~ 4
fields {X;}7_, defined in R™ can be lifted to another system {XZ} defined in
1

i=
RY (N > n), such that the )?Z can be locally approximated by the homogeneous
left invariant vector fields Y;. The remainder in this approximation process is
expressed by the vector fields Rf which have the following good property: when
they act on a homogeneous function, typically of negative degree (that is, with
some singularity), the singularity does not become worse. The vector fields
Yi, Rf must be thought as acting on the group G; the vector fields )Z'Z as acting
on the “manifold” RY, the change of variables between the two environments
being realized by the map ©,. Here below we add some other miscellanuous
facts, related to the above concepts, which are used in this paper.
e Under the change of variables u = ©¢(7), the measure element becomes:

dn = c(€) - (1+ O ([lul)) du,

where ¢(¢) is a smooth function, bounded and bounded away from zero in V.
The same is true for the change of coordinates u = ©,,(£).
o If for £, € V, we define

p(&n) =10 n)l

where ||| is the homogeneous norm defined above, then p is a quasidistance,
locally equivalent to the CC-distance d induced by the vector fields {5(1} . Note,
however, that d is globally defined in Q, while the map © is only defined in each
neighborhood of (2.

e Although there is no easy relation between the CC-distance d induced
in R" by the X;’s and the CC-distance d induced in RY by the X;’s, a more
transparent relation holds between the volumes of corresponding balls. This
fact is described by the following result by Sanchez-Calle:

Lemma 12.2 (See [81], Theorem 4). Let B, B denote metric balls with respect
to d (in R™) and d (in RN ), respectively. For any r > 0 (small enough),

z,y €R", d(z,y) <6r (5§ <1 fived), h € RN~ one has
r® = |B (2, h),7)| = B (@) [ {0 € RN (1)) € B (1))}

where || denotes Lebesgue measure in the appropriate R™, and the equivalence
a ~ b means cia < b < coa for positive constants c1,co independent of v, x,y, h.
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