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1 Introduction

The following formula is very well-known (see, for example, [18, page 373]), and is usually called Sonine’s

first finite integral:

Jot+B+1 (x)
xﬁ+1

3 Jo (xsing)
v ()

sin® ¢

Here Jy is the Bessel function of first kind and order « (see the next section for the precise definition of this

dmg g (9) =2PT (B +1)

as well as other special functions), o and 3 are real numbers, o, B > —1, and
dmy g (9) = sin?** ! g cos?Pt 9 dg )

is a finite positive measure that we will encounter often along the paper.

Sonine’s first finite integral allows to express any Bessel function in terms of an integral involving a
Bessel function of lower order. It can be easily proven by a simple term by term integration of the power
series defining the Bessel function.

An important application of this formula is the calculation of the Fourier transform in the euclidean space
RN of the Bochner-Riesz multiplier

)
L

M(x) = (1 - |x|2)

Since M is a radial function, the following formula for the Fourier transform holds (see [15, page 155])

_ 2 ! s N
ME) = —55 | (1-5°)° Jna (27|E]s) s% ds.
&= 70 ’
The substitution s = sin¢@ gives
_ on 3 Ju2 (27m[E]sing) r+1)
M(S)=—5= 5 dmy_s 5(9) = ——x—5Jy, 5 (27|E]),
5= 70 sin" " ¢ ml ||

by Sonine’s first finite integral.

There are two possible generalizations of formula (1). The first, known as Sonine’s second finite integral
(see [18, page 376]), is the formula
o« p Jatp+1 (\/ x? +y2)

dmg, 3 (9) = 2% s )
()C2 +y2)T

/72[ Jo (xsing) Jg (ycos @)
0

sin¢  cosP ¢

That this is indeed a generalization of (1) can be seen by dividing both sides by yB and letting y — 0. Recall

only that
Jg (ycos¢) 1
lim = .
y—0 yPcosPo 2P (B+1)

The second possible generalization goes in a different direction. Let 7 be the closed one-dimensional sub-

space of the Hilbert space L? ([0, ], dmyg g), formed by the constant functions. Then Sonine’s first finite

integral gives the projection onto 7% of the function f, (¢) = Jo (xsin¢)sin~% ¢. If we call Py P () the Ja-

cobi polynomials, then the family {P,fx P (cos 2(]))}
n

L is an orthogonal basis for L* ([0, %], dmg_g), and
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therefore Sonine’s first finite integral is, in other words, the Oth Fourier-Jacobi coefficient fx (0) of f. One

could calculate all the other Fourier-Jacobi coefficients

Fem = [ 22009 b cos2g) e (0)

sin® ¢
and this is what Tranter’s formula [17] does:

/721 Ja (XSin‘l))Pa.ﬁ
0

sin¢ "

B 2 (B+n+1)Jaipions (x)

(cos2¢)dmy g (9) = T(nt1) Y : “4)

Of course, formula (1) is obtained in the particular case n = 0.
The regularity of f, implies that the Fourier-Jacobi series of f, converges pointwise to f;. In other words,

Tranter’s formula can be reformulated as

Jo(xsing) & 2P 2ntat+B+1)(a+B+nt1) Jarpiontt () B
sinaq) _n;o F(a_|_n_|_1) XB+1 Pn (C032¢)- Q)

Both Sonine’s second finite integral and Tranter’s formula follow from a more general formula: it is known

as Bateman’s expansion (see [4], [5], or [18, page 370]),

pY sin® 0 sin® @ pB cosB 0] cosPo ' potBantl

inosing) J 0) & J
Ja (psingsin0) Jg (P cos cos 6) Y (1) p =B ) (p)]?ff’ﬁ(COSZ¢)p2"ﬁ(cos29). (6)

Herep >0, ¢,0 € [0, g] , and { pgﬁ (cos 2¢)} are the Jacobi polynomials, properly normalized in order to
form an orthonormal basis for L? ([O, %] ydmg g (q))) . Observe that Tranter’s formula (5) follows by taking
0 = /2. Again, one can write the integral counterpart of (6) by evaluating in both sides the nth Fourier-Jacobi

coefficient in the variable ¢:

n ondatprontl (p) B

3 Ju(psingsin) Jg (pcosgcosB) , g
/0 p%sin® ¢ sin® 6 p/; cosP ¢COSﬁ9pn (cos ¢)dmoc,ﬁ (0)=(-1)"p patBin PP (cos20)
(N
Sonine’s second finite integral is obtained in the case n = O with the change of variables
y=pcosO
Xx=psin6.

Bateman’s expansion has a geometric interpretation, at least when o and 8 are half positive integers. Let
feer (RN +M ) be radial in the first N variables and in the last M variables. In other words, assume that there

is a function F defined on [0, 4o0) x [0, +0) such that for all (x, y) € R¥*M

[ y)=F(x, [yD)-

For this particular class of functions, the spherical harmonic decomposition has the following simple form
Fxy) =Y fa(p) BiP (cos29) p™,
n=0

where
x| = pcos ¢
y|=psing,



with (0, p) € [0, /2] x [0, o),

and Py’ P are the above mentioned Jacobi polynomials. In particular, observe that the functions
PP (c0s2¢) p

are solid spherical harmonics of degree 2n. Let us compute the Fourier transform f(é, 7n) . For our purposes,

it will be sufficient to assume that

Fay)=F(l, Iy) = fu (p) BP (cos29) p*

for a non-negative integer n. Then, using the radiality of f in x and in y,

F(&m)
— » ]RNf(x’ y) e—2m’x~<§ dxe—Zm'y-n dy
J (2
a2 / / B( M\é\)Ja(Zﬂtlnl)stlthdsdt
sﬁ|§|ﬂ 1%[n|*

r2n+N+M71 dr.

Jg (2mrcos ¢ |&]) J, (2mrsing 1))
_ a.p B
27:/ fulr lzn/ PP leos20) e gl a8 @)

On the other hand, since Py’ P (cos2¢) p?" is a solid spherical harmonic of degree 2n in RV then (see [15,
page 158])

]?(57 1) = ZE/wan (") l( 1y nJoatBront (2zrp) 2np2nPOc B (COS29>] r2"+N+M_ldr,

(rp)(x+ﬁ+2n+l
where
|§] =pcos®
[n| = psiné.

By the arbitrarity of f;,, the two expressions in square brackets must coincide, the equality thus obtained being
Bateman’s formula (7).

In the literature there are several formulas analog to Sonine’s first finite integral, where the Bessel func-
tions are replaced by other special functions. For example, for the Gegenbauer polynomials Pka *3 the follow-
ing formula by Feldheim (see [9, page 278] or [16, page 95]) holds

o+t cosy

/02 (1 —sin? l//cosqu)%Pk

dmoz,ﬁ ((P)
1 —sin® ycos? ¢

k ko1 3
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The above formula is a particular case of the more general formula for Jacobi polynomials

g

/07 [(14x)+ (1 —x)sin? 9] PE7 <<1+x) —(1—x)sin’¢

<1+x)+(1—x)sm2¢>dma7ﬁ(¢)
_2k_lr(ﬁ+]>r(a+k+])Pa+ﬁ+1_,y
- I(e+p+k+2)  F

(x), ©

proved by Askey and Fitch (see [3, formula (3.7)]). The following formula, due to Koshlyakov, for the La-
guerre polynomials L can be found in [11, page 94] or in [12, page 462, formula 2]

T

[ 18 (i 0) i 9 = CEHEE DT BHD)

M(arBrkiz) o O (10)

A natural question one could raise in this context is: can these formulas be generalized in a similar way as,
in the case of Bessel functions, Bateman’s expansion generalizes Sonine’s first finite integral? In other words,
is there a “Bateman expansion” for Gegenbauer, Laguerre, or Jacobi polynomials, or other special functions?

We could for example look for a formula of this type
F(a,psin@sing) F (B, pcosOcosd) = i cnF (a+B+2n+1,p) p?"P%P (cos2¢) P*P (cos26). (11)
n=0
A first, but unfortunately negative answer comes from a theorem of Al-Salam and Carlitz [1].
Theorem 1 The functional equation
= (=)' C(ae+D)C(B+D)T (e +B+n+1)

F(a,psinOsing)F (B, pcosOcos@) :ngbl"(a—i—n—l—1)F(ﬁ+n+1)F(a+ﬁ+2n+1)

X F(a+B+2n+1,p)p*A, (cos2¢)A, (cos20),

where A, is a polynomial of degree n, the parameters o, B > —1, and F (@, -) is analytic, is satisfied if and

only if
Ja (Z)

ZO{

F(a,z)=2°T (a+1)

(or a dilation of the same function).

Thus, if a generalized Bateman expansion holds, its structure must be subtler than what we expected in
our first guess (11). In this paper we show that such a generalization indeed exists, but before we state and
prove it, we need to introduce some definitions and notation. The next section is precisely devoted to that

goal.

2 Definitions

We begin with Gauss’ generalized hypergeometric function. Let j and /# be non-negative integers satisfying

the condition j < h+ 1, then the functions ;Fj, are given by (see e.g. [7], [8], [11], or [14])

=

ij(al,...,aj;bl,...,bh;z): Z
k=0

(ar)g .- (aj)
e ekt 12



where (a), =a(a+1)...(a+k—1)=TI(a+k) /I (a)fork > 1, (a), =1, is the Pochhammer symbol. The
numbers g; and b; are arbitrary parameters, except that b; # 0, —1, —2,...Using the ratio test, we see that
the series (12) converges for all z € C when j < A+ 1, and for |z] < 1 when j =&+ 1. If one of the a;’s is a
negative integer or zero, the series terminates. In this case only, the b;’s can be negative integers, as long as
the series terminates before the denominator vanishes.

Let a, B > —1. The Jacobi polynomials are given by (see [16, page 62])

I'(a+n+1) l—x
PP (x) = F(- Lo+1;,—-=). 13
T (x) Tt DI (a+1)> 1< non+o+f+1; 00+ 5 ) (13)
The following equality holds (see [16, page 68])
I'(a+n+1) I+x\" x—1
P%B (x) = F(-n-n—Ba+1;— ). 14
T (x) F(n—H)F(a—H)( > ) 2 1( n,—n—pf; o+ ’x+1> (14)
Observe that (see [16, page 59])
I'(B+n+1)
P&P(—1)=(=1)" .
w1 = )F(n—I—l)F([H—I)

The Jacobi polynomials form an orthogonal basis of the Hilbert space L? ([—1, 1], (1-x)%(1 +x)ﬁ dx) JIf

we define

15)

app_ (2@tBr2nt I (a+Brnt I (nt1) o )
K ()_< Fla+n+)I(B+n+1) > BE ()

one can see in [16, page 68] that {pff’ﬁ (cos 2(]))}m . form an orthonormal basis for L? ([0, 5|, dmg g (9)),
n=»
where dmg, g is the measure we defined in the introduction (2)
dmg g () =sin®* ! gcos? T 9 dg.

We will also use a different normalization of the Jacobi polynomials. Define

(n—i—l)l"((x—}—l)PmB

1— r
RYP (x) = 1R (—n,n+a+B+1;a+1; 2x> =

This gives R%P (1) = 1 for all n.
If in the definition of Jacobi polynomials we assume that t = n be not necessarily an integer, we obtain

the so-called Jacobi functions (see [10])

F'a+p+1) 1—x
P& (x) = Fi| - 1; 1, ——
0 (%) F(u+1)F(a+1)2 1< M, u+o+y+1; 00+ 5 )
I'(a+p+1) 1T+x\* x—1
— F _ _ A 1.7 A
F(,u+1)F(a—|—1)< ) > o | =l - =Y+ T
The Bessel function of the first kind is defined by (see [11, page 102] or [18, page 40])
x% x?
J =———0oF 1, —— 17
oc(x) Zar(a+1)0 1<a+ 9 4>7 ( )
the Laguerre polynomials by (see [16, page 103])
I'(a+n+1)
LY (x) = Fi (—n; 1;x), 18
"= Far a1 Em el (1%)
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and the Gegenbauer (or ultraspherical) polynomials by (see [16, page 80])

! I'o+1)IR2a+k+1)
PM(x) = pre 19
A Ty TR T (19)
I (20 +k+1) 1—x

- Fi( —kk+2a+1 00+ 15— 2
A CZSTATESTE 1< ko k+200+ 15 ot 15— ) (20)

ro+k+1) [14x\* x—1
= Fi(—k —k—oa+1;— ). 21
F(k+1)F(2a+1)< 2 > 2 ‘( T emat ’x+1> @D

The following formula gives a different expression of the Gegenbauer polynomials in terms of the Jacobi
polynomials (see [16, page 59])
var(a+m+1) o, -1 o 5 el
1 me (2x — 1) ifk=2m
+,
P (x) = (22)

Var(o+m+3) ot 5 o

Let j,h,p,q be non-negative integers and a = (ai,...,a;), b = (b1,...,by), ¢ = (c1,-..,¢p)s
= (c'l,...,c;), d=(dy,....dy),d = (di,...,d;). The Kampé de Fériet function is defined as (see [8],
or [14])

a:eds | @ I (), T2 (), (¢), Xy
. - I.x7y o Z Hh b: Hq d; d/ 1ol
b:d;d; oo ITL, (bi), o ITL (di), (d)) 7's!

We are interested in a particular class of Kampé de Fériet functions, that is when p =0 and ¢ = 1, thus

=)

; ; (@1)g---(aj), o X7

o |a:
F x,y| = .
! Q:a—i—l;ﬁ—i—l; r7SZ:0 (bl)r+s"‘(bh)r+s(a+1)r(ﬁ+l)sr!SI

h:

Unless one of the g; is a negative integer, by Horn’s theory (see [7, page 227], [8, page 37], or [14, page 56]),
the series defining th:: 10 converges only for x =y =0 when j > h+2, converges absolutely for /|x|++/|y| <
1 and diverges for \/|x| +/|y| > 1 when j = h+ 2, and converges absolutely for all x and y when j < h+2.

The result on convergence that we are actually going to use can be readily proved.

Proposition 1 Let j < h+2, and a, B > —1. The partial sums

% [i (al)N...(aj)eryN_r

N=0 | r=0 (bl)N"'(bh)N(a+1)r(B+1)Nrr!(N_r)!] 7

" x,y| as M — oo uniformly on any compact set contained in the region of

ji: 0 ’
converge to Fh],1
' a+1; B+1;

IS 1

convergence, that is C*> when j < h-+2, and {\/ x|+ /1y < l} when j=h+2.

Proof Let us first prove that

1 -c 4NN?
(+1), (B+1)y_,r!(N=r)! = (2r)!(2N =2r)!"




Indeed, using the duplication formula for the gamma function,
(2r)! (2N —2r)!
(a+1),(B+1)y_, r'(N—r)!4VN?
2r)LC (2r)2N=2r)T 2N =2rT (e + 1) (B+1)
T T (at+r+ )L (B+N—r+ 1)L (r)(N=r)T (N—r)4N?

A (a+ ) (B+ 12270 () (r41/2)22N 270 (N—r) T (N—r+1/2)
N al(o+r+ 1)L (B+N—r+1)T (r)I (N —r)4¥N2
 I'(a+)C(B+1)(r—1/2)L (r—1/2)(N—r—1/2)[ (N—r—1/2)

B al(a+r+ 1)L (B+N—r+1)N?

_T(@+)r(B+1)

Thus

i (ar)y---(a Nx’yN”
= (b)) (br)y (@+1), (B+ 1)y, r'(N=r)!
|

" (a)y - (aj)y| el [y~
= Z{’) |(b1)y -+ (br)yl (0 + 1), (B+1)y_, 1t (N—r)!

(@) (a)y |42 . (2. v
R R ANIE >Z< 2N —an P
@ ()| 4N (VT /BT)

<
B [(B1)y - (bn)y| (2N)!
If we call the last expression Ay, the ratio test gives

ANH N’hz( x| + )

The thesis follows by Weierstrass M-test.

. . i 0
Particular cases of the functions Fh]; | are

o I "x,y| = oFi (@ +1:x) oFy (B+13y),
o+ 1; B+ 1;

. a: 5 5
FOI:‘IO X,y :%(a’a+l7ﬁ+l’x7y)a
o+ 1; B+1;

where ¥ is the Humbert function (see [8, page 28]), and

b0 | a1, a2 ; ;

Fyiq x,y| =Fi(a,a; 0 +1,B+1;x,y),
ca+1; B+1;

(23)

(24)

where F; denotes the Appell function (see [2], [7, page 224], [8, page 23], or [14, page 22]) . Also observe

that
Fii0 a 5 ; . ) .
h:1 x’O 7‘]Fh+1(gvbﬂa+lax)7
b:o+1;B+1
thlo ¢ ’ ,O7y :]Fh+l(gvbﬂﬁ+19y)
Clbra+1;B+1

(25)



In the sequel we shall write a + 7 instead of (a; +n, ...,a;+n), and (a), instead of (ay),...(a;),, with
similar notations for (by, ..., by).
A final remark before we proceed with the theorem. By replacing the terms (a),,, and (b),  in the

definition of th::10 with the terms (a), (a), and (b), (b), respectively, one obtains the product
iFne1 (@b, 0+ 15x) jFpyr (a: b, B+15y). (26)

We can therefore look at the function th:: 10 as a modification of the product of two hypergeometric functions
(26). Formulas (25) show that this modification leaves invariant the behaviour along the coordinate axes, while

formula (23) shows that in the simplest case (j = & = 0) there is no modification whatsoever.

3 The main theorem and first consequences

We are now ready to state and prove our generalization of Bateman’s expansion. Recall that our first model

formula (11) was
F(a,psinfsing) F (B, pcosOcosd) = Z enF (a+B+2n+1,p)p?"P%P (cos2¢) P*P (cos26).
n=0

All the special functions that admit an integral formula of Sonine’s type, like Bessel functions, or Gegenbauer
or Laguerre polynomials, and that therefore ask for some kind of expansion of Bateman’s type, can be written
in terms of a hypergeometric function ;F;, . For this reason, on the right hand side of our formula it would
be interesting to have ' = ;Fj1 1. On the other hand, we already know from Theorem 1 that on the left hand
side we cannot hope to have, in the general case, the product jFj 1 (...) jFy41(...). We will now see that the

right substitute for this product will be precisely the function th:: 10 introduced in the previous section.

Theorem 2 The following generalization of Bateman’s formula and its equivalent integral form hold

th':lo & ; ;psinzesinz(j),pcoszecoszq)
Clbra+1; B+1;
= (a), T (@+ 1) (B+1) ,
=) ((b)> ZF((aJr;Jr(ZnJrz))P i1 (@+n;b+n, a+B+2n+2; p) p&F (cos20) p@P (cos29),
n=0 \=/n
(27)
7 o la: ; s
/0 P,?"B (cosZg))Fh/:'lO . a+1.ﬁ+1.xsm2¢,ycosz¢ dmg g ()
F'e+)I'(B+1)(a) y—x
- n " F 4 2n+2; PYP (=) (28
(et prant2)), F T i latmbtn et piontZxty) B ) C28)

Here thlo are the Kampé de Fériet functions, ;Fj, the generalized hypergeometric functions, By P the Ja-
B

cobi polynomials, and py'" the normalized Jacobi polynomials (15). Also o, B > —1 and dmg g (¢) =
sin?%*1 ¢ cos?P+1 ¢ d¢. Finally, the above equalities hold for all the values of the parameters and the vari-

ables for which the series defining thflo and jF,, 1 converge.



Proof Let us first show that the two formulas are equivalent. Calling x = p sin® 6, and y = p cos? 6, formula
(28) becomes

/jpg"ﬁ(cosZ(f))Fhﬂzlo 4 ; psm 0 sin’ ¢, p cos O cos® ¢ dme g (9)
0 b:a+1;B+1;

 I'(a+1)C(B+1)(a),
S 2 (a+B+2n+2)(b),

p" iFpi1 (a+n;b+n, 00+ B+2n+2;p)p, %P (c0s26).

This shows immediately that (28) follows from (27). Conversely, observe that the Fourier-Jacobi expansion
of

Fl) @ ; psm 0 sin® ¢, p cos> O cos’ ¢
o bra+1; B4
in 6 and ¢ is
Z Grn(p (cos29) P (cos29),
k,n=0
where
% jo|a ;
Gkn(p):/ / Fy psm 8 sin® ¢, p cos> O cos” ¢
0o Jo b:a+1;8+1;

X pz"ﬁ (cos29)p,‘f’ﬁ (cos2¢) dmg, g (8) dmg g (9)

_ T+ )rg+1)(a),
2 (a+B+2n+2)(b),

p" jFhi1 (a+n;b+n, a+p+2n+2;p)

></ p,‘f’ﬁ(cosZB)pZ’ﬁ(cos26)dma,ﬁ(9)
0

_s Flat DI (B+1)(a), . :

Let us now prove (28). A term by term integration, along with formula (14) to express the Jacobi polynomials

in terms of Gauss’ hypergeometric series, yields

/OjRg’B(coqu))F;{flO i a+l; b+ xsm ¢, ycos® ¢ | dmg g (9)
oo oo (Q)r erys % ) .
“RL W, @, B / P (cos2g)sini 2! peos T2 pdg
r=0us: rrs r stEe
(g)r+s ‘xrys /l o, B r J o B
= RyP()(1—t) (14+1) (1—1)" (1+1)" dt
Zozo B (@t 1), (B 1 1), ristparpiserz | R U= (07 (=07 )

8

Y (a); x5

_Sznkzo )@+ 1) (B41)(s k)ikv2a+ﬁ+y+2/
(@), T (+ 1) (B+k+n+1)xFF
s:nk:oz(b)s(ﬁ+l)k(sik)!k![‘(a‘i‘ﬁ +I’Z+S+2)

REP@) (1=t 1+ (1 =) (1 +0)P ar

™z |
M:ﬂ

X 3Fy(—n, —B—n,a+s—k+1l;a+1,—B—k—n;1).
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On the other hand

Eg:(xﬂ)" jFier (@+mb+n, 0+ B+2n+2;x+y) RYP @J)

EZ; )" io(bJrn)(Aa(;ﬁSﬁ(T;a);) st = ” (_n)l?;iolt;llfﬂl)l (xjcry>l
:;io(b)ﬁn(ai;)fjrnzwz ;0 (’;iolé;r L ey
Lo simmak e (e
:s;w)s(aﬂnéﬁ)iz)s_n(s 'é( ’:xiolwﬁﬂ < l)

B ikzo @), (ot ﬁ(?iz:kzyin G—n)! mmiﬁ:m) - Ezciolc ’ ﬁ = ( ‘ l)
Ll warstanewt e ()
st (@)

I
™
M-

V,
i
S
T
(=)

(- 1, k—s; 1, —s;1).
D) (@t Brmt2),_ sk _mtmetpintli-sa+l, —sl)

Now, by Thomae’s identity (see [19]),

3B (—n,—B—n,o+s—k+1,00+1, - —k—n; 1)

W F2( n,a+l3+n+l,k75;a+17fs;l),

and the theorem follows. O

Certain particular cases of Theorem 2 deserve to be properly emphasized, because they generalize Sonine’s
integrals of first and second type and Tranter’s formula to this general context of hypergeometric functions.

Some of these formulas are already known.

Corollary 1 For 8 = 1 /2, that is y = 0, Bateman’s expansion becomes a generalization of Tranter’s formula

. o I'ao+p+n+1
Pt (@b, a+1;xsin”¢) = ¥ (@), L (et frntl)

n=0 (é)n ((X+1)nr((x+ﬁ +2n+1) (_x)n

X iFys1 (@+mb+n, a+ B +2n+2;x) P%P (cos2¢), (29)

or, equivalently

/ij’ﬁ (cos29) jFs1 (a: b, o+ 1;xsin2¢)) dme g (9)
o :

_ I'(e+1)'(B+n+1)(a),
2l (a+B+2n+2)T (n+1)(b),

(—x)" jFpp1 (@+n:b+n, a4+ +2n+2:x).  (30)

11



For n =0, formula (28) becomes a generalized version of Sonine’s second finite integral

T

2 0| Qa: N N ) 2
F/. xsin” ¢, ycos” ¢ | dmy g (9)
/0 U b a1 B “p
I'lfa+1)I'(B+1)
= iF ) 2; 1
2F((X+ﬁ+2) Jj h+l(Qa,aa+B+ ,X+y)a (3 )
which becomes a generalized version of Sonine’s first finite integral when y =0
3 . C(a+1)C(B+1)
/0 iFit (@3 b, o+ 13 xsin’ ¢) dmg, g (9) = T (atB+2) iFn1 (@b, o0+ B +2;x). (32)

The next diagram describes the reciprocal implications between the above formulas. In it, we use the

following notations:

BE. The generalized Bateman Expansion formula (27).
BI. The generalized Bateman Integral formula (28).

TE. The generalized Tranter Expansion formula (29).
TI. The generalized Tranter Integral formula (30).

S2. The generalized Sonine’s second finite integral (31).

S1. The generalized Sonine’s first finite integral (32).

BE <————= DI

S

TE<——=TI S2

n=0 y=0

S1

Implications between formulas.

Remark 1 Formula (32) can be proved directly by an easy term by term integration, and is originally due to

Bateman (see [6, page 184]), at least for the function 7 F]. It also appears as an exercise in [11, page 277].

Remark 2 Formula (31) follows as a particular case of a formula of G. P. Srivastava and Saran (see [13,
formula (1a)], by taking h=2,n=1,u =0, p =1, s =26 and o = §'. Although the authors study several
particular cases of their formula, they seem to miss this particular one, as well as all the formulas of S2-type
that we show in the next section. We also want to emphasize that their formula (1a) generalizes (31) in a sense

that is different from what our formula (27) does.

4 Particular cases

The formulas we proved in the last section are very general. Nevertheless, it may be useful to write all these

formulas in terms of the precise special function we are interested in. For instance, we have already said that,

12



when one takes j =h=0and p = —r? /4, formula (27) becomes

22 i 2 .2 2
r~sin” 0 sin r=cos~ 6 cos
oFi (;a+1;—4 ¢>0F1 <;ﬁ+1;—4 ¢>

= [(a+1)I(B+1)

:n;)zr(a+ﬁ+2n+2)4”

2
(—1)" " oFy <; a+B+2n+2; —r4> PP (c0s26) piP (cos29)

which, by the definition of Bessel function in terms of hypergeometric functions (17), gives precisely the

original Bateman’s expansion (6)

i i J| 0 > J,
Jo (rsingsin@) Jg (rcosdcos ) Z (1) atBtant1 (1) P (0526) pP (cos20).

r®sin® ¢ sin® O rB cosh i) cosBo o potB+2n+l

In the upcoming subsections we will reproduce this type of arguments for Laguerre polynomials, Jacobi

polynomials/functions, and Gegenbauer polynomials.

4.1 Laguerre polynomials

Due to formula (18), we know that a Laguerre polynomial can be expressed in terms of a hypergeometric
function ;Fj 11 with j =1 and h = 0. Therefore Bateman’s generalized expansion, in this case, involves the

Humbert function

. a: 5 5

FOI;.IO X,y :%(a’a+17l}+l>x7y)

o+ 1; B+1;

When, as here, a is a negative integer or zero, a = —k, with k > 0, the function ¥ (a; c+1, B+ 1;x,y) is a
polynomial of degree k in the variables x and y and can therefore be expressed in a more friendly fashion, as

a linear combination of LY (x) 24 (y) with n+m < k. The next propositions deal with this task.

Proposition 2 For any 0 € [0, /2], the polynomials ‘Ph (—k; a+1, B+1;xsin’ 0, ycos? 6) solve the dif-
ferential equation
’u  du du du
S I VN R e -2 k=0 33
xax2+yay2+( + x)ax+([3+ y)ay+u (33)

The proof is a trivial term by term differentiation of the finite sum defining ¥.

Proposition 3 The following equality holds
k
. r'k+1)
Y (—k;o+1,B+ 1; xsin’ 0, ycos® 0) =
( )= L 0, 6+,

Proof Since ¥, (—k; a+1,B+1;xsin? 6, ycos? 6) is a polynomial of degree k in the x variable, we have

sin*" @ cos?* 2" 9 L% (x) Lffm ().

k
¥ (—k;a+1,B+1;xsin* 0, ycos* 0) = Y Ay (0, ) LY (%),

m=0
and this must be a solution of (33) for all 6. Thus
: %Ly, 9*Ar.m L%
0= mZZ’OAk.m (9, Y)x axz ()C) +y ayz (9’ y)Lr(Z ()C) + ((X +1 _x)Ak.,m (97 y) W (x)

+(B+1-3) T2 (0.0) L () + ke (0.0) 5 ).

13



02LY LY

o (x) + (@41 —x) F2 (x) = —mLyy (x) (see [16, page 100]). Thus

It is a well-known fact that x

ox2
k a 82Ak,m a
0= ¥ —mn (0.3) L5 (0 +37 55 (0.9 L 9
0Ax m o o
+(B+1-y) 2 (8, ) Ly (x) +kAg i (8, ) Ly, (%),
and therefore, forallm = 1,..., k, it must be
*Akm Ak m
— (0 1— : k—m)Ar.,(0,y)=0.
Yo (0,y)+(B+1-y) 2 + (k—m) A (8,)

It is also a well known fact (see again [16, page 101]) that the only polynomial solution to the above equation
is
Aem(8,3) = Cen (O) L], (7).
Thus \
P2 (—k; a+1,B+1;xsin’6, ycos? 6) = Z Cr.m (G)Lffm (y) L (x).
m=0

In order to determine Cy_,, (0), observe that the coefficient of the term x’”yk”” is

(—k), sin®™ @ cos*—2" §
(¢+1),(B+1),_,m! (k—m)!

in the left hand side, and
Ci.m (0) -

in the right hand side, and these two must coincide. O

We are now ready to write Bateman’s expansion for Laguerre polynomials, in two different versions: one

involving the Humbert function 1Sy = ¥, and the other involving just Laguerre polynomials.
Theorem 3 (Bateman’s expansion for Laguerre polynomials) The following BE-type expansions hold

¥ (—k; o+ 1, B+ 1; psin® ¢ sin® 6, p cos? ¢ cos” )

B i Fa+)C B+ (k+1)
& 2 (a+B+ntk+2)

(—p)"LE P2 () p®P (cos20) p&P (cos2¢), (34)

n=

k
1 s 2m gy 2 2k—2m o7 B 2
mE:o CEIRIETI, sin”" 6L (psin® ¢) cos 6L, , (pcos”9)
S T(a+HC(B+1) a+B+2ntl
- —p)"L " %P (c0s20) p? P (cos2 35
Y S (R (o) (cos20) i (eos20). 59

as well as their integral counterparts of Bl-type

/TP,?’B (cos2¢)¥5 (—k; a+1, B +1; psin® ¢ sin® 6, pcos2¢c0529) dme g (9)
0

T+ )CB+DC(k+1) o atpront B
T (atBrntkr2) (=p)" L., (p) PP (cos20), (36)

14



k Sian 0 COSZk72m 0
m=0 ((X+ 1>m (B + 1)k7m

/OjP,f"ﬁ (cos2¢) LY (p sin2¢)L£_m (p coszq)) dme g (9)

e+ (B+1)

= et Banairy CPVLE T 0)REP (c0s20), 3T)

kL% (psin® ¢ Lﬁfm pcos’ ¢
y ( ) L ( )

%
P(X,ﬁ 2 - 2m 2k—2m
= (a+1), B+, /o %P (c0s280) sin™ 6 cos Odmy g (6)

I'(a+1)I(B+1) nyoa+B+2n+tl o, B
= —p)'L P 2 38
2F(a+ﬁ+n+k+2)( p) k—n (p) n (COS ¢)7 (33)
wheren=20,..., k.
Proof The first expansion is just an application of Theorem 2 with j =1, 2 = 0, and a; = —k, while the

second follows from it and from Proposition 3. The integral formulas follow from the two expansions, after

an integration against p,?’ﬁ (cos2¢) dmy g (9) or pgﬁ (c0s20) dmy g (0). O

Corollary 2 (Particular cases of Bateman’s expansion for Laguerre polynomials) For 0 = ©/2 one ob-

tains a TE-type expansion

k ; )
LY (psin2¢): Z (a+B+2n+ 1) (a+k+ 1) (a+B+n+1)

,,La+[3+2n+1 Po"ﬁ 2
= I'(a+B+n+k+2)T(a+n+1) P Fan (p)BP (cos2¢), (39)
or its equivalent TI-type integral form

LR o«  T(a+k+D)CB+n+1) o aipiont
/O Pn (COSZ(P) Lk (pSIHZ(P) dmOt.ﬁ (¢) - 2F(Ot+[3+n+k+2)r(n+l) k—n (p) (40)

where 0 < n < k. When n =0, formulas (36) and (37) give analogs of Sonine’s second finite integral (S2-type

formulas)

/T'PZ(—k; o+1, B+1; psin®¢sin® 6, pcos® g cos®0) dmy g (9)
Jo

:F(O‘+1)F(ﬁ+1)r(k+1)La+/3+1

2l (a+P+k+2) k (p), @1

i 2I' (a+ B +k+2)

2" g 2k72m9/7L(x 2 o) LB 20V d
szF(a—&—m—l—l)F(ﬁ—i—k—m—i—l)Sm cos A v (psin®@) L, (pcos®¢) dmeg g ()
=3P (p), @2

while formula (38) gives (see [11, page 96])

k
L ey = Y LWL, ().
m=0

These two last formulas become for 6 = /2 and y = 0 two Si-type formulas, that is the already mentioned
Koshlyakov formula (10)

n

/07 L (xsin? 9) dmg, 5 (9) =
and (see [11, page 96])

F(@tkt DEBHD) aipar
2l (a+B+k+2) *

o k¢ k—m+1 o
Lk+ﬁ+1 (x) = Z F(ﬁfl—‘)_F(k—r:zJ)rl)Lm(x)'

m=0

15



4.2 Jacobi functions and polynomials

Apply Theorem 2 in the case j =2, h=0, a; = —U, ap = — — Y and obtain (BI)

0 (a+ ) (B+1) (—p), (=y—p), T (m—n+1)

I'(a+B+n+p+2)

(p

/O'TP,?*B(COSM)(pH)“ Fy (—u,—u—%aH,BH;g_l

+1

sin® @sin® ¢,
P

p—1
+1

cos? 0 cos’ ¢>

X dma,ﬁ (0)

— 1) PEEPELY (p) P3P (o5 26)

u—n

where 0 < n < u if u is a non-negative integer. For n = 0 we have an S2-type formula

T

2
D Fy | =, —u—1; 1, 1;
/O(p+) 4< M, —p—v,a+1,B+ o1

_ 2“’1F(06+1)F(ﬁ+1)r(#+1)Pa+ﬁ+1,y
I'(a+p+u+2) K

p—1

sin® @sin® ¢,

P

’ -1 cos? 0 cos? ¢> dmg g (9)

+1

for & = m/2 in (43) we obtain a TI-type formula

/OgP,f‘*ﬁ (cos2¢) [(1+p)+(1 —p)sinqu]”P;f’y(

D (w4 y+ ) (B+n+ 1) (@+u+1)
CT'(u+y—n+ ) (a+B+n+u+2)I(n+1)

(P);

(I+p)+

1 —(1—p)sin?
T

(1—p)" PLE2 LT (o),

where 0 < n < p if u is a non-negative integer, or equivalently, calling p = 1~

1+ rsin’ ¢

% o, B an2 aTH poY
/OP” (0052(]))[1 rsin (P] Py <l—rsin2¢>dma’ﬂ(¢)

T (ut+y—nt DL (@+B+ntu+2)T (n+1)

(—1)"T(p+y+D)CB+n+ 1) (a+u+1)

taking n = 0 we get an S1-type formula

T

1-r>

u—n

P (1 _ r)[.lfnPOH»ﬁ*FZrH»l,’}/ ( 1 +r> :

1—r

2 —p)sin2 o1* P2 (1+p)—(1—p)sin® m
[ ey (1=pysinto] £t (EEIZC=PIE S Y, o)
_ 2“‘1F([3+l)F(a+u+1)Pa+ﬁH7y( )
B I'(a+p+u+2) K P

(this is Askey and Fitch’s formula (9), when Ll is a non-negative integer), or equivalently

s

T )
/02 [1—rsin2¢}“Pﬁ*7(l+rsm ¢>dma7ﬁ (¢)

1 —rsin® ¢

_ r+DI'(a+pn+1) (1—r)”Pﬁ+ﬁ+1’7(1+r> .

' (o +B+u+2)

The expansions are (BE)

(p+1)*

Fy

n

=

0

p—1
—u,—pg—y,a+1, 1;
n,—p—=va+1,B+ Pl

sin” @ sin” ¢,
p

p—1

+1
B (o 1) (B 1) (), (—y— 1), T (=t 1)

1—r

cos? @ cos? q))

I'(a+B+n+u+2)

16

(p— 1)" PLHPT2mHLY ()

x pP (cos20) pP (cos2¢),

(43)

(44)

(45)

(46)

47

(4%)

(49)



and (TE)

_ sin2 oo,y (1+p>7(lip)5in2¢
[(1+p)+(1=p)sin®9]" By ((1+p)+(1—P)Sinz¢>
o2 (@t Bt ) (@t ftnt])

Z (

—v—wn),I'(a+pu+1 n ntl,
T(a+B+ntp+2)T bl )(p_l) R (p)

(
a+n+1) pn

x PP (cos29), (50)
or equivalently

. oy (1 +rsin’¢
[1—rsmqu]”PH’y(l_:Zzz(p)
_i(a+ﬁ+2n+1)(fy—u)nf(a+ﬁ+n+l)F(a+u+1)
= 'a+B+n+u+2)I'(e+n+1)

x (1 —r)“_"PﬁfanH’y(i—i_r) P*P (cos2¢), (51)

where the last three series become a finite sum (with n =0, ..., ) when U is a non-negative integer.

4.3 Gegenbauer polynomials

The formulas from this subsection follow from those in the previous subsection, by means of the identities

\fr( +m—+ %) (x_’_% 5 ) -
1 Far iyt (=) ifk=2m
P () =
\/EF(OhmeL%) a7% ‘o . -
Flarr(me gy T (2 =1) ifk=2m+1.
Thus, taking y = —3 and k=2p,ory= 2 and k = 2u + 1 in formulas (43), (44), (45), (47), (49) and (50)

according to whether k is even or odd respectively, and letting p = 2r> — 1 one obtains (BI)

> ap ' ko k-1 r 1 -1
/ PP (cos2¢)r Fy 3T ;oe+1,8+1; sin® @'sin® ¢, cos? @ cos> ¢ dmg g (¢)
0 r

I'(a+1)C'(B+1)

2
(=3), (=* ),,F(*—"+1)F(§—n+%)1"(oc+ﬁ+2n+%)
PAVEAN (oc+[3+n+ +2)T (a+B+n+ki+3)

X (12— 1)" P () pob (cos20) (52)

if 0 <2n < k; for n = 0 we have (S2)

k k-1 1 r?—1
/ kR —=, — ;o+1, ﬁ+1 sin® @'sin® ¢, cos® @ cos> ¢ dme g ()
0 27 2 r2

:F(er) B+DCG+DC(G+5)T (a+p+3 )Pa+ﬁ+%(,). (53)
2Val (oa+B+5+2) T (a+B+5+3) k ’

17



calling r = cos y, and letting 8 = 7/2 in (52), we obtain (TI)

cosy

\/ 1 —sin® ycos? ¢
_ I(a+B+2n+3) T (B+n+ ) (a+4+1)I (a+5+1)
2 (a+B+n+5+2)T(a+B+n+5+3)I (a+3)T(n+1)

D=

7 k
/2 PP (cos2¢) (1—sin* ycos®¢)? Pkoc+ dme g (9)
0

3
sin?" l//P:i ;[ZHHZ (cosy) (54

if 0 < 2n < k; for n = 0 we have (S1)

]

/7 (1 —sin? l//coszq))%P,:H% oy dmgy g (9)
0 V1 -sin yeos? o
(@B DB (@) () e
2L (a+p+5+2) T (a+p+5+3) T (a+d) F

(cosy) (55)

(this was Feldheim’s formula (8)); as for the expansion formulas, if we denote by [%] the greatest integer

smaller than or equal to %, we obtain (BE)

ko k—1 21 -
*F, —7,——;05—&—1,[3—1—1;" sin29sin2¢,r cos? @ cos’ ¢
2 2 r? r?
k
:[7]F(oc+1)1“(ﬁ+1)(—%)n(—%)nr(§—n+1)1“(§—n+%)1"(oc+ﬁ+2n+%)
= 2val (a+B+n+i+2)I (a+B+n+5+3)
n n 3
x (1) P,?_J;ljﬂ T2 () p®P (c0s20) p%F (cos2¢);  (56)

and for 6 = m/2 and r = cos y,we have (TE)

[N
(S

ot cos Y
P
\/ 1 —sin® ycos? ¢
[5]

_y (@+B+2n+ 1) (a+B+2n+3)C(a+B+n+ 1) (a+5+1) (a+5+1)
= Fa+B+n+i+2)r(a+B+n+i+3)r(a+ )T (a+n+1)

(1 —sin®* ycos® )

3
x sin" y/P,?_J;fHHz (cos y) P*P (cos2¢). (57)
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