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ARTICLE INFO ABSTRACT

Editor: N. Lambert Following the work of H. Ellis, we study warp drives in the gravitational field of a Schwarzschild black hole.

We find that as long as the warp drive crosses the black hole horizon at a subluminal speed, the horizon would

Kfy“]’("}'ldsl: be effectively absent inside the warp bubble. Moreover, we discover that the black hole’s gravitational field can
SVZ: P d:i::s alleviate the violations of the weak energy condition (WEC) and the null energy condition (NEC) and therefore

decrease the amount of negative energy required to sustain a warp drive, which may be instrumental for creating
microscopic warp drives in lab experiments. We also consider the thermodynamics of a warp bubble interacting
with a black hole and point out some paradoxes that may indicate a gap in our understanding of them from the
thermodynamic point of view.

1. Introduction

The concept of warp drives was first introduced by Miguel Alcubierre
in his seminal 1994 paper [1], and elaborated upon by José Natario
in [2], as well as in a multitude of other works ([3-21]). A warp drive
is a solution of General Relativity that has the appearance of a “bub-
ble” propagating on some (flat or non—flat) spacetime background. The
observers inside the bubble are in an inertial reference frame, which
means warp drives do not require external energy sources to accelerate,
and they may move at any speed (in principle including superluminal).
This makes them a viable candidate for interstellar travel, but they have
one significant downside: in order to sustain a bubble, one requires ex-
otic matter with negative energy density.

As described by H. Ellis in [23], the Schwarzschild metric, which de-
scribes a black hole, can be mapped to a warp drive-type metric with the
use of a coordinate system known as Painlevé—Gullstrand coordinates,
which makes it possible to embed a warp drive in a black hole back-
ground (a different, but somewhat similar proposal to directly combine
a warp drive and a Schwarzschild black hole was put forward in [24]). In
section 2 of this paper, we briefly discuss the basics of Alcubierre warp
drives. Then, in section 3, we consider the situation when the warp drive
is embedded in the exterior of a black hole (in the limit when the warp
bubble is much smaller than the black hole, and moving in the radial di-
rection towards it), and demonstrate that the black hole’s gravitational
field affects the warp drive energy conditions, making it possible to al-
leviate the violations of the weak energy condition (WEC) and the null
energy condition (NEC). This implies that an external gravitational field
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can decrease the amount of negative energy required to sustain a warp
drive, a fact which may be useful for the development of microscopic
warp drive-like structures in a lab. We also show that as long as a warp
drive that crosses the black hole horizon is subluminal, the horizon is
effectively absent inside the warp bubble (i.e. both an incoming and an
outgoing geodesic can pass through the patch of the horizon that is in-
side the bubble). We generalize these results to the case of arbitrary warp
bubble size and direction in section 4. Then, in section 5, we consider
the thermodynamics of a warp bubble crossing a black hole horizon. We
conclude in section 6 with an overview of the paper’s key results.

2. A brief overview of warp drive physics

A warp drive metric, as defined by Natario in [2], is given by

3
—d? + Z(dx" + N7, 0dt)? €h)
i=1
in the “mostly plus” spacetime signature. In ADM variables, one can
define it by setting the lapse function N to 1 and the inner metric A;;
to §;;.
The warp drive itself is a deformation of the metric localized in a
bubble-shaped region that is moving on some (flat or non-flat) space-
time background. Its velocity is given by
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where x; (1) is the position of the bubble’s center. Assuming that the
bubble is moving along the x-axis on a flat spacetime background, the
metric would be given by

—d? +(dx — v, f(r)d0)? +dy* +dz*, )

which is known as the Alcubierre metric. Here f(F,(¢)) is a function
describing the shape of the warp, with r, given by

r(0) = A= xR+ + 22 “

At small values of r,, f(r;) = 1; then, after r; approaches some value R
(the size of the warp bubble), f(r,) steeply decreases to 0.

As was shown in [1] and [21], the Alcubierre warp drive violates
both the weak energy condition (WEC) and the null energy condition
(NEC). Namely, the former says that the inequality

T™n,n, > 0, 5)

where T*V is the stress-energy tensor, should hold for any timelike vec-
tor n,,. If we choose

= (-1,0,0,0) , (6)

the expression (5) is just the energy density of the warp field:

1
167G

As the extrinsic curvature tensor for flat intrinsic metric 4;; is given by

p = (K* - K;;K") . @)

K;; = %(a,.Nj+ajN,.) , 8

ij

the energy density is manifestly negative:

12,2 24 52
p= LU , ©
327G r%
so the WEC is explicitly violated.
Likewise, the NEC states that the condition (5) should hold for any

null vector n - AS demonstrated in [21], if we consider a vector oriented
along the x-axis, given by

# = (1,+1,0,0) (10)

in the orthonormal frame, then

T, n'n" = p+Ty +2T,, , 11)
where
3 12 2 2+22
==L (L) a2
321G\ 2
_ v 2 2
Ty = tore (ayf+dzf> . 13)

Now, if we average this expression over the direction of the vector, the
last term vanishes, and we find

<Tﬂvn”n"> =4p, a4

which means that NEC is also violated.'
3. Warp drive in black hole field

Now, let us consider the more generic situation when the bubble
propagates on some stationary non-flat background. This means that the
components of the shift vector N’ have the form

! 1t is interesting to note that the ratio between p and T, is exactly 3. This
is the same number appearing when one computes the radial pressure and the
energy density in the Casimir effect [22].
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= (1= fUr)INIP - f(rv) (15)

where N li(?) is the background metric.
In the particular case when the background metric is spherically sym-
metric, N, are given by

Ny(r) = ﬂ(r)x—l . (16)
r

In this case, the background metric can also be written in the more
compact form in spherical coordinates

—df? + (dr — B(r)d1)? + rPdQ> . a7

As shown by Painlevé and Gullstrand, the Schwarzshild metric

R 2
— <1 — _G> d [2 + L
r 1-Re
,
where R; =2GM is the Schwarzschild radius, can be brought to the
form (17) with

+r2dQ? (18)

R
p=1/-< 19

r

via a coordinate transformation
./ Re

t=T — dr L
1-Re

As suggested by Ellis in [23], this relation can be used to embed an
actual warp drive within the exterior of a black hole by replacing

=1/ G——>(1— Fen/ G——f(r)v 1)

Let us assume that the warp drive is moving along the x—axis:

(20)

—a-pyfRex_yy, (22)
r r

and consider the limit in which the characteristic size of the warp drive
(the support of the function f) is much smaller than the Schwarzschild
radius of the black hole Rg. In this limit, N, . ~ 0, and the energy den-
sity (7) reduces to

~ 1 2 2
p R == (N + N . (23)

From this, once again neglecting terms o > and =, we obtain

7\ 24 2
1 G nfy+z
- R rea 24
322G <”+ P > / < 2 ) 24

Hence, for negative v (i.e. the warp drive moving towards the black
hole) with

R
|u|>1\/—c (25)
2 r

the amount of negative energy required to sustain a warp drive would be
decreased by the black hole’s gravitational field (otherwise, or if the warp
drive is moving in the opposite direction, it would be increased). This
means that the external gravitational field can alleviate the violation of
WEC in warp drive metrics.

Now, let us consider the null energy condition (NEC). Follow-
ing [25], we can write the other components of the stress—energy tensor:

1
87G
(

T, = (9,K;j = 0,K) = 0°N,; - 0,(9;N)) (26)

16xG (

g
T, = LG N*0,K,; + KK, + 0, Ny Ky, + 0y N K

~5,; (N oK + %1& + %KMK“» . @27)
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The latter can also be cast in the form

= oo (N (K

5.
Ty = oG — (K> - K K") +

167G
(0;N*¥0,N¥ -9, N0, N;) , (28)

,j—K5,--))+

167rG

where the first term is just a total divergence, and the second term is
the energy density p, multiplied by ¢;;. Specifically, we get
1 2N 4 2
T = ~1e:G (0 +0ZNX> ) (29)
3

— x\2 x\2) _—
T, = 320((6N)+(6N))—3p. (30)

This means that for a vector oriented along the x-axis, the averaged
expression (Tﬂvn" nV> would once again yield 4p, as in (14), so the vio-
lation of NEC would also be alleviated by the black hole’s gravitational
field.

As shown in [28], it may be possible to create warp drive-like struc-
tures within Casimir cavities in a lab, so it appears a promising direction
to investigate how they would be affected by an external gravitational
field (and whether such a field can serve a practical purpose by mak-
ing it possible to realize a warp drive with a lesser amount of negative
energy — or, vice versa, to amplify the effect of a warp drive).

Finally, let us note that, as the 00—~component of the metric tensor is
approximately

Rg :
soo ~ —1+{ A=/ =E 47100 ) 3D

the horizon would be effectively absent inside the warp bubble as long as it
is subluminal (Ju| < 1). One can understand this more precisely by con-
sidering a light ray moving along the x-axis, with the geodesic given
by:

—d? +(dx+ N*dt)> ~ 0 (32)

(here we once again neglected the term ((NY )2 + (N2)2)d1?). Dividing
this expression by d#?, we obtain the quadratic equation

dx\2 dx

ax +2N( ) N2 1) = 0 33
(%) ar ) H VP =1) = 33
with the roots

dx _ _N¥i1. (34)
dt

The plus and minus sign correspond to the outgoing and incoming
geodesic respectively. At the Schwarzschild radius, i.e.

r= RG N (35)
the roots are given by

& fw+n (36)

and

dx
dt
The outgoing geodesic ((36)) would not vanish for v > —1, while the
incoming one ((37)) does not vanish as long as v < 1. Hence, for |v| <
1, we would have both an outgoing and an incoming geodesic passing
through the intersection area between the warp bubble and the black
hole horizon (Fig. 1). This means that an observer inside the warp bubble

that has crossed the horizon can nonetheless send a light signal out of
the black hole.

= flw+1)-2. (37)

4. Generic warp drives

We may also consider the generic case when the warp drive is not
necessarily much smaller than the black hole, and not necessarily mov-
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Fig. 1. Warp bubble (blue dashed line) crossing the black hole horizon (black
line). Outside the bubble, there are only incoming null geodesics (red arrows),
while inside the bubble, there are also outgoing ones (green arrows), making it
possible for an observer inside the bubble to send a light signal to the outside
from behind the horizon (yellow dash—dotted line).

ing in the radial direction (i.e. N»* are non-negligible). Once again
following [25], one can write the energy density in the form

1
o= 16G(0(N6N — N;O,N) -+ (a,.Nj—ajN,.)z). (38)
Now, if we take
R _
Sy i (39)

r

the first term Vanlshes, and the second term becomes

2
- Rg 7 - - RG 7
<u+\/—G—>®rS yq/ 26T
ror ror

The condition for the modulus of this expression to be decreased is

R R
vz+20\/—Gcosu/+—G < ?, (41)
r r

where y is the angle between the vectors 7 and ©. The violation of WEC
is therefore alleviated under the condition

2
12

~ f'2sin’ 0
327:Gr§

322G

. (40)

R
veosy <—% =< (42)
P

i.e. the projection of U on the r-axis should be negative and greater

by modulus than %\/ Rr—G. From this we automatically get the weaker
condition

R
o] > 14/ 2C (43)
2 r

Now, let us consider NEC. Following (28), we can write the spatial
components of the stress—energy tensor as

" —x)(x = x.);
T = poit f <(x xg);(x xs)jl_}z_ViVj> (44)

Y Y 16xG

2
s

up to the total divergence term that vanishes upon integration, with

Ry x;
V=42 (45)
r r
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Once again, we can assume without loss of generality that the velocity
vector U is oriented along the x-axis. Therefore we would have

1 R (> + 22 )
T, = =G 0.f)*-
xx P+16”G( . ( o) O

2
R
- (u+ v/ 7G§> (CHAECHIS] (46)

If the condition (42) is satisfied, the first term with p and the third term
with dy f and 0, f (both of them negative) would both be decreased by
the gravitational field compared to a “free” warp drive. Besides, as long
as % and f are non-negligible, we also have the second term, which is
positive—definite, and hence also alleviates the violation of NEC.

This result is particularly useful given that the Schwarzschild metric
describes not just black holes, but also generic spherically symmetric
masses. While it’s not possible to create a black hole in a lab, one could
study the behavior of Casimir plates in the vicinity of a spherical or
pointlike gravitational source.

Likewise, we can generalize the other result of this paper regarding
the warp bubbles crossing black hole horizons. For non—negligible N»"%,
the equation for a light ray along the x-axis is given by

(‘2_;‘)2+2Nx<%)+(ﬁ2—1) =0, (47)

with the roots

‘2—’1‘ = -N*+\/(N*)2+1-N2, (48)

The outgoing geodesic, corresponding to the “+” sign, vanishes at N2 =
1, so we have to demand

N2(Rg) = (1— f)*+ f20* —2(1 - f) focosy < 1, (49)
or, equivalently,
f(1+112)—2—2(1—f)ucosy/ <0. (50)

For f = 1, the equation is satisfied if |v| < 1, which also remains valid for
very small f. This is exactly the same condition as the one we obtained
in the simplified case.

5. Thermodynamics
One would also be tempted to ask how does the warp bubble affect

the black hole’s thermodynamics. Normally, the Hawking temperature
associated with horizons is proportional to surface gravity «:

K

Ty = —, 51
= o (51)

which, in turn, is expressed through the timelike Killing vector ¢:

eV e = e (52)

However, the timelike Killing vector is only defined for stationary space-
times, and in our case, it’s manifestly dynamical. Though there have
been attempts to generalize the notion of surface gravity to dynamical
metrics, there is still no universal definition [26,27]. It is also not pos-
sible to switch to the warp bubble’s rest frame, as was done in [5,18],
because in this frame, the black hole horizon would instead be moving.
The only reasonable approximation we can make is that the warp bub-
ble is moving very slowly (v << 1), and the metric can be considered
stationary up to corrections of order v2. This approximation also makes
sense as an approximation of thermodynamic equilibrium.?

2 In principle, we can also consider stationary warp bubbles, for which the
function f is time-independent: in this case, the prefactor v in front of f no
longer has the physical interpretation of velocity and may instead be understood
as just the measure of the distortion of spacetime.
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Taking
& =(1,0,0,0), (53)
we obtain from (52)
1 o
Kk =Tg = ‘Egmaz‘gom (54

In the simplest case, when the warp bubble is much smaller than the
black hole horizon, this yields

K = —(N*)?0,N*, (55)

which at horizon becomes

—-(1+v)f (56)

(here f' is computed at the characteristic size of the warp bubble where
f =0, and we neglected a term of order R&l ). The temperature is there-
fore

_1tv
2z
This result generalizes quite simply to the case when the warp bub-

ble’s velocity has a component tangential to the horizon: in this case,

we have

NY = (-5 = o N = o, 8

Since N* =1 and N? =0 at the horizon, the temperature would still be

1+v

T = —iaxNx = - 2
2z 2r

Now, let us consider the issue of entropy. Under the assumption that

it’s still proportional to the area of the horizon, the change in entropy

induced by the warp bubble crossing the horizon would be given by

T = f. (57)

1! (59)

1+v 1
68 = — . i cap — mAbase > (60)
where
Acap = 2rry, (rW —5) (61)

is the area of the spherical cap that is the part of the warp bubble behind
the black hole horizon, and

Apase = 7 (13, — %) (62)

is the area of the base of the cap that is also the part of the black hole
horizon “cut out” by the warp bubble (here ry;, is the radius of the warp
bubble, and é < Ry, is the distance between the center of the bubble
and the black hole horizon). As

Acap > Abase (63)
and
1
"> — 64
f Ro (64)

the positive first term in (60) would be greater than the negative second,
and the overall change in entropy would be positive, which means that
the warp bubble is amenable to black hole thermodynamics.

However, it remains unclear what would happen once the bubble is
completely “swallowed” by the black hole, as it’s an object with nega-
tive energy density, meaning that, at face value, it should decrease the
mass of the black hole and, therefore, the entropy. Matters are further
complicated if we consider arbitrary warp bubbles that can be compa-
rable to or larger in size than the black hole. Let us consider a simple
Gedankenexperiment and assume that the warp bubble is much larger
than the black hole. In this case, instead of the warp bubble crossing
the black hole horizon, we would have the black hole passing through
the warp bubble. While the black hole is at the center of the bubble,
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its gravitational field would still be “felt” by distant observers, but the
horizon would be effectively absent. This means that entropy (at least,
in the original Hawking sense) can no longer be defined, and leads to
other potential paradoxes.

Assuming that warp drives are not a physical impossibility and can
be realized in nature, this result would imply a fundamental gap in our
understanding of these objects. One possible solution is to attribute en-
tropy and thermodynamic degrees of freedom to the warp bubble itself,
even when it’s subluminal and hence possesses no horizon. However,
such considerations go far beyond the scope of this paper.

6. Conclusions

In this paper, we studied the model of warp drive embedding into the
exterior of a black hole, following the scheme proposed by Ellis in [23].°
We discovered that the black hole’s gravitational field would affect the
stress—energy tensor of the warp drive, and that, under certain circum-
stances (namely, if the warp drive is moving towards the black hole, and
its velocity is large enough), it can alleviate the violations of the null en-
ergy condition (NEC) and the weak energy condition (WEC) and reduce
the amount of negative energy density required to sustain a warp drive.
This finding bears some intriguing analogues with the Schwinger effect
in quantum field theory that involves the conversion of virtual particles
into real ones in an external electric field (see [29]), and may also be in-
strumental for creating microscopic warp drives within Casimir cavities,
such as the one described in [28].

Besides, we pointed out that as long as a warp bubble is sublumi-
nal, it can effectively “remove” the black hole horizon. Namely, both
an incoming and an outgoing geodesic can pass through the warp bub-
ble’s intersection area with the horizon. Interestingly, if a warp bubble is
going out of a black hole at superluminal speed, there is a “white hole”
effect: i.e. only the outgoing geodesic remains in the intersection region,
and the incoming one vanishes.

Finally, we analyze black hole thermodynamics in the presence of
a warp drive crossing the horizon and find that, assuming certain ap-
proximations (namely, that the warp bubble is much smaller than the
black hole horizon, and is moving very slowly) and the validity of the
entropy area law, the warp bubble would produce an increase in the
black hole’s entropy. However, there are potential problematic issues
in other physical situations: namely, when the warp drive is completely
absorbed by the black hole, it may decrease its mass, and, therefore, its
entropy. Likewise, when there is a larger warp bubble passing through
a black hole, it would produce a “screening” effect and de facto elimi-
nate the horizon, making it impossible to define the black hole entropy
in the Hawking sense. If warp drives are possible in nature, these issues
indicate that we still do not understand them from the thermodynamic
point of view.
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