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A B S T R A C T

In this paper we present novel data-driven optimization models for Support Vector Machines (SVM), with the
aim of linearly separating two sets of points that have non-disjoint convex closures. Traditional classification
algorithms assume that the training data points are always known exactly. However, real-life data are often
subject to noise. To handle such uncertainty, we formulate robust models with uncertainty sets in the form of
hyperrectangles or hyperellipsoids, and propose a moment-based distributionally robust optimization model
enforcing limits on first-order deviations along principal directions. All the formulations reduce to convex
programs. The efficiency of the new classifiers is evaluated on real-world databases. Experiments show that
robust classifiers are especially beneficial for data sets with a small number of observations. As the dimension
of the data sets increases, features behavior is gradually learned and higher levels of out-of-sample accuracy
can be achieved via the considered distributionally robust optimization method. The proposed formulations,
overall, allow finding a trade-off between increasing the average performance accuracy and protecting against
uncertainty, with respect to deterministic approaches.
1. Introduction

Binary pattern separation is one of the main Machine Learning (ML)
tasks (Kumari and Srivastava, 2017). Its aim is to classify observations
into one of two classes and it is a critical problem in many practical
application fields, such as robotics (Ceseracciu et al., 2010), environ-
mental engineering (De Cosmis et al., 2013; Pellegrini et al., 2013,
2012), nutrition (Silvi et al., 2014), neural and medical image analy-
sis (Zhou et al., 2014) and computer security (Biggio et al., 2014). From
the ML standpoint, a great variety of algorithms have been devised
to address the classification problem: Decision Trees (DT) (Safavian
and Landgrebe, 1991), Logistic Regression (LR) classifiers (Dreiseitl and
Ohno-Machado, 2002), 𝑘-Nearest Neighbors (NN) classifiers (Dudani,
1976), and Support Vector Machines (SVM), which though simple and
intuitive have proved to be one of the most effective estimation tech-
niques (Xu et al., 2006). A recent comparison of ML methods for binary
classification is found in Baumann et al. (2019).

SVM is a supervised ML algorithm tracing back to the seminal
contribution of Vapnik and Chervonenkis (1974), which has received
significant attention in the optimization literature and has strong ori-
entation towards real-world applications (Ma and Guo, 2014). Given a
set of training observations, each labeled as belonging to one of two
classes, SVM goal is to detect a hyperplane induced from the available
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examples that is able to predict the category of new unlabeled obser-
vations. The most basic version of the SVM is the Hard Margin-SVM
(HM-SVM) that assumes that there exists a hyperplane geometrically
separating data points into the two classes, such that no observation
is misclassified and margins are maximized. When the data is linearly
inseparable, the Soft Margin SVM (SM-SVM) introduces slack variables
into the constraints and aims at finding a separating hyperplane that
not only achieves the maximum margin between the two classes but
also minimizes the training error of misclassification (Bennett and
Mangasarian, 1992; Cortes and Vapnik, 1995). Many variations to the
classical SVM approach have been proposed over time to enhance
the predictive power of classifiers, see for instance Bi and Zhang
(2005), Khemchandani et al. (2007), Lee and Mangasarian (2001), Liu
and Potra (2009), Moya and Hush (1996), Schölkopf et al. (2000),
Vishwanathan and Murty (2002).

In this paper, we specifically focus our attention on the SVM variant
presented in Liu and Potra (2009), whose computational experience
proved to detect separators with higher levels of accuracy compared to
the standard ones. This method, rather than directly trying to minimize
the classification error with respect to a single hyperplane, suggests to
separate the sets by firstly finding two parallel hyperplanes so that the
intersection of the convex hulls of the two sets is contained between
vailable online 5 July 2022
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them, and then to construct a third hyperplane parallel to and laying
between the previous ones and such that the number of misclassified
observations is minimized.

An underlying assumption of classical SVM approaches is that the
input observations are not corrupted with noise and, therefore, all prob-
lem data are known exactly at the moment of classifying (Cervantes
et al., 2020). This assumption, however, is not always practical. Indeed,
real-world observations are often plagued by uncertainty (e.g., due to
limited precision of collecting instruments, measurement mistakes in
data gathering, sampling errors, etc.) and disregarding it might lead
to solutions that are far from optimal, as well as to major fluctuations
of performances (Goldfarb and Iyengar, 2003). Therefore, the problem
of designing classifiers not facing deterioration when there are some
perturbations in the data set is an interesting problem that has gained
considerable attention from the scientific community. One of the main
paradigms to deal with problems affected with uncertain data is given
by Robust Optimization (RO) (see Ben-Tal et al. (2009), Bertsimas et al.
(2011) and Maggioni et al. (2017)). RO addresses the uncertain nature
of a problem without making any specific assumption on the probability
distribution of the underlying uncertain parameter, which is instead
assumed to belong to a prespecified uncertainty set. RO then adopts
a min–max approach that addresses uncertainty by guaranteeing the
feasibility and optimality of the solution against all instances of the
parameter within the uncertainty set region. Another way to handle
uncertainty is given by Distributionally Robust Optimization (DRO) pi-
oneered in Scarf (1958) and Záčková (1966), which can be regarded
as a natural generalization of Stochastic Programming (SP) and RO.
In DRO optimal decisions are sought for the worst-case probability
distribution within a family of possible distributions defined by certain
properties. The two most widely used types of ambiguity sets in the
DRO literature are moment-based and statistical distance-based sets.
While moment-based ambiguity sets contain all probability distribu-
tions that satisfy certain general moment conditions, the statistical
distance-based approach considers distributions that are close in the
sense of a chosen distance to a nominal distribution (e.g., the empirical
one). Popular choices to measure the dissimilarity between two prob-
ability distributions are Wasserstein distance or 𝜙-divergences (such
as Kullback–Leibler divergence, Burg entropy, Modified-𝜒2 distance,

ariation distance, etc.). A growing literature in these directions both
rom theoretical and applied points of view can be found in Analui
nd Pflug (2014), Bayraksan and Love (2015), Delage and Ye (2010),
haoui et al. (2003), Goh and Sim (2010), Shapiro and Ahmed (2004),
hapiro and Kleywegt (2002), Wiesemann et al. (2014), Yue et al.
2006) and Zymler et al. (2013).

In this paper, we deal with the binary classification problem under
eature uncertainty of the input data, introducing robust and distri-
utionally robust versions of one of the deterministic formulations
resented in Liu and Potra (2009) (Formulation II), aiming at obtaining
classifier that has good generalization properties and reduces the

rror of misclassification of new unseen data. The main contributions
f the paper are four-fold and can be summarized as follows:

• To develop box and ellipsoidal robust counterparts of the de-
terministic model associated with the Formulation II proposed
in Liu and Potra (2009). We assume each input observation to
be bounded within hyperrectangles and hyperellipsoids.

• To formulate a new moment-based distributionally robust coun-
terpart associated with the Formulation II proposed in Liu and
Potra (2009). We still assume each observation to be unknown
but we mitigate the degree of conservatism enforcing limits on
the deviations along directions detected by means of Principal
Component Analysis (PCA) (Hotelling, 1933).

• To provide extensive numerical experiments based on real-world
databases (Dua and Graff, 2017) with the aim of understanding
the advantage of explicitly considering the uncertainty versus
2

deterministic approaches. t
• To provide managerial insights on how to choose between ro-
bust and distributionally robust approaches to model uncertainty,
depending on the data set dimension.

The paper is organized as follows. Section 2 provides a literature re-
view, while Section 3 presents basic facts and notation. In Section 4 we
introduce new robust and distributionally robust optimization models
for SVM, along with tractable reformulations. Section 5 presents experi-
ments attempting to evaluate the accuracy of the proposed formulations
versus deterministic approaches. Finally, conclusions and future works
are provided in Section 6.

2. Literature review

The extensive connections between RO, DRO and SVM have been
explored by a number of authors. In El Ghaoui et al. (2003) a min-
imax model for data bounded by hyper-rectangles is presented. The
model looks for a linear hyperplane that minimizes the worst-case
loss over input data in given intervals, and a tractable reformulation
in the form of Linear Programming (LP) is provided. In Bhattacharyya
(2004), Bhattacharyya et al. (2004) and Bhattacharyya et al. (2005)
Second Order Cone Programming (SOCP) formulations (see Maggioni
et al. (2009)) are derived to design linear classifiers when the un-
certainty of input observations is described by multivariate normal
distributions. Geometrically, these solutions correspond to a minimax
strategy with hyper-ellipsoids around the training instances, rather
than hyper-rectangles. Similar approaches are provided in Trafalis and
Gilbert (2006, 2007), where the additive perturbations of the uncertain
data are assumed to be bounded by the general 𝑤-norm. A related
model is (Bi and Zhang, 2005) that, assuming the data to be subject to
additive noises bounded by the general 𝑤-norm, constructs classifiers
by focusing on the more trust-worthy data that are less uncertain. A
more general case for bounded uncertainty sets is studied in Xu et al.
(2009a), where the linkage between regularization and robustness is
also showed. The authors proved that, even though traditional SVM
methods do not explicitly consider individual data uncertainties, the
objective function regularization term aimed at maximizing the classi-
fier margins represents a kind of intrinsic robustness. Other important
insights about stability of SVM against uncertainty with bounded sets
are due to Trafalis and Alwazzi (2010), while the work developed
in Katsumata and Takeda (2015) and Pant et al. (2011) demonstrate
how robust classification can be used to handle situations with imbal-
anced training data. For other models with polyhedral uncertainty sets
see Fan et al. (2014) and Fung et al. (2003). Detailed reviews of the
existing literature on RO in ML can be found in Caramanis and Mannor
(2008).

RO and DRO are also used for solving Chance-Constrained (CC)-SVM,
o ensure bounded probabilities of misclassification for the uncertain
ata. In Lanckriet et al. (2002) the authors consider the case of binary
lassification, where only the mean and covariance matrix of the classes
re assumed to be known. The minimax probabilistic decision hyper-
lane is then determined by optimizing the worst-case probabilities
ver all possible class-conditional distributions. Besides, the model
resented in Shivaswamy et al. (2006) treats all input observations as
andom variables for which only finite mean and covariance matrices
re known, and then looks for the hyperplane able to correctly classify
he observations, with high probability, even for the worst distribu-
ions. Both of these CC-SVM are relaxed using Chebyshev inequality
Marshall and Olkin, 1960) to yield a SOCP whose solution is guaran-
eed to satisfy the original problem. In a similar fashion, the Bernstein
ounding scheme (Pinter, 1989) is used in Ben-Tal et al. (2011) and
hadra et al. (2009). Under the same assumptions of known moments,
quivalent results have been obtained in Wang et al. (2018), where the
uthors propose a different proof for obtaining the equivalent SOCP
ormulation and also provide reformulations in the form of Semidefinite
rogramming (SDP) models. Analogously, Pearson divergence distribu-

ionally robust CC-SVM is discussed in Shen et al. (2020). Another
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Lanckriet et al. (2002) ✓ ✓ ✓

El Ghaoui et al. (2003) ✓ ✓ ✓

Fung et al. (2003) ✓ ✓

Bhattacharyya (2004), Bhattacharyya et al. (2004, 2005) ✓ ✓ ✓

Bi and Zhang (2005) ✓ ✓

Shivaswamy et al. (2006) ✓ ✓ ✓ ✓

Trafalis and Gilbert (2006, 2007) ✓ ✓

Takeda and Kanamori (2009) ✓ ✓

Bhadra et al. (2009) ✓ ✓ ✓

Xu et al. (2009a) ✓ ✓

Trafalis and Alwazzi (2010) ✓ ✓

Ben-Tal et al. (2011) ✓ ✓ ✓

Pant et al. (2011) ✓ ✓

Tsyurmasto et al. (2013) ✓ ✓

Fan et al. (2014) ✓ ✓

Gotoh et al. (2014) ✓ ✓

Katsumata and Takeda (2015) ✓ ✓

Lee and Mehrotra (2015) ✓ ✓

Gotoh and Uryasev (2017) ✓ ✓

Wang et al. (2017, 2018) ✓ ✓ ✓

Duchi and Namkoong (2019, 2021) ✓ ✓

Bertsimas et al. (2019) ✓ ✓ ✓

Kuhn et al. (2019) ✓ ✓

Staib and Jegelka (2019) ✓ ✓

Vitt et al. (2019) ✓ ✓

Li et al. (2020) ✓ ✓

Shen et al. (2020) ✓ ✓ ✓
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elated work is Wang et al. (2017), which investigates the stochastic
ub-gradient descent method to solve distributionally robust CC-SVM
n large-scale data sets.

In Gotoh and Uryasev (2017) risk averse theory is linked to SVM,
howing that the minimization of a convex risk functional in place of
he traditional hinge-loss objective function (i.e., minimization of the
mpirical risk) straightforwardly treats a class of DRO problems. This
orresponds to build an ambiguity set for the population distribution
ased on samples, and then searching for the classifier that minimizes
he sum of the regularization term and the hinge-loss function for the
orst-case distribution within the set. Authors also prove that under a

pecific class of risk functionals the distributionally robustified models
an be reformulated as tractable convex optimization problems. Risk
verse SVM is further investigated in Vitt et al. (2019) where the
uthors, instead of using a single measure of risk as SVM objective
unction, propose group differentiation by employing a different risk
unctional for every single class. Other related studies are Gotoh et al.
2014), Takeda and Kanamori (2009), Tsyurmasto et al. (2013) and
u et al. (2009b). In a similar fashion, DRO for classification problems
ith Wasserstein ambiguity set has been investigated in Kuhn et al.

2019) and Lee and Mehrotra (2015). Instead of solving an optimization
roblem minimizing the hinge-losses of misclassified samples, the pro-
osed formulation minimizes the worst-case expected prediction error
ith respect to distributions belonging to a Kantorovich ball, which is

entered on the empirical distribution based on samples. Related works
re Li et al. (2020) and Ma and Lejeune (2020). Learning and clas-
ification algorithms have also been proposed under the 𝜙-divergence
easures, see for instance Duchi and Namkoong (2019, 2021), and with

mbiguity sets measured via maximum mean discrepancy, see Staib
nd Jegelka (2019). All these approaches for linear SVM models are
ummarized in Table 1.

While all these approaches have dealt mainly with input data fea-
ures uncertainty, there have also been attempts to model uncertainty
3

n observation labels, see Biggio et al. (2011), Caramanis and Mannor
2008), Natarajan et al. (2013), Stempfel and Ralaivola (2009), Wu
nd Liu (2007) and Bertsimas et al. (2019), where robust methods are
mployed to construct a new family of classifiers protecting against
ncertainty in both features and labels for the three most widely used
lassification algorithms (i.e., SVM, LR, and DT). RO is also employed
n Globerson and Roweis (2006) to address the problem of corruption in
issing data (see García-Laencina et al. (2010)), sensitivity to outliers

n input samples (Fujiwara et al., 2017; Kanamori et al., 2017; Le et al.,
014; Li et al., 2016; Xu et al., 2006) and to adversarial training (Livni
t al., 2012; Shaham et al., 2018; Xiao et al., 2015; Zhou et al.,
012), where it is assumed that data become corrupted during the
lassification phase.

The approaches presented so far to hedge against uncertainty have
lso been successfully applied to many SVM variants. Robust counter-
arts have indeed been developed for the Twin Support Vector Machine
T-SVM), firstly proposed by Khemchandani et al. (2007). See, for
nstance, Cao et al. (2017), López et al. (2017), Maldonado et al. (2016)
nd Qi et al. (2013) and references therein. An alternative formulation,
nown as 𝜈-Support Vector Machine (𝜈-SVM), was designed in Schölkopf

et al. (2000), and models to hedge against uncertainty are proposed
in Takeda and Sugiyama (2008) and Wang (2012). Another popular
variant of SVM is the so called One-Class Support Vector Machine (OC-
SVM) pioneered in Moya and Hush (1996), with robust reformulations
that can be found in Liu et al. (2016), Utkin and Chekh (2015), Utkin
et al. (2016) and Utkin and Zhuk (2017). There also has been a recent
surge of interest in the ML community for developing distributionally
robust SVM models aiming at fairness, which represents the need of a
classifier performance to be invariant under certain sensitive perturba-
tions of the inputs. Fairness in ML goes beyond the scope of this article,
so we refer to Hashimoto et al. (2018), Takeda and Sugiyama (2008),
Taskesen et al. (2020) and Wang et al. (2021) and references therein.
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For a comprehensive survey of RO developments in the field of SVM
we refer the reader to Singla et al. (2020) and Sra et al. (2012).

The approach we propose in this paper substantially differs from the
literature in several perspectives. Foremost, the deterministic variant
we aim at robustifying is the one proposed in Liu and Potra (2009),
which with the inclusion of a line search step showed to outperform
the classical formulation in prediction accuracy. Besides, two streams
of distributionally robust approaches have emerged from the review
of SVM literature. The first poses the SVM problem as a CC program
and then looks for bounding schemes that find solutions guaranteed to
satisfy the probabilistic constraint in the worst-case distribution. The
second stream, instead, aims at minimizing in the objective function
the worst-case expected prediction error with respect to distributions
belonging to a prespecified ambiguity set. Our proposal does not fall
into any of these branches, since we are not dealing with CC programs
or with uncertainty into the objective function, rather we consider input
data to be random variables with unknown distributions, and then we
optimize over the worst one affecting the coefficients of the constraints
left-hand sides. Furthermore, we provide exact reformulations rather
than approximations.

3. Basic facts and notation

In the following, all vectors will be column vectors. We use ‘‘;’’
for adjoining elements in a column and ‘‘,’’ for adjoining elements in
a row. Vector components are identified as being subscripted, while
superscripts specify to which observation we are referring to. Vector
𝑒 of arbitrary dimension has all entries equal to one, while  and 𝟎
denote, respectively, the identity matrix and the square null matrix of
dimension 𝑛. We denote by R𝑛 the 𝑛-dimensional real space, by R𝑛

+
the set of non-negative vectors of dimension 𝑛, by N the set of natural
numbers and by diag(𝑎) ∈ R𝑛×𝑛 the matrix whose 𝑛 diagonal entries are
he elements of vector 𝑎 and off-diagonal components are all equal to
ero. For any vector 𝑎 ∈ R𝑛, |𝑎| ∈ R𝑛

+ represents the vector of absolute
alues of the components of 𝑎, i.e., |𝑎| ∶= [|𝑎1|; |𝑎2|;… ; |𝑎𝑛|]. For any

vector 𝑎 ∈ R𝑛 and 1 ≤ 𝑤 < ∞, its 𝑤-norm is defined as ‖𝑎‖𝑤 with:

‖𝑎‖𝑤 ∶=

( 𝑛
∑

𝑝=1
|𝑎𝑝|

𝑤

)
1
𝑤

and ‖𝑎‖∞ ∶= max
𝑝=1,…,𝑛

|𝑎𝑝|.

Finally, the indicator function 1(𝛼 ∈ R) = 1 if 𝛼 > 0, and 0 otherwise.

3.1. The classification problem

Let 𝑋 and 𝑌 be two sets of points such that 𝑋 ∶=
{

𝑥(1), 𝑥(2),… , 𝑥(𝐼)
}

⊆ R𝑛 and 𝑌 ∶=
{

𝑦(1), 𝑦(2),… , 𝑦(𝐽 )
}

⊆ R𝑛.
The Hard Margin SVM (HM-SVM) separating hyperplane is defined

by a pair (𝑎 ∈ R𝑛, 𝛾 ∈ R) such that all vectors in 𝑋 lie on one side
of the hyperplane, all the vectors in 𝑌 lie on the opposite side and
the distance between the separating hyperplane and the nearest data
point of each class is maximized (Vapnik and Chervonenkis, 1974). The
HM-SVM optimization problem is defined as follows:

min
𝑎,𝛾

‖𝑎‖𝑤
s.t. 𝑎⊤𝑥(𝑖) ≤ 𝛾 − 1 𝑖 = 1,… , 𝐼

𝑎⊤𝑦(𝑗) ≥ 𝛾 + 1 𝑗 = 1,… , 𝐽 ,
(1)

whose solution maximizes the distance between the hyperplanes (𝑎, 𝛾 −
1) and (𝑎, 𝛾 + 1) computed using the dual norm ‖ ⋅ ‖𝑣 with 1

𝑣 + 1
𝑤 = 1.

The dual norm of the 1-norm is the infinity norm, and vice versa.
Soft Margin SVM (SM-SVM) relaxes the condition of perfect sepa-

rability, introducing slack variables in the constraints and penalizing
in the objective function data points belonging to the wrong side of
the hyperplane. Specifically, let 𝑧𝑋 ∶= [𝑧𝑥(1) ;… ; 𝑧𝑥(𝐼) ] ∈ R𝐼

+ and 𝑧𝑌 ∶=
[𝑧𝑦(1) ;… ; 𝑧𝑦(𝐽 ) ] ∈ R𝐽

+ be the non-negative vectors of errors of group 𝑋
and 𝑌 . Observation 𝑥(𝑖) ∈ R𝑛 will be correctly classified if 0 ≤ 𝑧𝑥(𝑖) ≤ 1,
or misclassified if 𝑧 > 1. Similarly, for every observation 𝑦(𝑗) ∈ R𝑛.
4

𝑥(𝑖)
he SM-SVM optimization problem is then defined as follows (Cortes
nd Vapnik, 1995):

min
𝑎,𝛾,𝑧𝑋 ,𝑧𝑌

‖𝑎‖𝑤 + 𝜈
(

𝑒⊤𝑧𝑋 + 𝑒⊤𝑧𝑌
)

s.t. 𝑎⊤𝑥(𝑖) ≤ 𝛾 − 1 + 𝑧𝑥(𝑖) 𝑖 = 1,… , 𝐼
𝑎⊤𝑦(𝑗) ≥ 𝛾 + 1 − 𝑧𝑦(𝑗) 𝑗 = 1,… , 𝐽
𝑧𝑋 ≥ 0, 𝑧𝑌 ≥ 0,

(2)

here the user-defined penalty parameter 𝜈 ≥ 0 is introduced to
llow a trade-off between the margin maximization and tolerating
isclassification.

In order to achieve superior pattern separation, rather than minimiz-
ng the classification error with respect to a single hyperplane, in Liu
nd Potra (2009) it is proposed to separate the sets 𝑋 and 𝑌 by firstly
inding two parallel hyperplanes 𝐻1 and 𝐻2 that satisfy the following
roperties:

(P1) all points of 𝑋 lie on one side of 𝐻1;
(P2) all points of 𝑌 lie on the opposite side of 𝐻2;
(P3) the intersection of convex hulls of 𝑋 and 𝑌 is contained in the

region between 𝐻1 and 𝐻2.

hrough line search, hyperplane 𝐻3 is then constructed parallel to
and lying between) 𝐻1 and 𝐻2, such that most of the points of 𝑋
ie on the same side of 𝐻3 and most of the points of 𝑌 lie on the
pposite side of 𝐻3. A point that fails to do so is called a misclassified
oint. Therefore, 𝐻3 should be determined so that the number of
isclassified points is minimized. In Liu and Potra (2009) five different
eterministic formulations are proposed for obtaining hyperplane 𝐻3,
nd since Formulation II proves to outperform the others, we restrict
ur attention to it. This formulation employs as starting point the
yperplane separating algorithm detected by model (2), in which the
yperplane margins are measured by means of the ∞-norm, and hence
equires the minimization of ‖𝑎‖1 into the objective function. Once the
tarting hyperplane (𝑎, 𝛾) of (2) is obtained, it is shifted in order to
etermine hyperplanes 𝐻1 and 𝐻2 that satisfy properties (P1)–(P3).
pecifically, 𝐻1 ∶= (𝑎, 𝛾 − 1 + 𝜔1) and 𝐻2 ∶= (𝑎, 𝛾 + 1 − 𝜔2), where:

1 ∶= max
{

𝑧𝑥(𝑖)
|

|

|

𝑖 = 1,… , 𝐼
}

, 𝜔2 ∶= max
{

𝑧𝑦(𝑗)
|

|

|

𝑗 = 1,… , 𝐽
}

. (3)

he following minimization problem is finally solved using the line
earch method (see Nocedal and Wright (2006)), with the aim of
btaining the scalar 𝑏 ∈ R that defines the hyperplane 𝐻3 ∶= (𝑎, 𝑏),
arallel to and lying between 𝐻1 and 𝐻2 and minimizing the overall
umber of misclassified points:

min
𝑏

𝐼
∑

𝑖=1
1
(

𝑎⊤𝑥(𝑖) − 𝑏
)

+
𝐽
∑

𝑗=1
1
(

𝑏 − 𝑎⊤𝑦(𝑗)
)

s.t. 𝛾 + 1 − 𝜔2 ≤ 𝑏 ≤ 𝛾 − 1 + 𝜔1.

(4)

pecifically, as the objective of (4) is not continuous, we divide the
nterval [𝑏min, 𝑏max] ∶= [𝛾 + 1 − 𝜔2, 𝛾 − 1 + 𝜔1] into 𝑘max sub-intervals of
qual length and denote 𝑠𝑘 ∶=

∑𝐼
𝑖=1 1

(

𝑎⊤𝑥(𝑖) − 𝑏𝑘
)

+
∑𝐽

𝑗=1 1
(

𝑏𝑘 − 𝑎⊤𝑦(𝑗)
)

,
ith 𝑏𝑘 = 𝑏min + 𝑘 ⋅ 𝑏max−𝑏min

𝑘max
, 𝑘 = 0,… , 𝑘𝑚𝑎𝑥. The final solution of (4) is

hen given by 𝑏𝑘∗ with 𝑘∗ ∈ argmin{𝑠0,… , 𝑠𝑘,… , 𝑠𝑘max
}.

4. Robust and distributionally robust support vector machine
models

The basic assumption of the deterministic model (2)–(4) presented
in Liu and Potra (2009) is that all input observations of both groups
𝑋 and 𝑌 are always provided exactly, ignoring any type of uncertainty
associated with lack of data or with data that cannot be fully trusted.
However, when the given values differ significantly from the true
ones, the predictive power of the deterministic classifier might be
unsatisfactory. Therefore in this section, rather than dealing with a
countable set of well-defined data points, we handle data features as
uncertain and formulate robust counterparts to model problem (2)–(4)
with uncertainty sets in the form of hyperrectangles (Section 4.1.1) and



Computers and Operations Research 147 (2022) 105930D. Faccini et al.

T
r



t

4

a
o

w

‖

hyperellipsoids (Section 4.1.2). Moreover, we propose a distributionally
robust counterpart to the deterministic formulation (2)–(4) that en-
forces limits on the observations first-order deviations along directions
detected by means of PCA (Section 4.2).

4.1. Robust support vector machine

In this section, we assume the uncertainty of every input observa-
tion 𝑥(𝑖) ∈ 𝑋 ⊆ R𝑛, 𝑖 = 1,… , 𝐼 to be represented by the uncertainty set

(

𝑥(𝑖)
)

. Equivalently for every observation 𝑦(𝑗) ∈ 𝑌 ⊆ R𝑛, 𝑗 = 1,… , 𝐽 .
Then, the robust counterpart of model (2) that optimizes over worst-
case realizations on all possible observations in 

(

𝑥(𝑖)
)

, 
(

𝑦(𝑗)
)

, 𝑖 =
1,… , 𝐼 , 𝑗 = 1,… , 𝐽 corresponds to the following optimization model:

min
𝑎,𝛾,𝑧𝑋 ,𝑧𝑌

‖𝑎‖1 + 𝜈(𝑒⊤𝑧𝑋 + 𝑒⊤𝑧𝑌 )

s.t. max
𝑥∈ (𝑥(𝑖))

[

𝑎⊤𝑥
]

≤ 𝛾 − 1 + 𝑧𝑥(𝑖) 𝑖 = 1,… , 𝐼

min
𝑦∈ (𝑦(𝑗))

[

𝑎⊤𝑦
]

≥ 𝛾 + 1 − 𝑧𝑦(𝑗) 𝑗 = 1,… , 𝐽

𝑧𝑋 ≥ 0, 𝑧𝑌 ≥ 0.

(5)

he size of the uncertainty sets 
(

𝑥(𝑖)
)

, 
(

𝑦(𝑗)
)

, 𝑖 = 1,… , 𝐼 , 𝑗 = 1,… , 𝐽
eflects the degree of data uncertainty. If:
(

𝑥(𝑖)
)

∶=
{

𝑥(𝑖)
}

, 𝑖 = 1,… , 𝐼 and 
(

𝑦(𝑗)
)

∶=
{

𝑦(𝑗)
}

, 𝑗 = 1,… , 𝐽 ,

hen the robust formulation (5) reduces to the deterministic model (2).

.1.1. Robust support vector machine with interval data uncertainty
First, we consider uncertainty sets having the form of hyperrect-

ngles. Let 𝜁𝑥(𝑖) , 𝜁𝑦(𝑗) ∈ R𝑛
+ define the perturbation vectors of input

bservations 𝑥(𝑖) and 𝑦(𝑗), respectively; further, let 𝜌𝑋 , 𝜌𝑌 ∈ R+ be
global measures of uncertainty for group 𝑋 and 𝑌 , respectively. Then,
the hyperrectangular uncertainty sets 

(

𝑥(𝑖)
)

and 
(

𝑦(𝑗)
)

centered
around 𝑥(𝑖) and 𝑦(𝑗) are defined, respectively, as:


(

𝑥(𝑖)
)

∶=
{

𝑥 ∈ R𝑛 |
|

|

𝑥(𝑖) − 𝜌𝑋𝜁𝑥(𝑖) ≤ 𝑥 ≤ 𝑥(𝑖) + 𝜌𝑋𝜁𝑥(𝑖)
}

𝑖 = 1,… , 𝐼, (6)


(

𝑦(𝑗)
)

∶=
{

𝑦 ∈ R𝑛 |
|

|

𝑦(𝑗) − 𝜌𝑌 𝜁𝑦(𝑗) ≤ 𝑦 ≤ 𝑦(𝑗) + 𝜌𝑌 𝜁𝑦(𝑗)
}

𝑗 = 1,… , 𝐽 . (7)

Depending on how reliable the decision maker considers the available
data, parameters 𝜌𝑋 and 𝜌𝑌 allow to tailor the degree of conservatism.
When uncertainty sets are described by means of (6)–(7), model (5) can
be reformulated by the following linear program (see El Ghaoui et al.
(2003) and derivation in Appendix A):

min
𝑎,𝛾,𝑧𝑋 ,𝑧𝑌

‖𝑎‖1 + 𝜈(𝑒⊤𝑧𝑋 + 𝑒⊤𝑧𝑌 )

s.t. 𝑎⊤𝑥(𝑖) + 𝜌𝑋𝜁⊤𝑥(𝑖) |𝑎| ≤ 𝛾 − 1 + 𝑧𝑥(𝑖) 𝑖 = 1,… , 𝐼
𝑎⊤𝑦(𝑗) − 𝜌𝑌 𝜁⊤𝑦(𝑗) |𝑎| ≥ 𝛾 + 1 − 𝑧𝑦(𝑗) 𝑗 = 1,… , 𝐽
𝑧𝑋 ≥ 0, 𝑧𝑌 ≥ 0,

(8)

where the number of continuous variables is 𝑛+1+𝐼+𝐽 and the number
of constraints is 2(𝐼 + 𝐽 ) of which 𝐼 + 𝐽 are non-negative. As in the
deterministic case, once the solution (𝑎, 𝛾, 𝑧𝑋 , 𝑧𝑌 ) of (8) is obtained, the
final hyperplane 𝐻3 is recovered through line search:

min
𝑏

𝐼
∑

𝑖=1
1
(

𝑎⊤𝑥(𝑖) + 𝜌𝑋𝜁
⊤
𝑥(𝑖)

|𝑎| − 𝑏
)

+
𝐽
∑

𝑗=1
1
(

𝑏 − 𝑎⊤𝑦(𝑗) + 𝜌𝑌 𝜁
⊤
𝑦(𝑗)

|𝑎|
)

s.t. 𝛾 + 1 − 𝜔2 ≤ 𝑏 ≤ 𝛾 − 1 + 𝜔1,

(9)

with 𝜔1, 𝜔2 as in (3), 1 is the unit step function and where robustness
fails for those points whose hyperrectangle intersects the hyperplane
𝐻3. Consequently, all those points either lying on the wrong side of
(𝑎, 𝑏) or whose hyperrectangles intersect 𝐻3 will be considered misclas-
sified. To summarize, the geometrical interpretation of the proposed
approach is sketched in Fig. 1. For the sake of clarity, we restrict our
attention to the bidimensional case (𝑛 = 2). Points of group 𝑋 are
represented by filled black dots, while points of group 𝑌 by empty
white circles.

After building boxes around every observation, we detect the start-
5

ing hyperplane (𝑎, 𝛾) by means of model (8). We then shift it to the
right and to the left, by amounts 𝜔1 and 𝜔2 respectively, to detect 𝐻1
and 𝐻2 such that all boxes of group 𝑋 lie on one side of 𝐻1 and all
boxes of group 𝑌 lie on the opposite side of 𝐻2. Through model (9), the
final classifier 𝐻3 is found such that the overall number of misclassified
boxes is minimized.

4.1.2. Robust support vector machine with ellipsoidal data uncertainty
It is well known that intervals perturbations assumption can lead to

overly conservative solutions. Therefore, to alleviate this drawback, in
this section we propose an alternative robust formulation that considers
uncertainty sets having the form of hyperellipsoids. This latter choice
turns into less conservative models with respect to the hyperrectangles
case since it disregards those situations under which all features jointly
assume extreme interval values. Moreover, this choice does not hinder
the tractability of the associated reformulation, leading to a conic
quadratic program.

Let 𝛴𝑥(𝑖) , 𝛴𝑦(𝑗) ∈ R𝑛×𝑛 be positive definite covariance matrices
associated to points 𝑥(𝑖) and 𝑦(𝑗), respectively; further, let 𝜌𝑋 , 𝜌𝑌 ∈ R+
denote the radii of the ellipsoids of groups 𝑋 and 𝑌 , respectively. Then,
the ellipsoidal uncertainty sets 

(

𝑥(𝑖)
)

and 
(

𝑦(𝑗)
)

centered around
𝑥(𝑖) and 𝑦(𝑗) are defined, respectively, as:


(

𝑥(𝑖)
)

∶=
{

𝑥 ∈ R𝑛 |
|

|

(

𝑥 − 𝑥(𝑖)
)⊤𝛴−1

𝑥(𝑖)
(

𝑥 − 𝑥(𝑖)
)

≤ 𝜌2𝑋
}

𝑖 = 1,… , 𝐼, (10)


(

𝑦(𝑗)
)

∶=
{

𝑦 ∈ R𝑛 |
|

|

(

𝑦 − 𝑦(𝑗)
)⊤𝛴−1

𝑦(𝑗)
(

𝑦 − 𝑦(𝑗)
)

≤ 𝜌2𝑌
}

𝑗 = 1,… , 𝐽 . (11)

According to Bhattacharyya (2004) (see derivation in Appendix A),
when uncertainty sets are described by means of (10)–(11), model (5)
can be reformulated by the following SOCP:

min
𝑎,𝛾,𝑧𝑋 ,𝑧𝑌

‖𝑎‖1 + 𝜈(𝑒⊤𝑧𝑋 + 𝑒⊤𝑧𝑌 )

s.t. 𝑎⊤𝑥(𝑖) + 𝜌𝑋‖𝛴
1
2
𝑥(𝑖)

𝑎‖2 ≤ 𝛾 − 1 + 𝑧𝑥(𝑖) 𝑖 = 1,… , 𝐼

𝑎⊤𝑦(𝑗) − 𝜌𝑌 ‖𝛴
1
2
𝑦(𝑗)

𝑎‖2 ≥ 𝛾 + 1 − 𝑧𝑦(𝑗) 𝑗 = 1,… , 𝐽
𝑧𝑋 ≥ 0, 𝑧𝑌 ≥ 0,

(12)

here:

𝛴
1
2
𝑥(𝑖)

𝑎‖2 ∶=
√

𝑎⊤𝛴𝑥(𝑖)𝑎 and ‖𝛴
1
2
𝑦(𝑗)

𝑎‖2 ∶=
√

𝑎⊤𝛴𝑦(𝑗)𝑎.

The number of continuous variables is 𝑛+ 1 + 𝐼 + 𝐽 , while the number
of constraints is 2(𝐼 + 𝐽 ) of which 𝐼 + 𝐽 are non-negative. From the
solution of problem (12), we get hyperplanes 𝐻1 and 𝐻2 which satisfy
properties (P1)–(P3) with 𝜔1, 𝜔2 as in (3). To find 𝐻3 we finally solve
the following minimization problem using line search:

min
𝑏

𝐼
∑

𝑖=1
1
(

𝑎⊤𝑥(𝑖) + 𝜌𝑋‖𝛴
1
2
𝑥(𝑖)

𝑎‖2 − 𝑏
)

+
𝐽
∑

𝑗=1
1
(

𝑏 − 𝑎⊤𝑦(𝑗) + 𝜌𝑌 ‖𝛴
1
2
𝑦(𝑗)

𝑎‖2
)

s.t. 𝛾 + 1 − 𝜔2 ≤ 𝑏 ≤ 𝛾 − 1 + 𝜔1,

(13)

where robustness fails for those points whose hyperellipsoid intersects
the decision hyperplane 𝐻3. To summarize, the geometrical interpre-
tation of the proposed approach is sketched in Fig. 2. After building
ellipsoids around every observation, we detected the starting hyper-
plane (𝑎, 𝛾) by means of model (12). We then shift it to the right and to
the left, by amounts 𝜔1 and 𝜔2 respectively, to detect 𝐻1 and 𝐻2 such
that all ellipsoids of group 𝑋 lie on one side of 𝐻1 and all ellipsoids
of group 𝑌 lie on the opposite side of 𝐻2. Through line search of
model (13), the final classifier 𝐻3 = (𝑎, 𝑏) is found such that the overall
number of misclassified ellipsoids is minimized.

4.2. Distributionally robust support vector machine

Solutions obtained considering uncertainty sets having the form of
hyperellipsoids can still be too conservative. One way to overcome
this limitation would consist in resorting to other types of uncertainty

sets such as polyhedral, conic, convex constraints (see Gorissen et al.
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Fig. 1. Input observations of groups 𝑋 and 𝑌 bounded by boxes and separating hyperplanes 𝐻1, 𝐻2 and 𝐻3.
Fig. 2. Input observations of groups 𝑋 and 𝑌 bounded by ellipsoids and separating hyperplanes 𝐻1, 𝐻2 and 𝐻3.
2015)) or combinations of them (e.g., box + ellipsoidal, box + poly-
edral, box + ellipsoidal + polyhedral, see Li and Floudas (2012)).
owever, these specific approaches would require precise knowledge of

he instances under analysis and would be highly problem-dependent.
oreover, conic uncertainty sets would require the use of conic duality
hile convex constraints sets the use of Fenchel duality.

Therefore, with the aim of providing progressively less conservative
odels that do not lose generalization ability and still protect against
ncertainty, in this section we employ the most recent techniques of
oment-based DRO.

In this section we treat all input observations 𝑥(𝑖), 𝑦(𝑗), 𝑖 = 1,… , 𝐼,
= 1,… , 𝐽 as random variables, for which the exact probability

istributions Ptrue
𝑥(𝑖)

, 𝑖 = 1,… , 𝐼 and Ptrue
𝑦(𝑗)

, 𝑗 = 1,… , 𝐽 are unknown. To
edge against uncertainty, for each input observation 𝑥(𝑖) we optimize

against the worst-case expectation under all possible distributions P
belonging to the ambiguity set 

(

𝑥(𝑖)
)

. Equivalently for 𝑦(𝑗) and 
(

𝑦(𝑗)
)

.
Accordingly, the distributionally robust counterpart of model (2) can be
formulated as follows:

min
𝑎,𝛾,𝑧𝑋 ,𝑧𝑌

‖𝑎‖1 + 𝜈(𝑒⊤𝑧𝑋 + 𝑒⊤𝑧𝑌 )

s.t. sup
P∈(𝑥(𝑖))

EP

[

𝑎⊤𝑥
]

≤ 𝛾 − 1 + 𝑧𝑥(𝑖) 𝑖 = 1,… , 𝐼

inf
P∈(𝑦(𝑗))

EP

[

𝑎⊤𝑦
]

≥ 𝛾 + 1 − 𝑧𝑦(𝑗) 𝑗 = 1,… , 𝐽

𝑧𝑋 ≥ 0, 𝑧𝑌 ≥ 0.

(14)

The choice of the specific ambiguity set  when modeling a problem is
context dependent. This decision depends on the data being represented
by the set, as well as the needs of the modeler. Hereby, a formulation
6

that protects against uncertainty not losing generalization ability is
sought and we assume that estimates are easily available from a prior
statistical analysis of the uncertain data. In the following, namely,
we will focus on principal directions and variance information since
shared by many different distributions, while disregarding higher order
moments which are often unavailable (see Noyan et al. (2018)).

We consider the general class moment-based ambiguity set proposed
in Wiesemann et al. (2014) where the support and a list of partial
moments describing the uncertainty are available:


(

𝑥(𝑖)
)

∶=

⎧

⎪

⎨

⎪

⎩

P ∈ 𝑛
+

|

|

|

|

|

|

|

P
(

𝑥 ∈ 
(

𝑥(𝑖)
)

)

= 1

EP
[

𝑔𝑝(𝑥)
]

≤
(

𝜚𝑋
)

𝑝 𝑝 = 1,… , 𝑛

⎫

⎪

⎬

⎪

⎭

𝑖 = 1,… , 𝐼, (15)

with 𝑛
+ representing the set of probabilities distributions on R𝑛. Specif-

ically, the first constraint in set 15 requires every realization to be
constrained within its support set 

(

𝑥(𝑖)
)

defined in (6). The second
group of constraints in 15 characterizes the moments information via
𝑛 functions 𝑔𝑝(⋅), and enforces the generalized moment EP

[

𝑔𝑝(𝑥)
]

not
to exceed a given threshold

(

𝜚𝑋
)

𝑝 ∈ R+, 𝑝 = 1,… , 𝑛. While several
generalized moment functions describing moment information were
suggested in the literature, in this paper we employ the piecewise linear
formulation proposed by Ardestani-Jaafari and Delage (2016), which
can be interpreted as the first-order deviations of the uncertain param-
eter with respect to the nominal value 𝑥(𝑖) along certain projections
𝑓 (𝑝)
𝑋 ∈ R𝑛. Namely:

𝑔𝑝
(

𝑥
)

∶= |

|

|

𝑓 (𝑝)
𝑋

⊤ (

𝑥 − 𝑥(𝑖)
)

|

|

|

𝑝 = 1,… , 𝑛. (16)

To determine projections 𝐹𝑋 ∶=
[

𝑓 (1)
𝑋 ,… , 𝑓 (𝑛)

𝑋
]

∈ R𝑛×𝑛 and thresholds
𝜚 ∶=

[

(𝜚 ) ;… ; (𝜚 )
]

∈ R𝑛 we adopt a database strategy based
𝑋 𝑋 1 𝑋 𝑛 +
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Fig. 3. Given group 𝑋 (a), principal directions 𝑓 (1)
𝑋 and 𝑓 (2)

𝑋 are detected. For every point 𝑥(𝑖), limits (𝜚𝑋 )1, (𝜚𝑋 )2 on variations along them are enforced together with the box
support; 𝐾 may be fixed equal to 1 (b) or 2 (c).
on PCA (see Shang and You (2018)). The same approach holds for
observations of group 𝑌 .

1. Given an unbiased estimate of the covariance matrix 𝛴𝑋 :

𝛴𝑋 ∶=

(

∑𝐼
𝑖=1 𝑥

(𝑖)⊤𝑥(𝑖)
)

−
(

∑𝐼
𝑖=1 𝑥

(𝑖)
)⊤ (

∑𝐼
𝑖=1 𝑥

(𝑖)
)

𝐼 − 1
, (17)

we perform PCA onto 𝛴𝑋 . Performing PCA enables capturing
meaningful information about the available data. Specifically,
it enables detecting the directions that manifest the most vari-
ations. We obtain:

𝛴𝑋 = 𝐹𝑋 ⋅ 𝛬𝑋 ⋅ 𝐹⊤
𝑋 , (18)

where 𝐹𝑋 ∈ R𝑛×𝑛 stands for the orthogonal transformation
matrix and 𝛬𝑋 ∶= diag(𝜆𝑋 ) ∈ R𝑛×𝑛

+ is a diagonal matrix including
variance information 𝜆𝑋 after transformation (i.e., along the
principal directions 𝐹𝑋).

2. To determine the maximum deviations allowed along the 𝑛 prin-
cipal directions given by thresholds 𝜚𝑋 ∶=

[

(𝜚𝑋 )1;… ; (𝜚𝑋 )𝑛
]

∈
R𝑛
+ we set:

(𝜚𝑋 )𝑝 ∶=
𝜌𝑋

√

(𝜆𝑋 )𝑝
𝐾

𝑝 = 1,… , 𝑛, (19)

where 𝜆𝑋 has been obtained from PCA and 𝐾 ∈ N⧵{0} is a scale
parameter.

An attractive feature of this moment-based approach, is that one can
control the model degree of conservatism simply by adjusting values of
the limits (𝜚𝑋 )𝑝, 𝑝 = 1,… , 𝑛. So, depending on specific applications and
problem instances, one can opt for a more conservative strategy and
tune lower values for the scale parameter 𝐾, or opt for more aggressive
approaches setting higher values of 𝐾 and allowing less dispersion.

Fig. 3 provides a graphical representation of the procedure for a
single observation 𝑥(𝑖). Given a starting group 𝑋, PCA is performed to
detect principal directions 𝐹𝑋 =

[

𝑓 (1)
𝑋 , 𝑓 (2)

𝑋
]

∈ R2×2. Then, for every
observation 𝑥(𝑖) the box support 

(

𝑥(𝑖)
)

is defined and limits 𝜚𝑋 =
[

(𝜚𝑋 )1; (𝜚𝑋 )2
]

∈ R2
+ on variations along principal direction 𝑓 (1)

𝑋 and
direction 𝑓 (2)

𝑋 are enforced. As shown, tuning higher values for the scale
parameter 𝐾 turns into a less conservative strategy compared to lower
values of 𝐾, as allowing less dispersion.

Notice that, there are no theoretical guarantees to ensure that any
moment-based ambiguity set contains the true distribution with high
probability. To remedy this situation (Delage and Ye, 2010) proposed
confidence regions for the mean and covariance matrix of the uncer-
tainty using historical samples. Recently, other methods on data-driven
7

robust optimization have also been suggested (see for instance Bertsi-
mas et al. (2018), Ning and You (2017), Shang et al. (2017)) employing
hypothesis tests to determine the size of the ambiguity sets in order
to ensure them to be statistically interpretable. Confidence regions
can also be constructed from historical observations using resampling
techniques, such as jackknifing or bootstrapping (Chernick, 2011). Un-
fortunately, these strategies cannot be trivially applied to the ambiguity
set used in this work but represent an interesting future research
direction to obtain a probabilistic guarantee for the true distribution
to be contained in .

4.2.1. Tractable reformulation
Model (14) is intractable due to the infinite number of probabil-

ity distributions contained in every ambiguity set 15; therefore, in
this section, we reformulate this problem as a tractable deterministic
optimization model. Introducing the auxiliary random vector 𝜑𝑋 ∶=
[(𝜑𝑋 )1;… ; (𝜑𝑋 )𝑛] ∈ R𝑛

+ the ambiguity set given in 15 can be equiv-
alently re-formulated as the projection of an extended ambiguity set
̄
(

𝑥(𝑖)
)

:

̄
(

𝑥(𝑖)
)

∶=

{

Q ∈ 𝑛
+

|

|

|

|

|

|

Q
(

𝑥, 𝜑𝑋 ∈ ̄
(

𝑥(𝑖)
)

)

= 1
EQ

[

(𝜑𝑋 )𝑝
]

≤
(

𝜚𝑋
)

𝑝 𝑝 = 1,… , 𝑛

}

𝑖 = 1,… , 𝐼,

(20)

with lifted support set for 𝑖 = 1,… , 𝐼 defined as:

̄𝐵
(

𝑥(𝑖)
)

∶=

{

(

𝑥, 𝜑𝑋

)

∈ R𝑛 × R𝑛
+

|

|

|

|

|

|

𝑥 ∈ 
(

𝑥(𝑖)
)

𝑔𝑝(𝑥) ≤ (𝜑𝑋 )𝑝 𝑝 = 1,… , 𝑛

}

. (21)

Using (6) and (16) the lifted support set (21) can be equally expressed
for 𝑖 = 1,… , 𝐼 as:

̄𝐵
(

𝑥(𝑖)
)

=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

(

𝑥, 𝜑𝑋

)

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

𝑥 ≤ 𝑥(𝑖) + 𝜌𝑋𝜁𝑥(𝑖)

𝑥 ≥ 𝑥(𝑖) − 𝜌𝑋𝜁𝑥(𝑖)

(𝜑𝑋 )𝑝 ≥ 0 𝑝 = 1,… , 𝑛

𝑓 (𝑝)
𝑋

⊤
𝑥 − 𝑓 (𝑝)

𝑋
⊤
𝑥(𝑖) ≤ (𝜑𝑋 )𝑝 𝑝 = 1,… , 𝑛

𝑓 (𝑝)
𝑋

⊤
𝑥(𝑖) − 𝑓 (𝑝)

𝑋
⊤
𝑥 ≤ (𝜑𝑋 )𝑝 𝑝 = 1,… , 𝑛

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

, (22)

or equivalently in matrix form:

̄
(

𝑥(𝑖)
)

=
{(

𝑥, 𝜑
)

|

|𝐶 𝑥 +𝐷𝜑 ≤ ℎ
}

𝑖 = 1,… , 𝐼, (23)
𝐵 𝑋
|

𝑋 𝑋 𝑥(𝑖)
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A
g
t

I
(

where:

𝐶𝑋 ∶=

⎡

⎢

⎢

⎢

⎢

⎢

⎣


−
0
𝐹⊤
𝑋

−𝐹⊤
𝑋

⎤

⎥

⎥

⎥

⎥

⎥

⎦

∈ R5𝑛×𝑛, 𝐷∶=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0
0
−
−
−

⎤

⎥

⎥

⎥

⎥

⎥

⎦

∈ R5𝑛×𝑛, ℎ𝑥(𝑖) ∶=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑥(𝑖) + 𝜌𝑋𝜁𝑥(𝑖)
−𝑥(𝑖) + 𝜌𝑋𝜁𝑥(𝑖)

0
𝐹⊤
𝑋𝑥(𝑖)

−𝐹⊤
𝑋𝑥(𝑖)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

∈ R5𝑛

n analogous reformulation can be performed for every observation of
roup 𝑌 and a distributionally robust formulation equivalent to (14) is
hen given as follows:

min
𝑎,𝛾,𝑧𝑋 ,𝑧𝑌

‖𝑎‖1 + 𝜈(𝑒⊤𝑧𝑋 + 𝑒⊤𝑧𝑌 )

s.t. sup
Q∈̄(𝑥(𝑖))

EQ

[

𝑎⊤𝑥
]

≤ 𝛾 − 1 + 𝑧𝑥(𝑖) 𝑖 = 1,… , 𝐼

inf
Q∈̄(𝑦(𝑗))

EQ

[

𝑎⊤𝑦
]

≥ 𝛾 + 1 − 𝑧𝑦(𝑗) 𝑗 = 1,… , 𝐽

𝑧𝑋 ≥ 0, 𝑧𝑌 ≥ 0.

(24)

t is worth noticing that the second group of constraints of formulation
24) can be expressed for 𝑗 = 1,… , 𝐽 as:

inf
Q∈̄(𝑦(𝑗))

EQ

[

𝑎⊤𝑦
]

≥ 𝛾 + 1 − 𝑧𝑦(𝑗) ⇔ sup
Q∈̄(𝑦(𝑗))

EQ

[

−𝑎⊤𝑦
]

≤ −𝛾 − 1 + 𝑧𝑦(𝑗) .

For every 𝑖 = 1,… , 𝐼 , the left-hand side of the distributionally
robust constraint of model (24) coincides with the optimal value of the
following moment problem:

sup
Q∈̄(𝑥(𝑖))

EQ

[

𝑎⊤𝑥
]

= sup
Q ∫̄𝐵 (𝑥(𝑖))

𝑞(𝑥, 𝜑𝑋 )
(

𝑎⊤𝑥
)

d𝑥 d𝜑𝑋

s.t. ∫̄𝐵 (𝑥(𝑖))
𝑞(𝑥, 𝜑𝑋 ) d𝑥 d𝜑𝑋 = 1

∫̄𝐵 (𝑥(𝑖))
𝑞(𝑥, 𝜑𝑋 )𝜑𝑋 d𝑥 d𝜑𝑋 ≤ 𝜚𝑋 ,

(25)

where the decision variable is 𝑞(𝑥, 𝜑𝑋 ). Introducing the multipliers
𝜂𝑥(𝑖) ∈ R and 𝛽𝑥(𝑖) ∈ R𝑛

+, the Lagrangian reformulation of (25) is:

sup
Q ∫̄𝐵 (𝑥(𝑖))

𝑞(𝑥, 𝜑𝑋 )
(

𝑎⊤𝑥 − 𝜂𝑥(𝑖) − 𝛽⊤
𝑥(𝑖)

𝜑𝑋

)

d𝑥 d𝜑𝑋+𝜂𝑥(𝑖)+𝛽
⊤
𝑥(𝑖)

𝜚𝑋 . (26)

If there exists (𝑥, 𝜑𝑋 ) such that 𝑎⊤𝑥 − 𝛽⊤
𝑥(𝑖)

𝜑𝑋 ≥ 𝜂𝑥(𝑖) , then (26) is
unbounded above because 𝑞(𝑥, 𝜑𝑋 ) ≥ 0, ∀(𝑥, 𝜑𝑋 ) ∈ ̄𝐵

(

𝑥(𝑖)
)

. Contrari-
wise, when 𝑎⊤𝑥 − 𝛽⊤

𝑥(𝑖)
𝜑𝑋 ≤ 𝜂𝑥(𝑖) , then ∀(𝑥, 𝜑𝑋 ) ∈ ̄𝐵

(

𝑥(𝑖)
)

the function
admits a solution given by 𝜂𝑥(𝑖) +𝛽⊤

𝑥(𝑖)
𝜚𝑋 . The dual of (25) then becomes:

min
𝜂𝑥(𝑖) , 𝛽𝑥(𝑖)

𝜂𝑥(𝑖) + 𝛽⊤
𝑥(𝑖)

𝜚𝑋

s.t. 𝑎⊤𝑥 − 𝛽⊤
𝑥(𝑖)

𝜑𝑋 ≤ 𝜂𝑥(𝑖) ∀(𝑥, 𝜑𝑋 ) ∈ ̄𝐵
(

𝑥(𝑖)
)

𝛽𝑥(𝑖) ≥ 0.

(27)

The robust set of constraints of model (27) can be equivalently refor-
mulated as:

𝑎⊤𝑥 − 𝛽⊤
𝑥(𝑖)

𝜑𝑋 ≤ 𝜂𝑥(𝑖) ∀(𝑥, 𝜑𝑋 ) ∈ ̄𝐵
(

𝑥(𝑖)
)

⇔ max
(𝑥,𝜑𝑋 ) ∈ ̄𝐵 (𝑥(𝑖))

[

𝑎⊤𝑥 − 𝛽⊤
𝑥(𝑖)

𝜑𝑋

]

≤ 𝜂𝑥(𝑖)

where the dual of the left-hand side maximization problem is equal to:

min
𝜋𝑥(𝑖)

𝜋⊤
𝑥(𝑖)

ℎ𝑥(𝑖)

s.t. 𝐶⊤
𝑋𝜋𝑥(𝑖) ≥ 𝑎

𝐷⊤𝜋𝑥(𝑖) ≥ −𝛽𝑥(𝑖)

𝜋𝑥(𝑖) ≥ 0,

(28)

with 𝜋𝑥(𝑖) ∈ R5𝑛
+ . Combining (27) with (28), and repeating for all 𝑖 =
8

1,… , 𝐼 and 𝑗 = 1,… , 𝐽 , a tractable distributionally robust formulation
of problem (2) is:

min
𝑎,𝛾,𝑧𝑋 ,𝑧𝑌 ,𝜂𝑋 ,𝜂𝑌 ,𝛽𝑋 ,𝛽𝑌 ,𝜋𝑋 ,𝜋𝑌

‖𝑎‖1 + 𝜈(𝑒⊤𝑧𝑋 + 𝑒⊤𝑧𝑌 )

s.t. 𝜂𝑥(𝑖) + 𝛽⊤
𝑥(𝑖)

𝜚𝑋 ≤ 𝛾 − 1 + 𝑧𝑥(𝑖) 𝑖 = 1,… , 𝐼
𝜋⊤
𝑥(𝑖)

ℎ𝑥(𝑖) ≤ 𝜂𝑥(𝑖) 𝑖 = 1,… , 𝐼
𝐶⊤
𝑋𝜋𝑥(𝑖) ≥ 𝑎 𝑖 = 1,… , 𝐼

𝐷⊤𝜋𝑥(𝑖) ≥ −𝛽𝑥(𝑖) 𝑖 = 1,… , 𝐼
𝜂𝑦(𝑗) + 𝛽⊤

𝑦(𝑗)
𝜚𝑌 ≤ −𝛾 − 1 + 𝑧𝑦(𝑗) 𝑗 = 1,… , 𝐽

𝜋⊤
𝑦(𝑗)

ℎ𝑦(𝑗) ≤ 𝜂𝑦(𝑗) 𝑗 = 1,… , 𝐽
𝐶⊤
𝑌 𝜋𝑦(𝑗) ≥ −𝑎 𝑗 = 1,… , 𝐽

𝐷⊤𝜋𝑦(𝑗) ≥ −𝛽𝑦(𝑗) 𝑗 = 1,… , 𝐽
𝑧𝑋 ≥ 0, 𝑧𝑌 ≥ 0
𝜋𝑋 ≥ 0, 𝜋𝑌 ≥ 0
𝛽𝑋 ≥ 0, 𝛽𝑌 ≥ 0,

(29)

where 𝜂𝑋 ∶=
[

𝜂𝑥(1) ;… ; 𝜂𝑥(𝐼)
]

∈ R𝐼 , 𝜂𝑌 ∶=
[

𝜂𝑦(1) ;… ; 𝜂𝑦(𝐽 )
]

∈ R𝐽 ,
𝛽𝑋 ∶=

[

𝛽𝑥(1) ;… ; 𝛽𝑥(𝐼)
]

∈ R𝑛𝐼
+ , 𝛽𝑌 ∶=

[

𝛽𝑦(1) ;… ; 𝛽𝑦(𝐽 )
]

∈ R𝑛𝐽
+ , 𝜋𝑋 ∶=

[

𝜋𝑥(1) ;… ;𝜋𝑥(𝐼)
]

∈ R5𝑛𝐼
+ and 𝜋𝑌 ∶=

[

𝜋𝑦(1) ;… ;𝜋𝑦(𝐽 )
]

∈ R5𝑛𝐽
+ . The number of

variables of linear formulation (29) is 𝑛+1+𝐼(2+6𝑛)+𝐽 (2+6𝑛), while the
number of constraints is 𝑛+𝐼(5+6𝑛)+𝐽 (5+6𝑛) of which 𝐼(1+6𝑛)+𝐽 (1+
6𝑛) are non-negativity constraints. From the solution of optimization
problem (29), the hyperplanes 𝐻1 and 𝐻2, satisfying properties (P1)–
(P3) are obtained. We find 𝐻3 solving the minimization problem via
line search:

min
𝑏

𝐼
∑

𝑖=1
1
(

𝜂𝑥(𝑖) + 𝛽⊤
𝑥(𝑖)

𝜚𝑋 − 𝑏
)

+
𝐽
∑

𝑗=1
1
(

𝑏 + 𝜂𝑦(𝑗) + 𝛽⊤
𝑦(𝑗)

𝜚𝑌
)

s.t. 𝛾 + 1 − 𝜔2 ≤ 𝑏 ≤ 𝛾 − 1 + 𝜔1.

(30)

To summarize, Fig. 4 provides the geometrical interpretation of the
proposed approach. First, principal directions are detected for group 𝑋.
Each nominal observation 𝑥(𝑖) is therefore bounded by a box support
and limits on 𝑥(𝑖) deviations along principal directions are enforced.
Same for every observation 𝑦(𝑗) of group 𝑌 and its principal directions.
Then, the starting hyperplane (𝑎, 𝛾) is detected by means of model
(29), and it is shifted to the right and to the left by amounts 𝜔1 and
𝜔2, respectively, to identify 𝐻1 and 𝐻2. Through line search given by
(30), the final classifier 𝐻3 is found such that the overall number of
misclassified realizations is minimized.

Notice that in the approaches described above we limited our
attention to the problem of linearly separating two sets of points;
nonetheless, those formulations can be also applied to the multiclass
separation problem (with number of classes 𝜅 > 2) by iteratively solving
a sequence of two classes separation problems. Examples of these
heuristic methods are the one-versus-all and one-versus-one schemes
(see Anzai (2012)). While the former approach detects 𝜅 −1 classifiers,
each of which solves the problem of separating points in a particular
class from all the points not in that class, the latter alternative computes
𝜅(𝜅 − 1)∕2 classifiers, one for every possible pair of classes.

5. Numerical results

In this section, we evaluate the performance of robust and distri-
butionally robust optimization models compared to their deterministic
counterparts. The proposed SVM formulations are tested on ten real-
world databases, all of which are publicly available and can be down-
loaded from Dua and Graff (2017). The data sets used are listed in
Table 2, where the number of features 𝑛 ∈ [4, 279], while the number
of observations considered 𝐼 + 𝐽 ∈ [68, 4,435]. For multiclass data
sets, we adopted the one-versus-all scheme and detected the classifier
separating the first class from the remaining ones. This was done to
ensure a fair comparison with the results reported in Bertsimas et al.
(2019), where the same approach was implemented. Clearly, models
presented in Section 4 could be also used to identify the remaining 𝜅−2
hyperplanes under the one-versus-all scheme as well as the 𝜅(𝜅 − 1)∕2

classifiers of the one-versus-one technique.
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Fig. 4. Input observations of groups 𝑋 and 𝑌 and separating hyperplanes 𝐻1, 𝐻2 and 𝐻3.
Table 2
Summary of data sets from UCI Machine Learning Repository.
Data set Application Field Observations Features Class Balancing

Arrhythmia Life Sciences 68 279 70.59%–29.41%
Breast Cancer Life Sciences 683 9 65.89%–34.11%
Breast Cancer Diagnostic Life Sciences 569 30 62.74%–37.26%
Dermatology Life Sciences 358 34 68.99%–31.01%
Heart Disease Life Sciences 297 13 53.87%–46.13%
Parkinson Life Sciences 195 22 75.38%–24.62%
Climate Model Crashes Physical Sciences 540 18 91.48%–8.52%
Landsat Satellite Physical Sciences 4435 36 95.47%–4.53%
Ozone Level Detection One Physical Sciences 1848 72 96.92%–3.08%
Blood Transfusion Business 748 4 76.20%–23.80%
d
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The computations have been performed on a 64-bit machine with
GB of RAM, a 1.8 GHz Intel i7 processor, and numerical results are

btained under MATLAB environment using MOSEK solver (version
.1.0.72).

For every data set, we first split the overall number of observations
𝐼 + 𝐽 ) at our disposal into two disjoint subsets: the former (called
raining set) contains 75% of the observations (of which 𝐼tr belong to the
irst class and 𝐽tr to the second), the latter (called testing set) contains
hat is left (𝐼ts + 𝐽ts observations). The observations of the training

et are randomly chosen with the only requirement of maintaining the
riginal class balancing, a partition strategy known in the literature as
roportional (or stratified) random sampling, i.e.:
𝐼tr

𝐼tr + 𝐽tr
= 𝐼

𝐼 + 𝐽
and

𝐽tr
𝐼tr + 𝐽tr

= 𝐽
𝐼 + 𝐽

.

e refer the reader to Chen et al. (2001) for a deeper discussion on
roportional random sampling steady performances. For the sake of
llustration, we show how to construct training sets on the data set
‘Breast Cancer Diagnostic’’. This database lists in total 𝐼 + 𝐽 = 569
bservations, of which 𝐼 = 212 represent malignant instances and
= 357 are observations of benign tumors. The class balancing is

herefore 62.74%–37.26%. In the generation of the training set we
andomly select 𝐼tr+𝐽tr = 427 observations (75% of 569), with 𝐼tr = 268

belonging to the malignant group and 𝐽tr = 159 to the benign one.
y doing so the class balancing is not altered. Worth noticing that in
ur computational experiments we did not implement any feature re-
uction algorithm (such as feature selection or feature extraction), which
eans that if an observation belongs to the training set, the entirety of

ts features will be considered during the training phase. Nonetheless,
ncluding such dimensionality reduction approaches could constitute
promising future research direction. Once the partition procedure is

omplete, different final separating hyperplanes are obtained solving,
equentially, the deterministic (2)–(4), box robust (8)–(9), ellipsoidal
obust (12)–(13) and distributionally robust (29)–(30) formulations
ver the training set. Specifically, we first set the user-defined penalty
9

g

parameter 𝜈 equally distributed in log space from 10−3 to 100 with 5
iscretization points, similarly to what is done in Liu and Potra (2009),
nd 𝑘max = 104. Then, we solve the deterministic formulation under
very candidate value 𝜈𝑖 with 𝑖 ∈ {1,… , 5}, record the hyperplane
𝐻𝜈𝑖

3 and compute the associated misclassification error 𝜀𝜈𝑖 . The final
deterministic hyperplane 𝐻3 is chosen to be the one minimizing the
misclassification error 𝜀𝜈𝑖 , i.e., 𝐻3 = 𝐻𝜈∗

3 with 𝜈∗ ∈ argmin{𝜀𝜈1 ,… , 𝜀𝜈5}.
The same procedure is repeated for the box formulation, where we
additionally set perturbation vectors 𝜁𝑥(𝑖) and 𝜁𝑦(𝑗) equal to the standard
deviation vectors 𝜎𝑋 and 𝜎𝑌 of the training groups 𝑋 and 𝑌 , i.e.,
𝜁𝑥(𝑖) = 𝜎𝑋 , 𝑖 = 1,… , 𝐼tr and 𝜁𝑦(𝑗) = 𝜎𝑌 , 𝑗 = 1,… , 𝐽tr . Similarly, for
the ellipsoidal robust formulation where covariance matrices are given
by 𝛴

1
2
𝑥(𝑖)

= diag(𝜎𝑋 ), 𝑖 = 1,… , 𝐼tr and 𝛴
1
2
𝑦(𝑗)

= diag(𝜎𝑌 ), 𝑗 = 1,… , 𝐽tr . For
he distributionally robust model, we first perform PCA on the training
ets and fix the parameter 𝐾 ∈ N⧵{0} to tune the maximum deviations
llowed along principal directions for each observation. For all our
est problems, the results we get with values of 𝐾 larger than 2 are
orsening in terms of accuracy levels. Thus, we use 𝐾 ∈ {1, 2}. Worth

recalling that setting 𝐾 = 1 grants more dispersion compared to 𝐾 = 2.
For all the robust and distributionally robust formulations, procedures
are repeated considering increasing levels of 𝜌𝑋 , 𝜌𝑌 ∈ {0.1, 0.2, 0.3}.

fter detecting the final separating hyperplanes using the training
ata and under the different formulations, we measure their predic-
ion accuracy by reporting the out-of-sample misclassification error
n observations belonging to the testing set (i.e., computing testing
rrors). In order to get stable results, the experiments are performed
ver 100 different compositions of the hold-out 75%–25% and results
re averaged. Furthermore, the procedure is repeated under different
old-outs: 50%-50& and 25%–75%.

These perturbation assumptions for robust and distributionally ro-
ust models imply that all the sources of information about features
ight follow the same form of uncertainty. This is a simplifying as-

umption driven by the unavailability of explicit details on input data
athering, especially in the medical field where data often comes
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Fig. 5. Lowest out-of-sample testing error rates over changes of 𝜌𝑋 , 𝜌𝑌 per formulation under the data sets: (5(a)) Breast Cancer; (5(b)) Heart Disease. Vertical error bars represents
standard errors. Data of Table 3.
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from heterogeneous sources (e.g., medical imaging, pathology reports,
physician notes, genetic assays, lab results, etc.). Naturally, precise
knowledge of special structure of input instances would be desired, as
would allow taking into account non-homogeneous sources and would
therefore lead to wiser choices of perturbations parameters.

For each formulation and every considered data set, we report in
Table 3 mean out-of-sample testing errors and standard deviations1

for the first hold-out 75% − 25%. The solutions under our robust and
distributionally robust approaches have intuitive practical appeal, and
offer important operational insights. Foremost, by adjusting the radius
parameters 𝜌𝑋 , 𝜌𝑌 all robust and distributionally robust formulations
are always able to improve prediction accuracies compared to their de-
terministic counterpart. Therefore, numerical experiments demonstrate
that accounting for uncertainty proves to always be beneficial in terms
of SVM predictive power.

Furthermore, it can be noted that once the optimal degree of
conservatism is identified, then departing from it translates into a
progressive worsening of performances. For instance, for the data set
‘‘Breast Cancer’’ the highest-accuracy model is the distributionally ro-
bust with 𝐾 = 1 (out-of-sample testing error rate equal to 3.12%). It
follows that opting for progressively more conservative models (ellip-
soidal and box robust, in the order) gradually increases out-of-sample
testing errors (3.31% and 3.36%, respectively); same conclusion can
be drawn solving a less conservative model (distributionally robust
with 𝐾 = 2, with an out-of-sample testing error rate setting around
3.25%). For ease of visualization, Fig. 5(a) reports the lowest out-
of-sample testing error rate achieved by every formulation under the
‘‘Breast Cancer’’ data set (data from Table 3). In a similar fashion,
for the data set ‘‘Heart Disease’’ the highest-accuracy model happens
to be the ellipsoidal robust (out-of-sample testing error rate equal to
16.20%) and solving less conservative models (distributionally robust
with 𝐾 = 1, 2) gradually increases out-of-sample testing errors (16.28%
and 16.50%, respectively); same conclusion can be drawn solving a
more conservative model (box robust, with an out-of-sample testing
error rate setting around 16.38%), see Fig. 5(b). The same trends are
confirmed under every data set, whose plots are reported in Appendix B
(see Figure 8) for the sake of exposition.

Furthermore, we compare the performance of our models with
the accuracy scores reported in Bertsimas et al. (2019), that we con-
sider literature benchmark results for robust classification with feature

1 For each method and every data set, the best result is underlined. Overall,
or every single data set, we indicate in bold the lowest out-of-sample testing
rror rate achieved.
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b

uncertainty. Such comparison highlights that our classifiers perform
favorably relative to the standard SVM feature-robust formulation for
the majority of the considered problems: 8 out of 10 data sets, as shown
in Table 4. Overall, experimental results show that the robustification of
the deterministic formulation (2)–(4) proposed in Liu and Potra (2009)
leads to more powerful decision boundaries compared to classical
approaches.

In Tables 7 and 8 (see Appendix B) we present the results under
the 50%–50% and 25%–75% hold-outs. We observe that, with respect
to the 75%–25% hold-out, robust and distributionally robust meth-
ods significantly outperform the deterministic formulation in terms of
prediction accuracy with improvements that increase as the training
sample size decreases. This confirms that robust and distributionally
robust methods produce high-quality classifiers when the uncertainty
increases during the training phase, and therefore their ability to
recover the truth from the data increases. To this end, Table 5 shows
the robust and distributionally robust improvements in out-of-sample
testing errors over their deterministic counterpart. For every data set,
we report the best performing model under each hold-out with its
average out-of-sample testing error, which we refer to as 𝜏∗. We also
compute the improvement ratios 𝛿 as follows:

𝛿 ∶= 𝜏det − 𝜏∗

𝜏det

ith 𝜏det being the average out-of-sample testing error of the determin-
stic model of each data set.

To highlight the statistical significance of our results, under each
ata set, we also display the 𝑝-values for the best performing method
gainst the result of its deterministic counterpart, see Table 6. Reported
-values are calculated performing a paired-sample 𝑡-test under the
ssumption of the null hypothesis that the difference in accuracy of
he deterministic and robust or distributionally robust classifier is zero.
ll results are found to be significant with respect to the typical 5%

hreshold, except for the ‘‘Heart Disease’’ with 75%–25% hold-out that
tarts rejecting the null hypothesis at a significance level equal to
.73%. We recall that the smaller the 𝑝-value, the more significant is
he difference in accuracy.

In Fig. 6, for the considered hold-outs, we report the number of data
ets for which every formulation gave the lowest out-of-sample testing
rror rate. Histograms clearly underline that for greater training sets
75% of that overall data) less conservative models tend to perform bet-
er with respect to the most conservative model (i.e., box). Conversely,
s the cardinality of the training set progressively diminishes (down
o 25% of that overall data, under the most extreme circumstance)
est predictions are obtained using more conservative models. We
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Table 3
Average out-of-sample testing errors and standard deviations over 100 runs of the deterministic, robust and distributionally robust models, for
the different considered data sets. Hold-out 75%–25%.

Deterministic 𝜌𝑋 = 𝜌𝑌 Box
RO

Ellipsoidal
RO

DRO
𝐾 = 1

DRO
𝐾 = 2

Arrhythmia 25.65% ± 0.107
0.1 23.65% ± 0.104 24.82% ± 0.102 23.65% ± 0.097 23.41% ± 0.090
0.2 23.53% ± 0.092 23.06% ± 0.102 23.29% ± 0.095 23.65% ± 0.093
0.3 23.06% ± 0.088 𝟐𝟑.𝟎𝟎% ± 𝟎.𝟎𝟖𝟗 23.53% ± 0.090 23.65% ± 0.090

Average CPU seconds 0.560 0.955 1.338 125.292 104.712

Breast Cancer 3.49% ± 0.012
0.1 3.58% ± 0.013 3.53% ± 0.012 3.34% ± 0.011 3.51% ± 0.012
0.2 3.47% ± 0.012 3.43% ± 0.014 3.24% ± 0.012 3.33% ± 0.011
0.3 3.36% ± 0.013 3.31% ± 0.012 𝟑.𝟏𝟐% ± 𝟎.𝟎𝟏𝟐 3.25% ± 0.012

Average CPU seconds 0.244 0.324 1.118 7.627 7.449

Breast Cancer Diagnostic 4.89% ± 0.015
0.1 3.90% ± 0.016 4.45% ± 0.015 4.66% ± 0.016 4.70% ± 0.015
0.2 3.97% ± 0.015 𝟑.𝟖𝟗% ± 𝟎.𝟎𝟏𝟓 4.06% ± 0.016 4.12% ± 0.017
0.3 4.04% ± 0.015 4.09% ± 0.014 4.10% ± 0.015 4.23% ± 0.015

Average CPU seconds 0.261 0.330 0.622 20.383 17.094

Dermatology 0.56% ± 0.008
0.1 0.34% ± 0.007 0.34% ± 0.008 0.21% ± 0.007 0.31% ± 0.008
0.2 0.24% ± 0.007 0.19% ± 0.006 0.21% ± 0.007 0.30% ± 0.008
0.3 0.20% ± 0.006 𝟎.𝟏𝟑% ± 𝟎.𝟎𝟎𝟓 0.29% ± 0.008 0.35% ± 0.009

Average CPU seconds 0.357 0.608 1.072 9.958 9.331

Heart Disease 16.68% ± 0.039
0.1 16.38% ± 0.037 16.38% ± 0.036 16.28% ± 0.039 16.50% ± 0.041
0.2 17.81% ± 0.045 𝟏𝟔.𝟐𝟎% ± 𝟎.𝟎𝟑𝟓 16.61% ± 0.039 16.88% ± 0.037
0.3 21.57% ± 0.043 16.49% ± 0.037 18.16% ± 0.040 17.32% ± 0.040

Average CPU seconds 0.228 0.269 1.002 3.319 3.238

Parkinson 14.13% ± 0.043
0.1 13.38% ± 0.032 𝟏𝟑.𝟎𝟎% ± 𝟎.𝟎𝟑𝟕 14.31% ± 0.039 14.29% ± 0.039
0.2 14.42% ± 0.031 13.21% ± 0.033 13.75% ± 0.038 14.00% ± 0.038
0.3 15.50% ± 0.037 13.79% ± 0.033 13.60% ± 0.035 13.94% ± 0.036

Average CPU seconds 0.212 0.314 0.611 2.851 2.811

Climate Model Crashes 4.99% ± 0.016
0.1 4.80% ± 0.013 4.67% ± 0.013 𝟒.𝟑𝟒% ± 𝟎.𝟎𝟏𝟕 4.41% ± 0.013
0.2 6.01% ± 0.011 4.48% ± 0.013 4.38% ± 0.016 4.76% ± 0.019
0.3 8.50% ± 0.004 4.61% ± 0.014 5.18% ± 0.015 5.62% ± 0.021

Average CPU seconds 0.252 0.317 0.540 8.234 8.002

Landsat Satellite 0.43% ± 0.001
0.1 0.44% ± 0.002 0.42% ± 0.001 0.46% ± 0.002 𝟎.𝟑𝟔% ± 𝟎.𝟎𝟎𝟏
0.2 0.42% ± 0.002 0.39% ± 0.001 0.37% ± 0.001 0.40% ± 0.001
0.3 0.43% ± 0.002 0.41% ± 0.002 0.37% ± 0.001 0.49% ± 0.001

Average CPU seconds 0.906 1.041 1.250 1,142.028 1,128.582

Ozone Level Detection One 6.19% ± 0.013
0.1 5.32% ± 0.012 4.97% ± 0.009 4.80% ± 0.012 3.15% ± 0.001
0.2 4.84% ± 0.008 3.86% ± 0.007 4.11% ± 0.007 3.06% ± 0.001
0.3 4.57% ± 0.008 3.81% ± 0.004 3.72% ± 0.006 𝟑.𝟎𝟔% ± 𝟎.𝟎𝟎𝟏

Average CPU seconds 0.628 0.819 0.993 683.121 677.719

Blood Transfusion 23.49% ± 0.026
0.1 23.21% ± 0.010 23.28% ± 0.013 22.87% ± 0.013 23.02% ± 0.015
0.2 23.43% ± 0.007 𝟐𝟐.𝟓𝟓% ± 𝟎.𝟎𝟏𝟎 22.78% ± 0.014 22.80% ± 0.014
0.3 23.53% ± 0.008 23.36% ± 0.005 23.46% ± 0.021 23.09% ± 0.016

Average CPU seconds 0.255 0.305 0.927 7.158 7.040
Table 4
Out-of-sample testing error rates comparison. Data of Table 3 against accuracy scores from
Bertsimas et al. (2019). For each data set, we indicate in bold the lowest out-of-sample
testing error rate achieved.
Data set Table 3 Bertsimas et al. (2019)

Arrhythmia 23.00% 29.23%
Breast Cancer 3.12% 4.26%
Breast Cancer Diagnostic 3.89% 4.04%
Dermatology 0.13% 1.13%
Heart Disease 16.20% 16.61%
Parkinson 13.00% 16.41%
Climate Model Crashes 4.34% 4.07%
Landsat Satellite 0.36% 1.87%
Ozone Level Detection One 3.06% 2.98%
Blood Transfusion 22.55% 23.62%
11
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Table 5
Robust improvements with respect to the deterministic model on hold-outs 75%–25%, 50%–50%, 25%–75%.

75%–25% 50%–50% 25%–75%

BEST MODEL 𝜏∗ 𝛿 BEST MODEL 𝜏∗ 𝛿 BEST MODEL 𝜏∗ 𝛿

Arrhythmia Ellipsoidal 23.00% 10.32% Box 24.00% 10.33% Box 29.04% 12.47%
Breast Cancer DRO 𝐾 = 1 3.12% 10.54% DRO 𝐾 = 1 3.28% 11.30% Box 3.74% 22.25%
Breast Cancer Diagnostic Ellipsoidal 3.89% 20.45% Ellipsoidal 4.41% 21.25% Ellipsoidal 4.94% 22.20%
Dermatology Ellipsoidal 0.13% 76.79% Ellipsoidal 0.21% 76.67% Ellipsoidal 0.46% 77.34%
Heart Disease Ellipsoidal 16.20% 2.88% Ellipsoidal 17.82% 4.91% Ellipsoidal 19.67% 5.43%
Parkinson Ellipsoidal 13.00% 7.96% Ellipsoidal 14.23% 8.91% Ellipsoidal 16.26% 9.29%
Climate Model Crashes DRO 𝐾 = 1 4.34% 13.03% Ellipsoidal 4.87% 13.19% Box 6.40% 15.90%
Landsat Satellite DRO 𝐾 = 2 0.36% 17.17% DRO 𝐾 = 2 0.41% 18.58% DRO 𝐾 = 1 0.47% 20.88%
Ozone Level Detection One DRO 𝐾 = 2 3.06% 50.52% DRO 𝐾 = 1 3.06% 51.27% DRO 𝐾 = 1 3.08% 52.09%
Blood Transfusion Ellipsoidal 22.55% 4.00% Ellipsoidal 22.88% 4.39% Ellipsoidal 23.03% 4.40%
Table 6
𝑝-values of the best performing robust model on hold-outs 75%–25%, 50%–50%, 25%–75%.

75%–25% 50%–50% 25%–75%

BEST MODEL 𝑝-value BEST MODEL 𝑝-value BEST MODEL 𝑝-value

Arrhythmia Ellipsoidal 3.26E−02 Box 5.69E−04 Box 3.60E−09
Breast Cancer DRO 𝐾 = 1 1.38E−02 DRO 𝐾 = 1 1.60E−05 Box 3.49E−11
Breast Cancer Diagnostic Ellipsoidal 2.54E−11 Ellipsoidal 1.39E−17 Ellipsoidal 1.54E−15
Dermatology Ellipsoidal 9.50E−06 Ellipsoidal 4.66E−14 Ellipsoidal 1.20E−17
Heart Disease Ellipsoidal 8.73E−02 Ellipsoidal 2.84E−04 Ellipsoidal 2.26E−05
Parkinson Ellipsoidal 2.10E−04 Ellipsoidal 5.15E−05 Ellipsoidal 1.66E−04
Climate Model Crashes DRO 𝐾 = 1 8.70E−03 Ellipsoidal 1.50E−06 Box 7.51E−07
Landsat Satellite DRO 𝐾 = 2 6.07E−05 DRO 𝐾 = 2 6.20E−04 DRO 𝐾 = 1 1.38E−05
Ozone Level Detection One DRO 𝐾 = 2 3.30E−43 DRO 𝐾 = 1 3.98E−32 DRO 𝐾 = 1 5.52E−47
Blood Transfusion Ellipsoidal 8.02E−05 Ellipsoidal 1.70E−09 Ellipsoidal 1.18E−11
Fig. 6. Number of data sets for which every formulation gave the lowest out-of-sample testing error rate. Data of Tables 3, 7 and 8.
recall, indeed, that distributionally robust formulations represent more
aggressive approaches, since they extract relevant information on the
given data and exploit it to define per group perturbation directions.

To provide advice to final users on when it is valuable to use robust
rather than distributionally robust models in practical applications,
Fig. 7 plots the best performing method against the dimension of the
training data set (25%, 50%, 75%). Additionally, the circle sizes are
proportional to the values of robust improvements 𝛿 from Table 5.
We observe that distributionally robust models outperform robust for-
mulations for the majority of the training sets in the region of high
dimensionality (i.e., training sample size with more than approximately
500 observations). Contrariwise, robust models beat distributionally
robust methods for the majority of training sets in the region of low
dimensionality (i.e., training sample size with less than approximately
500 observations). It is also insightful to compare distributionally robust
formulations with distinct degrees of conservatism. Indeed, we observe
that more aggressive distributionally robust models (obtained setting
𝐾 = 2) outperform more conservative formulations for the training sets
with more than approximately 1000 observations. This confirms our
previous conclusion related to the value of the information at disposal
during the training phase, which makes opting for more aggressive
models when data might be considered more trustworthy.
12
Fig. 7. Best performing models versus dimension of the training samples. Data are
from Tables 3, 7 and 8. Horizontal axis is in log-scale.

Tables 3, 7 and 8 also present the average CPU time (in sec-
onds) required to find a solution for each method over 500 runs.
Numerical results show that solutions for the deterministic and robust
formulations were obtained within a few seconds. Contrariwise, higher
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computational times are observed for the distributionally robust for-
mulations, especially for data sets with larger numbers of observations
(e.g., Landsat Satellite and Ozone Level Detection One) or greater
number of features (e.g., Arrhythmia). In these cases, deterministic as

ell as box and ellipsoidal RO methods are several orders of magnitude
aster. Therefore, we can conclude that a satisfactory trade-off between
ccuracy and performing speed is provided by ellipsoidal formulations.

The crucial takeaway message of this work is that hedging against
ncertainty in the input observations via robust and distributionally
obust approaches offer substantial benefits compared to deterministic
ormulations and can improve the classification accuracy up to 77.34%
see Table 5). Furthermore, accuracy results recorded by robust and
istributionally robust classifiers are more stable, showing less variabil-
ty when compared to the separators obtained under the deterministic
pproach. The proposed formulations, overall, allow finding a trade-off
etween increasing the average performance accuracy and protecting
gainst uncertainty, enabling the decision maker to chose the strategy
hat is appropriate for each decision making setting.

. Conclusions

In this paper we have presented new optimization models for SVM
nder uncertainty. Since the consideration of uncertainty is critical to
nhance classifiers predictive power, we have formulated robust models
ith uncertainty regions in the form of both box and ellipsoids, and
istributionally robust models that enforce limits on first-order devi-
tions of each input observations along principal directions. We have
onducted extensive computational tests on real-world databases with
everal fields of application. The proposed robust and distributionally
obust models have proved to have stronger prediction ability com-
ared to their corresponding deterministic one. Numerical experiments
ave also shown that as the information at disposal during the train-
ng step increases, better prediction accuracy is achieved with more
ggressive models (such as the distributionally robust) that account
or a higher degree of information. Contrariwise, assuming to have
nformation when such is unreliable has led to poor results. Indeed, as
he training sample size gets smaller and the available amount of data
s scarce, the utility of implementing distributionally robust approaches
as decreased and more conservative models (i.e., box and ellipsoidal
obust formulations) have performed better. Overall, taking uncertainty
nto account during the training phase – to reasonable extents – has
lways enhanced the classifier’s predictive power. Further research
ctivity could be focused on different interesting directions such as:
1) distributionally robust formulations with ellipsoidal supports for
VM; (2) consider the use of different kernel functions for non-linear
lassifiers under uncertainty; (3) consider the uncertainty in the labels;
4) extend SVM formulations to DRO with different ambiguity sets, such
s the ones induced by 𝜙-divergences and Wasserstein distance. On this
ast regard, the use of distance-based approaches such the Wasserstein-

metric (Noyan et al., 2018) and an appropriate choice of robustness
evel could guarantee the inclusion of the true distribution within the
mbiguity set with a prescribed level of confidence.
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