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Abstract

We show how to deform a Poisson quasi-Nijenhuis manifold by means of a closed
2-form. Then we interpret this procedure in the context of quasi-Lie bialgebroids, as a
particular case of the so called twisting of a quasi-Lie bialgebroid. Finally, we frame
our result in the setting of Courant algebroids and Dirac structures.
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1 Introduction

A tensor N of type (1,1) on a manifold M is called a Nijenhuis operator if its
Nijenhuis torsion vanishes—see (11). Such a geometrical object was introduced in
Nijenhuis (1951) and is still the subject of interesting investigations (see Bolsinov
and Konyaev 2022 and references therein). Moreover, it is very useful in the the-
ory of integrable systems thanks to the notion of Poisson—Nijenhuis (PN) manifold
(Kosmann-Schwarzbach and Magri 1990; Magri et al. 1985), i.e., a manifold endowed
with a Poisson tensor w and a Nijenhuis operator N fulfilling suitable compatibility
conditions—see (6). This approach to integrability was put in a more general context
in Dorfman (1987), Dorfman (1993), using suitable pairs of Dirac structures.
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Poisson quasi-Nijenhuis (PqN) manifolds, see Stiénon and Xu (2007), are a gen-
eralization of PN manifolds, where 7 and N are still compatible but the Nijenhuis
torsion of N is just required to be controlled by a suitable 3-form (so it is not necessar-
ily zero). Some preliminary results about the relevance of PqN manifolds in the study
of integrable systems have recently been obtained in Falqui et al. (2020), Falqui et al.
(2023). Much remains to be done as far as the construction of a family of functions in
involution is concerned.

As shown in Kosmann-Schwarzbach (1996), one can associate a Lie bialgebroid,
see Mackenzie and Xu (1994), to a PN manifold. In a similar way, a quasi-Lie bialge-
broid can be associated to a PqN manifold, see Stiénon and Xu (2007) and Roytenberg
(2002). A general setting to describe Lie bialgebroids and quasi-Lie bialgebroids is
supplied by the notions of Courant algebroid and Dirac structure (Courant 1990;
Liu et al. 1997)—for the definition of Courant algebroid, see Appendix A and refer-
ences therein. Indeed, Lie bialgebroids are in one-to-one correspondence with pairs of
transversal Dirac structures in a Courant algebroid. If one of the transversal structure
is not Dirac but Lagrangian, one obtains a quasi-Lie bialgebroid (see, e.g., Stiénon and
Xu (2007) and references therein). Moreover, in Iglesias-Ponte et al. (2012) (following
Roytenberg (2002)) it is shown how to deform a quasi-Lie bialgebroid (A, A*) thanks
to the so called twisting by a section of /\2 A.

The aim of this paper is to present a result about the deformation of a PqN manifold
into another PqN manifold, by means of a closed 2-form. This is a first step to generalize
the ideas in Dorfman (1993), with the aim of constructing (under suitable assumptions)
an involutive family of functions on a PqN manifold. We will give a direct proof of
our resultin Sect. 2.1, a proof in the setting of twists of quasi-Lie bialgebroids in Sect.
2.2, and a proof in the context of Courant algebroids and Dirac structures in Sect. 3.

Conventions and Notations. Hereafter all manifolds will be smooth of class C*° and
defined over the real numbers R. In the same vein, all vector bundles considered will
be real and smooth of class C°° and their sections will be always considered smooth
of the same class. As far as the notation is concerned, a vector bundle whose total
space, base and canonical projection are E, M and, respectively, p will be denoted
by the triple (E, p, M) or, more simply, by E, if this will not be cause of confusion.
The space of (global) sections of E will be denoted by I'(E). For the general notions
about Lie algebroids used hereafter we refer the reader to the monograph Mackenzie
(2005).

2 Poisson Quasi-Nijenhuis Manifolds and Quasi-Lie Bialgebroids

In the first part of this section we recall the definition of Poisson quasi-Nijenhuis
manifold and we present a result, generalizing that in Falqui et al. (2023), concerning
the deformations of PqN manifolds. The second part is devoted to a recollection of
definitions and results on quasi-Lie bialgebroids, and to an alternative proof of our
result.
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2.1 Poisson Quasi-Nijenhuis Manifolds

First of all, recall (see, e.g., Kosmann-Schwarzbach and Magri 1990) that any bivector
s on a manifold M induces a bracket on the space I'(T* M) of 1-forms, given by

[, Blx = Lz — Lyzger — d(B, 7°at), ey

where 7% : T*M — TM is defined as (8, 7*a) = m(a, B), and that (1) is a
Lie bracket if and only if 7 is Poisson. Suppose that it is so, and extend (1) to a
degree —1, R-bilinear bracket on I'(/\°* T* M), still denoted by [-, -], such that for

alln € T(A? T* M) and ' € T(A? T* M)

(K1) [, 7'lx = —(=D) D@Dy, 9],

K2) [o, flr = izt,df = (df, nja) for all f € C*°(M) and for all 1-forms «;

(K3) [n, -1 is a graded derivation of (I'(/\* T*M), A), that is, for any differential
form n”,

o A0 le =0 Te A" + (=D DY Ay, n"]x. )

It follows that the graded Jacobi identity,

(=) @=D@=Dyy 1, 13101 4+ (=) @D@D ) 03 011 e
+ (=)@ =D@=D s [0y, mlele =0, 3)

holds (see, e.g., Marle (2008), Proposition 5.4.9), where ¢; is the degree of n;, and
that, for any differential form 5 and for any f € C*°(M),

Lfs e = izzapm- “)

Remark 1 The bracket on I'(/\* T*M) introduced above is an instance of the so
called generalized Schouten bracket, which can be defined on the exterior algebra
of the vector space I'(A) of any Lie algebroid (A, [, -]4, p4), see pages 418-419
in Mackenzie and Xu (1994). The generalized Schouten bracket associated to the Lie
algebroid (T M, [, -1, id) is the usual Schouten bracket defined on ' (/\* 7. M), while
the one stemming from (1) is associated to the Lie algebroid defined by the Poisson
bivector field 7. Note that the sign conventions in the above formulas are the same
as in Mackenzie and Xu (1994) and in agreement with the ones adopted in Dorfman
(1993), see Proposition 2.13. Indeed, if read at the level of the generalized Schouten
bracket [-, -], it becomes, for 1-forms «; and 8;,

[ A Aay, Bi A A Byl

n m
DD DM ai, Bile Aat A AGIA - A ABLA - AP A AP,
i=1 j=1

that can be obtained applying iteratively (K1) and (K3) to its left-hand side.

The following example points to a useful identity.
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Example2 If Q@ € T(A\>T*M) and @ : TM — T*M is defined as usual by
Q(X) =ixQ, thenforall X, Y, Z € I'(T M)

[Q.QlL(X.Y.2)=2 Y (([QX.QY]x.2) — Lgx(QY.2). ©)
OX,Y,Z)

which follows by applying to our setting Formula (2.31) and Proposition 2.15 in
Dorfman (1993).

Recall now that a Poisson tensor 7 and a (1, 1) tensor field N : TM — T M on
M are said to be compatible (Kosmann-Schwarzbach and Magri 1990; Magri et al.
1985) if

Nr*=7*N* and [a, Blry =[N*a, Blz+[a, N*Bl, —N*[a, Blx for all 1-forms a, B,
(6)

where N* : T* M — T*M is the transpose of N and 7y is the bivector field defined
by n,:\t, = Nx¥ (notice that it is a bivector thanks to the first condition).
Finally, given a p-form o with p > 1, the p-form iy« is defined as

14
iNoe(Xl,...,X,,)=Za(X1,...,NX,-,...,X,,), (7

i=1
while iy f = O for all functions f. After introducing
dy =iyod—doiy, 8)

it can be proved, see Kosmann-Schwarzbach (1996), that the compatibility between
a Poisson tensor 7 and a (1, 1) tensor field N is equivalent to requiring that dy is a
derivation of [-, -], a fact that we will often use in the rest of the paper. Moreover, for
any k-form n one has that

k+1
Ay X X = YD Ly, (10X R X))

i=1
+Z(—1)i+j7]([xi,Xj]N,X1...,)fi,...,)fj,...,Xk_»,_l),
i<j
©)
where
[X.YIv =[NX,Y]+[X,NY] - N[X,Y]. (10)

In Stiénon and Xu (2007) a Poisson quasi-Nijenhuis (PgN) manifold was defined
as a quadruple (M, 7, N, ¢) such that:

e the Poisson bivector 7 and the (1, 1) tensor field N are compatible;
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e the 3-forms ¢ and iy ¢ are closed;
o Tn(X,Y)=n" (ixrye) for all vector fields X and Y, where iy ny ¢ is the 1-form
defined as (ix y¢®, Z) = ¢(X, Y, Z), and

Tn(X,Y)=[NX,NY]—-N[X,Y]n (11)

is the Nijenhuis torsion of N.

A slightly more general definition of PqN manifold was recently proposed in Bursztyn
and Drummond (2019)—see also Bursztyn et al. (2022), where the PqN structures are
recast in the more general framework of the Dirac-Nijenhuis ones. Another interesting
generalization, given by the so called PqN manifolds with background, was considered
in Antunes (2008), see also Cordeiro and Nunes da Costa (2010).

If ¢ = 0, then the torsion of N vanishes and M becomes a Poisson—Nijenhuis
(PN) manifold (see Kosmann-Schwarzbach and Magri (1990) and references therein).
In this case, wy is a Poisson tensor compatible with 7, so that (M, w, wy) is a bi-
Hamiltonian manifold.

The following theorem generalizes a result in Falqui et al. (2023), where the starting
point was a PN manifold.

Theorem3 Let (M, 7, N, ¢) be a PgN manifold and let Q2 be a closed 2-form. If
N =N +7*Q"and

—~ 1
¢=¢+dNQ+E[Q,Q]ns 12)

then (M, m, N, a) is a PgN manifold. In particular, if Q is a solution of the non
homogeneous Maurer-Cartan equation

Ay + %[sz, Qly = —, (13)

then (M, m, ﬁ) is a PN manifold.
Proof 1t is similar to the one given in Falqui et al. (2023), corresponding to the case
¢ = 0. We present here only the main points, focussing on the differences.
To prove the compatibility between 7w and N, we notice that d$2 = 0 implies
dyrp =[2, Ir. (14)
In fact, both d, 4 » and [2, -] are graded derivation of (22°(M), A), anticommuting

with d and coinciding on C*°(M)—see Falqui et al. (2023) for details. The previous
identity entails that

dﬁ = dN.H-,qu =dy + [, ‘1x.
Hence dj is a derivation of [, -], yielding the compatibility between N and 7.
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The closedness of a easily follows from that of ¢ and €2, recalling thatd o dy =
—dp o d and that d is a derivation of [-, -],;. Moreover,

~ 1
dgy¢ = (dy + (2, -]2) (@ +dnvS2 + E[Q’ Qlx)

1 1
=dyo +d3Q+ E[dNQ, Qlr — 5[9, dyQlx +[2, ¢lx + [, dvQ2]x

1
+§[Q,[Q7Q]n]n

= [¢, Qly + [dN 2, Q17 +[2, ¢lx + [2, dv Q27 + %[Q, [2, Q71 =0,
(15)
thanks to d12v = [¢, 1x, the fact that dy is a derivation of [-, -], the commutation
rule (K1), and the graded Jacobi identity (3). Furthermore, observe that dy¢ = 0 as
a consequence of (8). Then i ﬁa is closed because of (8) and dd? =0.
Finally, if « is any differential form,

da = (dy +[Q, 1r) (dve + [Q, @lx)
=dYa +[dyQ, aly — [Q, dyaly + [, dvals +[Q,[Q, ¢l ]x
1 (16)
=9, alx + A2, ol + 5112, s, @l
= [, alx.

As shown in Lemma 3.7 of Stiénon and Xu (2007), this implies that T (X, Y) =
7* (ixay¢) for all vector fields X, Y. ]

Remark 4 1f 693 is the (additive) group of closed 2-forms on M, the theorem above

implies that the set of the PqN-structures on M carries the following & o2-action:

1
Q.M, 7, N,$p) = (M, 7, N +7°Q, ¢ +dyQ + 7192, Qo). (17)
In fact, if 21, 2, € @Q%, then
Q1.(2.(M, 7, N, $))
1
=Q.(M, 7, N+7°Q), ¢ +dy + 5122, Q1))
=M, 7, N+ 721 + )", ¢ +dy22

1
b 21 + 5[91, Qilr)

1
+§[921 92]7'[ + dN+7T:Qz

1
=M, 1, N +7%Q + )", ¢ +dy(Q1 + ) + E[Q] + Q, Q1 + Q217),

where the last equality was obtained observing that dy , ;zo, = dv +dyzq, =dy +
[Q22, -] since d2p = 0, and [Q21, 2], = [22, 1], see Property (K1).
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The aim of the rest of the paper is two give two alternative proofs of Theorem 3, in
the frameworks of quasi-Lie bialgebroids (see next subsection) and Dirac structures
(see Sect. 3).

2.2 Quasi-Lie Bialgebroids

Suppose that p : A — M is a Lie algebroid (see, e.g., Mackenzie (2005)) with anchor
pa : A = TM and Lie bracket [, -]4, defined on the space of sections I'(A) and
then extended to I'(/\* A), see Remark 1. Recall that, given P € I'( /\k A™), one can
defined4 P € 1"(/\]‘+1 A*) as

k+1
(daP) (@1 ) = 3 (=D pa(@) (Pt ... i agg))
i=1

+ Y D P, ejlas e i),
i<j
(18)
forall @y, ..., ar+1 € ['(A), and that d4 is a degree-1 derivation of I'(/\* A*) such
that d3 = 0.

Definition 5 (Stiénon and Xu (2007)) A quasi-Lie bialgebroid is a triple (A, ds=, ¢),
where

e AisaLie algebroid

o dy« is a degree-1 derivation of I'(/\* A), both with respect to the wedge product
and [+, -]a

° pc F(/\3 A) satisfies dg+¢ = 0 and d3. = [@, -]a.

Under these assumptions, one can define a morphism py+: A* — T M by
pax(X)(f) = X(da« f), VX e '(A"), f € C(M), 19)
a bracket in I'(A*) by

[X, Y]ax(a) = pax(X)(a(Y)) — pa=(Y)(@(X)) — (da=a)(X,Y), Va €TI'(A),
(20)
and show that d 4+ is explicitly given by a formula which is analog to (18). If ¢ = 0, then
(A*, pax, [+, -1a+) is also a Lie algebroid, and (A, A*) turns out to be a Lie bialgebroid
(see, e.g., Stiénon and Xu (2007)).
The first alternative proof of Theorem 3 hinges on the following two results.

Proposition 6 (Stiénon and Xu 2007, Proposition 3.5) The quadruple (M, , N, ¢)
is a Poisson quasi-Nijenhuis manifold if and only if (T*M),dn, @) is a quasi-Lie
bialgebroid and ¢ is closed.

Proposition 7 If (A, da=, @) is a quasi-Lie bialgebroid, Q2 € /\2 A, and

~ _~ 1
da =dar + [, -4, ¢=¢>+dAQ+§[Q,Q]A,
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then (A, da-, &5\) is a quasi-Lie bialgebroid too, called the twist of (A, dax, ¢) by .

This statement can be found, for example, at the beginning of Section 4.4 of Iglesias-
Ponte et al. (2012). Its proof consists in showing that the new defined triple satisfies
what is needed to form a quasi-Lie bialgebroid, i.e., EA*a = 0 and 83\* = [</1)\, 14,
which can be both checked by a direct computation completely analogous to (15) and,
respectively, (16).

Remark 8 Note that if ¢ = 0 Proposition 6 reduces to the correspondence between
Lie bialgebroids and PN manifolds described in Kosmann-Schwarzbach (1996).

Going back to the proof Theorem 3, let ((T* M), dy, ¢) be the quasi-Lie bialge-
broid associated to the PgN manifold (M, 7, N, ¢), and let Q2 be any 2-form on M.
Then we obtain the twist ((T*M),,dy + [, -1z, ¢), where

~ 1
¢=0¢+dy2+ E[Q’ Q.
If d2 = 0, we know from (14) that [€2, -], = dz g». Therefore
dy + [, 1z =dyi: o =dg, where N = N + ¢ Q.

The last step is to realize that the quasi-Lie bialgebroid ((T*/\/l)ﬂ ,dg, @ comes from
a PgN manifold, i.e., that ¢ is closed. This follows, as already observed just above
Formula (15), from the fact that both ¢ and 2 are closed.

Remark 9 Proposition 7 and a computation very similar to the one in Remark 4 show
that the (additive) group ®q2 of all 2-forms on M acts on the set of all quasi-Lie
bialgebroids of the form ((T* M)y, dy, ¢) by twisting them, i.e.,

1
QUT* M)z, dy, @) = (T* M)z, dy +[Q, 17, ¢ +dyvQ2 + E[Q’ Qlz). 2D

The latter restricts to an action of &2, see Remark 4, on the set of all quasi-Lie
bialgebroids of the form ((7* M), dy, L¢>) withd¢ = 0. Finally, the bijection between
the set of PgN structures (M, 7, N, ¢) and the quasi-Lie bialgebroids of the form
((T*M)y, dn, ¢) invoked in Proposition 6 intertwines (21) with (17).

3 Courant Algebroids and Dirac Structures

In this section we give a second alternative proof of Theorem 3 in the framework
of Dirac structures. To this end, we start by recalling how quasi-Lie bialgebroids
are related to Courant algebroids, see (Roytenberg 2002; Stiénon and Xu 2007)—
more precisely, how quasi-Lie bialgebroids correspond to the pairs formed by a Dirac
structure and a complementary Lagrangian subbundle in a given Courant algebroid,
see the proof of part (ii) of Theorem 2.6 in Stiénon and Xu (2007). For the reader
convenience, we recall the definition of a Courant algebroid in Appendix A.
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Given a quasi-Lie bialgebroid (A, da=, ¢), and using the notations in and after
Definition 5, we consider E = A* @ A together with the non degenerate symmetric
pairing

(X1+a, Xo+ ) = % (X1 (2) + X2 (1)),
the bundle map p: E — T M given by
p(X +a) = pa(X) + pa(a),
and the bracket in I'(E) defined by

IIC(, ﬂ]] = [aa ﬂ]A
[X, Y] =[X,Y]as +ixar¢ (22)

1 1
o, Y] = <ia(dAY) + EdA(Y(Ol))> - (iY(dA*Ot) + EdA*(Y(OC))) ,

forall X,Y € I'(A*) and «, B € I'(A), where the bracket [-, -]4+ was defined in
(20) while d4 is the differential defined on T'(/\®* A*) by the algebroid A. Then
(E, (-, -)E, [, -1, p) is a Courant algebroid, A is a Dirac structure (i.e., it is maxi-
mal isotropic and its space of sections is closed under [[-, -])), and A* is a Lagrangian
(i.e., maximal and isotropic) subbundle of E. Note that, if ¢ = 0, i.e., in the case of a
Lie bialgebroid, A* is a Dirac structure too.

On the other hand, let (E, (-, -)g, [, -1, o) be a Courant algebroid and let A C E
be a Dirac structure (it follows that A has an induced Lie algebroid structure). Suppose
that there exists a Lagrangian subbundle L which is transversal to A. Then we can
identify A* with L through

A* > L

- 23
X=X (3

where X (@) = 2(5(, a) forall € A. Since we have the identification T'(/\* A) >~
C(A\°® L*), we can define dy : T'(A°* A) — T'(/\* A) as in (18), that is,

k+1

@K1, Xe) = YD) (TR Xy K
i=1

Y DX Xl X X X Xe),
1<j
(24)
forall Xy, ..., Xg41 € ['(A*), where ¢ € F(/\k A) corresponds to € F(/\k L¥),
and [, -]z is the L-component of [-, -]] with respect to the splitting £ = L @ A. Notice
that dz, is a derivation, but d% # 0 since L in general is not a Dirac structure. Finally,

lety € 1"(/\3 A) be defined as

@(X1, X2, X3) = 2([X1, X210, X3)g forall X1, X, X3 € T(A%).  (25)
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26 Page 10 0f 19 M. do Nascimento Luiz et al.

Then (A, dr, ¢) turns out to be a quasi-Lie bialgebroid.

Example 10 Consider the quasi-Lie bialgebroid (T* M, d, ¢), where A = T* M with
its trivial Lie algebroid structure, i.e., with zero bracket and zero anchor, d is the Cartan
differential and ¢ is any closed 3-form on M. Applying (22) to the this setting, one
finds

[, I =0
[X,YI=[X,Y]+ixnr¢

o, Y] = — (iy(da) + %d(Y(a») ,

forall X,Y e '(TM) and «, B € I'(T*M), since, in that case, d4 =0, [, -]4 =0,
da+ = dand [+, -]4+ = [+, -] is the usual Lie bracket defined on I' (7 M). Computing
the bracket so obtained on a pair of general sections of E, one has

1
[X 4o ¥ + Bl = [X, Y]+ ix(df) — iy(de) + Z(d(X(B) — d(¥ (@) + ixrv ¢,
(26)

i.e., E is the Courant algebroid TM?, obtained twisting the standard one by the closed
3-form ¢, see Example 19. Note that 7 M is a Lagrangian subbundle of E transversal
to the Dirac structure 7* M C E. In particular (T M, T* M) is the pair corresponding
to (T*M, d, ¢). Note now that if €2 is any closed 2-form in M, its graph

Gr() = {X+ XX eTM®T*M | X € T(TM)} Q7

is a Lagrangian subbundle of TM?, transversal to 7% M. A simple computation, using
(24) and (25), shows that the quasi-Lie bialgebroid corresponding to (Gr(2), 7* M)
is (T* M, d, ¢).

Remark 11 1t is worth recalling that every closed 2-form €2 defines an automorphism
of TM? via the formula

Q(X4+a)=X+ixQ+a, VX +aec(TM?), (28)

see for example Gualtieri (2011), just above Proposition 2.2, the proof of Lemma 3.1
in Bressler (2007) and, in a more general setting, Remark 4.2 in Roytenberg (2002). In
particular, the image of a Dirac structure under (28) is still a Dirac structure. More in
general, if 2 is any 2-form on M, (28) sends a Lagrangian subbundle to a Lagrangian
subbundle and a pair of transversal Lagrangian subbundles to a pair of transversal
Lagrangian subbundles. Note that, in the previous example, the pair (Gr(£2), T* M) is
obtained applying (28) to the pair of transversal Lagrangian subbundles (7 M, T* M).
On the other hand, since d2 = 0 and the Poisson structure r is trivial, i.e., identically
zero, (21) yields

QT*M,d, ¢) = (T*M,d, $). (29)
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As opposed to what is stated in part (ii) of Theorem 2.6 in Stiénon and Xu (2007), this
example seems to suggest that the correspondence between quasi-Lie bialgebroids and
pairs of a Lagrangian subbundle and of a transversal Dirac structure of a given Courant
algebroid, described in the first part of this section is, in general, not one-to-one. On
the other hand, the above example and its generalization, contained in Theorem 12,
propound the existence of a one-to-one correspondence between the Qg (M)-orbits of
quasi-Lie bialgebroids of the type (T *M), dy, ¢) and the Qf(/\/{)—orbits of pairs of
aLagrangian subbundle and of a transversal Dirac structure of the type (Gr(2), T* M)
in a Courant algebroid of the type £ = (TM)y & (T* M), where Q% (M) is the
(additive) group of the closed 2-forms on M acting, on these sets, via (21) and,
respectively, (28).

We are now ready to present the third proof of Theorem 3. We start from a PqN
manifold (M, 7, N, ¢) to construct the quasi-Lie bialgebroid ((T* M), dy, ¢) as
recalled in Sect. 2.2, and therefore the Courant algebroid E = (TM)y @& (T* M),
with its Lagrangian subbundle A* = T .M and its Dirac structure A = T*M. Given
a closed 2-form €2, we apply Formula (28) to each member of the pair (T M, T* M),
see Remark 11, to get (L = Gr(R2), T*M), where L is a non-integrable Lagrangian
subbundle of E. Note that the action of 2 on the original pair leaves T*M fixed.
Applying the construction presented in the first part of this section to the new pair
(L, T* M), we obtain the quasi-Lie bialgebroid ((T*M),, dr, ¢) which, thanks to
Theorem 12, we are able to identify with ((T* M)y, dg, $)~ Finally, applying Propo-
sition 6 to this quasi-Lie bialgebroid we conclude that the quadruplet (M, N, a) is
a Poisson quasi-Nijenhuis manifold, yielding our (third) proof of Theorem 3. In this
way we are left with proving the following

Theorem 12 If the 2-form Q2 ig\closed, t@g quasi-Lie bialgebrgjd (T*M)z,dr, @)
coincides with (T* M)y, d5, ¢), where N = N + 71 QP and ¢ is given by (12).

The first step to prove this theorem is the computation of the bracket (22) between two
sections of L. To this aim, we need two preliminary results.

Lemma 13 For any closed 2-form Q, the following relation holds:
1
(X, QY ]p = QX Vgzgr + 5ixar[2, Qs (30)

A direct proof of this lemma is given in Appendix B. Another proof can be spelled
out along the lines of the following

Remark 14 For any 2-form €2, not necessarily closed, a tedious but straightforward
computation which uses (5) shows that

1
(X, QY] = QL[X, YL+ 5iXAy[sz, Ql,, (31)
where
[X9 Y]js-[z = LngY - ‘Cg)YX - dﬂ(Q(Xv Y))
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and
LTY = L2,Y + 78 (iy (da)),

forall X,Y € I'(TM) and « € I'(T*M). Then one can obtain (30) from the fact
that [X, Y1, = [X, Y],:q» for all vector field X, Y if € is closed.

Lemma 15 For any 2-form 2, one has that
dy(ixay$2) = ixdyiyQ —iydyix Q2 —ixydy 2 — ifx, vy 2. (32)
Proof Using (9), we obtain

dvQ(X, Y, Z) = Lyx(iv2, Z) — Lyy(ix2, Z) + Lnz(ix2, Y)
- Q(X, Yy, 2) +QUX, ZIy, Y) — QY Z]n, X)
= Lyx(iy, Z) — Lyy(ixQ, Z) + (d(Q(X, Y)), NZ)
—{ix,yIn$2, Z) — iy, [X, Z]n) + (ix2, [Y, Z]N)

(33)

and

(ixdniy R, Z) =dn iy Q) (X, Z) = Lyx iy, Z) — Lnz(iy 2, X) — (iy 2, [X, Z]N)
(iydyix 2, Z) =dy (xS0, Z2) = Lyy(ixR, Z) — Lyz(ixR,Y) — (ixQ, [V, Z]n).

Substituting these relations into (33), we find (32) evaluated on an arbitrary vector
field Z. O
Lemma 16 [fd2 = 0, then

[X+QX, Y + QY] =[X, Y1z + QX Y +ixay (¢ +dyQ+ %[Q, sz],,) .
(34)
Proof First we compute the vector field component of the left-hand side of (34). By
definition (22), it is given by
[X,YIN +igpx(drY) —igy(dr X) +dz (Q2(X, Y))
=[X,YIy —igpx(Lym) +igpy(Lxm) — 7°d(Q(X, Y))
=[X,YIn—Ly(igpxm)+ig, @x)T+Lx(igpym) —ir T — 7' dQ(X, Y))
=[X, Y]y + [7*QX, Y]+ [X, 7" Q"Y]
+ 78 (Ly(2°X) — Lx(QY) — d(Q(X, Y))).

Now, the last three terms are simply given by

Ly(ixQ) — Lx(iyQ) —(doiy)ixQ2 = (iy od)ixQ — Lx(iy2)
=iy ((doix)Q) —ijx,y12 — iy (Lx)
= —iyixdQ —ijx.y)Q = —Q[X, Y]
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since 2 is closed. Hence we have shown that the vector field component of the left-hand
side of (34) is

[X, Y]y + [7*Q°X, Y1+ [X, 7 QY] — *Q°[X, Y] = [X, Yy jnrr = [X, Y5
The 1-form component of the left-hand side of (34) is
[QX, QY 1x +ixared —iydyixQ +ixdyiyQ —dy(Q(X, Y)).  (35)

Using Lemma 13 for the first term and Lemma 15 for the last three, the sum (35) turns
out to be

I ) . )
Q[X, Y] o + EZX/\Y[Qs Qlr +ixavd +ixaydnQ + ifx,y)y 2

1
= Q[X. Y]g +ixay <¢> +dyQ2 + E[Q’ Q]n> .

O

We can now prove Theorem 12, i.e., that t}E: quasi-Lie bialgebroid ((T* M), dr, ¢)
coincides with (T*M)yz, dg, ¢), where N = N + 7°Q" and ¢ = ¢ + dyQ +
%[Q, Q] . First of all, we notice that the identification (23) in this case is simply

X = X + QX, where X € ['(TM). By definition (25) of ¢ and using Lemma 16,
we have that

(X, Y,2) =2[X, Y], Z)k
=2([X + X, Y + QY] Z+ QL Z)

<[x Y15 +QIX, Yg+ixay <¢>+st2+ (2, Qlx ),Z+sz>
E

Z, (X, Y)§)+ <szb[x Ylg +ixay (¢+st2+ -[Q, sz]ﬂ), >

1
<1X/\Y (¢ +dyQ + 5[97 Q]n) , Z>
P(X,Y,7)

forall X,Y,Z e I'(TM). So we are left with showing that d;, acts as dg. But this
immediately follows from

p(X +QX)=NX +7'Q°X = NX
and  [X+QX, Y + QY] =[X, Y]z + Q[X, Y]5.

Indeed, if ¢ € I'( /\k A) corresponds to
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Ve I( /\k L*), then from (24) we obtain

k+1 . i
@)X X)) = 2D o) (PR X Rin)

i=1

—I—Z(—l)iﬂlﬁ([ii,fﬁ]b X0 Xy oo, Xjoooo, Xi)
i<j
K+l
=Y =) (W) (w(xl, R Xk+1))
i=1
+Z(—1)i+j1//([xi,xj]ﬁ, Xt Xiv oo, Xy ooy Xig1)
i<j

= dgv) (X1, ..., Xig)-

Appendix A: Definition of Courant Algebroid

In this appendix we will recall the definition of Courant algebroid following Liu et al.
(1997)—see also Courant (1990), where this definition appeared for the first time.
To this end, let M be a manifold. A Courant algebroid (over M) is a quadruplet
(E,(-,)e, [ -1, p), where

(1) E is a vector bundle over M;

) (-, Yg : T(E)xT'(E) — Risasymmetric, non-degenerate, and C°° (M)-bilinear
form:;

3) [,-1:T(E) x '(E) — I'(E) is an R-bilinear, skew-symmetric bracket and

4) p : E — TM is a bundle-map, called the anchor of the Courant algebroid,
inducing the R-linear operator D : C*°(M) — I'(E), via the formula

1
(Df. Ale = 5p(A)(f).  VAET(E), fe C*(M), (AD)

satisfying the following compatibility conditions. Forall A, B,C e I'(E) and f, g €
Cx¥M),

(1) p is bracket-compatible, i.e., p([A, B]) = [p(A), p(B)];
(i) [[A. BI, CHIIB, CIl, AI-+IIC, All, Bl = $D(([A, Bl C)g+([B. Cl. A)g

+ (IC. ALl B)E);
(i) [A, fBl = fIA, B+ p(A)(f)B — (A, B)e D(f);

(iv) (D(f),D(&)E = 0;
) p(A)(B,C)e = ([A, B+ D(A, B)g, C)e + (B, [A, Cl + D(A, C)E)E.

A few comments are in order.

Remark 17 Note that:
e as shown in Uchino (2002), conditions (iii) and (iv) follow from the other condi-
tions;
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e D defined in (A1) is a differential operator in the sense that it satisfies the Leibniz
identity;

e [-, -] is not a Lie bracket since it does not satisfies the Jacobi’s identity, see item
(ii) of the previous list.

Example 18 (Quadratic Lie algebras) A Courant algebroid over a point, i.e., if M =
{pt}, is the same as a quadratic Lie algebra, i.e., a Lie algebra endowed with a sym-
metric, non-degerate and ad-invariant bilinear form. In fact, if M = {pt}, then p = 0,
which forces the condition D = 0. In this way [[-, -] becomes a Lie bracket and (-, -) g
becomes a non-degenerate, symmetric and ad-invariant bilinear form, see items (ii)
and (v) above.

Example 19 (Standard Courant algebroid) In this case E = TM = TM @ T*M,
p . E — TM is the projection on the first summand, and (X + o, Y + B)g =
1@, Y) + (B, X)). In particular, (Df, X + a)g = S X(f). Moreover,

1
[X+aY+Bl=I[X Y]+ Lxp—Lya+ Ed(iYa —ixp)

1
= [X, Y]~|—ixdﬂ—iyd0[+§d(ix,3—iya) (A2)

forall f € C®°(M) and X + «,Y + B € I'(E). Note that the pair (T M, T*M)
forms a Lie bialgebroid, i.e., a Lie quasi-bialgebroid such that ¢ = 0, see Definition
5. It turns out that T M carries the structure of Lie algebroid defined by the standard
Lie brackets on vector fields and by the identity as anchor map, while 7* M carries
the trivial Lie algebroid structure, i.e., with zero Lie bracket and zero anchor map.
The bracket (A2) can be modified by twisting it with the term ix .y ¢, where ¢ is
any closed 3-form on M. The resulting structure is called twisted Courant algebroid
and it is denoted with TM?. Twisted Courant algebroids were introduced by Severa,
see Severa (2017), who proved that a Courant algebroid E fits into the exact sequence

0—TM-L EL2 TM — 0,

if and only if E is isomorphic to TM? for some closed 3-form. In the exact sequence
p denotes the anchor of E.

Appendix B: Proof of Lemma 13

We will now prove that, for all vector fields X, Y, the identity

1
(X, Y1y = Q[X, Vg + Sixar[9, Qs
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holds true. Since d2 = 0, we can use (14) to compute [2, Q]; = d;:q» 2. Then (9)
entails that

(Q,Q(X,Y,Z) = Z (L7 (X, Y) —Q([X, Y, Z))  (BD)
O(X,Y,Z)

for any vector fields X, Y, and Z. To show that (30) holds, we define
AX,Y,Z) = ([QX, QY] — Q[X, Y] :00, Z)

and we first show that A(X,Y,Y) = 0,sothat A(X,Y, Z) = —A(X, Z,7Y) for all
X,Y,Z e I'(TM). Indeed,

AX, YY) = (Lrqx () — Loy (Q°X) — (Q°Y, 7°Q°X)
—Q (7" Q°X, Y] + [X, 7*Q"Y] — n°Q°[X, Y1), Y)
= Loy (Y, Y) — (VY 75K, V1) — Lyzooy (XX, V)
+ (X, [2*Q°Y, Y]) — Ly(Q°Y, 7*Q"X)
+ (@ YD)+ (Y, [X, 7 Y]) — (Y, [X, Y])
=L oy (X, Y) — (Q[xFQ°Y, Y], X)
— Ly (QY, 7 X) — (Y, L2y X)
+(QrPQY, Ly X)
= —Loqrt@ X Y) — (Q[7'Q"Y, Y], X)
— Ly (P¥miQX) — Lot @Y, X)
+ (Lpzgy (QY), X) + Ly T Y. X) — (Ly(7QY), X)
= (= QPR Y, Y]+ L0y () — Ly (Q7*Q°Y), X),

and we have that

- Qb[nﬁQbY Y1+ Loy (QY) — Ly (Q7°Q"Y)
= —ig v () + Loy (iy2) — Ly (igegry2)
=iy (anbyQ) (doiy +iyod) ( t QbyQ)
=iy (LprqyQ) — (iy odoijzgry) 2
=iy (Lrrqry Q) — iy (Largry Q — ingrgrydQ),

which vanishes if €2 is closed. Now,
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2A(X,Y,Z) = AX,Y,Z) — A(X, Z, Y)

= (/:n;QbX(QbY) — Loy (°X) —d(Q°Y, 77 Q"X) — Q[X, Y] 2, Z>
(Lrsgpx(@2) ~ Lysgpz (@ X) — A Z, 5D X) — DIX, Zlsgp, ¥)

=L oy (QY,Z) — (Y, [7*QX, Z]) — L 100y (X, Z)
+(Q°X, 71"y, Z])
- (d(QbY, 7P X), Z) —Q(IX. Y] icp. Z)
Lo opx (2), V) + Loeqp (X, Y) — (X, [77Q°Z, Y])
+(dR 7, 72 X), V) + (X, Zlzgn. ¥)

=Ly QY. 2N+ Losgpy (UZ, X)) + Lzgpy (AX, Y))
—Q(X. Y. Z) — Q(IZ, X120, ¥)

QY R X, Z]) + (X, [0y, 7)) — <d(Q”Y, P x), z>

Loy (2),Y) — (X, [7QZ, Y] + <d(QbZ, 75 X), Y>.
The last six terms are equal to

(QY, L7272 X)) — Q@ ([7*Q"Y, Z1 + Y, 7*Q"Z], X) — L2(Q°Y, 77 Q"X)

— ((d 0 bzge)iZD), ¥) — ((igzgr © DIz, ¥)
+(di22 #2QXT, Y] = —(L2(QY), 1°Q2X)

— QALY Z1+ [Y, 7°QZ1, X) + ((iy 0 d)(iz9), 7°Q°X)
=—(Lz(iyQ), 7" Q" X) — Q ([*QY, Z] + [V, 7*Q°Z], X)
+ iy (LzQ — iz(dQ)), 77 Q" X)

iz, T°QX) — Q (I7*QY, Z] + [V, 7°Q°Z], X)
=—Q(IY, Zly:, X)),

where we have used again the fact that d€2 = 0. So we conclude that

.Y, 2) = ) (Lprgox (Y. 2)) = Q(IX, Yz, Z)).
OX,Y,2)

The comparison between this formula and (B1) ends the proof.
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