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Volatility decomposition of traffic flow time series with 
complex seasonality using GARCH models 
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1. Introduction 
Accurately forecasting people’s movements between specific areas is essential for urban 

planning, transportation optimization, and emergency management. Consequently, identifying 
the most effective statistical models is critical for policymakers to make well-informed 
decisions (Xie et al., 2020; WHO, 2022). In previous studies, we considered the problem of 
forecasting the traffic flow time series from September 2020 to August 2021 of  “origin-
destination” mobile phone hourly data, from an area with high flooding risk in the province of 
Brescia, Italy; in particular, for each of the 38 sub-areas of interest, the three (In, Out and 
Internal) flows were considered (Metulini and Carpita, 2023; Perazzini et al., 2023). 

By applying a trivariate Vector AutoRegressive model with eXogenous regressors (VARX; 
Tsay, 2013) and Dynamic Harmonic Regression (DHR; Hyndman and Athanasopoulos, 2021) 
components to these time series, we found a discrete forecasting accuracy but also non-normal 
residuals, with heavy tails and time-varing heteroschedasticity (Carpita et al., 2024). 

To explore this evidence for the 38×3 =114 residual’s time series of our VARX+DHR 
model, the Generalized AutoRegressive Conditional Heteroskedasticity (GARCH) model  
(Bollerslev, 1986) has been used in this short paper. More specifically, the multiplicative 
component standard (mcs) GARCH model has been applied to the 114 residuals time series, to 
decompose volatility in Daily, Hourly and Intradaily (Engle and Sokalska, 2012). 

The structure of the paper is as it follows: Section 2 describes the mcsGARCH model, 
Section 3 explain its estimation strategy and Section 4 presents some results and future 
developments. 

2. The multiplicative component standard (mcs) GARCH model 

Since the publication of the seminal paper published in 1982 by the 2003 Nobel Laurate 
Robert Engle (Engle, 1982), today the broad family of the GARCH models is well known and 
used in the financial literature (Bollerslev, 1986; Palm, 1996; Engle, 2001), but has rare 
applications in the transport field (Zhang et al., 2015; Ali et al., 2023). 

Taking into account the strong hourly and daily seasonality observed in the traffic flow data, 
in this study we used a special version of the GARCH model, named multiplicative component 
standard (mcs), which allows to decompose the time series conditional volatility in three 
components (Engle and Sokalska, 2012). Considering, as in our case of study, a stationary and 
standardized (zero mean and unit variance) time series ����, where t denotes the day and i the 
hour, assuming the mcsGARCH model the Total conditional variance is the product of three 
components: 

���� � �������������� 									� � ���� � � � �				���					� � ���� � � ���	 	 (1)	
where �� is a Daily (exogenously determined) volatility, �� the Hourly volatility, ���� the 
Intradaily volatility, and ���� the i.i.d. standardized innovation, which conditional follows some 
appropriately chosen distribution. To estimate the mcsGARCH model with its conditional 

Measuring and Interpreting World Changes with Statistics, Data Science and AI, 
Supplement to Volume 37/2
doi.org/10.26398/asaproc.0091



128 Carpita, M., Metulini, R., Migliorati, M.

variance (volatility squared) components, the two-step procedure offered by the R package 
rugarch by Ghalanos (2024) can be used.

In the first step, the Daily volatility �� has to be preliminarily estimated: externally from a 
multifactor risk model as in Engle and Sokalska (2012), or predicted from a daily GARCH 
model as in Andersen and Bollerslev (1997). In our study, we adopted this second approach, 
using the very flexible asymmetric power (ap) GARCH(q,p) model, which allows for different 
positive and negative effects and includes six GARCH submodels (Ding et al., 1993): 

��� � � �����|����| � �������� ���������
�

���

�

���
																																						���

with � � �� �� � �, and �� � � with the stationarity constrain ∑ �� � ∑ �� � 1�
���

�
��� ; the 

parameter � � � allows for the Box-Cox transformation of ��, and �� is the parameter in the 
leverage term (Ghalanos, 2024, sec. 2.2.5).	

In the second step, using the Daily volatility estimated in the first step ���, the Hourly 
variance ��� is estimated by simply applying the T-days average of the squared daily 
standardized residuals: 

�̂�� �
1
��

�����
����

�

���
																					� � 1��� � � ����																															���	

Then, scaling the residuals by the estimated Daily and Hourly volatility gives ���� �
���� �����̂��⁄ , which are used to estimate the Intradaily component of volatility ���� assuming the 
hourly standard (s) GARCH(q,p) model (Bollerslev, 1986):	

����� � � ����������� �����������
�

���

�

���
																																																						���	

Obtained the constrained estimates �� � �� ��� � � and ��� � �, the persistence parameter of 
the hourly sGARCH model (that is a measure of how quickly past shocks decay over time 
assuming value in (0,1): if close to 1 volatility shocks have a long-lasting impact on future 
volatility) is estimated by �� � ∑ ��� � ∑ ����

���
�
��� 	, and the estimated unconditional volatility 

by this model is �� � �� �1 � ���⁄ .	
To estimate any GARCH(q,p) model, a choice must be made about the order q and p of the 

two lagged components on the right-hand side of its equation. As stated in Engle and Sokalska 
(2012) for financial data, a GARCH(1,1) model proved to be an adequate and popular choice 
in most of the cases and, if any higher lags are included in the conditional variance specification, 
the models are not of a higher order than GARCH(1,2) or GARCH(2,1). Still, efficiency 
considerations favor models of a lower order. 

The last choice is about the conditional distribution of the standardized innovation ����: for 
the sake of flexibility, the Normal Inverse Gaussian (NIG) is used, which allows controlling for 
location, scale, skewness, and kurtosis (tail heaviness) of z’s, and includes as a special case the 
Normal distribution. To reduce the computational burden, the four parameters of the NIG can 
be estimated from a transformation of two parameters, �� and ��, that estimate the skewness 
and the shape (scale and tail) of the NIG distribution respectively (Ghalanos, 2024, sec. 2.3.5). 

3. The estimation strategy of the mcsGARCH model 
To estimate the three volatility components of the mcsGARCH model described in the 

previous section, daily and hourly time series of the 114 VARX+DHR model residuals have 
been used. Each time series has been split into two parts: the first 4-month period (from 
September to December 2020) of daily data has been used to identify the best order (q,p) of the 
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ap- GARCH model in the first step of the estimation procedure, and the last 8-month period 
(from January to August 2021) of hourly data has been used in the second step of the procedure 
to estimate the daily volatility and identify the best order (q,p) of the GARCH model for the 
Intradaily volatility. The hybrid solver estimation algorithm with the standardized time series 
was used (Ghalanos, 2024, sec. 3). 

The estimation strategy adopted to apply the mcsGARCH model was as follows: 

• Preliminary analysis was carried out on the 114 daily time series for the first 4-month 
period to assess the presence of ARCH effects (�	 � 	�), using the classical Engle’s 
Lagrange Multiplier test (Engle, 1982): the null hypothesis of variance stability (no 
ARCH effects) was rejected for all but 21 daily time series, therefore considered 
stationary in variance. 

• For each of the 93 daily time series with significant ARCH effects (�	 � 	� for the Engle 
test), the first 4-month period was used to find the best order (q,p) of the apGARCH 
model, minimizing the AIC (Akaike Information Criterion) for all permutations of q in 
[1,2] and p in [0,1,2]. 

• The best apGARCH(q,p) model identified in the first 4-month period was used to forecast 
the daily autoregressive conditional volatility for the last 8-month period. For each of the 
93 daily time series, a rolling forecast was used with 90-day length window. 

• For each of the 114 hourly time series of the last 8-month period, scaled by forecast of 
Daily and estimate of Hourly volatility, the best order (q,p) of the sGARCH model for 
the Intradaily volatility was selected by the AIC for all permutations of q and p in [0,1,2]. 

In the end, for each of 114 time series of the VARX+DHR residuals, the total hourly 
volatility has been decomposed into its three components: Hourly, Daily, and Intradaily. 

4. Some results and future developments 
For the 93 daily time series with significant ARCH effects, the best orders (q,p) of the 

apARCH model (Section 3, second point) were the following: 57 (1,0), 21 (1,1), 5 (1,2), 9 (2,0) 
and 1 (2,2). For the 114 hourly time series, the best orders of the hourly sGARCH(q,p) model 
(Section 3, fourth point) were the following: 53 (1,1), 60 (1,2) and 1 (2,2). 

Table 1 shows mean and standard deviation (std. dev.) of the parameter estimates for the 
two parts of the mcsGARCH model: results are on the left for the 93 daily apGARCH models 
estimated for the first 4-month period, and on the right for the 114 hourly sGARCH models 
estimated for the last 8-month period. Differences emerge in parameter estimates between Out 
and In flows versus Internal flows and between the daily and hourly GARCH models. 

Table 1: Means (standard deviations) of the mcsGARCH model parameters by flow types. 
	

93 daily apGARCH Models (4 months) 114 hourly sGARCH Models (8 months) 
Parameters Out Flow In Flow Internal Flow Out Flow In Flow Internal Flow 
Delta 1.899 (0.846) 1.986 (0.924) 2.999 (0.404) 
Gamma -0.099 (0.341) -0.110 (0.366) 0.484 (0.344) 
Omega 0.554 (0.334) 0.510 (0.354) 0.346 (0.229) 0.069 (0.089) 0.070 (0.080) 0.212 (0.019) 
Persistence 0.564 (0.380) 0.610 (0.415) 0.841 (0.323) 0.937 (0.092) 0.937 (0.083) 0.798 (0.023) 
Skew -0.467 (0.480) -0.480 (0.491) -0.184 (0.190) 0.160 (0.116) 0.163 (0.128) -0.123 (0.012) 
Shape 3.165 (4.797) 3.089 (3.931) 1.707 (2.829) 4.105 (1.783) 5.124 (3.011) 1.189 (0.124) 

First of all, let’s consider the special parameters of the daily apGARCH model: the mean of 
the estimated delta is almost 2 (std. dev. almost 1) for the Out and In flows, and about 3 (std. 
dev. 0.4) for the Internal flows; the mean of the estimated gamma (only the first one is 
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considered, as only 10 time series have q = 2) is about – 0.1 (std. dev. about 0.3) for the Out 
and In flows, and about 0.5 (std. dev. about 0.3) for the Internal flows. The means for the omega 
(intercept) parameter estimates are much higher for the 93 daily apGARCH models (0.5 for Out 
and In flows and 0.3 for Internal flow, with std. dev. 0.3 and 0.2 respectively), with respect to 
the 114 hourly sGARCH models (0.07 for Out and In flows and 0.2 for Internal flow, with std. 
dev. about 0.09 and 0.02 respectively). For both Out and In flows, the mean estimated daily 
persistence (sum of the alpha and beta parameters) is lower (about 0.6, with std. dev. 0.4) than 
the hourly persistence (about 0.9, with std. dev. 0.1). In contrast, for Internal flows, persistence 
estimates are similar across both the two periodicities: around 0.8, but with a daily std. dev. of 
0.3 and an hourly std. dev. of only 0.02. The means for the estimated skew of the NIG 
distribution for the GARCH residuals are negative for all daily flows (about 0.5, with analogous 
standard deviation) and for hourly Internal flows (lower than 0.2, and smaller standard 
deviation), while they are positive but very close to zero for the other two hourly flow types. 
The means of the estimated shape parameter of the NIG distribution are positive, ranging from 
3 to 5 for Out and In flows, and from 1.2 to 1.7 for both daily and hourly Internal flows: this 
means that the autoregressive part of the mcsGARCH model doesn’t fully capture the heavy 
tails observed for the VARX+DHR residual (leptokurtic) distributions. 

Figure 1 is a visualized example of mcsGARCH decomposition of the estimated volatility 
of one of the 114 analyzed time series: under the graph of the VARX+DHR model’s residual 
for the last 8-month period Out flow from the area of Paderno-Franciacorta, the estimated Total 
volatility and it’s three multiplicative components (Daily, Hourly and Intradaily) are 
represented. In the considered period, the range of the estimated Total volatility is between 0.5 
and 2, but some clusters with peaks between 4 and 6 are observed. The base level of the 
estimated Daily volatility is around 1, and some clusters with higher variability (up to 3) at the 
beginning of January, April, June, and at the end of July are observed. The estimated Hourly 
volatility profile, which repeats each 24 hours, shows low (below 1) variability during the night, 
moderate variability (about 1.5) in the diurnal part of the day, and high (peaks above 2) at 8 and 
18 o’clock. The last graph for the Intradaily volatility, estimated with the hourly apGARCH 
model, shows smaller clusters and therefore, for this time series, can be considered as residual. 

To explore relations between the traffic flows variability in the various areas under 
consideration, the linear correlation coefficients between the time series of the Total volatility 
estimates and each of its three components (93 Daily, 114 Hourly and 114 Intradaily) obtained 
from the mcsGARCH model were computed, and their boxplots by flow types (Out, In and 
Internal) are in Figure 2. Distributions for the Internal flow correlations of the Total and each 
estimated volatility component are very different with respect to Out and In flows ones. 
Considering the Total volatility estimates, the boxplots of the correlations for Out and In flows 
are (excluding outliers) roughly symmetric with median near 0.6 and 0.7 respectively and 
interquartile range about 0.1, whereas for the Internal flow is near to 1, with a very small 
interquartile range. Analogous correlation distributions are observed for the three estimated 
volatility components of the Internal flow, whereas for the Out and In flows boxplots these are 
lower (median between 0.3 and 0.6) for the Daily and Intradaily volatility estimates, and higher 
(median about 0.8 and 0.9 respectively) with negative asymmetry for the Hourly one. 

This preliminary study, carried out to explore the volatility structure of the VARX+DHR 
model’s residuals from a previous analysis, could be extended in some directions. The ap- 
GARCH model with asymmetric effects could be used to modeling the hourly volatility too, 
with the aim to capture with more flexibility the residual heteroskedasticity highlighted by the 
two parameter estimates of the NIG distribution. Moreover, volatility estimated components 
could be grouped using a cluster analysis approach, also to analyze the spatial distribution of 
traffic flows in the areas of interest. Finally, predicted autoregressive conditional volatility with 
a trivariate GARCH model (one equation for each flow type) for the VARX+DHR model’s 
residuals could be used to check if the forecast of the traffic flows can be improved.
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Figure 1: Example of mcsGARCH decomposition of the volatility of a time series (last 8-month period 
Out flow from the area of Paderno-Franciacorta). From top to bottom: The original residuals from the 
VARX+DHR model, the estimated Total, Daily, Hourly and Intradaily volatilities. 

	
	
Figure 2: Boxplot of the correlations between the mscGARCH estimated Total volatility and its 
components (Daily, Hourly, Intradaily) by flow types (Out, In, Internal). 
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