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S1 Background Material

Section S1 reviews the core concepts underlying the proposed pEx-SBM model. More specifically, Sec-
tion S1.1 summarizes the general multilayer network framework presented in Kiveld et al. (2014) and
clarifies how the node-colored networks we consider in our contribution represent a remarkable special
case of such a framework. Sections S1.2-S1.3, discuss the connection between exchangeability and non-
parametric priors defined via completely random measures, and then clarify the link between partial ex-
changeability and hierarchical compositions of such priors.

S1.1 Multilayer networks

Recalling the comprehensive review by Kiveld et al. (2014), the term multilayer networks refers to a
general construction that encompasses most of the layered network structures treated in the literature. In
the following, we summarize such a construction, and clarify how it includes, among others, the node-
colored networks we consider in our contribution. Refer to Section 2.1 in Kiveli et al. (2014) for a more
extensive and in-depth treatment.

Let V:={1,...,V} denote a set of V nodes in a network, for any V € N, and define with § € N the
number of aspects of such a network, that is the number of directions of layerization. Depending on the
type of multilayer network analyzed, each aspect could denote, e.g., a division of the nodes into sub-
populations (e.g., node-colored networks), the presence of different types of relationships monitored
(e.g., edge-colored networks), or a time dimension (e.g., dynamic networks), among others. Within this
framework, any aspect [ € {1,...,d} generates a set of elementary layers L; = {1,...,d;} for every
d; € N. For example, in node-colored networks the elementary layers correspond to the different sub-
populations to which the nodes belong. Under these settings, a layer is an element of the product space
Ly x---X Lg, (namely, a vector of coordinates identifying a location in the product space of elementary
layers), whereas the set of existing nodes is defined as V; € VXL X:--XLs. In symbols, node i exists in
layer (ji,..., js) whenever (i, ji,...,js) € Vp, for j; € Lyand [ € {1,...,5}. Consistent with these
definitions, in the aforementioned node-colored network example each layer coincides with an elemen-
tary layer, whereas an existing node is a pair that defines the node index in V and the subpopulation to
which it belongs. If such a node-colored network were also observed at different time points, this would
generate an additional aspect (i.e., time) with layers defined as pairs (subpopulation, time point) and ex-
isting nodes as triplets (node index, subpopulation, time point). Finally, denote with Ey; € Vs XV, the
set of edges. Such a set comprises all those couples ((, ji,...,js), (', j{,..., %)) of existing nodes



(i, j1>--.,js)and (i’, j{, ..., ji) among which an edge has been observed. With these settings one can
give the following definition of multilayer network.

Definition S1.1. A §-multilayer network is a quadruplet M := (Vpq, Epg, V, L) where L = Ly X---XLgs
is the product space of layers, V is the set of nodes, V py corresponds to the set of coordinates of existing
nodes, and By denotes the set of edges.

Definition S1.1 allows for the existence of edges between nodes in the same layer, as well as across-
layers, and even between copies of the same node existing in different layers. Moreover, notice that any
multilayer network M, which is, in this formulation, a highly general object, can be flattened to obtain
the node-labelled graph given by the couple (V,,, Eas), which is called the supra-graph of M. See, e.g.,
Figure 2 in Kivelid et al. (2014). Hence, there is a close relationship between multilayer structures, of any
kind that such general construction can encompass, and node-level covariate structures. A o-multilayer
network can indeed be represented by a supra-adjacency matrix Y, that is the adjacency matrix of the
supra-graph. Once chosen an order in the product space of the layers L, e.g., the lexicographic order,
based on a natural order of each entry, then it is easy to describe the matrix Y as a block matrix whose
diagonal blocks are the adjacency matrices of each layer, and the off-diagonal blocks are the matrices of
across-layers connections.

Under the above formulation, network structures comprising different types of relationships — with
each layer encoding connections with respect to one of these types (e.g., friendship, kinship, advice, .. .)
— can be represented through a block-diagonal supra-adjacency matrix excluding the connections across
layers. When § = 1, these are called edge-colored networks. If one considers the case in which each node
exists within every layer, the network can be seen as a superposition of different sets of edges on the same
collection of nodes. In such a case, the term multiplex network is increasingly used in the literature on
network data (e.g., Mucha et al., 2010; Barbillon et al., 2017; MacDonald et al., 2022; Pensky and Wang,
2024; Noroozi and Pensky, 2024; Amini et al., 2024).

On the other hand, by forcing each node in the network to belong only to a single layer via the dis-
jointness condition

VieV 3!(]'1,...,]'5)614 s.t. (i, jl,...,j(s)EVM, (S.1)

one can recover networks in which layers represent a division of nodes into distinct subpopulations, so
that a node cannot have copies in different layers. If 6 = 1, these are called node-colored networks. In the
main article, we propose a stochastic block model for such networks, based on the novel and general idea
of matching the specific structure of each sub-class of multilayer network analyzed with the most suitable
notion of probabilistic invariance encoded in a specific node-exchangeability assumption. As we clarify
in the main article, in the context of node-colored networks the most natural invariance structure is the
one encoded in the assumption of partial exchangeability.

S1.2 Exchangeable sequences and completely random measures

Let X be a complete and separable metric space equipped with the Borel o--algebra 2'. & is the space of
probability distributions defined on (X, 2") and endowed with the topology of weak convergence. o ()
is then the Borel o-algebra of subsets of . Moreover, denote with [n] the set of the first n integers
{1,...,n}, for any n € N. For a sequence of X-valued random elements x = (x,), >, defined on some
probability space (Q, F, P) the following definition can be given.



Definition S1.2. x is exchangeable if, for every n > 1 and any permutation n of the indices in [n], it

d
holds (x1, ..., Xp) = (Xz(1)s--+» Xz(n))-
By virtue of the representation result in de Finetti (1937), it is possible to state the following.

Theorem S1.1 (de Finetti). A sequence X is exchangeable if and only if there exists a probability measure
Q on the space of probability distributions (P, o (P)) such that

P(x; € AL,...,%0 € Ayp) = / ]_[ P(A;) O(dP), (S.2)
P =1

forany Ay,...,A, in L andn > 1.

The probability measure Q directing the exchangeable sequence (x,),>1 is also termed de Finetti mea-
sure and can be interpreted as a prior distribution in the Bayesian framework. The representation theorem
in (S.2) can be equivalently rephrased by stating that, given an exchangeable sequence (x,),>1, there ex-
ists a random probability measure P, defined on (X, Z) and taking values in (2, o-(%)), such that, for
any n € N, it holds

Xiooo xa | PP, with  P~Q. (S.3)
The most popular instance of nonparametric prior Q is the Dirichlet process (DP) prior, introduced in
Ferguson (1973), which selects discrete distributions with probability 1. As shown in Lijoi and Priinster
(2010) most classes of discrete nonparametric priors, including the DP, can be seen as suitable transfor-
mations of completely random measures (CRMs).

More specifically, let ./ be the set of boundedly finite measures on X equipped with the correspond-
ing Borel o-algebra o (.#). For details on the definition of this o-algebra, see Daley and Vere-Jones
(2007). A CRM g on (X, X) is a measurable function on (Q, &, P) taking values in .# such that for
any k > 2 and pairwise disjoint sets Ay, ..., Ar in 2 the random variables fi(A}),..., fi(Ag) are in-
dependent. CRMs have been introduced in Kingman (1967); see also Kingman (1993) and Daley and
Vere-Jones (2007). Any CRM /i fulfills the following representation. For A € &, we have

A(A) = ) ukby, (A) +B(A) + /Om s N(ds, A), (S4)

k>1

where (xx)x>1 is a sequence in X, (uy)x>1 is a sequence of independent non-negative random variables, 3
is a fixed non-atomic boundedly finite measure on (X, ), and N is a Poisson process on R* x X indepen-
dent of (uy)x>1 and whose parameter measure v satisfies /R+ /B min{s, 1} v(ds, dx) < oo for any bounded
B in &'. Intuitively, a CRM can be seen as a superposition of a random measure with fixed atoms, a
deterministic non-atomic drift and a part characterized by random jumps and random locations, whose
intensities, distribution and mutual dependence are governed by a Poisson process. Here, as customary in
Bayesian nonparametrics, we focus on CRMs ji with no fixed atoms and no drift. These are almost surely
discrete and the corresponding Laplace functional admits the following Lévy—Khintchine representation

E e—/xf(x)ﬂ(dx)] = exp{—/ [1 - e_Sf(x)] V(dS,dX)}, (S.5)
R*xX

where f : X — R is a measurable function such that f |fldd < co almost surely. The measure v is
known as the Lévy intensity of fi and regulates the intensity of the jumps of a CRM and their locations.



By virtue of (S.5), it characterizes the CRM fi. Two noteworthy examples are given by the o--stable CRM
[ with Lévy intensity defined as

o

V(ds, dX) = m

57177 ds a(dx), (S.6)

where « is a measure on (X, 2") and o € (0, 1), and by the gamma CRM i, which corresponds to
v(ds, dx) = e *s7! ds a(dx). (8.7

If we further impose the condition 0 < {(X) < co almost surely, which is implied by v(R* xX) = oo and
fR+><X [1 —e ] v(ds,dx) < oo for any A > 0, then, as proved in Regazzini et al. (2003), it is possible
to define

P(A) == (S.8)

for any A € 2. Random probability measures defined as in (S.8) form the class of normalized random
measures with independent increments (NRMIs), introduced in Regazzini et al. (2003). As clarified
in (S.5), these measures are characterized by v. Moreover, /i is termed homogeneous CRM if its Lévy
intensity factorizes as v(ds, dx) = p(s) ds a(dx) for some measurable positive function p on R* and some
measure « on X; in this case f is identified by p and «. Intensities in (S.6) and (S.7) are in this class.
Note that for homogeneous CRMs /R*XX [1 - e‘/l“] v(ds,dx) < oo is equivalent to the finiteness of a.
Setting ¢ := a(X), we have

v(ds, dx) = p(s)dsc G(dx), (S.9)

where G (-) := a(-)/a(X) is now a probability measure on X. Therefore, we can write
P ~ NRMlI(p, c, G), (S.10)

for some measurable positive p, ¢ > 0 and probability measure G. Note that E[P(A)] = G(A) for any
A € I, which means that, if x | P ~ P then P (x € A) = G(A) for any A € 2. For particular choices
of p it is possible to recover noteworthy nonparametric priors. For example, taking p(s) = e~5s~! as in
(S.7), we are normalizing a gamma CRM and, hence, the correspondent P in (S.8) is a DP. In this case
the total mass c, also called concentration parameter, is often denoted as 8 > 0. Hence, we shall also
write P ~ DP(6, Py), where 6 = «(X) and Py = E[P]. If instead we choose p as in (S.6), then P in (S.8)
is called normalized stable process (NSP) (Kingman, 1975).

S1.3 Partially exchangeable arrays and hierarchical processes

As discussed within the main article, we consider a generalization of exchangeability in order to induce
a random partition prior on the nodes which accounts for information from the layer division. Such a
generalization is known as partial exchangeability (de Finetti, 1938) and is a more natural hypothesis of
dependence for random elements divided in a finite number d of layers. In fact, as clarified in Definition 1
of the main article, it assumes that the joint distribution of the entries in a given infinite random array
X% = {(xji)i>1 : j € [d]} is invariant with respect to within-layer permutations, but not necessarily with
respect to across-layer ones.

Under the partial exchangeability assumption, the following extension of representation (S.2) holds.



Theorem S1.2 (de Finetti). The infinite random array X is partially exchangeable if and only if there
exists a measure Q on the space of d-dimensional vectors of probability measures P endowed with the
product o-algebra ®?:1 o (P) such that

P(X]l € A]],...,)C]v1 EA]VI,...,xdl EAdl,...,xdvd EAdVd)

“r (S.11)
- /W [ 1] ] P 0@py,....dpPy),

Jj=1 i=1
forany Ay, ..., Aqv, € X and any (Vy,...,Vq) € N4,

Again the quantity Q is called de Finetti measure. By extending the representation in (S.3) to the
partial exchangeability setting, one obtains (4) of the main article, which is equivalent to Theorem S1.2.
Namely, given a partially exchangeable infinite array X*, there exists a vector of random probability
measures (P, ..., Py), each defined on (X, Z), and taking values in (¢, ®;.l:1 o (P)), such that, for
any ji,...,Jjx € [d] andiy,...,ix > 1, one has

~ ~ ud -~ ~
(i Xei) | (P Pa) By o Py, 5.12)
(Pl""’Pd) ~ Q'

Partial exchangeability reduces to exchangeability if P = P almost surely for any j € [d] and some
random probability measure P. In this case, (S.12) reduces to (S.3). Conversely, if (P i)jeld) are in-
dependent, that is Q is a product law on 99, then the rows of the array X® are independent. These
particular cases represent the extremes in the range of borrowing of information among nodes coming
from different layers. Defining a partially exchangeable model for an array, then, amounts to choosing a
de Finetti measure Q for a vector of random probability measures which can allow flexible borrowing of
information both within and across layers. To this end, and recalling the considerations for the classical
exchangeability setting, a natural and routinely-employed solution is to rely on hierarchical compositions
of the nonparametric priors presented in Section S1.2. This yields the so-called hierarchical normalized
random measures with independent increments (H-NRMIs) priors; see Definition 2 in the main article
— which extends (S.10) to the partial exchangeability setting — and Camerlenghi et al. (2019) for an
in-depth treatment.

Example S1.1 provides two popular instances of H-NRMlIs, which further clarify the related con-
struction via hierarchical compositions of the nonparametric priors.

Example S1.1. If for both levels of the hierarchy we consider a DP, namely

. i .
Py,...,Pa| Py < DP(8, Py), (S.13)
Py ~ DP(6y, Po),
then (P1,...,P4) ~ H-DP(0, 0y, Po) (Teh et al., 2006).
If instead we consider two levels of NSP, i.e.,
~ ~ ~ d ~
Py,....,P4| Py X NSP(c, Py), (S.14)

Py ~ NSP(ay, Py),

then, (Py,...,P4) ~H-NSP(o, 0y, Py) (Camerlenghi et al., 2019).



Since H-NRMIs represent a particular specification of the de Finetti measure Q in (S.12), if the j-th
row, (Xj1,...,X jvj), of a finite array X € X* is a conditionally iid sample from P ; in Definition 2 of
the main article, for any V; > 1 and j € [d], then X* is partially exchangeable according to its rows.
Moreover, because of the almost sure discreteness of each P ; and Py, the probability of a tie among the
entries in the array X is positive both within and across rows (i.e., layers), that is P(x;; = x;7;) > 0,
forany i € [V;], i’ € [Vj] and j,j" € [d]. As clarified in the main article, the proposed partially
exchangeable partition prior for the node allocations to groups in the pEx-SBM model is directly obtained
from the within- and across-layer clustering structures induced by these ties.

S2 Results for the Hierarchical Normalized Stable Case

In the article, all the results obtained for the general class of H-NRMI are specialized to the H-DP case.
Here we specialize these results also to the H-NSP. From Proposition 1, we can deduce the following.
Corollary S2.1. Letz ~ pEXP(V; o, 09) where pEXP(V; o, 0y) denotes the partition structure induced
by a H-NSP with parameters o, o € (0, 1). Then

H oy f}ﬁ"o- =0 5;,"0' n]_}vl - f};;o‘
T v —1 Liezr#0y e V-1 V-1

P(zy =h |z, W) =1 ] , (S.15)

foreach h € [H™ +1].
Theorem 1 yields, instead, the following expressions.

Corollary S2.2. Let z ~ pEXP(V; o, 00). Then, if both v and u are in the same layer j, we have

H—VM
- - 1 - _ - -
P(zy = zu | 27", W) = Vi)W, - 1) { E (an” —{i,f“o-) (nj,f“ — o+ 1)

h=1
2 H—VM
+e l(l AART=TY > (g - o) (65 - CTO)] (S.16)
h=1
Ve (gjvu + 1) 0.2 Hvu
i i
i v 1 v 1— ,
+ [l (Jeu] + 1) - ( -h 0'0) ( h oo+ 1)+ ao( 0'0)]

whereas, if node v is in layer j and node u is in layer j’, with j # j’, it follows that

valt
_ _ 1 _ _ _ _
P(zy =z 277, Ww") = (Vj — 1)(‘/], -1) { Z (nﬂ‘:u - gj};}uo-) (nj/‘;‘u B f/‘;luo-)

h=1
H™vu" H—vu
+ o o Z (n—.vu _ g—.vuo_) (f—vu — o ) F Z (n—.vu _ g—.vuo_) (f—vu — o )
jevul |7 - J'h T Yk h 0y %j- - Jjh Jjh h 0
g;vu (gj—lvu) 0_2 H—vu
—vu —-vu —vu
+|£—vu|(|£—vu|+l) ; (f.h —0'0) (f_h —0'0+1)+H 0'0(1—0'())

(S.17)

The following statement provides a prior elicitation result for the H-NSP, similar to that in Proposition 2.



Proposition S2.1. Let z ~ pEXP(V; o, 0y). Then, for any generic node v in layer j, we have

|H-;V| V-] B 1 -V -V -V -V % -V
o 1+|£_v|a'o < 25;‘/ EH]. |z7V, w )ZP(zveHj |z7%, w), (S.18)

for each j € [d]. In particular, the left hand side of (S.18) is implied if o < 0.5(1 + (V; — 1)oo/d) ™.
As discussed in Remark 5 in the article, this condition also guarantees P(z, € HJ_.V |z7V, wY) =2 P(z, €
H™V H]‘."|z“’, wY).

We conclude by tailoring the results on the conditional probabilities in Proposition 3 to the H-NSP.
Corollary S2.3. Ifz ~ pExP(V; o, 0y), then, for any node v in layer j, we have

P(zy=h,w,=1lz7V,Ww ")

Djpe = o ) — oo H™ oy (S5.19)
=1 2 41 — |1 n——+1 v ————
=i V=TT g =T [ T T T

forany he [HV +1], 1t € [ZJT." + 1], where 1:]_; is defined as in Proposition 3 of the main article.

S3 Proofs of Theorems, Propositions and Corollaries

Section S3 provides the proofs of the theorems, propositions and corollaries stated in the main article
and in these supplementary materials.

We start proving the expressions for the joint conditional probabilities given in Proposition 3 and its
Corollaries 3 and S2.3, which we will also leverage on in the proofs of other results.

Proof of Proposition 3. By Bayes rule

p(zy =hw, =1,27", W)

p(z™v,w™)

P(zy =h,wy, =7 |27V, W ") = , (S.20)
where both the numerator and the denominator can be directly retrieved from the pEPPF in (8) of the
main article. To this end, it suffices to notice that, having fixed a specific configuration for the group and
subgroup allocations — instead of just an array of frequencies — the summation over all the config-
urations and the multiplication by the product of multinomial factors in (8) is not required since these
operations yield the total mass assigned to equiprobable configurations with equal array of frequencies.
Hence, the denominator in (S.20) can be analytically evaluated via

pzV,w)

= Ol g (67 )@

(Vi-1) (V )

v @G g >1_L e ®

-V

(qul’ “e ,quH-v

where j is the layer of node v.

To derive a similar expression for the numerator, it is worth analyzing separately the two situations in
which t corresponds either to an already-existing subgroup in layer j or to a new one. In the former case,
forany t € [£ /T."] the probability in (S.20) is non-zero just when % corresponds to the sociability profile



associated to subgroup 7. It is easy to see that for any #, the set of such subgroup indices is given by ']I‘j‘;l’
defined in (11) of the main article. Notice that |’I[‘_V| = ¢, Now, if ‘[_v denotes the vector obtained
ordering T , the subgroup corresponding to T h . 1s the t th subgroup w1th sociability profile 4 in layer
J. Hence, to compute the numerator in (S.20) for T=T, , it suffices to increase the frequency qin ne by
one, whereas £~V remains unchanged. As a result

_ _ v _ _
plzy =hwy =127, W) :(I)(F}_V’D({’. Voo lg-y)
S.22)
v Ly 1—[ o) (g~ S (
X(D (qjl ) ]h +et""’q_]H v) L 1]#] j\.;,j,(qul,...,qj,H,v N

where e, is a {’-dimensional vector of Os, with a 1 in the 7-th entry.

When, instead, T is a new subgroup in layer j, i.e., T = ZJT.V + 1, then node v might be assigned either
a sociability profile already present in the network or, alternatively, a previously-unseen one, i.e., & =
H™V+1. This requires adding a new entry to q‘; and increasing £~", for the creation of the new subgroup.
Note that, when 2 = H™" + 1 then (q ,1) = 1 Hence, in this case we have

Pz = howy =6 + 1,27, W) = c1><'f A PO ) RO )
h
S.23)
(V) _ d (Vir) _ _ (
q)f j+1 J(qﬂ v (qjh’ B J'ZI;IV) ﬂj/zl,j’v&j q)"}/.é’j’(qj"f’ T ’q.i"l}‘f’v)’
Replacing (S.21)—(S.23) in (S.20) yields the expressions in (25)—(26) of the main article. ]

Proof of Corollary 3. Recall that the EPPF induced by a DP with concentration parameter § > 0 implies
that the probability of any partition of n objects in K clusters is given by

o (ny, ... nk) = — 1) (S.24)
for any frequency vector (ny,...,ng) such that n = Zle ne, where [ - |, is the n-th ascending factorial.

When t € TJ‘; , it suffices to substitute (S.24) in (25) to get the first summand in (27). As for the
case T = KJ’.." +1,if h € [H™"] then H,” = H™" and we have

(I)g{;V|+1)(€_v""’£31v+1""’€}-‘1)7V) g—hv
(€D v v AT (S.25)
<I>Hv0(€. e U ) 0
while if h = H™V + 1, since H;l" =H" +1,
(1€7V+1) / p—
o _v+10(€_v,,. ZI;V,I)_ 6o 526
£ _ _ - vl .
CDI('-I‘V(l))(g.Va---ag.I}/—v) 90+|e v|
In both cases the second ratio in (26) gives the common factor of the second summand in (27). O



Proof of Corollary S2.3. The EPPF induced by a NSP with parameter & € (0, 1) gives

_ K
(n) (K - 1)!O-K_1 ~
q) (nl’ "'9n'K):— [l_o-]n,(—l’ (827)
K (n—1)! D
Substituting (S.27) in (25)—(26), with considerations as in proof of Corollary 3, yields (S.19). O

We now provide proofs of the remaining results, in order of appearance.

Proof of Proposition 1. It suffices to note that

7V +1
-
Pzy =h|z,w)= Y Pzy=hw,=1|2",w"), (S.28)

T=1

where the expressions of P(z, = h,w, =t | z77,w™") for any choice of (h,7) € [H™V + 1] X [fj‘..v +1]
are given in Proposition 3.

Proof of Corollary 1. Equation (14) in Corollary 1 can be obtained from (12) by replacing the general
@) in (13) with those specific to the DP case, given in (S.24), or alternatively, by summing the H-DP
joint conditional probabilities in (27) over all the possible choices of T € [ij.V +1]. O

Proof of Theorem 1. We can write

—vu) — P({Zv = Zu}e Wv = T’ Wu = ’C,’ Z_vua w—vu)

PHz, =z}, wy =1, w, =7 |z "%, w
({zv u} v u I p(z-V4, wvi)

—vu S.29
S p(zy = hoz = howy =T oy =T, 2, W) (529

p(Z_V”, W—vu)

Now, if v and u belong to the same layer j, the probability within the summation at the numerator will
include, for any %, t and T’ the common factor

d V) -vu —vu
l_lj':l,j’;tj (D[},.“”,j’(qj’l o dyg-ve)s
given by the allocations in all the other layers.

The form of the remaining factor depends, instead, on t and t’. If both T and t’ are already-existing
§ubgroups, tben T = 'c]‘,ft” and 1t/ =.1:]TZ ., for some (.po.ssib.ly equal) t,7" € [f;}f‘ “], where the Vf.:CtOI' 17]‘; u
is defined as in Proposition 3. In this case, the multiplicative factor for a generic ¢,¢" € [fjfhv “] is equal to

(e e - V) - - -
®H7V"’,O (f_lvu, .. ’f.l})%vu)q)f'—\])u ](qjlvu, L] q]l"l/u + € + (S qJ[‘_)I'{vu .
oo p

If, instead, 7 is already occupied and t’ is new, that is T = rj‘lj;‘ for some ¢ € [ZJT;“] and v’/ = fjj"“ +1,
then the factor is

(|E7vbt|+l) —vu —Vu —Vu (V) —vu —vu —vu
CDH-vu,o (0 + g <I>{/,;£u+1’j(qj1 ,.. .,(qjh +e1),.. .,qu_vu).

9



When both t and 1’ correspond to the same new subgroup, i.e., T =1’ = KJT.V“ + 1, we have

£V +1 — — — V;j _ _
(I)gil vu (|)+ )(Z.lvu’---,g.h‘}u*—l, f VMVH)(I); VI)4+1 j(q Vu" (q]h ’2) "’qII‘—)IMVM)’

while if both are new but different, i.e., T = t’}T.V“ +1, v = [JT_V” +2 (or vice versa), the multiplicative factor
is equal to

(1€771+2) ( p— - - (Vj) - - -
(I)H vuo (g.lvua---vf.hvu"-zv € VMVH)(D[ \])M+2 I(qjlvu’---a(qj]};ua1’1)7"~’q [‘-}]MVM

As in (S.21), it is also easy to check that the denominator in (S.29) is equal to

d
DU )T ) [ @ (g,
=it
Replacing the above factors within the ratio in (S.29) and summing over all the possible choices of T and
7/, yields expressions (15)—(16). The proof of (17)-(18) in Theorem 1 follows along the same line of
reasoning. It suffices to note that when v and u are not in the same layer it is not possible for v and u to
be allocated to the same subgroup, neither new nor already-occupied. m|

Proof of Corollary 2. Similarly to the proof of Corollary 1, (19) and (20) in Corollary 2 can be derived
from (15) and (17), respectively, by replacing the general functions @) in (16) and (18) with those
specific to the DP case in (S.24). m]

Proof of Proposition 2. Summing the predictive probabilities in (14) over i € H]‘.v andh e H™Y \H]‘.V,
we have that the inequality in the right hand side of (21) is satisfied if and only if

£y 0 Vi-1 V(1 - 0

[ Ips L Vsl etl-py) | 530
o+ €V 0+V;i—1 0+V; -1 o+ €7V 6+V;—1
where p, = (1/[€7") Xpen-v €. This is equivalent to
J
1 [V +6gVi—1

> 1- . S.31
Pvz3 &g 9 (S.31)

Therefore, whenever the right hand side of (S.31) is negative, regardless of the value of the proportion
p» of subgroups with sociability profiles already observed in layer j, the inequality is always satisfied.
This is implied by the left hand side of (21).
Summing to the right hand side of (S.30) the probability of node v being assigned a new sociability
profile, i.e.,
0o 0

S.32
Oo+ €7V 6+V; -1 ( )

we obtain the inequality in the right hand side of (22). With the previous strategy we can again retrieve
the sufficient condition. O
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Proof of Proposition S2.1. Summing the predictive probabilities in (S.15) over h € H;V and h ¢ H]TV,
we have that the inequality in the right hand side of (S.18) is satisfied if and only if

|H}V|O-0 Vj -1

[H>"|oo
N B j
7t oy

12 (1-py)+——, (8.33)

Pv —
where p, = (1/[€7") Xpen-v €. This is equivalent to
J

Vj -1 |H_;v|0-0
200y ]

1-p, < (S.34)

Therefore, whenever the right hand side of (S.34) is greater than 1, regardless of the value of the pro-
portion p, of subgroups with sociability profiles already observed in layer j, the inequality is always

satisfied. This is implied by the left hand side of (S.18). In particular, since IHJ_."l <V;-1,1£| > d, and
;¥ < Vj— 1, we have that (S.34) is implied by o < 0.5(1 + (V; — Doo/d)™". o

Proof of Corollary 4. Corollary 4 can be directly deduced from (25)—(26). O

Proof of Corollary S2.1. Equation (S.15) in Corollary S2.1 can be also obtained from (12) by replacing
the general functions @) in (13) with those specific to the NSP case, given in (S.27), or alternatively, by
summing the H-NSP joint conditional probabilities in (S.19) over all possible choices of T € [KJT‘V+ 1. o

Proof of Corollary S2.2. Similarly to the proof of Corollary S2.1, (S.16) and (S.17) in Corollary S2.2
can be derived from (15) and (17), respectively, by replacing the general functions @) in (16) and (18)
with those specific to the NSP case in (S.27). |

S4 Additional Methodological and Empirical Results

We provide below details on pExP(V; 6, 6p) with hypepriors on 6 and 6, along with additional empirical
results which complement the analyses in Sections 4 and 5 of the main article.

S4.1 pExP(V; 6, 6y) with hypepriors on 6 and 6,

As discussed in Section 3.1 of the main article it is possible to include gamma hyperpriors for the pa-
rameters 6 and 8y of pExP(V; 6, 6) through a tractable construction that yields closed-form conjugate
full conditionals. This allows for a direct modification of Algorithm 1 that includes an additional step to
sample from these full-conditionals of the pEXP(V; 6, 6y) parameters. More specifically, extending and
adapting the results of Escobar and West (1995) from the DP to the H-DP setting within our formulation,
we have that, when 6 ~ gamma(ea, 8) and 6y ~ gamma(ayg, Bo), the two full-conditionals for 6 and 8 are

p(6o | 2w, Y, 6) xp(6)) and  p(0|zwY,0) [ | —— xp(0),
[00] e/ jo1 Oy

where p(6p) and p(0) are the densities of the gamma hypepriors for 8y and 6, respectively, whereas
[60] ¢ and [0]y, correspond to the two ascending factorials that can be also expressed as I'(6o+|£]) /T"(6o)
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and (6 + V;)/T(6). Thus, 1/[60] e o B(6p, |£]) = S0 (1= o)1= g and 1/[6]y; « B(6,V;) =
fo 77? I - nj)V' 1a’nj, foreachj =1,...,d. Hence, 1ntr0ducmg augmented variables no and 71, . . . , g
such that

(o | 0.2, W) ~beta(do, [€))  and  (1;10) X beta(0,V)), j=1,....d, (S.35)
and defining vq :=log(np) < 0and v := Z?Zl log(n;) < 0, we have
(6o | no, 2z, w) ~ gamma(ag+H,Bo—vo) and (0 |ni1,...,704,2, W) ~ gamma(a+|£|,B—v). (5.36)

Hence, the inclusion of an additional step in Algorithm 1 sampling first from (S.35) and then from (S.36)
allows for tractable posterior computation also when including hyperpriors in pExP(V; 6, 6)).

S4.2 Section 4 (additional empirical results)

As discussed within Section 4, convergence of the Gibbs sampling schemes for H-DP(8 = 0.5, 6y = 4),
H-NSP(o = 0.2, 09 = 0.8), and H-DP with gamma(5, 10) and gamma(12, 3) hyperpriors for 6 and 6 is
assessed from the analysis of the traceplots for the logarithm of the likelihood in (1). Figure S.1 provides
a graphical representation of these traceplots for one of the ten replicated experiments considered within
Section 4, under both Scenario 1 and 2. The results in Figure S.1 suggest rapid convergence and adequate
mixing in both Scenario 1 and 2, for the three pEx-SBM examples under analysis. The higher variability
of the traceplots for Scenario 2 correctly unveils the increased posterior uncertainty on z arising from
such a more challenging scenario with reduced separation among the different groups.

H-DP H-NSP H-DP hyp

-1790 4

-1800 A

| OLBUSOS

-1810 1

-1820 A

-2000 o

Beta-Binomial log-likelihood

-2040 A

Z OLeUSOS

-2080 A

0 2500 5000 7500 10000 O 2500 5000 7500 10000 O 2500 5000 7500 10000
MCMC iterations

Figure S.1: Traceplots of log p(Y | 2(8)), s = 1,..., Niter for H-DP, H-NSP, and H-DP with hyperpriors on # and 6y, in one
of the ten replicated experiments considered in Section 4, under both Scenario 1 and 2.
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Table S.1: Robustness assessments for three key examples of pEx-SBMs in Scenarios 1-2: Posterior mean IE[VI(z, zg) | Y]
of the VI distance from the true zy, when changing the initialization of the collapsed Gibbs samplers and the hyperparameter
values w.r.t. the default settings in Section 4. Values within brackets are the posterior means IE[VI(z, zg) | Y] obtained under the
default settings in the main article. Results are averaged over ten replicated experiments.

initialization E[VI(z, z¢) | Y] hyperparameters E[VI(z,zy) | Y]
SCENARIO 1 2 1 2
pEx-SBM (H-DP) 0.03 (0.02) 0.62 (0.62) 0.07 (0.02) 0.67 (0.62)
pEx-SBM (H-NSP) 0.04 (0.04) 0.61 (0.60) 0.07 (0.04) 0.61 (0.60)
pEx-SBM (H-DP hyp) 0.03 (0.03) 0.62 (0.63) 0.05 (0.03) 0.63 (0.63)

Table S.1 quantifies the robustness of the three pEx-SBMs examples analyzed in Section 4, with a fo-
cus on the initialization of the Gibbs sampling routine in Section 3.1 and hyperparameters specification.
Recalling Algorithm 1, as a default setting for the initialization of z we consider V different groups, each
comprising a single node. Table S.1 clarifies that the inferred posterior concentration around zg in repli-
cated studies does not change when initializing Algorithm 1 to the other extreme setting characterized
by a single group containing all the V nodes in the network. Similar robustness is observed also when
varying the hyperparameters of the three priors under analysis. Within Table S.1 we assess, in partic-
ular, an H-DP(0 = 2,6y = 7), an H-NSP(o = 0.35, 09 = 0.9), and an H-DP with gamma(12, 6) and
gamma( 14, 2) hyperpriors for 6 and 8y. Although these alternative hyperparameter settings induce a prior
expected number of groups of ~ 10 (i.e., twice the one obtained under the prior specifications in Sec-
tion 4), as shown in Table S.1 the overall posterior concentration around zg in replicated studies remains
almost the same as the one achieved under the original settings, with H-DP based on hyperpriors show-
casing the improved robustness.

The slightly improved robustness of H-DP with hypeprior can be explained by its ability to learn the
parameters that control the clustering properties and the strength of the layer information in informing
inference on z. Such an advantage is also observed when studying the performance of the three pEx-
SBMs examples in Scenario 1 under a non-informative layer division obtained by considering a random
permutation of the original layer labels in Section 4 (see also Figure 2). By performing posterior infer-
ence in this context under the default settings from Section 4 for the three pEx-SBMs examples yields a
VI(z, zy) distance, averaged over ten replicated studies, of 0.16 for H-DP and H-NSP, while H-DP with
hyperprior achieves a slightly improved robustness with a value of 0.14. As expected, when layers are
non-informative, performance slightly deteriorates relative to the results displayed in Table 1 within the
main article. Nonetheless, a closer inspection of Table 1 shows that, even in this challenging setting, pEx-
SBMs still display higher accuracy than the one achieved by state-of-the-art and routinely-implemented
methods (e.g., Louvain (Blondel et al., 2008), JCDC (Zhang et al., 2016) and CASC (Binkiewicz et al.,
2017)) supervised by the original informative layer division. Considering non-informative layers for
CASC yields a VI(Z, zg) distance, averaged over ten replicated studies, of 2.93, which is orders of mag-
nitude higher than the one achieved under the three pEx-SBMs examples. This suggest that pEx-SBM is
less sensitive to non-informative layers than state-of-the-art methods.

S4.3 Section 5 (additional empirical results)

Figure S.2 complements the predictive studies on the criminal network in Section 5 of the main article
with a focus on the estimated posterior similarity matrix comprising both in-sample and predictive co-
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Figure S.2: For the criminal network application in Section 5, graphical representation of the posterior similarity matrix
comprising in-sample and predictive co-clustering probabilities. The two gray lines separate in-sample nodes (larger group)
and out-of-sample ones (smaller group). Side colors correspond to locale affiliation (i.e., layers), whereas the color of each
entry in the matrix ranges from white to black as the estimated co-clustering probability goes from O to 1.

clustering probabilities. The results nicely illustrate one of the important advantages of the proposed pEx-
SBM. Namely its ability to properly quantify both in-sample and predictive clustering uncertainty. This is
evident in the higher co-clustering uncertainty for pairs of nodes involving at least an out-of-sample one,
whereas those comprising both in-sample nodes display, as expected, lower variability. Interestingly, the
higher heterogeneity is observed for the co-clustering probabilities involving out-of-sample nodes from
the green locale. As discussed in Section 5 (see also Figure 4), such a locale is the most fragmented in
different groups. This structure properly translates into a higher co-clustering uncertainty in Figure S.2
for out-of-sample nodes from the green locale.

S5 Glossary

The table below provides a glossary of the main quantities involved in our adaptation of the Chinese
restaurant franchise (CRF) metaphor to the pEx-SBM construction.

QUANTITY DESCRIPTION

Vv total number of nodes in the network

d total number of layers in the network

H total number of sociability profiles (i.e., clusters) in the network

V; number of nodes in layer j

Wi label of the subgroup to which node i in layer j has been assigned

tin number of subgroups in layer j with sociability profile &

qjnt number of nodes in layer j assigned to the 7-th subgroup with sociability profile /&
t;. number of subgroups in layer j

tn total number of subgroups with sociability profile A

njp number of nodes in layer j with sociability profile &

cpgff ) EPPF regulating the distribution of the division in subgroups within layer j

(ID%(I)) EPPF driving the sociability profile assignment to the subgroups in the different layers
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