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1. Introduction

The motivation for this work comes from an attempt to estimate the speed of convergence in a classical
ergodic theorem which we now describe. There are several results in the literature concerning this problem
and here we only cite a few.

A classical result of L. Kronecker states that if & = (aq,...,aq) € R? is an irrational vector, that is, if
1,ay,...,aq are linearly independent over the rationals, then the sequence {na}’> is dense in the torus

T4 = R4/Z4. This implies that for every continuous nonconstant function f(z) on the torus the sequence
{f(x + na)}2 does not have a limit as n — +0o. Another classical result obtained independently by
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P. Bohl, W. Sierpinski and H. Weyl states that the sequence {na};>] is uniformly distributed in the torus,

+oo

~21 converge to the integral of the function,

and the arithmetic means of the sequence { f(z + na)

1 N
yhm Nz_:lf(ﬁna)—/f(y)dy =0.
n= Td

For such classical facts we refer the reader, for instance, to [18] and [25, Chapter 6]. The map = — x+« is
a measure preserving ergodic transformation whenever a € R? is an irrational vector and the above results
are particular cases of classical ergodic theorems. It is known that no general statement can be made about
the rate of convergence in these theorems. In [15] and [17] it is proved that if T is a measure preserving
ergodic transformation of the interval [0, 1] and if {e, };/>] is a positive sequence converging to 0, then there
exists a continuous function f(x) such that, for almost every z, one has

N 1
. 1 n
limsup § e (032 £@7 (@)~ [ )y | { = +oc.
N—4o00 n—1 0

Confirming a conjecture of Erdos and Sziis, in [16] and in [20] it is proved that if f(z) is the characteristic
function of an interval {a < 2 < b}, with 0 < b —a < 1, then the quantity

> f@+na) —N/f(y)dy
0

is bounded in N if and only if b — a = ha — k for some integers h and k. Therefore, for a characteristic
function the speed of convergence ¢N ! is the exception, not the rule. For multidimensional analogues of
such results see [11,12].

In [13] it is proved that if f(x) is a continuously differentiable function on {0 < z < 1} with df (z)/dz
Lipschitz continuous and with f(0) # f(1), then, for every «, one has

1

N
lim sup T;f(na)—NO/f(y)dy = +o0.

It is also proved that if f(0) = f(1), hence f(z) is continuous as a function on the torus T, but the
derivative may have a jump discontinuity, then, for almost every «, one has

1

N
limsup { sup Z flz+na) — N/f(y)dy < 400.
N-too |0<e<1 | |Z )

Observe that a discontinuous function cannot have an absolutely convergent Fourier expansion. On the
other hand, the assumptions f(0) = f(1) and df(z)/dz Lipschitz continuous in {0 < x < 1} imply that
|F(m)| < em~2. More generally, if df (z)/dz is Holder continuous with exponent ¢ > 0, then |f(m)| <
em~17¢. In [7] it is proved that if {a, } 2% is a van der Corput sequence on the interval {0 < z < 1} and if
the Fourier coefficients of the function f(x) have decay U?(m)| < ¢|m|~17¢ for some ¢ > 0, then

sup Z flan) — N/f(x)dx < +o0.

Nzl n=1
- 0
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In [1] it is proved that the expected speed of convergence of Weyl sums of continuous, or, more generally,

/2 More precisely, they proved that if f(z) is square

integrable and if v < 1/2 then, for almost every (o, z) € T¢ x T?, one has

square integrable functions, is slightly less than N~

N
1
lim sup — (x4 na —/ d =0.
imawp § V| 032 o)~ [ 1)y
- T
They also proved that the exponent —1/2 is best possible and that there exist continuous functions f(z)
such that, for almost every (o, z) € T4 x T, one has

lim sup
N—+o00

N
Z (z 4+ na) /f = +00.

2|H

In conclusion, the rate of convergence of the means N1 27]:7:1 f(z +na) to the integral [, f(y)dy can
be arbitrarily slow and it is also quite easy to see that this rate of convergence cannot be faster than cN~1;
see the proof of Corollary 1.7. The goal in this paper is to show that, with suitable smoothness assumptions

+oo

on the function f(x), the speed of summability of the divergent sequence {f(x +na)}, > can be improved

if instead of the arithmetic means one considers smoother means such as, for instance,

N-1

%g;}v <1 - %') f(x + na).

See [8] and [26] for references about summation methods. We want also to remark that the paper [6] by
S. Das and J. A. York is particularly relevant for the subject of our paper.

Let us now fix some notations for what follows. Denote by ||| the distance of a real number ¢ to the
nearest integer, that is, ||t|| = inf,cz {|t — n|}. Functions on the torus T? = R%/Z¢ are identified with
periodic functions on R¢ with period Z?. The Fourier transform and the Fourier expansion of an integrable
function on the torus are defined respectively by

m)Z/f(x)e_Q”im'Idx, Sf(x) = Z 'f/\(m)eQWim-z.
Td

meTd

The Sobolev space W%2(T?), § > 0, is the space of distributions on T¢ defined by the norm

flls2={ S5 (1+m?)’ [Fm)?

meZd

In what follows ® (N, n) denotes a complex valued function of the positive integer variable N > 1 and the
integer variable n € Z, with the property that for every N the function n — ®(N,n) has bounded support,
and that

+o0
> ®(N.n) =1 (1)

n=—oo

The Welghted discrepancy associated to the weights {®(N,n)} " and to the Kronecker sequence

n=—oo

{na}t with a € R?, or equivalently with o € T¢, is defined by

n——oo’
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+oo
Df\),’af(:c): Z <I>(N,n)f(:1:+na)—/f(y)dy.
Td

n=—oo

An example to keep in mind is

+o0 -1
®(N,n) = < > \I/(N_ln)> U(N"'n)

n=-—oo

where U(t) is a suitable bounded function with compact support. In this case N is roughly the size of the
support of the function n — ®(N, n). The assumption of compact support could be weakened assuming a
suitably fast decay at infinity.

Our first main result is related to the results in [4,5] and it reads as follows.

Theorem 1.1. Let D}{\),’O‘ be the operator defined as above, with ®(N,n) satisfying (1). Assume the following.
(i) There exist constants K > 0 and ¥ > 0 such that for every N > 1 and every t € R one has

—+oo

Z @(N, n)€27rint

n=—oo

< K(1+N|th™.

(i) The function f(x) is in the Sobolev class WO2(T%), with § > d/2 if 0 < ¥ < 1, and 6 > dV — d/2 if
9 >1.

Then, for almost every « there exists a positive constant c(f,a) such that for every positive integer N
one has

s {\D}{S"’f(w)\} <e(f,a)N7V.

Observe that if the assumption (i) holds true with an exponent g, then it also holds true for every
Y1 < Y. If the function f(z) has a degree of smoothness d/2 < § < dg — d/2 with ¥y > 1, then one
cannot guarantee a speed of convergence ¢N~Y0, but at least one can guarantee a speed ¢N~Yt for every
1 < <y with 6 > ddy, — d/2.

The above result is a metric one and it holds true for almost every a. Our second main result is a
deterministic one and it holds for a specific a.

Theorem 1.2. Let ’D;I\),’O‘ be the operator defined as above with ®(N,n) satisfying (1). Assume the following.
(i) There exist constants K > 0 and 9 > 0 such that for every positive integer N and every t € R one has

+oo

Z (I)(N, n)€27rint

n=-—oo

< K(1+N|t|)~7.

(i) The vector a € R is irrational and there exist constants H > 0 and o > d such that ||a-m| > H|m|=°
for every m € Z¢\ {0}.
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(#43) Finally assume that 6 > d/2 and set

— 54 Vo —di+d/2
d

o= if 9 <1/2 and 6 < Yo —d(¥ —1/2),

log? (1 + N) if9 < 1/2 and § = 9o — d(9 — 1/2),

1 if 9 <1/2 and § > Yo — d(9 —1/2),
N%log%(l—i—]\f) if9=1/2 and § < 0 /2,
X(d,8,9,0,N) =< log(1+ N) if9=1/2 and 6 = 0 /2,
1 if9=1/2 and § > o /2,
N9z if9>1/2 and § < do,
log? (1 + N) if9>1/2 and § = Yo,
1 if 9 >1/2 and § > Jo.

Then there exists a positive constant ¢ = ¢(H, K, d, 6,9, o) such that for every function f(x) in the Sobolev
space WO2(T9) and every positive integer N one has

swp {[DR 5@} < N OX(@8,0,0 M)l

It should be remarked that the above Theorem 1.2 and its proof are in principle similar to Theorem 3.1
in [6]. Observe that both Theorem 1.1 and Theorem 1.2 guarantee a speed of convergence cN 7, up to some
possible logarithmic transgressions, but the smoothness assumptions on the functions in these theorems
are different. The index of smoothness § > d — d/2 in Theorem 1.1 is allowed to be smaller than the
index 6 > ¥Jo > d¥ in Theorem 1.2. On the other hand the conclusion in Theorem 1.1 holds for almost
every «, with a depending on the given function one is considering, whereas in Theorem 1.2 the vector
« is independent of the function. Anyhow, both theorems are essentially sharp. The following theorem
shows that in Theorem 1.1 and in Theorem 1.2 the speed of convergence ¢N~? cannot be accelerated for
< K(1+ N|t[)~? can

every nonconstant function, provided that the assumption ‘Z:io_m O(N,n)e?mint
be reversed.

Theorem 1.3. Set

+oo
C(t) = lim sup {N19 Z O(N,n)e* } .
N—+o00 ne—oco

Then, for every function f(z), every m € Z%\ {0} and every a € T¢ one has

lim sup {Jw9 sup {‘Dg‘;vaf(m)‘}} > C(m - a)|f(m)].

N—+o0 zeTd

In particular, if C(t) > 0 for a set of t € T of measure 0 < 7 < 1, then C(m - a) > 0 for a set of a € T4
of measure 7; see Lemma 2.1.

Notice that in this theorem the smoothness index of the function plays no role. Nonetheless, some
smoothness is necessary. Indeed, since the Sobolev space W%’2(Td) contains unbounded functions, it easily
follows that the smoothness assumption § > d/2 in Theorem 1.1 and Theorem 1.2 is necessary.

Theorem 1.4. There exists a function f(z) in the Sobolev space W2(T%) such that for every irrational
vector a and every N one has
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sup {‘D%O‘f(x)‘} = +00.
zeTd

Moreover, if the sequence {®(N, n)}:io_ is non-negative, then the above discrepancy is infinite for every

o

The following theorem shows that the index ¢ > di — d/2 in Theorem 1.1 is sharp, provided that the
assumption (7) in the theorem can be reversed.

Theorem 1.5. Assume that for an infinite sequence of N'’s there exists H > 0 such that

—+oo
> (N, n)e*™™ > H(1+ N|tl|)~".

n=—oo

(i) If § < d9 — d/2 then there exists a function f(z) in the Sobolev space W%%(T?) such that, for every «,
one has

limsup{Nﬂ sup {‘Di’,af(x)‘}} = +00.
N—=+oco xeTd

(ii) There exists a function f(x) in the Sobolev space W‘w*%’Q(Td) such that, for almost every «, one has

lim sup {NI9 sup {’D%af(x)’}} = +00.
N—+o0 zeTd

The following theorem shows that the smoothness index § > ¢ in Theorem 1.2 is sharp, provided that
the assumptions (¢) and (i4) in the theorem can be reversed.

Theorem 1.6. Assume that for an infinite sequence of N'’s there exists H > 0 such that

+oo
> (N )™ > H(1+ Nt]) ™.

n=—oo

Assume also that for a given a there exist L > 0 and an infinite subset Q of Z4\{0} with ||a-m| < Lim|~7
for every m € Q. Then there exists a function f(x) € WY%2(T%) such that

lim sup {Nﬁ sup {‘D%O‘f(x)‘}} = +00.
N—+o0 zeTd

A crucial assumption in Theorem 1.2 is the behavior of the sequence {||la - m||},,cze. We recall some
results in Diophantine approximation.

(%) A classical result of Dirichlet states that for every vector a € R? and every positive integer M there
exists m = (my, ma, ..., mq) in Z¢ with |m;| < M for every j =1,...,d, and with [jo- m| < M4,
In particular, if there exists H > 0 such that |- m|| > H|m|=7 for every m € Z%\ {0}, then o > d.

See e.g. [21, Chapter 11, Theorem 1E].
(o) If {1,01,09,...,aq4} is a basis of a real algebraic number field of degree d + 1, and if o =
(a1,az,...,a4), then there exists H > 0 such that ||a - m| > H|m|™? for every m € Z<\ {0}.

See e.g. [21, Chapter 2, Theorem 4A].
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(x % x) For every o > d the set of vectors o in R? with || - m|| < |m|~¢ for infinitely many m € Z¢\ {0}
has measure zero. This result is due to Khintchine. See e.g. [21, Chapter 3, Theorem 3A], [2] and
the references therein.

It follows from these results that the assumption (¢7) in Theorem 1.2 is not empty and o > d is necessary.
The following corollaries show that also the assumption (¢) in Theorem 1.1 and Theorem 1.2 is nonempty.

—1
Corollary 1.7. Let ®(N,n) = ( too ‘I/(N‘ln)) T(N~'n), with
1 il <1
wipy =+ T
0 if|t| > 1.

Then Theorem 1.1, Theorem 1.2 and Theorem 1.3 apply with every ¥ < 1.

-1
Corollary 1.8. Let ®(N,n) = ( +oo \I/(Nfln)> U(N~1n), with

1-10¢ |t <1
P AU
0 if |t] > 1.

Then Theorem 1.1, Theorem 1.2 and Theorem 1.5 apply with every 9 < 2.

-1
Corollary 1.9. Let v > 0 and let ®(N,n) = ( oo \II(N_ln)) U(N~1n), with

1—[t?) if |t <1,
wiy [0l <
0 if |t] > 1.
Then Theorem 1.1, Theorem 1.2 and Theorem 1.3 apply with every ¥ <y + 1.
Corollary 1.10. Let

(2N)!
®(N,n) = 22V (N —n)! (N +n)!
0 if [n| > NL

if In] < NV,

Then Theorem 1.1 and Theorem 1.2 can be applied with every ¥, but with [\/N] instead of N, that is the
relations between the indexes d, §, ¢ and o are the ones in the theorems, but the speed of convergence is
eN~% instead of cN~V.

The next corollary shows that, up to a small logarithmic transgression, Kronecker sequences associated
to vectors « which satisfy the hypothesis (i) in Theorem 1.2 with o = d give optimal quadrature rules for
Sobolev functions. See [3] for results about quadrature rules for Sobolev functions. See also [9] and [10] for
results about existence of optimal quadrature rules.

n=—oo

-1
Corollary 1.11. Let ®(N,n) = ( oo \I/(N_ln)> U(N~1n), with ¥(t) a smooth compactly supported

+oo \II(N’ln)‘ < CN. Let a be an irrational vector in R¢ and

n=-—oo
assume also that there exist constants H > 0 and o > d such that ||oa-m| > H|m|=7 for every m € Z*\{0}.
Finally assume that 6 > d/2 and set

bounded function satisfying cN <
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1 )

N+51G=3)  if§/o < 1/2,
Y(d,0,0,N) =< log(l1+ N) ifd/o=1/2,
log? (14 N) if6/o>1/2.

Then there exists a positive constant ¢ such that

s {[Dhe 7@} < elllaaN#Y (85,0, 8).

When o = d the speed of convergence ¢N~4 cannot be improved in the sense that there exists ¢ > 0 such

that for every distribution of points {z(n)}N_; and weights {w(n)})\_, there exist nonconstant functions in
Wo2(T4) with

n=1

S w(m) f(2(n)) - / F)dy| = eN=3]| )15
Td

The above corollaries show that it is quite easy to exhibit examples of weights ®(N,n) that satisfy the
assumptions in Theorem 1.1 and Theorem 1.2. It is less immediate to construct weights ® (N, n) that satisfy
the reverse assumption, in particular the ones in Theorem 1.5 and Theorem 1.6. However, such weights
exist; see Remark 3.1. We include in the paper an appendix where we shall consider the logarithmic means
defined by the weights

N -1
1 1
— — 1 <n<
®(N,n) = (Zm> - ifl<n<N

0 otherwise.

Although these logarithmic means do not satisfy exactly the assumptions in Theorem 1.1 and Theorem 1.2,

the proofs of these theorems can be adapted.
To conclude, the above results may have continuous analogues where the discrete means are replaced by

continuous means,

+oo

cro @) = [ o0+t~ [ )y,
Td

— 0o

We plan to investigate such operator in future works.
In the next section we provide the proofs of our main theorems, whereas in Section 3 we conclude with

some final remarks.
2. Proofs of the main results

We need an elementary lemma.

Lemma 2.1. If g(t) is a periodic locally integrable function on T, then, for every m € Z4\{0}, one has

[ otm-ayda = [ gtt)ar

Td T
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More precisely, if g(t) is a measurable function on T, then, for every m € Z9\{0}, the functions g(t),
t €T, and g(m - a), a € T?, have the same distribution function. Namely, for every —oo < s < +00,

{t e T, g(t) > s} =|{ac T g(m-a) > s}
Proof. It immediately follows from the measure preserving property of the transformation o +— m-a. 0O
We now prove our first main result.

Proof of Theorem 1.1. Observe that for every 0 < p < 2 one has

2—p

ST < (S R ()’ || ()

meZd meZd meZd

¥
N

The first factor is the Sobolev norm of f(z), whereas the second series converges provided that 2pd/(2 —
p) > d. In particular, for p = 1 and § > d/2 one sees that the Fourier expansion of f(x) converges absolutely.
This fact and the compact support of n — ®(N,n) assure the pointwise identity

—+oo
DEf) = Y ®(N,n)f(s+na)— / F(y)dy
Td

n=—oo

+oo
Z ( Z (P(N, n)eQﬂinm-a> f/\(m)GQﬂimm.

mEZN {0} \n=—00

Hence, thanks to (¢), one has
DY s < KNTST (fum)llme ol = e(fa)N .
meZN{0}

In order to show that the constants ¢(f, «) are finite for almost every « it suffices to show that the series
defining these constants converges absolutely for almost every «. By the previous lemma the functions
a s ||m-al~? are in LP(T?) for every p < 1/9 with norm independent of m,

1

—9\P —9 / —9 20p-1
(lm-al|7") da= [ ||t|~"Pdt = [ t~"Pdt = :
1—"9p

T 0

T4

If 0 < ¥ < 1, then the functions a + ||m - a|| =7 are integrable and the series

S 1fmllm- ol

meZd\{0}

converges provided that

S (7 m)] < .

meZd

As observed before, this holds true if § > d/2.
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If 9 > 1, then 0 < p < 1/9 < 1, and, by the inequality |a + b|P < |a|? + |b|?, the series
Y fm)lm- o™’
meZ\{0}
converges for almost every a and in the LP(T¢) quasinorm provided that
Y fm)l < co.
meZd

As observed at the beginning of the proof this happens for every 0 < p < 2 whenever 2pd/(2 — p) > d,
from which one obtains § > d(1/p —1/2) > d¥ —d/2. O

A key ingredient in the proof of Theorem 1.2 is a classical result in Diophantine approximation. Let ~ be
an irrational number. If the sequence {||yn|})_; is well-distributed in 0 < ¢ < 1/2 as it is distributed the
sequence {n/(2N)}_,, then one can guess that

) cN if0 <9 <1,
o
lefmll Y Z(mv) << eNlog(N) if 9 =1,

cNY if 1 <9 < +o0.

Under suitable Diophantine assumptions on - the above conjectured estimate is correct. The following
lemma is a variant of known results (see the work of M. Herman [14] and also, e.g., [19, Chapter 3]).
Nonetheless, for the reader’s convenience, we include a self-contained short proof which follows from standard
arguments.

Lemma 2.2. Assume that o = (ay,...,aq) € R? is an irrational vector, that is, 1,aq,...,aq are linearly
independent over the rationals, and assume that there exist constants H > 0 and o > d such that ||oc-m|| >
H|m|=7 for every m € Z¢\ {0}. Then there exists a positive constant ¢ such that, for every R > 1,

cRVoHIA=D)  if0 <9 < 1,
> lla-m|™" < cR7log(R)  if 9 =1,
0<|m|<R cRY? if 1 <V < +o0.

Proof. By the assumptions ||« -m|| > H|m|~? and |m| < R, the interval [0, H/(2R)?) does not contain any
term of the sequence {||a - m| }o<|m|<r- Moreover, for every integer n such that 0 < n < 27 'H 'R’ the
interval I p = [nH/(2R)?, (n + 1)H/(2R)?) contains at most one term of such sequence. Indeed, if there
are two terms in the interval, then there are integer points p # ¢ with |p|, |¢| < R, and integers u and v such
that

(a@-p—u)+(a-g-v)| <

H
(2R)

The signum is minus if « - p and « - ¢ approximate the nearest integers u and v both from above or both
from below, the signum is plus if one approximation is from above and the other from below. Hence,

o @+ 0)l < 75

But |[p £ ¢| < 2R, and this contradicts the assumption | - m| > H|m| ?. Notice that the number
of intervals I7 p’s is of the order of cR?, whereas the number of integer points in the punctured ball
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{0 < |m| < R} is about cR%, and recall also that ¢ > d. Observe that one has the worst estimate when the
terms of the sequence {||a - m||}o<|m|<r are concentrated in the first 0 < n < cR? intervals. In conclusion,

cRYo+d(1-9) ifo<9 <1,

7o\
Z la-m|| 7 < Z ((;R)") <{cR%log(1+ R) ifv=1,

0<|m|<R 0<n<cRd cRY° if1<¥<+4o0. O

Proof of Theorem 1.2. As in the proof of Theorem 1.1 one has the pointwise identity

—+oo

D) = Y B(N,n)f(x+na) - / f(y)dy
’]I‘d

n=—oo

+oo
_ Z ( Z (I)(N7n)e27rinmu> }'\(m)e%rimq:.

meZa\{0} \n=—oc
Hence, by Cauchy’s inequality and assumption (¢), one has the estimate
1
2\ 2

“+o00
Z (I)(N n)e27rinm~a

n=—oo

DY@ < X 152

meZa\ {0}

=

<K > ImPA+N[m-al)™* | [ fls2-
meZd\ {0}

By Lemma 2.2, for every positive integer M one has

> mTP (4 Nlm-al)*
meZI\{0}

M-—1
< CN7219 Z 2726k Z Hm'a‘lizﬁ + Z |m|726

k=0 2k < || <2k+1 |m|>2M

M-—1
CN7219 Z 2(2190’+d72d19725)k +2(d725)M fo< < 1/2,

k=0
M—-1
< S eNTL Y (14 k)20020k 4 9(d=20)M if ¥ =1/2,
k;[o 1
cN720 57 2200200k 4 9(d=20)M if 1/2 <9 < +oo0.
k=0

For ¥ < 1/2, the choice M = logy(N)/(c —d) if 6 < Jdo 4+ d/2 —dY or M = 291og,(N)/(20 — d) if
0 > 90 +d/2 — dI gives

Mt eN~od if § < Vo +d/2— dv,
N—219 Z 2(2190+d—2d19—2(5)k + 2(d—26)M S CN—219 ].Og(N) 1f (5 — 190. + d/2 _ d'l97
k=0 cN—20 if § > Yo +d/2 — dv.

Observe that if o = d, then § > Jo + d/2 — dY. If 9 = 1/2, the choice M = log,(N)/(0 —d) if 6 < 0/2
or M =log,(N)/(26 —d) if 6 > o /2 gives
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M1 N~ o=d log(N) ifd <o/2,
N7EY (14 k)200720k 4 oWd=20M < o N—110g2(N)  if § = 0/2,
k=0 eN~! if § > 0/2.

Observe that if o = d, then § > ¢/2. For the last case ¥ > 1/2, the choice M = 29 log,(N)/(200 — d) if
0 <ol or M =20log,(N)/(26 —d) if 6 > Jo gives

29 (26 —d)

M1 cN™ 2v0-4d if 9 < Jo,
N7219 Z 2(21.90‘725)]6 + 2(d726)M S CN—219 log(N) lf 6 — ,190-7
k=0 eN—2% if § > Jo.

Collecting the above estimates one obtains that

S mITP(Nm-al)™" | <eNTUX(d,6,0,0,N). O
meZN\{0}

Proof Theorem 1.3. Recall that the Fourier coefficients are bounded by the L'(T%) norm of the function,
so that

xsequdﬂp}?“f(x)\} 2/\9}{3’?(%)\@
Td

+oo

Z @(N, n)e27rinm-a

n—=—oo

| f(m)].

>

Therefore,

lim sup {Nﬂ sup {‘D%O‘f(x)‘}} > lim sup Nﬂ/‘D%af(x)‘daj
N—+oco zeTd N—+oco T

+oo
leivn_l)iup{Nﬁ > @(N,n)ez“mm"‘}lf( )| =C(m-a)|f(m)]. o

The proof of Theorem 1.4 is straightforward. We include a proof for the sake of completeness.

Proof of Theorem 1.4. It suffices to recall that the Sobolev space W%’Q(Td) contains unbounded functions.
If f(x) is unbounded in just one point and if « is an irrational vector, or if the weights ®(N, n) are non-
negative and a is arbitrary, then in the sum "> _®(N,n)f(z 4+ na) the possible infinite terms do not

cancel. Hence

Iseuqlpd {‘D%O‘f(:c)‘} = +o00.

An explicit example of function in W%’Q(Td) unbounded in a neighborhood of the origin and bounded

elsewhere is given by the series

_d )
f(z)= Z (1 + |m\2) 2 log71 (24 |m|) e2rim o
meZd
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The following lemma is a main ingredient in the proof of Theorem 1.5. The results are well-known. For
the reader’s convenience, we include a short proof referring to the literature.

Lemma 2.3.

i) If 9 > 0, then, for every a € R?, one has
(4) y

Yo mmmal| 77 = foe.
meZ\{0}

ii) If 9 > 0, then, for almost every a € R?, one has
(i)  then, Y ;

S iml® log™ (14 ml) [[m - a] Y = +o0.
meZaN\{0}

Proof. (i) It is a classical result of Dirichlet in Diophantine approximation that for every vector o € R? and
every positive integer M there exists m = (my, ma,...,mq) in Z% with |m;| < M for every j = 1,...,d,
and with || - m| < M~9. See e.g. [21, Chapter II, Theorem 1E]. Since |m| < v/dM, it follows that in the
series we are interested in there are infinitely many terms larger than d%, and the series diverges.

(7) It is a classical result of Khintchine in dimension one, and of Groshev in dimension d > 1, that for al-
most every vector o € R there exists infinitely many m € Z%\ {0} such that |[m-a| < |m| %log™" (14 |m]).
See e.g. [21, Chapter III, Theorem 3A] and [2,22]. Hence, for almost every « there are infinitely many terms
larger than 1 in the given series, so that such series diverges. O

Proof of Theorem 1.5. Observe that if ¥ < 1 then d¥ — d/2 < d/2, and this case is already covered by
Theorem 1.4. In order to prove (i), define

f(l’) _ Z |m‘7d19627m’m-w.

meZN{0}

The norm of this function in the Sobolev space W%2(T9) is

flsa={ > (1+mP) jm >

meZ4\{0}

Hence, this function is in W%2(T4) if and only if 26 — 2d9 < —d, that is, if and only if § < d¥ — d/2.
Let us estimate Dy® f(x) with z = 0,

+oo
DYFO) = Y (Z @(N,mem‘“) |~

meZi\{0} \n=—o00

>H Y |m[ ™+ N|m-af)”
meZI\{0}

>H2'NT 3" m| - af 7Y

1
lm-all >+

Then, by part (i) of Lemma 2.3, it follows that, for every «, one has
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lim sup {Nﬂ sup {"D}{\),O‘f(x)‘}} > H lim sup Z |m|= 4 |m - ol 7Y 3 = +oo.
N—+oc0 zeTd N—+oco \|m~a|\>i
N

The proof of (i7) is similar. Define

fay= 3 ml P log™" (1 + ml) e,
meZN\{0}

If 9 > 1/2 this function is in the Sobolev space W~ %2(T4), and

+oo
Dy = Y (Z <I><N,n>e”im'a> [m] =4 log ™" (1 + m|)

meZN\{0}

n=—oo

>H > (1+N|m-al)~" [m| " log™" (1+ |m])
meZN\{0}

> H2'NY Z Im| =% log™" (1 4 [m]) |m - o] 7.
lm-al|>1/N

Then, by part (i7) of Lemma 2.3, it follows that, for almost every «, one has

lim sup {Nﬂ sup {‘D?\}af(x)‘}}

N—+o0 zeTd

> g2 limsupd S0l log ™ (1 + m|)m o] Y b =400, O

N—+o00
lm-all> %

At last, we prove Theorem 1.6.

Proof of Theorem 1.6. Let A be a subset of Q of cardinality |A| < 400, and let

fla) = 37 (1 mf2)F e2rime,

meA

Then | f|ls2 = |A|2. Moreover, for the N’s in the theorem and under the assumption that |jo - m|| <
L|m|~° for every m € A,

) > .
DY) = D (1+[mf) " ( > <1><N,n>ezmm'“>

meA

n=—oo

> H Y (14 mP) 7 (14 Nl af) ™

meA

>H S (1+m) " (14 NLjm| )
meA

> 903 g1~ N—? Z |m|—5—190_

meA, |m|<(NL)=
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Hence, if § < Yo one has

lim sup {Nﬁ sup {‘Di’,""f(x)‘}} > 20 SHL S |0

N—+o00 zeTd meA

>0 VS L Y|A| =2 SHL™

Letting |A| — +oo0, it follows that the family of operators {Dj{\),’a}}‘fl is not uniformly bounded from
WYo2(T2) into L°>°(T%). Therefore, by the resonance theorem of Banach and Steinhaus, there exists a
function f € W?%2(T4) such that

lim sup {NI9 sup {"D‘b “f(zx |}} =4o00. O
N—400

We conclude the section proving the corollaries.

Proof of Corollary 1.7. Recall that, as observed in the introduction, if the theorems apply with an exponent
Yo, then they also apply with every 91 < ¥Jg. The choice of W(t) = x{_1<¢<1}(t) gives

1 XN: Jamint _ S0 (2N + Drt)
2N +1 . (2N + 1)sin(nt)

n=—

Up to a factor 1/(2N + 1) one recognizes the Dirichlet kernel and easily verifies that

K
1+ Nt

sin (2N + 1)7t)
(2N + 1) sin(7t)

Hence Theorem 1.1 and Theorem 1.2 apply with ¢4 = 1. In order to prove that the speed of convergence
c¢N~! cannot be accelerated one can apply Theorem 1.3. However, there is also a more elementary and general
argument that applies to every nonconstant function f(z). Assume that there exists a pair {N, N + 1} such
that

T[ ;{if(erna)T[f(y)d da:<— /f )dy| dx,
T/d N_'_l]\f:lf:c—knoz /f ylde < (N1+ / /f Ydy| dx.

Then the triangle inequality gives a contradiction,

@)= [ rwas|ar= | ‘f(m+(N+1)a)— [ 1wty e >
Td Td Ta T

N N+1

/ Z (x 4+ na) N/f dy—l—fo—i—noz (N+1 /f dy| | dx

Td n=1

>/ f(x)—/f(y)dy de. O
Ta T
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Proof of Corollary 1.8. In this case we have

R ( |n|> it _ 1 ( sin(rNt) )
=y (1= eomine _ L (Sin(mY) )7
anl_N N N \ V/N sin(rt)

Up to a factor 1/N one recognizes the Fejér kernel, and checks that Theorem 1.1 and Theorem 1.2 apply
with ¥ = 2. To prove that the speed of convergence cN 2 cannot be accelerated observe that

1 ( sin(7N't) )2
N \ VN sin(nt)
Ift = 0, then C(0) = +o0. If t # 0 is rational, then sin?(7 Nt) takes a finite number of values for N — 400,
hence lim sup{sin?(7Nt)} > 0. If ¢ is irrational then, by Kronecker’s theorem, lim sup {sin®(7Nt)} = 1. The
N N—+oco

— 400
conclusion follows from Theorem 1.3. O

_ N—o+oo
sin?(mt)

} lim sup {sin®(7Nt)}

C(t) = limsup {N2
N—+4o00

Proof of Corollary 1.9. The function ¥(¢) is related to the Bochner-Riesz kernel. Recall the integral repre-
sentation of Bessel functions,

+
|t|2 ! TS - — 1 N1
/(1—m XSt dt = T (y + 1)N ™72 |s| 77 2Jy 1 (27 N]s]).

The Poisson summation formula gives the series expansion

N-1 ¥ +oo
|7’l|2 Tin — —~yt 1 1
3 (1_W 2T = p (Y + YNTITE Y [tk B[R (20N + ).
n=1-N k=—o0

See [24, Chapter 4, Theorem 4.15 and Chapter 7, Theorem 2.4]. Observe that the use of the Poisson
summation formula is legitimate since both above series are absolutely and uniformly convergent (see [23,
Lemmas 4 and 5]). Also recall that the Bessel function J, +1 (z) has the asymptotic expansions

ZO[

- a+1 f +
2“F(a+1)+0(z ) if z— 0T,

2 .
= sin(z —717/2)+0(2~2) if 2 = +o0.

Tz

Assume for simplicity that 0 < ¢ < 1/2. Then the above sum has a main term of the form

N7 77200 (27N |t]).

1
2
The remainder is the sum over all k’s with |¢ + k| > 1/2 and it can be estimated as

N7 N BT N+ R S eNTYFE ST e k[T TR (N]E 4 E]) T2
[t+k|>1 |t4+k|> 1

<cN7".
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The main term can be estimated from above by

(NJe) 2 it Nt < 1,
(Ne)™% i Nt > 1,

eN =)~
eN e

1
2
1
2

N+ ||t||—'Y—%J,Y+%(27TN||t||) < {

cN if NJt|| <1,
eN7Yt|==1 if N|Jt|| > 1.
Observe that the estimates of the main term dominate the remainder. Also notice that
N N-1 |n|2
cN§Z<1——) < Z ( ) > 1<CN.
Inj< & n=1-N In|<N
In conclusion,
= |”|2 A |n|2 ! 27 1
> ( - N) > (1 - N) e2mint| < (14 NJt])="~
n=1—-N n=1-N

Hence, Theorem 1.1 and Theorem 1.2 apply with ¥ = «v+ 1. To apply Theorem 1.3 let us show that there
exist € > 0 and 1 > 0 such that for every ¢ in a set of measure 1 one has C(t) > e. Observe that

+o00
C(t) = limsup Nz Z |t+k‘|_7_%J,y+;(27TN\t+k|) .
N—+o0 k= —o0 2

Again assume that ¢+ k is not an integer for every k. The asymptotic expansion of Bessel functions gives

1
2

X A1
> lt+ETT 2T 1 2N+ K)

k=—oc0

2 N [Ty @eNI| = N3 e+ b7 [ 2N+ )

[t+k|>3

> 7ol = fsin (2w N e = TF) | = eVl 2 (v el

—eN* ST K[ TTE(N|E+ k)7

lt+k]>3
> 7l Jsin (2Nl = )| = eN T2
= 71t~ (Jsin (271l = 5 ) | = eN T = el 7).

Let 0 < A < 1/2. Then for every t such that A/2 < ||¢]] < A one has
Yy _ _
sin (27Nl = T )| = eN el = = el

> |sin (277N||t|| - 7)‘ C2eATINTL L

In conclusion, if A is suitably small, for every N suitable large one has

2 ATINTL 4 e <
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Moreover, if ¢ is irrational, by Kronecker’s theorem,

lim sup {|sin (27 N||t|| — 7v/2)|} = 1.
N—+oco

Hence C(t) > ¢ > 0 for every t. O

Proof of Corollary 1.10. One has

i (2N)! 2wt _ f: (2N)! ()” ()N’"
2N _ - _ 9
2 (N —n)! (N + n)! = m! (2N —m)! \ 2 2
it —mit\ 2N
= (76 +2€ ) = cos® (7).

Up to a normalizing factor one recognizes the de la Vallée Poussin kernel, which is similar to the heat
kernel. Indeed, when t — 0,

2,2
2N lo (1,u+m) 2 2
COS2N<7Tt> _ e2N10g(cos(7rt)) —e g 3 ~e T Nt )

It follows that, for every ¢ > 0, there exists ¢ > 0 such that
cos?N (1) < ce”™ N < (1 + VN|t|) 2.
Hence, Theorem 1.1 and Theorem 1.2 apply with N replaced by [v/N]. O

Proof of Corollary 1.11. The fact that the speed of convergence cN ~4 is the best possible in the Sobolev
space W‘W(Td) is proved in [3]. The fact that one can actually obtain such speed of convergence, up
to some small transgression, follows from Theorem 1.2 with suitable combinations of d, ¥ and o. Let

—1
O(N,n) = ( oo \I/(Nfln)> U(N~1n), with ¥(¢) a smooth compactly supported bounded function

n=—oo

n=—oo

satisfying cN < ’ oo \Il(Nfln)' < CN. Then, for every ¥ there exists ¢ such that

—+oo

Z (I)(N, n)e27rint

n—=—oo

<c(l+ Nt~

for every positive integer N. To see this set

—+oo

A(s) = / U (t)e*™ st dt.

— 0o
Since U (t) is smooth with compact support, by iterated integration by parts, one has

+oo +oo .
. . ]
/\If(t)eQ””tdt < (2nls))7 / '%\If(t)’dt.

oo

Hence, for every ¢ there exists ¢ such that

A®s)] < (1 +]s) .
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By the Poisson summation formula,

+oo
> U(NTn)em = N Z A(N(n+1))

It follows that, for every ¢ # 0,

+o00
Z \I/(N )Qﬂznt <N Z ’I’L—l—t)l
n=—o0 n=—o0
<cNQA+N[t)™ +eN D> (14 Nn|)™”
n#0

< eNA+ Nt + N2 < eN(1+ Nt~

Hence, for this ®(N,n) assumption (¢) in Theorem 1.2 holds with arbitrary ¢, and for fixed o and § one
can choose a ¥ that optimizes the estimates in Theorem 1.2. In particular, if 6/0c > 1/2 one can choose
¥ = d/0, whereas if §/0 < 1/2 one can choose (6 —d/2)/(c —d) <Y <1/2. O

3. Concluding remarks

Remark 3.1. The above corollaries show that the assumptions in Theorem 1.1 and Theorem 1.2 are not
void. We now show that the assumptions in Theorem 1.5 and Theorem 1.6 are not void as well. Let us
prove that for every ¢ > 0 there exists a positive weight ®(N,n) which satisfies (1), with the property that
n — ®(N,n) has compact support for every N, and with the property that there exist constants H > 0
and K > 0 such that for every ¢ one has

+oo
H(1+ N[t~ < Y ®(N,n)e*™ < K(1+ N|t)~"

n=—oo

Let j be a positive integer, and let

sin(m Nt) ) 2

Fe() = L+ N, Gale) = N1 (7

FyxGn(t) = /FN(t—s)GN(s)ds.
T

It is easily verified that G (t) is a trigonometric polynomial of degree (N — 1)j. Hence, the convolution
FnxGp(t) is a trigonometric polynomial as well. From the inequalities 2||¢|| < |sin(nt)| < 7 ||¢|| one deduces
that

2277 2IN < Gn(t) <272a% N if ||t]| < 1/(2N),
0<Gn(t) <27HN2|=%if ||t > 1/(2N).

It follows that there exist constants C' > ¢ > 0 such that for every N one has

C S /GN(t)dt S C.
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In order to estimate Fy * G (t) from below, observe that for every ¢,

/FN(t )G (s)ds > 2N / (14 Nt — s|)~?ds > e(1 + N|¢])~?
{Isli<zx}

In order to estimate Fiy * Gy (t) from above, observe that for every ¢,

/FN(t—s)GN( )ds < sup {Fy(t — s) }/GN t)dt < c.
seT
T

Moreover, if ||t|| > 1/N then
L 1 -
/FN(t —8)Gn(s)ds <27 ¥ N (1 +N <||t|| - W)) / ds
{llsll <k }

-9
) . Nt )
+ 272 N2 (1 + #) / ]|~ ds

{v<lsi<tzl}
+27H NI / l|s|| =% ds

{LL<psi<i}

(NI~ + (N ell) " + e(N ) =2

Hence, if 25 — 1 > 9 then for some positive constants ¢ and C independent of N and for every ¢ one has

1+ N[t~ < /FN(t — $)Gn(s)ds < C(1+ NJjt]))~™
T

Finally, define ®(N, n) as the Fourier transform of (Fy % Gn(0)) ™" Fy % Gn (1),

®(N,n) = (Fy * Gn(0 /FN * Gy (t)e 2™t e,

Remark 3.2. Observe that we cannot apply Theorem 1.5 and Theorem 1.6 to Corollary 1.7 and Corollary 1.8,
+o00

n=—oo

of the Sobolev class W%2(T %) in Corollary 1.7, and in Corollary 1.8 at least in dimension one, seem to be
essentially sharp as well. In Corollary 1.7 with ¢ = 1 the assumption § > d — d/2 in Theorem 1.1 becomes
§ > d/2. As already observed, this assumption is necessary since the Sobolev spaces W%2(T9) with ¢ < d/2
contain unbounded functions. In Corollary 1.8 with ¢ = 2 the assumption § > di — d/2 becomes 6 > 3d/2.
At least, in dimension d = 1 one can prove that this range is essentially sharp, in the sense that it cannot
be replaced by any index § < 3/2. Indeed, for every § < 3/2 there exists a function f(z) € W%2(T) such
that

since in these corollaries ®(N,n)e?™ "t vanishes in many points. However, the ranges of indexes &

lim sup {N2 sup {‘D}{\),O‘f(m)‘}} = +o00
N—=+4o0 zeT

for almost every a. In order to show that this is true, observe that
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N2 sup {[D% (o]} = [ s0)] = > 7Sl?z§?fm”;°>" Fm)|. 2)

In Petersen [20] it is proved that if 0 < «, 8 < 1 the following are equivalent:

(i) B € Za (mod 1);
i) su { |mBI? ||Nma|}
1 p < 400

m?  ||mal?

Tt is easy to verify that (ii) is also equivalent to

N>1 2(rma)

2 N
(iii) sup {Z ||m,6’H sin (ﬂ ma)} < +o0.
sin

Let 8 € (0,1) be an algebraic number and set

— Z HmBHQeZﬂ'imx
3 .
m#0 m

Such a function f(x) belongs to W%2(T) for every § < 3/2. Since for every transcendental number
€ (0,1) condition (i) does not hold, then (iii) does not hold as well. This is exactly what we wanted to
prove thanks to (2) and the fact that almost every o € (0, 1) is a transcendental number.

Remark 3.3. It is curious to compare the above results on the speed of convergence in ergodic theorems
with the approximation properties of Fourier series. Whereas our results suggest that stronger summation
methods guarantee faster convergence, the approximation properties of partial sums and Féjer means of
Fourier series seem to go in the opposite direction. Assume d = 1 and denote by Sy f(z) and Fy f(x) the
partial sums and the arithmetic means of the partial sums of the Fourier expansion of a function f(z),

+

N +N

~

Snf(x) = (m)e*™m™ e Fnflz)= > (1 N“i‘l)A( ye2mime.
-N m=—N

m

The partial sums Sy f(z) may not converge, but the approximation is close to optimal. Indeed, if ||Sy]|
denotes the operator norm of the partial sums, the Lebesgue constant, if Ey(f) denotes the best approxi-
mation in the supremum norm of f(z) with trigonometric polynomials of degree at most N, and if Py(x)
is the trigonometric polynomial of best approximation, then

sup {lSnf(z) = f(2)]} = sup {lSn(f = Pn)(x) = (f(z) — Pn(2))[}

< (ISvll+1) 2211?{\1”(90) — Py(2)[} < cEn(f)log(1+ N).

Finally, the means Fy f(z) always converge, but the approximation is never better than ¢/N,

sup {|Fw f(x) — F(@)]} > / P () - f()|de >
z€T

T

LA

In particular, the partial sums may converge faster than the Féjer means.



22 L. Colzani et al. / J. Math. Anal. Appl. 536 (2024) 128190

4. Appendix

In this appendix we deal with logarithmic means. Such means are defined by the weights

-1
L)L icnew
®(N,n)=¢ \“=m n -

0 otherwise,

and the associated logarithmic discrepancy is

N - N
DY f(x) = (Z %) S 1) [y

Td

See [8, Section 2.2] for references about these means and discrepancy. Although Theorem 1.1 and The-

orem 1.2 do not immediately apply in this setting, due to the fact that the assumption (¢) on the kernels
+o0o
n=—oo

results.

®(N,n)e?™"t is not satisfied, the proofs can be adapted to obtain some analogues of the above

Theorem 4.1. If the function f(x) has an absolutely convergent Fourier expansion, Y. .- |f(m)\ < 400,
then, for almost every «, there exists a positive constant c(f, ) such that, for every positive integer N, one
has

sup {)D%O‘f(x)‘} <c(f,a)log (14 N).

zeTd

Theorem 4.2. If « is not a Liouville vector, that is, if there exist positive constants H and o such that
- ml|| > H|m|=° for every m € Z¢\ {0}, then there exists a positive constant ¢ = c(d, H, ¢), such that for
every positive integer N,

sup {’D;{\),’af(x)’}gclog (I1+N) Z|f )| log (14 |m]).
z€Td
meZ

In particular, the above theorems apply to functions in Sobolev classes W%2(T?) with § > d/2. The main
ingredient in the proofs of both theorems is an estimate for the kernels 7 ®(N,n)e2mint,

n=—oo

Lemma 4.3. For everyt e T,

N -1 N - _
1 eZmint . log (1+ [It]")
(Z ﬁ) Z n §m1n{1,c log (1+ N) '

n=1 n=1

Moreover, if N is large enough and if ||t]| > ¢/N, the reverse inequality holds true as well.

Proof. A direct and explicit proof goes as follows. The inequality < 1 is obvious. In order to prove the other
inequality it suffices to assume that N > 1 and |¢| < 1/2. An integration by parts gives

N N—

2 <_ - n+1> Zemmt

n=1

Qﬂznt

N
E 7rznt
n j—

n=1



L. Colzani et al. / J. Math. Anal. Appl. 536 (2024) 128190 23

. N-1 .
N Sin (WNt) eiTr(N-‘rl)t Z 1 SI (Wnt) eiﬂ(n-l—l)t

~ Nsin(7t) — n+ 1 nsin (1)
. N-1 . N—1
_ sin (mNt) (N Z 1 sin(7nt) (eiﬂ(m_l)t ) n sin (mnt)
N sin (t) “—= n+ lnsin(7t) “— n+1nsin nsin (mt)
=I+1I+1.

The inequalities 2||¢|| < [sin (7t)| < 7||¢|| imply that

sin (mnt) [T 1
———~|<minq{ o, o ¢,
nsin (7t) 27 2n|it||

from which an estimate for the term I is immediately obtained. In order to estimate II one can separately
consider the sum where the index n varies in the set {1 <n <N —1, n <1/|t|} and the sum where the
index varies in the set {1 <n <N —1, n > 1/[t|}. The latter set is empty if [¢| < 1/(N — 1). Otherwise,
there is a uniform bound. Indeed,

Z 1 sin (TFnt) (6i7r(n+1)t . 1) < i Z 1 <e
1<neNTinsyp T 1 nsin (rt) It n(n+1)

The inequality |e™(" "D — 1| < w(n+1)|t| implies that also the sum over the {1 <n < N —1, n < 1/Jt[}
is uniformly bounded. Indeed,

Losinnt) (1) < Py Y 1
-2

L<nENT nel/lf n + 1 nsin (7t)

In order to estimate the last term III, one considers separately the sum over the set of indexes
{1<n<N-1,n<1/(2|t]))} and the sum over the set of indexes {1 <n < N —1, n>1/(2|t])}. The
sum over this latter set is uniformly bounded,

Z 1 - Sll’l- (Wni) S % Z 1 - S o
ey L By )
The sum over the indexes {1 <n < N —1, n <1/(2|t|)} is bounded by

1 sin (7nt)
n + 1 nsin (7t)

T 1 _

1<n<N-1, n<1/(2Jt)) n<1/(2]t))

Notice that if |[t| > 1/(2N — 2), then the reverse inequality holds true,

1 sin(mnt) | _ 2 1
Z 1% > — Z ?chog(l—ﬂﬂ_l). m]
1<neN-Tm<i/ey P TIPS T TRy

Proof of Theorem 4.1. As in the proof of Theorem 1.1,

DY f(a) = (Z %) > Ao [ sy

n=1 Td
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N 1 -t N e27rinm-a . .
= Z ﬁ Z Z T f(m)627mm-:c.
n=1 meZa\{0} \n=1

Hence, by Lemma 4.3,

DR f(@)] < clog™ 1+ N) > [ fm)llog (1+ m-al| 7).
meZIN\{0}

And, by Lemma 2.1,

S fm)log (1+ m-af ™) | da

Ta \meZi\{0}

_ /log(1+||t||_1)dt ST fm)l.

T meZN\{0}

Finally, /log (L4t dt < +o00. O
T

Proof of Theorem 4.2. As in the proof of Theorem 4.1, under the Diophantine assumption ||a - m| >
Hilm|™7,

DY 1) < clog W+ N) >0 [Fm)|log (1+ m-af )

meZN\{0}

Sclog 'L+ N) Y [f(m)[log (1+H " |m|7)
meZ4\{0}

<clog (1+N) D7 [f(m)[log(1+|m|). ©
meZN\{0}
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