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Featured Application: Potential applications of this work regard the parameter estimation and 1

the resulting analyses of complex biochemical systems characterized by a stochastic behavior, 2

which allows for elucidating the unknown underlying mechanisms. 3

Abstract: Parameter Estimation (PE) of biochemical reactions is one of the most challenging tasks 4

in Systems Biology, given the pivotal role of these kinetic constants in driving the behavior of 5

biochemical systems. PE is a non-convex, multi-modal, and non-separable optimization problem, 6

whose fitness landscape is unknown; moreover, the quantities of the biochemical species appearing 7

in the system can be low, making biological noise a non-negligible phenomenon and mandating 8

the use of stochastic simulation. Finally, the values of the kinetic parameters typically follow a 9

log-uniform distribution, thus the optimal solutions are situated in the lowest orders of magnitude of 10

the search space. In this work, we further elaborate on a novel approach to address the PE problem 11

based on a combination of adaptive swarm intelligence and Dilation Functions (DFs). DFs require 12

prior knowledge of the characteristics of the fitness landscape; therefore, we leverage an alternative 13

solution to evolve optimal DFs. On top of this approach, we introduce surrogate Fourier modeling 14

to simplify the PE, by producing a smoother version of the fitness landscape that excludes the high 15

frequency components of the fitness function. Our results show that the PE exploiting evolved DFs 16

has performance comparable to the PE run with a custom DF. Moreover, surrogate Fourier modeling 17

allows for improving the convergence speed. Finally, we discuss some open problems related to the 18

scalability of our methodology. 19

Keywords: parameter estimation; fitness landscape manipulation; stochastic simulation; biochemical 20

models; Fourier surrogate modeling; dilation functions. 21

1. Introduction 22

The Parameter Estimation (PE) problem consists in estimating a reliable kinetic parame- 23

terization of a biochemical model, and represents one of the most complex but fundamental 24

tasks in Systems Biology, since kinetic constants are necessary to simulate the dynamics of 25

the system under investigation. The inference of a good parameterization thus allows for 26

validating the model, and formulating predictions on the emergent behavior of the system 27

in perturbed conditions [1]. 28

Similarly to other real-world optimization problems, PE is typically characterized 29

by many local optima that impede reaching the global optimum, due to premature con- 30

vergence of any optimization meta-heuristics. Moreover, when dealing with the PE of 31
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stochastic biochemical models, the multidimensional fitness landscape is rugged, making 32

the optimization process even harder and time consuming [2–4]. 33

Many works proposed solutions focused on the simplification of the optimization task 34

by exploiting specific transformation functions to re-map the original candidate solutions 35

into a modified search space, or by using “smoothed” surrogate fitness landscapes [5]. The 36

manipulation of the fitness landscape can be realized by exploiting the so-called Dilation 37

Functions (DFs) [6], which can “compress” and “dilate” localized areas of the search space, 38

or other approaches such as the Shrinking Space Technique [7–9], which alters the search 39

space to concentrate the search on specific areas, and the Space Transformation Search, [10], 40

which transforms the original search space and simultaneously evaluates the solutions 41

in both the original and transformed spaces. The generation of surrogate models has 42

been shown to be particularly advantageous when algorithms that generally require a 43

huge number of fitness evaluations to converge to the optimal solution—e.g., evolutionary 44

computation, swarm intelligence—are used to tackle the optimization problem. As a 45

matter of fact, the surrogate model is based on an approximated fitness function that 46

can be evaluated with a reduced computational effort [11]. Multi-modal, rugged, and 47

noisy fitness landscapes—as those typically associated with the PE problem of stochastic 48

biochemical models—can be efficiently tackled with a surrogate modeling method called 49

surF [12], which exploits the discrete Fourier transform. While surF is applied here on 50

the landscape induced by a stochastic model, it can clearly be applied to a deterministic 51

landscape, as done, for example, in [13] and [12]. A peculiarity of surF is that the number 52

of low frequency spectral coefficients used for the inverse Fourier transform can be set to 53

adjust the smoothness of the created surrogate model. 54

In [5], DFs and surF were coupled with FST-PSO [14], a settings-free version of Particle 55

Swarm Optimization (PSO) [15], to investigate the PE problem of biochemical systems. The 56

transformation of the candidate solutions operated by the DFs together with the surrogate 57

model obtained with surF allowed for improving the optimization process carried out 58

with FST-PSO, which altogether provided good quality results for the PE problem while 59

reducing the number of fitness evaluations required. 60

In this paper, we extend the work presented in [5], by extensively investigating the 61

impact of (1) DFs [6] and (2) the combination of DFs and surF [12] on the performance and 62

the results of the PE of stochastic biochemical models. Moreover, we tackle a limitation 63

of these approaches that typically require specific knowledge about the features of the 64

fitness landscape of the optimization problem under investigation. To this aim, we included 65

in the PE problem an additional parameter to be estimated, which encodes the number 66

of low frequency Fourier coefficients retained to build the surrogate with surF, and we 67

automatically derive an optimal DF utilizing a separate optimization process. Our results 68

highlight the advantages of using these approaches when dealing with the PE problem and 69

reveal some limitations regarding the optimization of the DFs. 70

The paper is structured as follows. In Section 2 we introduce the formalism used 71

to define reaction-based models of biochemical systems, the algorithm employed for the 72

stochastic simulations of the dynamics, the meta-heuristics exploited for the optimization 73

process, the concept of DF, and the method used to create surrogates of the fitness land- 74

scapes. In Section 3 we present the results related to the investigation of the effect of using 75

DF to solve the PE problem, and the performance of DFs when coupled with surF. Section 76

4 provides some final remarks and directions for future works. 77

2. Materials and Methods 78

2.1. Reaction-Based Modeling and Stochastic Simulation Algorithm 79

Considering the stochastic formulation of chemical kinetics [16], we can define a 80

Reaction-Based Model (RBM) by specifying two disjoint sets: 81

• the set S = {S1, . . . , SN} of molecular species; 82

• the set R = {R1, . . . , RM} of the biochemical reactions describing all interactions 83

among the species in S . 84
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In RBMs, a biochemical reaction is defined as:

Rm :
N

∑
n=1

αm,nSn
cm−→

N

∑
n=1

βm,nSn, (1)

where αm,n, βm,n ∈ N indicate the stoichiometric coefficients associated with the n-th 85

reactant and with the n-th product of the m-th reaction, respectively. The value cm ∈ R+, 86

associated to reaction Rm, is named stochastic (kinetic) constant and encompasses all its 87

chemical-physical properties. 88

Although deterministic simulations of mechanistic RBMs allow for reproducing the 89

dynamic behavior of biochemical systems [17], only stochastic simulations of RBMs can 90

reproduce the emerging effects due to biological noise, which plays an important role when 91

the molecular species occur in low amounts within the system [18]. 92

The Stochastic Simulation Algorithm (SSA) [16] is a seminal procedure that allows for 93

generating an exact realization of the temporal evolution of a RBM SSA requires that (i) all 94

reactions involving the chemical species must take place in a single volume, characterized 95

by constant physical conditions (e.g., pressure, temperature) throughout the simulation; (ii) 96

the molecules must be uniformly distributed within the volume, which is then considered 97

well-stirred; (iii) the (discrete) quantity of each molecular species is denoted as an integer 98

number xn ∈ N, for each n = 1, . . . , N. 99

The state of the system at time t is denoted in SSA by the vector x = x(t) ≡ 100

(x1(t), . . . , xN(t)), and its content is updated according to the execution of reactions. To be 101

more precise, at each step of the simulation, SSA identifies the reaction that will take place 102

in the time interval [t, t + τ) according to the probability of each reaction to occur in the 103

infinitesimal time step [t, t + dt), which is proportional to the so-called propensity function 104

of each reaction. The propensity functions are calculated as am(x) = cmdm(x), where dm(x) 105

correspond to the number of distinct combinations of the reactant molecules involved in 106

reaction Rm, in the current state of the system x. 107

Successively, SSA calculates the waiting time τ before the reaction is executed, as
follows:

τ =
1

a0(x)
ln
(

1
ζ1

)
,

where ζ1 is a random number sampled from the uniform distribution in (0, 1), and a0(x) =
∑M

m=1 am(x). m denotes the index of the reaction to fire, and corresponds to the smallest
integer in the interval [1, M] such that

m

∑
m′=1

am′(x) > ζ2a0(x),

where ζ2 is a random number sampled in from the uniform distribution in [0, 1]. The 108

interested reader is referred to [16] for more details about SSA. 109

It is worth noting that the vector c = (c1, . . . , cM) of stochastic constants governs the 110

behavior of the system, since it affects the calculation of the propensity functions of the 111

reactions. Unfortunately, the values in c are hard (or even impossible) to measure with 112

specific lab experiments; nonetheless, such fundamental parameters can be estimated by 113

exploiting Computational Intelligence methods [19]. 114

In this work, the PE problem for the inference of c is tackled by assuming that the sets 115

S and R, and of the vector x(0) denoting the molecular amounts of the species present 116

in the RBM at time t = 0, are known. We also assume that experimental data (e.g., the 117

amounts of a subset of molecular species measured at some time points t = {t1, . . . , tK}) is 118

available. 119

The PE consists in identifying the vector c of stochastic constants that allow for
obtaining a simulated dynamics that resembles the behavior of the system as observed in
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the experimental data. Formally, the PE problem can be re-stated as the minimization of
the following fitness function:

f (c) =
K

∑
k=1

√√√√ N

∑
n=1

(Xc
n(tk)−On(tk))

2, (2)

where Xc
n(tk) is the simulated amount of the species Sn at time tk, obtained with the putative 120

parameterization c, and On(tk) is the experimental (target) amount of Sn measured at time 121

tk. 122

Note that, due to the stochasticity of SSA simulations, two or more evaluations of the 123

fitness of the same parameterization c, considering the same initial state x(0), generally 124

lead to different values. In Figure 1 we show the result of 100 independent SSA simulations 125

of the model of Michaelis-Menten (MM) enzyme kinetics [20], which will be used as a test 126

case in this paper. The MM model consists of the following reactions: 127

• R1 : S + E
c1=10−2

−−−−→ ES; 128

• R2 : ES
c2=10−1

−−−−→ S + E; 129

• R3 : ES
c3=1−−→ E + P. 130

Figure 1 highlights that different SSA runs of the MM model—executed by using 131

the stochastic constants associated with the reactions, and the initial condition given in 132

Table 1—generate simulation outcomes that are quantitatively different from each other 133

(due to stochastic noise) but in agreement from a qualitative point of view, as denoted by 134

the distributions of the final amount of the three species S (substrate), E (enzyme), and P 135

(product). 136

0 1 2 3 4 5
Time [a.u.]

0

25

50
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100

125

150

175
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]

Substrate Enzyme Product

Figure 1. Example of stochastic simulation: 100 independent SSA runs of the MM model—all starting
from the same initial state (S = 200, E = 100, ES = 0, P = 0) and using the same parameterization—
lead to quantitatively different trajectories and a final distributions of the chemical species.

The noise due to stochastic simulations affects the fitness evaluations and thus hampers 137

the identification of the global optimum of the PE problem: any hill climbing or gradient- 138

based approach would be misled by this issue, and generally be unable to converge to the 139
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Table 1. Initial state of the MM model.

Molecular species Amount
S (substrate) 200
E (enzyme) 100
ES (enzyme-substrate complex) 0
P (product) 0

global optimum. This is the reason why Computational Intelligence meta-heuristics should 140

be definitely preferred in this context [19]. In this paper, we exploit the swarm intelligence 141

method named FST-PSO [14] that is briefly described in the next section. 142

2.2. Fuzzy Self-Tuning Particle Swarm Optimization 143

Particle Swarm Optimization (PSO) is a widespread meta-heuristics for global opti- 144

mization [15]. PSO is based on a population (i.e., the swarm) of candidate solutions (i.e., the 145

particles) that move inside a bounded D-dimensional search space. The particles cooperate 146

with the aim of identifying the global best solution to the problem under investigation, 147

and the strategy exploited during the optimization balances the global exploration and 148

the local exploitation capabilities of the particles. In particular, the convergence process is 149

driven by two specific settings called cognitive attractor Ccog ∈ R+ and the social attractor 150

Csoc ∈ R+ of the particles. The performance of PSO is also influenced by the so-called 151

inertia factor ω ∈ R+, which is used to prevent a chaotic movement of particles, and by the 152

maximum and minimum velocity (~vmax,~vmin ∈ RD) allowed along each dimension of the 153

search space, which can drastically affect the quality of the optimal solutions found. It is 154

worth noting that the settings of this meta-heuristic must be accurately adjusted considering 155

the characteristics of the optimization problem, a fine tuning process that usually requires 156

many trials, since these values cannot be determined analytically. 157

To overcome this limitation, Fuzzy Self-Tuning PSO [14], which is an improved version 158

of PSO that does not require any user settings, has been recently introduced. FST-PSO 159

dynamically adjusts the settings of each particle, independently from the rest of the swarm, 160

thanks to a Fuzzy Rule Based System (FRBS). The FRBS evaluates the performances of the 161

particle and its distance from the position of the current global best particle to (possibly) 162

modify its settings during the optimization process. 163

It has been shown in the literature that FST-PSO can outperform the classic PSO (and 164

many competitor algorithms) in several benchmark [14] and real-world problems [21–24]. 165

2.3. Dilation Functions 166

Dilation Functions (DFs) are reversible transformations of a D-dimensional real space 167

with the aim of “expanding” and “compressing” the regions of the search space in order to 168

ease the optimization process and improve the performances obtained by any optimization 169

method (e.g., PSO). Formally, DFs are defined as mappings in the unitary interval W : 170

[0, 1]→ [0, 1]; these mappings can be re-scaled to any arbitrary interval by means of linear 171

transformations. Such functions are applied individually to each dimension of the search 172

space, and it is also possible to apply different DFs to different dimensions. In this work 173

we employed DFs generated by two different methods: a) DFs based on control points [6]; 174

b) DFs automatically determined through evolutionary strategies [25]. 175

A control point χ is a couple such that χ ∈ (0, 1)× (0, 1). A DF is defined by a set
of Q + 2 control points χ = {(0, 0), χ0, . . . , χQ−1, (1, 1)}, where the control points χi (blue
square dots in Figure 2), i = 0, . . . , Q− 1, are in ascending order (i.e., χi−1 ≤ χi ≤ χi+1)
and the points (0, 0), (1, 1) are called boundary control points (which are represented by
gray crosses in Figure 2). The control points map their values into the respective new
values according to their definition (such values are represented in Figure 2 by red and
yellow points respectively). In order to map any given value of the unitary interval, a
linear interpolation between the control points ∈ χ is required. In such way, the original
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value is applied to the linear function that interpolates the control points and the point
is mapped into the “dilated” value (green points in Figure 2). In Figure 3, an example of

0.0 0.2 0.4 0.6 0.8 1.0
Original value

0.0
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1.0

M
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Control points
Interpolation of control points
Original values
Mapped new values

Interpolated control point
Arbitrary value
New mapped value
Boundary control points

Figure 2. Mapping of parameters with control points.

DF based on control points is provided; in particular, an anti-log function is represented.
The selection of this DF is determined by the log-uniform distribution followed by the
stochastic parameters in biochemical models (i.e., they present a uniform distribution when
a logarithmic scale is considered). Due to this consideration, in [26], we proved that it is
possible to improve the performances of PE using Particle Swarm Optimization (PSO) by
means of a particle initialization according to a log-uniform distribution. The anti-log DF
can be used to initialize the particles in regions of the search space characterized by fitness
values of lower orders of magnitude. In general, the update rules of the positions of the
particles performed in a linear fashion prevent the exploration of such regions. The use of
the anti-log DF during the optimization process – and for the initialization of the particles –
can overcome this problem by allowing the exploration of the search space in a logarithmic
fashion by dilating the regions in the lowest orders of magnitudes. The DF is defined by
the control points determined according to Equation 3:

χi = (i/Q, exp(−8(1− i/Q))), (3)

for i = 1, . . . , Q, with Q = 9. 176

2.4. Evolving Dilation Functions 177

Recently, Papetti et al. [25] showed that ad-hoc DFs for a fitness landscape can be
evolved autonomously by means of an evolutionary algorithm. The DFs are defined by
a composition of Basis Functions (BFs), which are bijective and monotonic increasing
functions that map the unitary interval into the unitary interval. In this work we used two
classes of BFs: i) a family of linear transformations (reported in Equation 4); ii) the folding
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Figure 3. Effect of the anti-log DF. Left: control points encoding the DF. Right: effect of the mapping
of a particle’s component (x axis) in the original search space of the PE problem (y axis).

operators (Equation 5). The linear transformation class is characterized by the following
function:

lp(x) =
px

(p− 1)x + 1
, (4)

The parameter p (p ∈ [0, ∞)) in the first class of BFs determines the magnitude of the
distortion applied to the search space with values further from 1 (see Figure 4 on the left).
The folding operator is based on a BF qp, its inverse q−1

p , and a point r ∈ [0, 1] which is the
center where the points are moved away or toward (examples of folding operators with
different values of r and p are showed in Figure 4 on the right).

Fr(qp) =

{
rqp
( x

r
)

x ≤ r
(1− r)q−1

p
( x

1−r − r
1−r
)
+ r x > r (5)

In this work, qp = lp and r ∈ 1/4, 1/2, 3/4. We also introduced the identity (i.e., Ip(x) = x) 178

function as a BF to let the evolutionary process to use fewer transformations than the 179

maximum number allowed, and reducing the complexity of the DF. The five BFs used in
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x
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Basis Function f
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p = 0.2, r = 0.5
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Figure 4. Left: different examples of the linear transformation lp with different values of p. Right:
examples of folding operators with varying values of p and r.

180

this work to compose the DFs are reported in Table 2. 181
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Table 2. Basis functions used to define DFs.

ID Name Semantics
0 Ip Identity
1 lp Linear transformation
2 F 1

4
(lp)

Folding operators3 F 1
2
(lp)

4 F 3
4
(lp)

To effectively evolve a DF composed of an arbitrary number of BFs, a two-layered 182

algorithm was developed by Papetti et al. in [25]. This approach leverages the computation 183

of a fitness function f̃ that is based on the computation of the original fitness function f – or 184

on one of its surrogates f̄ , f̂ – in various dilated points. In particular, an operative definition 185

of the fitness function f̃ is the following: I points are randomly sampled from the dilated 186

search space according to a uniform distribution; for each dilated point, the respective 187

fitness value f is extracted; f̃ is the average of the fitness values of the 20% best points w.r.t. 188

the respective fitness values. The outer layer is a (µ + λ)-Evolutionary Strategy [27] with 189

the aim to find the optimal individual representing the structure of the composition of the 190

BFs; i.e., which BFs and in which order are composed. The evolved individuals are strings 191

of length ξ – with ξ > 1 – belonging to the alphabet {0, 1, 2, 3, 4}ξ , where the integers are 192

unique identifiers of the BFs considered for this work (see Table 2). The parameters of the 193

BFs of each candidate DF are optimized by the inner layer by means of FST-PSO (please 194

refer to the Sub-section 2.2 for the details) based on the computation of the fitness f̃ . As 195

soon as FST-PSO terminates, the best fitness value found g̃, together with the parameters 196

listed in the particle, are provided to the outer layer and g̃ is the actual fitness value of the 197

candidate DF that will drive the evolution process toward optimal DFs. When the overall 198

evolutionary process ends, the best DFW∗ – that is the individual with the best value of f̃ 199

– is returned. The number of sampled points I depends on the dimensions of the search 200

space D, and it can automatically inferred through a heuristic I = d5 + 10
√

De. 201

2.5. Surrogate Fourier Modeling with surF 202

Periodic functions, as well as functions defined only on a limited domain, can be 203

represented via a weighted sum of frequencies by computing their Fourier transform. Rep- 204

resenting a function via frequencies allows for performing some interesting manipulations. 205

For example, removing higher frequencies has a smoothing effect on the signal. This effect 206

is being employed by the recently introduced Fitness Landscape Surrogate Modeling with 207

Fourier Filtering (surF) technique [12]. There, a surrogate model of the fitness landscape is 208

produced by “smoothing out” the original landscape with the intention of removing local 209

optima where the optimization might stop. 210

Let D be the number of dimensions of the search space and let the search space itself be 211

the hypercube [`, u]D ⊂ RD. Let f : [`, u]D → R be the objective function, i.e., f represents 212

the fitness landscape. Since f is usually not known in an analytical form, we work with sam- 213

ples of f and, consequently, we will employ a discrete version of the Fourier transform, the 214

Discrete Cosine Transform (DCT) [28]. It is worth noting that the time and space complexity 215

of surF mainly depends on the choice of the method used to compute the Fourier transform; 216

thus, different approaches would give different space and time complexity bounds. 217

218

Discrete Cosine Transform. To recall the DCT, let us start with the simpler case of a
single dimension, i.e., D = 1. Hence, we have a function f : [`, u] → R and ρ ∈ N
equally-spaced points z0, . . . , zρ−1 in the interval [`, u] where f is sample. That is, we know
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f (z0), . . . , f (zρ−1). The DFT is used to represent each of these points as a weighted sum of
frequencies:

f (zk) =
ρ−1

∑
j=0

ψje
2πi jk

ρ for 0 ≤ k < ρ.

Notice how the entire set of ρ points is entirely determined by the coefficients ψ0, . . . , ψρ−1 219

representing the amplitudes of the different frequencies. That is, given ψ0, . . . , ψρ−1 it is 220

possible to recover the values f (z0), . . . , f (zρ−1) via the inverse DFT. 221

Working with frequencies, however, has some advantages: since each ψj is associated 222

with a different frequency, we can manipulate it. One of the simplest modifications can 223

be performed by zeroing out all but the first γ ∈ {0, . . . , ρ− 1} coefficients. The effect is 224

that all the ρ− γ higher frequencies are removed. When computing the inverse DFT on the 225

coefficients ψ0, . . . , ψγ−1, 0, . . . , 0 we obtain ρ points y0, . . . , yρ−1 as a “smoothed” version 226

of f (z0), . . . , f (zρ−1). While we have only obtained ρ points, we can define a surrogate of f 227

as a function f̄ : [`, u]→ R performing a linear interpolation among the points y0, . . . , yρ−1. 228

Since f̄ is a smoothed version of f , it might have a reduced amount of local optima, thus 229

helping the optimization process. 230

The procedure can be extended in any number D of dimensions. Instead of having ρ 231

points sampled from f there will be ρD points sampled from f in an equally-spaced grid 232

in [`, u]D. Consequently, ρD coefficients are obtained via DFT and of those, only γD are 233

preserved (i.e., all ψi1,...,iD with ij < γ for all 1 ≤ j ≤ D). Hence, the fitness landscape 234

reconstructed by surF has a tunable level of non-zero high-frequency components, which 235

can be controlled by means of the γ hyper-parameter. 236

237

Reducing the number of samples. The major drawback of the previous approach is that 238

sampling ρD points from f can be extremely expensive, since the number of points grows 239

exponentially with the number of dimensions. Hence, a way to reduce the number of 240

sampling operations of f is employed by surF. The main idea is to use σ� ρD points of f 241

to generate a first surrogate of f̂ which is then used for the sampling and the remaining of 242

the surF procedure. 243

To construct f̂ , σ points ~z0, . . .~zσ−1 are randomly selected in [`, u]D. The selection 244

procedure can be, for example, a uniform selection in the search space. To evaluate f̂ on a 245

point~z ∈ [`, u]D the following procedure is employed: 246

• If~z is in the convex hull defined by the points~z0, . . .~zσ−1, then f̂ (~z) is obtained by a 247

linear interpolation; 248

• otherwise, a linear interpolation is not possible and f̂ (~z) is defined as f̂ (~z′) where~z′ is 249

the point among~z0, . . .~zσ−1 nearest to~z. 250

Once f̂ is constructed, we can sample ρD points from it and proceed with the previously 251

define construction of a smooth surrogate (of f̂ in this case). 252

253

Parameters of surF. The surF algorithm requires the following settings: 254

• σ, which is the number of samples from f used to build f̂ ; 255

• ρ, which is the “density” of samples from f̂ to obtain the ρD points used to calculate 256

the DFT; 257

• γ, which controls the number of low frequencies preserved. 258

Concerning the first settings, in this work we assume σ = 100, generated using quasi 259

random sampling using Sobol sequences [29], one of the five methods natively supported by 260

surF along with pseudo-random generators, chaotic sequences, quantum random numbers 261

and entropic point packing [13] . Quasi-random sampling is surF’s default, because it was 262

shown to be the most effective approach when a few samples can be collected [13]. 263
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The ρ value should be selected carefully in order to not exceed the resources of the 264

machine. In this work, we will investigate the PE of a model with 3 missing parameters 265

using ρ = 100, leading to the calculation of 1× 106 interpolated values. 266

Finally, the γ parameter is particularly sensitive: as a matter of fact, it has a relevant 267

impact on the optimization, because a γ value too small can make the reconstruction of 268

the original global minimum impossible. Since the shape and characteristics of the fitness 269

landscape are unknown, the optimal γ cannot be determined using analytical approaches. 270

One possible solution for this problem is trial and error: repeat the optimization with an 271

increasing number of γ values, observing which setting leads to the best solution. Alterna- 272

tively, we can co-evolve the optimal γ by extending the candidate solutions’ representation, 273

as described in the next section. 274

3. Results 275

In this section, we will investigate the impact on the PE performances of both DFs and 276

surF. In all tests that follow, we will estimate the stochastic parameters of the MM model 277

by using the settings-free algorithm FST-PSO, running for 100 iterations. The γ parameter 278

of surF is co-evolved with the rest of the parameters; (the range of possible values was 279

set to [2, 10]). As baseline, we will exploit the variant of FST-PSO with fuzzy rules for 280

minimum velocity disengaged, denoted by FST-PSOno vmin, which was shown to be the 281

most effective choice for this specific problem [22]. In the case of problems modified using 282

a DF or a combination of DF and surF, we will exploit the standard version of FST-PSO. 283

All the analyses were implemented in the Python programming language, exploiting the 284

FST-PSO [14] and surF [13] libraries. 285

3.1. Effect of DFs on the PE Problem 286

As a first group of tests, we compared the performance of the PE using the analytical 287

anti-log DF and an evolved DF. In the latter case, we automatically evolved DFs composed 288

of up to 5 BFs, by means of the two-layered algorithm presented in Section 2.3. The 289

population of the evolutionary algorithm was formed by 10 individuals, and we evolved 290

the population for 11 generations. Each process to determine the best parameterization of 291

the BFs was performed with 10 particles for 10 iterations. The number of sampled points I 292

to compute f̃ was determined with the heuristic proposed in Section 2.3, which corresponds 293

to I = 23 in the following experiments. The overall budget to evolve the DF with such 294

settings is 253 000 fitness evaluations. 295

The actual DFs used here—i.e., the anti-log and the evolved one—are shown in Figure 5. 296

It is worth noting that the optimal DF evolved by our approach for the PE of the MM model, 297

despite being “stronger” than the analytical DF, applies a similar dilation to the fitness 298

landscape, i.e., the region corresponding to the lowest orders of magnitude is expanded. To 299

be more specific, the optimal DF obtained for the PE is a composition of 3 BFs (2 out of 5 300

BFs were identity functions that can be ignored), as follows: l0.09(F 1
2
(l4.65(l0.02(xd)))), for 301

all d = 1, . . . , D. 302

Figure 6 shows the fitness landscapes for the PE of the MM model (restricted to the 303

parameters c2 and c3 in order to represent the 3D landscape) corresponding to: the original 304

problem (left); the landscape dilated with the analytical anti-log function (center); the 305

landscape dilated using the evolved DF (right). The effect of these DFs is to shift away the 306

global optimum from the lowest orders of magnitude. The shift exerted by the evolved 307

function seems to be stronger, revealing a larger region characterized by sub-optimal fitness 308

values (yellow points), even though the intensity also depends on the magnitude of the 309

original parameters. 310

We compared the performance of FST-PSO, executed considering the three aforemen- 311

tioned fitness landscapes, to estimate the parameters of the MM model. In each case, we 312

performed 30 independent runs using the default functioning settings that correspond to 313

14 individuals and 100 iterations. In the first case (i.e., the original fitness landscape), the 314
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Figure 5. Graphical representation of the DF used in the PE problem. Left: anti-log function
analytically designed to expand the fitness landscape in the lowest orders of magnitude. Right:
evolved DF that substantially perform the same dilation of the anti-log DF.
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Figure 6. Effect of DFs on the fitness landscape of the MM model. (a) Original fitness landscape. (b)
Fitness landscape dilated by means of the analytical anti-log DF. (c) Fitness landscape dilated by
means of the optimal evolved DF.

fuzzy reasoning that governs the vmin of FST-PSO is disabled, because it is known to affect 315

the performance in the original formulation of the PE problem [22]. 316

Figure 7 shows the convergence plot (left) and the distributions of the best fitness 317

values found over 30 runs of each methodology (right). These results show that the analytic 318

DF (green dashed line) is the best option for the PE problem: the Average Best Fitness (ABF) 319

is indeed much lower with respect to the original landscape (coral solid line) and slightly 320

lower than in the case of the evolved DF (blue dotted line). Although the best individual in 321

the first iteration of the optimization with the evolved DF is, on average, worse than in the 322

case of the analytical anti-log DF, all runs based on the evolved DF are characterized by 323

a very fast convergence: as a matter of fact, after 20 iterations the average quality of the 324

identified solutions is comparable (Figure 7, left), as also confirmed by the boxplots (Figure 325

7, right). The distributions reported by means of the boxplot were compared by leveraging 326

the Mann-Whitney U rank test. The p-values confirmed that the differences are statistically 327

significant. It is worth noting that the original landscape induced by the PE problem is 328

difficult to explore, even with a low number of dimensions (3, in these tests), as evidenced 329

by the outliers corresponding to FST-PSO runs ended with very high fitness values. 330

3.2. Combining DFs and Fourier surrogate modeling 331

As a second group of tests, we applied the new surF algorithm to all the previous 332

fitness landscapes, in order to optimize a filtered and smoothed version of the optimization 333

problem. Figure 8 shows the effect of surF using γ = 2: in the case of the original 334
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Figure 7. Left: convergence plot of the PE of the MM model obtained with FST-PSO (no vmin) (coral
solid line), FST-PSO using the analytic DF (green dashed line), FST-PSO using the evolved DF (blue
dotted line). The lines correspond to the ABF calculated over 30 runs. Right: boxplots representing
the distributions of the best solutions found at the end of each run, for each methodology; red dashes
denote the mean of the distributions, while diamonds denote the outliers. The asterisks denote the
p-values obtained by comparing the distributions by means of the Mann-Whitney U tests (∗ p-value
≤ 0.5, ∗∗ p-value ≤ 0.0001).

landscape, the low number of Fourier coefficients prevents the reconstruction of the high 335

frequency optimum, a circumstance already discussed in [5,12]; in the case of the landscape 336

dilated with the anti-log DF, the smoothed landscape is denoted by a global optimum 337

corresponding to the actual target parameterization; finally, in the case of surF applied 338

to the fitness landscape dilated using the evolved DF, the problem of the missing high 339

frequency components again prevents a correct reconstruction of the landscape, as in the 340

case of the original problem. 341
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Figure 8. Effect of the surrogate modeling on the fitness landscape of the MM model. (a) Surrogate
model of the original fitness landscape. (b) Surrogate model of the fitness landscape dilated by means
of the anti-log DF. (c) Surrogate model of the fitness landscape dilated by means of the evolved DF.

To further investigate the effect of the parameter γ on the fitness landscape, we created 342

different surrogate models starting from the fitness landscape obtained with the evolved 343

DF (Figures 9). The plots highlight that even in the case of γ = 100, the global optimum 344

cannot be properly reconstructed, as the excessively strong dilation caused by the evolved 345

DF is detrimental to the optimization results when coupled to Fourier surrogate modeling. 346

Figure 10 confirms this insight by showing that FST-PSO cannot converge in the case of 347

the surrogate model created with surF, starting from the fitness landscape dilated with 348

the evolved DF (blue dotted line); on the contrary, FST-PSO using the surrogate model 349

created with surF starting from the fitness landscape dilated with the analytical anti-log 350

DF, is capable of reaching the global optimum. In any case, it is worth mentioning that 351

thanks to the strategy of co-evolving the γ value with the rest of the candidate solution, the 352
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Figure 9. Surrogate models of the fitness landscape for the PE of the MM model dilated using the
evolved DF, with γ = 2 (a), γ = 3 (b), γ = 5 (c), γ = 10 (d), γ = 50 (e), γ = 100 (f).

methodology no longer requires domain knowledge to achieve accurate solutions for the 353

PE problem of biochemical systems. 354
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Figure 10. Left: convergence plot of the PE of the MM model obtained with FST-PSO (no vmin) (coral
solid line), FST-PSO using the analytic DF + surF (green dashed line), FST-PSO using the evolved DF
+ surF (blue dotted line). The lines correspond to the ABF calculated over 30 runs. Right: boxplots
representing the distribution of the best solutions found at the end of each run; red dashes denote
the mean of the distributions, while diamonds denote outliers. The asterisks denote the p-values
obtained by comparing the distributions by means of the Mann-Whitney U tests (∗ p-value ≤ 0.5, ∗∗
p-value ≤ 0.0001).

4. Discussion 355

In this work, we investigated the impact of two methods for the fitness landscape 356

manipulation, namely surF [12] and DFs [6], on the PE problem of stochastic biochemical 357

models. Following the results obtained in [5], we addressed a common limitation of these 358

two methods, that is, the need for expert knowledge regarding the characteristics of the 359

fitness landscape. This was achieved by modifying the surF algorithm in order to co-evolve 360
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Figure 11. Distribution of the optimal γ values identified by our approach.

the optimal value of the γ hyper-parameter, and by performing a separate optimization 361

process to evolve an optimal DF for the problem at hand [25]. 362

Our results show that the PE employing the evolved DF has a performance that is 363

comparable to the one employing the analytical DF, further corroborating their application 364

for the PE of biochemical models and in contexts where there is no knowledge about the 365

fitness landscape [25]. The co-evolution of the γ hyper-parameter in surF also proved to 366

be an effective strategy, by improving the convergence speed and the final results with 367

respect to a PE not employing surF surrogates, notably with one less hyper-parameter to 368

be manually set by the user when compared to the original surF algorithm [12]. Figure 11 369

shows the distribution of the optimal γ values automatically identified by our approach. 370

As can be observed from the plot, the mode of the distribution is γ = 7 and, overall, the 371

optimization of this parameter led always to values between 5 and 8. This confirms the 372

adequacy of the search space for the parameter γ (i.e., [2, 10]) employed in our tests. 373

However, these improvements were observed only on fitness landscapes that were 374

dilated with the analytical DF exploiting expert knowledge. In our tests, the application 375

of surF prevented the convergence to optimal solutions on landscapes dilated with the 376

evolved DF, suggesting that not all DFs are beneficial to the construction of surrogates 377

by means of surF, even when a high value of γ is employed. As a future extension of 378

this work, we plan to further investigate this issue by evolving DFs that take into account 379

the transformations of the landscape applied by surF. Moreover, we plan to improve the 380

evolution of DFs by identifying different dilations for each dimension of the considered PE 381

problem. 382

Another limitation that affects surF regards the algorithm used to generate the sur- 383

rogate models, which is characterized by a high time and space complexity. As already 384

discussed in [13], surF relies on DFT which can calculate the multi-dimensional spectra of 385

the fitness landscape from equispaced samples. That is, surF interpolates the samples over 386

a multi-dimensional regular lattice, an operation characterized by exponential complexity. 387

In practical terms, surF has reasonable time and space complexity up to 5 or 6 variables, but 388

the computation time required makes it unsuitable for more than 4 variables. Thus, we plan 389

to investigate different approaches to compute the Fourier transform using, for example, 390

sparse samples. This will greatly improve the performances of surF, in terms of compu- 391

tation time. We will also explore alternative strategies, not involving the computation of 392

a Fourier transform, in order to generate surrogate models with a less-than-exponential 393

complexity, thus allowing the synergistic application of DFs and surF to high dimensional 394

optimization problems, such as the PE of large RBMs with several missing parameters [30]. 395
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Abbreviations 405

The following abbreviations are used in this manuscript: 406

407

ABF Average Best Fitness
BF Basis Function
DCT Discrete Cosine Transform
DF Dilation Function
E Enzyme
ES Enzyme-Substrate complex
FRBS Fuzzy Rule Based System
FST-PSO Fuzzy Self-Tuning Particle Swarm Optimization
MM Michaelis-Menten
P Product
PE Parameter Estimation
PSO Particle Swarm Optimization
RBM Reaction-Based Model
S Substrate
SSA Stochastic Simulation Algorithm
surF Fitness Landscape Surrogate Modeling with Fourier Filtering

408
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Mathematical notation 409

The following mathematical notation is used in this manuscript: 410

411

αm,n stoichiometric coefficients associated to the n-th reactant
βm,n stoichiometric coefficients associated to the m-th reaction
c vector of stochastic constants
cm stochastic (kinetic) constant
Ccog cognitive attractor of FST-PSO
Csoc social attractor of FST-PSO
D number of dimensions of the search space
dm number of distinct combinations of the reactant molecules
f original fitness function
f̃ dilated fitness function
f̄ , f̂ surrogate fitness functions
Fr(qp) folding operator
γ number of the lower frequencies to not be zeroed
I number of sampled points to compute the dilated landscape
[`, u]D lower and upper bounds of the search space
lp linear Basis Function
On(tk) the experimental (target) amount of Sn measured at time tk
p parameter of the linear Basis Function lp
ψρ coefficient representing the amplitude of ρ-th frequency
r parameter of the folding operator
R set of biochemical reactions
Rm m-th biochemical reaction
ρ number of equally spaced points to build the surrogate function
S set of molecular species
Si i-th molecular specie
σ number of samples used to construct the surrogate
t time of the system
t vector of time points
tk k-th time point
τ waiting time
~vmax maximum velocity of the FST-PSO particles
~vmin minimum velocity of the FST-PSO particles
ω inertia factor of FST-PSO
Xc

n(tk) simulated amount of the species Sn at time tk
x(t) vector representing the state of the system at time t
xn amount of the n-th molecular specie
χ control point
χQ Q-th control point
ξ length of the individuals representing the DFs
χ vector of control points
yρ fitness value of the ρ-th point of the surrogate
zρ ρ-th point of the search space to build the surrogate function
ζ1 random number sampled from an uniform distribution
ζ2 random number sampled from an uniform distribution

412
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