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 a b s t r a c t

This paper presents the development of an efficient discontinuous Galerkin (dG) solver for the 
multicomponent compressible Euler equations. The method provides global entropy conserva-
tion/stability at the discrete level, contributing to the robustness of the computations, cf. [4,19]. 
The unsteady term of the governing equations is formulated for the conservative variables, while 
the spatial discretization is assembled from the 𝐿2-projection of the entropy variables [4,19] onto 
the dG function space, as suggested by Chan et al. [44] and Alberti et al. [35]. This approach 
requires numerical over-integration to ensure entropy conservation/stability, significantly degrad-
ing the computational performance. The Direct Enforcement of Entropy Balance (DEEB) proposed 
by Abgrall in [11] is implemented to avoid this. The DEEB consists of an explicit correction to 
the discretization to avoid unphysical entropy evolution. As high-order discretizations give rise 
to spurious oscillations at flow discontinuities, a directional shock-capturing term is added to 
the discretized equations. The performance of the solver is compared to alternative approaches, 
i.e., solving directly for the conservative or the entropy variables, by computing several one-
dimensional cases. The convergence of the numerical solution is also tested using the method of 
manufactured solutions (MMS). The interactions of a shock wave with a circular and a square in-
homogeneity are finally considered, assessing the accuracy of the solver for reproducing complex 
two-dimensional phenomena.

1.  Introduction

The development of accurate and robust numerical methods for the solution of compressible multicomponent gas mixtures is 
crucial for understanding complex phenomena arising in such systems. These complexities mainly appear from the interactions of 
single-component-like non-linear waves with the inhomogeneous media, presenting material interfaces and steep gradients in the 
thermodynamic properties. Although often subtle, pure multicomponent effects can be critical in fields like combustion, detonation 
and aerospace applications. Of particular interest are the mixing mechanisms induced by large-scale phenomena and their inter-
actions [1,2]. High-order discretizations are a popular choice for accurately resolving the small-scale structures triggered by these 
interactions due to their superior accuracy. Numerical approaches for multicomponent flows can be generally classified into two main 
categories: interface-capturing methods, which solve the profiles and positions of diffused interfaces (typically requiring a higher spa-
tial resolution), and front-tracking methods, which use algorithms to establish the position of sharp interfaces, but they often lose 
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$\gamma /(\gamma -1)$


$L_2$


$L_2$


$L_2$


$d$


$\mathbf {w}\in \mathbb {R}^m$


\begin {equation}\label {eq:MCE} \frac {\partial \mathbf {q}}{\partial \mathbf {w}}\frac {\partial \mathbf {w}}{\partial t} + \frac {\partial \mathbf {F}_i\left (\mathbf {w}\right )}{\partial x_i} = 0,\end {equation}


$i=1,\ldots ,d$


$\mathbf {q}\in \mathbb {R}^m$


\begin {equation}\mathbf {q}=\left [\rho _1,\;\; \ldots ,\;\; \rho _N,\;\; \rho \mathbf {u},\;\; \rho e_t \right ]^\top . \label {Xeqn2}\end {equation}


$N$


$\{\rho _k\}_{k=1}^N$


$m=N+d+1$


$\mathbf {u}\in \mathbb {R}^d$


$\rho $


$e_t$


\begin {equation}\rho =\sum _{k=1}^N \rho _k,\qquad \rho e_t = \rho e +\frac {1}{2}\rho ||\mathbf {u}||^2,\quad \label {Xeqn3}\end {equation}


\begin {equation}\rho e= \sum _{k=1}^N \rho _ke_k= T\sum _{k=1}^N \rho _kc_{v,k}. \label {Xeqn4}\end {equation}


$e$


$e_k$


$T$


$||\circ ||$


$\rho e$


\begin {equation}\rho c_v = \sum _{k=1}^N\,\rho _k\,c_{v,k},\qquad \rho c_p = \sum _{k=1}^N\,\rho _k\,c_{p,k},\qquad \gamma =\frac {c_p}{c_v}, \label {Xeqn5}\end {equation}


$c_{v,k}$


$c_{p,k}$


$k$


$\mathbf {F}\in \mathbb {R}^{m{\times }d}$


\begin {equation}\mathbf {F}=\left [\rho _1\mathbf {u}^\top ,\;\; \ldots ,\;\; \rho _N\mathbf {u}^\top ,\;\; \rho (\mathbf {u}\otimes \mathbf {u}) +p\mathbf {I}^{d}, \;\; \left (\rho e_t +p\right )\mathbf {u}^\top \right ]^\top , \label {Xeqn6}\end {equation}


$\mathbf {I}^d\in \mathbb {R}^{d\times d}$


$\mathbf {u} \otimes \mathbf {v} )_{ij}=u_{i}v_{j}$


$p$


$p_k$


\begin {equation}\label {eq:idealgas} p =\sum _{k=1}^N(\gamma _k -1)\rho _ke_k.=\sum _{k=1}^N\rho _kr_kT;\end {equation}


$c$


$e$


$\gamma $


\begin {equation}c = \sqrt {\gamma \left (\gamma -1\right )e}. \label {Xeqn8}\end {equation}


$\{Y_k=\rho _k/\rho \}_{k=1}^N$


\begin {equation}\label {eq:compatibilitycondition} \left (\frac {\partial \mathcal {S}(\mathbf {q})}{\partial \mathbf {q}} \right )^\top \left (\frac {\partial \mathbf {F}_i(\mathbf {q})}{\partial \mathbf {q}}\right ) = \frac {\partial \mathcal {F}_i(\mathbf {q})}{\partial \mathbf {q}},\end {equation}


$\mathcal {S}$


$\mathbf {q}$


$\mathcal {F}_i$


$\mathbf {v}$


\begin {equation}\label {eq:EVdef} \mathbf {v(q)}= \frac {\partial \mathcal {S}(\mathbf {q})}{\partial \mathbf {q}},\end {equation}


$\mathbf {q}\mapsto \mathbf {v}$


\begin {equation}\frac {\partial \mathbf {q(v)}}{\partial \mathbf {v}} \frac {\partial \mathbf {v}}{\partial t} + \frac {\partial \mathbf {F}_i\mathbf {(q(v))}}{\partial \mathbf {q(v)}} \frac {\partial \mathbf {q(v)}}{\partial \mathbf {v}} \frac {\partial \mathbf {v}}{\partial x_i} = 0. \label {Xeqn11}\end {equation}


$\theta $


$\psi $


\begin {equation}\label {eq:implicitpotential} \theta = \mathbf {v}^\top \mathbf {q} -\mathcal {S}, \qquad \qquad \psi _i = \mathbf {v}^\top \mathbf {F}_i -\mathcal {F}_i;\end {equation}


\begin {equation}\left (\frac {\partial \theta }{\partial \mathbf {v}}\right )^\top = \mathbf {q}, \qquad \left (\frac {\partial \psi _i}{\partial \mathbf {v}}\right )^\top = \mathbf {F}_i. \label {Xeqn13}\end {equation}


$\psi _i$


\begin {equation}\frac {\partial \psi _i}{\partial x_i}=\frac {\partial \mathbf {v}^\top }{\partial x_i}\mathbf {F}_i. \label {Xeqn14}\end {equation}


$(\partial \mathcal {S}/\partial \mathbf {q})^\top $


\begin {equation}\frac {\partial \mathcal {S}}{\partial t} + \frac {\partial \mathcal {F}_i}{\partial x_i} = 0, \label {Xeqn15}\end {equation}


\begin {equation}\label {eq:entropyinequality} \frac {\partial \mathcal {S}}{\partial t} + \frac {\partial \mathcal {F}_i}{\partial x_i} \leq 0,\end {equation}


$\mathcal {S}$


\begin {equation}\left (\mathcal {S},\mathbf {\mathcal {F}}\right )=\left (-\rho s,-\rho \mathbf {u} s\right ), \label {Xeqn17}\end {equation}


$s$


\begin {equation}\rho s = \sum _{k=1}^N \rho _k s_k\qquad \text {where}\qquad s_k = c_{v,k}\log (T) -r_k\log (\rho _k). \label {Xeqn18}\end {equation}


$\rho s$


$\mathcal {S}(\mathbf {q})$


\begin {equation}\label {eq:pv2ev} \mathbf {v} = \frac {1}{T}\left [ h_1 -Ts_1 -\frac {||\mathbf {u}||^2}{2},\;\; \ldots ,\;\; h_N -Ts_N -\frac {||\mathbf {u}||^2}{2},\;\; \mathbf {u},\;\; -1 \right ]^\top \end {equation}


$\{h_k\}_{k=1}^N$


\begin {equation}h_k = e_k +r_kT, \label {Xeqn20}\end {equation}


$h$


$h^t$


\begin {equation}\rho h = \sum _{k=1}^N \rho _k h_k\qquad \text {and}\qquad h^t = h +\frac {1}{2}||\mathbf {u}||^2. \label {Xeqn21}\end {equation}


\begin {equation}\theta = \sum _{k=1}^Nr_k\rho _k,\qquad \qquad \psi _i=\sum _{k=1}^N r_k\rho _ku_i. \label {Xeqn22}\end {equation}


$\mathbf {P(w)}$


\begin {equation}\label {eq:MCEPw} \mathbf {P(w)}\frac {\partial \mathbf {w}}{\partial t} + \frac {\partial \mathbf {F}_i\mathbf {(w)}}{\partial x_i} = 0 \qquad \text {where}\qquad \mathbf {P(w)}=\frac {\partial \mathbf {q}}{\partial \mathbf {w}}.\end {equation}


$\Phi \in \mathbb {R}^{m}$


$\Omega \in \mathbb {R}^d$


$\partial \Omega $


\begin {equation}\int _\Omega \Phi ^\top \mathbf {P(w)}\frac {\partial \mathbf {w}}{\partial t}\,d\Omega - \int _\Omega \left (\frac {\partial \Phi }{\partial x_i}\right )^\top \mathbf {F}_i\mathbf {(w)}\,d\Omega + \int _{\partial \Omega }\Phi ^\top \mathbf {F}_i\mathbf {(w)}n_{i}\,d\sigma = 0, \label {Xeqn24}\end {equation}


$n_{i}$


$\partial \Omega $


$\mathcal {K}_h = \{K\}$


$K$


\begin {equation}\overline {\Omega }_h = \bigcup _{K\in \mathcal {K}_h}\overline {K}. \label {Xeqn25}\end {equation}


$\mathbf {w}$


$\Phi $


$\mathbf {w}_h$


${\Phi }_h$


\begin {equation}\mathbb {P}^\kappa =\{v_h\in L^2(\Omega )\,\rvert \,v_{h\rvert K}\in \mathbb {P}^\kappa (K),\forall K\in \mathcal {K}_h\} \label {Xeqn26}\end {equation}


$\kappa \in \mathbb {Z}_{\geq 0}$


$\mathbb {P}^\kappa $


$K$


$\leq \kappa $


$\{\phi _j\}_{j=1}^{N_{dof}}\,\forall K\in \mathcal {K}_h$


$N_{dof}=\prod _{i=1}^d(\kappa +i) / i$


$\mathbf {w}$


$\Phi $


$\mathcal {V}_h=\left [\mathbb {P}^{\r {\kappa }}\left (\mathcal {K}_h\right )\right ]^m$


$\{w_{h,k}\}_{k=1}^m$


$\mathbf {w}_h$


$\mathbf {W}$


\begin {equation}w_{h,k} = \phi _jW_{k,j}\qquad \text {with}\qquad j=1,\ldots ,N_{dof},\quad k=1,\ldots ,m. \label {Xeqn27}\end {equation}


$\mathcal {F}_h=\mathcal {F}_h^0\bigcup \mathcal {F}_h^b$


$\mathcal {F}_h^0$


$\mathcal {K}_h$


$\mathcal {F}_h^b$


$\mathcal {F}_K=\{\mathcal {F}\}$


$K,\forall K\in \mathcal {K}_h$


$\mathbf {w}_h$


\begin {equation}\label {eq:solved} \begin {split} \sum _{K\in \mathcal {K}_h}\int _K\Phi _h^\top \mathbf {P}(\mathbf {w}_h)\frac {\partial \mathbf {w}_h}{\partial t}\,d\Omega - \sum _{K\in \mathcal {K}_h}\int _K \left (\frac {\partial \Phi _h}{\partial x_i}\right )^\top \r {\mathbf {F}_{i}}(\mathbf {w}_h)\,d\Omega + \sum _{F\in \mathcal {F}_h}\int _F [\![ \Phi _h]\!]^\top \hat {\mathbf {F}}(\mathbf {w}_h^\pm , \r {\mathbf {n}_{F}})\,d\sigma =0, \end {split}\end {equation}


$\mathbf {n}_F=\left \{n_{F, i}\right \}_{i=1}^d$


$F$


$\circ ^-$


$\circ ^+$


$\circ $


$\mathbf {n}_F$


$[\![ \circ ]\!]=\circ ^+-\circ ^-$


$F\in \partial K^+\bigcup \partial K^-$


$\hat {\mathbf {F}}$


$\mathbf {P}(\mathbf {v}_h)$


$L_2$


$\mathbf {v}_h^*$


\begin {equation}\int _K\Phi _h^\top \mathbf {v}_h^*\,d\Omega = \int _K\Phi _h^\top \mathbf {v}(\mathbf {q}_h)\,d\Omega , \label {Xeqn30}\end {equation}


$\mathbf {v}_h$


$v_k(\mathbf {q}_h)$


\begin {equation}V_{k,j}^*=\int _K\phi _jv_k(\mathbf {q}_h)\,d\Omega \quad \text {where}\quad k=1,\ldots ,m\quad \text {and}\quad j=1,\ldots ,N_{dof}. \label {Xeqn31}\end {equation}


$\mathcal {S}$


\begin {align}\label {eq:dgentropy} & \sum _{K\in \mathcal {K}_h} {\mathbf {v}_h^*}^\top \mathbf {P}(\mathbf {w}_h)\frac {\partial \mathbf {w}_h}{\partial t}\,d\Omega - \sum _{K\in \mathcal {K}_h}\int _K \left (\frac {\partial \mathbf {v}_h^*}{\partial x_i}\right )^\top \r {\mathbf {F}_i}(\mathbf {w}_h)\,d\Omega + \sum _{F\in \mathcal {F}_h}\int _F [\![ \mathbf {v}_h^*]\!]^\top \g {\hat {\mathbf {F}}}(\mathbf {w}_h^\pm , \r {\mathbf {n}_{F}})\,d\sigma =0,\end {align}


\begin {align}&\sum _{K\in \mathcal {K}_h} \int _K{\mathbf {v}_h^*}^\top \mathbf {P}(\mathbf {w}_h)\frac {\partial \mathbf {w}_h}{\partial t}\,d\Omega = \sum _{K\in \mathcal {K}_h} \int _K \frac {\partial \mathcal {S}(\mathbf {w}_h)}{\partial \mathbf {w}_h}\frac {\partial \mathbf {w}_h}{\partial t}\,d\Omega ,\label {eq:passage1}\\ &\sum _{K\in \mathcal {K}_h}\int _K \left (\frac {\partial \mathbf {v}_h^*}{\partial x_i}\right )^\top \mathbf {F}_i(\mathbf {w}_h)\,d\Omega = \sum _{K\in \mathcal {K}_h} \int _K\frac {\psi _i(\mathbf {w}_h)}{\partial x_i}\,d\Omega = \sum _{F\in \mathcal {F}_h} \int _F [\![ \psi _i(\mathbf {w}_h)]\!] n_{F,i}\,d\sigma ,\label {eq:passage2}\\ &\sum _{F\in \mathcal {F}_h}\int _F [\![ \mathbf {v}_h^*]\!]^\top \hat {\mathbf {F}}(\mathbf {w}_h^\pm , \r {\mathbf {n}_{F}})\,d\sigma = \sum _{F\in \mathcal {F}_h}\int _F [\![ \mathbf {v}_h]\!]^\top \hat {\mathbf {F}}(\mathbf {w}_h^\pm , \r {\mathbf {n}_{F}})\,d\sigma \label {eq:passage3};\end {align}


$\mathcal {S}$


\begin {equation}\label {eq:implicitly-resolved} \sum _{K\in \mathcal {K}_h} \int _K \frac {\partial \mathcal {S}(\mathbf {w}_h)}{\partial \mathbf {w}_h}\frac {\partial \mathbf {w}_h}{\partial t}\,d\Omega + \sum _{F\in \mathcal {F}_h}\int _F\left [ [\![ \mathbf {v}_h]\!]^\top \hat {\mathbf {F}}(\mathbf {w}_h^\pm , \r {\mathbf {n}_F})- [\![ \g {\psi _i}(\mathbf {w}_h)]\!] n_{F,i}\right ]\,d\sigma = 0.\end {equation}


$\mathbf {v}(\mathbf {w}_h)$


$\mathbf {v}_h^*$


$\mathcal {S}$


$2\kappa $


\begin {equation}\label {eq:tadmor} [\![ \r {\mathbf {v}}_h]\!]^\top \hat {\mathbf {F}}\left (\mathbf {w}_h^{\pm },\r {\mathbf {n}_{F}}\right ) - [\![\psi _i\left (\mathbf {w}_h\right )]\!]\r {n_{F,i}} \geq 0;\end {equation}


\begin {equation}\label {eq:matEnt} \sum _{K\in \mathcal {K}_h} \int _K \frac {\partial \mathcal {S}(\mathbf {w}_h)}{\partial \mathbf {w}_h}\frac {\partial \mathbf {w}_h}{\partial t}\,d\Omega \leq 0.\end {equation}


\begin {equation}\begin {split}\label {eq:DEEB} \sum _{K\in \mathcal {K}_h}\int _K\Phi _h^\top \mathbf {P}(\mathbf {w}_h)\frac {\partial \mathbf {w}_h}{\partial t}\,d\Omega - \sum _{K\in \mathcal {K}_h}\int _K \left (\frac {\partial \Phi _h}{\partial x_i}\right )^\top \r {\mathbf {F}_i}(\mathbf {w}_h)\,d\Omega + \sum _{F\in \mathcal {F}_h}\int _F [\![ \Phi _h]\!]^\top \hat {\mathbf {F}}(\mathbf {w}_h^\pm , \mathbf {n}_F)\,d\sigma +\sum _{K\in \mathcal {K}_h}\alpha _K\frac {\int _K\Phi _h^\top \overline {\mathbf {v}}_h^*\,d\Omega }{\int _K{\overline {\mathbf {v}}_h^*}^\top \overline {\mathbf {v}}_h^*\,d\Omega } =0, \end {split}\end {equation}


$\alpha _K$


$\overline {\mathbf {v}}_h^*=\mathbf {v}_h^*-\mathbf {\mathring {v}}_{h}^{*}$


$\mathbf {\mathring {v}}_{h}^{*}$


$\mathbf {v}_{h}^*$


${\int _K\Phi _h^\top \overline {\mathbf {v}}_h^*d\Omega }/{\int _K{\overline {\mathbf {v}}_h^*}^\top \overline {\mathbf {v}}_h^*d\Omega }$


$10^{-13}$


$\alpha _K$


\begin {equation}\dfrac {\displaystyle \int _K\phi _i\phi _j\overline {V}_{\varrho ,j}^*\,d\Omega }{\displaystyle \int _K{\phi _j\overline {V}_{s,j}^*\phi _l\overline {V}_{s,l}^*\,d\Omega }} = \frac {\overline {V}^*_{\varrho ,i}}{\overline {V}_{s,l}^*\overline {V}_{s,l}^*} \label {Xeqn37}\end {equation}


$\varrho ,s = 1,\ldots ,m$


$i,j,l=1,\ldots ,N_{dof}$


\begin {equation}\label {eq:alphak} \begin {split} \alpha _K = \int _K\left (\frac {\partial \mathbf {v}_h^*}{\partial x_i}\right )^\top \mathbf {F}_i\left (\mathbf {w}_h\right )\,d\Omega -\sum _{F\in \mathcal {F}_K}\int _{F}\psi _i(\mathbf {w}_h)n_{F,i}\, d\Omega , \end {split}\end {equation}


$i=1,\ldots ,d$


$\psi _i$


$\mathbf {w}_h$


$\hat {\mathbf {F}}$


$\g {\hat {\mathbf {F}}}=\left [{\hat {F}}_{1,\{1,\ldots ,N\}},{\hat {F}}_{2,\{1,\ldots , d\}},{\hat {F}}_3 \right ]^\r {\top }$


\begin {equation}\label {eq:chndr} \begin {split} {\hat {F}}^{EC}_{1,k}&=\rho _{k}^{ln}\underline {u_n}\qquad \mathrm {for}\qquad k = 1,\ldots ,N,\\ {\hat {F}}^{EC}_{2,i}&=\frac {n_{F,i}}{\underline {1/T}}\left (\sum _{k=1}^N r_k\underline {\rho _k}\right ) +\underline {u_i}\sum _{k=1}^N \hat {{F}}^{EC}_{1,k}\qquad \mathrm {for}\qquad i=1,\ldots ,d,\\ {\hat {F}}^{EC}_3&=\sum _{k=1}^N\left (c_{v,k}\frac {1}{\left (1/T\right )^{ln}}-\frac {1}{2}\underline {u_iu_i}\right )\hat {F}^{EC}_{1,k} +\sum _{i=1}^d \underline {u_i}\,\hat {F}^{EC}_{2,i}, \end {split}\end {equation}


$u_n=u_i n_{F,i}$


$\circ $


$\circ ^-$


$\circ ^+$


\begin {equation}\underline {\circ }=\frac {1}{2}\left (\circ ^+ +\circ ^-\right ),\quad \circ ^{ln}= \begin {cases} 1+\sum _{i=1}^4 \dfrac {\mathtt {b}^i}{2i+1},&\quad \text {if}\quad \mathtt {b}<\epsilon \\ \\ \dfrac {\log (\chi )}{2\mathtt {a}}&\quad \text {otherwise} \end {cases}, \label {Xeqn40}\end {equation}


\begin {equation}\chi =\frac {\circ ^+}{\circ ^-},\qquad \mathtt {a}=\frac {\chi -1}{\chi +1},\qquad \mathtt {b}=\mathtt {a}^2, \label {Xeqn41}\end {equation}


$\epsilon \approx 0.02$


\begin {equation}\hat {\mathbf {F}}^{RU}\left (\mathbf {w}^{\pm }\r {,\mathbf {n}_F}\right )=\hat {\mathbf {F}}^{EC}\left (\mathbf {w}^{\pm }\r {,\mathbf {n}_F}\right ) - \hat {\mathbf {D}}\left (\mathbf {w}^{\pm }\right ), \label {Xeqn42}\end {equation}


\begin {equation}\hat {\mathbf {D}}\left (\mathbf {w}^{\pm }\right )=\frac {1}{2}\lambda _{max}\dfrac {\partial \mathbf {q}}{\partial \mathbf {v}}(\tilde {\mathbf {w}})[\![\mathbf {w}]\!], \label {Xeqn43}\end {equation}


$\lambda _{\max }$


\begin {equation}\lambda _{max}=\max \left ({|u_n^+|+c^+,|u_n^-|\r {+}c^-}\right ), \label {Xeqn44}\end {equation}


$c^\pm $


\begin {equation}\label {eq:Roeavgstate} \tilde {\textbf {w}} =\left [\rho _1^{ln},\;\ldots ,\;\rho _N^{ln},\;\underline {\textbf {u}},\; 1/\left (1/T\right )^{ln}\right ]^\top ,\end {equation}


$c_v$


\begin {equation}\label {eq:dqdv} \begin {aligned} & \dfrac {\partial \qvec }{\partial \vvec } = & \left [\begin {array}{ccccccc} \dfrac {\rho _1}{r_1} & \ldots & 0 & \dfrac {\rho _1}{r_1}u_1 & \dfrac {\rho _1}{r_1}u_2 & \dfrac {\rho _1}{r_1}u_3& \dfrac {\rho _1}{r_1}e_1^t \\ & & & & & &\\ & \ddots & & \vdots & \vdots &\vdots & \vdots \\ & & & & & &\\ & & \dfrac {\rho _N}{r_N} & \dfrac {\rho _N}{r_N}u_1& \dfrac {\rho _N}{r_N}u_2& \dfrac {\rho _N}{r_N}u_3 & \dfrac {\rho _N}{r_N}e_N^t \\ & & & & & & \\ & & & \Psi \left (u_1\right ) & u_1u_2\,\texttt {d} & u_1u_3\,\texttt {d}&u_1\,\kappa \\ & & & & & &\\ & & \text {Sym.} & & \Psi \left (u_2\right ) & u_2u_3\,\texttt {d}&u_2\,\kappa \\ & & & & & & \\ & & & & &\Psi \left (u_3\right ) &u_3\,\kappa \\ & & & & & &\\ & & & & & & \texttt {c}+T \rho \left (\lVert \mathbf {u} \lVert ^2+T c_v\right )\\ \end {array}\right ], \end {aligned}\end {equation}


\begin {equation}\sum _{K\in \mathcal {K}}\int _K\varepsilon _p \left (\frac {\partial \Phi _h}{\partial x_i}b_i\right )^\top \left (\frac {\partial \mathbf {q}(\mathbf {w}_h)}{\partial x_i}b_i\right )\,d\Omega , \label {Xeqn46}\end {equation}


\begin {equation}\label {eq:cvgradient} \frac {\partial \mathbf {q}(\mathbf {w}_h)}{\partial x_i}b_i = \frac {\partial \mathbf {q}(\mathbf {w}_h)}{\partial \mathbf {w}_h} \frac {\partial \mathbf {w}_h}{\partial x_i}b_i\end {equation}


$b_i$


\begin {equation}b_i = \frac {\partial p(\mathbf {w}_h)/\partial x_i} {\sqrt {\left ( \partial p(\mathbf {w}_h)/\partial x_j\right )\left (\partial p(\mathbf {w}_h)/\partial x_j\right )}+\epsilon } \label {Xeqn48}\end {equation}


$\epsilon $


$j=1,\ldots ,d$


$\varepsilon _p$


\begin {equation}\varepsilon _p= C_{SC}\left (h_K^{SC}\right )^2\frac {|c_p|+|d_p|}{p(\mathbf {w}_h)}f_p, \label {Xeqn49}\end {equation}


$C_{SC}$


$0.2$


\begin {equation}\label {eq:cp} c_p=\frac {\partial p(\mathbf {w}_h)}{\partial \mathbf {q}(\mathbf {w}_h)}\mathbf {c},\end {equation}


\begin {equation}\label {eq:dp} d_p=\frac {\partial p(\mathbf {w}_h)}{\partial \mathbf {q}(\mathbf {w}_h)}\frac {\partial \mathbf {F}_i{(\mathbf {w}_h)}}{\partial x_i},\end {equation}


\begin {equation}f_p = \frac {1}{ p(\mathbf {w}_h)} \sqrt {\frac { p(\mathbf {w}_h)}{\partial x_i}\frac { p(\mathbf {w}_h)}{\partial x_i}} \left (\frac {h^{SC}_K}{\max (1,\r {\kappa })}\right ). \label {Xeqn52}\end {equation}


$\mathbf {c}\in \left [\mathcal {V}_h\right ]^m$


\begin {equation}\int _K\Phi ^\top \mathbf {c}\,d\Omega = \sum _{F\in \mathcal {F}_K}\int _F \Phi ^\top \left [\g {\hat {\mathbf {F}}}(\mathbf {w}_h^\pm ,\r {\mathbf {n}_{F}}) -\mathbf {F}_i(\mathbf {w}_h)\,n_{F,i}\right ]\,d\sigma . \label {Xeqn53}\end {equation}


$\mathbf {F}_i$


$\mathbf {w}_h$


\begin {equation}\label {eq:Fjacobian} \frac {\partial \mathbf {F}_i{(\mathbf {w}_h)}}{\partial x_i} = \frac {\partial \mathbf {F}_i{(\mathbf {w}_h})}{\partial \mathbf {w}_h} \frac {\partial \mathbf {w}_h}{\partial x_i}.\end {equation}


$\mathbf {c}$


$h_K^{SC}$


\begin {equation}\label {eq:h_K} h_K^{SC}=\frac {1}{\sqrt {\left (\frac {1}{\Delta x_i}\right )\left (\frac {1}{\Delta x_i}\right )}},\end {equation}


$d=2$


$\{\Delta x_i\}_{i=1}^d$


$K$


$d=1$


$h_K^{SC}$


$\mathbf {w}_h=\mathbf {q}_h$


$\mathbf {W}=\mathbf {Q}$


\begin {equation}\label {eq:CVsys} \begin {split} \g {\sum _{K\in \mathcal {K}_h}{\r {\frac {d{Q}_{k,j}(t)}{d t}}} - \sum _{K\in \mathcal {K}_h}\int _K \frac {\partial \phi _j}{\partial x_i} F_{k,i}(\mathbf {q}_h)\,d\Omega +} \g {\sum _{F\in \mathcal {F}_h}\int _F [\![ \phi _j]\!]\hat {F}_k(\mathbf {q}_h^\pm , {\mathbf {n}_{F}})\,d\sigma =0,} \end {split}\end {equation}


$k=1,\ldots ,m$


$j=1,\ldots ,N_{dof}$


$\mathbf {w}_h=\mathbf {v}_h$


$\mathbf {V}$


\begin {equation}\label {eq:EVsys} \begin {split} \g {\sum _{K\in \mathcal {K}_h}\int _K\phi _j{P}_{k,s}(\mathbf {v}_h)\phi _l\frac {d{V}_{s,l}(t)}{d t}\,d\Omega - \sum _{K\in \mathcal {K}_h}\int _K \frac {\partial \phi _j}{\partial x_i} F_{k,i}(\mathbf {v}_h)\,d\Omega +} \g {\sum _{F\in \mathcal {F}_h}\int _F [\![ \phi _j]\!]\hat {F}_k(\mathbf {v}_h^\pm , {\mathbf {n}_{F}})\,d\sigma =0,} \end {split}\end {equation}


$k,s=1,\ldots ,m$


$j,l=1,\ldots ,N_{dof}$


$\mathbf {Q}$


$\mathbf {v}^\ast _h=\left [{v}^*_{h,1},\,\ldots ,\,{v}^*_{h,m}\right ]^\top $


\begin {equation}\label {eq:CV2EVsys} \begin {split} \g {\sum _{K\in \mathcal {K}_h}{\frac {d{Q}_{k,j}(t)}{d t}} - \sum _{K\in \mathcal {K}_h}\int _K \frac {\partial \phi _j}{\partial x_i} F_{k,i}(\mathbf {v}^*_h)\,d\Omega +} \g {\sum _{F\in \mathcal {F}_h}\int _F [\![ \phi _j]\!]\hat {F}_k({\mathbf {v}^*_h}^\pm , {\mathbf {n}_{F}})\,d\sigma +\sum _{K\in \mathcal {K}_h}\alpha _K\frac {\displaystyle \int _K\phi _j\overline {v}^*_{h,k}\,d\Omega }{\displaystyle \int _K{\overline {v}^*_{h,s}}\overline {v}^*_{h,s}\,d\Omega }} =0, \end {split}\end {equation}


$k,s=1,\ldots ,m$


$j=1,\ldots ,N_{dof}$


\begin {equation}\label {ode} \dfrac {d\mathbf {W}}{d t}=\mathbf {\widetilde {R}\left ( W \right )},\end {equation}


\begin {equation}\mathbf {\widetilde {R}\left ( W \right )}=\mathbf {M_P}(\mathbf {W})^{-1}\mathbf {R}\left ( \mathbf {W} \right ), \label {Res}\end {equation}


$\mathbf {M_P}(\mathbf {W})$


$\mathbf {R\left ( W \right )}$


$\mathbf {M_P}(\mathbf {W})$


$\partial \mathbf {q}/\partial \mathbf {w}$


$\mathbf {M_P}$


\begin {equation}\begin {split} \mathbf {Y}_0 &=\mathbf {W}^n\\ \mathbf {Y}_i &=\mathbf {Y}_0+\Delta t\sum _{j=1}^{i-1}a_{ij}\mathbf {\widetilde {R}}\left ( \mathbf {Y}_j \right )\\ \mathbf {W}^{n+1} &=\mathbf {W}^{n} + \Delta t\sum _{j=1}^{s}b_j\mathbf {\widetilde {R}}\left ( \mathbf {Y}_j \right ), \end {split} \label {Xeqn61}\end {equation}


$a_{ij}$


$b_j$


$\Delta t$


$\Delta t = \min _{K\in \mathcal {K}}\{\mathrm {CFL}\, h_K/(c_{K,0} +|\textbf {u}_{K,0}|)\}$


$h_K$


$\kappa $


$\kappa $


$\texttt {X-Y}$


$\texttt {X}$


$\texttt {P}$


$\texttt {E}$


$\texttt {C}$


$\texttt {Y}$


$\texttt {G}$


$\texttt {R}$


$\texttt {C}$


$\texttt {E-Y}$


$n_{oi} = 4\kappa + 3$


$\psi \in [Y_1,\,\rho ,\,u,\,p]$


\begin {equation}\label {eq:mms1d} \psi (x)=\texttt {a}^\psi _0+\texttt {a}^\psi _{1} \,\texttt {f}_{1}\left (\texttt {b}^\psi _{1}\,\dfrac {x_1}{L}\pi \right ),\end {equation}


$\texttt {a}^\psi $


$\texttt {b}^\psi $


$r_1=287.15\;J/(kg\,K)$


$r_2 = 344.58\;J/(kg\,K)$


$\gamma _1=1.4$


$\gamma _2=1.6$


$\Omega =[0,L]$


$L=1\,m$


$p_{ref}=\texttt {a}^p_0$


$\rho _{ref}=\texttt {a}^\rho _0$


$R_{ref}=r_1$


$l_{ref}=L$


$u_{ref}=\sqrt {p_{ref}/\rho _{ref}}$


$\mathbb {P}^6$


$32$


$\texttt {P-G}$


$32$


$\texttt {P-G}$


\begin {equation}\eta (\circ ,\bullet _{ref}) = \left (\Omega _h\right )^{1/2}\lvert \lvert \circ - \bullet _{ref}\lvert \lvert _{L_2}, \label {Xeqn63}\end {equation}


$\circ $


$\bullet _{ref}$


$L_2$


$\eta $


$N_e$


$\kappa $


$\kappa =1,3,6$


$\kappa =3,6$


$\Omega =(0,1]$


$\gamma _1=1.6$


$\gamma _2=1.4$


$c_{v,1}=5/3$


$c_{v,2}=5/6$


$\Delta t = 5.0\times 10^{-5}$


$t_{end}=1$


$\kappa +1$


$~10\times 10^{-9}$


$t=1$


$10$


$\texttt {C-G}$


$\texttt {P-G}$


$\texttt {E-G}$


$\Delta t=1.0\times 10^{-6}$


$20$


$n_{oi}$


$20$


$x$


$\texttt {E-C}$


$n_{oi}<50$


$n_{oi}=50$


$\texttt {C-C}$


$\texttt {P-C}$


$\Delta t=5\times 10^{-5}$


$t_{end}=1$


$\texttt {P-Y}$


$\mathbb {P}^2$


$4$


$2\kappa +1$


$\approx 5\times 10^{-12}$


$\Delta t$


$\mathbb {P}^2$


$4$


$t=0.1$


$n_{oi}=4\kappa +3$


$2\kappa +1$


$\texttt {E-Y}$


$n_{oi}=50$


$\texttt {C-G}$


$\texttt {C-G}$


$2\kappa +1$


$\texttt {C-C}$


$\Omega =[0,1]$


\begin {equation}\mathbf {w}(x) = \begin {cases} \mathbf {w}_L & \text {if}\quad x < x_0 \\ \mathbf {w}_R & \text {if}\quad x \geq x_0 \end {cases}, \label {Xeqn66}\end {equation}


$x_0$


$x_0$


$t_{end}$


$x_0$


$t_{end}$


$C_{SC}=0.2$


$\texttt {P-Y}$


$\mathbb {P}^3$


$400$


$\mathbb {P}^3$


$400$


$\mathbb {P}^3$


$400$


$\mathbb {P}^3$


$600$


$\mathbb {P}^3$


$\mathrm {CFL}=0.05$


$\texttt {P-C}$


$\mathbb {P}^3$


$400$


$\texttt {P-G}$


$\mathrm {CFL} = 10^{-2}$


$\mathrm {CFL} = 10^{-3}$


$\texttt {P-G}$


$\texttt {E-G}$


$\texttt {C-G}$


$\mathrm {CFL} = 0.1$


$\texttt {P-R}$


$\mathrm {CFL} = 10^{-2}$


$\texttt {E-G}$


$\texttt {P-G}$


$\texttt {E-G}$


$\texttt {P-G}$


$\texttt {C-G}$


$\texttt {P-G}$


$\psi \in [Y_1,\,\rho ,\,u_1,\,u_2,\,p]$


\begin {equation}\label {eq:mms} \psi (x_1, x_2)=\texttt {a}^\psi _0+\texttt {a}^\psi _{1} \,\texttt {f}_{1}\left (\texttt {b}^\psi _{1}\,\dfrac {x_1}{L}\pi \right )+\texttt {a}^\psi _{2} \,\texttt {f}_{2}\left (\texttt {b}^\psi _{2}\,\dfrac {x_2}{L}\pi \right )+\texttt {a}^\psi _{1,2} \,\texttt {f}_{1,2}\left (\texttt {b}^\psi _{1,2}\,\dfrac {x_1 x_2}{L^2}\pi \right ),\end {equation}


$d=2$


$r_1=287.15\;J/(kg\,K)$


$r_2=344.58\;J/(kg\,K)$


$\gamma _1=1.4$


$\gamma _2=1.6$


$\Omega =[L\times L]$


$L=1\,m$


$2^i\times 2^i$


$i=2,\ldots ,5$


$\mathbb {P}^4$


$16\times 16$


$\rho _1/\rho $


$i=4$


$d=2$


$L_2$


$\rho _1$


$N_e$


$\kappa +1$


$\pi /4$


$0.3$


$\Omega \in [0.3\times 0.3]$


\begin {equation}[\rho _1,\rho _2,u_1,u_2,p]= \begin {cases} [0.1,0.025,0,0,0.1]&\quad \text {if}\quad 0\leq x_1+x_1\leq 0.15\\ [0.2,0.8,0,0,1]&\quad \text {if}\quad 0.15<x_1\,\,\text {and}\,\,0.15<x_2 \\ [0.8,0.2,0,0,1]&\quad \text {otherwise} \end {cases}, \label {Xeqn68}\end {equation}


$\gamma _1=1.5$


$\gamma _2=1.3$


$c_{v,1}=c_{v,2}=2$


$\kappa $


$10\,050$


$10\,050$


$0.02$


$t=0.1$


$0.1$


$\mathbb {P}^4$


$10\,050$


$Y_1$


$\Omega =[23.57\times 0.89]$


$x_1$


$x_2$


$r_1=1$


$\gamma _1=1.4$


$r_2=5.498$


$\gamma _2=1.647$


$R_b=0.5$


$x_b=[11.8,0]$


$M_S=1.22$


$x_s=12.8$


\begin {equation}\mathbf {w} = \mathbf {w}_{b}\left (1-f_{sm}\right )+\mathbf {w}_sf_{sm}, \label {Xeqn69}\end {equation}


$\mathbf {w}_b$


$\mathbf {w}_s$


\begin {equation}f_{sm}=\left [1+\text {erf}(\Delta R/\g {\varepsilon }\right )]/2\qquad \text {and}\qquad \varepsilon =C_\varepsilon \Delta x\times 10^{-4}. \label {Xeqn70}\end {equation}


$\Delta R$


$\Delta x = 5$


$C_\epsilon = 5$


$x_1 = 7.2$


$x_1 = 16.2$


$x_1 < 7.2$


$150 \times 45$


$7.2 < x_1 < 16.2$


$450 \times 45$


$x_1 > 16.2$


$150 \times 45$


$0.065$


$\mathbb {P}^4$


$\exp \left (||\nabla \rho ||/||\nabla \rho ||_{\max }\right )$


$\mathbb {P}^2$


$\mathbb {P}^4$


$579\times 45$


$\mathbb {P}^2$


$579\times 45$


$\mathbb {P}^4$


$\mathbb {P}^2$


$202\,500$


$\mathbb {P}^4$


$506\,250$


$t=32\,\mu s$


$t=62\,\mu s$


$t=102\,\mu s$


$t=240\,\mu s$


$t=427\mu s$


$t=674\,\mu s$


$\mathbb {P}^4$


$\mathbb {P}^2$


$M_S=1.22$


$x_1$


$[29\times 1.125]$


$101\,300$


$\rho _{bubble}=0.16\,kg/m^3$


$\rho _{pre-shock}=1.25\,kg/m^3$


$Y_{con}=0.01$


$\gamma _{He}=1.667$


$\gamma _{N_2}=1.4$


$c_{v,He}=1.4993$


$c_{v,N_2}=0.32$


$x_1<12$


$40\times 45$


$12<x_1<17$


$200\times 45$


$x_1>17$


$40\times 45$


$t_0$


$\tau = t/t_0$


$\mathbb {P}^4$


$280\times 45$


$\mathbb {P}^3$


$\tau =4$


$\tau =15$


$\tau =25$


$\tau = 60$


$\tau = 100$


$\tau = 125$


$\tau =125$


$280\times 45$


$\kappa = 1, \ldots , 3$


$37\,800$


$75\,600$


$126\,000$


$\kappa $


$L_2$


$\partial \mathbf {q}/\partial \mathbf {v}$


$e_k^t = e_k +\dfrac {1}{2}\lVert \mathbf {u}\lVert ^2$


\begin {equation}\begin {aligned} & \dfrac {\partial \Fvec _1(\qvec )}{\partial \qvec }= \left [\begin {array}{ccccccc} -u_1\breve {Y_1} & \ldots & -u_1Y_1 & Y_1 & 0 & 0& 0 \\ \vdots & \ddots & \vdots & \vdots & \vdots & \vdots & \\ -u_1Y_N& \ldots & -u_1\breve {Y_N} & Y_N & 0 & 0& 0 \\ & & & & & & \\ \chi _1 -u_1^2 & \ldots & \chi _N -u_1^2 & u_1\left (3-\gamma \right )& -u_2\breve {\gamma }& -u_3\breve {\gamma }&\breve {\gamma }\\ & & & & & & \\ -u_1u_2 & \ldots & -u_1u_2 & u_2& u_1& 0& 0\\ & & & & & & \\ -u_1u_3 & \ldots & -u_1u_3 & u_3& 0& u_1& 0\\ & & & & & &\\ \left (\chi _1 -h^t\right )\,u_1 & \ldots &\left (\chi _N -h^t\right ) \,u_1 & h^t-u_1^2\breve {\gamma } & -u_1u_2\breve {\gamma } & u_1u_3\breve {\gamma } & \gamma u_1\\ \end {array}\right ], \end {aligned} \label {Xeqn74}\end {equation}


\begin {equation}\begin {aligned} & \dfrac {\partial \Fvec _2(\qvec )}{\partial \qvec }= \left [\begin {array}{ccccccc} -u_2\breve {Y_1} & \ldots & -u_2Y_1 & 0 & Y_1 & 0& 0 \\ \vdots & \ddots & \vdots & \vdots & \vdots & \vdots & \\ -u_2Y_N& \ldots & -u_2\breve {Y_N} & 0 & Y_N & 0 & 0\\ & & & & & & \\ -u_1u_2 & \ldots & -u_1u_2 & u_2 & u_1& 0&0 \\ & & & & & & \\ \chi _1 -u_2^2 & \ldots & \chi _N -u_2^2 & -u_1\breve {\gamma }&u_2\left (3-\gamma \right )& -u_3\breve {\gamma }&\breve {\gamma }\\ & & & & & & \\ -u_2u_3 & \ldots & -u_2u_3 & 0& u_3& u_2& 0\\ & & & & & & \\ \left (\chi _1 -h^t\right )\,u_2 & \ldots &\left (\chi _N -h^t\right ) \,u_2 & -u_1u_2\breve {\gamma }& h^t-u_2^2\breve {\gamma } & u_2u_3\breve {\gamma }& \gamma u_2 \\ \end {array}\right ], \end {aligned} \label {Xeqn75}\end {equation}


\begin {equation}\begin {aligned} & \dfrac {\partial \Fvec _3(\qvec )}{\partial \qvec }= \left [\begin {array}{ccccccc} -u_3\breve {Y_1} & \ldots & -u_3Y_1 & 0 & 0& Y_1& 0 \\ \vdots & \ddots & \vdots & \vdots & \vdots & \vdots & \\ -u_3Y_N& \ldots & -u_3\breve {Y_N} & 0 & 0& Y_N & 0\\ & & & & & & \\ -u_1u_3 & \ldots & -u_1u_3 & u_3 & 0 & u_1&0\\ & & & & & & \\ -u_2u_3 & \ldots & -u_2u_3 & 0& u_3& u_2& 0 \\ & & & & & & \\ \chi _1 -u_3^2 & \ldots & \chi _N -u_3^2 & -u_1\breve {\gamma } & -u_2\breve {\gamma }&u_3\left (3-\gamma \right )&\breve {\gamma }\\ & & & & & & \\ \left (\chi _1 -h^t\right )\,u_3 & \ldots &\left (\chi _N -h^t\right ) \,u_3 & -u_1u_3\breve {\gamma } & u_2u_3\breve {\gamma }& h^t-u_3^2\breve {\gamma } & \gamma u_3\\ \end {array}\right ], \end {aligned} \label {Xeqn76}\end {equation}


\begin {equation}\breve {\gamma } = \gamma -1, \qquad \breve {Y_k} = Y_k -1,\qquad \chi _k = h_k -\gamma e_k+\breve {\gamma }\frac {\lVert \mathbf {u} \lVert ^2}{2}. \label {Xeqn77}\end {equation}


$\texttt {P-Y}$


$\texttt {E-Y}$


\begin {equation}\begin {aligned} & \dfrac {\partial \Fvec _1(\vvec )}{\partial \vvec }= \left [\begin {array}{ccccccc} u_1\dfrac {\rho _1}{r_1} & \ldots & 0 & \rho _1\Gamma _1\left (u_1\right ) & u_1u_2\dfrac {\rho _1}{r_1} & u_1u_3\dfrac {\rho _1}{r_1}& \rho _1 u_1\,\beta _1 \\ & & & & & & \\ & \ddots & \vdots &\vdots & \vdots & \vdots & \vdots \\ & & & & & & \\ & & u_1\dfrac {\rho _N}{r_N} & \rho _N\Gamma _N\left (u_1\right ) & u_1u_2\dfrac {\rho _N}{r_N} & u_1u_3\dfrac {\rho _N}{r_N} & \rho _N u_1\,\beta _N\\ & & & & & & \\ & && u_1\Theta \left (u_1\right ) & u_2\Psi \left (u_1\right ) & u_3\Psi \left (u_1\right )&\Upsilon \left (u_1\right )\\ & & & & & & \\ & &\text {Sym.}& & u_1\Psi \left (u_2\right ) & u_1u_2u_3\texttt {e}& u_1u_2\,\kappa \\ & & & & & & \\ & & & & & u_1\Psi \left (u_3\right ) & u_1u_3\,\kappa \\ & & & & & & \\ & & &&& & u_1\vartheta \\ \end {array}\right ], \end {aligned} \label {Xeqn78}\end {equation}


\begin {equation}\begin {aligned} & \dfrac {\partial \Fvec _2(\vvec )}{\partial \vvec }= \left [\begin {array}{ccccccc} u_2\dfrac {\rho _1}{r_1} & \ldots & 0 & u_1u_2\dfrac {\rho _1}{r_1} &\rho _1\Gamma _1\left (u_2\right ) & u_2u_3\dfrac {\rho _1}{r_1} & \rho _1 u_2\,\beta _1\\ & & & & & & \\ & \ddots & \vdots &\vdots & \vdots & \vdots & \vdots \\ & & & & & & \\ & & u_2\dfrac {\rho _N}{r_N} & u_1u_2\dfrac {\rho _N}{r_N} & \rho _N\Gamma _N\left (u_2\right ) & u_2u_3\dfrac {\rho _N}{r_N} & \rho _N u_2\,\beta _N \\ & & & & & & \\ & && u_2\Psi \left (u_1\right ) & u_1\Psi \left (u_2\right )& u_1u_2u_3\texttt {e}& u_1u_2\,\kappa \\ & & & & & & \\ & &\text {Sym.}& & u_2\Theta \left (u_2\right ) & u_3\Psi \left (u_2\right )& \Upsilon \left (u_2\right )\\ & & & & & & \\ & & & && u_2\Psi \left (u_3\right ) &u_2u_3\,\kappa \\ & & & & & & \\ & & &&& & u_2\vartheta \\ \end {array}\right ], \end {aligned} \label {Xeqn79}\end {equation}


\begin {equation}\begin {aligned} & \dfrac {\partial \Fvec _3(\vvec )}{\partial \vvec }= \left [\begin {array}{ccccccc} u_3\dfrac {\rho _1}{r_1} & \ldots & 0 & u_1u_3\dfrac {\rho _1}{r_1} & u_2u_3\dfrac {\rho _1}{r_1} &\rho _1\Gamma _1\left (u_3\right )& \rho _1 u_3\,\beta _1 \\ & & & & & & \\ & \ddots & \vdots &\vdots & \vdots & \vdots & \vdots \\ & & & & & & \\ & & u_3\dfrac {\rho _N}{r_N} & u_1u_3\dfrac {\rho _N}{r_N} & u_2u_3\dfrac {\rho _N}{r_N} & \rho _N\Gamma _N\left (u_3\right )& \rho _N u_3\,\beta _N \\ & & & & & & \\ & && u_3\Psi \left (u_1\right ) & u_1u_2u_3\texttt {e} & u_1\Psi \left (u_3\right )& u_1u_3\,\kappa \\ & & & & & & \\ & &\text {Sym.}& & u_3\Psi \left (u_2\right ) & u_2\Psi \left (u_3\right ) &u_2u_3\,\kappa \\ & & & & & & \\ & & & & & u_3\Theta \left (u_3\right )& \Upsilon \left (u_3\right ) \\ & & & & & & \\ & & &&& & u_3\vartheta \\ \end {array}\right ], \end {aligned} \label {Xeqn80}\end {equation}


\begin {equation}\begin {aligned}[c] \beta _k &=\dfrac {e^t_k}{r_k} +T,\\ \vartheta &=6\left [\texttt {c} +T\rho \left (\lVert \mathbf {u} \lVert ^2 +h^t +e^t +\gamma e \right )\right ],\\ \end {aligned} \qquad \qquad \qquad \begin {aligned}[c] \Gamma _k\left (\varphi \right )&=\dfrac {\varphi ^2}{r_k}+T,\\ \Upsilon \left (\varphi \right ) &= T\rho h^t +\varphi ^2\left (2T\rho +\texttt {d}\right ),\\ \Theta \left (\varphi \right )&= 3T\rho +\varphi ^2 \texttt {e}.\\ \end {aligned} \label {Xeqn81}\end {equation}


\begin {equation}p=\sum _{k=1}^N\rho _k r_k T = \breve {\gamma }\left (q_{m}-\dfrac {\sum _{i=N+1}^{N+d} q_i^2}{2\sum _{k=1}^Nq_k}\right ), \label {Xeqn82}\end {equation}


\begin {equation}\dfrac {\partial p}{\partial q_k}= \breve {\gamma }\dfrac {\sum _{i=N+1}^{m-1} q_i^2}{2\left (\sum _{j=1}^Nq_j\right )^2}\quad \mathrm {for} \quad k=1,\ldots ,N, \label {Xeqn83}\end {equation}


\begin {equation}\dfrac {\partial p}{\partial q_i}=-\breve {\gamma }\dfrac {q_i}{\sum _{k=1}^Nq_k}\quad \mathrm {for} \quad i=N+1,\ldots ,N+d \label {Xeqn84}\end {equation}


\begin {equation}\dfrac {\partial p}{\partial q_{m}}=\breve {\gamma }. \label {Xeqn85}\end {equation}


$\texttt {C-Y}$


\begin {equation}\frac {\partial p}{\partial x_i}=\frac {\partial p}{\partial \mathbf {q}}\frac {\partial \mathbf {q}}{\partial x_i}. \label {Xeqn86}\end {equation}


\begin {equation}\dfrac {\partial p}{\partial x_i} = T \sum _{k=1}^Nr_k\dfrac {\partial \rho _k}{\partial x_i} +\rho r\dfrac {\partial T}{\partial x_i}, \label {Xeqn87}\end {equation}


$T$


$\rho $


\begin {equation}\dfrac {\partial \rho _k}{\partial x_i} = \dfrac {\rho _k}{r_k} \left [ \dfrac {\partial v_k}{\partial x_i} +\dfrac {\partial v_{m}}{\partial x_i}\left ( \dfrac {-c_{v,k}}{v_{m}}+\dfrac {1}{2v_{m}^2}\sum _{j=N+1}^{N+d}v_j^2\right ) -\dfrac {1}{v_{N+1}}\sum _{j=N+1}^{N+d}\dfrac {\partial v_j}{\partial x_j}\right ] \label {Xeqn88}\end {equation}


\begin {equation}\dfrac {\partial T}{\partial x_i} =\dfrac {1}{v_{m}^2}\dfrac {\partial v_{m}}{\partial x_i}. \label {Xeqn89}\end {equation}


\begin {equation}\left [\gamma _\iota ,\,\rho _\iota ,\,u_\iota \r {,}\,p_\iota \right ]^\top \qquad \text {for}\qquad \iota \in \{L,R\}, \label {Xeqn90}\end {equation}


$\gamma _\iota $


$\rho _\iota $


$L$


$R$


$\left [\{\tilde {Y}_k\}_{k=1}^N,\tilde {\rho },\,\tilde {u},\,\tilde {p}\right ]^\top $


$\xi =\tilde {x}/t$


$\tilde {x}=x-x_0$


\begin {equation}\label {eq:pers} f\left (p,\,\gamma _L,\,\rho _L,\,p_L\right ) +f\left (p,\,p_R,\,\rho _R,\,\gamma _R\right ) = u_L -u_R,\end {equation}


\begin {equation}f\left (p,\,\gamma _\iota ,\,\rho _\iota ,\,p_\iota \right )= \begin {cases} \dfrac {p-p_\iota }{\rho _\iota c_\iota \sqrt {\mathtt {a}_\iota \pi _\iota +\mathtt {b}_\iota }}&\qquad \text {if}\qquad p\geq p_\iota \\ \frac {2}{\gamma _\iota -1}c_\iota \left [\pi _\iota ^{\mathtt {b}_\iota }-1\right ]&\qquad \text {if}\qquad p< p_\iota \end {cases} \label {Xeqn92}\end {equation}


$c_\iota $


$\iota $


$\mathtt {a}_\iota =\frac {\gamma _\iota +1}{2\gamma _\iota }$


$\mathtt {b}_\iota =\frac {\gamma _\iota -1}{2\gamma _\iota }$


$\pi _\iota =\frac {p}{p_\iota }$


\begin {equation}p^{(0)} = \frac {p_L +p_R}{2} \label {Xeqn93}\end {equation}


$n$


\begin {equation}p^{(n)}=p^{(n-1)}-\frac {f\left (p^{(n-1)},\,\gamma _L,\,\rho _L,\,p_L\right )+ f\left (p^{(n-1)},\,\gamma _R,\,\rho _R,\,p_R\right ) -\left (u_L -u_R\right )}{ \dfrac {\partial f}{\partial p}\left (p^{(n-1)},\,\gamma _L,\,\rho _L,\,p_L\right )+ \dfrac {\partial f}{\partial p}\left (p^{(n-1)},\,\gamma _R,\,\rho _R,\,p_R\right ) }, \label {Xeqn94}\end {equation}


\begin {equation}\dfrac {\partial f}{\partial p}\left (p,\,\gamma _\iota ,\,\rho _\iota ,\,p_\iota \right )= \begin {cases} \dfrac {\left (\gamma _\iota +1\right )\pi _\iota +\left (3\gamma _\iota -1\right )}{ 4\gamma _\iota \rho _\iota c_\iota \left ( \mathtt {a}_\iota \pi _\iota +\mathtt {b}_\iota \right )^{3/2} }&\qquad \text {if}\qquad p\geq p_\iota \\ \dfrac {1}{\gamma _\iota p}c_\iota \left (\pi _\iota \right )^{\mathtt {b}_\iota }& \qquad \text {if}\qquad p<p_\iota \end {cases} \label {Xeqn95}\end {equation}


\begin {equation}|p^{(n)}-p^{(n-1)}|<\epsilon \; \text {min}\{p_L,p_R\}, \label {Xeqn96}\end {equation}


$\epsilon =5\cdot 10^{-11}$


$p=p^{(n)}$


\begin {equation}u=\dfrac {1}{2}\left [u_L -f\left (p,\,\gamma _L,\,\rho _L,\,p_L\right )+ u_R + f\left (p,\,\gamma _R,\,\rho _R,\,p_R\right )\right ]; \label {Xeqn97}\end {equation}


$\iota $


$(p-p_\iota )\leq \epsilon \;\text {min}\{p_L,p_R\}$


$\iota $


\begin {equation}c_\iota ^*=c_\iota +\frac {1}{2}(\gamma _\iota -1)\left (u_\iota -u\right ), \qquad \qquad \rho _\iota ^*=\frac {\gamma _\iota p}{\left (c_\iota ^*\right )^2}, \label {Xeqn98}\end {equation}


\begin {equation}D_\iota =u_\iota -c_\iota , \qquad \qquad D_\iota ^*=u -c_\iota ^*; \label {Xeqn99}\end {equation}


$(p-p_\iota )> \epsilon \;min\{p_L,p_R\}$


$\iota $


$\xi $


$\xi \leq D_L$


$D_L<\xi \leq D_L^*$


\begin {equation}\tilde {c}=\frac {2c_L+(\gamma _L -1)(u_L -\xi )}{\gamma _L +1}, \qquad \qquad \tilde {\rho }=\rho _L\left (\frac {\tilde {c}}{c_L}\right )^\frac {2}{\gamma _L -1}, \label {Xeqn101}\end {equation}


\begin {equation}\tilde {u}=\xi +\tilde {c}, \qquad \qquad \tilde {p}=\frac {\tilde {\rho }\tilde {c}^2}{\gamma _L}, \label {Xeqn102}\end {equation}


\begin {equation}\tilde {Y}_k=Y_{k,L}\qquad \text {for}\qquad k=1,\ldots ,N; \label {Xeqn103}\end {equation}


$D_L^*<\xi \leq u$


\begin {equation}\tilde {\rho }=\rho _L^*, \qquad \qquad \tilde {u}=u, \qquad \qquad \tilde {p}=p, \label {Xeqn104}\end {equation}


\begin {equation}\tilde {Y}_k=Y_{k,L}\qquad \text {for}\qquad k=1,\ldots ,N; \label {Xeqn105}\end {equation}


$u<\xi \leq D_R^*$


\begin {equation}\tilde {\rho }=\rho _R^*, \qquad \qquad \tilde {u}=u, \qquad \qquad \tilde {p}=p, \label {Xeqn106}\end {equation}


\begin {equation}\tilde {Y}_k=Y_{k,R}\qquad \text {for}\qquad k=1,\ldots ,N; \label {Xeqn107}\end {equation}


$D_R^*<\xi \leq D_R$


\begin {equation}\tilde {c}=\frac {2c_R+(\gamma _R -1)(u_R -\xi )}{\gamma _R +1}, \qquad \qquad \tilde {\rho }=\rho _R\left (\frac {\tilde {c}}{c_R}\right )^\frac {2}{\gamma _R -1}, \label {Xeqn108}\end {equation}


\begin {equation}\tilde {u}=\xi +\tilde {c}, \qquad \qquad \tilde {p}=\frac {\tilde {\rho }\tilde {c}^2}{\gamma _R}, \label {Xeqn109}\end {equation}


\begin {equation}\tilde {Y}_k=Y_{k,R}\qquad \text {for}\qquad k=1,\ldots ,N; \label {Xeqn110}\end {equation}


$D_R<\xi $


$\xi =0$
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the conservation properties [3]. In this work, we adopt the interface-capturing approach to preserve conservation constraints while 
accurately resolving geometrically complex interfaces.

The multicomponent Euler (MCE) model in symmetric form [4,5] is considered, which extends the classical Euler equations by 
separating the mass conservation law into individual equations for each component of the mixture. Additionally, the model assumes 
mechanical and thermal equilibrium, so in principle, the difference between mass fractions in each cell cannot be “too large” [2]. 
This assumption limits the accuracy of the model when dealing with highly heterogeneous mixtures. Additionally, the MCE model 
is susceptible to numerical artefacts that do not occur in the single-component Euler model. These include possible negative partial 
densities and pressure oscillations at the material interfaces [6]. To properly control these phenomena, evolving the solution through 
physically meaningful states, is mandatory.

Karni [6] demonstrated that pressure disequilibrium at material interfaces arises from how thermodynamic properties of the 
mixture are computed, which fails to maintain a constant pressure distribution in conservative schemes. To address this issue, a non-
conservative method was introduced that accurately simulates contact discontinuities and preserves the positivity of the mass fractions 
[6], with conservation errors under control in the absence of strong shocks. To complement the non-conservative schemes, Abgrall [5] 
proposed a formulation that evolves 𝛾∕(𝛾 − 1) instead of the mass fractions or the partial densities, becoming the reference solution 
to mitigate pressure oscillations. Alternatives include the simple single-fluid methods with a “double flux” approach [7], though 
these violate energy conservation. According to Hou and Le Floch [8], only conservative methods can correctly capture the shock 
position and speed, highlighting a fundamental limitation of non-conservative approaches. To maintain the conservation properties 
while mitigating the instability in dG methods, Franchina et al. [9] proposed to use the 𝐿2-projection of the ideal gas equation 
of state, aligning pressure with the same functional space of the set of primitive variables. Recently, Ching et al. [10] proposed to 
maintain the pressure equilibrium by solving an equation for the pressure instead of total energy, and the conservation properties were 
recovered by means of an explicit correction term based on the 𝐿2-projection of the derivative of the total energy [11,12]. Other 
recent fully conservative approaches have also been developed to simultaneously address pressure equilibrium and conservation, 
employing strategies based on discrete compatibility conditions [13], entropy stability [14], and approximate equilibrium-preserving 
fluxes for real-fluid equations of state [15]. In the present paper, we adopt a fully conservative approach, although we recognize its 
susceptibility to instabilities at contact discontinuities.

To handle the negative values of partial densities that may occur during computations, a common approach is to clip these values 
to zero. However, this method compromises the conservation properties of the scheme and introduces low-order errors [16]. A more 
refined approach involves limiting the mass fractions and rescaling them to ensure that they sum to one [9]. In modal dG methods, 
more sophisticated strategies can include damping higher modes from the solution until positivity is achieved [17,18]. For dG spectral 
element methods (dG-SEM), other limiters are available that preserve positivity at the nodal values while also applying a conservative 
correction [16,19] or filtering [20]. Another strategy to avoid obtaining physically non-realistic solutions is to use an alternative set of 
variables, since the limitations in stability when solving for the conservative set of variables are well-known [21]. With this objective, 
Bassi et al. [22] propose to evolve in time the primitive set but using the logarithm of the positive-defined variables of the vector. The 
comparison of this set with the conservative one shows that the former is substantially more robust for highly compressible flows [23]. 
Compared to using an entropy-conserving (EC)/-stable (ES) framework, this primitive-logarithmic variables have been shown to be 
more robust in extremely demanding scenarios [21], but it can be more computationally expensive in the context of modal dG methods. 
Entropy-conserving/-stable methods guarantee a physically consistent evolution of entropy over time, thereby ensuring compliance 
with the second law of thermodynamics. In this context, the work of Tadmor on EC/ES finite volume discretizations of conservation 
laws introduces properly designed numerical convective fluxes, forming the basis for many EC/ES numerical methods [24]. Ismail 
and Roe proposed a closed form for the EC convective flux of the Euler equations, along with an upwind-like ES dissipation operator 
that is now widely used, [25]. The construction of such schemes for more general single-component models is an active field of 
research [26–28]. Gouasmi et al., inspired by the work of Ismail and Roe [25] and Chandrashekar [29], addressed the entropy-
conserving/stable discretization of the multicomponent Euler model  [4]. Another form to construct entropy-stable schemes is to add 
an artificial viscosity which is function to the violation of the cell entropy inequality, as recently proposed by Chan [30]. Beyond the 
entropy stability, properties such as kinetic-energy- and pressure-equilibrium-preservation are increasingly recognized as essential 
for further enhancing the robustness of high-order methods, particularly for turbulent flows [31,32].

For finite element methods, global entropy-stability/conservation can be enforced by solving for the set of entropy variables as 
shown by Hughes et al. [33] and Chalot et al. [34], provided that an exact numerical quadrature is performed. In this context, 
Alberti et al. [21,35] constructed an explicit-in-time modal dG scheme where spatial entropy-conservation/stability was obtained by 
directly discretizing the non-stationary term in the conservative form while evaluating the spatial discrete operator using the 𝐿2-
projection of the conservative variables on the entropy ones, i.e., entropy projection. The main advantage of this strategy is to reduce 
the elemental mass matrix to the identity when using an orthonormal modal basis defined in physical space, significantly enhancing 
the computational efficiency compared to directly solving for the entropy variables [36]. To further improve the performance of the 
scheme and eliminate the need for exact integration of the variational form, the Direct Enforcement of Entropy Balance, a correction 
term proposed by Abgrall et al. [11,12], was also employed by Alberti et al. [21,35]. The use of correction terms that balance the 
entropy production in space can also be found, for the ADER-dG framework, in [37].

This paper applies these numerical strategies to the multicomponent Euler model, enabling high-fidelity yet cost-effective solutions 
for complex gas mixture flows involving shock waves. A particular emphasis will be placed on evaluating the effects of the numerical 
framework on the specific numerical challenges presented by the multicomponent nature, such as sharply capturing the material 
interface. Lastly, this work is also a preliminary verification step for assessing the suitability of the current framework in the future 
simulation of compressible multiphase flows.
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2.  Governing equations and the entropy framework

The MCE model in 𝑑 dimensions can be expressed for a generic set of variables 𝐰 ∈ ℝ𝑚 as
𝜕𝐪
𝜕𝐰

𝜕𝐰
𝜕𝑡

+
𝜕𝐅𝑖(𝐰)
𝜕𝑥𝑖

= 0, (1)

for 𝑖 = 1,… , 𝑑 and where repeated indices imply summation. The conservative set of variables 𝐪 ∈ ℝ𝑚 is defined as

𝐪 =
[

𝜌1, … , 𝜌𝑁 , 𝜌𝐮, 𝜌𝑒𝑡
]⊤. (2)

The partial densities of the 𝑁 fluids composing the mixture are indicated as {𝜌𝑘}𝑁𝑘=1, which implies that 𝑚 = 𝑁 + 𝑑 + 1. The velocity 
is expressed as 𝐮 ∈ ℝ𝑑 . The global density 𝜌 and total specific energy 𝑒𝑡 are defined as follows

𝜌 =
𝑁
∑

𝑘=1
𝜌𝑘, 𝜌𝑒𝑡 = 𝜌𝑒 + 1

2
𝜌||𝐮||2, (3)

where

𝜌𝑒 =
𝑁
∑

𝑘=1
𝜌𝑘𝑒𝑘 = 𝑇

𝑁
∑

𝑘=1
𝜌𝑘𝑐𝑣,𝑘. (4)

The symbols 𝑒 and 𝑒𝑘 represent the global and partial specific internal energy, respectively; 𝑇  denotes the mixture temperature and 
||◦|| stands for the Euclidean norm. The definition of 𝜌𝑒 is based on the assumptions of ideal gases and thermal equilibrium between 
components. The thermodynamic coefficients of the mixture are expressed as follows

𝜌𝑐𝑣 =
𝑁
∑

𝑘=1
𝜌𝑘 𝑐𝑣,𝑘, 𝜌𝑐𝑝 =

𝑁
∑

𝑘=1
𝜌𝑘 𝑐𝑝,𝑘, 𝛾 =

𝑐𝑝
𝑐𝑣
, (5)

where 𝑐𝑣,𝑘 and 𝑐𝑝,𝑘 are the constant volume and constant pressure adiabatic expansion coefficients for each component 𝑘 of the 
mixture. The physical flux 𝐅 ∈ ℝ𝑚×𝑑 is defined as

𝐅 =
[

𝜌1𝐮⊤, … , 𝜌𝑁𝐮⊤, 𝜌(𝐮⊗ 𝐮) + 𝑝𝐈𝑑 ,
(

𝜌𝑒𝑡 + 𝑝
)

𝐮⊤
]⊤, (6)

where 𝐈𝑑 ∈ ℝ𝑑×𝑑 is the identity matrix, the outer product is defined as (𝐮⊗ 𝐯)𝑖𝑗 = 𝑢𝑖𝑣𝑗 , and 𝑝 is accumulated from the partial pressures 
𝑝𝑘 using Dalton’s law. These partial pressures are defined by the equation of state for ideal gases, resulting in 

𝑝 =
𝑁
∑

𝑘=1
(𝛾𝑘 − 1)𝜌𝑘𝑒𝑘. =

𝑁
∑

𝑘=1
𝜌𝑘𝑟𝑘𝑇 ; (7)

The speed of sound 𝑐 of the mixture can be obtained from the mixture specific internal energy 𝑒 and the global heat capacity ratio 𝛾
as

𝑐 =
√

𝛾(𝛾 − 1)𝑒. (8)

Furthermore, it is worth mentioning that for the present flow model the composition of the mixture is often alternatively expressed 
as the set of the mass fractions, each defined as {𝑌𝑘 = 𝜌𝑘∕𝜌}𝑁𝑘=1.
Lax and Friedrichs [38] stated that a conservation equation like Eq. (1) can be equipped with a suitable entropy function-entropy 
flux pair such that

(

𝜕(𝐪)
𝜕𝐪

)⊤( 𝜕𝐅𝑖(𝐪)
𝜕𝐪

)

=
𝜕𝑖(𝐪)
𝜕𝐪

, (9)

with the mathematical entropy  being a convex function of 𝐪, and 𝑖 being the entropy flux. For the MCE model, there exists a set 
of entropy variables 𝐯 defined by

𝐯(𝐪) = 𝜕(𝐪)
𝜕𝐪

, (10)

with the mapping 𝐪 ↦ 𝐯 being one-to-one [39]. Furthermore, Eq. (1) becomes symmetric in the form
𝜕𝐪(𝐯)
𝜕𝐯

𝜕𝐯
𝜕𝑡

+
𝜕𝐅𝑖(𝐪(𝐯))
𝜕𝐪(𝐯)

𝜕𝐪(𝐯)
𝜕𝐯

𝜕𝐯
𝜕𝑥𝑖

= 0. (11)

Using this fact, Mock [39] proposed the entropy potential 𝜃 and the entropy potential flux 𝜓 , defined as
𝜃 = 𝐯⊤𝐪 −  , 𝜓𝑖 = 𝐯⊤𝐅𝑖 − 𝑖; (12)

from which the relations ensue
( 𝜕𝜃
𝜕𝐯

)⊤
= 𝐪,

(

𝜕𝜓𝑖
𝜕𝐯

)⊤
= 𝐅𝑖. (13)
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By computing the divergence of 𝜓𝑖 and enforcing the compatibility condition of Eq. (9), the following statement is obtained
𝜕𝜓𝑖
𝜕𝑥𝑖

= 𝜕𝐯⊤
𝜕𝑥𝑖

𝐅𝑖. (14)

This last relation will prove useful for the study of the discrete entropy stability, as to be shown in the following.
The system of governing equations of the MCE model, when multiplied by (𝜕∕𝜕𝐪)⊤, results in an additional conservation law [39]

𝜕
𝜕𝑡

+
𝜕𝑖
𝜕𝑥𝑖

= 0, (15)

which states that, under the assumption of a smooth regime, entropy is conserved, which is a physically valid assumption in the 
smooth regime. For the case of non-smooth flows (e.g., in the presence of shocks and sharp gradients) then the entropy relation 
should be extended to take into account irreversible effects and mandates an entropy inequality [40,41]

𝜕
𝜕𝑡

+
𝜕𝑖
𝜕𝑥𝑖

≤ 0, (16)

meaning that, under any regime, the mathematical entropy  of a hyperbolic conservation law must either be conserved or destroyed 
over time. Following the work of Renac [19] and Gouasmi et al. [4] a mathematical entropy-entropy flux pair is supplied to the MCE 
system

( , ) = (−𝜌𝑠,−𝜌𝐮𝑠), (17)

with the global specific entropy 𝑠 defined as

𝜌𝑠 =
𝑁
∑

𝑘=1
𝜌𝑘𝑠𝑘 where 𝑠𝑘 = 𝑐𝑣,𝑘 log(𝑇 ) − 𝑟𝑘 log(𝜌𝑘). (18)

Therefore, it is established from Eq. (16) that the physical entropy 𝜌𝑠 must be conserved or increased over time, following the second 
principle of thermodynamics. Provided the definition of (𝐪) and using Eq. (10), the set of entropy variables for the MCE model is 
defined

𝐯 = 1
𝑇

[

ℎ1 − 𝑇 𝑠1 −
||𝐮||2
2

, … , ℎ𝑁 − 𝑇 𝑠𝑁 −
||𝐮||2
2

, 𝐮, −1
]⊤

(19)

where the component-specific enthalpy {ℎ𝑘}𝑁𝑘=1 is
ℎ𝑘 = 𝑒𝑘 + 𝑟𝑘𝑇 , (20)

and can be accumulated to compute the global specific enthalpy ℎ and total specific enthalpy ℎ𝑡, resulting in

𝜌ℎ =
𝑁
∑

𝑘=1
𝜌𝑘ℎ𝑘 and ℎ𝑡 = ℎ + 1

2
||𝐮||2. (21)

Once the entropy variables are defined, Eq. (12) is used to obtain the entropy potential and the entropy potential flux

𝜃 =
𝑁
∑

𝑘=1
𝑟𝑘𝜌𝑘, 𝜓𝑖 =

𝑁
∑

𝑘=1
𝑟𝑘𝜌𝑘𝑢𝑖. (22)

3.  Numerical framework

The governing equations are spatially discretized using a modal dG method with an orthonormal and hierarchical basis, chosen 
for its well-demonstrated geometrical flexibility, while maintaining arbitrarily high-order accuracy and stencil compactness [42,43]. 
Three alternatives will be considered for the solution strategy: i) solve for the conservative variables; ii) solve for the entropy variables; 
iii) solve for the conservative variables but assemble the spatial residual according to the entropy variables, i.e., entropy projection.

In the last case, the Direct Enforcement of Entropy Balance (DEEB) term is added to the discrete equations to avoid over-integration. 
An artificial diffusion term is furthermore employed as a shock-capturing strategy for the stabilization of the solution in the presence 
of shocks. Appendix A provides a compendium of useful relations for computing the needed terms. All three semi-discrete systems 
are advanced in time using an explicit Runge-Kutta method.

3.1.  Spatial discretization

For the sake of presenting the dG spatial discretization of the MCE equations, we introduce the notation 𝐏(𝐰) to represent the 
Jacobian that multiplies the temporal derivative in Eq. (1), resulting in

𝐏(𝐰) 𝜕𝐰
𝜕𝑡

+
𝜕𝐅𝑖(𝐰)
𝜕𝑥𝑖

= 0 where 𝐏(𝐰) = 𝜕𝐪
𝜕𝐰

. (23)
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To proceed, we multiply Eq. (23) by a set of arbitrary smooth test functions Φ ∈ ℝ𝑚 and integrate over the computational domain 
Ω ∈ ℝ𝑑 , which has a boundary 𝜕Ω

∫Ω
Φ⊤𝐏(𝐰) 𝜕𝐰

𝜕𝑡
𝑑Ω − ∫Ω

(

𝜕Φ
𝜕𝑥𝑖

)⊤
𝐅𝑖(𝐰) 𝑑Ω + ∫𝜕Ω

Φ⊤𝐅𝑖(𝐰)𝑛𝑖 𝑑𝜎 = 0, (24)

where 𝑛𝑖 are the components of the normal vector pointing outwards of 𝜕Ω. The physical domain is then discretized in a computational 
mesh ℎ = {𝐾} made of non-overlapping, arbitrarily-shaped elements 𝐾, such that

Ωℎ =
⋃

𝐾∈ℎ

𝐾. (25)

A polynomial space for the discrete approximations of 𝐰 and Φ, i.e. 𝐰ℎ and Φℎ, is chosen such as
ℙ𝜅 = {𝑣ℎ ∈ 𝐿2(Ω) | 𝑣ℎ|𝐾 ∈ ℙ𝜅 (𝐾),∀𝐾 ∈ ℎ} (26)

where 𝜅 ∈ ℤ≥0; and ℙ𝜅 denote the restriction to 𝐾 of the polynomial functions of total degree ≤ 𝜅. As a basis for this space the set 
of orthonormal and hierarchical functions, defined in the physical space, {𝜙𝑗}

𝑁𝑑𝑜𝑓
𝑗=1 ∀𝐾 ∈ ℎ, where 𝑁𝑑𝑜𝑓 =

∏𝑑
𝑖=1(𝜅 + 𝑖)∕𝑖 is used, as 

proposed by Bassi et al. [42]. By replacing the continuous vectors 𝐰 and Φ by their finite element approximations, both of them 
belonging to the discrete space ℎ =

[

ℙ𝜅
(

ℎ
)]𝑚, each component {𝑤ℎ,𝑘}𝑚𝑘=1 of 𝐰ℎ can be expressed in terms of the elements of the 

global vector of unknown degrees of freedom (DOFs) 𝐖 as
𝑤ℎ,𝑘 = 𝜙𝑗𝑊𝑘,𝑗 with 𝑗 = 1,… , 𝑁𝑑𝑜𝑓 , 𝑘 = 1,… , 𝑚. (27)

To complete the dG discretization, we introduce the set of mesh faces ℎ = 0
ℎ
⋃

𝑏
ℎ , where 0

ℎ are the internal faces of ℎ and 𝑏
ℎ

are the faces on the boundary of the domain. Let also 𝐾 = {} be the set of faces belonging to the element 𝐾,∀𝐾 ∈ ℎ. Then, the 
dG solution of the vectorial conservation law of Eq. (23) consists in seeking the elements of 𝐰ℎ such that

∑

𝐾∈ℎ
∫𝐾

Φ⊤
ℎ𝐏(𝐰ℎ)

𝜕𝐰ℎ
𝜕𝑡

𝑑Ω −
∑

𝐾∈ℎ
∫𝐾

(

𝜕Φℎ
𝜕𝑥𝑖

)⊤
𝐅𝑖(𝐰ℎ) 𝑑Ω +

∑

𝐹∈ℎ
∫𝐹

[[Φℎ]]⊤𝐅̂(𝐰±
ℎ ,𝐧𝐹 ) 𝑑𝜎 = 0, (28)

where 𝐧𝐹 =
{

𝑛𝐹 ,𝑖
}𝑑
𝑖=1 is the uniquely defined unit vector normal at any point of a possibly curved face 𝐹 . The terms ◦− and ◦+ denote 

the interior and exterior traces of ◦, where the normal 𝐧𝐹  is defined to point from the interior ( - ) to the exterior (+ ) side of the face. 
The jump operator [[◦]] = ◦+ − ◦− accounts for the discontinuous nature of the polynomial space at each mesh face 𝐹 ∈ 𝜕𝐾+ ⋃

𝜕𝐾−; 
𝐅̂ is a suitable numerical flux function in the normal direction that will be discussed in detail in Section 3.5.

3.2.  Entropy projection method

To avoid the computational burden of inverting 𝐏(𝐯ℎ), in this work the entropy projection strategy is adopted, as presented by 
Alberti et al. [35] according to Chan et al. [44]. In this approach, the numerical solution is advanced in time in terms of the degrees 
of freedom of the conservative variables, while the residual of the spatial discretization is computed from the 𝐿2-projection of the 
entropy variables onto the dG function space. The projected entropy variables, denoted by 𝐯∗ℎ, are then defined as

∫𝐾
Φ⊤
ℎ𝐯

∗
ℎ 𝑑Ω = ∫𝐾

Φ⊤
ℎ𝐯(𝐪ℎ) 𝑑Ω, (29)

where this projection can be seen as the best possible polynomial approximation of 𝐯ℎ. Thanks to the orthonormality of the shape 
functions [45], the DOFs related to the projected entropy variables can be computed directly from 𝑣𝑘(𝐪ℎ) as

𝑉 ∗
𝑘,𝑗 = ∫𝐾

𝜙𝑗𝑣𝑘(𝐪ℎ) 𝑑Ω where 𝑘 = 1,… , 𝑚 and 𝑗 = 1,… , 𝑁𝑑𝑜𝑓 . (30)

3.3.  Entropy stability at the discrete level

To obtain further insight into the numerical entropy stability, let the dG discretized equation for the evolution of  be presented 
as 

∑

𝐾∈ℎ

𝐯∗ℎ
⊤𝐏(𝐰ℎ)

𝜕𝐰ℎ
𝜕𝑡

𝑑Ω −
∑

𝐾∈ℎ
∫𝐾

( 𝜕𝐯∗ℎ
𝜕𝑥𝑖

)⊤

𝐅𝑖(𝐰ℎ) 𝑑Ω +
∑

𝐹∈ℎ
∫𝐹

[[𝐯∗ℎ]]
⊤𝐅̂(𝐰±

ℎ ,𝐧𝐹 ) 𝑑𝜎 = 0, (31)

which has been obtained by replacing in Eq. (28) the test functions with the projected entropy variables. It is desired to obtain an 
equation in conservative form starting from Eq. (31). Therefore, accounting with the following three relations, which always hold in 
a continuous setting, cf. [35],

∑

𝐾∈ℎ
∫𝐾

𝐯∗ℎ
⊤𝐏(𝐰ℎ)

𝜕𝐰ℎ
𝜕𝑡

𝑑Ω =
∑

𝐾∈ℎ
∫𝐾

𝜕(𝐰ℎ)
𝜕𝐰ℎ

𝜕𝐰ℎ
𝜕𝑡

𝑑Ω, (32)

∑

𝐾∈ℎ
∫𝐾

( 𝜕𝐯∗ℎ
𝜕𝑥𝑖

)⊤

𝐅𝑖(𝐰ℎ) 𝑑Ω =
∑

𝐾∈ℎ
∫𝐾

𝜓𝑖(𝐰ℎ)
𝜕𝑥𝑖

𝑑Ω =
∑

𝐹∈ℎ
∫𝐹

[[𝜓𝑖(𝐰ℎ)]]𝑛𝐹 ,𝑖 𝑑𝜎, (33)
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∑

𝐹∈ℎ
∫𝐹

[[𝐯∗ℎ]]
⊤𝐅̂(𝐰±

ℎ ,𝐧𝐹 ) 𝑑𝜎 =
∑

𝐹∈ℎ
∫𝐹

[[𝐯ℎ]]⊤𝐅̂(𝐰±
ℎ ,𝐧𝐹 ) 𝑑𝜎; (34)

the implicitly resolved equation for the evolution of  is obtained
∑

𝐾∈ℎ
∫𝐾

𝜕(𝐰ℎ)
𝜕𝐰ℎ

𝜕𝐰ℎ
𝜕𝑡

𝑑Ω +
∑

𝐹∈ℎ
∫𝐹

[

[[𝐯ℎ]]⊤𝐅̂(𝐰±
ℎ ,𝐧𝐹 ) − [[𝜓𝑖(𝐰ℎ)]]𝑛𝐹 ,𝑖

]

𝑑𝜎 = 0. (35)

Besides, according to Alberti et al. [35], relations Eqs. (32)–(34) hold in a discrete setting if and only if
• the entropy variables are used as the working set so that 𝐯(𝐰ℎ) and 𝐯∗ℎ are interchangeable in Eq. (34);
• the time discretized LHS of Eq. (32) results in a “correct” discretization of the time derivative of  and
• all the integrals are computed exactly, ensuring the Gauss theorem holds at a discrete level in Eq. (33).
From a practical perspective, the last requirement in general leads to numerical over-integration, requiring quadrature rules with a 
very high degree of exactness, typically unknown in advance and far exceeding the value commonly used in the present modal dG 
framework, i.e., selecting Gauss formulas able to exactly integrate polynomials of order 2𝜅 over the mesh, such as the entries of the 
mass matrix. It is worth noticing that this requirement is particularly important in modal dG formulations. In contrast, certain nodal 
dG frameworks employing Summation-By-Parts (SBP) compatible operators can circumvent this computational burden by design 
[19,46,47]. This need for exact integration is particularly problematic for non-polynomial functions, which cannot be integrated 
exactly by Gauss quadrature rules in the present framework. Consequently, over-integration inevitably results in a severe degradation 
of computational performance [35,36].

If Tadmor’s condition [24] for a numerical EC/ES flux function is satisfied, i.e.,
[[𝐯ℎ]]⊤𝐅̂

(

𝐰±
ℎ ,𝐧𝐹

)

− [[𝜓𝑖
(

𝐰ℎ
)

]]𝑛𝐹 ,𝑖 ≥ 0; (36)

and incorporated into Eq. (32), it can be shown that the mathematical entropy is either preserved or decreases over time, as expressed 
by the relation

∑

𝐾∈ℎ
∫𝐾

𝜕(𝐰ℎ)
𝜕𝐰ℎ

𝜕𝐰ℎ
𝜕𝑡

𝑑Ω ≤ 0. (37)

3.4.  Direct enforcement of the entropy balance

In this work, to circumvent the use of over-integration while preserving numerical entropy conservation/stability properties, the 
Direct Enforcement of Entropy Balance (DEEB) is considered [11,12]. The DEEB approach consists of adding a correction term to the 
discretized equations in Eq. (28), resulting in

∑

𝐾∈ℎ
∫𝐾

Φ⊤
ℎ𝐏(𝐰ℎ)

𝜕𝐰ℎ
𝜕𝑡

𝑑Ω −
∑

𝐾∈ℎ
∫𝐾

(

𝜕Φℎ
𝜕𝑥𝑖

)⊤
𝐅𝑖(𝐰ℎ) 𝑑Ω +

∑

𝐹∈ℎ
∫𝐹

[[Φℎ]]⊤𝐅̂(𝐰±
ℎ ,𝐧𝐹 ) 𝑑𝜎 +

∑

𝐾∈ℎ

𝛼𝐾
∫𝐾 Φ⊤

ℎ𝐯
∗
ℎ 𝑑Ω

∫𝐾 𝐯∗ℎ
⊤𝐯∗ℎ 𝑑Ω

= 0, (38)

where 𝛼𝐾 is the elemental correction factor, 𝐯∗ℎ = 𝐯∗ℎ − 𝐯̊∗ℎ and 𝐯̊∗ℎ is the mean value of 𝐯∗ℎ. The role of the term ∫𝐾 Φ⊤
ℎ𝐯

∗
ℎ𝑑Ω∕∫𝐾 𝐯∗ℎ

⊤𝐯∗ℎ𝑑Ω
is to distribute the correction as uniformly as possible among all the DOFs except the first one, with the objective of not affecting the 
conservation of the mean flow quantities. The distribution term becomes ill-defined when out-of-mean degrees of freedom are null; 
therefore, in the implementation, the correction is omitted when the denominator is lower than 10−13. We remark that the optimal 
choice for this distribution term is a topic of recent research, with different possible alternatives, e.g., reformulating 𝛼𝐾 to not affect 
the average [48], formulating the spreading term from a filter [49,50], or making it mimic the natural dissipation [51]. As explained 
in [35], the orthonormality of the basis functions greatly simplifies the computation of the present distribution term

∫𝐾
𝜙𝑖𝜙𝑗𝑉

∗
𝜚,𝑗 𝑑Ω

∫𝐾
𝜙𝑗𝑉

∗
𝑠,𝑗𝜙𝑙𝑉

∗
𝑠,𝑙 𝑑Ω

=
𝑉

∗
𝜚,𝑖

𝑉
∗
𝑠,𝑙𝑉

∗
𝑠,𝑙

(39)

with 𝜚, 𝑠 = 1,… , 𝑚 and 𝑖, 𝑗, 𝑙 = 1,… , 𝑁𝑑𝑜𝑓 . Regarding the elemental correction, when the entropy projection is applied, following the 
work of Abgrall [11] and adopting the formulation of Alberti et al. [35], it can be explicitly expressed as

𝛼𝐾 = ∫𝐾

( 𝜕𝐯∗ℎ
𝜕𝑥𝑖

)⊤

𝐅𝑖
(

𝐰ℎ
)

𝑑Ω −
∑

𝐹∈𝐾
∫𝐹

𝜓𝑖(𝐰ℎ)𝑛𝐹 ,𝑖 𝑑Ω, (40)

where 𝑖 = 1,… , 𝑑, the entropy potential flux 𝜓𝑖 is evaluated using the internal state of 𝐰ℎ, and the integrals have to be interpreted as 
numerically evaluated.

3.5.  Numerical convective fluxes

As discussed in Section 3.3, the operator 𝐅̂ must satisfy Eq. (36) to ensure an entropy-conserving/stable semi-discrete scheme. 
For the sake of completeness, this section reports the various numerical fluxes considered in this work, expressed as 𝐅̂ =
[

𝐹1,{1,…,𝑁}, 𝐹2,{1,…,𝑑}, 𝐹3
]⊤.
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3.5.1.  Entropy-conserving numerical flux
The flux function proposed by Gouasmi et al. [4], inspired by the work of Ismail and Roe [25] and Chandrashekar [29], is used 

in this paper as an entropy-conserving flux
𝐹𝐸𝐶1,𝑘 = 𝜌𝑙𝑛𝑘 𝑢𝑛 for 𝑘 = 1,… , 𝑁,

𝐹𝐸𝐶2,𝑖 =
𝑛𝐹 ,𝑖
1∕𝑇

( 𝑁
∑

𝑘=1
𝑟𝑘𝜌𝑘

)

+ 𝑢𝑖
𝑁
∑

𝑘=1
𝐹𝐸𝐶1,𝑘 for 𝑖 = 1,… , 𝑑,

𝐹𝐸𝐶3 =
𝑁
∑

𝑘=1

(

𝑐𝑣,𝑘
1

(1∕𝑇 )𝑙𝑛
− 1

2
𝑢𝑖𝑢𝑖

)

𝐹𝐸𝐶1,𝑘 +
𝑑
∑

𝑖=1
𝑢𝑖 𝐹

𝐸𝐶
2,𝑖 ,

(41)

where 𝑢𝑛 = 𝑢𝑖𝑛𝐹 ,𝑖. For any scalar quantity ◦ the arithmetic and logarithmic averages at a mesh face are defined as a function of the 
left ◦− and right ◦+ states as

◦ = 1
2
(

◦+ + ◦−
)

, ◦𝑙𝑛 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 +
∑4
𝑖=1

𝚋𝑖

2𝑖 + 1
, if 𝚋 < 𝜖

log(𝜒)
2𝚊

otherwise

, (42)

where

𝜒 = ◦+

◦−
, 𝚊 =

𝜒 − 1
𝜒 + 1

, 𝚋 = 𝚊2, (43)

and 𝜖 ≈ 0.02 is a parameter to prevent singularities in the definition of the logarithmic mean. We remark that the definition of the 
logarithmic average used here follows Ismail and Roe [25], slightly differing from the definition used by Gouasmi et al. [4].

3.5.2.  Rusanov-type numerical flux
A simple way to obtain a dissipative flux is to add a Rusanov-type dissipation to an entropy-conserving flux. Therefore, following 

Gassner et al. [52], it results that
𝐅̂𝑅𝑈

(

𝐰±,𝐧𝐹
)

= 𝐅̂𝐸𝐶
(

𝐰±,𝐧𝐹
)

− 𝐃̂
(

𝐰±), (44)

where the stabilization term is defined as

𝐃̂
(

𝐰±) = 1
2
𝜆𝑚𝑎𝑥

𝜕𝐪
𝜕𝐯

(𝐰̃)[[𝐰]], (45)

where the maximum wave velocity 𝜆max is given by
𝜆𝑚𝑎𝑥 = max

(

|𝑢+𝑛 | + 𝑐
+, |𝑢−𝑛 | + 𝑐

−), (46)

being 𝑐± the left/right speed of sound of the mixture at the mesh interface. The Jacobian of the conservative set of variables with 
respect to the entropy ones is evaluated in the average primitive state defined by Gouasmi et al. [4] as

w̃ =
[

𝜌𝑙𝑛1 , … , 𝜌𝑙𝑛𝑁 , u, 1∕(1∕𝑇 )
𝑙𝑛]⊤, (47)

and taking 𝑐𝑣 in Eq. (A.1) as the arithmetic mean at the mesh interface.

3.5.3.  Godunov numerical flux
The Godunov flux [53] based on the exact Riemann solver of Borisov and Rykov [54] is also used for the definition of the numerical 

convective flux function. For the sake of completeness, the solution procedure is detailed in Appendix B. We remark that the Godunov 
flux has the salient feature of having the lowest numerical viscosity among the schemes that are entropy stable with respect to all 
convex entropies [53,55].

3.6.  Shock capturing approach

In this work, to control the numerical spurious oscillations that may occur at shocks due to the high-order approximation, the 
strategy proposed by Bassi et al. [56,57] has been extended to stabilize the solution of the MCE equations. In practice, an artificial 
diffusion term is added to the discretized governing equations

∑

𝐾∈
∫𝐾

𝜀𝑝

(

𝜕Φℎ
𝜕𝑥𝑖

𝑏𝑖

)⊤( 𝜕𝐪(𝐰ℎ)
𝜕𝑥𝑖

𝑏𝑖

)

𝑑Ω, (48)

where the spatial gradient of the conservative variables is computed from the chain rule as
𝜕𝐪(𝐰ℎ)
𝜕𝑥𝑖

𝑏𝑖 =
𝜕𝐪(𝐰ℎ)
𝜕𝐰ℎ

𝜕𝐰ℎ
𝜕𝑥𝑖

𝑏𝑖 (49)
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and the components of the unit vector in the direction of the pressure spatial gradient, 𝑏𝑖, are defined as

𝑏𝑖 =
𝜕𝑝(𝐰ℎ)∕𝜕𝑥𝑖

√

(

𝜕𝑝(𝐰ℎ)∕𝜕𝑥𝑗
)(

𝜕𝑝(𝐰ℎ)∕𝜕𝑥𝑗
)

+ 𝜖
(50)

with 𝜖 being a small value of the order of machine precision; the index 𝑗 = 1,… , 𝑑; and repeated indices imply summation. The shock 
capturing sensor 𝜀𝑝 is determined as

𝜀𝑝 = 𝐶𝑆𝐶
(

ℎ𝑆𝐶𝐾
)2 |𝑐𝑝| + |𝑑𝑝|

𝑝(𝐰ℎ)
𝑓𝑝, (51)

being 𝐶𝑆𝐶 a user-defined constant. As long as there are discontinuities in the flow problem, this value is set to 0.2 in the present work. 
The terms composing the shock sensor can be evaluated as

𝑐𝑝 =
𝜕𝑝(𝐰ℎ)
𝜕𝐪(𝐰ℎ)

𝐜, (52)

𝑑𝑝 =
𝜕𝑝(𝐰ℎ)
𝜕𝐪(𝐰ℎ)

𝜕𝐅𝑖(𝐰ℎ)
𝜕𝑥𝑖

, (53)

𝑓𝑝 =
1

𝑝(𝐰ℎ)

√

𝑝(𝐰ℎ)
𝜕𝑥𝑖

𝑝(𝐰ℎ)
𝜕𝑥𝑖

(

ℎ𝑆𝐶𝐾
max(1, 𝜅)

)

. (54)

In Eq. (52) the term 𝐜 ∈ [

ℎ
]𝑚 comes from the solution of the auxiliary problem

∫𝐾
Φ⊤𝐜 𝑑Ω =

∑

𝐹∈𝐾
∫𝐹

Φ⊤
[

𝐅̂(𝐰±
ℎ ,𝐧𝐹 ) − 𝐅𝑖(𝐰ℎ) 𝑛𝐹 ,𝑖

]

𝑑𝜎. (55)

where the physical flux 𝐅𝑖 is evaluated using the internal state of 𝐰ℎ. The divergence of the physical flux in Eq. (53) is in practice 
computed by means of the chain rule

𝜕𝐅𝑖(𝐰ℎ)
𝜕𝑥𝑖

=
𝜕𝐅𝑖(𝐰ℎ)
𝜕𝐰ℎ

𝜕𝐰ℎ
𝜕𝑥𝑖

. (56)

Note that, due to the use of an orthonormal basis, the degrees of freedom of the function 𝐜 can be computed directly by evaluating a 
volume integral, avoiding the need to solve a linear system [42]. Finally, the characteristic size of the cell, ℎ𝑆𝐶𝐾 , is defined as

ℎ𝑆𝐶𝐾 = 1
√

(

1
Δ𝑥𝑖

)(

1
Δ𝑥𝑖

)

, (57)

where, for 𝑑 = 2, {Δ𝑥𝑖}𝑑𝑖=1 represent the dimensions of the quadrilateral enclosing 𝐾, scaled such that their product equals the surface 
area of the cell. For 𝑑 = 1, ℎ𝑆𝐶𝐾  is set to the length of the segment.

For the sake of completeness, the closed forms for the pressure gradient in space, the pressure gradient with respect to entropy 
variables, the Jacobian of the flux function with respect to the working set of variables and the Jacobian of the change of variables 
are reported in Appendix A.

3.7.  Semi-discrete systems

The three different semi-discrete systems considered in this work are presented in the following, with a brief discussion on their 
main features. When directly solving for the conservative variables (𝐰ℎ = 𝐪ℎ), the dG discretization of the MCE equations consists in 
seeking the elements of the vector of unknown degrees of freedom 𝐖 = 𝐐, such that

∑

𝐾∈ℎ

𝑑𝑄𝑘,𝑗 (𝑡)
𝑑𝑡

−
∑

𝐾∈ℎ
∫𝐾

𝜕𝜙𝑗
𝜕𝑥𝑖

𝐹𝑘,𝑖(𝐪ℎ) 𝑑Ω +
∑

𝐹∈ℎ
∫𝐹

[[𝜙𝑗 ]]𝐹𝑘(𝐪±ℎ ,𝐧𝐹 ) 𝑑𝜎 = 0, (58)

for 𝑘 = 1,… , 𝑚 and 𝑗 = 1,… , 𝑁𝑑𝑜𝑓 . When directly computing the residual of the spatial discretization from the conservative variables, 
the relations in Eqs. (33)–(34) no longer hold, and the scheme cannot achieve the entropy conservation/stability. Although this 
strategy is expected to be the least robust among those investigated, due to the lack of a constraint on the evolution of the numerical 
entropy, it is expected to be the most efficient, as it implies the lowest number of operations for the assembly of the residual and the 
advancement of the solution in time.

The second option is to solve for the entropy variables (𝐰ℎ = 𝐯ℎ), thus advancing in time the modes 𝐕, such that
∑

𝐾∈ℎ
∫𝐾

𝜙𝑗𝑃𝑘,𝑠(𝐯ℎ)𝜙𝑙
𝑑𝑉𝑠,𝑙(𝑡)
𝑑𝑡

𝑑Ω −
∑

𝐾∈ℎ
∫𝐾

𝜕𝜙𝑗
𝜕𝑥𝑖

𝐹𝑘,𝑖(𝐯ℎ) 𝑑Ω +
∑

𝐹∈ℎ
∫𝐹

[[𝜙𝑗 ]]𝐹𝑘(𝐯±ℎ ,𝐧𝐹 ) 𝑑𝜎 = 0, (59)
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for 𝑘, 𝑠 = 1,… , 𝑚 and 𝑗, 𝑙 = 1,… , 𝑁𝑑𝑜𝑓 . As commented in Section 3.4, this strategy requires over-integration to ensure entropy con-
servation/stability, unless corrective terms such as DEEB are implemented. Additionally, the formulation involves inverting a local 
elemental matrix that arises from the discretization of the unsteady term integral with a significant impact on the computational cost.

Finally, the degrees of freedom of the conservative variables 𝐐 can be advanced in time, while the residual of the spatial dis-
cretization is assembled from the projected entropy variables 𝐯∗ℎ =

[

𝑣∗ℎ,1, … , 𝑣∗ℎ,𝑚
]⊤
, such that

∑

𝐾∈ℎ

𝑑𝑄𝑘,𝑗 (𝑡)
𝑑𝑡

−
∑

𝐾∈ℎ
∫𝐾

𝜕𝜙𝑗
𝜕𝑥𝑖

𝐹𝑘,𝑖(𝐯∗ℎ) 𝑑Ω +
∑

𝐹∈ℎ
∫𝐹

[[𝜙𝑗 ]]𝐹𝑘(𝐯∗ℎ
±,𝐧𝐹 ) 𝑑𝜎 +

∑

𝐾∈ℎ

𝛼𝐾
∫𝐾

𝜙𝑗𝑣
∗
ℎ,𝑘 𝑑Ω

∫𝐾
𝑣∗ℎ,𝑠𝑣

∗
ℎ,𝑠 𝑑Ω

= 0, (60)

for all 𝑘, 𝑠 = 1,… , 𝑚 and 𝑗 = 1,… , 𝑁𝑑𝑜𝑓 . The last term on the LHS is the DEEB correction, cf. Sections 3.4 and 3.2, included to enforce 
the discrete entropy conservation/stability while avoiding the need for over-integration. This approach leverages the advantages of 
the first two strategies and has already been shown to offer an excellent balance between robustness, accuracy and efficiency in the 
context of the single-component compressible Euler equations [21,35].

3.8.  Time integration

By numerically computing the volume and surface integrals in Eqs. (58)–(60) and assembling all the elemental contributions, each 
formulation can be reduced to a system of Ordinary Differential Equations (ODEs) governing the evolution in time of the corresponding 
discrete solution

𝑑𝐖
𝑑𝑡

= 𝐑̃(𝐖), (61)

with

𝐑̃(𝐖) = 𝐌𝐏(𝐖)−1𝐑(𝐖), (62)

where 𝐌𝐏(𝐖) comes from the discretization of the first integral in Eq. (28), while 𝐑(𝐖) is the vector of the residuals of the spatial 
discretization. In Eq. (62), 𝐌𝐏(𝐖) reduces to the identity when solving for the set of conservative variables. Otherwise, it incorporates 
the discretization of the 𝜕𝐪∕𝜕𝐰 matrix. In this latter case, solving the system requires an element-wise inversion of the block-diagonal 
𝐌𝐏 matrix.

Eq. (61) is here integrated by using explicit Runge-Kutta methods of different orders of accuracy. In particular, the optimal Strong-
Stability-Preserving Runge-Kutta (SSPRK) schemes proposed by Spiteri and Ruuth in [58] are used. Their formulation can be written 
in compact form as

𝐘0 = 𝐖𝑛

𝐘𝑖 = 𝐘0 + Δ𝑡
𝑖−1
∑

𝑗=1
𝑎𝑖𝑗𝐑̃

(

𝐘𝑗
)

𝐖𝑛+1 = 𝐖𝑛 + Δ𝑡
𝑠
∑

𝑗=1
𝑏𝑗𝐑̃

(

𝐘𝑗
)

,

(63)

where s is the number of stages, 𝑎𝑖𝑗 and 𝑏𝑗 are the coefficients of the scheme from the Butcher tableau. For the one-dimensional 
test cases presented in this work, the third-order, five-stage SSPRK scheme is used, whereas for the two-dimensional flow problems, 
the fourth-order, five-stage SSPRK scheme is employed. One could recover fully-discrete EC/ES properties using alternative time-
integration strategies, e.g. [12,59–61], but we leave this improvement for future work, since the focus of the present article is the 
spatial discretization. A fixed time step size can be imposed based on physical arguments and considering the stability of the scheme, 
or, alternatively, Δ𝑡 can be computed from the Courant-Friedrich-Lewy (CFL) condition Δ𝑡 = min𝐾∈{CFLℎ𝐾∕(𝑐𝐾,0 + |u𝐾,0|)} for a 
fixed CFL value. In this case, the elemental convective eigenvalue in the denominator is computed from the cell mean values, and ℎ𝐾
corresponds to the cell size.

4.  Numerical results

In this section, we analyse the differences among the three distinct semi-discrete systems of Eqs. (58)–(60) in one dimension. This 
comparison is conducted through spatial refinement tests using the Method of Manufactured Solutions (MMS) and the advection of 
a density wave. For the latter, we also analyse the entropy conservation and compare the computational cost to gain further insight 
into the appealing properties of the entropy projection approach. The comparison is continued with a series of Riemann problems of 
increasing complexity, to investigate how the properties of the schemes affect the resolution of flows with discontinuities. Based on 
these results, we select the entropy projection strategy as a good compromise that improves robustness at a reasonable computational 
cost, and then study its performance in multidimensional cases.

Therefore, we first validate the approach in multiple dimensions by using the MMS. Additionally, we extend the implosion case 
from [62], originally designed for a single-component flow, to accommodate an additional component, and we examine the effect of 
𝜅 refinement on the emerging travelling contact wave. More complex flow patterns are examined by analysing the interaction of a 
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Table 1 
MMS1D – constants and trigonometric 
functions for the manufactured solu-
tion.

𝜓 a𝜓0 a𝜓1 f𝜓1 b𝜓1

𝑌1  0.5  0.1 sin  1.0
𝜌  1 −0.1 sin  1.0
𝑢  800  50 sin  1.5
𝑝 1×105 0.2×105 cos  1.5

Fig. 1. MMS1D – Dimensionless solution for a ℙ6 approximation on a mesh consisting of 32 elements in configuration P-G.

shock wave with a circular inhomogeneity [4,9,19]. Finally, we investigate the shock wave interaction with a square inhomogeneity 
[63], where the interface is sharply initialized by aligning it with the mesh faces. This setup allows us to assess the impact of 𝜅
refinement on the ability of the solver to capture and maintain a sharp bubble interface.

To ease the comparisons, we introduce the notation X-Y. Here, X denotes the solver type, i.e. based on entropy projection adding the 
DEEB term (P), based on entropy variables using over-integration (E) or based on conservative variables (C). Meanwhile, Y represents 
the numerical flux: Godunov flux (G), Rusanov-type flux (R) or entropy-conserving (C). For the E-Y solvers, the quadrature formulas 
require a higher degree of exactness, set to 𝑛𝑜𝑖 = 4𝜅 + 3 unless stated otherwise.

4.1.  Spatial refinement test in one dimension

To assess the spatial order of accuracy of the different formulations, we use the Method of Manufactured Solutions (MMS) from 
Steinberg and Roache [64]. In MMS a known analytical solution is imposed a priori, and a balancing source term is introduced to the 
governing equations. The solution is designed for a steady-state two-component flow case in one dimension (MMS1D), as an extension 
of the one proposed by Roy et al. [65]. The variables considered are 𝜓 ∈ [𝑌1, 𝜌, 𝑢, 𝑝], expressed in SI units

𝜓(𝑥) = a𝜓0 + a𝜓1 f1
(

b𝜓1
𝑥1
𝐿
𝜋
)

, (64)

where constants and trigonometric functions are tabulated in Table 1.
The constants a𝜓  share the same dimensions as the corresponding primitive variables, while the b𝜓  coefficients are dimensionless. 

In our computations, the thermodynamic properties are set to 𝑟1 = 287.15 𝐽∕(𝑘𝑔 𝐾), 𝑟2 = 344.58 𝐽∕(𝑘𝑔 𝐾), 𝛾1 = 1.4, 𝛾2 = 1.6 and the 
solution is sought in the domain Ω = [0, 𝐿], with 𝐿 = 1𝑚, and Dirichlet conditions imposed at the boundaries. It is important to 
mention that the current solver is not designed for efficient steady-state time integration, and using purely explicit Runge–Kutta 
schemes is not the best option. However, these schemes are employed here only as a means to validate the implementation.

The solution is made dimensionless with the code reference state (𝑝𝑟𝑒𝑓 = a𝑝0, 𝜌𝑟𝑒𝑓 = a𝜌0, 𝑅𝑟𝑒𝑓 = 𝑟1 and 𝑙𝑟𝑒𝑓 = 𝐿, where 𝑢𝑟𝑒𝑓 =
√

𝑝𝑟𝑒𝑓∕𝜌𝑟𝑒𝑓 ), and it is shown in Fig. 1 left for the seventh-order approximation on a mesh consisting of 32 elements using the P-G
formulation. The monitored error is computed as

𝜂(◦, ∙𝑟𝑒𝑓 ) =
(

Ωℎ
)1∕2

||◦ − ∙𝑟𝑒𝑓 ||𝐿2
, (65)

where the obtained numerical solution is denoted by ◦, and the reference solution by ∙𝑟𝑒𝑓 . The reference value is set to the 𝐿2-projection 
of the exact solution on the dG polynomial space, and 𝜂 is studied for different numbers of elements 𝑁𝑒.
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Fig. 2. MMS1D – Spatial refinement tests for the different schemes.

The results of spatial refinement tests converged for all the 𝜅 values studied. Particularly, Fig. 2 show the results of these tests 
for 𝜅 = 1, 3, 6, which are some representative lines of the results obtained selected for the sake of visualization. It is observed that 
the E-G scheme produces a slight over-convergence in the densest meshes for 𝜅 = 3, 6. This behaviour is attributable to the effect of 
increasing the mesh density in the fulfilment of the integration restrictions for achieving ES, as explained in Section 3.3, resulting 
in errors similar to the P-G scheme. Note that only the results for the entropy-stable flux are presented, as it was not possible to 
achieve a steady-state solution using the entropy-conserving flux. The reason behind this behaviour is that the entropy-conserving 
flux produces highly oscillatory solutions [36]. The entropy conservation/stability properties of the schemes will be addressed in 
Section 4.2.

4.2.  Advection of density waves

Spatial accuracy is also assessed by simulating the advection of density waves in uniform velocity and pressure fields for a one-
dimensional domain (ADW1D) [66,67]. As a pure advection problem, an exact solution is available for comparison. Let Ω = (0, 1] and 
the initial dimensionless primitive fields be defined as

𝜌1(𝑥) =
[

sin(2𝜋𝑥)
2

+ 1
][

sin(4𝜋𝑥)
4

+ 1
2

]

, (66)

𝜌2(𝑥) = −
[

sin(2𝜋𝑥)
2

+ 1
][

sin(4𝜋𝑥)
4

− 1
2

]

, (67)

𝑢(𝑥) = 1, (68)

𝑇 (𝑥) = 1, (69)

with periodic boundary conditions. The thermodynamic properties are set to 𝛾1 = 1.6, 𝛾2 = 1.4, 𝑐𝑣,1 = 5∕3 and 𝑐𝑣,2 = 5∕6. To ensure 
the time integration error remains below the spatial discretization error, the time step is fixed to Δ𝑡 = 5.0 × 10−5, with an end time 
𝑡𝑒𝑛𝑑 = 1. As shown on the left side of Fig. 3, the theoretical order of convergence 𝜅 + 1 is recovered with the present methods. The 
convergence reaches a plateau at 10 × 10−9, which is a phenomenon that was not observed in the previous section. As shown in Fig. 4, 
the solvers also fail to preserve the pressure equilibrium of the solution, leading to a small but resolution-independent error in the 
simulations. A similar behaviour was reported by Gassner et al. [68] in a comparable case using a different numerical framework. 
We conjecture that this phenomenon may be responsible for the stagnation in convergence. Addressing this issue will be the object 
of further studies in the future.

A comparison between the computational cost of the considered schemes is presented in Fig. 3 (right). The system C-G proves to 
be the most computationally efficient, whereas solving the system P-G requires approximately 25%–75% more computational time 
across the range of spatial meshes and polynomial approximations studied, with a very weak scaling (as expected) with respect to 
the density of the mesh. The P-G solution is far more efficient than the E-G solution, which needs approximately between 2 and 7 
times more computational time. The cost strongly increases when refining the spatial resolution.

As long as no discontinuities are present, both the direct formulation in entropy variables given in Eq. (59) and the formulation 
using projected entropy variables in Eq. (60) satisfy Eq. (37) as an equality when an EC flux is used. Therefore, for the entropy 
conservation study, we replace the Godunov flux with the entropy-conserving flux. To ensure that the integral of physical entropy 
over the domain is conserved to machine precision, Eq. (32) must hold at the discrete level. For the SSPRK schemes, this condition 
is satisfied for a sufficiently small time step, which in the present simulations is set to Δ𝑡 = 1.0 × 10−6. We monitor the error in the 



Journal of Computational Physics 556 (2026) 114808

12

D. Regener Roig, A. Crivellini and A. Colombo

Fig. 3. ADW1D – Results of the spatial refinement test (left). Computational time made dimensionless with the CPU time of the solver in conservative 
variables for the same mesh and the same polynomial approximation (right).

Fig. 4. ADW1D – Error in pressure at 𝑡 = 1 using 10 elements.

conservation of a quantity as 

𝜀(◦, ∙𝑟𝑒𝑓 ) = Ω−1
ℎ

(

∫Ωℎ
◦ 𝑑Ω − ∫Ωℎ

∙𝑟𝑒𝑓 𝑑Ω

)

. (70)

In Figs. 5 and 6, the evolution in time of the error in entropy conservation is displayed for different discrete systems. It is demonstrated 
that the E-C system cannot preserve entropy unless a very high degree of exactness for the quadrature rules is imposed. Entropy 
conservation for this setup may be possible with 𝑛𝑜𝑖 < 50, but the value is not known a priori, and we have included 𝑛𝑜𝑖 = 50 only 
for illustrative purposes. As expected, the C-C framework cannot maintain the global physical entropy. Finally, the P-C system 
preserves entropy without the need of over-integration, thanks to the inclusion of the DEEB term . To further study the entropy-
conservation/stability properties of the different approaches, we consider the scaling of the entropy conservation error when refining 
the mesh, using a Δ𝑡 = 5 × 10−5 and 𝑡𝑒𝑛𝑑 = 1. In Fig. 7, it is shown that entropy-stable schemes (P-G) recover the scaling 2𝜅 + 1, as 
experienced previously by Alberti et al. [35] for the Euler equations. The entropy conservative flux (P-C) maintains a minimum error 
of ≈ 5 × 10−12, which is attributable to explicit time integration, as we demonstrated previously, this error reduces when considering 
a smaller Δ𝑡. The simulation corresponding to ℙ2 and 4 elements crashed at 𝑡 = 0.1, due to the oscillations in the thermodynamic 
variables induced by the entropy-conserving flux [36]. In this study, it is also demonstrated that 𝑛𝑜𝑖 = 4𝜅 + 3 is enough to keep the
E-G system entropy-stable with the scaling 2𝜅 + 1. When using E-C with this degree of exactness, the entropy-conservation property 
of the scheme is lost for the coarser spatial resolutions, as the scheme fails to preserve entropy and may even lead to the destruction of 
physical entropy, as shown in the tests marked by some of the red markers (Fig. 8). However, by increasing the level of over-integration
to 𝑛𝑜𝑖 = 50, the framework recovers its conservation property, as demonstrated by the purple line. The results obtained with C-G in 
Fig. 9 show that, for this simple one-dimensional case, the error in entropy conservation also scales as 2𝜅 + 1. In contrast, the C-C
strategy lacked sufficient robustness for this analysis, resulting in multiple crashes of runs on coarser meshes.
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Fig. 5. ADW1D – Entropy conservation study using 20 elements. As over-integration for system E-C, a degree of exactness 𝑛𝑜𝑖 is considered. Conversely, 
“no-oi” indicates no over-integration has been taken for the E-C system.

Fig. 6. ADW1D – Entropy conservation study using 20 elements, detail around the 𝑥 axis.

Fig. 7. ADW1D – Spatial refinement test for entropy using P-Y. The simulation crashed for ℙ2 and 4 elements.
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Fig. 8. ADW1D – Spatial refinement test for entropy using E-Y. The points •  and  indicate negative values, and the absolute value has been shown.

Fig. 9. ADW1D – Spatial refinement test for entropy using C-G.

4.3.  One-dimensional Riemann problems

The present section is devoted to the performance of different solvers in presence of flow discontinuities. The Riemann problems 
(RPs), within the domain Ω = [0, 1] associated with the initial condition

𝐰(𝑥) =
{

𝐰𝐿 if 𝑥 < 𝑥0
𝐰𝑅 if 𝑥 ≥ 𝑥0

, (71)

are studied, where 𝑥0 is the starting position of the interface. Table 2 details the initial conditions of the problems, the coordinate 
𝑥0, the end time 𝑡𝑒𝑛𝑑 and the thermodynamic properties. Unless stated otherwise, all solutions are using the shock capturing strategy 
with 𝐶𝑆𝐶 = 0.2. The problem RP0 is a multicomponent classical Sod problem [19] used here to study the performance of the different 
numerical fluxes when using the P-Y strategy. The problem RP1, in Fig. 12 left, with the initial data from [19], results in the 
development of a weak shock, a contact wave and a rarefaction wave. The case RP2 is a multicomponent modified Sod problem 
inspired by [69,70], and the results can be observed in the in Fig. 12 right. In the case RP3, in Fig. 13 left, the accuracy of maintaining 
a static interface between two regions is tested. The receding flow is denoted as RP4 and represents a multicomponent extension of 
the problem introduced by Gouasmi et al. [4], illustrated on the right side of Fig. 13. The results of the last two cases, RP5 and 
RP6, are presented in Fig. 14. These are multicomponent extensions of the setups proposed by Liska and Wendroff [62], designed to 
evaluate the capabilities of the methods in the presence of very strong shock waves.

All the simulations presented in this section use ℙ3 polynomial approximations advanced in time using a prescribed CFL number. 
For consistency and ease of comparison, a common CFL value or CFL evolution strategy is employed across all formulations for a 
given test case. Most simulations use quite low CFL numbers, as the initial stages of a Riemann problem evolution are typically 
challenging, especially in complex cases. After this initial phase, the CFL value can often be increased manually; alternatively, an 
adaptive time-stepping strategy can be employed. The latter is a particularly appealing approach and will certainly be considered for 
future research, e.g., see Ref. [71]. Only for cases RP5 and RP6 the CFL number is increased empirically and manually during the 
initial phase. In fact, these problems are extremely challenging because of the very large pressure jump and require very low CFL 
values for startup.
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Fig. 10. RP5 & RP6 – Prescribed CFL values during the simulation.

For the RP0 case (CFL = 0.05), we considered the use of the entropy-conservative flux without shock capturing, although this 
configuration, denoted as P-C, is inherently unable to handle the entropy generated at shocks. As shown in Fig. 11, the resulting 
solution exhibits severe oscillations also interacting with the Dirichlet boundary conditions and reflecting back into the domain, 
cf. [36]. Interestingly, activating the shock-capturing term significantly “stabilizes” the solution, allowing it to approximate the 
correct overall behaviour, though distributed small-amplitude high-frequency oscillations remain. The entropy-stable P-G method, 
on the other hand, shows only very limited oscillations near discontinuities and agrees very well with the exact solution. In both 
RP1 (CFL = 10−2) and RP2 (CFL = 10−3), we appreciate that the positions of the various waves are accurately captured thanks to the 
conservation properties of all the methods considered, i.e., P-G, E-G, and C-G. These results also demonstrate that the shock-capturing 
term works effectively for all the formulations examined in this work. In the case of the static contact discontinuity in RP3 (CFL = 0.1), 
all strategies are shown to exactly capture the discontinuity when the Godunov flux is used. In contrast, as expected, the use of a 
Rusanov flux, i.e., P-R, produces oscillations at the interface. For RP4 (CFL = 10−2), which involves a more complex wave pattern, all 
formulations using the Godunov flux are shown to be able of reproducing the rarefaction waves that develop, while maintaining sharp 
the contact wave in the central region. Finally, let us comment on RP5 and RP6, which are among the most challenging test cases 
computed. These problems involve significant pressure and density discontinuities. RP6 also features a narrow, high-density region; 
this is why RP6 is commonly referred to as the “peak” case, see Fig. 14. In both RP5 and RP6, all the schemes exhibit oscillatory 
behaviour in specific regions. Due to the complexity of these cases, simulations required low initial CFL values to ensure robustness. 
The evolution of the CFL values during the simulation of each of these two cases is reported in Fig. 10.

The hard constraint for RP6 was inherited from the E-G formulation and then applied to all the solvers for a fair comparison. It 
is worth noting that the P-G strategy can support larger CFL values. While we observe that the discontinuities of RP5 are sharply 
captured by all the formulations and the “peak” in density characteristic of RP6 is not smeared by E-G and P-G, we conjecture that 
the observed oscillations are a side effect of the conservative properties of the methods, which can induce oscillations at contact 
discontinuities, as observed by Karni for the multicomponent Euler model in [6]. This hypothesis is supported by the detail of the 
velocity distribution in RP6, where the region between the shock and contact wave remains free of oscillations. It is important to 
mention that for the RP6, no CFL number was found that allowed to solve the problem with the C-G approach. In contrast, the other 
formulations produced results in reasonable agreement with the exact solution, likely due to the enhanced robustness conferred by 
satisfying the implicitly resolved equation for the evolution of entropy. The results from the suite of Riemann problems considered 
here demonstrate that the entropy-stable P-G formulation offers an optimal balance between computational cost and robustness 
among the strategies studied. Therefore, we will focus exclusively on this solver in the rest of the paper. Finally, we emphasize once 
more that all simulations confirm the effectiveness of the shock-capturing approach originally introduced by Bassi et al. [57] for 
single-component flows, which has here been successfully employed for the high-order discretizations of the multicomponent Euler 
equations.

4.4.  Spatial refinement test in two dimensions

To assess the spatial accuracy in multiple dimensions of the numerical framework based on the entropy projection, we again 
consider the use of the MMS. The solution is still based on the fields proposed by Roy et al. [65], but with the objective of simulating 
a steady-state two-component flow case (MMS2D). Therefore, now the variables considered are 𝜓 ∈ [𝑌1, 𝜌, 𝑢1, 𝑢2, 𝑝], expressed in SI 
units

𝜓(𝑥1, 𝑥2) = a𝜓0 + a𝜓1 f1
(

b𝜓1
𝑥1
𝐿
𝜋
)

+ a𝜓2 f2
(

b𝜓2
𝑥2
𝐿
𝜋
)

+ a𝜓1,2 f1,2
(

b𝜓1,2
𝑥1𝑥2
𝐿2

𝜋
)

, (72)
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Table 2 
Initial conditions for the Riemann problems, interface position 𝑥0, end time 𝑡𝑒𝑛𝑑 and thermodynamic properties.

𝑌1,𝐿 𝜌𝐿 𝑢𝐿 𝑝𝐿 𝑌1,𝑅 𝜌𝑅 𝑢𝑅 𝑝𝑅 𝑥0 𝑡𝑒𝑛𝑑 𝛾1 𝑐𝑣,1 𝛾2 𝑐𝑣,2

 RP0  0.5  1.0  0  1.0  0.5  0.125  0  0.1  0.5  0.2  1.5  2.0  1.3  2.0
 RP1  0.4  2.0  0  1.0  0.6  1.5  0  2.0  0.5  0.2  1.5  2.0  1.3  2.0
 RP2  0.2  1.0  0  1.0  0.8  0.125  0  0.1  0.2  0.2  1.4  2.5  1.6  2.0
 RP3  2/3  0.45  0  1.0  3/20  1.15  0  1.0  0.5  1.0  1.4  2.5  1.6  2.0
 RP4  0.2  1.0 −0.4  1.3598  0.5  1.0  0.4  2.0  0.5  0.18  1.5  1.6  1.3  2.0
 RP5  0.2  5.9992  19.580  460.89  0.8  5.9924 −6.1963  46.095  0.4  0.035  1.4  2.5  1.6  2.0
 RP6  0.2  0.1262  8.9905  782.93  0.8  6.5914  2.2654  3.1545  0.5  0.0039  1.4  2.5  1.6  2.0

Fig. 11. RP0 – Results for different numerical fluxes using ℙ3 and 400 elements. The label “w/o SC” indicates that no shock capturing was used for 
this simulation.

Table 3 
MMS2D – spatial refinement test for 𝑑 = 2. Constants and trigonometric functions 
for the manufactured solution.
𝜓 a𝜓0 a𝜓1 a𝜓2 a𝜓1,2 f𝜓1 f𝜓2 f𝜓1,2 b𝜓1 b𝜓2 b𝜓1,2

𝑌1  0.5  0.1  0.15  0 sin cos cos  1.0  2.0  0
𝜌  1 −0.1  0.15  0 sin cos cos  1.0  0.5  0
𝑢  800  50 −30  0 sin cos cos  1.5  0.6  0
𝑣  800 −75  40  0 cos sin cos  0.5  2/3  0
𝑝 1×105 0.2×105 0.5×105  0 cos sin sin  1.5  0.6  0

where constants and trigonometric functions are presented in Table 3.
Again, the thermodynamic properties are set to 𝑟1 = 287.15 𝐽∕(𝑘𝑔 𝐾), 𝑟2 = 344.58 𝐽∕(𝑘𝑔 𝐾), 𝛾1 = 1.4 and 𝛾2 = 1.6. The solution is 

sought in the domain Ω = [𝐿 × 𝐿] with 𝐿 = 1𝑚 and Dirichlet boundary conditions. We insist that the use of explicit Runge–Kutta 
schemes for searching for a steady-state solution is not optimal; this approach is employed here solely for validation purposes. The 
domain is discretized by means of Cartesian meshes of 2𝑖 × 2𝑖 elements, where 𝑖 = 2,… , 5. Like in MMS1D, the solution is made 
dimensionless with the code reference state. Contours are shown in Fig. 15 for the fifth-order approximation for the 𝑖 = 4 mesh.

The spatial refinement test for this case, using Godunov’s flux (P-G), is shown in Fig. 16 for different polynomial approximations, 
demonstrating that the theoretical convergence order of 𝜅 + 1 is achieved. Note that, as for the MMS1D case, only the results for the 
entropy-stable flux are presented, as it was not possible to achieve a steady-state solution with the entropy-conserving flux.

4.5.  The implosion case

To assess the capability of the solver to capture discontinuities and small-scale flow features when increasing the polynomial 
degree, a multicomponent extension of the implosion two-dimensional Riemann problem presented in [62,72] (MIM) was simulated. 
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Fig. 12. RP1 – Results (left); RP2 – Results (right). ℙ3 approximations on 400 elements.

The original converging shock problem considers a gas confined within a square domain. A smaller, centrally located square region, 
rotated by 𝜋∕4, contains gas with initially lower density and pressure than the surrounding. To account for multicomponent effects, 
we introduce a third region in the top-right of the domain with a different mass fraction to investigate the interaction between the 
shock and the contact discontinuity. The computation is performed for the only upper right quadrant, within a square domain of side 
length 0.3, i.e. Ω ∈ [0.3 × 0.3]. Symmetry conditions are imposed on all the boundaries of the computational domain and the initial 
condition is defined as

[𝜌1, 𝜌2, 𝑢1, 𝑢2, 𝑝] =

⎧

⎪

⎨

⎪

⎩

[0.1, 0.025, 0, 0, 0.1] if 0 ≤ 𝑥1 + 𝑥1 ≤ 0.15
[0.2, 0.8, 0, 0, 1] if 0.15 < 𝑥1 and 0.15 < 𝑥2
[0.8, 0.2, 0, 0, 1] otherwise

, (73)

with the components having the following thermodynamic properties 𝛾1 = 1.5, 𝛾2 = 1.3 and 𝑐𝑣,1 = 𝑐𝑣,2 = 2. A sketch of the configuration 
is shown in Fig. 17. The mesh used for this 𝜅-refinement study consists of 10 050 elements arranged as in Fig. 18, where triangular 
elements are only placed to sharply capture the initial condition. Due to the complex interaction of strong waves, the simulation 
is initiated with a low CFL number of 0.02 up to 𝑡 = 0.1. After this point, the CFL value is increased to 0.1 and kept fixed until the 
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Fig. 13. RP3 – Results (left); RP4 – Results (right). ℙ3 approximations on 400 elements.

final simulation time. On the left of Fig. 19a, it can be observed that the scheme is able to keep 𝑌1 constant at the bottom-left region 
besides the shock and the rarefaction waves. On the right of Fig. 19b, the contact wave separating the low and high-density regions is 
shown. In Fig. 19b (left), it can be observed that the rarefaction wave has started interacting with the top-right contact discontinuity. 
The presented discretization is capable of maintaining the interface sharp at this stage. In Fig. 19b (right), the interaction between 
the shock waves is shown, exhibiting a similar behaviour to the original single-component problem presented in [62]. The left side 
of Fig. 19c demonstrates that the successive impact of reflected shock waves has finally deformed the interface. Furthermore, on 
the right side of Fig. 19c, it is observed that the vortex at the bottom-left of the domain is deviated by the presence of the interface 
upstream. In general, the results for global density and pressure are similar to those presented in [62] for the single-component 
case. As in the original inspiration for this case, Fig. 20 shows that the most noticeable change due to the refinement of the spatial 
discretization is in the resolution of the vortex, which exhibits more scales as the polynomial degree increases. This is expected, as 
scale-resolving capabilities are a key feature of high-order methods, such as the dG method.
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Fig. 14. RP5 – Results using ℙ3 and 400 elements (left); RP6 – Results using ℙ3 and 600 elements (right).

4.6.  The shock wave-helium bubble interaction problem

Let us now consider the interaction of a shock wave with a quiescent cylindrical helium inhomogeneity (SBI) that is in mechanical 
equilibrium with the surrounding air. This case has been extensively studied experimentally [1], and numerically [4,9,19,73,74] to 
evaluate the resolution capabilities of the schemes when applied to multicomponent mixtures. The flow problem has been made 
dimensionless by the quantities indicated in Table 4.

To leverage the symmetry of the case, we define a rectangular domain Ω = [23.57 × 0.89] with extrapolated boundary conditions 
in the 𝑥1 limits and symmetry boundary conditions in the 𝑥2 boundaries, as depicted in Fig. 21. The domain is filled with air (𝑟1 = 1, 
𝛾1 = 1.4) contaminated with 2.45% in mass of helium (𝑟2 = 5.498, 𝛾2 = 1.647). A semicircular inhomogeneity with radius 𝑅𝑏 = 0.5 is 
centred at 𝑥𝑏 = [11.8, 0], and contains helium contaminated with an 11.89% in mass of air. A Mach 𝑀𝑆 = 1.22 shock wave is located 
at 𝑥𝑠 = 12.8. This setup defines three distinct regions in terms of primitive variables, as outlined in Table 5.

To prevent the initial condition from introducing sharp contact discontinuities within the cells, which could generate spurious 
oscillations due to the high-order nature of the solution, the bubble-air interface is regularized by applying the method proposed by 
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Fig. 15. MMS2D – Contours of the dimensionless flow variables for a ℙ4 approximation on a mesh consisting of 16 × 16 elements, half superimposed 
to 𝜌1∕𝜌.

Kawai and Terashima [74] to the primitive variables
𝐰 = 𝐰𝑏

(

1 − 𝑓𝑠𝑚
)

+ 𝐰𝑠𝑓𝑠𝑚, (74)

where 𝐰𝑏 and 𝐰𝑠 are the primitive states in the bubble and the surrounding medium, respectively, and
𝑓𝑠𝑚 =

[

1 + erf(Δ𝑅∕𝜀
)

]∕2 and 𝜀 = 𝐶𝜀Δ𝑥 × 10−4. (75)

Here, Δ𝑅 is the distance to the bubble interface, with the constants set as Δ𝑥 = 5 and 𝐶𝜖 = 5. The computational mesh consists of 
quadrilateral elements. To mitigate spurious reflections at the boundaries, following the approach in [75], the domain is discretized 
into three regions with varying mesh densities. These regions are separated by the vertical lines at 𝑥1 = 7.2 and 𝑥1 = 16.2. Specifically:

• the first region is defined by 𝑥1 < 7.2 and is discretized by using 150 × 45 elements;
• the second region is defined by 7.2 < 𝑥1 < 16.2 and is discretized by using 450 × 45 elements;
• the third region is defined by 𝑥1 > 16.2 and is discretized by using 150 × 45 elements.
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Fig. 16. MMS2D – Spatial refinement test for 𝑑 = 2. 𝐿2 norm of the error in 𝜌1, and 𝑁𝑒 is the number of elements per direction.

Fig. 17. MIM – Initial condition. The region 1 is a low-density and low-pressure region, while a contact discontinuity separates region 2 from region
3.

Fig. 18. MIM – Computational mesh made of 10 050 cells.
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Fig. 19. MIM – Results for different dimensionless time levels. ℙ4 solution on a mesh made of 10 050 cells. Thirty pressure isocontours are superim-
posed for reference.

Table 4 
SBI – Reference values for dimensionless quantities.
 Quantity  Symbol  Value
 diameter of the bubble 𝐷∗

𝑏 50𝑚𝑚
 ideal gas constant of air 𝑟∗1 0.287 𝐽 𝑘𝑔−1 𝐾−1

 pre-shock density 𝜌∗ 1.225 𝑘𝑔 𝑚−3

 pre-shock pressure 𝑝∗ 101 325𝑃𝑎
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Fig. 20. MIM – Results at final time for different polynomial approximations. The colour map represents the mixture density, with 30 pressure 
isocontours superimposed.

Table 5 
SBI – Dimensionless state vectors for the different 
regions in the initial condition.
 Region  State [𝜌1 , 𝜌2 , 𝑢1 , 𝑢2 , 𝑝]
 pre-shock air [0.9976, 0.0245, 0, 0, 1]
 bubble [0.0245, 0.1819, 0, 0, 1]
 post-shock air [0.9976, 0.0245,−0.3947, 0, 1.5699]

Fig. 21. SBI – Scaled schematic of the initial and boundary conditions.

All the simulations are performed using the fixed CFL value of 0.065. This relatively low value is dictated by the robustness of the 
highest-degree, e.g., ℙ4, especially considering that the initial phase of the shock-bubble interaction can induce significant oscillations 
in the flow variables. For visualization purposes, we obtain Schlieren-like images by plotting exp (||∇𝜌||∕||∇𝜌||max

) following [9]. 
Results are presented for ℙ2 and ℙ4 approximations in Figs. 22 and 23, respectively. The simulation using ℙ2 contains 202 500 DOFs 
per equation, while the simulation using ℙ4 contains 506 250 DOFs per equation. For 𝑡 = 32𝜇𝑠 it can be observed that the transmitted 
(left) and reflected (right) waves are properly captured by the method. At 𝑡 = 62𝜇𝑠, the transmitted wave abandons the bubble, and 
if compared with 𝑡 = 102𝜇𝑠, it can be seen that, as in the experimental results from [1], the left front of the bubble has not been 
affected by this transmission. Besides, the secondary reflected wave, provoked by the passage of the primary transmitted wave, is not 
captured as in [1,4]. Since this wave is very weak, a finer discretization would likely allow for its detection. The quadruple shock 
intersection at the top of the picture is well resolved. It can also be observed that the interior Richmyer-Meshkov instability has 
already started to form at 𝑡 = 240𝜇𝑠, evolving and causing the bubble to nearly split (𝑡 = 427𝜇𝑠 to 𝑡 = 674𝜇𝑠). At the end time of the 
simulation, the differences between the lower order and higher order solutions is clearly appreciated, especially in the instabilities 
formed by the entering jet at the top and bottom of the bubble. These instabilities develop two vortices for the ℙ4 solution, but only 
one in the ℙ2 solution. The results are, in general, in reasonable qualitative agreement with the experimental results [1] and with 
numerical simulations [4,19].

4.7.  The shock wave-square helium bubble interaction problem

The interaction of a 𝑀𝑆 = 1.22 shock wave with a square helium inhomogeneity surrounded by nitrogen is studied in this section 
(SQBI). The present case is reminiscent of the setup proposed by Singh and Torrilhon [63], with significant differences that will 
be highlighted. The aim of this setup is to perform a proof-of-concept of solving a multicomponent case where is not needed to 
regularize the initial condition at the interface. Symmetry boundary conditions are applied at the top and bottom of the domain, 
while extrapolated conditions at the left and right. To minimize spurious reflections in the extrapolated boundaries, the domain 
in enlarged in the 𝑥1 direction and coarser meshes are used at left and right. Consequently, taking as reference the side of the 
bubble, the simulations are conducted in a dimensionless domain [29 × 1.125], where three distinct regions are defined based on the 
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Fig. 22. SBI – Results for different time levels. The computational mesh consists of 579 × 45 elements, and a polynomial approximation ℙ2 has been 
used. Pseudo-Shlieren contours (top-half) and mass fraction of air with 70 pressure isocontours (bottom-half).

initial conditions, as shown in Fig. 24. The surrounding gas and the bubble are initialized at rest and in mechanical equilibrium at 
101 300 Pa. The densities are set to 𝜌𝑏𝑢𝑏𝑏𝑙𝑒 = 0.16 𝑘𝑔∕𝑚3 and 𝜌𝑝𝑟𝑒−𝑠ℎ𝑜𝑐𝑘 = 1.25 𝑘𝑔∕𝑚3, and the post-shock conditions are initialized using 
Rankine-Hugoniot conditions as in [63]. Finally, the resulting condition is contaminated, imposing a small mass fraction 𝑌𝑐𝑜𝑛 = 0.01
of the non-dominant component in each region to avoid zero or negative partial densities during computations. The case is made 
dimensionless by the values reported in Table 7, and the resulting configuration is summarized in Table 6. For the equation of state, 
the dimensionless constants 𝛾𝐻𝑒 = 1.667, 𝛾𝑁2

= 1.4, 𝑐𝑣,𝐻𝑒 = 1.4993 and 𝑐𝑣,𝑁2
= 0.32 are considered.

As in the previous case, the computational mesh is composed of quadrilateral elements, and distributed as follows
• the first region is defined by 𝑥1 < 12, and is discretized by using 40 × 45 elements;
• the second region is defined by 12 < 𝑥1 < 17, and is discretized by using 200 × 45 elements;
• the third region is defined by 𝑥1 > 17, and is discretized by using 40 × 45 elements.

We define the characteristic time 𝑡0 as the time required for the shock to reach the bubble interface. Consequently, the time frames of 
the results are expressed in terms of the dimensionless time 𝜏 = 𝑡∕𝑡0. As for the implosion case, cf. Section 4.5, for the present complex 



Journal of Computational Physics 556 (2026) 114808

25

D. Regener Roig, A. Crivellini and A. Colombo

Fig. 23. SBI – Results for different time levels. The computational mesh consists of 579 × 45 rectangular elements, and a polynomial approximation 
ℙ4 has been used. Pseudo-Shlieren contours (top-half) and mass fraction of air with 70 pressure isocontours (bottom-half).

Table 6 
SQBI – Dimensionless state vectors for the differ-
ent regions in the initial condition.
 Region  State [𝜌𝐻𝑒 , 𝜌𝑁2

, 𝑢1 , 𝑢2 , 𝑝]

 pre-shock nitrogen [0.01, 0.99, 0, 0, 1]
 helium bubble [0.1267, 1.3 × 10−3 , 0, 0, 1]
 post-shock nitrogen [0.0136, 1.3454, 0, 0, 1.5415]
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Fig. 24. SQBI – Scaled schematic of the initial and boundary conditions.

Table 7 
SQBI – Reference values for dimensionless quantities.
 Reference  Symbol  Value
 side of the bubble 𝐿∗

𝑎 40𝑚𝑚
 ideal gas constant of helium 𝑟∗1 2.1614 𝐽 𝑘𝑔−1 𝐾−1

 pre-shock density 𝜌∗ 1.25 𝑘𝑔 𝑚−3

 pre-shock pressure 𝑝∗ 101 325𝑃𝑎

Fig. 25. SQBI – Prescribed CFL number during the simulation.

flow problem, the CFL number was manually adjusted during the simulation to enhance robustness, especially in the initial phase 
when the shock interacts with the bubble. A single strategy, derived from the highest-resolution simulation, i.e., ℙ4, was applied 
uniformly across all runs to favour a direct comparison. The evolution of the imposed CFL value during all simulations is shown 
in Fig. 25. Although this approach is not the most efficient, it is considered adequate for the scope of the present work. Alternative 
time-stepping strategies, including adaptive methods based on embedded explicit Runge–Kutta schemes, will be investigated in future 
work.

The flow evolution is shown in Fig. 26. For 𝜏 = 4, it is shown that the second transmitted shock is already created at the right 
of the bubble, and followed by the free precursor shock waves. The instabilities that will lead to the primary vortex rings already 
started to form at the left of the bubble. At 𝜏 = 15 the diffracted shock is well captured by the method, forming an intersection with 
the precursor wave that has been reflected by the symmetry boundary condition. At 𝜏 = 25 the waves are travelling away from the 
bubble. At 𝜏 = 60, the primary vortex rings begin to form the entering jet, with the Kelvin-Helmholtz instability captured by the 
diffuse interface and developing along the upper and lower sides of the bubble. Between 𝜏 = 100 and 𝜏 = 125, the bubble undergoes 
its final stages of evolution, characterized by the emergence of the connecting bridge, while its upper and lower halves are nearly 
separated.

In Fig. 27, the final shape of the bubble is compared for 𝜅 = 1,… , 3, corresponding to 37 800, 75 600 and 126 000 DOFs per equation, 
respectively. Unlike the SBI case, the interface is significantly sharper as 𝜅 is refined, due to the fact that regularization is no longer 
required in the initial condition. This allows the method to effectively capture instabilities at the bubble interface, even with the 
coarse spatial resolution employed.
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Fig. 26. SQBI – Results for different time levels. The computational mesh consists of 280 × 45 elements, and a polynomial approximation ℙ3 is used. 
Pseudo-Shlieren contours (top-half) and mass fraction of helium with 70 pressure isocontours (bottom half).

Fig. 27. SQBI – Detail at 𝜏 = 125 for different polynomial approximations on a mesh made of 280 × 45 elements. Pseudo-Shlieren contours (top-half) 
and mass fraction of helium with 70 pressure isocontours (bottom-half).
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5.  Conclusions

We have proposed an efficient and highly accurate modal dG method for the numerical solution of the multicomponent Euler 
equations. The strategy evolves the conservative variables while assembling the residual of the spatial discretization from the 𝐿2-
projection of the entropy variables onto the dG space [44]. This approach eliminates the need for costly matrix inversions for each 
element, which are typically required in modal dG methods when solving for the entropy variables. To guarantee entropy conservation 
and stability while avoiding the computational overhead of over-integration, we incorporate the DEEB correction term [11] into the 
discretization. As a result, the proposed method provides an affordable, semi-discrete entropy-conserving/stable strategy for solving 
inviscid multicomponent flows. To evaluate the accuracy of the method, we assessed the convergence to the analytical solution 
using the Method of Manufactured Solutions in both one and two dimensions. Additionally, we demonstrated that the framework is 
entropy-conserving by design in the absence of shocks, achieving a 30%-78% reduction in CPU time compared to directly solving 
for the entropy variables using over-integration. The robustness of the proposed strategy has been assessed through a series of one-
dimensional Riemann problems, including multicomponent extensions of challenging Euler test cases. The results also demonstrate 
that the employed shock-capturing strategy effectively and selectively damps spurious oscillations in the presence of shock waves. 
The accuracy and scale-resolving capability of the solver in multiple dimensions are demonstrated through the successful simulation 
of problems featuring non-trivial flow phenomena: i) a multicomponent implosion, where geometrically complex interacting waves 
are sharply resolved; ii) the interaction of a shock wave with a light circular inhomogeneity, where the intricate deformation of the 
interface at later stages is well predicted; iii) the interaction of a shock wave with a square inhomogeneity, where the method captures 
the generation and evolution of small-scale instabilities at the interface.

Future work will focus on extending the multicomponent model to incorporate the stiffened gas equation of state, with the goal 
of simulating multiphase flows, which present additional challenges for the numerical scheme. To enhance the robustness of the 
approach, we will explore conservative, high-order strategies to keep the pressure oscillations under control, together with adaptive 
time-stepping methods that provide stability to the time integration. Finally, we will consider the implementation of the method 
for hybrid CPU-GPU hardware to leverage the new-generation High-Performance Computing platforms, taking full advantage of the 
reduced computational complexity of the proposed framework.
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Appendix A.  Useful matrices and relations

This section presents the various analytical gradients and Jacobians required in developing the semi-discrete models. To maintain 
clarity, the formulations are provided in three dimensions, with the understanding that they can be easily reduced to fewer dimen-
sions as needed. Additionally, the operators are expressed in terms of the primitive variables to ensure more concise and tractable 
expressions.
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A.1.  Change of variables Jacobian

The change of variables Jacobian 𝜕𝐪∕𝜕𝐯 is needed in Eq. (49) for computing the spatial gradient of the conservative variables 
when entropy variables are used. It is symmetric and reads
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⎡
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where 𝑒𝑡𝑘 = 𝑒𝑘 +
1
2
‖𝐮‖2 and the notation has been shortened using
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, (A.2)

𝜅 = 𝜌𝑇 + d, Ψ(𝜑) = 𝑇 𝜌 + 𝜑2e. (A.3)

A.2.  Convective flux function Jacobian

The convective flux Jacobian with respect to the conservative set is needed in Eq. (56) to compute the spatial gradient of the 
physical flux when the residual is computed using the conservative set of variables. For each dimension, it reads
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𝜒1 − 𝑢22 … 𝜒𝑁 − 𝑢22 −𝑢1𝛾̆ 𝑢2(3 − 𝛾) −𝑢3𝛾̆ 𝛾̆

−𝑢2𝑢3 … −𝑢2𝑢3 0 𝑢3 𝑢2 0

(

𝜒1 − ℎ𝑡
)

𝑢2 …
(

𝜒𝑁 − ℎ𝑡
)

𝑢2 −𝑢1𝑢2𝛾̆ ℎ𝑡 − 𝑢22𝛾̆ 𝑢2𝑢3𝛾̆ 𝛾𝑢2

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (A.5)
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𝜕𝐅3(𝐪)
𝜕𝐪

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−𝑢3𝑌1 … −𝑢3𝑌1 0 0 𝑌1 0
⋮ ⋱ ⋮ ⋮ ⋮ ⋮

−𝑢3𝑌𝑁 … −𝑢3 ̆𝑌𝑁 0 0 𝑌𝑁 0

−𝑢1𝑢3 … −𝑢1𝑢3 𝑢3 0 𝑢1 0

−𝑢2𝑢3 … −𝑢2𝑢3 0 𝑢3 𝑢2 0

𝜒1 − 𝑢23 … 𝜒𝑁 − 𝑢23 −𝑢1𝛾̆ −𝑢2𝛾̆ 𝑢3(3 − 𝛾) 𝛾̆

(

𝜒1 − ℎ𝑡
)

𝑢3 …
(

𝜒𝑁 − ℎ𝑡
)

𝑢3 −𝑢1𝑢3𝛾̆ 𝑢2𝑢3𝛾̆ ℎ𝑡 − 𝑢23𝛾̆ 𝛾𝑢3

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (A.6)

where we have simplified the notation using

𝛾̆ = 𝛾 − 1, 𝑌𝑘 = 𝑌𝑘 − 1, 𝜒𝑘 = ℎ𝑘 − 𝛾𝑒𝑘 + 𝛾̆
‖𝐮‖2
2

. (A.7)

When computing the same term for systems P-Y and E-Y, the Jacobian of the physical flux with respect to the entropy variables is 
needed, and it reads

𝜕𝐅1(𝐯)
𝜕𝐯

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑢1
𝜌1
𝑟1

… 0 𝜌1Γ1
(

𝑢1
)

𝑢1𝑢2
𝜌1
𝑟1

𝑢1𝑢3
𝜌1
𝑟1

𝜌1𝑢1 𝛽1

⋱ ⋮ ⋮ ⋮ ⋮ ⋮

𝑢1
𝜌𝑁
𝑟𝑁

𝜌𝑁Γ𝑁
(

𝑢1
)

𝑢1𝑢2
𝜌𝑁
𝑟𝑁

𝑢1𝑢3
𝜌𝑁
𝑟𝑁

𝜌𝑁𝑢1 𝛽𝑁

𝑢1Θ
(

𝑢1
)

𝑢2Ψ
(

𝑢1
)

𝑢3Ψ
(

𝑢1
)

Υ
(

𝑢1
)

Sym. 𝑢1Ψ
(

𝑢2
)

𝑢1𝑢2𝑢3e 𝑢1𝑢2 𝜅

𝑢1Ψ
(

𝑢3
)

𝑢1𝑢3 𝜅

𝑢1𝜗

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (A.8)

𝜕𝐅2(𝐯)
𝜕𝐯

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑢2
𝜌1
𝑟1

… 0 𝑢1𝑢2
𝜌1
𝑟1

𝜌1Γ1
(

𝑢2
)

𝑢2𝑢3
𝜌1
𝑟1

𝜌1𝑢2 𝛽1

⋱ ⋮ ⋮ ⋮ ⋮ ⋮

𝑢2
𝜌𝑁
𝑟𝑁

𝑢1𝑢2
𝜌𝑁
𝑟𝑁

𝜌𝑁Γ𝑁
(

𝑢2
)

𝑢2𝑢3
𝜌𝑁
𝑟𝑁

𝜌𝑁𝑢2 𝛽𝑁

𝑢2Ψ
(

𝑢1
)

𝑢1Ψ
(

𝑢2
)

𝑢1𝑢2𝑢3e 𝑢1𝑢2 𝜅

Sym. 𝑢2Θ
(

𝑢2
)

𝑢3Ψ
(

𝑢2
)

Υ
(

𝑢2
)

𝑢2Ψ
(

𝑢3
)

𝑢2𝑢3 𝜅

𝑢2𝜗

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (A.9)
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𝜕𝐅3(𝐯)
𝜕𝐯

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑢3
𝜌1
𝑟1

… 0 𝑢1𝑢3
𝜌1
𝑟1

𝑢2𝑢3
𝜌1
𝑟1

𝜌1Γ1
(

𝑢3
)

𝜌1𝑢3 𝛽1

⋱ ⋮ ⋮ ⋮ ⋮ ⋮

𝑢3
𝜌𝑁
𝑟𝑁

𝑢1𝑢3
𝜌𝑁
𝑟𝑁

𝑢2𝑢3
𝜌𝑁
𝑟𝑁

𝜌𝑁Γ𝑁
(

𝑢3
)

𝜌𝑁𝑢3 𝛽𝑁

𝑢3Ψ
(

𝑢1
)

𝑢1𝑢2𝑢3e 𝑢1Ψ
(

𝑢3
)

𝑢1𝑢3 𝜅

Sym. 𝑢3Ψ
(

𝑢2
)

𝑢2Ψ
(

𝑢3
)

𝑢2𝑢3 𝜅

𝑢3Θ
(

𝑢3
)

Υ
(

𝑢3
)

𝑢3𝜗

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (A.10)

where the notation is shortened using

𝛽𝑘 =
𝑒𝑡𝑘
𝑟𝑘

+ 𝑇 ,

𝜗 = 6
[

c + 𝑇 𝜌
(

‖𝐮‖2+ℎ𝑡 + 𝑒𝑡 + 𝛾𝑒
)]

,

Γ𝑘(𝜑) =
𝜑2

𝑟𝑘
+ 𝑇 ,

Υ(𝜑) = 𝑇 𝜌ℎ𝑡 + 𝜑2(2𝑇 𝜌 + d),

Θ(𝜑) = 3𝑇 𝜌 + 𝜑2e.

(A.11)

A.3.  Pressure gradients

The pressure gradient with respect to the conservative set of variables is needed in the Eqs. (52) and (53) for computing the shock 
capturing sensor. Taking the definition of the pressure provided the ideal gases equation of state as in Eq. (7), it is expressed in terms 
of the conservative variables

𝑝 =
𝑁
∑

𝑘=1
𝜌𝑘𝑟𝑘𝑇 = 𝛾̆

(

𝑞𝑚 −
∑𝑁+𝑑
𝑖=𝑁+1 𝑞

2
𝑖

2
∑𝑁
𝑘=1 𝑞𝑘

)

, (A.12)

and the partial derivatives composing the gradient result

𝜕𝑝
𝜕𝑞𝑘

= 𝛾̆
∑𝑚−1
𝑖=𝑁+1 𝑞

2
𝑖

2
(

∑𝑁
𝑗=1 𝑞𝑗

)2
for 𝑘 = 1,… , 𝑁, (A.13)

𝜕𝑝
𝜕𝑞𝑖

= −𝛾̆
𝑞𝑖

∑𝑁
𝑘=1 𝑞𝑘

for 𝑖 = 𝑁 + 1,… , 𝑁 + 𝑑 (A.14)

and
𝜕𝑝
𝜕𝑞𝑚

= 𝛾̆ . (A.15)

We can use this last result for obtaining the pressure gradient in space when solving system C-Y, as the derivatives of the conservative 
variables are available in its dG discretization. Therefore, it is calculated using the chain rule, i.e.

𝜕𝑝
𝜕𝑥𝑖

=
𝜕𝑝
𝜕𝐪

𝜕𝐪
𝜕𝑥𝑖

. (A.16)

Finally, we present the formulae for calculating the gradient of pressure in space as a function of the entropy variables set and its 
derivatives. Let the pressure gradient be expressed as

𝜕𝑝
𝜕𝑥𝑖

= 𝑇
𝑁
∑

𝑘=1
𝑟𝑘
𝜕𝜌𝑘
𝜕𝑥𝑖

+ 𝜌𝑟 𝜕𝑇
𝜕𝑥𝑖

, (A.17)

where 𝑇  and 𝜌 can be calculated using Eq. (19) and the closed forms for the gradients of density and temperature read
𝜕𝜌𝑘
𝜕𝑥𝑖

=
𝜌𝑘
𝑟𝑘

[

𝜕𝑣𝑘
𝜕𝑥𝑖

+
𝜕𝑣𝑚
𝜕𝑥𝑖

(

−𝑐𝑣,𝑘
𝑣𝑚

+ 1
2𝑣2𝑚

𝑁+𝑑
∑

𝑗=𝑁+1
𝑣2𝑗

)

− 1
𝑣𝑁+1

𝑁+𝑑
∑

𝑗=𝑁+1

𝜕𝑣𝑗
𝜕𝑥𝑗

]

(A.18)

and
𝜕𝑇
𝜕𝑥𝑖

= 1
𝑣2𝑚

𝜕𝑣𝑚
𝜕𝑥𝑖

. (A.19)
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Appendix B.  Exact Riemann solver for the MCE model

In this section, a brief description of the algorithm for the exact Riemann solver from Borisov and Rykov [54] is provided for 
completeness. We remark that is a simplified version of the solver, since here the model is provided with the ideal gas equation of 
state. The Riemann problem is defined by

[

𝛾𝜄, 𝜌𝜄, 𝑢𝜄, 𝑝𝜄
]⊤ for 𝜄 ∈ {𝐿,𝑅}, (B.1)

where 𝛾𝜄 is the global specific heat ratio of the mixture, 𝜌𝜄 is the global density and 𝐿 and 𝑅 denote the left and right states respectively. 
We seek for a solution [{𝑌𝑘}𝑁𝑘=1, 𝜌̃, 𝑢̃, 𝑝̃

]⊤ in a position defined by the similarity parameter 𝜉 = 𝑥̃∕𝑡, with 𝑥̃ = 𝑥 − 𝑥0 being the distance 
to the interface of the Riemann problem. The equation for the pressure in the intermediate state reads

𝑓
(

𝑝, 𝛾𝐿, 𝜌𝐿, 𝑝𝐿
)

+ 𝑓
(

𝑝, 𝑝𝑅, 𝜌𝑅, 𝛾𝑅
)

= 𝑢𝐿 − 𝑢𝑅, (B.2)

where

𝑓
(

𝑝, 𝛾𝜄, 𝜌𝜄, 𝑝𝜄
)

=

⎧

⎪

⎨

⎪

⎩

𝑝 − 𝑝𝜄
𝜌𝜄𝑐𝜄

√

𝚊𝜄𝜋𝜄 + 𝚋𝜄
if 𝑝 ≥ 𝑝𝜄

2
𝛾𝜄−1

𝑐𝜄
[

𝜋𝚋𝜄𝜄 − 1
]

if 𝑝 < 𝑝𝜄
(B.3)

where 𝑐𝜄 is the speed of sound at side 𝜄, 𝚊𝜄 = 𝛾𝜄+1
2𝛾𝜄
, 𝚋𝜄 = 𝛾𝜄−1

2𝛾𝜄
 and 𝜋𝜄 = 𝑝

𝑝𝜄
. The next step is to solve Eq. (B.2) using a Newton method, 

therefore we need an initial guess, for example

𝑝(0) =
𝑝𝐿 + 𝑝𝑅

2
(B.4)

and solve the system iteratively for the 𝑛th iteration using

𝑝(𝑛) = 𝑝(𝑛−1) −
𝑓
(

𝑝(𝑛−1), 𝛾𝐿, 𝜌𝐿, 𝑝𝐿
)

+ 𝑓
(

𝑝(𝑛−1), 𝛾𝑅, 𝜌𝑅, 𝑝𝑅
)

−
(

𝑢𝐿 − 𝑢𝑅
)

𝜕𝑓
𝜕𝑝

(

𝑝(𝑛−1), 𝛾𝐿, 𝜌𝐿, 𝑝𝐿
)

+
𝜕𝑓
𝜕𝑝

(

𝑝(𝑛−1), 𝛾𝑅, 𝜌𝑅, 𝑝𝑅
)

, (B.5)

where

𝜕𝑓
𝜕𝑝

(

𝑝, 𝛾𝜄, 𝜌𝜄, 𝑝𝜄
)

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(

𝛾𝜄 + 1
)

𝜋𝜄 +
(

3𝛾𝜄 − 1
)

4𝛾𝜄𝜌𝜄𝑐𝜄
(

𝚊𝜄𝜋𝜄 + 𝚋𝜄
)3∕2

if 𝑝 ≥ 𝑝𝜄

1
𝛾𝜄𝑝

𝑐𝜄
(

𝜋𝜄
)𝚋𝜄 if 𝑝 < 𝑝𝜄

(B.6)

The numerical procedure is stopped when
|𝑝(𝑛) − 𝑝(𝑛−1)| < 𝜖 min{𝑝𝐿, 𝑝𝑅}, (B.7)

where 𝜖 = 5 ⋅ 10−11 for the present work. Once the intermediate pressure is found, we set 𝑝 = 𝑝(𝑛) and find the intermediate velocity 
using

𝑢 = 1
2
[

𝑢𝐿 − 𝑓
(

𝑝, 𝛾𝐿, 𝜌𝐿, 𝑝𝐿
)

+ 𝑢𝑅 + 𝑓
(

𝑝, 𝛾𝑅, 𝜌𝑅, 𝑝𝑅
)]

; (B.8)

and we establish the wave pattern and wave velocities for the direction 𝜄 as

1. if (𝑝 − 𝑝𝜄) ≤ 𝜖 min{𝑝𝐿, 𝑝𝑅}, there is a rarefaction wave moving to direction 𝜄, therefore

𝑐∗𝜄 = 𝑐𝜄 +
1
2
(𝛾𝜄 − 1)

(

𝑢𝜄 − 𝑢
)

, 𝜌∗𝜄 =
𝛾𝜄𝑝

(

𝑐∗𝜄
)2
, (B.9)

𝐷𝜄 = 𝑢𝜄 − 𝑐𝜄, 𝐷∗
𝜄 = 𝑢 − 𝑐∗𝜄 ; (B.10)

2. if (𝑝 − 𝑝𝜄) > 𝜖 𝑚𝑖𝑛{𝑝𝐿, 𝑝𝑅}, there is a shock wave moving to direction 𝜄, so

𝜌∗𝜄 = 𝜌𝜄
(𝛾𝜄 + 1)𝑝 + (𝛾𝜄 − 1)𝑝𝜄
(𝛾𝜄 − 1)𝑝 + (𝛾𝜄 + 1)𝑝𝜄

, (B.11)

𝐷𝜄 = 𝐷∗
𝜄 =

𝜌𝜄𝑢𝜄 − 𝜌∗𝜄 𝑢
𝜌𝜄𝜌∗𝜄

. (B.12)

After that, we use 𝜉 to find which is the state at the evaluated position of the solution

1. if 𝜉 ≤ 𝐷𝐿, the state at the evaluated position is in the non-perturbed left state;
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2. if 𝐷𝐿 < 𝜉 ≤ 𝐷∗
𝐿, the evaluated position is in a rarefaction wave, therefore

𝑐 =
2𝑐𝐿 + (𝛾𝐿 − 1)(𝑢𝐿 − 𝜉)

𝛾𝐿 + 1
, 𝜌̃ = 𝜌𝐿

(

𝑐
𝑐𝐿

)
2

𝛾𝐿−1
, (B.13)

𝑢̃ = 𝜉 + 𝑐, 𝑝̃ =
𝜌̃𝑐2

𝛾𝐿
, (B.14)

𝑌𝑘 = 𝑌𝑘,𝐿 for 𝑘 = 1,… , 𝑁 ; (B.15)

3. if 𝐷∗
𝐿 < 𝜉 ≤ 𝑢, the evaluated position is between the left genuinely nonlinear wave and the contact wave, therefore
𝜌̃ = 𝜌∗𝐿, 𝑢̃ = 𝑢, 𝑝̃ = 𝑝, (B.16)

𝑌𝑘 = 𝑌𝑘,𝐿 for 𝑘 = 1,… , 𝑁 ; (B.17)

4. if 𝑢 < 𝜉 ≤ 𝐷∗
𝑅, the evaluated position is between the contact wave and the right genuinely nonlinear wave, therefore

𝜌̃ = 𝜌∗𝑅, 𝑢̃ = 𝑢, 𝑝̃ = 𝑝, (B.18)

𝑌𝑘 = 𝑌𝑘,𝑅 for 𝑘 = 1,… , 𝑁 ; (B.19)

5. if 𝐷∗
𝑅 < 𝜉 ≤ 𝐷𝑅 the evaluated position is in the right rarefaction wave

𝑐 =
2𝑐𝑅 + (𝛾𝑅 − 1)(𝑢𝑅 − 𝜉)

𝛾𝑅 + 1
, 𝜌̃ = 𝜌𝑅

(

𝑐
𝑐𝑅

)
2

𝛾𝑅−1
, (B.20)

𝑢̃ = 𝜉 + 𝑐, 𝑝̃ =
𝜌̃𝑐2

𝛾𝑅
, (B.21)

𝑌𝑘 = 𝑌𝑘,𝑅 for 𝑘 = 1,… , 𝑁 ; (B.22)

6. if 𝐷𝑅 < 𝜉 the state at the evaluated position is in the non-perturbed right state.

Finally, we recall that the Godunov flux will be calculated evaluating the physical flux at the solution obtained at 𝜉 = 0 for the 
Riemann problems at the cell interfaces. 
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