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FOREWORD 
 

The Control Applications of Optimization (CAO) workshop series started in 1979 and reached this 
year in its 18th edition. It continues its original mission to provide a forum for addressing the latest 
developments in Optimal Control Theory and the Optimization-based design in automation and 
decision-making processes. By building on solid and rich System Theory, Control and Optimization 
pillars, it seeks its perpetual rejuvenation and vitality by embracing the current scientific advances, 
technological developments and societal challenges, thus ensuring its imperative place in the current 
and future most daring human endeavors. 
 
CAO 2022 was held in France in the new campus of CentraleSupelec within the University Paris-
Saclay. The workshop was held as a hybrid event which encouraged the in-presence participation 
but didn’t penalize the authors from regions still affected by COVID-19 related restrictions on 
worldwide travel. Moreover, the workshop was held concurrently and in the same location with the 
27th International Conference on Difference Equations and Applications (ICDEA 2022). The 
participants of IFAC CAO 2022 thus had the opportunity to connect  with the participants of this major 
event of the International Society of Difference Equations (ISDE). 
 
In spite of the uncertainty brought about by extraordinary times the world is going through, 98 
contributions were submitted and rigorously peer reviewed by 248 researchers. All the papers 
submitted for regular/invited session received at least two solid reviews, and the vast majority 
received three reviews. The program committees accepted 72 papers that are published in these 
proceedings corresponding to the oral contributions presented in 16 sessions of the program.  
 
Special thanks go to our distinguished plenary speakers: Jean-Bernard Lasserre, Angelia Nedich, 
Tamer Başar and Simona Onori for sharing their research and perspectives and to Yurii Nesterov 
who provided a Special Key-Note Lecture sponsored by the CentraleSupelec Foundation. The 
Invited Talk from Industry given by Patrick Panciatici and a panel discussion on the interplay between 
academic research and industrial applications have nicely complemented the technical program. 
The workshop was preceded by 3 tutorial sessions and a  mini-symposium on constrained control, 
thus amounting to  a one-week immersion in the optimal and optimization-based control topics. 
 
More than 100 participants registered for the conference, with 80% in-person participation. We would 
like to warmly thank them and all authors whose contributions were critical to the success of the 
event. We are also deeply grateful to all the people behind the scenes whose work was invaluable 
to the conference organization: IPC members for their hard work on the construction of the technical 
content of the workshop, NOC members for managing all the different aspects concerning the 
organization and the team of volunteers from the Laboratory of Signals and Systems of 
CentraleSupelec for running of the hybrid sessions and ensuring the success of the social events. 
Finally, we are deeply grateful to our sponsors and in particular to RTE, through the RTE Chair at 
CentraleSupelec, for the unwavering support of the event. 
 
 
Sorin Olaru 
(General Chair) 

Fernando Lobo Pereira 
(IPC Chair) 

Ilya Kolmanovsky 
(IPC Co-Chair) 

Patrick Panciatici 
(IPC Co-Chair for Industry) 

Ionela Prodan 
(NOC Co-Chair) 

Jean Maeght 
(NOC Co-Chair for Industry) 

Tatiana Filippova 
(Editor) 
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Optimal single-interval control for SIR-type
systems
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Abstract: Although modeling studies are focused on the control of SIR-based systems
describing epidemic data sets, few of them present a formal dynamic characterization in terms
of the two main indexes: the infected peak prevalence (IPP ) and the final epidemic size (EFS).
These indices are directly related to equilibrium sets and stability, which are crucial concepts
to understand what kind of non-pharmaceutical interventions (social distancing, isolation
measures, mask-wearing, etc.) can be implemented to handle an epidemic. The objective of this
work is to provide a theoretical single-interval control strategy that simultaneously minimizes the
EFS while maintaining the IPP arbitrary low, according to health system capacity limitations.
Several simulations illustrate the true role of the herd immunity threshold and provide new
insight into the way authorities may act.

Keywords: Epidemic Control, Stability Analysis, SIR Systems, single-interval Control

1. INTRODUCTION

SIR-type models are based on the seminal work of Ker-
mack and McKendrick (1927), which firstly established
a compartmental relationship between the main variables
of an epidemic: Susceptible, Infected and Removed indi-
viduals. Surprisingly, even when significant improvements
have been made in the general understanding of the SIR
dynamics, the core of almost any epidemic behavior is still
qualitatively described by the relatively simple original
3-state model. With the outbreak of the novel COVID-
19 (produced by the SARS-CoV-2) at the end of 2019, a
plethora of studies have been developed to explain how the
virus spread around the world: all of them, with more or
less complexity, bases their forecast, analysis and control
strategies on SIR-type models. In Brauer and Castillo-
Chavez (2012) a formal analysis was made concerning the
general behaviour of SIR-type models and the limit values
(for time going to infinity) of the state variables were
characterized for several scenarios and initial conditions
corresponding to the outbreak of the epidemic. In Harko
et al. (2014) an exact explicit solution for SIR model
was given, which allowed the scientific community to go
further with a more detailed dynamical analysis. Later
on, Franco (2020); Bertozzi et al. (2020) made further
analysis concerning the effect of a time varying coeffi-
cient with control purposes. SIR-type models are not only
useful to understand epidemic behaviors but also (and
more important) to assess the ways one can control them
according to a priori specified objectives. The qualitative
evaluation of the different scenarios corresponding to dif-
ferent government measures (social distancing, lockdown,
use of face mask, hygiene recommendation, vaccination,

etc.) represents a helpful tool for the authorities decision-
making in emergency times. At this point, dynamical and
control system theory (Sontag (2013)) becomes crucial
to exploit formal mathematical analysis to account for
optimal control actions.

From a theoretical control perspective, this problem falls
into the classic framework of optimal control (Lewis et al.
(2012)) where one obtains the best possible performance
(effect) by using the less possible control action (cause)
(Sethi and Thompson (2000)). However, in the case of
SIR-type systems describing epidemics, the cause-effect
separation is not so clear. Many studies have been done to
find an optimal-control-based social intervention for SIR
models in the context of the current epidemic of COVID-
19. The two main metrics to measure the disease impact
are (Di Lauro et al. (2021)): the infected peak prevalence,
IPP (maximal fraction of infected individuals along time),
which is closely related to the health systems capacity, and
the epidemic final size, EFS (total fraction infected). In
principle, optimal solutions minimizing either the EFS or
the IPP can be obtained by using a single-interval social
distancing (Sadeghi et al. (2020)); i.e., a fixed reduction
of the infection rate (and so the reproduction number R)
for a given period. On one hand, Sadeghi et al. (2020);
Federico and Ferrari (2020); Morris et al. (2021) make a
rigorous analyses to show how to find the optimal single-
interval control action that minimizes IPP . Even when
nice theoretical results are obtained, their main drawback
is that they do not account for the other severity index, the
EFS. Reciprocally, similar results are presented in Bliman
and Duprez (2021); Di Lauro et al. (2021); Ketcheson
(2020), but minimizing the EFS. Again, in addition to
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A.H. González ∗ A. Ferramosca ∗∗ E.A. Hernandez-Vargas ∗∗∗

∗ Institute of Technological Development for the Chemical Industry
(INTEC), CONICET-Universidad Nacional del Litoral (UNL), Santa

Fe, Argentina. Email: alejgon@santafe-conicet.gov.ar
∗∗ Department of Management, Information and Production

Engineering, University of Bergamo, Bergamo, Italy
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EFS. Reciprocally, similar results are presented in Bliman
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some implementation problems, their main drawback is
the disregards of the IPP .

The common factor in all the cited literature is that no
conclusive results are shown concerning the best single-
interval policy to simultaneously minimize the IPP , EFS.
In this article, we show that the key point is to separate
transient and stationary regimes. Based on a pure dynami-
cal analysis of the SIR-type models, we do not consider the
control objective of minimizing the infected peak preva-
lence (IPP ) or the epidemic final size (EFS), but we just
steer the susceptible to the (open-loop) herd immunity,
which is the minimal EFS at steady-state for any finite-
time intervention. Furthermore, by taking advantage of the
fact that the infected peak is independent of the EFS, the
IPP is maintained under an upper bound, computed to ac-
count for the health system capacity. As demonstrated by
several simulation results, this theoretical strategy seems
to be general enough to provide a confidence baseline to
policymakers in a pandemic context.

2. CONTROL SIR MODEL

This section reviews the SIR epidemic model Kermack
and McKendrick (1927), which describes the fractions of
susceptible S(t) and infectious I(t) individuals in a popu-
lation at time t. Infections occur proportional to S(t)I(t)
at a transmission rate β, and infectious individuals are
removed (recover or die) at a rate γ. Non-pharmaceutical
interventions (mainly social distancing) reduce the trans-
mission rate, β(t), below its nominal value, which is fixed.
The SIR model can be written in non-dimensional form by
rescaling the time (τ := tγ) as (Franco (2020)):

Ṡ(τ) = −R(τ)S(τ)I(τ), (1a)

İ(τ) = R(τ)S(τ)I(τ)− I(τ), (1b)

where R(·) := β(·)/γ denotes the time-varying reproduc-
tion number fulfilling R(·) ∈ ΩR. ΩR is the set of single-
interval controls:

ΩR:={R(·) :R≥0 → R≥0:R(τ) = Rsi, for τ∈[τs,τf ],
and R(τ)=R, for τ∈[0,τs) and τ∈(τf ,∞)}, (2)

where Rsi∈ [R,R], 0<τs<τf <∞ denote the starting and
ending single-interval intervention times (τf <∞ to model
the fact that social distancing has always an end), and
0<R<R are the minimal (maximal social distancing) and
maximal (non-intervention) values for the reproduction
number. The case R=0 is not considered, since a perfect
full lockdown is not possible.

Susceptible S and infectious I are constrained to be in the
set X :={(S, I)∈R2:S∈[0, 1], I∈[0, 1], S + I≤1}, for all τ≥0.
Particularly, denoting τ=0 the epidemic outbreak time, it
is assumed that (S(0), I(0)):=(1− ε, ε), with 0<ε�1; i.e.,
the fraction of susceptible individuals is smaller than, but
close to 1, and the fraction of infectious is close to zero.

2.1 Open-loop dynamical analysis

We will assume first that R(τ)≡R, for τ ∈ [0,∞] (no-
intervention or open-loop scenario). The solution of (1)
for τ ≥ τ0 > 0 depends on R and the initial conditions
(S(τ0), I(τ0))∈X . Since S(τ)≥0, I(τ)≥0, for τ ≥τ0>0,

Fig. 1. Function S∞(R, S(τ0), I(τ0)) is bounded from above by
S∗=1/R (S∞ = S∗, light red plane). Furthermore, S∞ reaches
its maximum, given by S∗, at S(τ0)=S∗, I(τ0)=0.

then S(τ) is a decreasing function of τ (by 1.a), for all

τ ≥ τ0. From 1.b, it follows that if S(τ0)R ≤ 1, İ(τ) =
(RS(τ) − 1)I(τ) ≤ 0 at τ0. Furthermore, given that S(τ)
is decreasing, I(τ) is also decreasing for all τ ≥ τ0. On
the other hand, if S(τ0)R>1, I(τ) initially increases, then
reaches a global maximum, and finally decreases to zero.
In this case, the peak of I or infected peak prevalence,
IPP , is reached at τ̂ , when İ=RSI − I=0. IPP depends
on initial conditions S(τ0), I(τ0), and R, as follows:

IPP =I(τ0)+S(τ0)−(1/R)(1+ln(S(τ0)R)). (3)

Condition İ = RSI − I = 0 implies that S = S∗, where
S∗ := min{1, 1/R} is a threshold or critical value, known
as ”herd immunity” (i.e., the value of S under which I
cannot longer increase). We define S∞ := limτ→∞ S(τ)
and I∞ := limτ→∞ I(τ), which are values that depend on
initial conditions S(τ0), I(τ0), and R. By simple calcula-
tion we obtain I∞ = 0. Furthermore, S∞ is given by

S∞:=−(1/R)W (−RS(τ0)e−R(S(τ0)+I(τ0))). (4)

where W (·) is the Lambert function (a detailed analysis
of this result can be seen in Abuin et al. (2020), where
an analogous in-host model is studied). The epidemic final
size, defined as EFS :=1− S∞, is then given by

EFS :=1 +(1/R)W (−RS(τ0)e
−R(S(τ0)+I(τ0))), (5)

which is a function of the initial conditions and R.

The following Lemma states the maximum of S∞ over X .

Lemma 1. (Maximum S∞ over X ). Consider system (1)
with initial conditions (S(τ0), I(τ0)) ∈ X , for some τ0 ≥ 0,
and R > 0 fixed. Then, the maximum of S∞ occurs at
(S∗, 0) and it is given by S∗. Furthermore, if I(τ0) ∈ [δ, 1],
for some δ > 0, the maximum takes place at (S∗, δ) and is

given by −W (−RS∗e−R(S∗+δ))/R.

Proof. See Appendix A.

Fig. 1 shows S∞ for different initial conditions.

2.2 Equilibrium characterization and stability

The equilibrium of system (1), with R(τ) ≡ R for τ ∈
[0,∞], is obtained by zeroing each of the differential
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some implementation problems, their main drawback is
the disregards of the IPP .
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conclusive results are shown concerning the best single-
interval policy to simultaneously minimize the IPP , EFS.
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transient and stationary regimes. Based on a pure dynami-
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control objective of minimizing the infected peak preva-
lence (IPP ) or the epidemic final size (EFS), but we just
steer the susceptible to the (open-loop) herd immunity,
which is the minimal EFS at steady-state for any finite-
time intervention. Furthermore, by taking advantage of the
fact that the infected peak is independent of the EFS, the
IPP is maintained under an upper bound, computed to ac-
count for the health system capacity. As demonstrated by
several simulation results, this theoretical strategy seems
to be general enough to provide a confidence baseline to
policymakers in a pandemic context.
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at a transmission rate β, and infectious individuals are
removed (recover or die) at a rate γ. Non-pharmaceutical
interventions (mainly social distancing) reduce the trans-
mission rate, β(t), below its nominal value, which is fixed.
The SIR model can be written in non-dimensional form by
rescaling the time (τ := tγ) as (Franco (2020)):

Ṡ(τ) = −R(τ)S(τ)I(τ), (1a)

İ(τ) = R(τ)S(τ)I(τ)− I(τ), (1b)

where R(·) := β(·)/γ denotes the time-varying reproduc-
tion number fulfilling R(·) ∈ ΩR. ΩR is the set of single-
interval controls:

ΩR:={R(·) :R≥0 → R≥0:R(τ) = Rsi, for τ∈[τs,τf ],
and R(τ)=R, for τ∈[0,τs) and τ∈(τf ,∞)}, (2)

where Rsi∈ [R,R], 0<τs<τf <∞ denote the starting and
ending single-interval intervention times (τf <∞ to model
the fact that social distancing has always an end), and
0<R<R are the minimal (maximal social distancing) and
maximal (non-intervention) values for the reproduction
number. The case R=0 is not considered, since a perfect
full lockdown is not possible.

Susceptible S and infectious I are constrained to be in the
set X :={(S, I)∈R2:S∈[0, 1], I∈[0, 1], S + I≤1}, for all τ≥0.
Particularly, denoting τ=0 the epidemic outbreak time, it
is assumed that (S(0), I(0)):=(1− ε, ε), with 0<ε�1; i.e.,
the fraction of susceptible individuals is smaller than, but
close to 1, and the fraction of infectious is close to zero.

2.1 Open-loop dynamical analysis

We will assume first that R(τ)≡R, for τ ∈ [0,∞] (no-
intervention or open-loop scenario). The solution of (1)
for τ ≥ τ0 > 0 depends on R and the initial conditions
(S(τ0), I(τ0))∈X . Since S(τ)≥0, I(τ)≥0, for τ ≥τ0>0,

Fig. 1. Function S∞(R, S(τ0), I(τ0)) is bounded from above by
S∗=1/R (S∞ = S∗, light red plane). Furthermore, S∞ reaches
its maximum, given by S∗, at S(τ0)=S∗, I(τ0)=0.

then S(τ) is a decreasing function of τ (by 1.a), for all

τ ≥ τ0. From 1.b, it follows that if S(τ0)R ≤ 1, İ(τ) =
(RS(τ) − 1)I(τ) ≤ 0 at τ0. Furthermore, given that S(τ)
is decreasing, I(τ) is also decreasing for all τ ≥ τ0. On
the other hand, if S(τ0)R>1, I(τ) initially increases, then
reaches a global maximum, and finally decreases to zero.
In this case, the peak of I or infected peak prevalence,
IPP , is reached at τ̂ , when İ=RSI − I=0. IPP depends
on initial conditions S(τ0), I(τ0), and R, as follows:

IPP =I(τ0)+S(τ0)−(1/R)(1+ln(S(τ0)R)). (3)

Condition İ = RSI − I = 0 implies that S = S∗, where
S∗ := min{1, 1/R} is a threshold or critical value, known
as ”herd immunity” (i.e., the value of S under which I
cannot longer increase). We define S∞ := limτ→∞ S(τ)
and I∞ := limτ→∞ I(τ), which are values that depend on
initial conditions S(τ0), I(τ0), and R. By simple calcula-
tion we obtain I∞ = 0. Furthermore, S∞ is given by

S∞:=−(1/R)W (−RS(τ0)e−R(S(τ0)+I(τ0))). (4)

where W (·) is the Lambert function (a detailed analysis
of this result can be seen in Abuin et al. (2020), where
an analogous in-host model is studied). The epidemic final
size, defined as EFS :=1− S∞, is then given by

EFS :=1 +(1/R)W (−RS(τ0)e
−R(S(τ0)+I(τ0))), (5)

which is a function of the initial conditions and R.

The following Lemma states the maximum of S∞ over X .

Lemma 1. (Maximum S∞ over X ). Consider system (1)
with initial conditions (S(τ0), I(τ0)) ∈ X , for some τ0 ≥ 0,
and R > 0 fixed. Then, the maximum of S∞ occurs at
(S∗, 0) and it is given by S∗. Furthermore, if I(τ0) ∈ [δ, 1],
for some δ > 0, the maximum takes place at (S∗, δ) and is

given by −W (−RS∗e−R(S∗+δ))/R.

Proof. See Appendix A.

Fig. 1 shows S∞ for different initial conditions.

2.2 Equilibrium characterization and stability

The equilibrium of system (1), with R(τ) ≡ R for τ ∈
[0,∞], is obtained by zeroing each of the differential
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Fig. 2. Phase Portrait for system (1) with R = 2.9 and initial
conditions (S(τ0), I(τ0)) ∈ X . Set X st

s is in green (thick line),
while Xun

s is in red (thick line). Furthermore, the level curves
of a Lyapunov function V are plotted (green thin line).

equations. This way, for initial conditions (S(τ0), I(τ0)) ∈
X , the equilibrium set is given by Xs :={(S̄, Ī) ∈ X : S̄ ∈
[0, S(τ0)], Ī=0}, since S is decreasing. Next, a key theorem
concerning the asymptotic stability of a subset of Xs is
introduced.

Theorem 2. (Asymptotic Stability). Consider system (1)
with R(τ)≡R, constrained by X . Then, the set X st

s :=
{(S̄, Ī) ∈ X : S̄ ∈ [0, S∗], Ī = 0}, where S∗ is the herd
immunity, is the unique asymptotically stable (AS) set of
system (1), with a domain of attraction given by X .

Proof. See Appendix A.

Fig. 2 shows a Phase Portrait for system (1), with R>1,
and (S(τ0), I(τ0)) ∈ X .

3. CONTROL STRATEGIES

Non-pharmaceutical interventions are the typical measures
that policymakers implement to control epidemics when
vaccination is not available. Social distancing, isolation
measures, mask wearing, among others, lessens the disease
transmission rate β(τ) or, directly, parameter R(τ) in
system (1). This reduction tends to reduce the two main
indexes of the epidemic severity (Di Lauro et al. (2021)):
the IPP and the EFS. Assuming now that R(·) ∈ ΩR
with Rsi �= R (i.e., R varies over time), IPP is no longer
given by equation (3). However, equation (5) is still valid
to describe the EFS (i.e., S∞ is still governed by equation
(4), given that τf is finite). The next Lemma provides an
upper bound for S∞ when R(·) ∈ ΩR.

Lemma 3. (S steady-state upper bound). Consider system
(1) with initial conditions (S(0), I(0)) = (1 − ε, ε), 0 <
ε � 1, and S(0) > S∗. Consider also that R(·) ∈ ΩR.
Then, (i) the system converges to the equilibrium (S∞, 0)
with S∞ = S∞(R, S(τf ), I(τf )) bounded from above by
S∗, being S∗ < 1 the herd immunity corresponding to
no intervention and, (ii), the only way to achieve S∞ =
S∞(R, S(τf ), I(τf )) ≈ S∗ is with a R(·) ∈ ΩR producing
S(τf ) ≈ S∗ and I(τf ) ≈ 0, which implies that system (1)
achieves a Quasi steady-state (QSS) condition at τf . Three
particularly interesting cases where condition S∞ ≈ S∗ is
not achieved are: (ii.a) if S(τf ) > S∗ and I(τf ) ≈ 0, then
a second outbreak wave will occur at some time τ > τf

and, finally, the system will converge to S∞ < S∗ (the
greater is S(τf ) with respect to S∗, the smaller will be
S∞), (ii.b) if S(τf ) < S∗ and I(τf ) ≈ 0, then S∞ will be
close to S(τf ) (the smaller is S(τf ) with respect to S∗, the
smaller will be S∞), and (ii.c) if I(τf ) does not approach
zero (i.e., no QSS conditions is reached at τf ), then no
matter which value S(τf ) takes, S∞ will be smaller than
S∗ (the farther is S(τf ) from S∗ from above or from below,
the smaller will be S∞).

Proof. See Appendix A.

Lemma 3 provides interesting insights into the general
dynamic of controlled SIR systems. On one hand, it
establishes that the minimal possible EFS is exclusively
determined by the non controlled epidemic (the value ofR)
and, on the other, it establishes that S∗ must be reached
as a QSS condition (i.e., with I(τf )≈0).

Example 1. We simulate (throughout the work) the
system (1), with R = 2.9 (β = 0.29 days−1 and γ = 0.1
days−1), I(0)=1.49 × 10−5, S(0)=1 − I(0) and R=0.66
(Bliman and Duprez (2021)), to demonstrate the main
results. Fig. 3 shows the phase portraits under different
single-interval control strategies. On the left, two controls
R(·)∈ΩR are applied (one strong, with Rsi small, and the
other soft, withRsi large) at some time τs, being S(τs)=0.9
and I(τs)=0.07, up to a large enough time τf , such that the
system reaches a QSS. In the first case (blue line) I(τf )≈0
and S(τf )=0.7. Given that S(τf ) is significantly greater
than S∗=0.35 and I(τf ) is small but positive, a second
wave occurs (which explains the dynamic experienced
when hard interventions are implemented for a long period
of time), that drives S∞ to a value significantly smaller
than S∗ (S∞=0.13). In the second case (red line), I(τf )≈0
and S(τf )=0.15. Since S(τf ) is significantly smaller than
S∗, and it cannot longer grow for τ >τf , so S∞ is again
significantly smaller than S∗ (S∞=0.15). The key point is
that τf is finite, so the state evolves in open-loop behavior
for τ>τf . This can be seen by considering the level curves
of a Lyapunov function for the open-loop system (green
lines), which encircles the equilibrium (S∗, 0). These curves
are invariant trajectories for the open-loop system, so once
the system reaches one of them at τf , it will continue on
the same curve for all τ > τf , in such a way that outer
states at τf correspond to outer states for τ→∞. In Fig. 3
(right), the same two controls are applied at the same time
τs, but they are interrupted at a finite time τf such that
the system has not reached a QSS condition. In the first
case (blue line) the state evolution is such that S(τf )=0.8
and I(τf )=0.05. Then, for τ >τf , the system goes along
one level curve of the Lyapunov function, which steers
the system to (S∞, I∞)≈(0.09, 0), with S∞ significantly
smaller than S∗. In the second case (red line), S(τf )=0.49
and I(τf )=0.2. This way, the corresponding level curve
of the Lyapunov function drives the system - again - to
(S∞, I∞)≈(0.09, 0), with S∞ significantly smaller than S∗,
showing that any control action interrupted before a QSS
is reached will necessarily produce a steady-state with S∞
smaller than S∗.

3.1 Control objective, redefined

Once the maximal for S∞ (minimal for the EFS) is
established, the question is whether or not it is possible
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Fig. 3. Long term (left) and short term (right) single-interval control phase portrait. Initial state: empty circle, (S∞,I∞): filled circles,
level curves of the Lyapunov function V (S, I):=S−S∗−S∗ ln( S

S∗ )+I: green lines. No matter which control R(·)∈ΩR is applied, if it is
interrupted at a finite τf and the system has not reach a QSS condition (S(τf ), I(τf ))≈(S∗, 0), condition S∞≈S∗ will not be achieved.

to arbitrarily reduce the IPP , while maintaining S∞≈S∗.
To have a first insight into the answer, consider the integral
of equation (1).b, I(τ)=

∫ τ

0
R(t)S(t)I(t)dt−

∫ τ

0
I(t)dt+c,

where c is a constant determined by the initial conditions
S(0) and I(0). Then,

∫ τ

0
I(t)dt=

∫ τ

0
R(t)S(t)I(t)dt−I(τ)=

−S(τ)−I(τ)+c, and taking τ=0, it follows that c=S(0)+
I(0)=1−ε+ε=1. Now, considering the limits for τ →∞,
and recalling that R(τ)≡R for τ∈(τf ,∞), it follows that∫∞
0

I(t)dt=1−S∞−I∞=1−S∞. This latter equality means
that, even when R varies over time, S∞ only determines
the area under the curve of I(τ), AUCI :=

∫∞
0

I(t)dt,
but not its peak IPP . In other words, it is possible
to minimize the EFS and also keep the IPP under a
maximal value imposed by the health system capacity, as
long as

∫∞
0

I(t)dt=1−S∗.

Remark 4. It is not right for an optimal control strategy
to simply minimize

∫∞
0

I(t)dt, as it is often done, since the
minimum is already given by 1−S∗. Such a selection leads
to unnecessary competition between steady-state objec-
tives (minimize the EFS) and transient ones (minimize
the IPP by minimizing I), which necessarily produces
an intermediate solution that optimizes neither EFS nor
IPP .

In this work, we propose to pose the control objective in
a rather different way.

Definition 5. Consider system (1) with initial conditions
(S(0), I(0))= (1−ε, ε), 0<ε� 1, and S(0)>S∗. Consider
also that R(·) ∈ ΩR, and that a maximal value for I,
Imax > 0, is established according to the health system
capacity. Then, the epidemiological control objective
consists of steering S(τ) to S∗, as τ→∞ (EFS≈1− S∗),
while IPP ≤Imax.

4. GOLDILOCKS SINGLE-INTERVAL
INTERVENTION

We now face the fundamental challenge of finding some
R(·) ∈ ΩR that fulfills the control objective of Definition
5. By making S∞(R∗

si,S(τs),I(τs)) = S∗, for a specific
R∗

si∈ [R,R], we have

R∗
si(S

∗, S(τs), I(τs)) :=
lnS(τs)− lnS∗

S(τs) + I(τs)− S∗ . (6)

Given that system (1) evolves in open-loop before τs, then
(S(τs), I(τs)) are determined by the (unique) solution of
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Fig. 4. Functions R∗
si(S

∗, τs) and R̂si(Imax, τs), for R = 2.9
and Imax = 0.1. Both reproduction numbers coincides at
τgs = 43.71 days, where Rg

si = 1.57

the system (1) under the effect of R. So we can write
R∗

si(S
∗, τs) to emphasize the dependence of R∗

si on τs.
Indeed, for a given S∗, R∗

si(S
∗, τs) is a decreasing function

of τs, as it is shown in Fig. 4, blue line. Furthermore,
R∗

si(S
∗, 0) ≈ − lnS∗

1−S∗ (given that S(0) ≈ 1 and I(0) ≈ 0)

and R∗
si(S

∗, τ̂) = lnS∗−lnS∗

S∗+IPP−S∗ = 0, since once the open-
loop S evolution reaches S∗ at τ̂ , with a high value of
IPP (R,S(τ0),I(τ0)) = I(τ̂), nothing can be done to reach
the condition S∞ ≈ S∗.

Now we define another specific R̂si∈[R,R] that guaran-

tees I(τ)≤ Imax, for all τ ∈R≥0. By making IPP (R̂si,
S(τs), I(τs)) = Imax, we obtain the implicit function

R̂si = R̂si(Imax, τs). (7)

For a given Imax, R̂si(Imax, τs) is a decreasing function of
τs, as shown in Fig. 4, red line.

Finally, by merging the latter two conditions, it is possible
to define a (so-called) goldilocks intervention:

Definition 6. The goldilocks single-interval interven-
tion is defined by a starting time, τgs , fulfilling condition

R∗
si(S

∗, τgs ) = R̂si(Imax, τ
g
s ), and the fixed reproduction

number value, Rg
si := R∗

si(S
∗, τgs ) = R̂si(Imax, τ

g
s ).

The goldilocks single-interval intervention allows us to
establish the following Theorem:
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Fig. 3. Long term (left) and short term (right) single-interval control phase portrait. Initial state: empty circle, (S∞,I∞): filled circles,
level curves of the Lyapunov function V (S, I):=S−S∗−S∗ ln( S

S∗ )+I: green lines. No matter which control R(·)∈ΩR is applied, if it is
interrupted at a finite τf and the system has not reach a QSS condition (S(τf ), I(τf ))≈(S∗, 0), condition S∞≈S∗ will not be achieved.

to arbitrarily reduce the IPP , while maintaining S∞≈S∗.
To have a first insight into the answer, consider the integral
of equation (1).b, I(τ)=

∫ τ

0
R(t)S(t)I(t)dt−

∫ τ

0
I(t)dt+c,

where c is a constant determined by the initial conditions
S(0) and I(0). Then,

∫ τ

0
I(t)dt=

∫ τ

0
R(t)S(t)I(t)dt−I(τ)=

−S(τ)−I(τ)+c, and taking τ=0, it follows that c=S(0)+
I(0)=1−ε+ε=1. Now, considering the limits for τ →∞,
and recalling that R(τ)≡R for τ∈(τf ,∞), it follows that∫∞
0

I(t)dt=1−S∞−I∞=1−S∞. This latter equality means
that, even when R varies over time, S∞ only determines
the area under the curve of I(τ), AUCI :=

∫∞
0

I(t)dt,
but not its peak IPP . In other words, it is possible
to minimize the EFS and also keep the IPP under a
maximal value imposed by the health system capacity, as
long as

∫∞
0

I(t)dt=1−S∗.

Remark 4. It is not right for an optimal control strategy
to simply minimize

∫∞
0

I(t)dt, as it is often done, since the
minimum is already given by 1−S∗. Such a selection leads
to unnecessary competition between steady-state objec-
tives (minimize the EFS) and transient ones (minimize
the IPP by minimizing I), which necessarily produces
an intermediate solution that optimizes neither EFS nor
IPP .

In this work, we propose to pose the control objective in
a rather different way.

Definition 5. Consider system (1) with initial conditions
(S(0), I(0))= (1−ε, ε), 0<ε� 1, and S(0)>S∗. Consider
also that R(·) ∈ ΩR, and that a maximal value for I,
Imax > 0, is established according to the health system
capacity. Then, the epidemiological control objective
consists of steering S(τ) to S∗, as τ→∞ (EFS≈1− S∗),
while IPP ≤Imax.

4. GOLDILOCKS SINGLE-INTERVAL
INTERVENTION

We now face the fundamental challenge of finding some
R(·) ∈ ΩR that fulfills the control objective of Definition
5. By making S∞(R∗

si,S(τs),I(τs)) = S∗, for a specific
R∗

si∈ [R,R], we have

R∗
si(S

∗, S(τs), I(τs)) :=
lnS(τs)− lnS∗

S(τs) + I(τs)− S∗ . (6)

Given that system (1) evolves in open-loop before τs, then
(S(τs), I(τs)) are determined by the (unique) solution of
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Fig. 4. Functions R∗
si(S

∗, τs) and R̂si(Imax, τs), for R = 2.9
and Imax = 0.1. Both reproduction numbers coincides at
τgs = 43.71 days, where Rg

si = 1.57

the system (1) under the effect of R. So we can write
R∗

si(S
∗, τs) to emphasize the dependence of R∗

si on τs.
Indeed, for a given S∗, R∗

si(S
∗, τs) is a decreasing function

of τs, as it is shown in Fig. 4, blue line. Furthermore,
R∗

si(S
∗, 0) ≈ − lnS∗

1−S∗ (given that S(0) ≈ 1 and I(0) ≈ 0)

and R∗
si(S

∗, τ̂) = lnS∗−lnS∗

S∗+IPP−S∗ = 0, since once the open-
loop S evolution reaches S∗ at τ̂ , with a high value of
IPP (R,S(τ0),I(τ0)) = I(τ̂), nothing can be done to reach
the condition S∞ ≈ S∗.

Now we define another specific R̂si∈[R,R] that guaran-

tees I(τ)≤ Imax, for all τ ∈R≥0. By making IPP (R̂si,
S(τs), I(τs)) = Imax, we obtain the implicit function

R̂si = R̂si(Imax, τs). (7)

For a given Imax, R̂si(Imax, τs) is a decreasing function of
τs, as shown in Fig. 4, red line.

Finally, by merging the latter two conditions, it is possible
to define a (so-called) goldilocks intervention:

Definition 6. The goldilocks single-interval interven-
tion is defined by a starting time, τgs , fulfilling condition

R∗
si(S

∗, τgs ) = R̂si(Imax, τ
g
s ), and the fixed reproduction

number value, Rg
si := R∗

si(S
∗, τgs ) = R̂si(Imax, τ

g
s ).

The goldilocks single-interval intervention allows us to
establish the following Theorem:
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Theorem 7. Consider system (1) with initial conditions
(S(0), I(0)) = (1 − ε, ε), 0 < ε � 1, and S(0) > S∗.
Consider that R(·) ∈ ΩR and consider a given Imax. Then,
if for S∗ and Imax there exists a goldilocks single-interval
intervention, it is the only one that arbitrarily approaches
the epidemiological control objectives, as τf → ∞.

Proof. See Appendix A.

Example 2. Now we evaluate the goldilocks single-
interval intervention by resuming the Example 1. Consider
Imax = 0.1 and S∗ = 0.35. In Fig. 4 shows the intervention
starting time and reproduction number correspond to the
goldilocks scenario (τgs = 43.71 days and Rg

si = 1.57,
respectively). Fig. 5 (left), shows S(τ) (blue, upper plot),
I(τ) (red, upper plot) and R(τ) (lower plot) for a period
of time of 300 days. On the other hand, Fig. 5 (right)
shows the corresponding phase portrait, and the level
curves of Lyapunov functions, V ∗ (green curves) and V g

(red curves), corresponding to R and Rg
si, respectively.

The level curves of V g cross that of V ∗ and, given that
Rg

si < R, there is one that ’guides’ the system exactly to
(S∗, 0). This level curve is the one picked by the goldilocks
single-interval intervention, applied at τgs .

5. CONCLUSION

In this work, the infected peak prevalence and the epidemic
final of SIR-type models were characterized and, based on
this characterization, concrete epidemiological objectives
involving both indexes were defined. It is shown that a
single-interval control - denoted goldilocks control - is
able to accomplish with this control objective, at least
theoretically. The next step toward a more realistic control
problem is to propose a proper optimal controller able to
account for realistic scenarios.
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Appendix A. PROOFS

Proof of Lemma 1. Denote S(τ0) = S, I(τ0) = I and
R=R. Define Sop

∞ (δ):=maxS,I{S∞ : (S, I)∈E(δ)}, where
E(δ) := {(S, I) ∈ R2 : S ∈ [0, 1], I ∈ [δ, 1]} is a set of
initial conditions with I≥δ, for some fixed δ∈[0, 1]. Define
also the maximizer initial conditions as (Sop(δ), Iop(δ)):=
argmaxS,I{S∞ : (S, I) ∈ E}. We will show that Sop

∞ (δ)=

−W (−RS∗e−R(S∗+δ))/R, (Sop(δ), Iop(δ)) = (S∗, δ) and,
particularly, that Sop

∞ := Sop
∞ (0) = S∗, being S∗ the herd

immunity.

According to (4), S∞ is given by S∞ :=−W (−f(R, S, I))/R,
with f(R, S, I) := RSe−R(S+I). Given that −W (−x) is
an increasing (injective) function of x ∈ [0, 1/e] and R
is fixed, then S∞ achieves its maximum over E(δ) at
the same values of S and I as f(R, S, I) (next it is
shown that f(R, S, I)∈ [0, 1/e] for all (S, I)∈ E(δ)) and
δ ∈ [0, 1]. Then, we focus the attention in finding the
maximum (and the maximizing variables) of f(R, S, I).
Let denotes the maximum of f as fop(δ):=maxS,I{f(S, I) :
(S, I) ∈ E(δ)}, while the maximizing variables are Sop(δ)
and Iop(δ). Given that the maximum of f occurs at the
minimal values of I, let us consider, for simplicity, that
g(S, I) = I − δ, in such a way that we want to solve
(Sop(δ), Iop(δ)) = argmaxS,I{f(R, S, I) : g(S, I) ≤ 0}
(we ignore the conditions 0 ≤ S ≤ 1 and I ≤ 1, but it is
easy to see the no maximum is achieved at the boundaries
of these constraints). Then �f=[ ∂f∂S ,

∂f
∂I ]=[Re−R(S+I)(1−

RS),R2Se−R(S+I)] and �g=[ ∂g∂S ,
∂g
∂I ]=[0, 1]. Optimality

conditions can be written as �f =λ�g, where λ∈R≥0

is a Lagrange multiplier. Then, [Re−R(Sop(δ)+Iop(δ))(1 −
RSop(δ)), R2Sop(δ)e−R(Sop(δ)+Iop(δ))] = [0, λ], which
implies that Re−R(Sop(δ)+Iop(δ))(1 − RSop(δ)) = 0 and
R2Sop(δ)e−R(Sop(δ)+Iop(δ))=λ. Since R>0, the first equal-
ity implies that 1 − RSop(δ)=0, or Sop(δ)=min{1/R} =
S∗ (since Sop(δ) ∈ [0, 1]). This way, the second equality
reads R2S∗e−R(S∗+Iop(δ))=λ, which is true for any value

0 50 100 150 200 250 300

0.2

0.4

0.6

0.8

1

0

0.05

0.1

0.15

0 50 100 150 200 250 300

1

1.5

2

2.5

3

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.094169

0
.1

2
5
5

0
.1

5
6
8
3

0
.1

5
6
8
3

0
.1

8
8
1
7

0.18817

0
.2

1
9
5

0
.2

1
9
5

0
.2

1
9
5

0
.2

1
9
5

0
.2

5
0
8
3

0
.2

5
0
8
3

0
.2

5
0
8
3

0
.2

8
2
1
6

0
.2

8
2
1
6

Fig. 5. S, V and R time evolution, (left), and phase portrait, (right). System with S∗ = 0.35 and Imax = 0.1, when the goldilocks single-
interval intervention is applied. The indexes are: EFS= 0.66, IPP= 0.10.

of Iop(δ) ∈ [δ, 1] and λ > 0. As we know that larger
values of f are achieved for smaller values of I, then,
Iop(δ)=δ. The maximum of S∞ is then given by Sop

∞ (δ)=
S∞(Sop(δ), Iop(δ)), which reads Sop

∞ (δ)= −W (−RSop(δ)
e−R(Sop(δ)+Iop(δ)))/R=−W (−RS∗e−R(S∗+δ))/R. If R≥1,
then RS∗=1, and so Sop

∞ (δ)=−W (−e−R(S∗+δ))/R. On
the other hand, if R < 1, then RS∗ =R and Sop

∞ (δ) =
−W (−Re−R(S∗+δ))/R. Particularly, Sop

∞ := Sop
∞ (0) =

−W (−e−1)/R = 1/R = S∗, if R ≥ 1, and Sop
∞ (0) =

−W (−Re−R)/R=R/R=1=S∗, if R<1. �

Proof of Theorem 2. The proof is divided into two parts.
First it is shown that X st

s is the smallest attractive
equilibrium set in X . Then, it is shown that X st

s is the
largest locally ε − δ stable equilibrium set in X which,
together with the previous results, implies that X st

s is the
unique asymptotically stable (AS) of system (1), with a
domain of attraction (DOA) given by X .

Attractivity : Consider equation (4). Since W (z) is an
increasing function (it goes from −1 at z = −1/e to
0 at z = 0), it reaches its minimum at z = −1/e.
z(S(τ0), I(τ0))=−RS(τ0)e

−R(S(τ0)+I(τ0)) reaches its maxi-
mum when S(τ0)=S

∗, independently of the values ofR and
I(τ0) (see Lemmas 1), in which case it is z(S(τ0), I(τ0))=
1/e. Then, W (z) is bounded from above by −1, which
means that S∗ is an upper bound for S∞. Therefore,
S∞ ∈ [0, S∗], which shows the attractivity of X st

s . Fig.
1 shows a plot of S∞ as a function of S(τ0) and I(τ0) for
a fixed value of R> 1 (a similar plot can be obtained for
R < 1, in which S∞ reaches its maximum at the vertex
of the domain, S(τ0) = 1 and I(τ0) = 0). To show that
X st

s is the smallest attractive set in X , consider a state
(S̄, Ī):=x̄∈X st

s and an arbitrary small ball of radius ε>0,
w.r.t. X , around it, Bε(x̄)∈X . Pick two arbitrary initial
states x0,1 = (S0,1, I0,1) and x0,2 = (S0,2, I0,2) in Bε(x̄),
such that S0,1�=S0,2. These two states converge, according
to equation (4), to x∞,1=(S∞,1, 0) and x∞,2=(S∞,2, 0),
respectively, with S∞,1, S∞,2∈[0, S∗]. Given that function
z(S(τ0), I(τ0)) is monotone (injective) in S(τ0) and I(τ0),
and W (z) is monotone (injective) in z, then S∞,1 �=S∞,2.
This means that, although both initial states converge to
some state in X st

s , they necessarily converge to different
points. Therefore neither single states x̄∈X st

s nor subsets
of X st

s are attractive in X , which shows that X st
s is the

smallest attractive set in X .

Local ε− δ stability : Let us consider an equilibrium point
x̄:=(S̄, 0), with S̄∈[0, S∗] (i.e., x̄∈X st

s ). Then a Lyapunov

function candidate is given by V (x):=S− S̄− S̄ ln(S
S̄
)+ I.

This function is continuous in X , is positive definite for all
non-negative x�=x̄ and, furthermore, V (x̄)=0. Function V
evaluated at the solutions of system (1) reads:

∂V (x(τ))

∂τ
=
∂V

∂x
ẋ(τ) =

[
dV

dS

dV

dI

] [
−RS(τ)I(τ)

RS(τ)I(τ)− I(t)

]
(A.1)

=

[
(1−

S̄

S(τ)
) 1

][
−RS(τ)I(τ)

RS(τ)I(τ)− I(τ)

]
=I(τ)(RS̄ − 1)

for x(0) ∈ X and τ ≥ 0. Function V̇ (x(τ)) depends on
x(τ) only through I(τ). So, independently of the value of

the parameter S̄, V̇ (x(τ)) = 0 for I(τ)≡0. This means
that for any single x(0) ∈ Xs, I(0)=0 and so, I(τ)=0,

for all τ≥0. So V̇ (x(τ)) is null for any x(0)∈Xs (i.e, it
is not only null for x(0)=x̄ but for any x(0)∈Xs). On the

other hand, for x(0)/∈Xs, function V̇ (x(t)) is negative, zero
or positive, depending on if the parameter S̄ is smaller,
equal or greater than S∗=min{1, 1/R}, respectively, and
this holds for all x(0)∈X and τ≥0. So, for any x̄∈X st

s ,

V̇ (x(τ))≤0 (particularly, for x̄=(S̄, 0)=(S∗, 0), V̇ (x(τ))=0,
for all x(0)∈X and τ≥0) which means that each x̄∈X st

s is
locally ε − δ stable. Then, if every state in X st

s is locally
ε−δ stable, the whole set X st

s is locally ε−δ stable. Finally,
by following similar steps, it can be shown that X un

s is not
ε − δ stable, which implies that X st

s is also the largest
locally ε− δ stable set in X , which completes the proof. �

Proof of Lemma 3. The proof of (i) follows from Lemma
1, by replacing (S(τ0), I(τ0)) by (S(τf ), I(τf )), and the fact
that the final intervention time, τf , is finite. The proof of
(ii) follows from Lemma 1, and the stability analysis made
in Theorem 2, applied at (S∗, 0). �
Proof of Theorem 7. Consider that, for S∗ and Imax com-
ing from the Control Objective, it there exists some τs for
which Rsi=R̂si(Imax, τs)=R∗

si(S
∗, τs). Then, by the defini-

tion of R̂si(Imax, τs), it follows that IPP (R̂si, S(τs), I(τs))
= Imax, which means that I(τ) ≤ Imax for all τ > 0.
Furthermore, by the definition of R∗

si(S
∗, τs) it follows

that, for a large enough τf , S(τf ) arbitrarily approaches
S∗ while I(τf ) approaches 0. Then, by the stability results
at (S∗, 0), it follows that states (S(τf ), I(τf )) arbitrarily
close to (S∗, 0) (from above), produce states (S(τ), I(τ))
arbitrarily close to (S∗, 0) (from below), for τ > τf .
Particularly, S∞ ≈ S∗. �
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Fig. 5. S, V and R time evolution, (left), and phase portrait, (right). System with S∗ = 0.35 and Imax = 0.1, when the goldilocks single-
interval intervention is applied. The indexes are: EFS= 0.66, IPP= 0.10.

of Iop(δ) ∈ [δ, 1] and λ > 0. As we know that larger
values of f are achieved for smaller values of I, then,
Iop(δ)=δ. The maximum of S∞ is then given by Sop

∞ (δ)=
S∞(Sop(δ), Iop(δ)), which reads Sop

∞ (δ)= −W (−RSop(δ)
e−R(Sop(δ)+Iop(δ)))/R=−W (−RS∗e−R(S∗+δ))/R. If R≥1,
then RS∗=1, and so Sop

∞ (δ)=−W (−e−R(S∗+δ))/R. On
the other hand, if R < 1, then RS∗ =R and Sop

∞ (δ) =
−W (−Re−R(S∗+δ))/R. Particularly, Sop

∞ := Sop
∞ (0) =

−W (−e−1)/R = 1/R = S∗, if R ≥ 1, and Sop
∞ (0) =

−W (−Re−R)/R=R/R=1=S∗, if R<1. �

Proof of Theorem 2. The proof is divided into two parts.
First it is shown that X st

s is the smallest attractive
equilibrium set in X . Then, it is shown that X st

s is the
largest locally ε − δ stable equilibrium set in X which,
together with the previous results, implies that X st

s is the
unique asymptotically stable (AS) of system (1), with a
domain of attraction (DOA) given by X .

Attractivity : Consider equation (4). Since W (z) is an
increasing function (it goes from −1 at z = −1/e to
0 at z = 0), it reaches its minimum at z = −1/e.
z(S(τ0), I(τ0))=−RS(τ0)e

−R(S(τ0)+I(τ0)) reaches its maxi-
mum when S(τ0)=S

∗, independently of the values ofR and
I(τ0) (see Lemmas 1), in which case it is z(S(τ0), I(τ0))=
1/e. Then, W (z) is bounded from above by −1, which
means that S∗ is an upper bound for S∞. Therefore,
S∞ ∈ [0, S∗], which shows the attractivity of X st

s . Fig.
1 shows a plot of S∞ as a function of S(τ0) and I(τ0) for
a fixed value of R> 1 (a similar plot can be obtained for
R < 1, in which S∞ reaches its maximum at the vertex
of the domain, S(τ0) = 1 and I(τ0) = 0). To show that
X st

s is the smallest attractive set in X , consider a state
(S̄, Ī):=x̄∈X st

s and an arbitrary small ball of radius ε>0,
w.r.t. X , around it, Bε(x̄)∈X . Pick two arbitrary initial
states x0,1 = (S0,1, I0,1) and x0,2 = (S0,2, I0,2) in Bε(x̄),
such that S0,1�=S0,2. These two states converge, according
to equation (4), to x∞,1=(S∞,1, 0) and x∞,2=(S∞,2, 0),
respectively, with S∞,1, S∞,2∈[0, S∗]. Given that function
z(S(τ0), I(τ0)) is monotone (injective) in S(τ0) and I(τ0),
and W (z) is monotone (injective) in z, then S∞,1 �=S∞,2.
This means that, although both initial states converge to
some state in X st

s , they necessarily converge to different
points. Therefore neither single states x̄∈X st

s nor subsets
of X st

s are attractive in X , which shows that X st
s is the

smallest attractive set in X .

Local ε− δ stability : Let us consider an equilibrium point
x̄:=(S̄, 0), with S̄∈[0, S∗] (i.e., x̄∈X st

s ). Then a Lyapunov

function candidate is given by V (x):=S− S̄− S̄ ln(S
S̄
)+ I.

This function is continuous in X , is positive definite for all
non-negative x�=x̄ and, furthermore, V (x̄)=0. Function V
evaluated at the solutions of system (1) reads:

∂V (x(τ))

∂τ
=
∂V

∂x
ẋ(τ) =

[
dV

dS

dV

dI

] [
−RS(τ)I(τ)

RS(τ)I(τ)− I(t)

]
(A.1)

=

[
(1−

S̄

S(τ)
) 1

][
−RS(τ)I(τ)

RS(τ)I(τ)− I(τ)

]
=I(τ)(RS̄ − 1)

for x(0) ∈ X and τ ≥ 0. Function V̇ (x(τ)) depends on
x(τ) only through I(τ). So, independently of the value of

the parameter S̄, V̇ (x(τ)) = 0 for I(τ)≡0. This means
that for any single x(0) ∈ Xs, I(0)=0 and so, I(τ)=0,

for all τ≥0. So V̇ (x(τ)) is null for any x(0)∈Xs (i.e, it
is not only null for x(0)=x̄ but for any x(0)∈Xs). On the

other hand, for x(0)/∈Xs, function V̇ (x(t)) is negative, zero
or positive, depending on if the parameter S̄ is smaller,
equal or greater than S∗=min{1, 1/R}, respectively, and
this holds for all x(0)∈X and τ≥0. So, for any x̄∈X st

s ,

V̇ (x(τ))≤0 (particularly, for x̄=(S̄, 0)=(S∗, 0), V̇ (x(τ))=0,
for all x(0)∈X and τ≥0) which means that each x̄∈X st

s is
locally ε − δ stable. Then, if every state in X st

s is locally
ε−δ stable, the whole set X st

s is locally ε−δ stable. Finally,
by following similar steps, it can be shown that X un

s is not
ε − δ stable, which implies that X st

s is also the largest
locally ε− δ stable set in X , which completes the proof. �

Proof of Lemma 3. The proof of (i) follows from Lemma
1, by replacing (S(τ0), I(τ0)) by (S(τf ), I(τf )), and the fact
that the final intervention time, τf , is finite. The proof of
(ii) follows from Lemma 1, and the stability analysis made
in Theorem 2, applied at (S∗, 0). �
Proof of Theorem 7. Consider that, for S∗ and Imax com-
ing from the Control Objective, it there exists some τs for
which Rsi=R̂si(Imax, τs)=R∗

si(S
∗, τs). Then, by the defini-

tion of R̂si(Imax, τs), it follows that IPP (R̂si, S(τs), I(τs))
= Imax, which means that I(τ) ≤ Imax for all τ > 0.
Furthermore, by the definition of R∗

si(S
∗, τs) it follows

that, for a large enough τf , S(τf ) arbitrarily approaches
S∗ while I(τf ) approaches 0. Then, by the stability results
at (S∗, 0), it follows that states (S(τf ), I(τf )) arbitrarily
close to (S∗, 0) (from above), produce states (S(τ), I(τ))
arbitrarily close to (S∗, 0) (from below), for τ > τf .
Particularly, S∞ ≈ S∗. �


