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In this contribution we study the Arborescence Reconfiguration on temporal digraphs 
(Temporal Arborescence Reconfiguration). The problem, given two temporal arborescences 
in a temporal digraph, asks for the minimum number of arc flips, i.e., arc exchanges, that 
result in a sequence of temporal arborescences transforming one into the other. We analyze 
the complexity of the problem, taking into account also its approximation and parameterized 
complexity, even in restricted cases. First, we solve an open problem showing that Temporal 
Arborescence Reconfiguration is NP-hard for two timestamps. Then we show that even if the 
two temporal arborescences differ only by two pairs of arcs, then the problem is not approximable 
within factor 𝑏 ln |𝑉 (𝐷)|, for any constant 0 < 𝑏 < 1, where 𝑉 (𝐷) is the set of vertices of the 
temporal arborescences. Finally, we prove that Temporal Arborescence Reconfiguration 
is W[1]-hard when parameterized by the number of arc flips needed to transform one temporal 
arborescence into the other.

1. Introduction

Arborescences, also called branchings, have been deeply studied in theoretical computer science. Given a digraph (a directed 
graph) and a special vertex, called the root, an arborescence is a directed rooted tree that spans the digraph, that is, it connects the 
root to every vertex of the digraph. The computation of arborescences of a given digraph finds several applications, for example in 
communications networks, where the goal is to compute a shortest way to reach some devices [21], to analyze information flow in 
social networks [3], or in computational biology to analyze mass spectrometry data [9] and reconstruct tumor evolutionary trees [10].

Arborescences have been recently considered also in the temporal graph setting [18,14,4,16], where they can model urban mobility 
or information dissemination in social networks. The temporal graph model extends the classical graph model by incorporating 
temporal information on the relations between elements (i.e., vertices). Temporal graphs have been studied to model the dynamic 
evolution of network relations (edges or arcs), that are observed only at certain time instants [20,11,22,12,1,13,5]. In our model of a 
temporal digraph 𝐷 = (𝑉 ,𝐴), the arcs are triples (𝑢, 𝑣, 𝑡), where 𝑢 and 𝑣 are vertices and 𝑡 is a positive integer, representing that the 
arc from 𝑢 to 𝑣 is seen at timestamp 𝑡. A temporal arborescence 𝑇 in 𝐷 is a rooted tree, whose arcs are directed away from the root 
and such that: (1) 𝑇 contains every vertex of 𝐷 and (2) every path in 𝑇 is time-respecting, that is the timestamps on the arcs of every 
path are non-decreasing.

✩ A preliminary version of this paper appeared in [7].
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In this contribution, we consider temporal arborescences through the lens of combinatorial reconfiguration [15,24]. Given two 
feasible solutions of a problem (in our case being temporal arborescences of a temporal digraph), combinatorial reconfigurations 
explore the space of feasible solutions and the distance between the two given solutions. Two feasible solutions are adjacent if they 
can be transformed one into the other by means of a local operation (such as exchanging two arcs). The goal of combinatorial 
reconfiguration is to study the reachability of two elements of the space of feasible solutions, that is the possibility of transforming 
the first solution into the second one by means of sequences of local operations, and possibly obtaining a comparative metric by 
minimizing the number of such operations.

Given two temporal arborescences 𝑇1 and 𝑇2 in 𝐷, a reconfiguration of 𝑇1 into 𝑇2 is a transformation of 𝑇1 into 𝑇2 with a sequence 
of modifications, one at a time, called arc flips. An arc flip exchanges two arcs, one arc is deleted from the temporal arborescence and 
one arc (of 𝐷) is inserted in the temporal arborescence, with the constraint that it produces another temporal arborescence. Therefore 
a reconfiguration computes intermediate subgraphs that must all be temporal arborescences in 𝐷.

We consider a problem related to the reconfiguration of temporal arborescences, called Temporal Arborescence Reconfigura

tion, introduced in [16]. Given a digraph 𝐷, and two arborescences 𝑇1 and 𝑇2 in 𝐷, Temporal Arborescence Reconfiguration 
asks to compute a reconfiguration of 𝑇1 into 𝑇2 consisting of the minimum number of arc flips. The problem is known to be NP-hard 
when the temporal graph is defined over 3 timestamps or more [16], and polynomial-time solvable when the number of timestamps is 
1, since in this case the digraph is static and for this case Temporal Arborescence Reconfiguration can be solved in polynomial 
time [17]. The case of 2 timestamps remained open [16].

An interesting property shown in [16], is that the complexity of Temporal Arborescence Reconfiguration depends on 
whether the two input temporal arborescences have the same root or not. In the former case, the problem is solvable in polynomial

time, while in the latter the problem is NP-hard, as discussed before.

A decision problem related to Temporal Arborescence Reconfiguration studied in the literature is the reachability of two 
feasible solutions, that is whether, given two temporal arborescences, one can be transformed into the other (without the requirement 
of minimizing the number of arc flips). This decision problem is solvable in polynomial time [16] and always admits a positive answer 
in static directed graphs [17] and when the two arborescences have the same root [16].

Our Results. In this paper we further analyze the computational, approximation and parameterized complexity of Temporal Ar

borescence Reconfiguration, considering additional restrictions on the instance. Note that we consider the temporal graph model 
of [16], which is a restricted model where each timestamp of an arc specifies its activation time and the arc is present for all times 
after the activation time. The hardness results we present hold also in this restricted model.

First, we solve the open problem in [16] for the case of two timestamps, and we show in Section 3 that this restriction of Temporal 
Arborescence Reconfiguration is NP-hard.

Then we consider the case when the two input temporal arborescences are very similar, that is they differ only for a limited number 
of arcs. We show in Section 4 that if the two temporal arborescences differ by two arc pairs, then the problem is not only NP-hard, 
but also inapproximable within factor 𝑏 ln |𝑉 (𝐷)|, for any constant 0 < 𝑏 < 1, where 𝑉 (𝐷) is the set of vertices of the arborescences. 
This hardness holds even if the maximum timestamp of an arc is 4. Note that the hardness result easily extends to the case where 
the number of different arcs between the two temporal arborescences is larger than 2. We also observe that if the two temporal 
arborescences differ for one pair of arcs, then the problem is easily solvable in polynomial time.

Finally, we consider the parameterized complexity of the Temporal Arborescence Reconfiguration problem, where the 
parameter is the number of arc flips required by a reconfiguration. We prove in Section 5 that the problem is W[1]-hard for this 
parameter (it is, in fact, W[1]-hard in the parameter combination ``number of arc flips plus maximum timestamp''), indicating that a 
fixed-parameter algorithm is unlikely. Note that in the conference version of this paper [7], our approximation and W[1]-hardness 
results were proved only on instances in which the digraph could have parallel arcs (that is, (𝑢, 𝑣, 𝑡), (𝑢, 𝑣, 𝑡′) with 𝑡 ≠ 𝑡′ could both 
be present in the digraph). We adapted our previous reductions to remove such repeated arcs, so that the hardness holds even if we 
require each arc to be associated with one single activation time. We conclude the paper in Section 6 with some open problems.

2. Preliminaries

A temporal digraph 𝐷 = (𝑉 ,𝐴) is a pair where 𝑉 is the set of vertices and 𝐴 ⊆ 𝑉 × 𝑉 × ℕ is a set of (temporal) arcs. An arc in a 
temporal graph is thus denoted by a triple (𝑢, 𝑣, 𝑡), where 𝑢 ∈ 𝑉 is the tail of the arc, 𝑣 ∈ 𝑉 is the head of the arc, and 𝑡 ∈ℕ is called 
a timestamp. One can view the time 𝑡 as the deactivation time of the arc, that is, if the arc needs to be used it needs to occur at or 
before time 𝑡. We may write 𝑉 (𝐷) and 𝐴(𝐷) for the vertex and arc set of 𝐷, respectively. Note that even though the notation allows 
parallel arcs, our harness results hold even if each pair of vertices is connected by at most one arc.

For a triple 𝑒 = (𝑢, 𝑣, 𝑡), 𝐷− 𝑒 (resp. 𝐷+ 𝑒) is the temporal digraph obtained by removing the arc 𝑒 from 𝐷, if present (resp. adding 
the arc 𝑒 in 𝐷, if absent).

An arborescence is a digraph in which there is a vertex 𝑢 of in-degree 0, called the root, such that there is a unique directed path 
from 𝑢 to any vertex. In other words, an arborescence is a tree in which arcs are oriented away from the root. Let 𝐷 = (𝑉 ,𝐴) be a 
(static) digraph. A subgraph 𝑇 of 𝐷 is a spanning arborescence of 𝐷 if 𝑉 (𝑇 ) = 𝑉 (𝐷) and 𝑇 is an arborescence. Unless stated otherwise, 
all arborescences are spanning, and we may simply call 𝑇 an arborescence of 𝐷.

Given a temporal digraph 𝐷 = (𝑉 ,𝐴), we define 𝐷𝑈 as the underlying static digraph of 𝐷, where 𝐷𝑈 = (𝑉 ,𝐴𝑈 ), with

𝐴𝑈 = {(𝑢, 𝑣) ∶ (𝑢, 𝑣, 𝑡) ∈𝐴, for some 𝑡 ∈ℕ}.
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Now, we introduce the definition of temporal arborescence of a temporal graph.

Definition 1. Given a temporal digraph 𝐷, 𝑇 is a temporal arborescence of 𝐷 if:

• 𝑇𝑈 (the underlying static digraph of 𝑇 ) is an arborescence of 𝐷𝑈 (the underlying static digraph of 𝐷)

• 𝑇 is time-respecting, that is for any pair of arcs (𝑢, 𝑣, 𝑡), (𝑣,𝑤, 𝑡′) ∈𝐴(𝑇 ) that are consecutive on some path of 𝑇 , we have 𝑡 ≤ 𝑡′.

An arc flip on a temporal arborescence 𝑇 of 𝐷 is an operation that removes an arc (𝑢, 𝑣, 𝑡) ∈ 𝐴(𝑇 ) and inserts an arc (𝑥, 𝑦, 𝑡′) ∈
𝐴(𝐷) ⧵𝐴(𝑇 ), such that 𝑇 − (𝑢, 𝑣, 𝑡) + (𝑥, 𝑦, 𝑡) is a temporal arborescence of 𝐷 (hence spanning and time-respecting).

A reconfiguration of a temporal arborescence 𝑇1 of 𝐷 is a sequence of arc flips, each one producing a temporal arborescence. A 
reconfiguration from 𝑇1 to 𝑇2 is a reconfiguration that transforms 𝑇1 into 𝑇2. A reconfiguration sequence  = (𝑅1,𝑅2,… ,𝑅𝑙) from 𝑇1
to 𝑇2 is a sequence of temporal arborescences, where 𝑅1 = 𝑇1 and 𝑅𝑙 = 𝑇2 such that each 𝑅𝑖, with 𝑖 ∈ [𝑙], is a temporal arborescence 
of 𝐷 and each 𝑅𝑗 , 𝑗 ∈ {2, ..., 𝑙}, can be obtained from 𝑅𝑗−1 with an arc flip.

Now, we are ready to define the problem we are interested in.

Problem 1. (Temporal Arborescence Reconfiguration)
Input: a temporal digraph 𝐷, two temporal arborescences 𝑇1, 𝑇2 of 𝐷, and an integer 𝑝 ≥ 1 encoded in unary. 
Question: Does there exist a reconfiguration from 𝑇1 to 𝑇2 of at most 𝑝 arc flips?

Note that 𝑝 is encoded in unary, thus the input size is equal to the size of 𝐷 plus the size of 𝑇1 and 𝑇2 plus 𝑝. In this case Temporal 
Arborescence Reconfiguration is in NP, as, given a sequence of arc flips, we can check that each arc flip produces a temporal 
arborescence and that the sequence starting from 𝑇1 produces 𝑇2.

In the optimization version of Temporal Arborescence Reconfiguration, we aim to minimize the number of arc flips of a 
reconfiguration from 𝑇1 to 𝑇2.

3. NP-hardness for two timestamps

We show that the Temporal Arborescence Reconfiguration problem is NP-hard even on two timestamps (i.e. each arc has 
timestamp in {1,2}) via a reduction from the Set Cover problem. Let (𝑆,𝑈,𝑘) be an instance of Set Cover, where 𝑈 is the universe, 
𝑆 is a collection of subsets of 𝑈 , and 𝑘 is an integer. The question is whether there exists a subcollection 𝑆∗ ⊆ 𝑆 of at most 𝑘 sets of 
𝑆 such that for each 𝑢 ∈𝑈 there exists at least one set of 𝑆∗ that contains 𝑢.

We denote 𝑈 = {𝑢1,… , 𝑢𝑛} and 𝑆 = {𝑆1,… , 𝑆𝑚}, an instance of Set Cover and we define a corresponding instance (𝐷 =
(𝑉 ,𝐴), 𝑇1, 𝑇2, 𝑝) of Temporal Arborescence Reconfiguration. First let 𝑆′ = {𝑆′

𝑖
∶ 𝑆𝑖 ∈ 𝑆} be a copy of 𝑆 and let 𝑈 ′ = {𝑢′

𝑖
∶

𝑢𝑖 ∈𝑈} be a copy of 𝑈 . We let

𝑉 = {𝑟1, 𝑟2, 𝑟3} ∪ 𝑆 ∪𝑆′ ∪𝑈 ∪𝑈 ′.

We then add to 𝐴 the following sets of arcs (we strongly recommend referring to Fig. 1):

• 𝐴𝑟 = {(𝑟1, 𝑟2,1), (𝑟2, 𝑟1,2), (𝑟1, 𝑟3,2), (𝑟3, 𝑟2,1)};

• 𝐴𝑟1,𝑈 = {(𝑟1, 𝑢𝑖,1) ∶ 𝑢𝑖 ∈𝑈};

• 𝐴𝑈,𝑈 ′ = {(𝑢𝑖, 𝑢′𝑖 ,1) ∶ 𝑢𝑖 ∈𝑈};

• 𝐴𝑟2,𝑆 = {(𝑟2, 𝑆𝑖,2) ∶ 𝑆𝑖 ∈ 𝑆};

• 𝐴𝑟2,𝑆′ = {(𝑟2, 𝑆′
𝑖
,1) ∶ 𝑆𝑖 ∈ 𝑆};

• 𝐴𝑟2,𝑈 = {(𝑟2, 𝑢𝑖,2) ∶ 𝑢𝑖 ∈𝑈};

• 𝐴𝑆,𝑆′ = {(𝑆𝑖,𝑆′
𝑖
,2) ∶ 𝑆𝑖 ∈ 𝑆};

• 𝐴𝑆′,𝑈 ′ = {(𝑆′
𝑖
, 𝑢′
𝑗
,1) ∶ 𝑆𝑖 ∈ 𝑆 ∧ 𝑢𝑗 ∈ 𝑆𝑖};

• 𝐴𝑟3,𝑆′ = {(𝑟3, 𝑆′
𝑖
,1) ∶ 𝑆𝑖 ∈ 𝑆};

• 𝐴𝑟3,𝑈 ′ = {(𝑟3, 𝑢′𝑖 ,1) ∶ 𝑢𝑖 ∈𝑈}.

Note that 𝐴𝑆′ ,𝑈 ′ is the main set of arcs used to model the set cover instance into 𝐷. Finally, we define the input temporal 
arborescences 𝑇1 (rooted at 𝑟1) and 𝑇2 (rooted at 𝑟3) by specifying their arcs (illustrated in Fig. 1, top-right and bottom-right, 
respectively):

𝐴(𝑇1) = {(𝑟1, 𝑟2,1), (𝑟1, 𝑟3,2)} ∪𝐴𝑟1 ,𝑈 ∪𝐴𝑈,𝑈 ′ ∪𝐴𝑟2,𝑆 ∪𝐴𝑆,𝑆′

𝐴(𝑇2) = {(𝑟3, 𝑟2,1), (𝑟2, 𝑟1,2)} ∪𝐴𝑟2 ,𝑈 ∪𝐴𝑟2,𝑆 ∪𝐴𝑟3 ,𝑆′ ∪𝐴𝑟3,𝑈 ′ .

One can verify that 𝑇1 and 𝑇2 are temporal arborescences using Fig. 1.

To give some intuition, a reconfiguration from 𝑇1 to 𝑇2 needs to re-root the temporal arborescence to 𝑟3. However, it is impossible 
to re-root from 𝑟1 to 𝑟3 directly, because 𝑟3 has too many outgoing arcs at time 1. The reconfiguration sequence must first re-root the 
arborescence to 𝑟2 as an intermediate step. In order to make 𝑟2 the root of a temporal arborescence we must first flip arcs (𝑟1, 𝑢𝑖,1)
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Fig. 1. Left: the temporal digraph 𝐷 obtained from a set cover instance, with 𝑈 = {𝑢1 , 𝑢2, 𝑢3} and 𝑆 = {𝑆1, 𝑆2}, 𝑆1 = {𝑢1, 𝑢2} and 𝑆2 = {𝑢3}. Arcs pointing on ellipses 
indicate that all possible arcs are present (e.g. 𝑟1 has every element of 𝑈 in its out-neighborhood). The arborescences 𝑇1 and 𝑇2 are shown in thick arcs, top-right and 
bottom-right, respectively.

with arcs (𝑟2, 𝑢𝑖,2), 𝑢𝑖 ∈ 𝑈 , otherwise there would be a path that is not time-respecting. These arcs flips can be applied only if arcs 
(𝑢𝑖, 𝑢′𝑖 ,2), 𝑢

′
𝑖
∈𝑈 , are removed, hence flipped with arcs (𝑆′

𝑖
, 𝑢′
𝑖
,2), for some 𝑆′

𝑖
∈ 𝑆′, and this requires to flip arcs (𝑆𝑖,𝑆′

𝑖
,2) with arcs 

(𝑟2, 𝑆′
𝑖
,1), with 𝑆𝑖 ∈ 𝑆 : these latter flips encode a set cover.

Theorem 2. The Temporal Arborescence problem is NP-hard even when the maximum timestamp of an arc is 2.

Proof. Using the construction described above, we show that there exists 𝑆∗ ⊆ 𝑆 of size at most 𝑘 that covers 𝑈 if and only if 𝑇1
can be transformed into 𝑇2 using at most 3𝑛+𝑚+ 2 + 𝑘 arc flips.

Suppose that there exists 𝑆∗ ⊆ 𝑆 of size at most 𝑘 that covers 𝑈 . We reconfigure 𝑇1 into 𝑇2 as follows (we say that an arc flip is 
correct if, after applying it, the resulting subgraph is a temporal arborescence, hence time-respecting).

1. For each 𝑆𝑖 ∈ 𝑆∗ in an arbitrary order, remove (𝑆𝑖,𝑆′
𝑖
,2) and add (𝑟2, 𝑆′

𝑖
,1) (|𝑆∗| arc flips).

Each such arc flip is correct, since 𝑟1 can reach 𝑆′
𝑖

through (𝑟1, 𝑟2,1), (𝑟2, 𝑆′
𝑖
,1).

2. For each 𝑢′
𝑗
∈ 𝑈 ′ in an arbitrary order, let 𝑆𝑖 be a set of 𝑆∗ that contains 𝑢𝑗 . Remove (𝑢𝑗 , 𝑢′𝑗 ,1) and add (𝑆′

𝑖
, 𝑢′
𝑗
,1), which exists 

by construction (|𝑈 ′| arc flips).

Each arc flip is correct since 𝑟1 can reach 𝑢′
𝑗

through the path 𝑟1 → 𝑟2 → 𝑆′
𝑖
→ 𝑢′

𝑗
using arcs of timestamp 1 only. Note that at 

this stage, 𝑟2 reaches the vertices in 𝑆,𝑆′, and 𝑈 ′ without going through 𝑟1.

3. For each 𝑢𝑗 ∈𝑈 in an arbitrary order, remove (𝑟1, 𝑢𝑗 ,1) and add (𝑟2, 𝑢𝑗 ,2) (|𝑈 | arc flips).

Each arc flip is correct since before the flips, the 𝑢𝑗 vertices were leaves of the arborescence, and after the flip 𝑟1 can reach the 
𝑢𝑗 vertices using the time-respecting path 𝑟1 → 𝑟2 → 𝑢𝑗 . At this stage, 𝑟2 also reaches the vertices of 𝑈 without going through 𝑟1.

4. Reroot to 𝑟2 by removing (𝑟1, 𝑟2,1) and adding (𝑟2, 𝑟1,2) (one arc flip).

This arc flip is correct since before the arc flip, 𝑟2 was already able to reach each element of 𝑈,𝑈 ′, 𝑆′, 𝑆 without 𝑟1, and can 
now reach 𝑟1 and 𝑟3 through the time-respecting path 𝑟2 → 𝑟1 → 𝑟3.

5. Reroot to 𝑟3 by removing (𝑟1, 𝑟3,2) and adding (𝑟3, 𝑟2,1) (one arc flip).

Theoretical Computer Science 1055 (2025) 115502 

4 



R. Dondi and M. Lafond 

This arc flip is correct since 𝑟3 reaches 𝑟2 at time 1, and thus 𝑟3 can reach 𝑟1,𝑈 ,𝑈 ′, 𝑆′, 𝑆 through 𝑟2 with a time-respecting path.

6. For 𝑢′
𝑗
∈𝑈 ′ in an arbitrary order, remove the incoming arc incident to 𝑢′

𝑗
and add (𝑟3, 𝑢′𝑗 ,1) (|𝑈 ′| arc flips).

This is easily seen to be correct since 𝑈 ′ vertices are leaves before (and after) the arc flips.

7. For 𝑆′
𝑖
∈ 𝑆′ in an arbitrary order, remove the incoming arc incident to 𝑆′

𝑖
and add (𝑟3, 𝑆′

𝑖
,1) (|𝑆′| arc flips).

This is easily seen to be correct since, because of the previous step, the 𝑆′ vertices are leaves before (and after) the arc flips.

One can check that this sequence of flips yields 𝑇2 . As for the number of arc flips, by summing the number of arc flips required 
for each of the above steps, we see that we require at most |𝑆∗|+ |𝑈 ′|+ |𝑈 |+ 1 + 1 + |𝑈 ′|+ |𝑆′| ≤ 𝑘+ 3𝑛+𝑚+ 2, as desired.

In the converse direction, suppose that there exists a reconfiguration sequence  = (𝑅1,𝑅2,… ,𝑅𝑙) from 𝑇1 to 𝑇2 with 𝑙 − 1 ≤
3𝑛+𝑚+2+ 𝑘, where 𝑇1 =𝑅1 and 𝑇2 =𝑅𝑙 , and each 𝑅𝑖 can be obtained from 𝑅𝑖−1 with an arc flip, for 𝑖∈ {2,… , 𝑙}. We gather a set 
of facts to prove that 𝑈 can be covered by at most 𝑘 sets of 𝑆 .

Fact 1. For each 𝑖∈ [𝑙], the root of 𝑅𝑖 is one of 𝑟1, 𝑟2, or 𝑟3.

Fact 1 holds because only 𝑟1, 𝑟2, and 𝑟3 can reach 𝑟1 in 𝐷.

Fact 2. If 𝑟1 is the root of 𝑅𝑖 for some 𝑖∈ [𝑙], then (𝑟1, 𝑟3,2) ∈𝐴(𝑅𝑖) and (𝑟1, 𝑟2,1) ∈𝐴(𝑅𝑖).

Fact 2 is true because (𝑟1, 𝑟3,2) is the only incoming arc of 𝑟3 and must thus be in 𝑅𝑖. This prevents using (𝑟3, 𝑟2,1) because of the 
time-respecting condition. The only other incoming arc of 𝑟2 is (𝑟1, 𝑟2,1) and it must thus be in 𝑅𝑖 as well.

Fact 3. If 𝑟1 is the root of 𝑅𝑖 for some 𝑖∈ [𝑙 − 1], then 𝑟3 is not the root of 𝑅𝑖+1.

To see that Fact 3 holds, we know by Fact 2 that (𝑟1, 𝑟3,2), (𝑟1, 𝑟2,1) ∈ 𝐴(𝑅𝑖). To make 𝑟3 the root in 𝑅𝑖+1 we have to remove 
(𝑟1, 𝑟3,2), and add some outcoming arc of 𝑟3. But adding (𝑟3, 𝑟2,1) makes 𝑟2 of in-degree 2, and adding an arc from 𝑟3 to some element 
of 𝑆′ ∪𝑈 ′ makes it impossible to reach 𝑟1 from 𝑟3. Therefore, the root of 𝑅𝑖+1 is either 𝑟1 or 𝑟2.

We now proceed with the construction of a set cover. Let 𝑎 ∈ [𝑙] be the minimum index such that 𝑟2 is the root of 𝑅𝑎 (note that 
there must exist such a 𝑅𝑎 since the root of 𝑇2 is 𝑟3 and by Fact 3 the re-rooting from 𝑟1 to 𝑟3 cannot be done with an arc flip). By 
Fact 1 and Fact 3, we know that 𝑟1 is the root of 𝑅𝑎−1, so that 𝑅𝑎 is the first time the root is switched. By Fact 2, (𝑟1, 𝑟2,1) ∈𝐴(𝑅𝑎−1)
and, because (𝑟2, 𝑟1,2) is the only incoming arc of 𝑟1, the only way to switch the root from 𝑟1 to 𝑟2 is by removing (𝑟1, 𝑟2,1) and 
adding (𝑟2, 𝑟1,2). This means that in 𝑅𝑎−1, there cannot be an arc from 𝑟1 to 𝑈 (recall these have timestamp 1), as otherwise (𝑟2, 𝑟1,2)
followed by such an arc would not be time-respecting. This implies that in 𝑅𝑎−1 , all arcs from 𝑟2 to 𝑈 are present, since these are 
the only other incoming arcs of the 𝑈 vertices. These arcs have timestamp 2, which in turn implies that in 𝑅𝑎−1, there cannot be an 
arc from 𝑈 to 𝑈 ′ because of the time-respecting condition. Also, by Fact 2, (𝑟1, 𝑟3,2) ∈𝐴(𝑅𝑎−1) and the arcs from 𝑟3 to 𝑈 ′ cannot be 
active because of the time-respecting condition. Therefore, all in-neighbors of 𝑈 ′ vertices are in 𝑆′. In fact by construction, for each 
𝑢′
𝑗
∈ 𝑈 ′, the in-neighbor of 𝑢′

𝑗
in 𝑅𝑎−1 is some 𝑆′

𝑖
∈ 𝑆′ such that 𝑢𝑗 ∈ 𝑆𝑖. Since every 𝑒 ∈𝐴𝑆′,𝑈 ′ is active at timestamp 1, every path 

from 𝑟1 to a 𝑈 ′ vertex in 𝑅𝑎−1 only uses arcs of timestamps 1. Such a path cannot use an arc in which 𝑟3 is the tail, again because of 
the (𝑟1, 𝑟3,2) arc. Thus such a path must use an arc of 𝐴𝑟2 ,𝑆′ . Let

𝑆∗ = {𝑆𝑖 ∶ (𝑟2, 𝑆′
𝑖
,1) ∈𝐴(𝑅𝑎−1)}.

Note that because each 𝑢′
𝑗
∈𝑈 ′ has an 𝑆′ in-neighbor such that the corresponding 𝑆 set contains 𝑢𝑗 , 𝑆∗ is a set cover. It remains to 

argue that |𝑆∗| ≤ 𝑘.

Observe that 𝐴(𝑅𝑎−1) ⧵𝐴(𝑇1) contains at least |𝑈 | + |𝑈 ′| + |𝑆∗| = 2𝑛 + |𝑆∗| arcs, since it has all arcs of 𝐴𝑟2 ,𝑈 , the arcs from 𝑆′

to 𝑈 ′, and the arcs from 𝑟2 to {𝑆′
𝑖
∶ 𝑆𝑖 ∈ 𝑆∗}. Since each such arc must be inserted by a distinct flip, at least 2𝑛 + |𝑆∗|+ 1 arc flips 

are needed to get to 𝑅𝑎. Then, 𝐴(𝑇2) ⧵ 𝐴(𝑅𝑎) contains at least 1 + |𝑆′| + |𝑈 | = 1 + 𝑛 + 𝑚 arcs, namely (𝑟3, 𝑟2,1) and the arcs from 
𝐴𝑟3,𝑆′ and 𝐴𝑟3,𝑈 ′ (which are not in 𝑅𝑎−1, and thus not in 𝑅𝑎, because (𝑟1, 𝑟3,2) ∈ 𝐴(𝑅𝑎−1) by Fact 2). Therefore, the number of arc 
flips required from 𝑇1 to 𝑇2 is at least 3𝑛+𝑚+ 2 + |𝑆∗|, from which it follows that |𝑆∗| ≤ 𝑘.

Since Set Cover is known to be NP-hard [19], the reduction we have described implies that also Temporal Arborescence 
Reconfiguration for two timestamps is NP-hard. □

4. Inapproximability for two c pairs difference

In this section we show that, unless P=NP, Temporal Arborescence Reconfiguration is not approximable within factor 
𝑏 ln |𝑉 (𝐷)|, for any constant 0 < 𝑏 < 1, even if the two input temporal arborescences differ for two arc pairs, that is, the number of 
arcs in 𝐴(𝑇1) ⧵𝐴(𝑇2) and the number of arcs in 𝐴(𝑇2) ⧵𝐴(𝑇1) is equal to two. We prove the result via an approximation preserving 
reduction from the Set Cover problem. Let (𝑆,𝑈 ) be an instance of Set Cover,1 where 𝑈 = {𝑢1,… , 𝑢𝑛} and 𝑆 = {𝑆1,… , 𝑆𝑚}. 

1 Since in this section we consider optimization versions of problems, we do not include in the problem instances the value of a solution.
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Fig. 2. The input digraph 𝐷 associated with an instance of Set Cover. Each dashed arrow outgoing from 𝑣𝑖,2 , 𝑖 ∈ [𝑚], represent a temporal path containing vertices 
𝑣𝑖,𝑗 , 𝑗 ∈ {3, ..., 𝑛2 − 1}, and not shown in the figure. The dashed arrows outgoing from 𝑣1,𝑛2 , 𝑣𝑖,𝑛2 , 𝑣𝑚,𝑛2 represent temporal arcs connecting these vertices with some 
vertices 𝑤𝑧 , 𝑧 ∈ [𝑛] (the precise arcs depends on the instance of Set Cover). The dashed arrows outgoing from 𝑟1 represent temporal arcs to 𝑣1,𝑛2−1 , 𝑣𝑖,𝑛2−1 , 𝑣𝑚,𝑛2−1 , 
with timestamp 3.

Construct (𝐷 = (𝑉 ,𝐴), 𝑇1, 𝑇2), an instance of (the optimization version of) Temporal Arborescence Reconfiguration associated 
with (𝑈,𝑆), as follows (refer to Fig. 2 for the structure of 𝐷).

𝑉 ={𝑟1, 𝑟2, 𝑦1, 𝑦2} ∪ {𝑣𝑖,𝑧 ∶ 𝑆𝑖 ∈ 𝑆, 𝑖 ∈ [𝑚], 𝑧 ∈ [𝑛2]} ∪ {𝑤𝑖 ∶ 𝑖 ∈ [𝑛], 𝑢𝑖 ∈𝑈}.

The set of arcs 𝐴 is defined as

𝐴 =𝐴1 ∪𝐴2 ∪𝐴3

where (note that some arcs appear in more than one set on purpose since this makes it easier to define the sets 𝐴1 and 𝐴2 that belong 
to 𝑇1 and 𝑇2, respectively):

𝐴1 ={(𝑟1, 𝑟2,2)} ∪ {(𝑟1, 𝑦1,1)} ∪ {(𝑦1, 𝑦2,1)} ∪

{(𝑟1, 𝑣𝑖,1,4) ∶ 𝑖 ∈ [𝑚]} ∪

{(𝑣𝑖,𝑗 , 𝑣𝑖,𝑗+1,4) ∶ 𝑖 ∈ [𝑚], 𝑗 ∈ [𝑛2 − 1]} ∪

{(𝑦2,𝑤𝑖,2) ∶ 𝑖 ∈ [𝑛]}

𝐴2 ={(𝑟2, 𝑟1,2)} ∪ {(𝑟2, 𝑦1,1)} ∪ {(𝑦1, 𝑦2,1)} ∪

{(𝑟1, 𝑣𝑖,1,4) ∶ 𝑖 ∈ [𝑚]} ∪

{(𝑣𝑖,𝑗 , 𝑣𝑖,𝑗+1,4) ∶ 𝑖 ∈ [𝑚], 𝑗 ∈ [𝑛2 − 1]} ∪

{(𝑦2,𝑤𝑖,2) ∶ 𝑖 ∈ [𝑛]}

𝐴3 ={(𝑟2, 𝑦2,3)} ∪ {(𝑦2, 𝑦1,3)}∪

{(𝑟1, 𝑣𝑖,𝑛2−1,3) ∶ 𝑖 ∈ [𝑚]} ∪

{(𝑣𝑖,𝑗 , 𝑣𝑖,𝑗−1,3) ∶ 𝑖 ∈ [𝑚], 𝑗 ∈ [2, 𝑛2 − 1]} ∪ {(𝑣1, 𝑣𝑖,𝑛2 ,3) ∶ 𝑖 ∈ [𝑚]} ∪

{(𝑣𝑖,𝑛2 ,𝑤𝑗 ,3) ∶ 𝑢𝑗 ∈ 𝑆𝑖, 𝑖 ∈ [𝑚], 𝑗 ∈ [𝑛]}

Now, 𝑇1 is the temporal arborescence induced by 𝐴1, that is 𝑇1 = (𝑉 ,𝐴1), and 𝑇2 is the temporal arborescence induced by 
𝐴2, that is 𝑇2 = (𝑉 ,𝐴2) (see Fig. 3). Note that |𝐴1 ⧵ 𝐴2| = |𝐴2 ⧵ 𝐴1| = 2, since 𝐴1 ⧵ 𝐴2 = {(𝑟1, 𝑟2,2), (𝑟1, 𝑦1,1)}, while 𝐴2 ⧵ 𝐴1 =
{(𝑟2, 𝑟1,2), (𝑟2, 𝑦1,1)}.
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Fig. 3. Temporal arborescence 𝑇1 (left) and 𝑇2 (right). The four arcs in bold belong to exactly one the two temporal arborescences, the other arcs belong to both 𝑇1
and 𝑇2 .

Fig. 4. The temporal arborescence obtained after the disconnection step applied to paths from 𝑟1 to 𝑣1,𝑛2 and from 𝑟1 to 𝑣𝑚,𝑛2 , while the path from 𝑟1 to 𝑣𝑖,𝑛2 is not 
affected by the disconnection step. The dashed arrows represent arcs from 𝑣1,𝑛2 , 𝑣𝑚,𝑛2 to 𝑤𝑖 , 𝑖 ∈ [𝑛]. Note that 𝑦2 is a leaf in the temporal arborescence and that the 
root can be made 𝑟2 by the following arc flips: (𝑦1, 𝑦2,1) with (𝑟2 , 𝑦2,3), (𝑟1, 𝑦1 ,1) with (𝑦2 , 𝑦1,3) and (𝑟1, 𝑟2,2) with (𝑟2 , 𝑟1,2).

We define a reconfiguration from 𝑇1 to 𝑇2 as canonical if it has the following properties (see Fig. 4). First, in some order, each 𝑤𝑖, 
𝑖 ∈ [𝑛], is disconnected from 𝑦 as follows (we call this the disconnection step of the reconfiguration):

1. For some 𝑗 ∈ [𝑚], each arc on the path from 𝑟1 to 𝑣𝑗,𝑛2 , associated with timestamp 4, is flipped so that it becomes a path 
from 𝑟1 to 𝑣𝑗,𝑛2 having timestamp 3. First, (𝑣𝑗,𝑛2−2, 𝑣𝑗,𝑛2−1,4) is flipped with (𝑟1, 𝑣𝑗,𝑛2−1,3); then, for each ℎ with ℎ ∈ [2, 𝑛2 − 3], 
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(𝑣𝑗,𝑛2−ℎ−1, 𝑣𝑗,𝑛2−ℎ,4) is flipped with (𝑣𝑗,𝑛2−ℎ, 𝑣𝑗,𝑛2−ℎ−1,3). Finally, (𝑟1, 𝑣𝑗,1,4) is flipped with (𝑣𝑗,2, 𝑣𝑗,1,3) and (𝑣𝑗,𝑛2−1, 𝑣𝑗,𝑛2 ,4) is 
flipped with (𝑣𝑗,1, 𝑣𝑗,𝑛2 ,3).

2. Each arc (𝑦2,𝑤𝑖,2), 𝑖 ∈ [𝑛], is flipped with some arc (𝑣𝑗,𝑛2 ,𝑤𝑖,3), where 𝑗 is such that a path from 𝑟1 to 𝑣𝑗,𝑛2 , with all the arcs 
having timestamps 3 has been constructed at point 1.

Once the disconnection step is applied and each 𝑤𝑖, 𝑖 ∈ [𝑛], is disconnected from 𝑦2, a canonical reconfiguration makes the 
following flips so that the computed arborescence is rooted at 𝑟2:

1. Arc (𝑦1, 𝑦2,1) is flipped with arc (𝑟2, 𝑦2,3)
2. Arc (𝑟1, 𝑦1,1) is flipped with arc (𝑦2, 𝑦1,3)
3. The root of the temporal arborescence is changed by flipping arcs (𝑟1, 𝑟2,2) and (𝑟2, 𝑟1,2)
4. Arc (𝑦2, 𝑦1,3) is flipped with arc (𝑟2, 𝑦1,1)
5. Arc (𝑟2, 𝑦2,3) is flipped with arc (𝑦1, 𝑦2,1)

In order to compute 𝑇2, each arc (𝑣𝑗,𝑛2 ,𝑤𝑖,3), 𝑗 ∈ [𝑚] and 𝑖 ∈ [𝑛], flipped in the disconnection step, is flipped with (𝑦,𝑤𝑖,2). Finally, 
for each path from 𝑟1 to 𝑣𝑗,𝑛2 , 𝑗 ∈ [𝑚], having arcs with timestamp 3, the arc flips applied in the disconnection step are applied in 
reverse order (starting from (𝑣𝑗,1, 𝑣𝑗,𝑛2 ,3) flipped with (𝑣𝑗,𝑛2−1, 𝑣𝑗,𝑛2 ,4) and ending with (𝑟1, 𝑣𝑛2−1,3) flipped with (𝑣𝑗,𝑛2−2, 𝑣𝑗,𝑛2−1,4)).

Before presenting the detailed proofs, we give an intuition of the reduction. In order to re-root from 𝑟1 to 𝑟2 we must apply a 
disconnection step to some paths from 𝑟1 to 𝑣𝑗,𝑛2 , 𝑗 ∈ [𝑚]: these paths encode a set cover. By applying the disconnection step, we are 
able to flip each (𝑦2,𝑤𝑖,2) with (𝑣𝑗,𝑛2 ,𝑤𝑖,3), 𝑖 ∈ [𝑛] and 𝑗 ∈ [𝑚], so that 𝑦2 becomes a leaf of the computed temporal arborescence. 
This allows us, with the arc flips described at points 1--3 above, to re-root the temporal arborescence to 𝑟2 .

We start by proving that a canonical reconfiguration is correct, that is it computes only temporal arborescences.

Lemma 3. Each arborescence computed by a canonical reconfiguration from 𝑇1 to 𝑇2 is a temporal arborescence of 𝐷.

Proof. Consider point 1 of the disconnection step. For some 𝑗 ∈ [𝑚], each arc on the path from 𝑟1 to 𝑣𝑗,𝑛2 , associated with timestamp 
4, is flipped so that it is built a path from 𝑟1 to 𝑣𝑗,𝑛2 having timestamp 3. First, the flip of (𝑣𝑗,𝑛2−2, 𝑣𝑗,𝑛2−1,4) with (𝑟1, 𝑣𝑗,𝑛2−1,3)
produces a temporal arborescence, since obviously 𝑣𝑗,𝑛2−1 is reachable from 𝑟1 and the temporal path consisting of arcs (𝑟1, 𝑣𝑗,𝑛2−1,3)
and (𝑣𝑗,𝑛2−1, 𝑣𝑗,𝑛2 ,4) reaches 𝑣𝑗,𝑛2 from 𝑟1. For the remaining vertices there is no changing with respect to 𝑇1. Next, for each ℎ with 
ℎ ∈ [2, 𝑛2 − 2], (𝑣𝑗,𝑛2−ℎ−1, 𝑣𝑗,𝑛2−ℎ,4) is flipped with (𝑣𝑗,𝑛2−ℎ, 𝑣𝑗,𝑛2−ℎ−1,3). This produces a temporal path 𝑝1 from 𝑟1 to 𝑣𝑗,𝑛2−ℎ, whose 
arcs have all timestamps 3, and a temporal path 𝑝2 from 𝑟1 to 𝑣𝑗,𝑛2−ℎ−1, whose arcs have all timestamps 4. When (𝑟1, 𝑣𝑗,1,4) is flipped 
with (𝑣𝑗,2, 𝑣𝑗,1,3), 𝑝1 reaches 𝑣𝑗,1, while 𝑝2 is removed. The flip of (𝑣𝑗,𝑛2−1, 𝑣𝑗,𝑛2 ,4) with (𝑣𝑗,1, 𝑣𝑗,𝑛2 ,3) leads to a temporal path that 
from 𝑟1 reaches all the vertices 𝑣𝑗,ℎ, with ℎ ∈ [𝑛2].

Let 𝑇 ′
1 be the arborescence produced by the application of the point 1 of the disconnection step. Consider the flip of an arc (𝑦2 ,𝑤𝑖,2)

of 𝑇 ′
1 , 𝑖 ∈ [𝑛], with an arc (𝑣𝑗,𝑛2 ,𝑤𝑖,3), 𝑗 ∈ [𝑚]. Since point 1 of the disconnection step has defined a path from 𝑟1 to 𝑣𝑗,𝑛2 with arcs 

having all timestamp equal to 3, for some 𝑗 ∈ [𝑚], the arc flip produces a time-respecting path and the obtained arborescence is 
spanning since 𝑤𝑖 is a leaf in the obtained arborescence.

Assume then that 𝑇 ′ is produced by the disconnection step. The flip of arc (𝑦1, 𝑦2,1) with arc (𝑟2, 𝑦2,3) produces a time-respecting 
spanning arborescence 𝑇 ′′, since 𝑦2 is a leaf in 𝑇 ′, and similarly the flip of (𝑟1, 𝑦1,1) with (𝑦2, 𝑦1,3), since 𝑦1 is now a leaf in the 
temporal arborescence and the temporal path from 𝑟1 to 𝑦2 is time-respecting. The flip of (𝑟1, 𝑟2,2) with (𝑟2, 𝑟1,2) changes the root 
of the temporal arborescence and it is time-respecting, since all the temporal arcs outgoing from 𝑟1 before the flip, except that to 
𝑟2, have timestamp 3. The flips of (𝑦2, 𝑦1,3) with (𝑟2, 𝑦1,1) produces a temporal arborescence, since 𝑦1 is a leaf in the computed 
arborescence. After the application of this flip 𝑦2 is a leaf in the computed temporal arborescence, hence the flip of (𝑟2, 𝑦2,3) with 
(𝑦1, 𝑦2,1) produces a temporal arborescence. Let 𝑇 𝑧 be the temporal arborescence computed after these flips.

Now, in 𝑇 𝑧, each arc (𝑣𝑗,𝑛2 ,𝑤𝑖,3), for some 𝑗 ∈ [𝑚] and 𝑖 ∈ [𝑛], is flipped with arc (𝑦2,𝑤𝑗 ,2). Since 𝑦2 is reached from the new root 
𝑟2 with a temporal path whose arcs have all timestamp 1, each of these arc flips produces a (time-respecting) temporal arborescence. 
Let 𝑇 𝑞 be the temporal arborescence produced by these flips. Finally, a path from 𝑟1 to 𝑣𝑗,𝑛2 𝑗 ∈ [𝑚], with arcs having timestamp 
4 is produced by applying in the reverse order the flips of the first part of the disconnection step. Each of these arc flips produces 
a temporal arborescence computed in the first phase of the disconnection step. After these last arc flips, the temporal arborescence 
computed by the canonical reconfiguration is exactly 𝑇2, thus concluding the proof. □

We prove now the first direction of the reduction.

Lemma 4. Let (𝑆,𝑈 ) be an instance of Set Cover and let (𝐷,𝑇1, 𝑇2) be the corresponding instance of Temporal Arborescence Recon

figuration. Given a set cover of size at most 𝑘 we can compute in polynomial time a reconfiguration from 𝑇1 to 𝑇2 consisting of at most 
2𝑘𝑛2 + 2𝑛+ 5 flips.

Proof. Consider a set cover 𝑆∗ consisting of at most 𝑘 set. Define in polynomial time a canonical reconfiguration from 𝑇1 to 𝑇2, 
where, in the disconnection step, for each set 𝑆𝑗 ∈ 𝑆∗, 𝑗 ∈ [𝑚], each arc on a temporal path from 𝑟1 to 𝑣𝑗,𝑛2 with timestamp 4 is flipped 
in order to compute a temporal path from 𝑟1 to 𝑣𝑗,𝑛2 whose arcs have all timestamp 3. By Lemma 3 the canonical reconfiguration 
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computes a sequence of temporal (time-respecting) arborescences. The canonical reconfiguration requires 2|𝑆∗|𝑛2 + 2𝑛+ 5 arc flips, 
hence at most 2𝑘𝑛2 + 2𝑛+ 5 arc flips. Indeed, the disconnection step requires |𝑆∗|𝑛2 arc flips for defining |𝑆∗| temporal paths with 
timestamp 3 from 𝑟1 to 𝑣𝑗,𝑛2 . Then 𝑛 arc flips are required for disconnecting each 𝑤𝑖 , 𝑖 ∈ [𝑛], from 𝑦2 and connecting to some 𝑣𝑗,𝑛2 , 
𝑗 ∈ [𝑚]. After the disconnection step, five arc flips are applied: (𝑦1, 𝑦2,1) is flipped with (𝑟2, 𝑦2,3), (𝑟1, 𝑦1,1) is flipped with (𝑦2, 𝑦1,3), 
(𝑟1, 𝑟2,2) is flipped with (𝑟2, 𝑟1,3), (𝑦2, 𝑦1,3) is flipped with (𝑟2, 𝑦1,1), and (𝑟2, 𝑦2,3) is flipped with (𝑦1, 𝑦2,1). Then each arc flipped in 
the disconnection step is flipped in reverse order, for |𝑆∗|𝑛2 more flips, and each 𝑤𝑖 vertex is reconnected with 𝑦2 for 𝑛 more flips. 
Thus the canonical reconfiguration requires at most 2𝑘𝑛2 + 2𝑛+ 5 arc flips, concluding the proof. □

Now, we consider the second part of the reduction, where we prove that a reconfiguration from 𝑇1 to 𝑇2 must apply the discon

nection step of a canonical reconfiguration.

Lemma 5. Let (𝑆,𝑈 ) be an instance of Set Cover and let (𝐷,𝑇1, 𝑇2) be the corresponding instance of Temporal Arborescence Re

configuration. Given a reconfiguration from 𝑇1 to 𝑇2 consisting of at most 2𝑘𝑛2 + 2𝑛+ 5 arc flips we can compute in polynomial time a 
solution of Set Cover on instance (𝑆,𝑈 ) of size at most 𝑘.

Proof. We start by proving that a reconfiguration from 𝑇1 to 𝑇2 must apply the disconnection step of a canonical reconfiguration.

First, consider arc (𝑟1, 𝑟2,2) of 𝑇1 and arc (𝑟2, 𝑟1,2) of 𝑇2. Note that (𝑟1, 𝑟2,2) ((𝑟2, 𝑟1,2), respectively) is the only arc of 𝐷 incoming 
into 𝑟2 (into 𝑟1, respectively). Hence whenever (𝑟1, 𝑟2,2) is flipped, and hence removed, by a reconfiguration, it must be flipped with 
(𝑟2, 𝑟1,2), and 𝑟2 must become the root of the computed temporal arborescence, otherwise either both 𝑟1 and 𝑟2 have not incoming 
arcs or 𝑟2 is not connected with other vertices of the temporal arborescence. Note that this arc flip defines 𝑟2 as the root of the 
computed arborescence and creates a not time-respecting temporal path (𝑟2, 𝑟1,2), (𝑟1, 𝑦1,1), if this latter arc (of 𝑇1) belongs to the 
temporal arborescence. It follows that before (𝑟1, 𝑟2,2) and (𝑟2, 𝑟1,2) are flipped, (𝑟1, 𝑦1,1) must be flipped with another arc that must 
be incoming to 𝑦1 (since 𝑟1 remains the root of the arborescence), that is with (𝑟2, 𝑦1,1) or (𝑦2, 𝑦1,3).

Consider the first case, arc (𝑟2, 𝑦1,1). Notice that arcs (𝑟1, 𝑦1,1) and (𝑟2, 𝑦1,1) cannot be flipped, since this flip creates a temporal 
path (𝑟1, 𝑟2,2), (𝑟2, 𝑦1,1), which is not time-respecting, and we have observed that (𝑟1, 𝑟2,2) has not been flipped yet.

It follows that second case must hold, that is (𝑟1, 𝑦1,1) must be flipped with (𝑦2, 𝑦1,3). Arcs (𝑟1, 𝑦1,1) and (𝑦2, 𝑦1,3) cannot be 
flipped unless (𝑦1, 𝑦2,1) is removed. This latter arc can be flipped only with (𝑟2, 𝑦2,3), since this is the only other arc incoming 
into 𝑦2. However, this flip can be applied (in particular the insertion of (𝑟2, 𝑦2,3)) only if 𝑦2 is a leaf of the computed temporal 
arborescence, that is all the arcs (𝑦2,𝑤𝑖,2), with 𝑖 ∈ [𝑛], have been flipped. Indeed, if an arc (𝑦2,𝑤𝑖,2), 𝑖 ∈ [𝑛], belongs to a temporal 
arborescence, then by flipping (𝑦1, 𝑦2,1) with (𝑟2, 𝑦2,3) we have a temporal path (𝑟2, 𝑦2,3), (𝑦2,𝑤𝑖,2), which is not time-respecting. It 
follows that, before (𝑦1, 𝑦2,1) is flipped with (𝑟2, 𝑦2,3) each vertex 𝑤𝑖, 𝑖 ∈ [𝑛], must first be disconnected from 𝑦2. By construction the 
only incoming arcs to a vertex 𝑤𝑖 , 𝑖 ∈ [𝑛], other than (𝑦2,𝑤𝑖,2), are (𝑣𝑗,𝑛2 ,𝑤𝑖,3), for some 𝑗 ∈ [𝑚], hence each vertex 𝑤𝑖 must first be 
disconnected from 𝑦2 by flipping an arc (𝑦2,𝑤𝑖,2) with an arc (𝑣𝑗,𝑛2 ,𝑤𝑖,3), for some 𝑗 ∈ [𝑚]. This implies that the disconnection step 
of the canonical reconfiguration is applied. This requires that each arc on the temporal path from 𝑟1 to 𝑣𝑗,𝑛2 , which have timestamp 
4 in 𝑇1, is flipped so that a temporal from 𝑟1 to 𝑣𝑗,𝑛2 , whose arcs have all timestamp 3, is defined.

Consider the temporal arborescence 𝑇 ′ constructed by the disconnection step. For each 𝑤𝑖, 𝑖 ∈ [𝑛], the disconnection step flips all 
the arcs of one path from 𝑟1 to some 𝑣𝑗,𝑛2 , 𝑗 ∈ [𝑚], such that 𝑢𝑖 ∈ 𝑆𝑗 ; then we can define a set cover as follows:

𝑆∗ = {𝑆𝑗 ∶ the path from 𝑟1 to 𝑤𝑗,𝑛2 is modified in the disconnection step}.

We claim that 𝑆∗ contains at most 𝑘 sets. Note that a reconfiguration from 𝑇 ′ to 𝑇2 requires, as in a canonical reconfiguration, to 
delete arcs in 𝐴(𝑇 ′) ⧵ (𝐴(𝑇2) ∩𝐴(𝑇1)) and insert arcs in (𝐴(𝑇2) ∩𝐴(𝑇1)) ⧵𝐴(𝑇 ′).

Recall that the reconfiguration of 𝑇1 in 𝑇2 consists of at most 2𝑘𝑛2 + 2𝑛+ 5 flips. If 𝑆∗ consists of at least 𝑘 + 1 sets, then by the 
definition of 𝑆∗ the disconnection step includes at least 𝑘 + 1 paths, thus requiring at least 2(𝑘 + 1)𝑛2 arc flips for these paths, plus 
2𝑛 arc flips for the arcs incident in 𝑤𝑖 , 𝑖 ∈ [𝑛]. We have that 2(𝑘 + 1)𝑛2 + 2𝑛 > 2𝑘𝑛2 + 2𝑛 + 5, since 𝑛 ≥ 2 (otherwise the problem is 
trivial). Hence 𝑆∗ contains at most 𝑘 sets, thus completing the proof. □

Based on Lemma 4, on Lemma 5, on the fact that the digraph 𝐷 contains 𝑂(𝑛2𝑚) vertices and on the hardness of approximation 
of Set Cover [2,6,23], we can prove the following result.

Theorem 6. Temporal Arborescence Reconfiguration is not approximable within factor 𝑏 ln |𝑉 (𝐷)|, for any constant 0 < 𝑏 < 1, 
unless P = NP, even when the two input temporal arborescences differ for two pairs of arcs.

Proof. We prove that we have designed an approximation preserving reduction. Denote the value of an optimal solution of Temporal 
Arborescence Reconfiguration on instance (𝐷,𝑇1, 𝑇2) (Set Cover on instance (𝑆,𝑈 ), respectively) by 𝑂𝑃𝑇 (𝐴𝑅) (𝑂𝑃𝑇 (𝑆𝐶), 
respectively); denote the value of an approximate solution of Temporal Arborescence Reconfiguration on instance (𝐷,𝑇1, 𝑇2)
(Set Cover on instance (𝑆,𝑈 ), respectively) by 𝐴𝑃𝑋(𝐴𝑅) (𝐴𝑃𝑋(𝑆𝐶), respectively). Next, consider the approximation factor of 
Temporal Arborescence Reconfiguration, that is

𝐴𝑃𝑋(𝐴𝑅)
𝑂𝑃𝑇 (𝐴𝑅) 

.
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We have that, by Lemma 5, given an approximated solution of Temporal Arborescence Reconfiguration of value 𝐴𝑃𝑋(𝐴𝑅), we 
can compute in polynomial time an approximation solution of Set Cover of value 𝐴𝑃𝑋(𝑆𝐶) such that 𝐴𝑃𝑋(𝐴𝑅) ≥ 2𝐴𝑃𝑋(𝑆𝐶)𝑛2 +
2𝑛+ 5. Thus

𝐴𝑃𝑋(𝐴𝑅)
𝑂𝑃𝑇 (𝐴𝑅) 

≥
2𝐴𝑃𝑋(𝑆𝐶)𝑛2 + 2𝑛+ 5

𝑂𝑃𝑇 (𝐴𝑅) 
.

By Lemma 4, it follows that 𝑂𝑃𝑇 (𝐴𝑅) ≤ 2𝑂𝑃𝑇 (𝑆𝐶)𝑛2 + 2𝑛+ 5, thus

𝐴𝑃𝑋(𝐴𝑅)
𝑂𝑃𝑇 (𝐴𝑅) 

≥
2𝐴𝑃𝑋(𝑆𝐶)𝑛2 + 2𝑛+ 5

𝑂𝑃𝑇 (𝐴𝑅) 
≥

2𝐴𝑃𝑋(𝑆𝐶)𝑛2 + 2𝑛+ 5
2𝑂𝑃𝑇 (𝑆𝐶)𝑛2 + 2𝑛+ 5 

>
2𝐴𝑃𝑋(𝑆𝐶)𝑛2

2𝑂𝑃𝑇 (𝑆𝐶)𝑛2 + 2𝑛+ 5
≥

2𝐴𝑃𝑋(𝑆𝐶)𝑛2

2𝑂𝑃𝑇 (𝑆𝐶)𝑛2
⋅

2𝑂𝑃𝑇 (𝑆𝐶)𝑛2

2𝑂𝑃𝑇 (𝑆𝐶)𝑛2 + 2𝑛+ 5
≥ (1 − 𝑜(1))𝐴𝑃𝑋(𝑆𝐶)𝑛2

𝑂𝑃𝑇 (𝑆𝐶)𝑛2

since, assuming that 𝑂𝑃𝑇 (𝑆𝐶) is large enough (it does not consist of a constant number of sets, otherwise Set Cover is solvable in 
polynomial time), it holds that

2𝑂𝑃𝑇 (𝑆𝐶)𝑛2

2𝑂𝑃𝑇 (𝑆𝐶)𝑛2 + 2𝑛+ 5
≥ 1 − 𝑜(1).

Set Cover is not approximable within factor 𝑐 ln𝑛, for any constant 0 < 𝑐 < 1, unless P=NP [2,6], thus

𝐴𝑃𝑋(𝐴𝑅)
𝑂𝑃𝑇 (𝐴𝑅) 

≥ (1 − 𝑜(1))𝐴𝑃𝑋(𝑆𝐶)𝑛2

𝑂𝑃𝑇 (𝑆𝐶)𝑛2
> 𝑐′ ln𝑛,

for any constant 0 < 𝑐′ < 1. Finally, observe that by construction |𝑉 (𝐷)| ≤𝑚𝑛2 + 𝑛+4 and that the hardness of Set Cover holds also 
if 𝑚 ≤ 𝑝𝑜𝑙𝑦(𝑛) [23], thus |𝑉 (𝐷)| ≤ 𝑝𝑜𝑙𝑦(𝑛) and hence for any constant 0 < 𝑏 < 1 it holds that

𝐴𝑃𝑋(𝐴𝑅)
𝑂𝑃𝑇 (𝐴𝑅) 

> 𝑐 ln𝑛 ≥ 𝑏 ln |𝑉 (𝐷)|.

This concludes the proof. □

Note that the hardness result easily extends to the case where the temporal arborescences differ by more than two arc pairs. For 
example, we can replicate the construction of Fig. 2 and Fig. 3 by adding many copies of the subtree rooted at 𝑦1 and of the subtrees 
rooted at 𝑣𝑖,𝑗 . Each copy has to be reconfigured independently, thus the inapproximation ratio is the same as in our result.

One Pair Arcs Difference 

We have shown that Temporal Arborescence Reconfiguration is hard (also to approximate) when 𝑇1 = (𝑉 ,𝐴(𝑇1)) and 
𝑇2 = (𝑉 ,𝐴(𝑇2)) differ for two pairs of arcs. On the other hand when 𝑇1 and 𝑇2 differ for one pair, we have the following result.

Remark 7. Temporal Arborescence Reconfiguration is solvable in polynomial-time when the two input temporal arborescences 
differ for one pair of arcs.

Since 𝑇1 and 𝑇2 have differ for one pair, 𝐴(𝑇1) ⧵ 𝐴(𝑇2) contains a single arc 𝑎1 and 𝐴(𝑇2) ⧵ 𝐴(𝑇1) contains a single arc 𝑎2, the 
problem is easy to solve in polynomial time. Indeed, by flipping 𝑎1 with 𝑎2 in 𝑇1, hence by removing 𝑎1 and inserting 𝑎2, we obtain 
𝑇2, which is a temporal arborescence. It follows that the arc flip of 𝑎1 with 𝑎2 can always be applied and the solution is optimal, since 
𝑇1 is different from 𝑇2 and at least one arc flip is required to compute a reconfiguration from 𝑇1 to 𝑇2.

5. W[1]-hardness for the number of arc flips

In all the above reductions (Section 3 and Section 4) and also the reduction in [16], the number of required arc flips is always a 
function of 𝑛. Therefore, an algorithm with complexity of the form 𝑓 (𝑝)𝑛𝑐 , with constant 𝑐 and 𝑓 only depending on 𝑝 (number of arc 
flips of a reconfiguration from 𝑇1 to 𝑇2), is not excluded. We show that this is unlikely by proving that the Temporal Arborescence 
Reconfiguration problem is W[1]-hard under this parameter 𝑝, and that in fact it is W[1]-hard in parameter 𝑝 +max(𝑢,𝑣,𝑡)∈𝐴(𝐷) 𝑡.

We reduce Multicolored Clique to Temporal Arborescence Reconfiguration. Multicolored Clique, given an undi

rected graph 𝐺 = (𝑉 ,𝐸), whose vertices are colored with 𝑘 colors, asks whether there exists a clique, called multicolored clique, 
containing one vertex from each color. The problem is W[1]-hard when the parameter is the number of colors [8].

Let 𝐺 = (𝑉 ,𝐸) be an instance a Multicolored Clique, with vertices partitioned into color classes 𝑉1 ,… , 𝑉𝑘. For 𝑖, 𝑗 ∈ [𝑘], we will 
denote 𝐸𝑖,𝑗 = {𝑢𝑣 ∈ 𝐸 ∶ 𝑢 ∈ 𝑉𝑖, 𝑣 ∈ 𝑉𝑗}. Let us construct an instance (𝐷,𝑇1, 𝑇2, 𝑝) of Temporal Arborescence Reconfiguration, 
where 𝐷 is a temporal digraph, 𝑇1, 𝑇2 are arborescences, and 𝑝 is the number of flips.

Let us first construct 𝐷, which is shown in Fig. 5 (we provide the main intuitions after the description of the construction). We 
define the vertex set of 𝐷 as 𝑉 (𝐷) =𝑅 ∪ 𝑅̃ ∪𝐶 ∪𝑈 , where
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Fig. 5. Main construction for the W[1]-hardness proof. Top-left: the temporal graph 𝐷. Bottom-left: a zoom-in on how vertices 𝑟𝑖−1, 𝑟𝑖−1, 𝑟𝑖 are connected with the arcs 
𝑒𝑖−1, 𝑒𝑖−1, 𝑒

′
𝑖−1, 𝑓𝑖−1 . Top-right: the initial temporal arborescence 𝑇1. Bottom-right: the target temporal arborescence 𝑇2. Note that the timestamps 0 of arcs (𝑟𝑘, 𝑐𝑖) are 

not shown.

𝑅 = {𝑟0, 𝑟1,… , 𝑟𝑘}

𝑅̃ = {𝑟0, 𝑟1,… , 𝑟𝑘−1}

𝐶 = {𝑐1, 𝑐2,… , 𝑐𝑘}

𝑈 = {𝑢′ ∶ 𝑢 ∈ 𝑉 (𝐺)}.

For 𝑖 ∈ [𝑘], we will denote 𝑈𝑖 = {𝑢′ ∶ 𝑢 ∈ 𝑉𝑖}.

As for the arc set 𝐴(𝐷), add the following arc sets:

• 𝑅-𝑅̃ arcs: for each 𝑖 ∈ {0,1,… , 𝑘−1}, add the arc 𝑒𝑖 = (𝑟𝑖, 𝑟𝑖,3𝑘); the arc 𝑒𝑖 = (𝑟𝑖, 𝑟𝑖+1,3𝑘); the arc 𝑒′
𝑖
= (𝑟𝑖, 𝑟𝑖+1, 𝑘− 𝑖); and the arc 

𝑓𝑖 = (𝑟𝑖+1, 𝑟𝑖,4𝑘). Also add the arc (𝑟𝑖+1, 𝑟𝑖,4𝑘).
• 𝑟0-𝑈 arcs: for each 𝑢 ∈ 𝑉 (𝐺), add the arc (𝑟0, 𝑢′,4𝑘).
• 𝑟𝑖-𝑈𝑖 arcs: for each color class 𝑖 ∈ [𝑘] and each 𝑢 ∈ 𝑉𝑖, add the arc (𝑟𝑖, 𝑢′, 𝑘+ 𝑖). Note that 𝑖 > 0, hence 𝑟0 is not concerned here.

• 𝑈𝑖-𝑈𝑗 arcs: for each 𝑖, 𝑗 ∈ [𝑘] with 𝑗 < 𝑖 and each 𝑢𝑣 ∈ 𝐸𝑖,𝑗 with 𝑢 ∈ 𝑉𝑖 and 𝑣 ∈ 𝑉𝑗 , add an arc (𝑢′, 𝑣′, 𝑘+ 𝑖). That is, each vertex 
𝑢′ has an outgoing arc to 𝑣′ whenever 𝑣 is a neighbor of 𝑢 in a ``lower'' color class. In terms of Fig. 5, this means that all arcs 
between the 𝑈𝑖 sets go upwards. The tail of the arc determines its timestamp.

• 𝑅-𝐶 arcs: for each color class 𝑖 ∈ [𝑘], add the arcs (𝑟𝑖−1, 𝑐𝑖,3𝑘) and (𝑟𝑘, 𝑐𝑖,0).
• 𝑈𝑖-𝑐𝑖 arcs: for each color class 𝑖 ∈ [𝑘], and each 𝑢 ∈ 𝑉𝑖, add the arc (𝑢′, 𝑐𝑖,3𝑘− 1).
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Fig. 6. A sequence of arc flips to re-root from 𝑟0 to 𝑟1 . 

The arcs of the initial temporal arborescence 𝑇1 consist of: the 𝑅-𝑅̃ arcs 𝑒𝑖, 𝑒𝑖 for 𝑖 ∈ {0,1,… , 𝑘−1}, so that there is a path of arcs 
at time 3𝑘 from 𝑟0 to 𝑟𝑘; the 𝑟0-𝑈 arcs (𝑟0, 𝑢′,4𝑘) for 𝑢 ∈ 𝑉 ; the 𝑅-𝐶 arcs (𝑟𝑖−1, 𝑐𝑖,3𝑘) for 𝑖 ∈ [𝑘].

The arcs of the target temporal arborescence 𝑇2 consist of the same arc set as 𝑇1, except that: no 𝑒𝑖, 𝑒𝑖 arc is in 𝑇2, and instead 
each 𝑅-𝑅̃ arc 𝑓𝑖 is in 𝑇2 for 𝑖 ∈ {0,1,… , 𝑘−1} and each arc (𝑟𝑖, ̃𝑟𝑖−1,4𝑘) is in 𝑇2 for 𝑖 ∈ [𝑘]; no (𝑟𝑖−1, 𝑐𝑖,3𝑘) arc is present, and instead 
each 𝑅-𝐶 arc (𝑟𝑘, 𝑐𝑖,0) is in 𝑇2. It is not difficult to verify that 𝑇1 and 𝑇2 are temporal arborescences (hence time-respecting).

The intuition behind this construction is as follows. To transform 𝑇1 into 𝑇2, one must first re-root from 𝑟0 to 𝑟1, then to 𝑟2, and 
so on until 𝑟𝑘 is the root. If we re-root from 𝑟0 to 𝑟1, we need to insert the arc (𝑟1, 𝑟0,4𝑘). This cannot be done in the very first arc flip 
though, because the arc (𝑟0, 𝑐1,3𝑘) in the 𝑅-𝐶 group would violate temporality. So any solution must first create an alternate path 
from 𝑟0 to 𝑐1 before the first re-rooting. One can show that the only way to achieve this is to first choose some 𝑢′1 ∈𝑈1 and perform 
some flips to create the path 𝑟0 → 𝑟1 → 𝑢′1 → 𝑐1, using arcs at times 𝑘,𝑘+ 1,3𝑘− 1. Once this is done, we can safely re-root to 𝑟1.

Next, we must re-root to 𝑟2. As before, we cannot insert (𝑟2, 𝑟1,4𝑘) because of (𝑟1, 𝑐2,3𝑘). So we must create an alternate path 
𝑟1 → 𝑟2 → 𝑢′2 → 𝑐2 for some 𝑢′2 ∈𝑈2. However this time, the arc (𝑟1, 𝑢′1, 𝑘+ 1) from the previous step is also an issue and we must also 
have an alternate path from 𝑟1 to 𝑢′1. The key idea is that the most efficient way to do this is, after choosing 𝑢′2 , to apply a flip that 
removes (𝑟1, 𝑢′1, 𝑘+ 1) and inserts (𝑢′2, 𝑢

′
1, 𝑘+ 2). This arc exists only if 𝑢2𝑢1 ∈ 𝐸(𝐺), forcing us to choose 𝑢′2, 𝑢

′
1 that form a clique of 

size 2.

The same idea applies for every 𝑖 ∈ [𝑘]. Before re-rooting from 𝑟𝑖−1 to 𝑟𝑖, we must find an alternate path 𝑟𝑖−1 → 𝑟𝑖 → 𝑢′
𝑖
→ 𝑐𝑖 by 

choosing some 𝑢′
𝑖
∈ 𝑈𝑖. At this point, there are 𝑢′1,… , 𝑢′

𝑖−1 that are used as in-neighbors of 𝑐1,… , 𝑐𝑖−1. The most efficient setup is 
to choose 𝑢′

𝑖
that allows inserting the (𝑢′

𝑖
, 𝑢′
𝑗
, 𝑘+ 𝑖) arcs for all those 𝑗 < 𝑖, requiring all corresponding 𝑢𝑗 ’s to be neighbors of 𝑢𝑖 in 

𝐺. In other words, there are 𝑘 phases to apply, one for each re-rooting to each 𝑟𝑖, and at each phase 𝑖 we must choose a 𝑢𝑖 (and 
corresponding 𝑢′

𝑖
) that is a neighbor of all the previously chosen 𝑢𝑗 ’s, thereby forming a clique. The specific arc timestamps in the 

construction are chosen to enforce this behavior.

We will show that 𝐺 contains a multicolored clique if and only if 𝑇1 can be transformed into 𝑇2 using at most 𝑝 = 2𝑘+
∑𝑘

𝑖=1(𝑖+4)
arc flips. In essence, each term in the summation represents the arc flips needed to re-root from 𝑟𝑖−1 to 𝑟𝑖, and the 2𝑘 term is there 
for a cleanup phase after having re-rooted to 𝑟𝑘 . Note that since 𝑝 is a function of 𝑘 only, this shows 𝑊 [1]-hardness in parameter 𝑝
being the number of required arc flips. As previously claimed, all timestamps assigned to arcs are a function of 𝑘, so the problem is 
in fact W[1]-hard in parameter 𝑝+ 𝑡, where 𝑡 =max(𝑢,𝑣,𝑡′)∈𝐴(𝐷) 𝑡

′.

Theorem 8. The Temporal Arborescence problem is W[1]-hard when parameterized by the number of arc flips plus the maximum 
timestamp.

Proof. First note that the construction of 𝐷 from 𝐺 can be carried out in polynomial time. As mentioned above, we show that 𝐺
contains a multicolored clique if and only if 𝑇1 can be transformed into 𝑇2 using at most 𝑝 = 2𝑘+

∑𝑘

𝑖=1(𝑖+ 4) arc flips.

(⇒) Suppose that 𝐺 has a multicolored clique 𝐾 = {𝑢1,… , 𝑢𝑘}, where for each 𝑖 ∈ [𝑘] the vertex 𝑢𝑖 belongs to color class 𝑉𝑖 (from 
now on, the 𝑢𝑖 and 𝑢′

𝑖
vertices with subscripts refer to vertices of the clique). As shown in Fig. 6, starting from 𝑇1 , one can re-root 

from 𝑟0 to 𝑟1 (each step can easily be checked to maintain a temporal arborescence, hence time-respecting):

• Remove 𝑒0 = (𝑟0, 𝑟1,3𝑘) and insert 𝑒′0 = (𝑟0, 𝑟1, 𝑘), so that 𝑟0 reaches 𝑟1 with the arc at time 𝑘 instead of the arcs at time 3𝑘. Then 
remove (𝑟0, 𝑟0,3𝑘) and insert (𝑟1, 𝑟0,4𝑘); This results in the second arborescence shown in Fig. 6.

• Remove (𝑟0, 𝑢′1,4𝑘) and insert (𝑟1, 𝑢′1, 𝑘+ 1), which is now possible. Then remove (𝑟0, 𝑐1,3𝑘) and insert (𝑢′1, 𝑐1,3𝑘− 1);
• Remove 𝑒′0 and insert (𝑟1, 𝑟0,4𝑘), thereby re-rooting to 𝑟1.

Note that this requires 5 = 1 + 4 flips. Now let 𝑖 ≥ 2 and let us see how to re-root from 𝑟𝑖−1 to 𝑟𝑖 (illustrated in Fig. 7). Assume 
that we have reached a temporal arborescence such that: 𝑟𝑖−1 is the root; (𝑟𝑖−1, 𝑢′𝑖−1, 𝑘+ 𝑖− 1) is active; (𝑢′

𝑖−1, 𝑢
′
𝑗
, 𝑘+ 𝑖− 1) is active for 

each 𝑗 < 𝑖− 1; (𝑢′
𝑗
, 𝑐𝑗 ,3𝑘− 1) is active for each 𝑗 ≤ 𝑖− 1. Also assume that 𝑟𝑖−1 reaches 𝑟0 using the 𝑓𝑗 upwards arcs at time 4𝑘, and 

that 𝑟0 uses 4𝑘 arcs to reach all the 𝑣′
𝑗

other than 𝑢′1,… , 𝑢′
𝑖−1. Note that all these conditions hold for 𝑖 = 2 after applying the re-rooting 

from 𝑟0 to 𝑟1. We show how to re-root from 𝑟𝑖−1 to 𝑟𝑖, such that the same properties hold but with 𝑟𝑖 as the root. To achieve this:

• Remove 𝑒𝑖−1 = (𝑟𝑖−1, 𝑟𝑖,3𝑘) and add 𝑒′
𝑖−1 = (𝑟𝑖−1, 𝑟𝑖, 𝑘− (𝑖− 1)), so that 𝑟𝑖−1 now reaches 𝑟𝑖 with an arc at timestamp 𝑘 − 𝑖 + 1. 

This preserves temporality since any path previously going through 𝑟𝑖 reached it at time 3𝑘, and now 𝑟𝑖 is reached at a lower 
time 𝑘− 𝑖+ 1.
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Fig. 7. A sequence of arc flips to re-root from 𝑟𝑖−1 to 𝑟𝑖 . Here, we assume ℎ < 𝑗 < 𝑖 − 1. The middle state is obtained by two arc flips that insert 𝑒′
𝑖−1 and (𝑟𝑖, 𝑢′𝑖). The 

rightmost state is obtained by making 𝑢′
𝑖

the in-neighbor of every 𝑢′
𝑗
, 𝑗 < 𝑖. The last step is not shown and consists in flipping 𝑒′

𝑖−1 to 𝑓𝑖−1 to re-root to 𝑟𝑖 .

Then, remove 𝑒𝑖−1 = (𝑟𝑖−1, 𝑟𝑖−1,3𝑘) and add (𝑟𝑖, 𝑟𝑖−1,4𝑘).
• Remove (𝑟0, 𝑢′𝑖 ,4𝑘) and add (𝑟𝑖, 𝑢′𝑖 , 𝑘+ 𝑖). This preserves temporality since the new path from 𝑟𝑖−1 to 𝑢′

𝑖
uses arcs at respective 

times 𝑘− 𝑖+ 1 and 𝑘+ 𝑖.
• Remove (𝑟𝑖−1, 𝑐𝑖,3𝑘) and add (𝑢′

𝑖
, 𝑐𝑖,3𝑘− 1), which is correct since the latter has time 3𝑘− 1 > 𝑘+ 𝑖.

• For each 𝑗 < 𝑖− 1, remove the incoming arc (𝑢′
𝑖−1, 𝑢

′
𝑗
, 𝑘+ 𝑖− 1) of 𝑢′

𝑗
and add (𝑢′

𝑖
, 𝑢′
𝑗
, 𝑘+ 𝑖) (which exists because 𝑢𝑖𝑢𝑗 ∈𝐸(𝐺)).

This is temporarily correct since 𝑢′
𝑖

is currently reachable with arcs of timestamp at most 𝑘 + 𝑖, each arc from 𝑢′
𝑖

to 𝑢′
𝑗

has 
timestamp 𝑘+ 𝑖, and each arc from 𝑢′

𝑗
to 𝑐𝑗 has timestamp 3𝑘− 1 > 𝑘+ 𝑖.

• Remove (𝑟𝑖−1, 𝑢′𝑖−1, 𝑘+ 𝑖− 1) and add (𝑢′
𝑖
, 𝑢′
𝑖−1, 𝑘+ 𝑖), which preserves temporality as in the previous step.

• Finally, re-root ro 𝑟𝑖 by removing 𝑒′
𝑖−1 and adding 𝑓𝑖−1 = (𝑟𝑖, 𝑟𝑖−1,4𝑘). This preserves temporality because, at this point we have 

the situation from Fig. 7 on the right. The only vertices that 𝑟𝑖−1 was reaching without going through 𝑟𝑖 were 𝑟𝑖−2,… , 𝑟0 and 𝑢′
vertices using (𝑟0, 𝑢′,4𝑘) arcs, and all the underlying paths consisted of arcs at time 4𝑘.

Observe that all the assumptions made before handling step 𝑖 are true for the next step. Also note that to re-root from 𝑟𝑖−1 to 𝑟𝑖, the 
above requires 4 + (𝑖− 2) + 2 = 𝑖+ 4 flips.

Once we reach a point where 𝑟𝑘 is the root, we can: replace every (𝑢′
𝑗
, 𝑐𝑗 ,3𝑘− 1) with (𝑟𝑘, 𝑐𝑗 ,0) for 𝑗 ∈ [𝑘] (𝑘 arc flips); remove all 

the (𝑢′
𝑘
, 𝑢′
𝑗
,2𝑘) arcs and insert (𝑟0, 𝑢′𝑗 ,4𝑘) for 𝑗 < 𝑘 (𝑘− 1 arc flips); replace (𝑟𝑘, 𝑢′𝑘,2𝑘) with (𝑟0, 𝑢′𝑘,4𝑘) (1 arc flip). This last step adds 

2𝑘 arc flips.

Overall, we have reached 𝑇2 using 
∑𝑘

𝑖=1(𝑖+ 4) + 2𝑘 = 𝑝 arc flips.

(⇐) Suppose that 𝑇1 can be transformed into 𝑇2 using at most 𝑝 flips. Let  be the sequence of arborescences encountered in this 
transformation, so that the first element of  is 𝑇1 and the last is 𝑇2.

We first establish that we must move the roots from 𝑟0, 𝑟1,… , 𝑟𝑘, and then gather several conditions that must occur during each 
re-rooting.

Fact 4. For any 𝑖∈ [𝑘],  eventually reaches a temporal arborescence in which 𝑟𝑖−1 is the root, such that after the next flip, 𝑟𝑖 becomes the 
root.

Proof. Assume that some 𝑟𝑖−1 is the root of a temporal arborescence 𝑇 at some point in , and that the next flip yields an arborescence 
𝑇 ′ whose root is different. We argue that this new root is either 𝑟𝑖−2 (if it exists) or 𝑟𝑖. Note that since 𝑟𝑖−1 has an in-neighbor in 𝑇 ′

but not in 𝑇 , the arc inserted by the flip must be an incoming arc of 𝑟𝑖−1. There are three such possible arcs:

1. 𝑒𝑖−2 = (𝑟𝑖−2, 𝑟𝑖−1,3𝑘) is inserted to obtain 𝑇 ′. In that case, consider how 𝑟𝑖−1 reaches 𝑟𝑖−2 in 𝑇 . The path 𝑟𝑖−1 − 𝑟𝑖−2 − 𝑟𝑖−2 is not 
time-respecting, and the only other option is to use the arc (𝑟𝑖−1, 𝑟𝑖−2,4𝑘). In that case, the flip that yields 𝑇 ′ must remove that 
arc. Since 𝑟𝑖−2 loses its in-neighbor in 𝑇 ′, it must now be the root. However, there is no time-respecting path from 𝑟𝑖−2 to 𝑐𝑖−2. 
Indeed, if we assume that such a path exists, it must start with the arc 𝑒𝑖−2 = (𝑟𝑖−2, 𝑟𝑖−1,3𝑘) at time 3𝑘. Then the successor of 𝑟𝑖−1
cannot be 𝑟𝑖−2, since this requires taking the arc 𝑓𝑖−2 at time 4𝑘, whereas all the in-neighbors of 𝑐𝑖−2 have time 3𝑘 or less. Since 
there are no other ways to get to 𝑟𝑖−2 , the in-neighbor of 𝑐𝑖−2 cannot be 𝑟𝑖−2. It must thus be some 𝑢 ∈𝑈𝑖−2 or 𝑟𝑘, which is again 
impossible since the arcs from 𝑈𝑖−2 to 𝑐𝑖−2 have time 3𝑘−1 < 3𝑘 and the 𝑟𝑘 − 𝑐𝑖−2 arc has time 0. It follows that this case cannot 
occur.

2. 𝑒′
𝑖−2 = (𝑟𝑖−2, 𝑟𝑖−1, 𝑘− 𝑖+2) is inserted. In this scenario, note that 𝑓𝑖−2 = (𝑟𝑖−1, 𝑟𝑖−2,4𝑘) must be present in 𝑇 for 𝑟𝑖−1 to reach 𝑟𝑖−2. 

The flip that yields 𝑇 ′ must remove that arc, in which case 𝑟𝑖−2 loses its in-neighbor and becomes the new root.

3. 𝑓𝑖−1 = (𝑟𝑖, 𝑟𝑖−1,4𝑘) is inserted. In this case, in 𝑇 the path from 𝑟𝑖−1 to 𝑟𝑖 either uses 𝑒𝑖−1, 𝑒𝑖−1, or it uses 𝑒′
𝑖−1. In the first case, 

to obtain 𝑇 ′, we cannot remove 𝑒𝑖−1, because 𝑟𝑖−1 would become the root but be unable to reach 𝑐𝑖−1 (similarly as in case 1 
above). So we have to remove 𝑒𝑖−1, in which case 𝑟𝑖 loses its in-neighbor and becomes the root. If the 𝑟𝑖−1 to 𝑟𝑖 path of 𝑇 uses 
𝑒′
𝑖−1 instead, it must be removed and again 𝑟𝑖 becomes the root.
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We deduce that over the sequence of arc flips, only vertices from 𝑅 can be roots, and the subscript of the root can only increase 
of decrease by 1. Since the root of 𝑇1 is 𝑟0 and the root of 𝑇2 is 𝑟𝑘, we must go through each of 𝑟0, 𝑟1,… , 𝑟𝑘 as the root at least once. 
Moreover, if 𝑇 + is the first arborescence encountered in  whose root is 𝑟𝑖, the fact that root subscripts can only increase or decrease 
by 1 implies that the root prior to 𝑇 + could only have been 𝑟𝑖−1, which proves the statement. □

In what follows, when we say that an arc 𝑒 is active before and after a re-rooting from 𝑟𝑖−1 to 𝑟𝑖, we mean that we have a temporal 
arborescence 𝑇 with 𝑟𝑖−1 as the root, perform an arc flip to obtain 𝑇 ′ with a new root 𝑟𝑖, and that 𝑒 is active in both 𝑇 and 𝑇 ′ (with 
no guarantees before 𝑇 nor after 𝑇 ′). Analogously, when we say that a path is active before and after re-rooting, we mean that all 
the arcs of the path are.

Fact 5. Let 𝑖 ∈ [𝑘 − 1]. When re-rooting from 𝑟𝑖−1 to 𝑟𝑖, the arcs 𝑒𝑖 and 𝑒𝑖 are active before and after re-rooting. Moreover, 𝑒′
𝑖

is not active 
before re-rooting, nor after.

Proof. When the root is 𝑟𝑖−1, the path from 𝑟𝑖−1 to 𝑟𝑖 must either use arcs 𝑒𝑖−1, 𝑒𝑖−1 at times 3𝑘, or 𝑒′
𝑖−1 at time 𝑘− (𝑖−1) = 𝑘− 𝑖+1. 

Either way, since 𝑒′
𝑖

has time 𝑘− 𝑖 < 𝑘− 𝑖+ 1, it cannot be active at this moment. This also means that 𝑟𝑖 reaches 𝑟𝑖+1 through active 
arcs 𝑒𝑖, 𝑒𝑖, the only other possibility. To re-root to 𝑟𝑖, the arc flip must insert 𝑓𝑖−1 for 𝑟𝑖 to reach 𝑟𝑖−1, which means that 𝑒′

𝑖
is not 

inserted and still not active. This also means that 𝑒𝑖, 𝑒𝑖 remain active for 𝑟𝑖 to reach 𝑟𝑖+1. □

Fact 6. Let 𝑖∈ [𝑘]. When re-rooting from 𝑟𝑖−1 to 𝑟𝑖, there is 𝑢′ ∈𝑈𝑖 such that the path 𝑟𝑖 → 𝑢′ → 𝑐𝑖 is active before and after re-rooting.

Proof. Let 𝑇 be a temporal arborescence in which 𝑟𝑖−1 is the root, such that a flip yields 𝑇 ′ in which 𝑟𝑖 becomes the root. Recall that 
the in-neighbors of 𝑐𝑖 are 𝑟𝑖−1, 𝑟𝑘, and 𝑈𝑖. Any path from 𝑟𝑖−1 to 𝑟𝑘 uses an arc at timestamp greater than 0, and so the arc (𝑟𝑘, 𝑐𝑖,0)
cannot be active in 𝑇 when 𝑟𝑖−1 is the root. Also, since re-rooting to 𝑟𝑖 inserts 𝑓𝑖−1 = (𝑟𝑖, 𝑟𝑖−1,4𝑘), that arc cannot be inserted and is 
thus not in 𝑇 ′, and moreover the arc (𝑟𝑖−1, 𝑐𝑖,3𝑘) cannot be active in 𝑇 ′ because of time-consistency. The only option is that some 
arc (𝑢′, 𝑐𝑖,3𝑘− 1) must be active 𝑇 ′. Because that arc was not inserted, it was also active in 𝑇 .

Consider the first arc on the path from 𝑟𝑖 to that 𝑢′ in 𝑇 ′, where 𝑢′ ∈𝑈𝑖. By Fact 5, 𝑒𝑖 is active in 𝑇 ′, but it cannot be the first arc 
of the 𝑟𝑖 to 𝑢′ path: 𝑒𝑖 has timestamp 3𝑘 and prevents using (𝑢′, 𝑐𝑖,3𝑘− 1). The first arc of the path also cannot be 𝑓𝑖−1 (at time 4𝑘) 
for the same reason. Also by Fact 5, 𝑒′

𝑖
is not active in 𝑇 ′ and cannot be used on the path. By inspecting the set of out-neighbors of 

𝑟𝑖, the only remaining option is some (𝑟𝑖, 𝑣′, 𝑘+ 𝑖) with 𝑣′ ∈𝑈𝑖. Observe that if 𝑣′ ≠ 𝑢′, then 𝑣′ cannot reach 𝑢′, so 𝑣′ = 𝑢′. Therefore, 
the path 𝑟𝑖 → 𝑢′ → 𝑐𝑖 is active after re-rooting, and since 𝑓𝑖−1 is inserted to obtain 𝑇 ′, no arc of this path is inserted by the flip, and 
it was thus also active before the re-rooting. □

Fact 7. Let 𝑖 ∈ [𝑘]. When re-rooting from 𝑟𝑖−1 to 𝑟𝑖, for each 𝑗 < 𝑖 there are 𝑢′ ∈ 𝑈𝑖 and 𝑣′ ∈ 𝑈𝑗 such that the path 𝑟𝑖 → 𝑢′ → 𝑣′ → 𝑐𝑗 is 
active before and after re-rooting.

Proof. Let 𝑗 < 𝑖 and consider the path from 𝑟𝑖 to 𝑐𝑗 when 𝑟𝑖 just became the root after a flip. This path cannot go through 𝑟𝑖−1
because of the arc at time 4𝑘 from 𝑟𝑖 to 𝑟𝑖−1, and because all incoming arcs of 𝑐𝑗 have time 3𝑘 or less. As in the previous fact, the 
arc (𝑟𝑘, 𝑐𝑗 ,0) also cannot be used (even when 𝑖 = 𝑘, because that arc could not have been active prior to re-rooting, and was not 
inserted by the flip). Thus the in-neighbor of 𝑐𝑗 on that path must be some 𝑣′ ∈ 𝑈𝑗 , using the arc (𝑣′, 𝑐𝑗 ,3𝑘− 1). If 𝑖 < 𝑘, by Fact 5, 
𝑒𝑖 is active and, since it has time 3𝑘 > 3𝑘 − 1, it cannot be used on the path. Also 𝑒′

𝑖
is not active. Likewise, 𝑓𝑖−1 cannot be on that 

path (also true when 𝑖 = 𝑘). Thus, the path starts with some arc (𝑟𝑖, 𝑢′, 𝑘+ 𝑖), 𝑢′ ∈ 𝑈𝑖. If 𝑣′ is the out-neighbor of 𝑢′ on the path, we 
are done, so assume otherwise. This out-neighbor cannot be 𝑐𝑖 as it does not reach 𝑣′, and it must be some 𝑤′ ∈ 𝑈𝑙 , where 𝑗 < 𝑙 < 𝑖. 
Notice that all the outgoing arcs of 𝑤′ have timestamp 𝑘+ 𝑙 < 𝑘+ 𝑖 and cannot be used because of (𝑟𝑖, 𝑢′, 𝑘+ 𝑖), except for the usable 
arc (𝑤′, 𝑐𝑙,3𝑘− 1). However, the latter leads to the sink 𝑐𝑙 and cannot be used to reach 𝑐𝑗 , contradicting that 𝑤′ is on the path. We 
deduce that the arc (𝑢′, 𝑣′, 𝑘+ 𝑖) is active. Therefore, the path 𝑟𝑖 → 𝑢′ → 𝑣′ → 𝑐𝑗 is active after the re-rooting occurred, and since the 
re-rooting was obtained by inserting 𝑓𝑖−1, no arc of this path was inserted by the arc flip that caused the re-rooting, so they were also 
active before. □

We can now establish that the in-neighbors of the 𝑐𝑗 vertices correspond, as we iterate the roots from 𝑟0, 𝑟1,… , 𝑟𝑘, to a ``growing'' 
multicolored clique. To this end, for an arborescence 𝑇 of 𝐷, define

𝐶(𝑇 ) = {𝑢′ ∶ (𝑢′, 𝑐𝑗 ,3𝑘− 1) is active in 𝑇 , 𝑗 ∈ [𝑘]}.

By Fact 6 and Fact 7, when 𝑇 is the result of re-rooting to some 𝑟𝑖, 𝐶(𝑇 ) has one element 𝑢′ ∈ 𝑈𝑗 for each 𝑗 ≤ 𝑖 (and exactly one, 
since 𝑐𝑗 cannot have two in-neighbors).

Fact 8. Let 𝑖 ∈ [𝑘]. Let 𝑇 be the first temporal arborescence of the sequence  in which 𝑟𝑖−1 is the root, and let 𝑇 ′ be the first arborescence 
in which 𝑟𝑖 is the root. Then at least 𝑖+ 4 arc flips are required to transform 𝑇 into 𝑇 ′.

Moreover, exactly 𝑖+4 arc flips can be achieved only if 𝐶(𝑇 ′) = 𝐶(𝑇 ) ∪ {𝑢′} for some 𝑢′ ∈𝑈𝑖, and 𝑢′ is the in-neighbor of every element 
of 𝐶(𝑇 ) in 𝑇 ′.
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Proof. We first argue that the statement is true for 𝑖 = 1. Note that in this case, 𝑟𝑖−1 = 𝑟0 and thus 𝑇 = 𝑇1. By Fact 6, before the 
arc flip that yields 𝑇 ′, we must have some arcs (𝑟1, 𝑢′, 𝑘+ 1) and (𝑢′, 𝑐1,3𝑘− 1) that are active, which are absent from 𝑇1. Moreover, 
before (𝑟1, 𝑢′, 𝑘+ 1) can become active, 𝑒′0 must be inserted because 𝑒0 has time 3𝑘 > 𝑘 + 1. In addition, before 𝑟1 can become the 
root, (𝑟1, 𝑟0,4𝑘) must have been inserted, since this is the only way for 𝑟1 to reach 𝑟0 in a time-respecting manner (using 𝑓0 will not 
work). Finally, (𝑟1, 𝑟0,4𝑘) must be inserted for 𝑟1 to reach 𝑟0. Thus at least 5 = 𝑖 + 4 new arcs, and thus flips, are required. Clearly 
𝐶(𝑇 ′) = {𝑢′} and our statement holds since 𝐶(𝑇0) = ∅.

Now consider 𝑖 > 1, still considering 𝑇 with root 𝑟𝑖−1 and 𝑇 ′ with root 𝑟𝑖. We count the number of vertices that must change their 
in-neighbor from 𝑇 to 𝑇 ′, noting that an arc flip changes the in-neighbor of at most one vertex. Let 𝑣′ ∈ 𝐶(𝑇 ), where 𝑣′ ∈ 𝑈𝑗 is the 
in-neighbor of 𝑐𝑗 for some 𝑗 ≤ 𝑖− 1. We argue that the in-neighbor of 𝑣′ has changed from 𝑇 to 𝑇 ′. Suppose that 𝑗 < 𝑖− 1. By Fact 7, 
since 𝑇 is the first temporal arborescence with root 𝑟𝑖−1, in 𝑇 the path 𝑟𝑖−1 → 𝑢′ → 𝑣′ → 𝑐𝑗 is active, where 𝑢′ ∈ 𝑈𝑖−1. In particular, 
the arc (𝑢′, 𝑣′, 𝑘+ 𝑖− 1) is active in 𝑇 . In 𝑇 ′, by Fact 5, 𝑒𝑖 is active and 𝑒′

𝑖
is not, meaning that all usable arcs that go out of 𝑟𝑖 have 

time 𝑘 + 𝑖 or more. This means that the (𝑢′, 𝑣′, 𝑘+ 𝑖− 1) arc cannot be active in 𝑇 ′ , and thus 𝑣′ has changed its in-neighbor in 𝑇 ′ . 
This proves the case 𝑗 < 𝑖, and now suppose that 𝑣′ ∈ 𝑈𝑖−1. Then by Fact 6 the arc (𝑟𝑖−1, 𝑣′, 𝑘+ 𝑖− 1) is active in 𝑇 . That arc cannot 
remain active in 𝑇 ′, since 𝑓𝑖−1 at time 4𝑘 must be used from 𝑟𝑖 to 𝑟𝑖−1. Thus, 𝑣′ also has a different in-neighbor in 𝑇 ′. Since this holds 
for every 𝑗 up to 𝑖− 1, we need 𝑖− 1 distinct arc flips to change all the in-neighbors of 𝐶(𝑇 ).

Next, by Fact 6, in 𝑇 ′ there is a path 𝑟𝑖 → 𝑢′ → 𝑐𝑖 with 𝑢′ ∈𝑈𝑖. We argue that no arc of this path was in 𝑇 . In 𝑇 , 𝑒𝑖−1 is active again 
by Fact 5 (at time 3𝑘). One can see that in 𝑇 , any path from 𝑟𝑖−1 to 𝑢′ either uses that active 𝑒𝑖−1 , or goes to 𝑟0 and uses (𝑟0, 𝑢′,4𝑘). 
Aside from the latter, all the incoming arcs of 𝑢′ have timestamp at most 2𝑘, preventing the usage of 𝑒𝑖−1 and leaving the use of 
(𝑟0, 𝑢′,4𝑘) as the only possibility. This in turn implies that 𝑢′ is not the in-neighbor of 𝑐𝑖 in 𝑇 . We thus require 2 more arc flips to 
change the in-neighbors of 𝑢′ and 𝑐𝑖.

In 𝑇 , by Fact 5, 𝑟𝑖−1 reaches 𝑟𝑖 through 𝑒𝑖−1 and 𝑒𝑖−1, meaning that 𝑟𝑖−1 is not the in-neighbor of 𝑟𝑖 in 𝑇 . The in-neighbor of 𝑟𝑖
must become 𝑟𝑖−1 instead of 𝑟𝑖−1 at some point (by inserting 𝑒′

𝑖
) to allow the usage of arc (𝑟𝑖, 𝑢′, 𝑘+ 𝑖), which as we know must be 

activated before the re-rooting to 𝑟𝑖. Also, the in-neighbor of 𝑟𝑖−1 must eventually become 𝑟𝑖 by inserting (𝑟𝑖, 𝑟𝑖−1,4𝑘) just as in the 
𝑖 = 1 case, and one more arc flip to insert 𝑓𝑖−1 and make 𝑟𝑖 the root. This adds 3 more arc flips, for a total of at least 𝑖+4, as claimed.

For the other part of our claim, to achieve 𝑖 + 4 arc flips we note that no vertex aside from those mentioned could have changed 
in-neighbor from 𝑇 to 𝑇 ′. In particular, 𝑐𝑗 keep the same in-neighbor for each 𝑗 ≤ 𝑖− 1. It follows that 𝐶(𝑇 ′) = 𝐶(𝑇 ) ∪ {𝑢′} for some 
𝑢′. Moreover, only one 𝑢′ ∈𝑈𝑖 may change its in-neighbor to 𝑟𝑖, and thus in 𝑇 ′, only one 𝑢′ can be used as new in-neighbor of every 
element of 𝐶(𝑇 ). □

We can finally conclude with the cleanup phase required by 𝑆 .

Fact 9. Let 𝑇 be the first temporal arborescence in  in which 𝑟𝑘 is the root. Then at least 2𝑘 arc flips are required to transform 𝑇 into 𝑇2.

Proof. By Fact 6 and Fact 7, for every 𝑖 ∈ [𝑘], there is some 𝑢′ ∈ 𝑈𝑖 whose in-neighbor is not 𝑟0, and the in-neighbor of 𝑐𝑖 is not 𝑟𝑘. 
This accounts for at least 2𝑘 vertices whose in-neighbor must be changed through a (distinct) arc flip to attain 𝑇2 . □

To conclude the proof, since 𝑝 = 2𝑘+
∑𝑘

𝑖=1(𝑖+4), Fact 8 and Fact 9 combined imply that for each 𝑖 ∈ [𝑘], we must perform exactly 
𝑖 + 4 arc flips to re-root from 𝑟𝑖−1 to 𝑟𝑖. Again by Fact 8, each re-rooting to 𝑟𝑖 adds exactly one vertex 𝑢′

𝑖
∈ 𝑈𝑖 to the 𝐶(𝑇 ) set. Let 

𝑢′1,… , 𝑢′
𝑘

be the vertices added during these re-rootings. We have that 𝑢′2 has 𝑢′1 as an out-neighbor, 𝑢′3 has 𝑢′1, 𝑢
′
2 as out-neighbors, 

and more generally each 𝑢′
𝑖

has 𝑢′1,… , 𝑢′
𝑖−1 as out-neighbors. By construction, this implies that 𝑢1,… , 𝑢𝑘 form a multicolored clique 

of 𝐺. Since Multicolored Clique is W[1]-hard (for parameter 𝑘), the parameterized reduction we have described implies that 
Temporal Arborescence Reconfiguration is W[1]-hard for parameters number of arc flips plus maximum timestamp. □

6. Conclusion

We have analyzed the complexity Temporal Arborescence Reconfiguration, proving that it is NP-hard for two timestamps, 
it is inapproximable within factor 𝑏 ln |𝑉 (𝐷)|, for any 0 < 𝑏 < 1, if the two temporal arborescences differ only for two arc pairs, and 
it is W[1]-hard when parameterized by the number of arc flips needed to transform one arborescence into the other plus maximum 
timestamp. Note that for the parameter number of arc flips, the problem is in class XP. Indeed, let 𝑝 be the number of arc flips needed 
to transform one arborescence into the other. We can enumerate the 𝑂(|𝐴|2𝑝) sets of at most 𝑝 arcs involved in some flip. For each 
set, we can enumerate the (at most) 𝑂(𝑝!) orders of the arc flips and check if they are reconfiguration sequences or not.

We present now some future directions.

• Study the approximation complexity of the problem, in particular if it is possible to achieve a 𝑐 ln |𝑉 (𝐷)| approximation factor, 
for some constant 𝑐 ≥ 1.

• We also do not know how well the problem can be approximated when only two or three timestamps are present, and whether 
the problem is fixed-parameter tractable when using 𝑂(1) timestamps.

• Further investigate the problem when the underlying digraph has specific structural properties (for example bounded treewidth 
or bounded degree), both in the approximation and parameterized complexity framework.

• Investigate whether the reconfiguration sequences, for yes-instances, have always polynomial length.
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• In our definition of Temporal Arborescence Reconfiguration, 𝑝 is encoded in unary, and in this case the problem is in NP; 
is the problem in NP if 𝑝 is encoded in binary?
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