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Abstract

The study of almost surely discrete random probability measures is an active line of research in Bayesian non-
parametrics. The idea of assuming interaction across the atoms of the random probability measure has
recently spurred significant interest in the context of Bayesian mixture models. This allows the definition
of priors that encourage well-separated and interpretable clusters. In this work, we provide a unified
framework for the construction and the Bayesian analysis of random probability measures with interacting
atoms, encompassing both repulsive and attractive behaviours. Specifically, we derive closed-form
expressions for the posterior distribution, the marginal and predictive distributions, previously unavailable
except for the case of measures with i.i.d. atoms. We show how these quantities are fundamental for both
prior elicitation and developing new posterior simulation algorithms for hierarchical mixture models. Our
results are obtained without any assumption on the finite point process governing the atoms of the random
measure. Their proofs rely on analytical tools borrowed from Palm calculus theory, which might be of
independent interest. We specialize our treatment to the classes of Poisson, Gibbs, and determinantal
point processes, as well as in the case of shot-noise Cox processes. Finally, we illustrate different
modelling strategies on simulated and real datasets.
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1 Introduction

Clustering is a fundamental problem in statistics and machine learning, being one of the work-
horses of unsupervised learning, aiming at dividing datapoints into similar groups. The
Bayesian approach to clustering offers substantial advantages over traditional algorithms, allow-
ing for straightforward uncertainty quantification around point estimates. See Wade (2023) and
Grazian (2023) for two recent and comprehensive reviews. The most common formulations of
Bayesian clustering revolve around mixture models (Fruhwirth-Schnatter et al., 2019). Mixture
models assume that observations belong to one of a potentially infinite number of groups or com-
ponents, and each group is suitably modelled by a parametric density f( - | Y) for some parameter
Y; their relative prevalence is specified by random weights (p;) j»1 (such thatp;>0and )., p;=1
almost surely).

Recent contributions focused on the robustness of the cluster estimate to model misspecifica-
tion, establishing a lack thereof in commonly adopted models, both empirically (Miller &
Dunson, 2019) and theoretically (Cai et al., 2021; Guha et al., 2021). In particular, Cai et al.
(2021) showed how, if the mixture kernel f( - | - ) does not agree with the true data generating pro-
cess, the estimated number of clusters by Bayesian nonparametric (BNP) mixtures diverges as the
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sample size increases. The root of this issue can be traced back to a fundamental trade-off between
density estimation and clustering in the misspecified regime. To exemplify this, consider the case
when data are generated by a mixture of Student ¢ distributions, but the model assumes a mixture
of Gaussian distributions. The consistency of Gaussian mixture models for the density estimates
(Ghosal et al., 1999) necessarily entails that the posterior distribution will identify an ever increas-
ing number of clusters, thus producing an inconsistent cluster estimate.

Repulsive mixture models (Beraha et al., 2022; Bianchini et al., 2020; Cremaschi et al., 2025;
Petralia et al., 2012; Quinlan et al., 2021; Xie & Xu, 2019; Xu et al., 2016) offer a practical so-
lution to this problem by forcing the mixture components to be well-separated by assuming a re-
pulsive point process prior for the mixture locations. However, despite their recent popularity, the
mathematical properties of repulsive mixtures have yet to be thoroughly investigated. As a result,
prior elicitation strategies and posterior inference algorithms have been derived on a case-by-case
basis, often based on heuristics in the case of prior elicitation and inefficient Markov chain Monte
Carlo (MCMC) updates for posterior inference. In sharp contrast, a unified treatment of the main
mathematical properties of traditional (non-repulsive) mixtures can be found in the cornerstone
paper by James et al. (2009), which led to a dramatic increase in the popularity of Bayesian non-
parametrics and fostered the development of novel methods, algorithms, and applications.

The aim of this article is twofold. First, we provide a framework for the Bayesian analysis of mix-
ture models encompassing repulsiveness as well as other forms of dependence in the locations, such
as attractiveness. In particular, we fill a gap in the literature by providing a unified framework allow-
ing for the analysis of the associated mixing measure and establishing general results characterizing
the distribution (both a priori and a posteriori) of several functionals of interest. Our results do not
merely generalize existing theory, but they shed light on large classes of processes which are used in
applications without appropriate theoretical investigation. Secondly, we propose to sidestep the
aforementioned trade-off between density and cluster estimation by relying on a novel definition
of cluster that naturally arises when assuming a shot-noise Cox process prior (Mgller, 2003) for
the mixture locations, whereby a cluster can consist of multiple mixture components with similar
parameters. In particular, this is the first time such a prior is considered in mixture modelling.

1.1 Mixture models and almost surely discrete random probability measures

To formalize the notation, let Z=(Zy, ..., Z,) be the observed sample, which is assumed to be
distributed as

~iid

Zi1 p~[f(- 1) b(dy), (1)

with the mixing distribution p being an almost surely discrete random probability measure
(RPM), p = Z/’zl p;dx;. From the seminal work of Ferguson (1973) on the Dirichlet process, vari-
ous approaches for constructing RPMs have been introduced. A fruitful strategy is based on nor-
malising completely random measures with infinite activity, i.e. whose number of support points
(Xj) 1 is countably infinite. This idea, systematically introduced in Regazzini et al. (2003) for
measures on R with the name of normalized random measures with independent increments
(NRMIs), has been extended later to more general spaces (see, e.g. James et al., 2009). More re-
cently, Argiento and De Iorio (2022) have exploited the same ideas to construct random probabil-
ity measures with a random finite number of support points, named normalized independent finite
point processes (IFPPs). Both approaches build a discrete RPM by normalising a marked point
process where the points of the process define the jumps (p;);»; of the RPM and i.i.d. marks
(Xj) j»1 define the atoms. See also Lijoi et al. (2022) for an allied approach.

The direct study of model (1) is challenging, and it is customary to augment the parameter space

via the introduction of latent parameters Y;, i=1, ..., n such that
ind ~iid ~ .
ZilYiNf('|Yi), Yi|P~p: 1213“-;71' (2)

Then, a fundamental preliminary step for Bayesian inference in the mixture model is to study the
distributional properties of the latent sample Yy, ..., Y,. Specifically, for prior elicitation
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purposes, it is interesting to investigate the moments of p, the prior distribution of the distinct val-
ues in the sample, and the marginal distribution of the Y;’s. For inferential purposes instead, both
from a methodological and computational perspective, it is central to derive the conditional dis-
tribution of p given Y, ..., Y,, as well as the predictive distribution of Y,,;; given the latent sam-
ple. See, e.g. James et al. (2009) and Argiento and De lorio (2022) for the expression of such
quantities in the case of normalized completely random measures and normalized independent fi-
nite point processes, respectively.

In this article, we consider model (2) and propose a construction of RPMs via normalization
of marked point processes with inverted roles with respect to Regazzini et al. (2003) and
Argiento and De lorio (2022). In our construction, indeed, the atoms (X;),>; are the points
of a general simple point process, while the weights (p;);»; are obtained by normalising
i.i.d. positive marks associated with the atoms. Through the law of the point process, we
are able to encourage different behaviours among the support points of the random probabil-
ity measure, such as independence (when the point process is Poisson or the class of independ-
ent finite point processes), separation (i.e. the support points are well separated, when the
point process is repulsive, such as Gibbs or determinantal point processes), and also random
aggregation (i.e. the support points are clustered together, when the point process is of Cox

type).

1.2 Our contributions and outline of the article

We begin by introducing the model for the Y;’s and the general construction for normalized ran-
dom measures based on marked point processes in Section 2. In Section 3, we study the proper-
ties of the latent sample Yy, ..., Y,, providing closed-form expressions for several quantities of
interest, allowing for a universal theory of very different dependence behaviours such as repul-
sion or attractiveness. This is possible thanks to the introduction of technical tools, mainly based
on Palm calculus, which might be of independent interest. Palm calculus, beyond notable excep-
tions, is not typically known in the Bayesian nonparametric literature. Though the closed-form
expressions that we obtain can be generally challenging to evaluate, they drastically simplify in
the case of well-known point processes. The manuscript illustrates the general theory using de-
terminantal and shot-noise Cox point processes. In the 3Appendix, we also discuss the case of
Poisson and Gibbs point processes. Then, we resume the study of the Bayesian mixture model
(2) in Section 4 and show that our analyses can be used as the building block for two Markov
chain Monte Carlo algorithms to approximate the posterior distribution. In Section 5, we dis-
cuss two simulation studies and an application to real data with large sample size, highlighting
the main difference between traditional, repulsive, and attractive mixtures. In particular, we
show that in a setting with corrupted observations, repulsive mixtures are useful to recover
the underlying signal, while traditional and attractive mixtures tend to overfit. On the other
hand, in more classical misspecification settings where data exhibit heavy tails, we find that at-
tractive mixtures provide a better clustering and density estimate than repulsive mixtures. We
conclude with a discussion in Section 6. In the appendix, we report the proofs of the main results,
as well as a discussion on the properties of the prior distribution of our random measures and
more details on the examples using Poisson, Gibbs, determinantal, and shot-noise point proc-
esses. Moreover, online supplementary material, Appendix S9 provides further numerical illus-
trations, allowing us to explain how we fixed the hyperparameters. We also include a
quantitative discussion on the sensitivity of these hyperparameters on density and cluster
estimation.

From a technical point of view, our results are based on applying Palm calculus, a fundamental
tool in studying point processes. Essentially, Palm calculus can be regarded as an extension of
Fubini’s theorem. It allows the exchange of the expectation and integral signs when both are
with respect to a point process, with the subtle difference that (in general) the expectation is
now taken with respect to the law of another point process, i.e. the reduced Palm version of the
original process. In the Poisson process case (and therefore in the case of completely random meas-
ures), the reduced Palm version coincides with the law of the original Poisson process, for which
computations are usually easily manageable. This property characterizes Poisson processes (Last
& Penrose, 2017).
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1.3 Related works

This work extends the treatment of Argiento and De Torio (2022) and Beraha et al. (2022), who
consider finite mixtures with a random number of components. Contrary to our work, Argiento
and De Iorio (2022) focus on the case of independent and identically distributed atoms of the mix-
ing distribution, while we allow for dependence (general interaction, e.g. repulsiveness or attrac-
tion) among the atoms. Beraha et al. (2022) consider only repulsive mixtures. The approach there
lacks the thorough theoretical background that is instead provided in this article, though they pre-
sent a general framework for repulsive mixture models, and, more importantly, derive an efficient
MCMC algorithm which avoids the difficulties of the reversible jump MCMC computation.

Another degree of novelty of the present article concerns the use of Palm calculus for Bayesian
analysis. In the context of BNP models, Palm calculus was introduced in James (2002, 2005) for
the analysis of random probability measures built from Poisson processes. See also James (2006)
and James et al. (2009) for applications to the Bayesian analysis of neutral to the right processes
and mixtures of normalized completely random measures, respectively. In particular, Section 8 in
James (2002) deals with the broad class of weighted Poisson random measures, which are func-
tionals of Gibbs point processes using the terminology of point processes. Our approach is sub-
stantially different. First, we do not require that our processes are absolutely continuous with
respect to the Poisson one, being able to deal with important processes, such as a large class of de-
terminantal point processes and the shot-noise Cox processes. Secondly, our approach has the
merit of being more direct than James (2002) because we work directly on the process of interest
rather than on the dominating Poisson process. This is possible since we rely on novel technical
tools for the analysis of Bayesian nonparametric models borrowed from point process theory.
Consequently, in the mathematical expressions we obtain, it is possible to recognize well-known
objects in the study of point processes, which might be more challenging to see in James (2002).
This also allows us to borrow ideas from the literature on the simulation of spatial point processes
(Moller & Waagepetersen, 2003) to address posterior inference.

2 A general construction for normalized random measures

We consider a sequence of random variables (Y;),,; defined on the probability space (Q, A, P) and
taking values in the Polish space (X, X), endowed with its Borel g-algebra. Moreover, we denote
by P(X) the space of all probability measures over (X, X), and P(X) stands for the corresponding
Borel o-algebra. We suppose that

Y| pdp ix1

p~0,

where Q is a distribution over (P(X), P(X)). Note that, by de Finetti’s theorem (de Finetti, 1937),
(3) is equivalent to assuming that the Y;’s are exchangeable, which justifies the Bayesian approach
to inference. A sample of size 7 from (3) consists of the first z terms of the sequence (Y;);5,. We will
denote this sample by Y =(Y1, ..., Y,). In this and the following sections, Y represents the ob-
served data points.

(3)

2.1 Random measures as functionals of point processes

In this section, we define the class of priors Q in (3) that we will deal with throughout the article.
As standard in Bayesian non-parametrics (see, e.g. Lijoi & Priinster, 2010) we assume that p is (al-
most surely) a purely atomic probability measure, p = }_ ., w;dx;, where (1) 1 is a collection of
positive random variables summing to one and the random atoms X;’s take value in X. To define
such a p, we follow the general approach set forth in Regazzini et al. (2003) and assume that p
arises as the normalization of a finite random measure i = 3 5, S;dx; built as follows. Start by con-
sidering a simple point process ® on X, which will define the atoms of ji. That is, ® is a random
counting measure of the kind

®(B)=) ox(B), BeA, (4)

=1
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where (Xj) 51, the points of the process, form a random countable subset of X such that P(X; =
X;) =0 for all i #j. We denote by Py the distribution of ®. Then, we associate with each point
of @ independent marks S; € Ry, such that each S; has marginal distribution H, to define the
marked point process ¥ =} ., d(x,s, and set

UB) = [ s¥(dxds) =) Siox,(B), BeX. (S)

721

Our construction of fi allows us to recover the random measures built from the independent finite
point processes (also known as mixed binomial processes) analysed in Argiento and De lorio
(2022). In addition, equation (5) defines a random measure as a functional of a point process
¥, similarly as in the case of CRMs. More importantly, our construction allows us to consider
measures with interacting atoms that result in more informative priors in Bayesian mixture mod-
els, for instance by assuming that @ is a repulsive Gibbs point process (so that the support points
(Xj) j»1 are encouraged to be well separated) or a shot-noise Cox process (which, instead, results in
the X;’s being randomly clustered together).

Defining  via the normalization of j in (5) requires some care to ensure that p is well-defined. In
particular, we assume that @ in (4) is a finite point process, i.e. ®(X) < +oo almost surely (a.s.),
which clearly implies /i(X) < + oo a.s. Then, we set

p(B) = AUX) , Bex (6)
) .

where, when p = 0, we intend that the model does not generate any observation Y;. A similar
agreement is adopted in Zhou et al. (2017). If we do observe datapoints, then
P(a(X)=0|Y1, ..., Y,) =0, as shown in Theorem 1 below. Hence, a posteriori, the usual as-
sumption fi(X) > 0 a.s. is guaranteed. Alternatively, one can assume @ is always non-empty, which
also fits the definition in (6). However, most well-studied (repulsive) point processes in the litera-
ture assume that P(®(X) = 0) > 0. Moreover, we point out that the requirement p = 0 when fi(X) =
0 makes no issue in any of the proofs; see, e.g. the proof of online supplementary material,
Proposition S8. We write p ~ nRM(Pg, H) to denote the distribution of the normalized random
measure, while i ~ RM(Pg, H) stands for the distribution of the associated unnormalized random
measure. With a little abuse of notation, we will also denote by Py the law of &, where ¥ is ® with
marks from H. Note that, as it is clear from the definition, p ~ nRM(Pg, H) does not lie in the class
of species sampling models (Pitman, 1996), since, for instance, the support points are not i.i.d.

2.2 Background on point processes

We now give the necessary background material on point processes and introduce the two proc-
esses that will be discussed throughout the article. To keep the discussion light, we will present
here the main mathematical objects in an intuitive and non-formal way. A more technical treat-
ment is deferred to the Appendix.

As mentioned in Section 1, our analyses are based on Palm calculus. A central concept of our
treatment is the Palm kernel, which may be regarded as an extension of regular conditional distri-
butions to the case of point processes (Baccelli et al., 2020; Kallenberg, 2021). Informally speak-
ing, the Palm version @, of ® at x € X is the random measure ® conditionally to the event ‘@ has
an atom in x’. Its law is denoted by P,. The latter is referred to as the Palm kernel of ®@ at x. Since x
is a trivial atom of @, we can safely discard it and consider the reduced Palm version of @, @ :=
@, — J, with the associated reduced Palm kernel denoted by Py,. The argument outlined above can
be extended to the case of multiple pairwise different points x = (x1, ..., x3), leading to the kth
Palm distribution (P} _.+. Again, @, can be understood as the law of ® conditional to ® having
atoms at {x1, ..., x} and removing the trivial atoms yields the reduced Palm distribution, that is,
the law of
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The other central quantities needed for our subsequent discussion are the so-called moment meas-
ures. The moment measure of order one, Mg, is defined as Mg (B) = E[®(B)] for all B € X. The
factorial moment measure My of order k, instead, is the only measure such that

%
E|: Z g(x1, ...,xk)i| =/ng(x1, ...,xk)M@m(dxl---dxk)
(

X1yeyXp ) ED

for any measurable function g: X* — R,, where the symbol # over the summation sign means
that (x1, ..., x) are pairwise distinct. Observe that when k = 1, My = Mo, i.e. the factorial mo-
ment measure coincides with the mean measure of ®.

For a marked point process ¥, with independent marks, the Palm distribution W, with x =
(x1, ..., x) and s=(sq, ..., s), does not depend on s. Moreover, ‘{’;,s has the same law of the
point process obtained by considering ®. and marking it with i.i.d. marks. See online
supplementary material, Lemma S4 in Appendix S2. We write ¥ in place of ‘I’;s Since ¥, is a
marked point process, we can define a random probability measure on X as in the general con-
struction (5). Specifically,

AL (A) = /AX[R+5‘I’;(ds dx). (7)

We write fi, ~ P§,. Note that we can interpret P, as the law of a random measure obtained as fol-
lows: (i) take the random measure ji as in (5), (ii) condition to x1, ..., x; being atoms of fi and then
(iii) remove x1, ..., x; from the support.

We conclude this section by defining the two classes of point processes we will deal with in the
rest of the article. In the online supplementary material, we also report the case of the general
Gibbs point and Poisson processes.

Example 1 (Determinantal point processes). Determinantal point processes (DPPs
Hough et al., 2009; Lavancier et al., 2015; Macchi, 1975) are a class of repul-
sive point processes. We will restrict our focus to finite DPPs defined as
follows. Let w be a finite measure on X. Usually, it is the case that X is a com-
pact subset of R? and w is the Lebesgue measure, but one could consider more
general spaces endowed, e.g. with a Gaussian measure. Consider a complex-
valued covariance function K: X x X — C, such that [, K(x, x)a(dx) < +c0,
with spectral representation

Kx,9)=> Ao, (x)0,(y),  x,y€X (8)
h>1

where (¢),))>1 form an orthonormal basis for the space L?(X; ) of complex-
valued functions, 4, > 0 with ", 4, < +oc0. By Mercer’s theorem, the series
on the right-hand side of (8) converges absolutely and uniformly on X2, If
0 <4, £ 1,K defines a DPP @ on X (Macchi, 1975; Soshnikov, 2000). In par-
ticular, the kth factorial moment measure My admits a density with respect
k

to the product measure o satisfying

M(Duz;(dxl s dxk) = det{K(x,', x,-)}zl.=1 w(dxl) s w(dxk),

where {K(x;, x;)},_; is the k X k matrix with (4, j)th entry K(x;, x;).
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We state below a few remarks on the definition of Determinantal point processes in Example 1.

Remark 1

Remark 2

Remark 3

Remark 4

Example 2

(Number of points in a DPP). The condition /K(x, x)w(dx) < +o0 is equivalent
to Mg (X) = E[®(X)] < 400, which clearly implies ®(X) < 400 almost surely.
That is, we deal only with finite point processes. This is needed to ensure
that $ in (6) is well-defined.

(Projection DPPs). Let m € N (the set of natural numbers); if the kernel K is
such that A, =1 for h <m and A, =0 for b > m, then the resulting DPP is a
projection DPP. In particular, it consists of exactly 7 points, with a joint dens-
ity with respect to ™ given by
fo(v) « det{K(x, y)} V=(X15 nny Xom)-

X,YEX ey Xn )

(DPP densities). If the kernel K is such that 4, < 1 for all b, then @ is absolutely
continuous with respect to the Poisson process on X with intensity measure ,
with density

fo(v) = e?)"Pdet{ C(x, y)}

x,yev’

where  Di=—Y . log(1-4) and C(x,y):= Y 1% 0,(x)p(y) for
x,y € X. Such an expression generalizes the one given by Lavancier et al.
(2015), which deals with the case of X compact set in R? and w the
Lebesgue measure. The proof of such an expression is derived straightforward-
ly by adapting results from Shirai and Takahashi (2003), and it is provided in
online supplementary material, Appendix S7.

(Non-finite measures on X). If w is not finite, then Mercer’s theorem does not
apply and the spectral representation (8) might not hold. In such cases, the ex-
istence of @ requires further conditions on K, which are rather technical and
beyond the purpose of this article. See, e.g. Ferreira and Menegatto (2009)
for further details.

(Shot-Noise Cox Processes). Introduced in Mgaller (2003), shot-noise Cox
processes (SNCPs) are a prominent example of Cox processes (Cox, 1955).
For simplicity, we assume that X c R?. A SNCP ® is defined as

QA ~PP(wyp), wa(dx)=y([xkalx —v)A(dv))dx, A ~PP(w) (9)

where PP(w,) and PP(w) denote Poisson processes with intensity w, and w,
respectively. Here, k, is a probability density with respect to the
g-dimensional Lebesgue measure and y > 0. In particular, by assuming that
x — kq(x — v) is continuous for any v, we get that the point process @ is sim-
ple. We write ® ~ SNCP(y, k,, @), and refer to w as the base intensity of the
process ®. We also introduce the following notation that will be useful in later
examples, 7(x1, ..., x;):= /]_[521 ko (x; — v)w(dv). Observe thatif o(X) =1, 7
takes the interpretation of the marginal distribution of a model of the kind
X1y onvy Xp |z/'51ka( - =),V ~ .

Thanks to the colouring theorem of Poisson processes (Kingman, 1992),
(9) is equivalent to the following model:
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n(A)
OIA=) D), D, ~PP(ky(x—{p)dx), A~ PPw), (10)
h=1

where A = ZZ(ZAl) Jz,- Then, a shot-noise Cox process ® = _ .. | dx, admits the
double-summation formulation ® = ZZ(:AI) > j»19x,,- Clearly, it is possible to
map the latter representation to the former by ordering the X}, ;’s arbitrarily
(thanks to exchangeability), e.g. via their lexicographical order. From (10), it
is also clear why shot-noise Cox processes are often referred to as cluster
processes (see, e.g. Daley & Vere-Jones, 2003). Indeed, introducing an indi-
cator variables T; for each Xj, such that X; belongs to @, if and only if T; = h
(i.e. @4(X;) = 1, or, equivalently, X; = X, » for some '), it is possible to group
together the different support points of ®@. In this context, instead of referring
to the ®,’s as clusters, we denote them as groups to avoid misunderstandings
with the usual BNP terminology.

3 Bayesian analysis of normalized random measures

This section contains the most relevant results of the article: posterior, marginal, and predictive
distributions for the statistical model (3), when p ~ nRM(Pg; H). All the results are available in
closed form, and they constitute the backbone to develop computational procedures for the mix-
ture models in Section 4.

All our proofs are based on the Laplace functional of the random measure /i, defined as

Li(f) = E[exp(= [ f(x)ii(dx))]

for any bounded non-negative function f: X — R,. We now introduce useful notation and an
additional variable U,,, which helps us to describe Bayesian inference for model (3). The joint dis-
tribution of (Y, ji) is given by

i 1
P(Y € dy,fie d) = l:llu(dyi)l’w(dﬂ), (11)

I

where Py is the law of ji. Posterior inference in (11) is complex due to the term x(X)™, which does
not allow to separate the atoms of i that have been observed in the sample Y from the atoms that
have not been observed. A popular workaround to this issue, originally noted in James et al.
(2009), is to introduce an auxiliary variable U, | i ~ Gamma(n, fi(X)) and, by a suitable augmen-
tation of the underlying probability space, we consider the joint distribution of (Y, U,, f)

un—l

I'(n)

e 0 du | T ety Pl dp), 12)

i=1

P(Yedy, U, edu, e du) =

where we have gotten rid of the term p(X)™. By considering (12), we can study the conditional law
of i given (Y, U,). Together with the posterior of U, | Y, this allows us to obtain a disintegration of
the posterior of i in Theorem 1 below, which is amenable to analytical and numerical
computations.

Since i is almost surely discrete, with positive probability, there will be ties within the sample
Y=(Y1, ..., Y,).Forthis reason, Y is equivalently characterized by the couple (Y*, %), where Y* =
(Y§, ..., Yg ) is the vector of distinct values and 7 is the random partition of [1]:={1, ..., n} of
size K,,, identified by the equivalence relation i ~ j if and only if Y; = Y;. Given K,, = k, we indicate
by n=(n1, ..., n) the vector of counts, i.e. 7; is the cardinality of the set {i € [1]:Y; =Y/}, as
j=1, ..., k. As a consequence, we may write
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k
P(Y €dy, U, € du, i € du) = X aatdyy ) Py(dp).
j=1

The augmentation of (11) through U, is made possible since the marginal distribution of U, exists
and has a density, with respect to the Lebesgue measure, that is

un—l
I'(n)

fu, () = —— [F e £, ()dt

where f,, is the density or the random variable i(X).

3.1 Posterior characterization

We first characterize the posterior distribution of p in model (3) when a priori  ~ nRM(Pg; H).
Since 7 is obtained by the normalization of the random measure f, it is sufficient to describe the
posterior distribution of i, which is provided in the following theorem.

Theorem 1 Assume that H(ds) = h(s)ds where ds is the Lebesgue measure. The distribu-
tion of fi conditionally on Y =y and U,, = u is equal to the distribution of

k
> Sty +it, (13)
=1

where:

(i) 8*:=(S%, ..., S;)isa vector of independent random variables, with dens-
ity

fS;(s) xe™s"h(s) forj=1,...,k;
(ii) @ is a random measure with Laplace functional

[exp{ [ (f( +u,uy (dz )}]
E[exp{—/xu,u'y* dz)}

E[exp [ — f(z)i{ (dz)] = 5 (14)

and fi,, is as in (7) for x = y*.

In (13) above, §* and &’ are independent. Moreover, the conditional dis-
tribution of U, given Y =y, has a density with respect to the Lebesgue
measure, which satisfies

k
funw(u)cxu"_lE[e_“” ]qu m), u>0, (15)
j=1

with x(u, n) f e s"H(ds).

First, we point out that the Laplace functional of /' is an exponential tilting of the one of,uy* , that
is to say the distribution of i/ ,u 1s absolutely continuous with respect to the distribution of /i uy*, with
density given by f3 (1) o« e™X). Theorem 1 resembles the posterior characterization of f in the case
of NRMIs (]ames et al., 2009) and normalized IFPPs (Argiento & De lorio, 2022). Interestingly,
unlike in the previous cases, here the law of /i’ depends on the observed y*. Note that the expression
(14) is obtained without any specific assumption on the law of the point process ®. Specific
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expressions for the posterior distribution of i are obtained when considering particular classes of
point processes, as we showcase in the following examples. For the sequel, we remind that y(u) :=
E[e™5] is the Laplace transform of a random variable S, with distribution H, and we also define

e h(s) e h(s)
w(u) — [ae=h(s)ds

fols; u) = (16)

to be the density of the exponential tilting of S.
We now specialize Theorem 1 to our examples, whose posterior distribution was not previously
available in the literature.

Example 3  (Determinantal point process). Assume that ® is a DPP on X as defined in
Example 1, whose kernel K has eigenvalues 4; in (8) all strictly smaller than
one. Then, the random measure /i’ in Theorem 1 is such that

P4y 5o

21

where ¥':=3%" ., dxs) is a marked point process whose unmarked version
D=3 ox; is a DPP with density with respect to PP(w) given by fy (v)
det{C'(xj, %))} x, 1, v and the marks S are i.i.d. with distribution (16). The op-
erator C' is defined as

k
Clx,y) = V/(u)[C(x, -2 (G), e, y,’-‘)}, %,y €R,

= 5

where Cy is the k X k matrix with entries C(y}, y). See online supplementary

material, Theorem S15 in Section S7 for a proof. Note that for simulation pur-
poses, it is useful to know or approximate the eigendecomposition of the ker-
nel C':

Clx,y) =Y 70)(x)¢;(y)-
j

The y’s and ¢}’s can be approximated numerically using the Nystrém method
(S. Sun et al., 2015).

In order to specialize Theorem 1 to the Shot-Noise Cox process, we introduce T' = (T, ..., T}),
the indicator variables describing a partition of [k] = {1, ..., k}, k being the number of distinct val-
ues in y, namely T; =/ if and only if j belongs to the /th element of partition introduced in online
supplementary material, Lemma S16. In practice, T}, j=1, ..., k, describe the points of the
Poisson process A associated to the unique value y5, ..., ;.

Example 4  (Shot-Noise Cox process). Assume that ® ~ SNCP(y, k,, ). Then, the ran-
dom measure 7’ in (13) has a mixture representation. Let T' = (T7, ..., T,)
be latent indicator variables introduced above and denote by |T’| the number
of distinct values in T'. We have

|T'|
~ d . -
T =po+ Y i,
=1
where iy =34 S/"SS(, and i, =5, Sg,,ﬁ;{“, ast=1, ...,|T|, are independ-
ent, and all their weights are i.i.d. with distribution (16). The unmarked point
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processes ®g =) (55{/_ is distributed as ®y ~ SNCP(yy(u), kg, e 714 ),
Each ®,=3" ., 55% is a Poisson point process with random intensity

w¢(dx) = py(u)kq({, — x)dx, where

~ fr,(v)dv 1_[ Ra(y; = v)eo(dv).

;.T/’:l
Finally, P(T' =) x exp {y|t'|(w H'f'l n((yf : ¢} = ¢)). For the proof and
the formal statement, see onlme supplementary materlal, Theorem S19 in

Appendix H.2.

3.2 Marginal and predictive distributions

In the present section, we describe the marginal and predictive distributions for a sample from p as
in (3), when the prior distribution is defined as p ~ nRM(Pg; H). As mentioned at the beginning of
the present section, the almost sure discreteness of p entails that the sample Y=(Yy, ..., Y,) is
equivalently characterized by (Y*, #), where Y* = (Y7, ..., Y}) is the vector of distinct values
and 7 is the random partition of [#]:= {1, ..., n} of size K,,, identified by the equivalence relation
i~jifand only if Y; =Y.

Theorem 2 The marginal distribution of a sample Y with K,, = k distinct values Y* and
associated counts 7y, ..., 1 is

n—1
P(Yedy)=P(Y" edy",z=n)= [ 2

k
T [ —Hll (X ]gk u, n;)du Mg (dy™),

where /1;,* is defined in (7) and Myw is the kth factorial moment measure of @
defined in Section 2.2.

Theorem 2 resembles the marginal characterization of a sample from an NRMI (James et al.,
2009) and a normalized IFPP (Argiento & De lorio, 2022). However, there are key differences:
in the case of NRMIs, ,Zt'y iﬂ (i.e. it is distributed as the prior and, in particular, it does not depend
on y*) so that E[exp (— uﬁly* (X))] can be evaluated explicitly via the Lévy-Khintchine representa-
tion; in the case of IFPPs, ,&;,* depends on y* only through its cardinality and the latter expectation
can be computed analytically. In both cases, the kth factorial moment measure has a product form:

o (dy*) = ]_[7 1 o(dyf), where w is a finite measure on X. This allows for the marginalization of

the Y*’s, also obtaining an analytical expression for the prior induced on the random partition 7,
the so-called exchangeable partition probability function. In our case, such a marginalization is
possible only from a formal point of view, and the resulting expression is generally intractable.
We now specialize Theorem 2 to important examples.

Example 5 (Determinantal point process, cont’d). If ® is a DPP, for all xq, ..., x,, such
that K(xj, x;) > 0, ®. is a DPP with kernel

k
Ki(x,y)= )=y (K, JK(y, x;)

ij=1

where K, is the 7 X 7 matrix with entries K(x;, x;) (Lavancier et al., 2015).
Denote by 47 the eigenvalues of K'.. Then, ®!(X) is a Poisson-Binomial ran-
dom variable with parameter (7);,;, which entails E[exp (- uﬁ’y*(X))]z

[Tis1 (1= /I;C + 4% y(u)). Moreover, the factorial moment measure equals
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Mo (dy*) = det(K(y}, )15 oy 0 (dy").

As an alternative to numerically computing the 27’s, Beraha, Camerlenghi et al.
(2025) proposed using Le Cam’s approximation (Steele, 1994), i.e. approxi-
mating ®.(X) with a Poisson random variable of mean Ly := [« KL (x, x)dx,
showing that the approximation error is small. In such a case
Elexp (— i, (X)] & exp (e (p(10) = 1)).

(Shot-Noise Cox process, cont’d). If @ is a SNCP, then @, can be written as in
online supplementary material, Lemma S17 of Appendix S8, while the mo-
ment measure is described in online supplementary material, Lemma S16,
which lead to the formula of the marginal distribution. However, a more
transparent expression is obtained by considering also the variables T' intro-
duced in Example 4. Indeed, we have

k |7
P(Y edy, T'=# | U, =u) <) [ [ s, ) | [ n(yi)e™ =V dy",

=1 =1

where yj = (y; :t;=¢).

We now focus on the predictive distribution, i.e. the distribution of Y1, conditionally to the
observable sample Y.

Theorem 3

Assume that the factorial moment measure My is absolutely continuous
with respect to the product measure Pf, where Py is a non-atomic probability
on (X, X) and let m4: be the associated Radon-Nikodym derivative. Let U,
be a random variable with density f, |y asin (15). Then, conditionallyon Y =
y and U,, = u, the predictive distribution of Y, is such that

k
i+ 1
P(Yyr €AY =y, Up=uyoc Y5001+ D)

=1

K(M, ”/) 5)’;<(A)
. (17)

—ufl . (X)
E[C T ] M+t (y*s J’)
E I:e—uﬂ!y* (X):I Mgk (y*)

+ [ yx(u, 1) Py (dy),

where A € X.

The predictive distribution from Theorem 3 can be interpreted using a generalized Chinese res-
taurant metaphor. As in the traditional Chinese Restaurant process, customers sitting at the same
table eat the same dish, whereas the same dish cannot be served at different tables. The first cus-
tomer arrives at the restaurant and sits at the first table, eating dish Y; =Y} such that
P(Y; € dy) « My(dy). The second customer sits at the same table as the first customer with prob-
ability proportional to x(Uy, 2)/k(Uy, 1), or sits at a new table and eats a new dish with probability

proportional to

P(Y; € X\ {y1} Y] =y])

xk(Ug, 1 ~Uiitl, (X) N
R fxE|:e Wi :|md)z(y1, y)Po(dy),

~Uiit, (X
e |t

where Uy ~ fu, |y, is defined in (15). The distribution of the new dish is proportional to
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~Uiit . (X
P(Y, e dy|Y] =vy]) « E|:e l"”1’3”( )i|m®z(y7, y)Po(dy).

The metaphor proceeds as usual for a new customer entering the restaurant at time 7 + 1: they ei-
ther sit at one of the K, =k previously occupied tables, with probability proportional to
©(Uy, 1y +1)/6(U,, mj),j =1, ..., korsitatanew table eating dish Y, ; =y with probability pro-
portional to

Ui (X)
Ele o ] m(pk“ (y*s J’)

E[C—U,,ﬁ’y*<x)] Mg (y*)

K(Un, 1) Po(dy).

Observe that the original formulation of the Chinese restaurant process (Aldous, 19835) is stated
only in terms of the seating arrangements in a restaurant with infinite tables, i.e. the random par-
tition. Then, K,, ‘dishes’ are sampled i.i.d. from a distribution on X and assigned to each of the
occupied tables. Instead, in our process, the dishes are not i.i.d. and are chosen as soon as a
new table is occupied. In particular, note that the probability of occupying a new table depends
on n, K,,, and the unique values Y*. This also sheds light on how our model differs from Gibbs
type priors (De Blasi et al., 2013), where the probability of occupying a new table depends only
on n and K,,.

We now specialize the predictive distribution in some examples of interest.

Example 7  ((Determinantal point process, cont’d)). Let K, be defined as in Example 5.
Following Example 5, the ratio of the expected values in (17) equals

_/l;f,)' +/1;C’yl//(u)

1
g 1 =27 + 2 y(u) ’

which can be numerically computed via Le Cam’s approximation.
Moreover, by the Schur determinant identity, denoting by K, , :=K(y, y),

Ky y:=(K(y5, 9), .., K(y3, y))", and by K- the k x k matrix with entries

(K(y5, y1))fi=1» we have

M g+t (y*s )’) _ el -1
) ol = (Kyy = K3y K5y Koy )y

Example 8 (Shot-Noise Cox process, cont’d.). As in Example 6, we consider the auxil-
iary latent vector T', and its corresponding realization ¢, to describe the pre-
dictive distribution. In particular, as discussed in online supplementary
material, Appendix $8.3, we can think of a restaurant metaphor whereby ta-
bles are divided into rooms, such that # = ¢ if table j, serving dish y%, is lo-
cated in room 7. If, after n customers have entered the restaurant, having
occupied k tables in |T'| = |#/| rooms, customer 7 + 1 can do one of the fol-
lowing choices.

(i) Customer 7 + 1 sits at one of the previously occupied tables, say table j,
with probability proportional to x(u, n; + 1)/x(u, n;).

(ii) Customer 7 + 1 sits at a new table in room £ € {1, ..., [t,|} with prob-
ability proportional to x(u, 1) [\ n(y§, y)/n(y})dy, eating a dish y gener-
ated from a probability density proportional to n(y}, y)/n(y;)dy.
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(iii) Customer 7 + 1 enters an empty room (sitting, a fortiori, in a new table)
with probability proportional to (u, 1)e”®=1) [ p(y)dy. The customer
eats a new dish y generated from a probability density function propor-
tional to 7(y)dy.

The process described above shares similarity with the Chinese restaurant
franchise metaphor of Teh et al. (2006) in the case of a single restaurant (see
Camerlenghi et al. (2018), further details), the main difference being that if a
new table is chosen, the new dish will be different from previously eaten
dishes almost surely.

3.3 Distribution of the distinct values

From the marginal characterization in Theorem 2, it is easy to derive the joint distribution of
(K., Y*), that is, the joint distribution of the number of the distinct values and their position in
a sample of size #.

Proposition4  Given a set of distinct points y* = (v, ..., yk) let (q,),zo be the probability
mass function of the number of pomts in CD ., l.e. q,:=P((D;,*(X) =7).
Define

nl k
V(n1,...,nk, /R“'F rl—lku n,

j=1
Then, the joint distribution of K,, and Y* equals

0

1
P(K, =k, Y* € dy*) = k'z > (nl'fl.nk>V(n1,...,nk;r)

=0\ (n1,...,m €Sk

gr Mgw (dy™),

where Sﬁ denotes the set of k-compositions, i.e. Sﬁ ={(ny, ..., m):
n>1,m+---+n,=nC NE.

Note that the joint distribution of K,, and Y* does not factorize. Moreover, it is not easy to mar-
J > y
ginalize Y* since each ¢, in general depends on Y*. Now, it is interesting to specialize Proposition 4

for a special choice of the distribution of the jumps S;.

Corollary 5 Under the same assumptions as in Proposition 4, if S,-iiNdGamma(a, 1), then

P(K, =k, V' € dy") = (= 1)'Clm ks —a) (Z @ M) My (dy

= I'((k +r)a+n)

where for any non-negative integer 7 > 0, 0 < k < n, C(n, k; a) denotes the
central generalized factorial coefficient. See Charalambides (2002).

Observe that these C(n, k; a) can be computed using the recursive formula
Cn,kya)=aCn—1,k—1;a)+ (ka—n+1)C(n—1, k; a)

with the initial conditions C(0, 0, a) =1, C(n, 0, a) =0 for any n > 0 and C(n, k, a) =0 for k > n.
See Charalambides (2002) for further details.

Using Corollary 5, we now consider a concrete example highlighting the difference between a
repulsive and a non-repulsive point process to show the great flexibility of our prior. To this
end, we compute P(K,, =k, Y* € dy*) for n=35 and a = 1 under two possible priors for @, i.e. a
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Figure 1. P(K, =k, Y* € dy*) when n=5, a=1, as a function of the parameter x under different settings. Left plot,
setting (I) under the Poisson process (—) and DPP (-—-) prior. Middle plot: setting (I) (-—-) and setting (ll) (~-—-)
under the DPP prior. Right plot setting () (-—-) and setting (Ill) (---+-+ ) under the DPP prior.

Poisson process and a DPP. In particular, the Poisson process prior has intensity w(dx) = 1p(x)dx,
where D = (—1/2, 1/2). The DPP prior is defined on D as well and is characterized by a Gaussian
covariance function K(x, y) = Sexp ( — (x — y)*/0.3). We consider different settings: in the first (I)
y*=(—x,x), in the second (II) y* = (- 0.3, — 0.3 + 2x) and in the third (IIT) y* = ( — x, 0, x).
Moreover, we assume that x varies in the interval (0, 0.4). Figure 1 shows the joint probability
of K,, and Y* in the different scenarios. Note that under the Poisson process prior (solid line,
left plot), the probability does not depend on y*. Instead, under the DPP prior, the three panels
show that the probability increases when the points in y* are well separated. The central panel
shows the comparison between the probabilities under setting (I) (~—-) and setting (II) (—---)
for the DPP prior. This shows that these probabilities depend not only on the distance between
the y*, but also on their position in D. The right panel displays setting (I) (-—-) and setting (III)
(eeeee ) under the DPP prior, showing the effect of observing 0 beyond observing —x, x.

4 Bayesian hierarchical mixture models

Discrete random probability measures are commonly employed as mixing measures in Bayesian
mixture models to address clustering and density estimation. In a mixture model, instead of mod-
elling observations via (3), we use the de Finetti measure Q in (3) as a prior for latent variables
Yi, ..., Yo

It is convenient to consider random measures on an extended space X x W instead of X to en-
compass location-scale mixtures. Hence, we deal with the random measure

a)= 25/5()(,,\)7,), (18)

jz1

obtained by marking the points in the point process ¥ with i.i.d. marks (W;) 5, from an absolutely
continuous probability distribution over W, whose density we will denote by fy(-).

To formalize the mixture model, consider Z-valued observations Zy, ..., Z, and a probability
kernel f:ZxXxW — Ry, such that z— f(z]y, v) is a probability density over Z for any
(y, v) € X X W. We assume both Z and W to be Polish spaces, endowed with the associated
Borel g-algebras. More precisely, the statistical model we are dealing with is the following:

Zil Y, VIRFC 1Y, V), i=1,
~iid i
Y, Vi |/1~,~,(x'[:<w) (19)

i~P,.

Usually, the kernel f( - | Y;, V;) is the Gaussian density with mean Y; and variance (if data are uni-
variate) or covariance matrix (if data are multivariate) V;, where the points X;’s are the

920z Asenuer 9z uo Jasn 11e29101|qIq 1ZIAISS - owebliag Ip eusianiun Aq 85Z8€ 1 8/18Y L/S/.8/e1onie/gsssl/woo dno-olwapeoe//:sdiy Wwol) PapeojuMo(]



1496 Beraha et al.

component-specific means and the points W;’s the component-specific variances in a Gaussian
mixture model. Note that, in accordance with previous literature on repulsive mixtures, we as-
sume that the component-specific variances V;’s are i.i.d. and that interaction is on the locations
Y,"S.

Let M be the number of support points in ji. It is convenient to introduce auxiliary component
indicator variables C;,i=1, ..., ntaking valuesin {1, ..., M}, such that P(C; = b | i) « S;,. By no-
ticing that (Y;, Vi)is1 = (Xc, Wa)is1, (19) is equivalent to

~ ind .
Zi|,uacigf('|XC,aWCx)> 1=1,...,7’l

C; I,HiEi Categorical(S1/S., ..., Sm/S.) (20)
& P/z

where S, := Z]]\il S;. Following the standard terminology of Argiento and De Iorio (2022) and
Griffin and Walker (2011), we define §* = {S(la), c S(,?n)} as the distinct values in {S¢,},»1 and refer

to them as active jumps. Moreover, we set the non-active jumps S" :={S, ..., Sy} \ S
Analogously, we define X9, X" and W@, W@ and refer to them as the active and non-active
atoms, respectively. Note that, according to our notation, X'’ coincide with the unique values in
the latent variables Yy, ..., Y, in (19).

In the rest of this section, we describe two Markov chain Monte Carlo algorithms for posterior
inference under model (19). These are based on the posterior characterization of & given
Y1, ..., Y, in Theorem 1 and the predictive distribution of Y,4; in Theorem 3. Following
Papaspiliopoulos and Roberts (2008), we term them conditional and marginal algorithms, re-
spectively. In fact, in the former, the random measure i is part of the state space of the algorithm,
while t is integrated out in the latter. We assume that, conditionally to the number of points M, the
distribution of the vector (X1, ..., Xy) € XM defining the support of ® has a density. With an
abuse of notation, we denote this density by fo; the existence of the density of the point process
® guarantees that the fg above is indeed proportional to the density of the point process itself
(see Moller Waagepetersen (2003), for more details).

4.1 A conditional MCMC algorithm

Theorem 1 can be easily rephrased to encompass the case of a point process ® with i.i.d. marks
(W) j»1: this is useful to derive the full-conditional of f given Ci, ..., C,, X W@ and U,.

Corollary 6  Consider the model (20), and define , = Y, 1,(C;). Then, conditionally on
Ciy ..., Cpy Ky =k, X9 = x1@ W@ = 444 and U, = u, ji is equal in distribu-
tion to

( - ~ (na) :
where Sh”) ~ fsg”(s) x s"e ™ H(ds), and ' := )", S, 5(X§7M>,ng>) is such that

iy := Y51 870 e has Laplace functional
- h

E[exp{—/(f(2) + u)iily, (dz)}]

Elexp [~ fR(da)] =——pr O T @]

where i, is as in (7) for x =7, and W}:’“)igfw.

Corollary 6 leads to the algorithm below, where we write ‘- | rest’ to mean that we are condition-
ing with respect to all the variables but the ones appearing on the left-hand side of the conditioning
symbol.
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1. Sample U, | rest ~ Gamma(n, S.), where S, := le\il S;.
2. Sample each C; independently from a discrete distribution over {1, ..., M} such that

P(C;=h|rest) x S,f(Zi| Xp, Wp).

Let k be the number of unique values in X' :={X¢, i=1, ..., n}. Define W and g@
analogously.

3. Sample /i using the distribution in Corollary 6. For the active part, sample each S(h“) independ-
ently from a distribution on R with density

fs, (s) o e”Urss™ H(ds).

For the non-active part, first sample p/' =3 ., S;””)é ) from the law of a random measure

X(na
7
with Laplace transform (14). See below for some guidelines on how to perform this step.

Then, sample the corresponding marks WI(-W) M.

4, Let X9 = {X(]“), o Xf)} where X = (X({”, el X;:)) is sampled from the density on X* giv-
en by

k
P(X” € dx | rest) o fo (x, x0T f(Zi1xp, W), xe Xt
h=1i:Ci=h

5. Sample each entry in W independently from a density on R, proportional to

fww) [T AZi1 Xy, w).

i:Ci=h

6. Set X =X y X0 W =W y W) § =8 y §") and m equal to the cardinality of these
sets.

Among the steps in the algorithm, the most complex is the third, which involves sampling the
random measure ji’ with a given Laplace transform. All the remaining ones can be handled either
by closed-form full-conditionals (depending, for instance, on the law of the jumps H(ds) and the
prior fw) or by simple Metropolis—Hastings steps, yielding a Metropolis-within-Gibbs algorithm.
To sample ji’, we need to sample sequentially as follows: (3.i) the support points @' =3,

X(na) )
i

(3.1i) the jumps {S/(."“)}, and (3.iii) the marks W}"“)%lfw, which is trivial. Step (3.i) requires simulat-
ing a point process, and we refer to the literature on this topic, e.g. via perfect sampling (see
Algorithm 11.7 in Moller Waagepetersen (2003)) or via a birth-death Metropolis-Hastings
step (see Algorithm 11.3 in Meller Waagepetersen (2003)). A particular case of our Algorithm
1-6, when @ is a Gibbs point process with a density, has been designed in Beraha et al. (2022).
Step (3.ii) needs to iid sample from the tilted density f5, « e"UsH(ds). When H(ds) is a gamma dens-
ity, this is straightforward; for different H(ds), we refer to Argiento and De Iorio (2022). On the
other hand, when considering a DPP prior, we can use Algorithm 1 in Lavancier et al. (2015)

(adapted from Hough et al., 2006) to obtain a perfect sample from the law of X",

4.2 A marginal MCMC algorithm

When integrating out & from (19), Theorem 3 can be used to devise a marginal MCMC
strategy, i.e. an instance of collapsed Gibbs sampler. In such an algorithm, we alternate between
updating the observation-specific parameters {(Y;, Vi))}L; | Uy, Z1, ..., Z, and sampling
U, [ {(Yi, ViIVLys Z1, ...y Zy, which is as (15). To sample {(Y;, Vi)Y, |Us, Z1, ..., Z, we
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perform a Gibbs scan, whereby we sample (Y;, V;) from its full conditional distribution, i.e.
(Y, Vi)l(Y, V)_;, Uy, Z4, ..., Zy,  where (Y, V), =(Yy, V1), ..., (Yi1, Vic1), (Yipr, Vi),
(Y, V,,). It can be easily seen (Neal, 2000) that P((Y;, V;) e dydv | (Y, V)_;, Uy, Z1, ..., Z,)
P(Y; edy|Y_;, U,)fw(v)dvf(Z;|y, v) where P(Y; € dy|Y_;, U,) is the conditional prior law of
Y;. In particular, by exchangeability, for any y_; € X"! the conditional prior for Y; satisfies
P(Y;edy|Y_.i=y_, U,)=P(Y,edy|Y_,=vy_;, U,), where the latter is the law described
Theorem 3. The plain application of this result yields the following MCMC algorithm.

1. Sample U, | rest from the full conditional distribution in (15).
2. For each observation, sample (Y;, V;) from
e, ) + 1)

k
P((Y;, Vi) € (dydv) | rest) & Y ————— 7 F(Zil Y, Vi)dy:,ve(dy dv)
j=1

K',]

*M/t ) (X) .
\ E[e v ] g (Y7, y)
]

+x(u, 1 f(Zily, v)Po(dy)fw(v)dv

where the superscript ( — i) means that the ith observation is removed from the state for the
computations. Here, Y* and V* are the vectors of unique values in (Yy, ..., Y,) and
(Vi, ..., V), respectively.

3. Sample the unique values Y* from a joint distribution on X* proportional to

k
P(Y* € dy*) « mg(y ]—[ [T #Ziy, Vi)Pidy®), y*ext
h=1{i: Y;=Y;}

4. Sample each of unique values V* independently from

P(Vi e dv*) o fw(v®) [] FZil Vi, v")do®, v* e W.
i:Ci=h

Steps 3 and 4 of the above are not strictly necessary to produce an ergodic MCMC sampler that
targets the posterior distribution. However, it is common practice in MCMC for mixture models
to add these steps as it has been empirically demonstrated that they speed up the convergence of the
algorithm and improve its mixing, see, e.g. Neal (2000). Step 2 of the algorithm above requires the
computation of

k+1 (_i),
Soxw %ﬂz |y, v)Po(dy)fw(v)dv

which might be challenging in situations where data are multidimensional. However, Xie and Xu
(2019) shows how this can be overcome using numerical quadrature. Moreover, in the higher di-

mensional setting, we can adapt the strategy devised by Neal in his Algorithm 8 by introducing L
auxiliary variables and replacing Step 2 with:

2’.aFort=1, ..., L,sample Y , from

Mg (Y7, y)
P(Y;., ed t) o —2= 2 po(d
(Y, € dy|rest) —_— o(dy)

o did
and Vi, ~fw.
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2’.b Set (Y;, Vi) equal to (Y}, V}) with probability proportional to

o S AZi1 Y V), for h=1, ..k

(un

Ef exp (=t |, (X))

—i) y*

Lic(u, 1) AZi1Y;, V), forh=k+1, ..., k+L.

E[exp(—uﬁ;ﬂ )o«n]

The computation of the ratio of expected values can be challenging if ® is a DPP; see Example
5 for further details, while it poses no problems when ® is a SNCP.

4.3 Shot-noise Cox process mixtures as mixtures of mixtures

Let us draw an interesting connection between a mixture model driven by a SNCP and the mzix-
tures of mixtures model, whereby the density of each mixture component is approximated by a
mixture model. This model was previously considered in Malsiner-Walli et al. (2017), who pro-
posed a Bayesian methodology and Aragam et al. (2020), which studied identifiability and estima-
tion within a frequentist setting.

First, recall from Example 2 that we can equivalently write ® | A = Zh p '@, where, with our
notation, each @, is a group. Observe that, for appropriate choices of &, the points in a group
will be closer than points belonging to different groups. When we embed a random probability
measure built from (9) in a Bayesian mixture model as done at the beginning of Section 4, we ob-
tain that the atoms of the mixture are randomly grouped together. Hence, we rewrite the random
population density as

1 n(A)
ZszIX,, W) ES—Z Sh,,f<z|xh,,~, W,).
h=1

j>1

On the right-hand side, we first sum over the atoms of 4 and then over the atoms of each of the
groups ®;’s. With an abuse of notation, we have introduced a second subscript to S, X),, and
W), to keep track that each point of X, (and its marks) is assigned to a point in 4. It is possible
to pass from the single-index summation to the double-index thanks to the variables T} introduced
in Example 2. Let us define

l?h Zsh,/f 2| Xy, W), where Pj:= ZS‘?J’ (21)

]>1 j>1

which is a (random) probability density function over X. We clearly see that the random popula-
tion density is equal to f(z) = S;! ZZ(:Al) P,f,,(z). Hence, a SNCP mixture model can be written as a

mixture of mixtures, where each component }Nf,, (z) is expressed as a mixture model itself. Therefore,
we can consider the SNCP mixture model as a nonparametric generalization of the mixtures of
mixtures model in Malsiner-Walli et al. (2017).

Observe that the SNCP mixture induces a two-level clustering. At the first level, the parameters
(Y;, V;) in (19) induce the standard partition of the observations by the equivalence relation i ~ j if
and only if (Y}, Vi) = (Y}, V;) = (X}, W},) for some h. Let C; = b if and only if (Y}, Vi) = (X,,, Wj,).
Then, at the second level, each point (X},, W},) can be referred to as one of the groups ®@; thanks to
the variables T; introduced in Example 2. Hence, we can refer observations to the groups using the
variables (T¢,, ..., Tc,). In the next subsection, we call the partition induced by the T¢,’s as the
grouping of the observations.

5 Numerical illustrations

Here, we consider two simulated scenarios and a real dataset to highlight the core differences be-
tween a mixture model with repulsive, i.i.d., or ‘attractive’ atoms. We focus on mixtures of
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Gaussian kernels, i.e. fin (19) is the Gaussian density where parameters (Y;, V;) are the mean and
the variance, respectively. We compare posterior inference under three prior specifications for the

measure f in (18); in all cases, the unnormalized weights are S,-HNdGamma(Z, 2). Under the first
model, the cluster centres {X;} ; follow a DPP with kernel K(x, y) = pexp ( — (x — )% Ja?) for p =
2 and a = /m/2, paired with inverse-Gamma density fw for the prior of the W;’s with both shape
and scale parameters equal to two. See online supplementary material, Appendix S9 for further
details on the DPP prior considered and online supplementary material, Appendix S9.1.1 for de-
tails on the computation of the DPP density with respect to a suitable Poisson process. The second
model we consider is the normalized IFPP mixture model by Argiento and De Iorio (2022), which
corresponds to assuming that {(Xj, W,-)}Ifﬂ |K are i.i.d. from a Normal-inverse-Gamma density
(ie. X;|W; ~N(0,10W;) and 1/W; ~ Gamma(2, 2)), and we further assume K —1 ~ Poi(1).
Our third choice of the marginal prior for the X;’s is the SNCP process, where k,(-) is the
Gaussian density centred at the origin with standard deviation a. Unless otherwise specified, we
fix a = 1. We also fix y = 1 and assume that the W;’s are distributed as in the DPP case. Prior elicit-
ation for the SNCP mixture is reported in greater detail in online supplementary material,
Appendix S9. Moreover, we also discuss there the robustness of posterior inference with respect
to hyperparameters in the case of a DPP and a SNCP prior, as well as the inherent difficulty of
learning the repulsive parameters via a fully Bayesian approach, i.e. assuming the parameters con-
trolling the kernel of the DPP random and updating them as part of the MCMC algorithm.

Posterior inference for the model in Argiento and De Iorio (2022) is addressed via the
BayesMix library (Beraha, Guindani et al., 20235). To fit the SNCP mixture, we use the condition-
al algorithm in Section 4.1, where we further add to the MCMC state the points of A; see online
supplementary material, Section S8.4 for further details. As for the repulsive mixture based on
DPP, we use the conditional algorithm described in Section 4.1. See also Beraha et al. (2022)
for further details. A Python implementation of the different MCMC algorithms is available at
https:/github.com/mberaha/interacting_mixtures. We run the MCMC algorithms for a total of
100,000 iterations, discarding the first 50,000 and keeping one every five iterations for a final
size of 1,000. In the sequel, we compare the grouping of the datapoints induced by the SNCP mix-
ture, as defined above, with the standard clustering resulting from the use of DPP and normalized
IFPP mixtures; we also compare density estimation under the three models.

5.1 Data from a mixture of t distributions

In the first scenario, we generate 200 data points from a two-component mixture of univariate
Student’s ¢ distributions with three degrees of freedom, centred respectively in —5 and +3.
Posterior inference is summarized in Figure 2. Both the DPP and SNCP mixtures identify two clus-
ters, with the difference that the SNCP mixture activates between 25 and 40 Gaussian compo-
nents, while the DPP only has two. On the other hand, the IFPP mixture has between 3 and 8
active components. The co-clustering matrices for the IFPP and SNCP mixtures are shown in

@) (b) (€) (d)

. PSM - IFPP . PSM - SNCP # Clusters Density Estimate
10
? -#%- SNCP 0175
25 25 i
" DPP
o8] 11 0.150
%0 50 I +- IFPP
1% 0125
75 75 Toe
] 0.100
100 100 Ni [
Toel o 0075
125 125
i ] ‘.-""“t. 0.050
150 150 L I
k4 *. 0.025 \
s 7S cofos B-w-w-n-dwue-e| o

1 2 3 4 5 6 7 & 9 1011
0 25 50 75 100 125 150 175 0 25 50 75 100 125 150 175 c

TR S S S
True DPP
— SNCP —— IFPP

Figure 2. From left to right: posterior co-clustering matrix under the normalized IFPP (a) and SNCP (b) mixtures,
posterior distribution of the number of clusters (c), density estimates (d) for the simulated example in Section 5.1. In
the posterior co-clustering matrices, data are sorted from the smallest to the largest.
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Figure 3. Posterior distribution of the number of clusters (a) and density estimates (b) for the simulated example in
Section 5.2.

Figure 2, and the one associated with the DPP mixture is identical to that of the SNCP. We observe
that the IFPP model erroneously identifies three clusters: the two large clusters, we would expect,
and a third cluster, which collects the observations at the centre of the domain. Surprisingly, this
last cluster also contains some observations at the farthest right of the domain: this can be ex-
plained by the presence of a mixture component located near zero and with an extremely large
variance, which produces an overabundant estimated cluster that groups together data that are
far apart. All the models produce a satisfactory density estimate. However, as it is to be expected,
the DPP mixture fails to capture the heavy tails of the # distributions both at the centre of the do-
main and at the left and right extremities, resulting in a slightly poorer fit.

5.2 Data from a contaminated mixture

Our second simulation follows the setup in Miller and Dunson (2019). We assume that a ‘true’ data
generating process with density fo=0.25N(—3.5,0.8%) 4+ 0.3N(0, 0.42) + 0.25MN (3, 0.5%) +
0.2N (6, 0.5%) has been corrupted by some noise, and we observe data distributed as

~iid 7 ~

Zi|p=f(-) = [pN(- 16,0.25%)p(d6),  p ~ DP(500fy),

where DP(500f,) denotes the Dirichlet process with total mass parameter equal to 500 and centre-

ing probability measure induced by fy. We interpret f as a perturbation of fj so that the goal is then
to recover fy from the observed data.

Figure 3 shows the posterior distribution for the number of clusters and the density estimates
when 7 = 500. The density estimate under the IFPP mixture is essentially identical to the one under
the SNCP and is, therefore, omitted. The SNCP mixture correctly identifies 4 clusters, while the
DPP mixture chooses between 4 and 5 clusters (the point estimate of the partition agrees on 4 clus-
ters) and the IFPP mixture between 4 and 7 clusters. Hence, although there is no ‘true’ number of
clusters in the data-generating process, we can argue that the SNCP model produces the most par-
simonious and interpretable clustering. On the other hand, it is clear that the density estimate
under SNCP is somewhat worse than under the DPP prior. Indeed, the SNCP mixture picks up
all the noise induced by the perturbation.

5.3 Shapley galaxy data

We consider now a real dataset containing the velocities of 7 = 4,206 galaxies (measured in 10°
km/s) in the Shapley supercluster, available in the R package spatstat. This can be seen as a
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modern and improved version of the popular galaxy dataset (Roeder, 1990). We compare the
density and cluster estimates when using a subsample of #» =100, 500, 2000 datapoints as well
as the whole dataset.

We set the prior distribution via an empirical Bayes approach; further details and the numerical
values chosen are reported in online supplementary material, Appendix $9.2.2. Posterior inference
is summarized in Figure 4. We notice how under all three models, the estimated number of clusters
grows with the sample size; however, while under the SNCP and DPP mixtures, it stabilizes around
7 clusters at most, under the IFPP prior, when 7 = 4,206, the model induces more than 16 clusters
for some iterations of the MCMC algorithm. However, remember that for the SNCP mixtures we
report the estimated groups. The density estimates are consistent with the discussion in the exam-
ples above. The IFPP and SNCP mixtures induce very similar density estimates, while the DPP mix-
ture tends to oversmooth the density in some regions to obtain well-separated components. In this
particular example, the density estimate under a SNCP prior reflects the empirical histogram care-
fully, picking up even very subtle ‘bumps’ in the density, such as the one near the value 33 in the
x-axis. Since the measurements of galaxy velocities are typically accurate (especially at the scale we
are considering), we can recommend using the SNCP mixture over the IFPP model for density es-
timation in this case.

We remark here that a crucial parameter for the SNCP mixture is the scale a, which controls
how spread a component f; (defined in (21)) can be. Indeed, if o is too large, the model will
tend to group all the normal components in one single large f;, thereby estimating only one cluster.
On the other hand, if a is too small, each f; is more likely to correspond to a single normal com-
ponent, thus producing too many clusters. In our examples, we did not notice a particular sensibil-
ity to this choice for both density estimation and clustering, as long as the values are chosen in an
appropriate range. In online supplementary material, Appendix S9.2.3, we report a sensitivity
analysis for the choice of « using the Shapley galaxy data.

6 Discussion and future works

In this work, we have investigated discrete random probability measures with interaction across
support points. Our study is motivated by the recent popularity of repulsive mixtures (Beraha
et al., 2022; Bianchini et al., 2020; Cremaschi et al., 2025; Petralia et al., 2012; Quinlan et al.,
2021; Xu et al., 2016) for Bayesian model-based clustering.

The first main contribution of the article is to propose a general construction of RPMs via the
normalization of marked point processes with repulsive or attractive support points, which can be
embedded in a hierarchical mixture model, as shown in Section 4. The second contribution of this
article is to present a unified mathematical theory by encompassing both repulsive and attractive
mixtures, as well as the IFPP mixtures by Argiento and De Iorio (2022). Our results also extend the
well-known distributional properties of NRMIs (Regazzini et al., 2003). Due to the generality of
our framework, all the proofs rely on new arguments based on Palm calculus; see Baccelli et al.
(2020). Thirdly, we discuss the use of shot-noise Cox processes, which were not previously con-
sidered in connection with Bayesian mixture models beyond Wang et al. (2024). As a further con-
tribution, we include the applicability of the MCMC algorithms proposed in Section 4 to any
choice of the point process prior. However, they might lack efficiency, especially for moderate
or high-dimensional data. More adequate algorithms could be devised for specific classes of point
processes; see, for instance, H. Sun et al. (2022) for an alternative MCMC scheme tailored to the
class of Matérn point processes.

Our work paves the way for several contributions with both theoretical and computational fla-
vour. We discuss some ideas below.

6.1 The trade-off between density and cluster estimates, and related asymptotics

Consider the setting of a well-specified mixture model, i.e. the data come from a finite mixture
model whose kernel agrees with our modelling choices. Then, for standard mixtures whose atoms
are i.i.d. from a base distribution, a well-established theory ensures convergence of the latent mix-
ing measure (in an appropriate sense) to the true data-generating process under suitable condi-
tions. See, e.g. Guha et al. (2021). In this setting, it is easy to see that the posterior of repulsive
mixtures also converges to the true mixing measure under the additional requirement that the
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Figure 4. Analysis of the Shapley galaxy data under the three different models.

true cluster centres are sufficiently separated. In particular, a minor modification of Theorem 3.1
in Guha et al. (2021) ensures that the posterior of K,, is consistent and the mixing measure con-
verges to the true one at an optimal rate, provided that the point process has a density that is
bounded from below when evaluated at sufficiently separated points.

A more interesting scenario occurs when the mixture model is misspecified. This brings to light
a fundamental trade-off between cluster and density estimates as shown in two simulation stud-
ies of Section 5. The general asymptotic theory for misspecified models outlined in Kleijn and van
der Vaart (2006), specialized to the case of mixtures by Guha et al. (2021), ensures that, in the
large sample limit, the mixing measure p contracts to a measure p* that minimizes the Kullback—
Leibler divergence between the true data generating density and the support of the prior. As
shown in Cai et al. (2021), for traditional mixtures with i.i.d. atoms, p* has infinite support.
We expect that also in the case of SNCP mixtures, the posterior of the number of components
diverges, but, thanks to the decoupling of the notion of cluster (i.e. ‘grouping’) from that of al-
located mixture component, the SNCP might estimate the correct number of groups of data even
in the large sample limit. Things are less clear when assuming a repulsive point process prior. To
the best of our knowledge, the only result in these directions is Corollary 1 by Xie and Xu (2019),
which establishes that, under a specific prior, the number of clusters grows sub-linearly with the
sample size. Of course, we expect different priors to yield different asymptotics. Consider, for
instance, the case of a hardcore process, for which the probability of having two points closer
than a certain radius r is exactly zero. Then, suppose the data generating process is, e.g. a trun-
cated ¢ distribution over a certain interval and r is sufficiently large. In that case, it is reasonable
to expect that K,, =1 for any # (since the prior makes it impossible to add more atoms to the
mixture).

In a sense, we might argue that repulsive mixtures are the ‘safe option’, meaning that if the mod-
el is well-specified, we expect the same posterior inference as with traditional mixtures. In contrast,
if the model is misspecified, empirical works suggest that inference is more robust. The asymptotic
study of repulsive mixtures under misspecification presents a ‘dual’ challenge with respect to the
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typical study of mixture models. Indeed, the challenge here is to explicitly characterize the limiting
p*, a problem that needs to be more noticed in the current literature.

6.2 Repulsive priors or more flexible kernels?

From the discussion above, it is clear that posterior inference in traditional mixture models is
troublesome in misspecified regimes. Several approaches have been proposed to fix this issue, in-
cluding generalized Bayes frameworks (Rigon et al., 2023) and distance-based clustering (Duan &
Dunson, 2021; Natarajan et al., 2024). These offer robust cluster estimates but not density esti-
mates, and obtaining a robust density estimate might be an equally important problem (Miller
& Dunson, 2019). As shown in Section 5.2, repulsive mixtures do offer robust density estimates
in addition to cluster estimates.

Another natural way to address model misspecification issues is to improve the flexibility of
mixture kernels. See the recent contributions of Mukhopadhyay et al. (2020); Paez and Walker
(2018); Rodriguez and Walker (2014). The SNCP mixture proposed in this work constitutes an-
other contribution in this direction, whereby we model a mixture kernel via a mixture of
Gaussians. The numerical illustrations of Section 5 show that the choice of the prior distribution
(i.e. whether it has repulsive, independent, or attractive atoms) must be carried out on a
case-by-case basis. Indeed, the use of an extremely flexible kernel might result in noisy density es-
timates if the data-generating process is thought to be corrupted. At the same time, a repulsive mix-
ture might produce unsatisfactory density estimates in other settings. Ultimately, it is up to the
practitioner to choose the right model for the job.
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