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Abstract— Learning models of dynamical systems char-
acterized by specific stability properties is of crucial im-
portance in applications. Existing results mainly focus on
linear systems or some limited classes of nonlinear sys-
tems and stability notions, and the general problem is still
open. This article proposes a kernel-based nonlinear iden-
tification procedure to directly and systematically learn sta-
ble nonlinear discrete-time systems. The proposed method
can be used to enforce, on the learned model, bounded-
input-bounded-state stability, the asymptotic gain property,
input-to-state stability, and their incremental counterparts.
To this aim, we build on the reproducing kernel theory
and the regularized least squares method, which are suit-
ably enhanced to handle stability constraints in the kernel
properties and in the hyperparameters’ selection algorithm.
Once the methodology is detailed, and sufficient conditions
for stability are singled out, the article reviews some widely
used kernels and their applicability within the proposed
framework. Finally, numerical results validate the theoret-
ical findings showing, in particular, that stability may have
a beneficial impact in long-term simulation with minimal
impact on prediction.

Index Terms— Nonlinear system identification, Incre-
mental input-to-state stability, Bounded-input-bounded-
state stability, Reproducing kernel Hilbert spaces, Kernel-
based regularization

I. INTRODUCTION

A key issue in system identification is to learn models that
not only fit the observations, but also possess specific

stability properties [1], [2]. Indeed, stability is desirable in
many applications as it provides robustness guarantees when
the model is used for prediction or simulation, especially
with a long time horizon. However, most existing learning
procedures do not guarantee that the learned model is stable,
even when the observations are generated by a stable system.
In this article, we propose a learning approach for nonlinear
systems that, instead, systematically guarantees a desired sta-
bility property on the learned models.
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While classical identification and machine learning ap-
proaches do not deal with the problem of imposing stability
on the learned models [3]–[5], in the case of linear time-
invariant (LTI) systems such a problem is well-studied and
many solutions exist. Among others, it is worth mentioning
methods based on ARMAX (AutoRegressive Moving Average
eXogenous input) models [6], [7], subspace [8]–[10] and
set-membership [11], [12] methods, estimation techniques
working in the frequency domain [13], and kernel-based
approaches [14], [15]. Instead, in a nonlinear framework the
problem is considerably less explored and fewer results are
available; moreover, the learning problem is exacerbated by the
many available notions of stability and by the wide range of
modeling techniques, which have led to more scattered results
mainly tailored to particular cases. For instance, there are
specific methods guaranteeing stability for linear parameter-
varying systems [16], [17], nonlinear finite impulse response
systems [18], [19], and linear switching systems [20]. For
more generic nonlinear structures, some works rely on neural
networks [21]–[24]; more in detail [22], [23] constrain the
parameters of a neural network to impose different stability
properties, although the stability constraints can easily be
violated due to numerical problems arising from the imposition
of constraints during the training phase. Other approaches rely
on Koopman operators [25], [26], linear matrix inequality
constraints [27], [28], or Gaussian process state-space mod-
els [29]–[31]; in particular, [29], [30] develop a two-step
procedure that first identifies a potentially unstable model
fitting the observations, and then learns a virtual control
law modifying the previously-estimated model to guarantee
stability. Finally, [32], [33] propose a kernel-based procedure
to learn contractive maps between function spaces, thereby
learning stable input-output models.

In this article, we develop a kernel-based learning ap-
proach to directly and systematically learn nonlinear stable
discrete-time models. The proposed approach is particularly
inspired by [32], [33], although here we focus on predictors
and state-space models instead of input-output maps, and
we target more general stability notions. Moreover, unlike
most of the aforementioned works, the proposed method is
systematic, is not tailored on a specific model structure, and
the stability constraints are robust to numerical errors in the
solution procedure. Furthermore, we target multiple notions of
stability of primary interest in control theory, i.e., bounded-
input-bounded-state (BIBS) stability [34], asymptotic gain
(AG) [35], input-to-state stability (ISS) [36], [37], and their
incremental counterparts: δBIBS stability, δAG, and δISS [38].
The enforced stability guarantees refer both to the exogenous
input of the system and to the prediction error. The former
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is the main motivation of this article while, as commented
in Section II and shown in the numerical validation, stability
with respect to the prediction error may lead to a considerable
benefit when the learned model is used for simulation over a
long (potentially infinite) time horizon.

Kernel-based approaches are popular in system identifi-
cation and machine learning because they allow systemat-
ically enforcing desired properties on the learned models
by appropriately shaping the kernel function [39]–[41] or
the regularization term [42]–[44]. More specifically, for LTI
models, kernel-based techniques enable identifying bounded-
input-bounded-output (BIBO) stable models without a priori
knowledge of the model’s order [14], [15], [45]. The draw-
back of these methods is that they exploit the properties
of the impulse response of an LTI system and its relation
to BIBO stability, thereby ruling out possible extensions
to the nonlinear case. Existing kernel-based approaches for
nonlinear systems are instead based on the estimation of
input-output operators [32], [33], [46] or, alternatively, on
the direct learning of the predictor function of the state [29],
[30] or of the output [19], [41], [46]–[48] instead of the full
model. The methodology proposed in this article falls into
the latter category. In particular, we equip the technique used
in [41], [47] with constraints on the learning algorithm and
the hyperparameters’ selection method. In this way, the desired
stability properties are guaranteed on the learned model while,
at the same time, the predictor selection is optimized by
fitting the available dataset. Moreover, since the proposed
methodology is an extension of the classical kernel approach,
it is not tied to a single specific kernel structure nor to a
specific hyperparameters’ selection method. Instead, it can
easily be adapted to different model-assessment rationales,
e.g., empirical Bayes [49] or cross-validation techniques [50]–
[52], and can be used with different kernel functions.

However, the price to pay for such a generality is that the
procedure may lead to a complex bilevel optimization problem
that, in some cases, can be challenging to solve numerically.
Moreover, the conditions enforced to guarantee stability may
be conservative in general, and their enforcement may lead to a
loss of prediction performance compared to the unconstrained
(but possibly unstable) case. These drawbacks worsen with the
predictor’s order, so that the proposed method may not scale
well with the models’ dimension. All these critical aspects,
however, concern individual parts of the overall procedure
that can be addressed in specific application scenarios without
affecting the general methodology.

Paper organization: Section II lays down the problem for-
mulation. Section III briefly recalls the regularized kernel
method, and introduces the proposed methodology as an exten-
sion of it. Section IV shows how the proposed method can be
used to learn BIBS stable and ISS models. Similarly, Section V
considers the case of δBIBS stability and δISS. Section VI
analyzes some popular kernels within the proposed framework.
Finally, Section VII presents a numerical validation of the
proposed approach.

Notations: R and N denote the set of real and natural
numbers, respectively (0 ∈ N). Given n,m ∈ N, Rn×m

denotes the set of n × m matrices and N≥m := {x ∈ N :

x ≥ m}. Tuples of real numbers and column vectors are used
interchangeably. Given n ∈ N, 0n := (0, . . . , 0) ∈ Rn, and
In ∈ Rn×n denotes the identity matrix. Given two matrices A
and B, col(A,B) and diag(A,B) denote, respectively, their
vertical and diagonal concatenations whenever they are well-
defined. |x| denotes the Euclidean norm of x ∈ Rn. Let
T ⊆ N; we denote by RT the set of real-valued sequences
x : T → R indexed by T . For each x ∈ RT and i, j ∈ T , xi

is the ith element of x and xj:i := (xj , . . . , xi). Furthermore,
|x|∞ := supt∈T |xt| ∈ [0,∞]. A function γ : [0,∞) → [0,∞)
is of class K if it is continuous, strictly increasing, and
γ(0) = 0. A function β : [0,∞) × [0,∞) → [0,∞) is of
class KL if, for each t ∈ [0,∞), β(·, t) is of class K, and
for each s ∈ [0,∞), β(s, ·) is continuous, decreasing, and
limt→∞ β(s, t) = 0.

II. PROBLEM FORMULATION

Given a discrete-time system Ψ ⊆ RN × RN relating input
sequences u ∈ RN to output sequences y ∈ RN, we consider
the general problem of estimating from data a stable model of
Ψ that can be used for simulation and control purposes. While
several simulation error methods (SEM) can be found in the lit-
erature that optimize the model selection for simulation [53]–
[56], these techniques come with considerable issues: (i) the
additional complexity of the underlying optimization problem
(which is not convex); (ii) the need for a fixed simulation
horizon; (iii) the consequent lack of guarantees of error
accumulation in infinite-horizon simulation; (iv) the absence
of stability guarantees. Instead, we approach the problem at
hand as a prediction-error estimation method with stability
constraints. In this way, we retain a simpler selection method,
and we are able to impose stability constraints that also
provide guarantees on error accumulation during simulation
over infinite time horizons.

More specifically, given mu,my ∈ N and an input-output
pair (u, y) ∈ Ψ, we define the prediction sequence ŷpre as

∀t ∈ N≥m̄, ŷpret := f(ξt, ut),

where ŷpret is the prediction of yt, f : Rm+1 → R is a
function to be selected based on the available data, m̄ :=
max(mu,my), m := mu + my and, for each t ∈ N≥m̄,
ξt := (yt−my:t−1, ut−mu:t−1) ∈ Rm collects mu past values
of the input u and my past values of the output y. We refer
to m as the model order, to f as the predictor, and we define
the prediction error sequence as e := y − ŷpre ∈ RN. Once a
predictor f is selected, an estimated model Ψ̂ of Ψ employable
for the purpose of simulation and control can be simply
obtained using the predictor f iteratively, as a multiple-step-
ahead prediction dynamical model. Namely, given any input u
of System Ψ, a sequence ŷ ∈ RN is produced by the estimated
model Ψ̂ by letting, for each t ∈ N≥m̄, ŷt := f(ξ̂t, ut) with
ξ̂t := (ŷt−my:t−1, ut−mu:t−1).

The aim of the paper is to devise a method to select f in
such a way that Ψ̂ is a good model and, in addition, as a
system with input u and output ŷ is stable in some suitable
sense. The specific notions of stability that can be enforced
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are formally defined later in Sections IV and V by making
reference to an auxiliary dynamical system defined as follows

Σ(f) : xt+1 = Axt +Gf(xt, vt) +Gεt +Hvt,

in which xt ∈ Rm is the state, εt ∈ R and vt ∈ R are two
exogenous inputs, and where A := diag(Smy

, Smu
), G :=

col(Bmy
, 0mu

), and H := col(0my
, Bmu

), with,

∀q ∈ {my,mu}, Sq :=

[︃
0q−1 Iq−1

0 0⊤q−1

]︃
, Bq :=

[︃
0q−1

1

]︃
.

In formalizing the required stability notions, we use Σ(f)
instead of directly Ψ̂ to capture, at the same time, the stability
requirements we want to enforce on the estimated model Ψ̂
with respect to the input u and also the stability properties that
lead to guarantees on the lack of accumulation of prediction
errors in simulation. Both points are illustrated hereafter.

First, we notice that, by construction of the matrices A, G
and H , the sequence ξ̂ is a solution of Σ(f) with ε = 0 and
v = u. Namely, Σ(f) with ε = 0 and v = u, and with output
ŷt = f(xt, ut), is a state-space model of Ψ̂. As a consequence,
requiring stability of Σ(f) with respect to the initial conditions
and to the input v implies an analogous stability property for
the estimated model Ψ̂ with respect to u.

Second, we notice that, for every (u, y) ∈ Ψ and every
t ≥ m̄, the sequence ξ is a solution of Σ(f) with v = u and
ε = e because, by the definition of e, yt = f(ξt, ut) + et for
every t ≥ m̄. Hence, Σ(f), with inputs v = u and ε = e,
and output yt = f(xt, ut) + et, is a state-space model of
Ψ. Since the input v is the same in both the previous cases,
the difference between y and its estimate ŷ can then only be
attributed to the different initialization and the different choice
of ε. As a consequence, requiring stability of Σ(f) with respect
to the input ε means providing deterministic guarantees on the
extent by which past prediction errors may affect future ones.
To better illustrate this latter point, consider the case in which
Σ(f) is δISS (Definition 6 below). Since ξ is a solution of
Σ(f) with v = u and ε = e, and ξ̂ is a solution of Σ(f) with
v = u and ε = 0, then δISS guarantees that ξ − ξ̂, and thus
y − ŷ, is bounded by a continuous function of the maximum
prediction error attained before t. Hence, past prediction errors
do not accumulate indefinitely during simulation, as only the
maximum prediction error matters in the bound.

To learn a predictor f that fits the available data and satisfies
the stability constraints, we assume to have at our disposal a
dataset D := (ūi, ȳi)

n
i=1, which is a collection of n ∈ N>m̄

data points (ūi, ȳi) taken from an input-output pair of Ψ
starting from an unknown time t0 ∈ N. In particular, for
all i ∈ {1, . . . , n}, (ūi, ȳi) := (ut0+i−1, yt0+i−1), in which
(u, y) ∈ Ψ. Then, in qualitative terms, our goal is to devise
an algorithm that selects a predictor f : Rm+1 → R in such
a way that (P1) for every input-output pair (u, y) ∈ Ψ, the
corresponding error sequence e is “small”, and (P2) Σ(f) has
a given desired stability property with respect to both v and ε.
The fitting performance requirement (P1) will be approached
in Section III as a regularized least-squares problem, as
typical in system identification. The stability requirement (P2)
is instead addressed by the insertion of suitable constraints
in the identification procedure, and it will refer to several

specific stability properties. In particular, Section IV focuses
on BIBS stability and ISS, while Section V is devoted to their
incremental counterparts δBIBS stability and δISS.

III. METHODOLOGY

This section introduces the proposed learning method as
an extension of the kernel-based regularized regression for
the selection of the predictor f enabling the possibility of
enforcing desired stability conditions on Σ(f). Here, we only
present the general methodology, deferring the embedding of
specific stability properties to the subsequent sections.

A. Regularized kernel-based learning
The kernel-based regularized regression is a well-

established technique in both machine learning [57]–[59]
and system identification [14], [41], [60]–[62] selecting the
predictor function f within a hypothesis set of candidates
according to a predetermined criterion, usually expressed as
an optimization problem. The hypothesis set is a Reproducing
Kernel Hilbert Space (RKHS) [63], [64] generated by a
function kη : Rm+1 × Rm+1 → R defined by a parameter
η ∈ Φk ⊆ Rnη (nη ∈ N). We denote by H(kη) the RKHS
associated with kη , while | · |kη

and ⟨·, ·⟩kη
denote the norm

and the inner product on H(kη), respectively. We refer to k
as the kernel structure, and to kη as the actual kernel function
defined using the parameter η and the structure k. Furthermore,
we restrict Φk to contain only values of η that make kη a
valid kernel function, namely, such that kη is symmetric and
positive semidefinite [63], [65]. Given z ∈ Rm+1, we let
kzη : Rm+1 → R be the representer function (or kernel slice)
of z, defined as kzη(·) := kη(·, z).

Given a kernel structure k and a dataset D, the predictor f
is chosen as the solution of the optimization problem

min
f∈H(kη)

n∑︂
i=m̄+1

(︁
f(z̄i)− ȳi

)︁2
+ β|f |2kη

, (1)

where (β, η) ∈ (0,∞) × Φk are parameters to be tuned and,
for each t ∈ {m̄ + 1, . . . , n}, z̄t := (ȳt−my:t−1, ūt−mu:t) ∈
Rm+1 is taken from the dataset D. The first term of the cost
function weights how well the model fits the dataset. Hence,
selecting f according to (1) addresses (P1) as is typical in
kernel-based methods [41], [66]. Instead, the second term is
a regularization term balancing the complexity of f and the
adherence to the available data. As a consequence of the
Representer Theorem [67], it can be shown that (1) has a
unique ([68, Prop 8]) solution given by

f :=

n∑︂
i=m̄+1

cik
z̄i
η ∈ H(kη) , (2)

in which c = cm̄+1:n =
(︁
Kη + βIn−m̄

)︁−1
ȳ ∈ Rn−m̄, where

Kη ∈ R(n−m̄)×(n−m̄) is the matrix with the (i, j)th element
given by kη(z̄m̄+i, z̄m̄+j), and ȳ := ȳm̄+1:n ∈ Rn−m̄.

The shape of the kernel function kη determines the prop-
erties of all the functions of the RKHS, and, hence, on the
estimated predictor f . Under mild assumptions, the litera-
ture, e.g. [69], provides probabilistic bounds on the one-step



4 IEEE TRANSACTIONS AND JOURNALS TEMPLATE

prediction error obtained with the estimated predictor f . In
the case of linear systems, the problem of selecting a good
kernel structure is well-studied, and it is possible to select
a kernel structure guaranteeing desirable properties including
asymptotic stability [39], [62]. The nonlinear case is instead
less studied (see, e.g., [29], [41], [47]), and the proposed
kernels are typically not as well-motivated as in the linear
case. Moreover, it is typically not possible to embed stability
constraints directly within k (see Remark 1). Instead, as it will
be clarified in the following, the key to impose stability turns
out to be the regularization term in (1), which favors functions
with smaller norm.

Determining f by solving (1) requires the selection of the
hyperparameters β and η. Their value is of primary importance
because it determines the trade-off between complexity of the
model and fitting performance, thereby causing or avoiding
over- and under-fitting. In the literature, this problem is also
known as model selection (or assessment), and it is historically
solved using techniques based on cross-validation [65], [70].
In particular, k-fold cross-validation [52], [65], leave-one-
out cross-validation [51], [59], [65], and generalized cross-
validation [50] are popular methods that can be used in a wide
range of applications. More recently, also Empirical Bayes
(EB) [49] methods have shown to be very efficient [65, Sec
5.4.1]. All the previous techniques have successfully been used
in kernel-based identification for both linear [71]–[73] and
nonlinear [41], [43], [66] systems when no stability guarantee
is contemplated for the identified models, and they all boil
down to the minimization of a cost function. Specifically, the
general model selection problem can be cast in terms of the
following optimization problem

min
β∈[ι,∞), η∈Φk

J(β, η), (3)

in which the cost function J : (0,∞) × Φk → R defines the
actual method implemented, and ι ∈ (0,∞) is a parameter
introduced to make the feasibility set closed (which is required
for the numerical solution of the problem [74, Ch 2]). It is im-
portant to notice that J in (3) typically depends on the dataset
D, and often explicitly on the solution of (1). Therefore, (1)
and (3) may form a bilevel optimization problem [75] whose
numerical solution may require a complex iterative procedure
solving (1) and (3) multiple times.

B. Modifying the kernel method for stability guarantees

The method explained so far in Section III-A only concerns
Point (P1), but it does not address Point (P2), since no specific
stability property is a priori guaranteed on the learned model
Σ(f). To address Point (P2), we modify the optimization
problems (1) and (3) to enforce a specific stability property on
the learned model. In particular, we first modify Problem (1)
by adding an upper bound on the norm of f . The modified
problem reads as follows⎧⎪⎪⎨⎪⎪⎩

min
f∈H(kη)

n∑︂
i=m̄+1

(︁
f(z̄i)− ȳi

)︁2
+ α|f |2kη

subject to my|f |2kη
≤ χ

(4)

in which α ∈ [0,∞) is a regularization parameter and χ ∈
(0, 1) is a parameter less than, but close to, 1 needed to ensure
that the feasibility set is closed. Second, we restrict the kernel
hyperparameter η to a set Ωk ⊆ Φk, called viability set, whose
definition determines the actual desired stability property on
Σ(f). The construction of the viability set Ωk is discussed in
detail in Sections IV and V. Once Ωk is given, Problem (3)
is modified as follows

min
α∈[ι,∞), η∈Ωk

J(α, η). (5)

In Sections IV and V, we show that, by defining a suitable
viability set Ωk, the model obtained by solving the modified
problems (4)-(5) is guaranteed to be BIBS stable, ISS, δBIBS
stable and/or δISS. To this aim, we follow a rationale similar
to [32], [33], also used in the preliminary conference version
of this article [76]. We first derive a sufficient condition on
the predictor f guaranteeing that Σ(f) has the desired stability
property; then, we define the viability set Ωk to ensure that, for
each η ∈ Ωk, the predictor f , obtained by solving (5) and (4),
satisfies such a sufficient condition. It is worth noticing that the
proposed approach does not rely on a specific cost function J
used in (3). Hence, it is possible to use all the various model
assessment methods discussed in Section III-A that can be
written in the form of (3).

Regarding solvability, we notice that Problem (4) with
α = 0 is an instance of Ivanov regularization [77], and it
is equivalent to (1) for a specific value of β [78]. Lemma 1
below (proved in Appendix A) extends this result to the case
of α > 0, which is needed to cover (4). The lemma uses the
function γ : (0,∞) → R defined as

γ(a) := myȳ
⊤ (Kη + aIn−m̄)

−1
Kη (Kη + aIn−m̄)

−1
ȳ − χ.

(6)

Lemma 1. The solution of (4) can be obtained by solving (1)
with β = max(ᾱ, α), where ᾱ ∈ [0,∞) is such that γ(ᾱ) = 0,
if it exists, or ᾱ = 0 otherwise.

Lemma 1 implies that the constraint on the RKHS norm
in (4) is potentially translated to a lower bound on β in (1).
This is in line with the typical effect of increasing the
regularization parameter, which forces the optimal predictor
to have a lower norm. The predictor f that solves (4) may
have a larger one-step prediction error with respect to the
unconstrained optimization problem (1) as the added constraint
limits the feasible set. Nevertheless, in view of Lemma 1,
the bounds on the one-step prediction error known for uncon-
strained problems (e.g. [69]) can still be applied, albeit with
a potentially larger regularization parameter.

Finally, we stress that, as in the classic kernel method
described in Section III-A, also Problems (5) and (4) may
give rise to a bilevel optimization problem with the consequent
complications, since J presents the same dependency on the
dataset and/or on the solution of (4) as before. Nevertheless,
we underline that the viability set Ωk does not depend on
the dataset. Therefore, if (5) is only solved for feasibility and
not optimality, Problems (5) and (4) can be solved once and
sequentially.
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IV. LEARNING BIBS STABLE AND ISS MODELS

This section shows how the methodology proposed in
Section III-B can be used to guarantee that the learned model
is BIBS stable, ISS, or has a weak Asymptotic Gain (wAG)
property. We focus only on the case where my > 0 because,
if my = 0 (which corresponds to a finite impulse response
(FIR) dynamics), then Σ(f) does not depend on f and reduces
to a contractive LTI system driven by v. Hence, in this case
the stability properties of the one-step ahead predictor and
the simulator can be simply inferred from the continuity and
boundedness properties of f , as done e.g. in [19, Prop 11].

A. Stability notions and results

BIBS stability, ISS, and wAG are formalized hereafter.

Definition 1 ([34]). System Σ(f) is said to be BIBS stable if
for every q ∈ [0,∞), there exists w ∈ [0,∞), such that every
solution (x, v, ε) of Σ(f) satisfies

|x0| ≤ q, |v|∞ ≤ q, |ε|∞ ≤ q ⇒ |x|∞ ≤ w.

Definition 2 ([36], [37]). System Σ(f) is said to be ISS if
there exist a class-KL function α and two class-K functions
κu and κe such that every solution (x, v, ε) of Σ(f) satisfies

∀t ∈ N, |xt| ≤ α (|x0|, t) + κu (|v0:t|∞) + κe (|ε0:t|∞) .

Definition 3. System Σ(f) is said to have the wAG property
if there exist b ∈ [0,∞) and a class-K function κ such that
every solution (x, v, ε) of Σ(f) satisfies

lim sup
t→∞

|xt| ≤ b+ κ

(︃
lim sup
t→∞

max(|vt|, |εt|)
)︃
.

In particular, b and κ are called the asymptotic bias and
asymptotic gain, respectively. If b = 0, we say that Σ(f) has
the asymptotic gain (AG) property [35].

The following proposition establishes some sufficient con-
ditions on the predictor f guaranteeing that Σ(f) has one or
more of the considered stability properties.

Proposition 1. Suppose that there exist µ ∈ [0, 1), ρ ∈ [0,∞),
d ∈ [0,∞), and a class-K function ω such that, for every
x ∈ Rm and v ∈ R, the following conditions hold

|x|2 + |v|2 ≥ ρ ⇒ |f(x, v)|2 ≤ µ

my
|x|2 + ω(|v|), (7a)

|x|2 + |v|2 < ρ ⇒ |f(x, v)| ≤ d. (7b)

Then:

A. Σ(f) is BIBS stable.
B. If f is continuous, Σ(f) has the wAG property with

asymptotic bias b(ρ), for some class-K function b.
C. If (7) holds with ρ = 0, Σ(f) is ISS.

The proof of Proposition 1 is omitted, since it follows
similar arguments of the proof of Proposition 3 stated in the
next section.

B. Learning with stability constraints
To show that the procedure explained in Section III-B can

be used to guarantee that the learned models are BIBS stable
and/or ISS, we proceed in two steps:
S1. We derive a condition on the kernel function ensuring

that all the elements of the associated RKHS satisfy
Conditions (7) with ρ, µ, d ∈ [0,∞) and ω of class-K.

S2. We design the viability set Ωk in order to guarantee
that the predictor f selected by solving (4) satisfies
Conditions (7) with µ ∈ [0, 1).

Steps S1 and S2 guarantee that every feasible predictor sat-
isfies the assumptions of Proposition 1 thus yielding a stable
Σ(f).

Remark 1. We stress that satisfaction of the assumptions of
Proposition 1 cannot be achieved in one step by just shaping
the kernel structure k. In particular, the only RKHS whose
functions all satisfy (7a) with my > 0 is the trivial space,
which only contains the 0 function. Indeed, if for some η ∈
Φk, f ∈ H(kη) \ {0} satisfies (7a) with µ ∈ (0, 1), then
µ−1f ∈ H(kη) may not satisfy (7a).

Proposition 2 (proved in Appendix B) fulfills Step S1 by
providing sufficient conditions on a kernel function kη for
which (7) holds for all functions f ∈ H(kη), although with µ
possibly larger than 1.

Proposition 2. Let k be a kernel structure and η ∈ Φk.
Assume that there exist ν, s ∈ [0,∞) such that

∀a ∈ Rm+1, |a|2 ≥ ν ⇒ kη(a, a) ≤ |a|2, (8a)

∀a ∈ Rm+1, |a|2 < ν ⇒ kη(a, a) ≤ s. (8b)

Then, every function f ∈ H(kη) satisfies conditions (7) with
µ = my|f |2kη

, ρ = ν, d =
√
s|f |kη

and ω(p) = ap2 with any
a > |f |2kη

.

Let kη be a kernel function satisfying the assumptions of
Proposition 2. Then, each f ∈ H(kη) satisfies (7) with µ =
my|f |2kη

. Since the constraint my|f |2kη
≤ χ < 1 is already

present in (4), then Step S2 is fulfilled if we can properly
define the viability set Ωk in such a way that all the solutions
of (5) satisfy the assumptions of Proposition 2. This leads to
the following definition.

Definition 4. Let k be a kernel structure. Given ρ ∈ [0,∞],
we define the ρ-viability set of k as

Θρ
k :=

{︁
η ∈ Φk : ∃ν ∈ [0, ρ] ∩ R, ∃s ∈ [0,∞), (8) holds

}︁
If Θρ

k ̸= ∅, we say that the kernel structure k is ρ-viable.

Joining Steps S1 and S2 and using Proposition 1 directly
leads to Theorem 1 below, which is the main result of the
present section.

Theorem 1. Let ρ ∈ [0,∞], k be a ρ-viable kernel structure,
and (α, η) be an optimal solution of (5) obtained with Ωk =
Θρ

k. Let f be the optimal solution of (4). Then, Σ(f) is BIBS
stable. If, in addition, f is continuous, then Σ(f) has the
wAG property with asymptotic bias b(ρ), where b is a class-K
function. Finally, if ρ = 0, then Σ(f) is ISS.
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It is important to observe that a solution of (5) exists only
if Θρ

k ̸= ∅, namely, if k is ρ-viable for the chosen ρ ∈ [0,∞].
ρ-viability of some of the most commonly used kernels is
discussed in Section VI, where we also characterize their ρ-
viability set.

We observe that ∞-viability is sufficient for BIBS stability,
while 0-viability is sufficient for ISS. Since ρ ↦→ Θρ

k is
increasing, achieving BIBS stability is easier than ISS, which
matches with the fact that ISS is a stricter stability condition.
Moreover, ρ-viability for ρ ∈ (0,∞) can be interpreted as
an “intermediate” stability property between ISS and BIBS
stability. Finally, we underline that Theorem 1 also states that
Σ(f) yields the wAG property if k is ρ-viable for some ρ and
f is continuous. In this respect, we point out that, since f is
a linear combination of representer functions, f is continuous
when the functions k(z, ·) are continuous for each z ∈ Rm+1.

Remark 2. Regarding the BIBS stability requirement, we
stress that, in principle, BIBS stability may be obtained
whenever the predictor is a bounded function. Hence, every
bounded kernel produces a BIBS stable system. However,
the bound achievable in this way corresponds to a limit
case of Proposition 1 in which ρ = ∞. As clear from the
proof of the proposition, this gives no information on how
the amplitude of the input affects that of the output. The
result of Theorem 1, instead, provides a bound composed
of two terms, the first depending on ρ and independent of
the input, and the second given by a class-K function of the
norm of the input. Therefore, for ρ = 0, Theorem 1 also
provides a characterization of continuity of the input-output
operator associated with the predictor. For ρ > 0, a bias is
introduced scaling with ρ, thereby providing a combined effect
of continuity and uniform boundedness.

Remark 3. 0-viability, needed in Theorem 1 to prove ISS,
implies f(0m+1) = 0. Conversely, ISS implies that (x, v, ε),
with xt = 0m and εt = vt = 0 for all t ∈ N, is a solution
of Σ(f), which in turn implies f(0m+1) = 0. Therefore,
Theorem 1 only characterizes ISS with respect to the origin.
This property is also reflected in Condition (7a) that implies
k(0m+1, 0m+1) = 0 and, therefore, f(0m+1) = 0 for each f ∈
H(kη) [64, Prop 2.3]. Imposing ISS with respect to a different
known equilibrium pair (x⋆, v⋆) is possible by applying the
preliminary data transformation (x, v) ↦→ (x − x⋆, v − v⋆)
before using Theorem 1.

V. LEARNING δBIBS STABLE AND δISS MODELS

This section shows how the methodology proposed in
Section III-B can be used to guarantee that the learned model is
δBIBS stable, δISS, and/or has a weak incremental asymptotic
gain (wδAG) property. We follow the same line of reasoning
of Section IV and provide the “incremental version” of the
results therein. As in Section IV, also this section focuses on
the case my > 0 for similar reasons.

A. Incremental stability notions and results
Consider two solutions (xa, va, εa) and (xb, vb, εb) of Σ(f)

and let x̃ := xa − xb, ṽ := va − vb, and ε̃ := εa − εb. The

notions of δBIBS stability, δISS, and wδAG are formalized in
the following definitions.

Definition 5. System Σ(f) is said to be δBIBS stable if, for
every q ∈ [0,∞), there exists w ∈ [0,∞), such that every two
solutions (xa, va, εa) and (xb, vb, εb) of Σ(f) satisfy

|x̃0| ≤ q, |ṽ|∞ ≤ q, |ε̃|∞ ≤ q ⇒ |x̃|∞ ≤ w.

Definition 6 ([38]). System Σ(f) is said to be δISS if there
exist a class-KL function α and two class-K functions κu and
κe such that every two solutions (xa, va, εa) and (xb, vb, εb)
of Σ(f) satisfy

∀t ∈ N, |x̃t| ≤ α (|x̃0|, t) + κu (|ṽ0:t|∞) + κe (|ε̃0:t|∞) .

Definition 7. System Σ(f) is said to have wδAG property if
there exist b ∈ [0,∞) and a class-K function κ such that every
two solutions (xa, va, εa) and (xb, vb, εb) of Σ(f) satisfy

lim sup
t→∞

|x̃t| ≤ b+ κ

(︃
lim sup
t→∞

max (|ṽt|, |ε̃t|)
)︃
.

In particular, b and κ are called incremental asymptotic bias
and incremental asymptotic gain, respectively. If b = 0, we say
that Σ(f) has the incremental asymptotic gain (δAG) property.

Proposition 3 (proved in Appendix C) stated below parallels
Proposition 1 by giving sufficient conditions on the predictor
f guaranteeing that Σ(f) is δBIBS stable, δISS, and has the
wδAG property.

Proposition 3. Suppose that there exist µ ∈ [0, 1), ρ ∈ [0,∞),
d ∈ [0,∞), and a class-K function ω such that, for all
xa, xb ∈ Rm and va, vb ∈ R, the following hold

|x̃|2 + |ṽ|2 ≥ ρ ⇒ |f̃ |2 ≤ µ

my
|x̃|2 + ω(|ṽ|), (9a)

|x̃|2 + |ṽ|2 < ρ ⇒ |f̃ | ≤ d, (9b)

where x̃ = xa−xb, ṽ = va−vb, and f̃ = f(xa, va)−f(xb, vb).
Then:

A. Σ(f) is δBIBS stable.
B. If f is uniformly continuous, Σ(f) has the wδAG property

with incremental asymptotic bias b(ρ), for some class-K
function b.

C. If (9) holds with ρ = 0, Σ(f) is δISS.

B. Learning with incremental stability constraints
To show that the procedure explained in Section III-B can

be used to guarantee that the learned models are δBIBS
stable and/or δISS, we follow the same line of reasoning of
Section IV-B, and we proceed in two steps (cf. S1-S2):
δS1. We derive a condition on the kernel function ensuring

that all the elements of the associated RKHS satisfy
Conditions (9) with ρ, µ, d ∈ [0,∞) and ω of class-K.

δS2. We design the viability set Ωk in order to guarantee the
predictor f selected by solving (4) satisfies Conditions (9)
with µ ∈ [0, 1).

Step δS1 is fulfilled by the following proposition, which is
analogous to Proposition 2.
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Proposition 4. Let k be a kernel structure and η ∈ Φk.
Assume that there exist ν, s ∈ [0,∞) such that

∀a, b ∈ Rm+1, |a− b|2 ≥ ν ⇒ hη(a, b) ≤ |a− b|2, (10a)

∀a, b ∈ Rm+1, |a− b|2 < ν ⇒ hη(a, b) ≤ s, (10b)

with hη(a, b) := kη(a, a) − 2kη(a, b) + kη(b, b). Then, every
function f ∈ H(kη) satisfies Conditions (9) with µ = my|f |2kη

,
ρ = ν, d =

√
s|f |kη

, and ω(p) = ap2 with any a > |f |2kη
.

The function hη defined in Proposition 4 is the squared
kernel metric of kη [79, Sec 4.2]. Hence, Condition (10)
is equivalent to asking that the canonical feature map of
kη is non-expansive for points whose distance is large, and
incrementally bounded for points that are closer.

As before, Step δS2 is fulfilled if we can properly define
the viability set Ωk in such a way that all the solutions of (5)
satisfy the assumptions of Proposition 4. This leads to the
following definition (cf. Definition 4).

Definition 8. Let k be a kernel structure. Given ρ ∈ [0,∞],
we define the ρ-δviability set of k as

∆ρ
k := {η ∈ Φk : ∃ν ∈ [0, ρ] ∩ R, ∃s ∈ [0,∞), (10) holds} .

If ∆ρ
k ̸= ∅, we say that the kernel structure k is ρ-δviable.

The ρ-δviability of some of the most commonly used
kernels is discussed in Section VI along with their viability
sets. Joining δS1 and δS2 and using Proposition 4 directly
leads to Theorem 2 below (analogous to Theorem 1).

Theorem 2. Let ρ ∈ [0,∞], k be a ρ-δviable kernel structure,
and (α, η) be an optimal solution of (5) obtained with Ωk =
∆ρ

k. Let f be the optimal solution of (4). Then, Σ(f) is δBIBS
stable. If, in addition, f is uniformly continuous, then Σ(f)
has the wδAG property with incremental asymptotic bias b(ρ),
where b is a class-K function. Finally, if ρ = 0, then Σ(f) is
δISS.

Since ρ ↦→ ∆ρ
k is increasing, the same relationship among

the conditions for BIBS stability and ISS discussed in Sec-
tion IV-B holds for their incremental version as well. More-
over, since f is a linear combination of kernel functions, it is
uniformly continuous when so are the functions kzη for each
z ∈ Rm+1. Finally, we underline that similar conclusions of
those given in Remark 2 apply to δBIBS stability as well.

VI. KERNEL VIABILITY

In this section, we consider some of the most commonly
used kernels, and we derive their ρ-viability and ρ-δviability
sets, thereby connecting them with the stability results pre-
sented in the previous sections. Before delving into specific
kernels, it is possible to state two general results and draw
some preliminary considerations. Specifically, Proposition 5
below states that, if the kernel is continuous (resp. uniformly
continuous), Condition (8b) (resp. Condition (10b)) is always
satisfied and ρ-viability only depends on Condition (8a) (resp.
the ρ-δviability only depends on (10a)). The proof of Proposi-
tion 5 directly follows by the fact that continuous functions are
locally bounded, and a similar property holds for uniformly

continuous functions (see Lemma 2 in Appendix C.3). Propo-
sition 6, instead, states that all bounded kernels are ∞-viable
and ∞-δviable.

Proposition 5 (Continuous kernels). Let k be a kernel struc-
ture such that, for all η ∈ Φk, the kernel function kη is contin-
uous (resp. uniformly continuous). Then, for each ρ ∈ [0,∞],
it holds that Θρ

k = {η ∈ Φk : ∃ν ∈ [0, ρ] ∩ R, (8a) holds}
(resp. ∆ρ

k = {η ∈ Φk : ∃ν ∈ [0, ρ] ∩ R, (10a) holds}).

Proposition 6 (Bounded kernels). Let k be a kernel structure
such that, for each η ∈ Φk, kη is bounded. Then, k is ∞-viable
and ∞-δviable with Θ∞

k = ∆∞
k = Φk.

Proof. Let bη ∈ (0,∞) be such that |kη(a, b)| ≤ bη for all
a, b ∈ Rm+1. Condition (8b) trivially holds with ν = s = bη .
Similarly, also (8a) holds with ν = bη since |a|2 ≥ bη ⇒
|a|2 ≥ kη(a, a) for all a ∈ Rm+1. Hence, Θ∞

k = Φk. Finally,
∆∞

k = Φk can be proved similarly by noticing that, for every
a, b ∈ Rm+1, hη(a, b) ≤ 4bη .

A. Degenerate kernels
This section considers a degenerate kernel structure k [65,

Def 4.1], namely, such that, for each η ∈ Φk, there exist pη ∈
N and Γη : Rm+1 → Rpη , such that kη(a, b) = Γη(a)

⊤Γη(b)
for every a, b ∈ Rm+1. Since kη(a, a) = |Γη(a)|2 and
hη(a, b) = |Γη(a)− Γη(b)|2, Conditions (8) and (10) can be
easily rewritten in terms of Γη . Moreover, kη is continuous or
bounded if Γη enjoys the same property. Therefore, Proposi-
tion 6 and the first statement of Proposition 5 can easily be
rewritten in terms of Γη instead of kη .

A relevant degenerate kernel is the linear affine kernel
analyzed in Proposition 7 below (proved in Appendix E).
It defines the space of all linear affine functions. Hence, it
produces linear models. Although there are more specialized
methods for kernel-based identification of linear systems [14],
Proposition 7 shows that, for 0-viability, the hyperparameter
that regulates the affine part of the kernel needs to be 0. In
this way, we guarantee that the space only contains linear
functions. Furthermore, the 0-δviability set, the ∞-δviability
set, and the ∞-viability are the same. This is consistent with
the fact that δISS, δBIBS stability, and BIBS stability are all
equivalent notions for linear systems.

Proposition 7 (Linear affine kernel). Let k be a kernel
structure such that Φk = [0,∞)2 and kη(a, b) = τa⊤b + σ
for all a, b ∈ Rm+1 and η = (τ, σ) ∈ Φk. Then, for each
ρ ∈ [0,∞], it follows that Θρ

k = {(τ, σ) ∈ Φk : τ ∈
[0, 1) ∧ σ ∈ [0, ρ(1− τ)]} ∪ (1, 0) and ∆ρ

k = [0, 1]× [0,∞).

Another common degenerate kernel is the polynomial kernel
analyzed in Proposition 8 below (proved in Appendix F). This
kernel is widely used in the literature [80]–[82] because it
defines the space of polynomials with an arbitrary degree [57,
Prop 2.1]. Unfortunately, this kernel is only viable when it is
reduced to the linear kernel previously analyzed.

Proposition 8 (Polynomial kernel). Let k be a kernel structure
such that Φk = {2, · · · } ⊆ N and kη(a, b) = (a⊤b)η for
all a, b ∈ Rm+1 and η ∈ Φk. Then, for every ρ ∈ [0,∞],
Θρ

k = ∆ρ
k = ∅.
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Although Proposition 8 gives a somewhat negative result,
nonlinear polynomial kernels (as well as other degenerate
kernels) can always be modified to enable their usage to learn
stable systems. This is briefly discussed in Section VI-C.

B. Stationary Kernels

Stationary kernels enjoy many relevant properties (see [65,
Sec 4.2.1] or [57, Sec 4.4] for more details), and they include
many widely-used kernels such as the Gaussian Kernel [83]
and all isotropic kernels.

Definition 9. A kernel structure k is said to be stationary if,
for every η ∈ Φk, there exists a function k̄η : Rm+1 → R,
such that kη(a, b) = k̄η(a− b) for all a, b ∈ Rm+1.

The following result characterizes viability of stationary
kernels.

Theorem 3 (Stationary kernels). Let k be a stationary kernel
structure. Then, for each ρ ∈ [0,∞],

Θρ
k = {η ∈ Φk : k̄η(0m+1) ≤ ρ},

∆ρ
k =

{︁
η ∈ Φk : ∀z ∈ Rm+1,

|z|2 ≥ ρ ⇒ 2k̄η(0m+1)− 2k̄η(z) ≤ |z|2
}︁
.

Moreover, ∆ρ
k ⊇ {η ∈ Φk : 4k̄η(0m+1) ≤ ρ}.

Theorem 3 is proved in Appendix G. A first immediate
consequence of Theorem 3 is that all stationary kernels are
always ∞-viable and ∞-δviable and, hence, they can be used
to learn BIBS stable and δBIBS stable models without addi-
tional restrictions on the hyperparameters. This is formalized
by the following corollary.

Corollary 1. Let k be a stationary kernel structure. Then,
Θ∞

k = ∆∞
k = Φk.

A second relevant consequence of Theorem 3 is that no non-
trivial stationary kernel is 0-viable. Hence, stationary kernels
are generally not suitable to learn ISS systems.

Corollary 2. Let k be a stationary kernel structure. Then,
Θ0

k = {η ∈ Φk : ∀a, b ∈ Rm+1, kη(a, b) = 0}, that is, no
non-trivial stationary kernel is 0-viable.

Proof. The claim directly follows from Theorem 3 since
k̄η(0m+1) ≤ 0 if and only if kη(a, a) = 0 for all a ∈ Rm+1,
which is true if and only if kη(a, b) = 0 for all a, b ∈ Rm+1

(see (22)).

Two important stationary kernels are the Gaussian Kernel
and the Matérn Kernel [84]. They are analyzed in Proposi-
tions 9 and 10 below (proved in Appendix H and Appendix I,
respectively). Proposition 10 only considers the first degree
Matérn Kernel for simplicity, but analogous results can be
obtained with larger degrees. Both kernels are 0-δviable,
provided the hyperparameters satisfy certain conditions for
δISS.

Proposition 9 (Gaussian Kernel). Let k be a stationary kernel
structure such that Φk = (0,∞)× [0,∞)2 and, for every z ∈

Rm+1 and η = (γ, τ, σ) ∈ Φk, k̄η(z) = τ exp(−γ|z|2) + σ.
Then, for each ρ ∈ [0,∞], we have

Θρ
k = {(τ, γ, σ) ∈ Φk : τ + σ ≤ ρ},

∆ρ
k =

⎧⎪⎨⎪⎩
{(τ, γ, σ) ∈ Φk : 2τγ ≤ 1}, if ρ = 0,

{(τ, γ, σ) ∈ Φk : v(τ, γ) ≤ ρ} if ρ ∈ (0,∞),

Φk, if ρ = ∞,

in which v(τ, γ) = 2τ + γ−1W
(︁
−2γτe−2γτ

)︁
and W is the

principal branch of the Lambert W function [85]. Additionally,
∆ρ

k ⊇
[︁
0, ρ

2

]︁
× [0,∞)2.

Proposition 10 (Matérn Kernel). Let k be a stationary kernel
structure such that Φk = [0,∞)3 and k̄η(z) = τ

(︁
1 +

γ
√
3|z|

)︁
exp

(︁
− γ

√
3|z|

)︁
+ σ, for all z ∈ Rm+1 and η =

(τ, γ, σ) ∈ Φk. Then, for each ρ ∈ [0,∞], we have

Θρ
k = {(τ, γ, σ) ∈ Φk : τ + σ ≤ ρ} ,

∆0
k = {(τ, γ, σ) ∈ Φk : 3τγ2 ≤ 1} .

Finally, Proposition 11 below (proved in Appendix J)
analyzes the kernel proposed in [41], which is specifically
designed for the identification of predictors for NARX sys-
tems. Loosely speaking, this kernel is designed so that older
measurements weight less than recent ones in the computation
of the predicted value (with the parameter ξ playing the
role of a forgetting factor). Since this is a stationary kernel,
according to Corollary 2 it is not suitable for learning ISS
systems, but it guarantees that the learned model is δBIBS
and BIBS stable without constraining the hyperparameters’
selection optimization problem, i.e. (3) and (5) are equivalent.

Proposition 11. Let k be a stationary kernel structure
such that Φk = [0,∞)3 × {1, . . . , m̄} and, for all z =
(y1:my , u1:mu+1) ∈ Rm+1 and η = (τ, γ, ξ, p) ∈ Φk,

k̄η(z) = τ

m̄−p∑︂
t=0

exp(−ξt− γ|zt|2),

in which zt = (yt+1:py
, ut+1:pu

) where py := min(t+ p,my)
and pu := min(t+ p,mu + 1). Then

Θ0
k = {(τ, γ, ξ, p) ∈ Φk : τ = 0} ,

∆0
k = {(τ, γ, ξ, p) ∈ Φk : 2γτπ(ξ, p) ≤ 1} ,

where π(ξ, p) := m̄ − p + 1 if ξ = 0 and π(ξ, p) :=
1−e−(m̄−p+1)ξ

1−e−ξ if ξ > 0.

We emphasize that Proposition 11 validates the rationale
used in [41] behind the construction of the kernel. Firstly,
notice that π(·, p) is a continuous non-increasing function in
[0,∞) whose image is (1, m̄− p+ 1]. Therefore, a necessary
condition for 0-δviability is that 2γτ ≤ 1. If this is the case, we
need to select ξ large enough to guarantee that 2γτπ(ξ, p) ≤ 1.
Thus, in qualitative terms, the predictor must lead to a system
forgetting past initial conditions sufficiently fast.

C. Composition of viable kernels
It is well known that the sum of symmetric positive

semidefinite kernels is a positive semidefinite kernel [57,
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Prop 13.1]. Proposition 12 below (proved in Appendix K)
gives sufficient conditions under which the linear combination
of viable kernels is again viable.

Proposition 12 (Sum of kernels). Let (w1)
q
i=1 be q ∈ N

kernel structures and k be the kernel structure such that
Φk = (0,∞)q × Φw1

× · · · × Φwq
and

∀a, b ∈ Rm+1, kη(a, b) :=

q∑︂
i=1

τiwi,ηi
(a, b) ,

for all η = (τ1:q, η1:q) ∈ Φk. Then, for each ρ ∈ [0,∞], the
following inclusions hold

Θρ
k ⊇

{︄(︁
(τi)

q
i=1, (ηi)

q
i=1

)︁
∈ (0,∞)q ×Θρ

w :

q∑︂
i=1

τi ≤ 1

}︄
,

∆ρ
k ⊇

{︄(︁
(τi)

q
i=1, (ηi)

q
i=1

)︁
∈ (0,∞)q ×∆ρ

w :

q∑︂
i=1

τi ≤ 1

}︄
,

where Θρ
w = Θρ

w1
× · · · ×Θρ

wq
and ∆ρ

w = ∆ρ
w1

× · · · ×∆ρ
wq

.

As implied by Corollary 2, stationary kernels are not
suitable for learning ISS systems. To address this problem,
Proposition 13 below (proved in Appendix L) provides a way
to modify a stationary kernel in order to obtain a non-trivial
0-viable kernel structure, which is therefore compatible with
the conditions for ISS.

Proposition 13. Let ℓ and w be kernel structures such that
w is stationary. Let k be a kernel structure such that Φk =
Φℓ×Φw and kη(a, b) = ℓη1

(a, b)wη2
(a, b) for all a, b ∈ Rm+1

and all η = (η1, η2) ∈ Φk. Then, for each ρ ∈ [0,∞], Θρ
k ⊇

{(η1, η2) ∈ Θρ
ℓ × Φw : w̄η2

(0m+1) ≤ 1}.

An example of application of Proposition 13 can be easily
constructed by taking ℓ as a degenerate kernel, and w as one of
the stationary kernels analyzed in Section VI-B. In particular,
let p ∈ N and Γ : Rm+1 → Rp be such that |Γ(a)|2 ≤ |a|2,
for all a ∈ Rm+1. Then, the kernel

kη(a, b) := Γ(a)⊤Γ(b)(τ exp(−γ|a− b|2) + σ) (11)

is 0-viable with Θρ
k ⊇ {(τ, γ, σ) ∈ Φk : τ + σ ≤ 1}, where

we have used the properties of the Gaussian kernel analyzed
in Proposition 9.

VII. NUMERICAL EXPERIMENTS

This section provides some numerical experiments validat-
ing the theoretical findings. Section VII-A presents a Monte
Carlo analysis on two models that satisfy the assumptions of
Proposition 1 and 3, respectively. This experiment allows us
to validate the proposed method in the case where the dataset
is generated by a system having the same structure as the
identified one. Section VII-B, instead, reports a more realistic
application concerning the identification of the potassium ion
gate’s dynamics in the Hodgkin-Huxley’s neuron model [86].

A. Learning stable systems
We consider two discrete-time models A and B with input

u and output y that obey the two difference equations

A : yt = 0.2|pt|
√︁

sin(|pt|) + 1, B : yt = 0.2 sin(|pt|)2

where pt := (yt−2, yt−1, ut−2, ut−1). Using Propositions 1
and 3, we can show that System A is ISS and B is δISS. For
the identification of model i ∈ {A,B} we employ a dataset Di

containing 200 samples of the input and output measurements.
In particular, for every t ∈ {1, . . . , 200}, the pairs (ūt, ȳt) ∈
Di are obtained by sampling the random variables

ūt = ut+2 , ȳt = yt+2 + wi
t+2 ,

where wA
t ∼ N0(0.05), wB

t ∼ N0(0.02) (N0(S) denotes the
0-mean Normal distribution with covariance matrix S); the
signal-to-noise ratio is close to 10 in both cases. Furthermore,
y0 ∼ N0(1), y1 ∼ N0(1), and the input satisfies ut ∼ N0(1)
for every t ∈ N. All the introduced random variables are
mutually independent. For every model i ∈ {A,B}, the
performances are evaluated on a validation dataset Dv

i sampled
from the same distribution as the dataset Di.

To better validate the model, we consider both the per-
formance in 1-step-ahead prediction and in simulation. In
particular, the 1-step-ahead prediction sequence ŷpre and the
simulated output sequence ŷ are as defined in Section II using
the inputs of the validation dataset Dv

i . Both sequences are
equal to the output of the validation datasets for the first m̄
samples to guarantee a sensible initial condition for the simu-
lation. Prediction and simulation are evaluated in terms of their
adherence to the output sequence ȳt. In particular, we define
the performance indexes qpre := 1

n−m̄

∑︁n
t=m̄+1|ȳt − ŷpret | and

qsim := 1
n−m̄

∑︁n
t=m̄+1|ȳt − ŷt|. The analysis is carried out

using Monte Carlo simulations with 501 runs. For the learning
procedure, we select my=mu = 2, ι = 10−10, χ = 0.99,
and the hyperparameters are computed using the EB method,
suitably modified to account for the stability constraint for
the proposed method. After selecting the hyperparameters,
we employ the procedure presented in [87] to reduce the
computational complexity of the estimated model by enforcing
sparsity of the solution.

Since, in the context of this validation, A is known to be ISS,
the developed theory suggests using kernel (11) with Γ(a) = a
for all a ∈ Rm+1. We thus consider the two predictors:
Aa. f obtained by solving (1)-(3),
Ab. f obtained by solving (4)-(5) with Ωk = Θ0

k.
Therefore, Ab guarantees that the estimated model is ISS
while Aa does not. As Figure 1 shows, imposing the right
stability notion, ISS, yields similar performance to the standard
predictor in both prediction and simulation. However, the
models estimated with Ab are ISS as proven in Theorem 1,
while Aa gives no guarantees of ISS. Similar conclusions can
also be obtained for model B. Since B is δISS, the learning
procedure is carried out using the Gaussian Kernel analyzed
in Proposition 9, and we consider two predictors:
Ba. f obtained by solving (1)-(3),
Bb. f obtained by solving (4)-(5) with Ωk = ∆0

k.
In particular, Bb guarantees that the estimated model is δISS
while Ba does not. As shown in Figure 2, we can draw the
same observations as in the previously analyzed case.

These two examples show that, when the underlying system
can be modeled by Σ(f) for some predictor f that satisfies
the assumptions of Propositions 1 and 3, the proposed method
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is able to guarantee that the estimated models have a desired
stability property without significantly deteriorating the pre-
diction and simulation capabilities.

B. Potassium channel of an excitable cell
We consider the K+ channel dynamics of the Hodgkin-

Huxley’s neuron model, which is given by the following
differential equation [86, Eq (7,26)]

H :

⎧⎪⎪⎨⎪⎪⎩
κ̇ =

(V + 10)(1− κ)

100
(︂
e

V
10+1 − 1

)︂ − e
V
80

8
κ

I = 36(V − 12)κ4

where V is the input (the neuron’s membrane potential) and I
is the output (the K+ current flowing across the membrane).
The objective is to learn a discrete-time predictor of the output
I . For the learning procedure, we consider a dataset DH

generated by sampling (with sampling time 0.1 s), for each
t ∈ {1, . . . , n}, the random signals

ūt = V (49.9 + 0.1t), ȳt = r(49.9 + 0.1t, u, κ0) ,

where n = 201, κ0 ∼ N0(1), r(h, u, κ0) is the forced output
of system H at time h given the initial condition κ0, and V (t)
is chosen as the random variable

V (t) =

50∑︂
i=1

Ai sin(2πνit+ φi),

where, for every i ∈ {1, . . . , 50}, Ai ∼ U(0.1, 0.5), νi ∼
U(0, 1), φi ∼ U(0, 2π) (U(a, b) denotes the uniform distribu-
tion on [a, b] ⊆ R). Hence, ū and ȳ are measurements of V and
I , respectively. The random variables {κ0} ∪ {Ai, νi, φi}50i=1

are all mutually independent. For this experiment, we select
mu = my = 2, ι = 10−10, χ = 0.99, and the hyperparameters
are computed using the EB method modified to account for the
stability constraint for the proposed method. After selecting the
hyperparameters, we employ the procedure presented in [87]
to reduce the computational complexity of the estimated
model by enforcing sparsity of the solution. The identification
algorithm is carried out using the Gaussian kernel (described
in Proposition 9), and we consider three predictors:
Ha. f obtained by solving (1)-(3),
Hb. f obtained by solving (4)-(5) with Ωk = ∆∞

k ,
Hc. f obtained by solving (4)-(5) with Ωk = ∆0

k.
The obtained predictors are evaluated using a validation
dataset sampled from the same distribution as the dataset DH

with n = 5001. The analysis is carried out using Monte Carlo
simulations with 501 runs. The performance in prediction and
simulation of the estimated models are reported in Figures 3
and 4, respectively. We notice that Ha and Hb have similar
prediction performance. As explained in Remark 2, since the
Gaussian kernel is bounded, the two methods generate BIBS
stable models. However, Hb also guarantees that the system is
δBIBS and that it has the wAG and wδAG properties without
performance deterioration. Instead, Hc causes a small decrease
of predictive performance. However, the estimated models are
guaranteed to be δISS. Thus, as explained in Section II, the
simulation error remains bounded by a class K function of the

0.040 0.042 0.044 0.046 0.048 0.050

Ab - qsim
Aa - qsim
Ab - qpre
Aa - qpre

Fig. 1. Box plots of the performance indexes for system A.

0.016 0.017 0.018 0.019 0.020 0.021

Bb - qsim
Ba - qsim
Bb - qpre
Ba - qpre

Fig. 2. Box plots of the performance indexes for system B.

infinity norm of the past prediction error (see Definition 6).
The beneficial effect of this property can be seen in the
simulation performance shown in Figure 4 where we can
notice that the simulation error of Hc remains of the same
order of magnitude of the prediction error. Instead, Ha presents
a significantly larger simulation error that renders the models
unsuitable for simulation purposes. Similar conclusions can
also be drawn from Figure 5 where it is possible to see that
the prediction error is small for both models, but the simulation
error of Ha is significantly larger in magnitude.

Finally, case Hb shows that only guaranteeing the weaker
stability property of δBIBS with wδAG allows for better
simulation performance without significantly impacting the
prediction capability of the estimated model. Thus, it provides
a middle ground between the lack of guarantees of Ha and
the strong ones of Hc.

VIII. CONCLUDING REMARKS

Identifying nonlinear models possessing certain desired
stability properties is of crucial importance in applications.
Yet, existing results are limited in scope, and a systematic
procedure to learn stable nonlinear systems is still a chal-
lenging problem. In this article, we make a step towards the
solution of this problem showing how stability properties can
be effectively included in a kernel-based learning procedure.
In particular, we embedded these properties in the hyperpa-
rameters’ selection algorithm, and stability is guaranteed by
upper-bounding the RKHS norm of the predictor.

The proposed approach has the merit of offering a sys-
tematic non-parametric procedure to guarantee stability of the
learned models. It is also a flexible solution allowing different
kernel functions to be used. Moreover, the stability guarantees
that can be enforced refer to both the input to the system and
to the prediction error. In turn, stability with respect to the
prediction error is shown to have considerable benefits when
the model is used for simulation.

As a drawback, however, the stability conditions enforced
(formally given in Propositions 1 and 3) may be quite conser-
vative in general, and their restrictiveness increases with the
model dimension. In practice, this issue can have a detrimental
impact on the data-fitting performances in certain cases. Future
research efforts will focus on (i) quantifying this detriment;
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Hc - qpre

Hb - qpre

Ha - qpre

Fig. 3. Box plots of the performance indexes in prediction of system H.
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Hc - qsim

Hb - qsim

Ha - qsim

Fig. 4. Box plots of the performance indexes in simulation of system H.

(ii) addressing this problem, which may require continuity con-
ditions weaker than Lipschitz-continuity; (iii) providing formal
guarantees on the out-of-sample prediction performances of
the estimated predictor.

APPENDIX

A. Proof of Lemma 1
For every c ∈ Rn−m̄, define ϕc :=

∑︁n
i=m̄+1 cik

z̄i
η ∈ H(kη)

as in (2). Then, by invoking [67, Th 2] with

Ω(ω) :=

{︄
α|ω|2H(kη)

If my|ω|2H(kη)
≤ χ,

∞ Otherwise,

we can notice that there exists c ∈ Rn−m̄ such that ϕc is the
solution of (4). Hence, Problem (4) boils down to

min
c∈Rn−m̄

B(c) s.t. C(c) ≤ 0, (12)

where

B(c) =

n∑︂
i=m̄+1

(︁
ϕc(z̄i)− ȳi

)︁2
+ α|ϕc|2kη

C(c) = my|ϕc|2kη
− χ.

By definition of Kη , and since kη(a, b) = ⟨kaη , kbη⟩kη
[79, Lem.

4.19], for every c ∈ Rn−m̄ we have

|ϕc|2kη
=

n∑︂
i=m̄+1

n∑︂
j=m̄+1

cicj
⟨︁
kz̄iη , kz̄jη

⟩︁
kη

= c⊤Kηc.

Then, we obtain B(c) = c⊤(Kη + αIn−m̄)Kηc− 2ȳ⊤Kηc+
ȳ⊤ȳ and C(c) = myc

⊤Kηc − χ. Additionally, ∇B(c) =
2c⊤(Kη+αIn−m̄)Kη−2ȳ⊤Kη and ∇C(c) = 2myc

⊤Kη . As
a consequence, B and C are smooth, convex functions and,
hence, the KKT conditions are sufficient for optimality [88,
Sec 5.5.3]. Namely, if (c, λ) ∈ Rn−m̄ × [0,∞) satisfies

∇B(c) + λ∇C(c) = 0⊤n−m̄, λC(c) = 0, C(c) ≤ 0, (13)

then c is an optimal solution of (12). The first of (13) is
satisfied by c = (Kη + (α + λmy)In−m̄)−1ȳ. Thus, the
solutions of (1) and (4) are equivalent if β = α+λmy with λ
satisfying (13). Hence, if there exists a β ∈ [0,∞) such that

C2 :
β − α

my
γ(β) = 0, C3 : γ(β) ≤ 0,

−6
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−2

0

ŷ
p
re

t

0 10 20 30 40 50
−40

−20
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20

t [s]

ŷ
t

Fig. 5. The top (bottom) plot shows the comparison between the
prediction (simulation) sequence of Ha (solid red line), the prediction
(simulation) sequence of Hc (solid blue line), and the output of System
H (solid black line). All the sequences are computed by taking the
estimated model from the Monte Carlo run with median performance
index using a newly generated validation dataset.

where γ is defined in (6), then (13) are satisfied by c = (Kη+
βIn−m̄)−1ȳ and λ = β−α

my
.

We now find β satisfying C2 and C3, thereby complet-
ing the proof. First, notice that γ is non-increasing and
lima→∞ γ(a) = −χ. Hence, if γ is not always negative, there
exists a ᾱ ∈ [0,∞) such that γ(ᾱ) = 0. Otherwise, we let
ᾱ = 0. If α ≤ ᾱ, then C2, C3, and β ≥ α are all satisfied
by the choice β = ᾱ since γ(ᾱ) ≤ 0 by definition of ᾱ.
Otherwise, if α > ᾱ, we notice that β = α trivially fulfills C2.
Moreover, C3 is also satisfied because γ is a non-increasing
function and γ(ᾱ) ≤ 0. Hence, we conclude the proof by
noticing that, in all cases, β = max(ᾱ, α).

B. Proof of Proposition 2
Pick f ∈ H(kη). Using the Cauchy-Schwarz inequality, for

every a ∈ Rm+1, we obtain

|f(a)|2 =
⃓⃓
⟨f, kaη⟩kη

⃓⃓2
=

⟨︁
f, kaη

⟩︁2
kη

≤ |f |2kη

⟨︁
kaη , k

a
η

⟩︁
kη
.

Since ⟨kaη , kaη⟩kη
= kη(a, a), then |f(a)|2 ≤ |f |2kη

kη(a, a).
Therefore, Conditions (8) lead to the implications

|a|2 ≥ ν ⇒ |f(a)|2 ≤ |f |2kη
|a|2,

|a|2 < ν ⇒ |f(a)| ≤ |f |kη

√︂
kη(a, a) ≤ |f |kη

√
s,

which coincide with (7) for a = col(x, v) (x ∈ Rm and v ∈
R), µ = my|f |2kη

, ρ = ν, d = |f |kη

√
s and ω(b) = |f |2kη

b2.

C. Proof of Proposition 3
We divide the proof in several subsections for clarity of

exposition.
1) δISS Lyapunov Candidate: Let P :=

diag(1, . . . ,my, 1, . . . ,mu) and define the function
V : Rm → [0,∞] as V (x) := x⊤Px. Let A, G and
H be the matrices defined in Section II. Then, P satisfies

A⊤PA− P = −Im, G⊤PG = my, H⊤PH = mu,

G⊤PH = 0, A⊤PG = 0m, A⊤PH = 0m,
(14)
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and
∀x ∈ Rm, |x|2 ≤ V (x) ≤ m̄|x|2. (15)

Fix xa, xb ∈ Rm, va, vb, εa, εb ∈ R, and let

x̃ := xa − xb, ṽ := va − vb,

ε̃ := εa − εb, f̃ := f(xa, va)− f(xb, vb).
(16)

By using the Young’s inequality 2f̃ ε̃ ≤ (1 − µ)f̃2 + (1 −
µ)−1ε̃2 [89] and (14) we obtain

V
(︁
Ax̃+Gf̃ +Gε̃+Hṽ

)︁
− V (x̃)

= −|x̃|2 +myf̃
2 + 2myf̃ ε̃+myε̃

2 +muṽ
2

≤ −|x̃|2 +my(2− µ)f̃2 +my
2− µ

1− µ
ε̃2 +muṽ

2.

(17)

Using (9a) and (15), we thus obtain

|x̃|2 + |ṽ|2 ≥ ρ ⇒ V
(︁
Ax̃+Gf̃ +Gε̃+Hṽ

)︁
≤ λV (x̃) + ϱu(|ṽ|) + ϱe(|ε̃|), (18)

with λ := 1− (1−µ)2

m̄ ∈ [0, 1), ϱu(s) := my(2−µ)ω(s)+mus
2,

and ϱe(s) := my
2−µ
1−µs

2. Notice that ϱu and ϱe are of class-K.
2) Proof of A: Fix q ∈ [0,∞) and pick arbitrarily two

solutions (xa, va, εa) and (xb, vb, εb) of Σ(f) such that⃓⃓
xa
0 − xb

0

⃓⃓
≤ q,

⃓⃓
va − vb

⃓⃓
∞ ≤ q, and

⃓⃓
εa − εb

⃓⃓
∞ ≤ q. For

simplicity, we use the error variables (16). Moreover, define

c1 :=

√︄
2(ϱu(q) + ϱe(q))

(1− λ)m̄
, c2 := max {q, c1,

√
ρ} ,

c3 := m̄c22, c4 := sup
|x̃|≤c2, |ṽ|≤q, |ε̃|≤q

⃓⃓⃓
f̃2 + 2f̃ ε̃

⃓⃓⃓
+ 2q2,

c5 := c3 + 2m̄c4.

As λ ∈ [0, 1), then c1 > 0. Moreover, c4 exists since, in view
of (9), f̃ is bounded whenever so are x̃ and ṽ. Also, in view
of the first equality in (17), we have

∀t ∈ N, V (x̃t) ≤ c3 ⇒ V (x̃t+1) ≤ c3 + m̄c4 ≤ c5. (19)

The proof is carried out by contradiction. Suppose that there
exists no w ∈ [0,∞) such that |x̃|∞ ≤ w. Then, in view
of (15), there exists t̄ such that V (x̃t̄) ≥ |x̃t̄|

2
> c5 (otherwise

|x̃|∞ ≤ w with w =
√
c5). In view of (15), for every t ∈ N,

|x̃t| ≤ c2 implies V (x̃t) ≤ m̄|x̃t|2 ≤ m̄c22 = c3 and thus, in
view of (19), V (x̃t+1) ≤ c5. Therefore, since |x̃0| ≤ q ≤ c2,
we have V (x̃0) ≤ c3 and V (x̃1) ≤ c5.

Thus, since V (x̃t̄) > c5, there exist t0, t1 ∈ N satisfying
1 ≤ t0 < t1 ≤ t̄ and such that V (x̃t) ∈ [c3, c5] for every t ∈
{t0, . . . , t1−1} and V (x̃t1) > c5. In view of (19), V (x̃t1−1) ≥
c3. Hence,

|x̃t1−1|2 + |ṽt1−1|2 ≥ |x̃t1−1|2 ≥ V (x̃t1−1)

m̄
≥ c3

m̄
= c22 ≥ ρ.

Therefore, from (18), we obtain V (x̃t1) ≤ λV (x̃t1−1) +
ϱu(q) + ϱe(q). Since c3 ≤ V (x̃t1−1) ≤ c5 and c3 = m̄c22 ≥
m̄c21, we can write

V (x̃t1) ≤ V (x̃t1−1)− (1− λ)V (x̃t1−1) + ϱu(q) + ϱe(q)

≤ c5 − (1− λ)c3 + ϱu(q) + ϱe(q)

≤ c5 − m̄(1− λ)c21 + m̄
1− λ

2
c21 ≤ c5 −

m̄(1− λ)

2
c21.

Since c1 ≥ 0, we obtain V (x̃t1) ≤ c5, a contradiction.

3) Preliminaries to the proof of B: Before proving B, we
state and prove two technical lemmas dealing with uniformly
continuous functions.

Lemma 2. Let p ∈ N, r ∈ [0,∞), and φ : Rp → R be a
uniformly continuous function. Then (x, y) ↦→ φ(x)− φ(y) is
bounded on {(x, y) ∈ Rp × Rp : |x− y| ≤ r}.

Proof. Since φ is uniformly continuous, there exists δ > 0
such that, for every a, b ∈ Rp, |a−b| ≤ δ ⇒ |φ(a)−φ(b)| ≤ 1.
Let N ∈ N>0 be such that N ≥ r

δ . Pick x, y ∈ Rp satisfying
|x− y| ≤ r. For each k ∈ {0, . . . , N}, let zk := N−k

N x+ k
N y.

Then, |zk+1−zk| = 1
N |x−y| ≤ r

N ≤ δ. Since x = z0 and y =

zN , we then obtain |φ(x)−φ(y)| =
⃓⃓
φ(z0)±

∑︁N−1
k=1 φ(zk)−

φ(zN )
⃓⃓
≤

∑︁N−1
k=0 |φ(zk)− φ(zk+1)| ≤ N .

Lemma 3. Let p ∈ N, φ : Rp → R be a uniformly continuous
function, and g : R → [0,∞) be a continuous function such
that g(0) = 0. Then, the function1 k : [0,∞) → [0,∞) defined
as k(s) := sup|x−y|≤s g(φ(x) − φ(y)) is continuous, non-
decreasing, and k(0) = 0.

Proof. The only non-trivial claim to prove is continuity of k.
In the following, for h ∈ [0,∞), we let Ωh := {(x, y) ∈
Rp ×Rp : |x− y| ≤ h}. Pick s ∈ [0,∞) and ι ∈ (0,∞), and
let Ms+1 := sup(x,y)∈Ωs+1

|φ(x)−φ(y)| ≥ 0, which exists in
view of Lemma 2. Since g is continuous, it is uniformly contin-
uous on [−Ms+1,Ms+1]. Hence, there exists δg(ι) ∈ (0,∞)
such that, for every a, b ∈ [−Ms+1,Ms+1], |a− b| ≤ δg(ι) ⇒
|g(a)−g(b)| ≤ ι

2 . Since φ is uniformly continuous, there exists
δφ(ι) ∈ (0,∞) such that, for every (x, y), (x′, y′) ∈ Ωs+1,
|x − x′| + |y − y′| ≤ δφ(ι) ⇒ |(φ(x) − φ(y)) − (φ(x′) −
φ(y′))| ≤ |φ(x)− φ(x′)|+ |φ(y)− φ(y′)| ≤ δg(ι), which in
turn implies |g(φ(x)− φ(y))− g(φ(x′)− φ(y′))| ≤ ι

2 .
With δ(ι) := min{1, δφ(ι)}, let (x̄, ȳ) ∈ Ωs+δ(ι) be such

that k(s + δ(ι)) ≤ g(φ(x̄) − φ(ȳ)) + ι
2 (which exists by

definition of k), and define x̄′ := x̄ − δ(ι)
2(s+δ(ι)) (x̄ − ȳ) and

ȳ′ := ȳ+ δ(ι)
2(s+δ(ι)) (x̄− ȳ). Then, |x̄′− ȳ′| = s

s+δ(ι) |x̄− ȳ| ≤ s.
Hence, (x̄′, ȳ′) ∈ Ωs. Moreover, |x̄ − x̄′| + |ȳ − ȳ′| =
δ(ι)

s+δ(ι) |x̄− ȳ| ≤ δ(ι). As δ(ι) ≤ 1 and δ(ι) ≤ δφ(ι), then

|φ(x̄)− φ(ȳ)| ≤ Ms+1, |φ(x̄′)− φ(ȳ′)| ≤ Ms+1,

|g(φ(x̄)− φ(ȳ))− g(φ(x̄′)− φ(ȳ′))| ≤ ι

2
.

Therefore, since k is non-decreasing, and by definition of
(x̄, ȳ), for every η ∈ (0, δ(ι)), we obtain

|k(s+ η)− k(s)| = k(s+ η)− k(s) ≤ k(s+ δ(ι))− k(s)

≤ k(s+ δ(ι))− g(φ(x̄′)− φ(ȳ′))

≤ g(φ(x̄)− φ(ȳ)) +
ι

2
− g(φ(x̄′)− φ(ȳ′))

≤ |g(φ(x̄)− φ(ȳ))− g(φ(x̄′)− φ(ȳ′))|+ ι

2
≤ ι.

Right-continuity thus follows by the arbitrariness of s and ι.
Left-continuity can be proven with a similar argument.

1Notice that k is defined on [0,∞) in view of Lemma 2.
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4) Proof of B: Assume that f is uniformly continuous.
Pick arbitrarily two solutions (xa, ṽa, ε̃a) and (xb, ṽb, ε̃b) of
Σ(f). For simplicity, we use the error variables (16). Let
q′ := max{|ṽ|∞, |ε̃|∞} and define the quantities

c′1 :=

√︄
2(ϱu(q′) + ϱe(q′))

(1− λ)m̄
, c′2 := max {q′, c′1,

√
ρ} ,

c′3 := m̄(c′2)
2, c′4 := sup

|x̃|≤c′2, |ṽ|≤q′, |ε̃|≤q′

⃓⃓⃓
f̃2 + 2f̃ ε̃

⃓⃓⃓
+2(q′)2.

As in Section C.2, (9) guarantee that c′4 ≥ 0 exists. Moreover,
proceeding as in Section C.2, we find that, for all t ∈ N,
V (x̃t) ≥ c′3 implies |x̃t|2 ≥ (c′2)

2 ≥ ρ and V (x̃t+1) ≤
V (x̃t) − (1−λ)m̄

2 (c′1)
2. Furthermore, the first equality of (17)

yields V (x̃t) ≤ c′3 ⇒ V (x̃t+1) ≤ c′3+m̄c′4. Assuming without
loss of generality q′ > 0, these two inequalities and (15)
suffice to claim the existence of a t̄ ∈ N such that

∀t ≥ t̄, |x̃t| ≤
√︁

c′3 + m̄c′4 =: β(q′, ρ), (20)

where we highlighted the dependency of β from q′ and ρ.
Next, we can write

sup
|x̃|≤

√
c′3,

|ṽ|≤q′

f̃2 ≤ sup
|(x̃,ṽ)|≤2max{

√
c′3,q

′}
f̃2 =: ω1(max{

√︁
c′3, q

′}).

Lemma 3 applied with p = m + 1, φ = f , and g(s) = s2

implies that ω1 is continuous, non-decreasing, and ω1(0) = 0.
We also have ω1(max{

√︁
c′3, q

′}) ≤ ω1(
√︁

c′3) + ω1(q
′). As a

consequence, we can bound c′4 as

c′4 ≤ 2 · sup
|x̃|≤

√
c′3, |ṽ|≤q′

f̃2 + 3(q′)2 =
ω2(c

′
3)− c′3 + ω3(q

′)

m̄

in which ω2(c
′
3) := c′3 + 2m̄ω1(

√︁
c′3) and ω3(q

′) :=
2m̄ω1(q

′) + 3m̄(q′)2 are both of class-K since they are
the sum of a class-K function (the map c′3 ↦→ c′3 and
q′ ↦→ 3m̄(q′)2, respectively) and the functions 2m̄ω1(

√
·) and

2m̄ω1, with ω1 that has the previously-claimed properties.
As a consequence, we have β(q′, ρ)2 ≤ ω2(c

′
3) + ω3(q

′).
Since c′3 ≤ 2m̄((max{c′1, q′})2 + ρ), and c′1 = c′1(q

′),
seen as a function of q′, is of class-K, then by using
the triangle inequality ω2(s + z) ≤ ω2(2s) + ω2(2z) [36,
Eq (12)], we can finally write β(q′, ρ) ≤ b(ρ) + κ(q′), where
κ(q′) :=

√︁
ω2(4m̄max{c′1(q′), q′}2) + ω3(q′) and b(ρ) :=√︁

ω2(4m̄ρ). Using the definition of q′, from (20) we get

lim sup
t→∞

|x̃t| ≤ b(ρ) + κ (max{|ṽ|∞, |ε̃|∞}) ,

and the result follows by the same arguments of [35, Lem.
II.1] and since b is of class-K.

5) Proof of C: If ρ = 0, then δISS directly follows from (18),
because the function (x, y) ↦→ V (x − y) is a δISS Lyapunov
function. See, [90, Thm. 8] and [76] for more details.

D. Proof of Proposition 4
Pick f ∈ H(kη). For every a, b ∈ Rm+1, |f(a) −

f(b)|2 = |⟨f, kaη⟩kη
− ⟨f, kbη⟩kη

|2 = ⟨f, kaη − kbη⟩2kη
≤

|f |2kη

⟨︁
kaη − kbη, k

a
η − kbη

⟩︁
kη

, where we used the Cauchy-
Schwarz inequality. Since, for every a, b ∈ Rm+1, kη(a, b) =

⟨kaη , kbη⟩kη , we obtain |f(a)−f(b)|2 ≤ |f |2kη
hη(a, b), in which,

we recall, hη(a, b) := kη(a, a)−2kη(a, b)+kη(b, b). Then, in
view of (10), the proof follows by the same arguments of that
of Proposition 2 (see Appendix B).

E. Proof of Proposition 7

Since, for every η = (τ, σ) ∈ Φk, kη is continuous, then, by
Proposition 5, k is ρ-viable if Condition (8a) holds. Moreover,
kη(a, a) = τ |a|2 + σ. Hence, Condition (8a) is equivalent to
the existence of ν ∈ [0, ρ]∩R such that, for every z ∈ [ν,∞),
g(z) := (τ − 1)z + σ ≤ 0. If τ ∈ (1,∞), g is increasing
and strictly positive in (0,∞). Therefore, the condition is not
satisfied for any ρ ∈ [0,∞]. Instead, if τ ∈ [0, 1], g(z) is
non-increasing. Therefore, its maximum in the interval [ν,∞)
is g(ν) = (τ − 1)ν + σ. As g(ν) ≥ g(ρ) for all ν ≤ ρ, then
we conclude that k is ρ-viable if and only if τ ∈ [0, 1] and
σ ∈ [0, ρ(1− τ)].

As for what concerns ρ-δviability, notice that, for every
(τ, σ) ∈ Φk, hη(a, b) = τ |a− b|2. Hence, (10b) trivially holds
for every (τ, σ) ∈ Φk with any s > τν, whereas (10a) holds
if and only if τ ≤ 1.

F. Proof of Proposition 8

We recall that kη(a, b) = Γη(a)
⊤Γη(b) for every a, b ∈

Rm+1 and η ∈ Φk, where Γη is the vector-valued function
whose entries are all the possible ηth degree ordered products
of its argument [57, Prop 2.1]. By definition, k is ρ-viable
only if (8a) holds, namely, only if there exists ν ∈ [0, ρ] such
that, for all |a| ≥ ν, |Γη(a)|2 ≤ |a|2, which is never satisfied
because Γη is a polynomial function with degree η > 1.
Therefore, Θρ

k = ∅. The equality ∆ρ
k = ∅ can be obtained by

similar arguments.

G. Proof of Theorem 3

First, we focus on Θρ
k. Since kη(a, a) = k̄η(0m+1), Condi-

tions (8) read

∀a ∈ Rm+1, |a|2 ≥ ν ⇒ k̄η(0m+1) ≤ |a|2,
∀a ∈ Rm+1, |a|2 < ν ⇒ k̄η(0m+1) ≤ s.

The second condition is fulfilled with any ν ∈ [0,∞) and with
s := k̄η(0m+1). Instead, the first condition holds if and only
if k̄η(0m+1) ≤ ν. Therefore, the claim of the theorem holds
since ν ∈ [0, ρ]∩R such that k̄η(0m+1) ≤ ν exists if and only
if ρ ≥ k̄η(0m+1).

Regarding ∆ρ
k, let g(z) := 2k̄η(0m+1) − 2k̄η(z) for all

z ∈ Rm+1. Then, for all a, b ∈ Rm+1, hη(a, b) = g(a − b).
Therefore, Conditions (10) are equivalent to

∀z ∈ Rm+1, |z|2 ≥ ν ⇒ g(z) ≤ |z|2, (21a)

∀z ∈ Rm+1, |z|2 < ν ⇒ g(z) ≤ s. (21b)

Now, notice that, for every z ∈ Rm+1,⃓⃓
k̄η(z)

⃓⃓
= |kη(z, 0m+1)| =

⃓⃓
⟨kzη, k0m+1

η ⟩kη

⃓⃓
≤

√︂
kη(z, z)kη(0m+1, 0m+1) = k̄η(0m+1). (22)
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Therefore, g(z) ∈ [0, 4k̄η(0m+1)] for all z ∈ Rm+1.
Hence, (21b) always holds with any ν ∈ [0,∞) and with s =
4k̄(0m+1). Thus, since (21a) holds for some ν only if it holds
for all ν′ ≥ ν, then ∆ρ

k = {η ∈ Φk : ∀z ∈ Rm+1, |z|2 ≥
ρ ⇒ 2k̄η(0m+1) − 2k̄η(z) ≤ |z|2}. Finally, the fact that, for
every ρ ∈ [0,∞], ∆ρ

k ⊇ {η ∈ Φk : 4k̄η(0m+1) ≤ ρ} directly
follows from (21a) and g(z) ≤ 4k̄η(0m+1).

H. Proof of Proposition 9

Since k is a stationary kernel structure with k̄η(0m+1) =
τ+σ for every η ∈ Φk, the claimed expression of Θρ

k directly
follows from Theorem 3. In view of Theorem 3, ∆ρ

k is the set
of η ∈ Φk such that, for every z ∈ Rm+1, |z|2 ≥ ρ implies
2τ − 2τ exp(−γ|z|2) ≤ |z|2 or, equivalently,

∀ζ ∈ [ρ,∞), g(ζ) := 2τ − 2τ exp(−γζ)− ζ ≤ 0. (23)

Notice that g is smooth, g(0) = 0, and its derivative is g′(ζ) =
2τγ exp(−γζ) − 1. First, pick ρ = 0. We have g′(ζ) ≤ 0
for every ζ ≥ 0 if and only if 2τγ ≤ 1 and, in this case,
g(ζ) ≤ 0 for all ζ ≥ 0. Otherwise, g is increasing in 0. Hence,
∆0

k = {(τ, γ, σ) ∈ Φk : 2τγ ≤ 1}. Next, pick ρ ∈ (0,∞]. If
2τγ ≤ 1, then (τ, γ, σ) ∈ ∆0

k ⊆ ∆ρ
k. Instead, if 2τγ > 1, g

is increasing in the interval [0, γ−1 log(2γτ)) and decreasing
in [γ−1 log(2γτ),+∞). Therefore, g(ζ) ≤ 0 for all ζ ≥ ζ̄, in
which ζ̄ is the unique strictly positive solution of g(ζ̄) = 0,
which is given by v(γ, τ). Then, (23) holds if and only if
ρ ≥ v(γ, τ), implying ∆ρ

k = {(τ, γ, σ) ∈ Φk : v(γ, τ) ≤ ρ}.
For ρ = ∞, ∆∞

k = Φk is a direct consequence of Theorem 3.
Finally, since W (z) ≤ 0, for all z ≤ 0, we obtain ∆ρ

k ⊇
{(τ, γ, σ) ∈ Φk : 2τ ≤ ρ} =

[︁
0, ρ

2

]︁
× [0,∞)2.

I. Proof of Proposition 10

Since k is a stationary kernel structure with k̄η(0m+1) =
τ+σ for every η ∈ Φk, the claimed expression of Θρ

k directly
follows from Theorem 3. In view of Theorem 3, ∆0

k is the
set of η ∈ Φk such that, for every z ∈ Rm+1, 2τ − 2τ

(︁
1 +

γ
√
3|z|

)︁
exp

(︁
− γ

√
3|z|

)︁
≤ |z|2 or, equivalently, for every

ζ ∈ [0,∞), g(ζ) := 2τ−2τ
(︁
1+γ

√
3ζ

)︁
exp

(︁
−γ

√
3ζ

)︁
−ζ2 ≤

0. Notice that g is smooth, g(0) = 0, and its derivative is
g′(ζ) = 2ζ

(︁
3γ2τ exp(−γ

√
3ζ) − 1

)︁
. We have g′(ζ) ≤ 0 for

every ζ ≥ 0 if and only if 3γ2τ ≤ 1 and, in this case, g(ζ) ≤ 0
for all ζ ≥ 0. Instead, if 3γ2τ > 1, g is increasing in 0. Hence,
∆0

k = {(τ, γ, σ) ∈ Φk : 3γ2τ ≤ 1}.

J. Proof of Proposition 11

Since k is a stationary kernel structure with k̄η(0m+1) =
τ
∑︁m̄−p

t=0 e−ξt for every η ∈ Φk, the claimed expression of Θρ
k

directly follows from Theorem 3. Regarding ∆ρ
k, notice that

we can write k̄η(z) = 2γτ
∑︁m̄−p

t=0 e−ξtwη̃(zt) where wη̃ is the
Gaussian Kernel (described in Proposition 9) with parameter
η̃ = ((2γ)−1, γ, 0) ∈ Φw. Since 2(2γ)−1γ = 1, then η̃ ∈ ∆0

w.
Therefore, according to Theorem 3, we have 2wη̃(0m+1) −

2wη̃(zt) ≤ |zt|2 ≤ |z|2. Then, we obtain

2k̄η(0m+1)− 2k̄η(z) = 2γτ

m̄−p∑︂
t=0

e−ξt
(︁
2wη̃(0m+1)− 2wη̃(zt)

)︁
≤ |z|2 2γτ

m̄−p∑︂
t=0

e−ξt,

from which the claim follows by Theorem 3, since∑︁m̄−p
t=0 e−ξt = π(ξ, p).

K. Proof of Proposition 12

First, let us focus on Θρ
k. Conditions (8) read

∀a ∈ Rm+1, |a|2 ≥ ν ⇒
q∑︂

i=1

τiwi,ηi(a, a) ≤ |a|2, (24)

∀a ∈ Rm+1, |a|2 < ν ⇒
q∑︂

i=1

τiwi,ηi
(a, a) ≤ s. (25)

Pick ρ ∈ [0,∞]. For every i ∈ {1, . . . , q}, ηi ∈ Θρ
wi

implies
that there exist νi ∈ [0, ρ] ∩ R and si ∈ [0,∞) such that

∀a ∈ Rm+1, |a|2 ≥ νi ⇒ wi,ηi(a, a) ≤ |a|2, (26)

∀a ∈ Rm+1, |a|2 < νi ⇒ wi,ηi(a, a) ≤ si. (27)

Let ν := maxi=1,...,q νi and s := maxi=1,...,q max{νi, si}.
If a ∈ Rm+1 satisfies |a|2 ≥ ν, then |a|2 ≥ νi for all
i = 1, . . . , q. Hence, by (26), if

∑︁q
i=1 τi ≤ 1, we obtain∑︁q

i=1 τiwi,ηi
(a, a) ≤ |a|2. Thus, (24) holds. Consider now

the case in which |a|2 < ν. For each i such that |a|2 <
νi, (27) yields wi,ηi(a, a) ≤ si ≤ s; otherwise, (26) yields
wi,ηi(a, a) ≤ |a|2 ≤ νi ≤ ν ≤ s. In both cases, wi,ηi(a, a) ≤
s. Then, (25) holds.

The claim regarding ∆ρ
k follows by similar arguments.

L. Proof of Proposition 13

Let η1 ∈ Θρ
ℓ . Then, there exist s1 ∈ (0,∞) and ν1 ∈ [0, ρ]

such that

∀a ∈ Rm+1, |a|2 ≥ ν1 ⇒ ℓη1
(a, a) ≤ |a|2,

∀a ∈ Rm+1, |a|2 < ν1 ⇒ ℓη1(a, a) ≤ s1.

Since wη2
(a, a) = w̄η2

(0m+1), Conditions (8) read as

∀a ∈ Rm+1, |a|2 ≥ ν ⇒ ℓη1
(a, a)w̄η2

(0m+1) ≤ |a|2,
∀a ∈ Rm+1, |a|2 < ν ⇒ ℓη1

(a, a)w̄η2
(0m+1) ≤ s.

Therefore, the second condition is satisfied with s =
s1w̄η2

(0m+1) and ν = ν1. Instead, with ν = ν1, the first
condition is satisfied if w̄η2(0m+1) ≤ 1.
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[2] J. Sjöberg, Q. Zhang, L. Ljung, A. Benveniste, B. Delyon, P.-Y. Gloren-
nec, H. Hjalmarsson, and A. Juditsky, “Nonlinear black-box modeling in
system identification: A unified overview,” Automatica, vol. 31, no. 12,
pp. 1691–1724, 1995.



AUTHOR et al.: TITLE 15

[3] G. E. P. Box, G. M. Jenkins, G. C. Reinsel, and G. M. Ljung, Time
Series Analysis: Forecasting and Control. Wiley, 2015.

[4] R. Pintelon and J. Schoukens, System Identification. Wiley, 2012.
[5] P. van Overschee and B. L. de Moor, Subspace Identification for Linear

Systems. Springer, 1996.
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