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We propose a Hybrid High-Order (HHO) formulation of the incompressible Navier-Stokes equations, that is well
suited to be employed for the simulation of turbulent flows. The spatial discretization relies on hybrid velocity
and pressure spaces and the temporal discretization is based on Explicit Singly Diagonal Implicit Runge-Kutta
(ESDIRK) methods. The formulation possesses some attractive features that can be fruitfully exploited when
high-fidelity computations are required, namely: pressure-robustness, conservation of volume enforced cell-by-
cell up to machine precision, robustness in the inviscid limit, implicit high-order accurate time stepping with

local time step adaptation, reduced memory footprint thanks to static condensation of both velocity and pressure,
possibility to exploit inherited p-multilevel solution strategies to improve performance of iterative solvers. After
demonstrating the relevant properties of the scheme in practice, performing challenging 2D and 3D test cases,
we consider the simulation of the Taylor-Green Vortex flow problem at Reynolds 1 600.

1. Introduction

In recent years, the introduction of Hybrid High-Order (HHO) and
Hybridizable Discontinuous Galerkin (HDG) methods has provided a
new ground to pursue the development of high-order accurate compu-
tational modelling tools for the simulation of incompressible turbulent
flows. In contrast to Discontinuous Galerkin methods, HHO and HDG
methods are based on degrees of freedom that are broken polynomials
on both the mesh and its skeleton. Relevant features of hybrid schemes
are:

i) local (cell-by-cell) conservation of physical quantities,

ii) increased convergence rates in the diffusion-dominated regime (see
[1,2] for a discussion on this subject as well as a comparison be-
tween HHO and HDG),

iii) robustness with mesh distortion and grading,

iv) implicit time integration with reduced memory footprint of the Ja-

cobian matrix.

This work contains a numerical investigation of the HHO scheme of
[3] applied to turbulent flows. Unlike previous HHO schemes for in-
compressible flows (see, e.g., [4-71), the one considered relies on a hy-
brid discretization of both the velocity and pressure. This choice, com-
bined with an appropriate selection of local polynomial spaces, has been
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shown to be pressure-robust [8] and, provided a suitable discretiza-
tion of the time derivative and convective stabilization are adopted,
Reynolds semi-robust [9]. Following [10], pressure-robustness expresses
the fact that the irrotational part of body forces only affects the pressure,
leaving the velocity unaltered. Pressure-robust HDG methods with hy-
brid pressure have been proposed in [11,12]; see [8, Remark 15] and
[9, Remark 8] for a comparison with the method considered here or
closely-related variations thereof. Various strategies to obtain pressure-
robustness and, possibly, Reynolds-semi-robustness in the framework of
HHO methods have been studied in [13-15], where the case of gen-
eral polytopal meshes is also considered. The aforementioned articles
share in common the idea to reconstruct an H(div)-conforming ve-
locity approximation starting from non-conforming polynomial spaces.
Other research efforts to achieve pressure robustness based on H (div)-
conforming spaces for the velocity have been been made in [16,17].

In order to treat time-dependent problems in the convection-
dominated flow regime, we combine here the upwind-stabilized variant
of the space discretization of [3] with high-order Explicit Singly Diag-
onal Implicit Runge-Kutta (ESDIRK) time integration schemes. Efficient
resolution of the algebraic problems relies on p-multigrid precondition-
ers in the spirit of [18] and on a distributed memory implementation
that is well suited to exploit modern HPC facilities. Numerical validation
of the approach is carried out using classical two- and three-dimensional
test cases. Convergence rates are numerically evaluated for a wide range
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of Reynolds numbers, encompassing both the viscosity-dominated and
convection-dominated regimes. The behaviour of the discretization er-
ror is studied for the two-dimensional travelling waves and the three-
dimensional Ethier-Steinman [19] solutions. Robustness in the invis-
cid limit and numerical dissipation are assessed using the double shear
layer problem. Pressure-robustness is checked using the solution pro-
posed in [20]. Finally, the capabilities of the proposed ESDIRK-HHO so-
lution strategy are investigated targeting turbulent flows, in particular,
we consider the Taylor-Green vortex problem [21] at Reynolds 1 600.

The paper is organized as follows. In Sections 2 and 3 we respectively
present the model problem and its discrete formulation. A comprehen-
sive numerical validation of the method is performed in Section 4 and
transition to turbulence of an initial vortex array in a periodic cube do-
main is considered in Section 5. Finally, some conclusions are drawn in
Section 6.

2. Continuous setting

Given a polygonal or polyhedral domain Q c R?, d € {2,3}, with
boundary 09, the initial divergence-free velocity field u, : Q - R¢, and
a finite time r, the incompressible Navier-Stokes problem consists in
finding the velocity field u : Q x [0, 1] — RY, and the pressure field p :
QX (0,7:] = R, such that u(-,0) = u; and

oJu

E+V~[(u®u)—vVu]+Vp:f in Q x (0, 1], (1a)
Vou=0 in Q x (0, 15], (1b)
u=gp on 0 % (0, tg]. (1o
pn —v(Vu)n = gy on dQy % (0,1, ad

where n denotes the unit vector normal to dQ pointing out of Q, v > 0
is the (constant) kinematic viscosity, gp and gy denote, respectively,
the prescribed velocity on the Dirichlet boundary dQp, C 0Q and the
prescribed traction on the Neumann boundary 0Qy := 0Q \ 0Qp, while
f : Q- R? is a given body force. We remark that, in general, the pres-
sure field is to be rescaled by the inverse of the (constant) density, here
assumed equal to one. Moreover, since, by virtue of the incompress-
ibility constraint, we consider the Laplace operator in place of the di-
vergence of the symmetric gradient, the prescribed traction does not
account for tangential variations of the normal velocity component.

3. ESDIRK-HHO discretization
3.1. Mesh

We consider meshes of the domain Q corresponding to couples
M, = (T, Fp), where T}, is a finite collection of polygonal (if d =2)
or polyhedral (if d = 3) cells such that 2 := maxycz, hy > 0 with hy de-
noting the diameter of T, while 7, is a finite collection of line segments
(if d = 2) or polygons (if d = 3) with h, denoting the diameter of F. It
is assumed henceforth that the mesh M, is shape- and contact-regular,
as detailed in [22, Definition 1.4] and that its trace on dQ is compatible
with the partition 0Q = 0Qp, U 0Qy. We respectively denote by T‘E and
F}f the sets of Dirichlet and Neumann faces. For each mesh cell T € 7;,,
the faces contained in the cell boundary dT are collected in the set 7.
and we additionally let 07" := 0T N 0Q, for « € {D,N}. For all T € 7,
and all F € Fr, nyp denotes the unit vector normal to F pointing out of
T and nyp : 0T — R? is such that nyp|p 1= nyp for all F € 7.

3.2. Discrete spaces

Hybrid High-Order methods hinge on local polynomial spaces on
mesh cells and faces. For given integers # > 0 and n > 1, we denote by [P’f;
the space of n-variate polynomials of total degree < ¢ (in short, of degree
). For X mesh cell or face, we denote by P?(X) the space spanned by
the restriction to X of functions in [P’j .
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The global discrete spaces for the velocity and pressure unknowns
are respectively defined as follows:

vy € PKI(TY forall T € Ty,
Vi i=3v, = (@p)rer,» Wp)rer,) : vp € PX(F) forall F € F), \ ), ¢
vy € PFI(F) for all F € F

Kl _ _ Lqar EPKT) forall T € T,
Q" = {gh = ((lIT)TeT,,’(lIF)Ferh) Cgp € PHI(F) forall FeF, |

The restriction of these spaces and their elements to amesh cell T € 7,
are denoted replacing the subscript 4 by T and are obtained collecting
the components attached to T and its boundary. Given v,. € V%, we will
also denote by v, the function such that vy | = vy for all F € Fr.
Given ¢ € Q%*!, the notation ¢, is defined similarly.

We remark that, thanks to static condensations, the blocked struc-
ture, the dimension of the blocks and, ultimately, the sparsity of the
global matrix resulting from HHO discretizations is dictated by face un-
knowns, see Section 3.6 for details. The choice of binding the polyno-
mial degree of hybrid spaces to the polynomial degree over mesh faces,
disregarding the polynomial degree over mesh cells, reflects this lat-
ter practical consideration. Interestingly, since the dimension of d—1-
variate polynomial spaces grows slower that the dimension of d-variate
polynomial spaces when increasing k, both the memory footprint of the
global matrix and the cost of matrix-vector products involved in itera-
tive solution strategies benefit from static condensation.

3.3. Gradient reconstruction operators

For each mesh cell T € 7;,, the tensor and vector gradient reconstruc-
tion operators k. : V% — P¥(T)¥? and ¢&*' : Q;“ — PkI(T)d are re-

spectively defined as follows: For all (v, 4,) e_Ké X Q’;’l,
/TQI%ET - T =/TV”T T /0T(UT Vo) ®nyr T VT € PHT)YY,

/g1}+1qT~v=—/qTV-v+/ qorv gy Vv e PRI
T = T or
3.4. Semi-discrete HHO formulation

We first present the semi-discrete formulation of the incompressible
Navier-Stokes problem in (1) omitting the terms that are responsible
of the imposition of boundary conditions. We remark that the resulting
formulation is well suited to tackle the imposition of periodic boundary
conditions on 0Q, since, in this case, T’},) = T’}f = @, all faces are inter-
nal. The application to periodic computational domains will be often
encountered in the test cases proposed in the numerical results section.
Notice that a proper handling of internal faces laying on periodic bound-
aries must be ensured. For example, once periodic boundaries couples
are defined, assuming that their faces are properly matched, periodic
faces couples can be identified and each pair of faces can treated as a
unique internal face.

Given (uy.p,)€ vhx Q?", the local spatial discretizations

sd;lngC((gT, P ¥k > R of the steady momentum equation and

cnt . - ktl *o11d : sadi
Sdr,ch(ET") 10 - R of the continuity equations for periodic

boundary conditions are such that, for all v, € K’; andallg € Q;“,
sdyt o (up.p,)ivp) 1=~ /T (ur ®uy) : Vmhoy
® © k k
+ /{)T [(uT “ngr) ur + (ur - ngy) “aT] (mhvp —whvar) ()
+ / vGiuy 1 Gruy +/ - o (g — uor) - 7y (0 — var) (3)
T or hr

k+1
+/9T+£T'VT_/f'VT’
T T

cnt . . k+1 .
sdp pcWUrid,) 1= /T 8 4, ur



L. Botti et al.

where a@:=%(a+|a|) and a9:=%(a—|a|), w{’;T is the

L?-orthogonal projector onto the broken polynomial space
{ver?@n)? : vly e P(F)*forallF € Fr} and =«f is the L%

orthogonal projector onto PX(T)?. The idea of introducing L2-
projections of test functions in the convective term formulation of (2)
is inspired by [9] and improves the performance of the method in
the convection-dominated regime. As it will be demonstrated in the
numerical results section, the resulting HHO formulation is Reynolds
semi-robust, meaning that velocity convergence rates observed in the
convection-dominated regime are half an order suboptimal with respect
to the convergence rates observed in the diffusion-dominated regime.
For the sake of comparison, omitting L?-projections in the convective
term formulation would endow losing a full order of convergence in
the convection-dominated regime, see [9] for details. The diffusion
term stabilization of (3), also involving L?-projection operators, was
first proposed by [23], see also [1].

For Dirichlet and Neumann boundary conditions, on the other
hand, given (u.p)€ vEx 2’;“, the local spatial discretizations
sd;l‘“((gT, ET); DS K’} — R of the steady linear momentum and
s (ups-)
that, for all v, € ¥ and all g € O,

: Q?" — R of the continuity equations are respectively such

)i Up) 1= sdy (g p )ivy)

k
Upr - "dT ("dT : 7"'aT”dT)_/ N PorWor * "oT)+/ N gN " Ut
or oT

(@
R
Jon

(©)]
+ uyr - ngr) ("oT “Ugr) + /arD (9p - "oT)e (9p * vor) (5)
+/ ((ugr — gp) ® nyr) : <V9T£T + hLUaT ® "ar) (6)
TP F
- [ Vo @or @ nyp) @
oTD

sdy (Ui q,) 1= sdyp (Urig )- / (gp * nar) dor— / (o7 - Mo7) dor -

The terms in (5) and (6)-(7) are responsible for the weak imposition
of Dirichlet boundary conditions and pertain to the spatial discretiza-
tion of the convective term and the viscous term, respectively, see [7,
Remark 6]. The terms in (4) are responsible for the imposition of Neu-
mann boundary conditions: the first and the second term, respectively,
pertain to the spatial discretization of the convective term and the pres-
sure gradient.

Given (u;,p ) € vEx g‘;“, the local spatial discretization of the un-

steady momentum equation is such that, for all v,. € K’;,

ouy duyr  dup
= _— +h - . —
f 5t T/0T< a ") W

1 .
+sdym ((ET’ P)ivr )

sdp™ (g p,)ivy)

We remark that the second term in the expression above is a time deriva-
tive stabilization designed to enhance the robustness of the formulation
in the case of vanishing viscosity.

The global residuals of the spatial discretization r‘,{‘"‘((gh,ph); DI
Vi—>R and rMu,;-): Q’h‘“ — R are obtained by cell-by-cell
assembly of the local discretizations, ie.: For all v, € ¥* and all

k+1
Zh € gh 2

mm<(uh, ); vh) 1= Z sdmm<(uT, ) UT)

TET,
(8)
rcm(u iq) = z sdcnl(u q.)
n By d, ~ T \Ur:d,)-
€Th
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The global problem reads: Find (,,, p,) € vEx leﬂ such that

P (. p, )i0,) =0

rt(u,iq,) =0

k

Vgh € Vh, 9
Vg € 0! ©
1, €%, -

3.5. ESDIRK temporal discretization

We describe hereafter the time stepping algorithm focusing, for the
sake of simplicity, on the case of periodic boundary conditions. Based on
multistage ESDIRK time marching strategies, the solutions uy, |, s;. py ;45
are computed considering an approximated time integration formula for
the global residuals in (8) over the time interval 6z

Su ou Su
_T vr + hT/ < ;T - —T> - War —vr)
TeT TeT, aT ! ot

N
+ 22 h sd;'m((gT|,+,;,i,gTI,+,;,i);g ) =0 (10

TeT;, i=1
s
cnt . -
Z Z b; sdy" (ET|'+5&’27) =0

TeTy, i=1

where duy :=ux/| ;5 —uxl, and, forall T € 7, u,|,,5, and Py liva, are
the solutions of the ESDIRK ith-stage, with 6¢; = 6¢ 25:1 a;;. The number
of stages s and the real coefficients q;;, withi=1,...,sand j =1, ...,i,
uniquely define an ESDIRK formulation. In particular, for all schemes
belonging to the ESDIRK family, it holds that a;; =0 and b; = a;, for
i=1,...,s. As a consequence, since 6¢; =0 and 61, = 6¢, the approxi-
mated time integration formula in (10) is equivalent to the last ESDIRK
stage and uy|,, 5., P |,15, is the last stage solution. The stages solution are
built incrementally, starting from the first stage, moving to second, and
so on up to the last stage. In this work we rely on third, fourth and fifth
order accurate ESDIRK schemes requiring four, six and eight stages, re-
spectively, see [24,25] for details. To complete the presentation of the
time marching strategy we need to specify how the stages solutions are
computed.

Let’s introduce the ESDIRK ith-stage formulation. Given
@rlivsr; Pplivsr,) evk XQ?“, with j=1,....i, the local spatial
and temporal discretizations std?lm((ur(t), JRO)DE VE SR of the
Q’;“ — R of the continuity

equations at the ith-stage are such that, for all v, EK’} and all
gT c Ql]cfl)

momentum equation and stdC“‘(uT(t) DI

st (w0, p, 00y ) 1=

S;ur Siuyr  Sur
‘vp+h - -
/T o T /ar ( ot ot wor —vr)

+Za Sd ((ET|7+5r,s£T|t+6rj)§£) an

i
= D ay sd Wyl ips 3 4,) (12)
Jj=1

std; T (up (0); q,):

where Suy :=uyl.s5, — x|, We remark that, the spatial and tempo-
ral discretizations std™"(-, ), std“™(-,-) defined in (10)-(12) are formu-
lated omitting the dependence from the boundary conditions and forc-
ing terms. In doing so, we implicitly assume that f (and also gy.gp
when non-periodic boundary conditions are considered) is evaluated at
the same time points as the velocity and pressure variables u,., p P

The global residuals of the ESDIRK ith-stage r“"“((u o), P, ®); )

vk >R, and N URGRI Q"Jrl — R are obtained by cell-by-cell as-
sembly of the local spatial and temporal discretizations, i.e.: For all
v, €V, andallg, € 0/,

A (CROWRO TS I W (CRON RGOS N

TEeT,
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N, 0:0,) = ) std (0 q,).

TET,

The ESDIRK ith-stage problem, that is the time discrete counterpart

of problem (9), reads: Given uh|,+5,j,ph|,+5,j, with j=1,...,i—1, find
Uplryst, Puliest, such that
(00,2, 0052, ) =0 Vo, € VE,

14)

cnt(uh(t) q ) =0 vgh 62’;""1.

The solution of the above problem can be sought by means of New-
ton’s method. Introducing the shortcut notations vy < (vr, (0)per,)
and vyr < (0, (Vp)per,) in the second argument of stdm“‘, and gr <

(a7, O)per,) and g5 < (0,(qp) FeFy) in the second argument of wdc‘“
the Newton’s algorithm for solvmg (14) reads: Find 6.u, , §; 2, such that

forall v, € ¥} andall g, € O}*!

lh’

stamm ((urm P, %)
=3 || (w50 )
Ter, std?h (u, T(r) ar)
stds (u, (0 47 )
astdy ((w, 41)1,(1)! vr) sty (@ 0.0, 0wy ) ostare (@ (0, ey ) ot ((wy 0.0, )y )
. S;ur
- Slyr
7er, oipr
Oibar
(15)

replace u, |,y 5, < Uy |5, + 80P, liysr, < r, livsr, + 6;p, until 5;u u,. 6ip,
is small enough. The local Jacobian matrix on the right-hand side can
be computed cell-by-cell and assembled into the global Jacobian matrix.
Nevertheless, in order to improve efficiency of the solution strategy and
reduce the memory footprint of ESDIRK-HHO formulations, static con-
densation strategies can be fruitfully exploited, as described in the next
section.

3.6. Algebraic expression for Newton’s method and static condensation

The unknowns for a mesh cell T € 7;, correspond to the coefficients
of the expansions of the velocity and pressure in the selected local bases.
Assuming that the unknowns are ordered so that cell velocities come
first and boundary velocities next, these coefficients are collected in the
vectors

ez =[5
= andP.. = s
[UaT =T [Por

where the block partition is the one naturally induced by the selected
ordering of unknowns.

mnt
Let’s introduce the vector representations DJ™ =[ T ] and

cnt
DM = [gch] of the local spatial and temporal discretizations
oT

std (@ (0., (0): 2y, ). 5145wy (1); ) defined in (12). The block par-
tition is the one induced by mlmlckmg the selected ordering of un-
knowns for the expansion bases.

Let’s also introduce the matrix representation of the relevant blocks
of the local Jacobian matrix in (15)

[ ostd™ (@0, 0or ) ostd (@ (0p, @) )
ATT AT:)T ~ our ity YT |11,
ABTT AdT@T 051‘“’:‘_‘17[" ((ET (’)»ET ®)wor ) 55”:}"‘ ((ET (T)WBT(Y));VaT )
ou | 451 o i 51
[ ostd™ (ur(iar) astdsTt (ur-(t:ar)
BTT 0 ~ Jur |r+5r, Juyr \z+(ix,
CI . cnt . .
Byrr Biror ostd 5 (ur (i) OstdST (ur (1:gor )
our s, T |11,
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The matrices on the left are obtained from the terms on the right by
plugging local expansions and bases in the spatial-temporal discretiza-
tions. Notice that also the derivatives with respect to velocity and pres-
sure should be replaced with derivatives computed with respect to the
coefficients of the expansions in the corresponding local bases.
According to the notation above, the algebraic counterpart of prob-
lem (15) reads
Dt Arr Argr B B;TT 8Ur
_ Z Dngnt — Z A()TT A()T()T 0 B@Tz)T 5U()T
TET, T T€ET), Brr 0 g 0 &Py

DSnTt Byrr Byror 0 8Pyr

and, rearranging the unknowns and equations, the local problem can be
rewritten as follows

D™ Arr Bl ‘ Argr Bl 8Ur
-y oy || D By 0 0 T0 &P
it
TeT, DT]‘;‘[ TeT, Aorr 0 Agror Bror 8Uyr
D;‘T BBTT 0 BOT{]T 0 6PBT
1e6)
The only unknowns that are globally coupled are those collected in the
8U . - . [8Ug]
subvector [ 0T], while the remaining unknowns collected in [ T
oT il

can be eliminated by expressing them in terms of the former. After per-
forming this local elimination, finding the face increments amounts at
solving

2 (RE-Gr ol ) )2 ()

TeT), o BdTT 0 BTT D TeT), r 6Pl)T ’
where S, denotes the Schur complement of the top left block of the
right-hand side matrix in (16), that is,

Sy =S, = [Aomr B;TBT:| _ [AUTT 0:|[ATT BTTT] I[ATdT B;TT}
Boror 0 Borr O Brr 0 0 0

When increasing the polynomial degree k, the dimension of polynomial
spaces over mesh cells grows much faster that the dimension of poly-
nomial spaces over mesh faces. Accordingly, the possibility to statically
condense the cells unknowns is the key for achieving efficiency when
high-order accurate formulation are employed. In order to further im-
prove the performance of the iterative linear solver required for the so-
lution of each Newton step we rely on the p-multilevel preconditioner
strategy proposed in [18].

3.7. Time step adaptation

Local time step adaptation enables step-by-step control of the time
integration error. The key element of the adaptation procedure is an es-
timator of the temporal discretization error, thus, based on the temporal
error metric and a user defined threshold tolerance, the time step can be
increased or reduced and the solution can be accepted or recomputed
in order to meet the prescribed precision.

Letu,|, € L>(Q) and p,|, € L*(Q) be the discrete velocity and pres-
sure solution at time ¢, obtained by gluing together the cell components.
The time integration error is computed as:

r= ||uh|t+5z - ﬁth—&t”LZ(Q) + ||Ph|r+61 - ﬁh|t+5t|lL2(Q)’

where both uy,|,, 5 Ppliys> and @y |45 Ppli4s; are computed by means of

a s-stages ESDIRK time integration strategy, but the less accurate solu-

tion @y |,,s;. Puliss: iS Obtained by replacing the ESDIRK coefficients b; in

(10) with a different set of coefficients Ei, fori=1,...,s. In the ESDIRK

nomenclature, @y |,,s. Ppl;4s: 1S referred as the embedded solution.
Following [26,27], at the end of each ESDIRK stage, we require that

r < putol,. a7

where 10, is the user-defined threshold tolerance and y is a safety factor,
which we take here equal to 1/10. Accordingly, if condition (17) is met,
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the solution is accepted, otherwise, the solution is rejected and a new
solution uy, |, 5, by ls45, is computed restarting the time marching strategy
from the previous step solution u,|,, p, |, and reducing the time step.

Several strategies for tailoring the time step are available in the lit-
erature, see [26,28-31] for some examples. In this work, the time step
update 61, is computed as follows

1
tol,\ 4
§t, = ( 0“>45t, 1s)
r

where g is the order of accuracy of the error estimator r. For the third-
and fourth-order ESDIRK schemes considered in this work, the order ¢
of the error estimator corresponds to the nominal order of accuracy of
each respective scheme, whereas for the fifth-order ESDIRK scheme it is
equal to 6. Notice that a time step reduction is guaranteed if the solution
is rejected, i.e., r > utol,. Moreover, in order to prevent excessive time
step fluctuations, the following limiter function is introduced

5t, — 6t
8t; = 6t[1 + katan . (19)
Kot

where the free parameter x controls the limiting strategy. In this work,
Kk is chosen such that the maximum acceptable time step relaxation en-
sures a one order of magnitude increase in the time integration error,
ie.,

1
K=z<105 —1).
T

Upon completion of a time step, regardless of whether the solution is
accepted or rejected, the new time step is computed appling (18) and
(19), and, thus, setting 61 = 61,.

4. Numerical validation

Let us briefly describe the numerical setup common to the test cases
presented in what follows. Numerical integration over mesh cells and
mesh faces is performed over standardized reference cells based on
Gaussian quadrature rules. Reference-to-physical-frame mappings from
reference entities to mesh entities are defined by means of Lagrange
polynomials. Discrete polynomial spaces over mesh cells and mesh faces
are spanned by orthonormal modal bases. Specifically, we rely on phys-
ical frame polynomial spaces over mesh cells and reference frame poly-
nomial spaces over mesh faces, as proposed in [32]. Orthogonalization
in the physical frame is performed cell-by-cell starting from a monomial
basis defined in a local reference frame aligned with the principal axes of
inertia of each mesh cell, as described in [33]. We remark that physical
frame polynomials preserve the accuracy on polygonal and polyhedral
meshes whenever reference-to-physical-frame mappings are not affine
[34]. On simplicial meshes, often considered in this work, since pla-
nar faces and affine mappings go hand-in-hand, reference and physical
frame polynomials provide the same accuracy.

Simultaneous multi-process execution of the code is achieved parti-
tioning the computational grid, such that the number of mesh partitions
matches the number of processes, and relying on the Message Passing
Interface (MPI) to synchronize and exchange data among the processes.
Scalability of the iterative solvers applied for the resolution of algebraic
problems is pursued relying on the PETSc library [35]. In particular,
we apply one sweep of p-multigrid V-cycle as a preconditioner for the
FGMRES (flexible GMRES) iteration. We remark that Newton’s method
is solved up to machine precision in order to guarantee exact conserva-
tion of volume at the discrete level, accordingly the linear solver stop-
ping criterion (met after five orders of magnitude of relative residual
drop) does not influence the numerical results. As a smoothing strategy
within the V-cycle we rely on a few iterations of GMRES and we employ
additive Schwarz method (ASM) preconditioners to further improve per-
formance in parallel. All applications of prolongation and restriction op-
erators involved in the V-cycle iteration are performed matrix-free, that
is, without assembling the global sparse matrices associated to the op-
erators, see [18] for details.
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4.1. Travelling waves

In order to numerically assess the spatial and temporal convergence
rates of the ESDIRK-HHO formulation, we consider the following 2D
dimensionless damped travelling waves solution of the Navier—Stokes
equations:

u(x,y,t) = 1 +2cosa(x — 1)) sin(a(y — t))e_g”zw,
v(x,y,t) = 1 = 2sinQz(x — 1)) cosQa(y — t))e_s”zw,
p(x, y,1) = —[cos(@r(x — 1)) + cos(4m(y — t))]e_m”z"’,

where u and v are the velocity components in the x and y directions,
respectively, p is the pressure and ¢ is the time. The computational do-
main is the unit square Q = [0.25, 1.25] x [0.5, 1.5] and time integration
is carried out in the interval [0, 1]. Accordingly the errors in L?-norm
for the velocity, the velocity gradients and the pressure are computed
based on the exact solution at the final time 7z = 1. Periodic boundary
conditions are enforced on dQ and the velocity field is initialized inter-
polating the exact solution. We rely on triangular cells meshes obtained
subdividing in two right triangles the square cells of N? Cartesian grids,
with N cells per Cartesian direction. Accordingly, the mesh cardinality
is card(7;,) = 2N? when h = %

The temporal accuracy is tested with v = Re™! = 10~2 based on a k =
9 HHO formulation on a triangular cells mesh with N = 8 and card(7;) =
128. The results are reported in Table 1 considering 67 = %—,1, i=0,...,4,
and ESDIRK schemes with third, fourth and fifth order of accuracy. The
numerical convergence rates clearly replicate the expected rates of error
reduction. It is interesting to notice that the pressure error in the L2-
norm stagnates around a precision of 108, and stagnation of the spatial
convergence occurs at around 10, see Table 6. We remark that, due to
the use of periodic boundary conditions, the pressure mean value needs
to be pinned by means of the Lagrange multipliers method. Also the
pressure gradient error in L2-norm is reported, note that stagnation of
the spatial convergence occurs around 10710,

The spatial accuracy is tested varying the viscosity, up to the invis-
cid limit. In particular, we set v = 10~1-3=6-13 in order to cover both
the viscous dominated and the convection-dominated flow regimes. The
results are reported in Tables 2-6 for k = 0, 1,2, 3,4 HHO formulations,
respectively, considering five grids of a triangular mesh sequence with
N =4x2,i=0,...,5. Time integration is performed relying on a fifth
order accurate ESDIRK scheme with time step 67 = 1/400. A k + 1 rate of
error reduction is observed for the pressure error in the L?-norm, both
in the diffusion-dominated and convection-dominated regimes. On the
other hand, the velocity and velocity gradient errors in L2-norm show
rates of convergence of k +2 and k + 1, respectively, in the diffusion-
dominated regime, whereas the rate of error reduction is reduced by half
an order in the convection-dominated regime, hence achieving rates of
convergence of k + % and k + %, respectively. We remark that the nu-
merical convergence rates observed for the travelling waves test case
match with the theoretical convergence rates estimates of [9].

4.2. Double shear layer

The double shear layer problem, introduced in [36], is employed to
assess the ESDIRK-HHO formulation in the context of unsteady inviscid
flows (i.e., v =0). The computational domain is double periodic unit
square, Q = (0, 1) x (0, 1) and time integration is carried out over the
time interval [¢, = 0, #z = 2]. The initial conditions for the horizontal and
vertical velocity components read

y—0.25

tanh if y<0.5,

_ and v =6sin(2xx),
tanh <O75Ty> if y>0.5

u=
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Table 1
Numerical validation of third, fourth and fifth order accurate ESDIRK time integration strategies (first, second and
third bunch of rows, respectively) based on the travelling waves analytical solution, v = 0.01. Errors with respect
to the exact solution and the corresponding rates of convergence while halving the time step 6¢ are reported. The
spatial discretization is chosen such that the spatial approximation error is negligible, see text for details.
ot IVayll 120 rate Npll 120 rate 1Vpull 2 rate 1Pl 22 rate IV - uyll 20
0.1 1.5621 - 0.1758 - 1.0031 - 0.07982 - 2.26e-12
0.05 0.2832 2.46 0.03187 2.46 0.1818 2.46 0.01447 2.46 1.60e-12
0.025 0.03938 2.85 0.004432 2.85 0.02528 2.85 0.002012 2.85 6.08e-13
0.0125 0.005063 2.96 0.0005698 2.96 0.003251 2.96 0.0002587 2.96 2.60e-14
0.00625 0.0006381 2.99 7.1820e-05 2.99 0.0004097 2.99 3.2609e-05 2.99 3.30e-15
0.1 0.10181 - 0.01145 - 0.06537 - 0.005202 - 4.83e-12
0.05 0.006672 3.93 0.0007509 3.93 0.004284 3.93 0.0003409 3.93 1.20e-12
0.025 0.0004210 3.99 4.7386e-05 3.99 0.0002703 3.99 2.1515e-05 3.99 6.54e-14
0.0125 2.6370e-05 4.00 2.9677e-06 4.00 1.6932e-05 4.00 1.3474e-06 4.00 1.57e-13
0.00625 1.6488e-06 4.00 1.8555e-07 4.00 1.0586e-06 4.00 8.4531e-08 3.99 3.03e-14
0.1 0.01553 - 0.001748 - 0.009977 - 0.0007939 - 6.46e-12
0.05 0.0005485 4.82 6.1735e-05 4.82 0.0003522 4.82 2.8030e-05 4.82 1.51e-12
0.025 1.7765e-05 4.95 1.9992e-06 4.95 1.1407e-05 4.95 9.0776e-07 4.95 4.32e-13
0.0125 5.6137e-07 4.98 6.3176e-08 4.98 3.6062e-07 4.98 2.8768e-08 4.98 4.33e-13
0.00625 1.7691e-08 4.99 1.9818e-09 4.99 1.1676e-08 4.95 9.551e-09 1.59 2.36e-13
Table 2
Numerical validation of spatial convergence of k =0 HHO formulations based on the 2D travelling waves analytical
solution of the INS equations. Errors with respect to the exact solution and the corresponding rates of convergence while
halving the mesh step size are reported. The temporal discretization is chosen such that the temporal approximation
error is negligible, see text for details.
v card(7y) HVuhII,_:(Q) rate [l Il 220 rate ||V1’h”L2(9) rate 1Pall 2 rate v -u,,||L:(Q)
0.1 128 0.01148 - 0.001273 - - - 2.0701e-05 - 1.67e-15
0.001 128 10.1662 - 1.0338 - - - 0.9074 - 7.51e-15
le-06 128 11.1946 - 1.1038 - - - 1.0468 - 1.04e-14
le-13 128 11.1958 - 1.1038 - - - 1.0469 - 9.17e-15
0.1 512 0.002402 2.26 0.0002397 2.41 - - 2.3294e-06 3.15 1.03e-15
0.001 512 6.4406 0.66 0.6161 0.75 - - 0.5744 0.66 8.44e-15
le-06 512 6.6716 0.75 0.6476 0.77 - - 0.6601 0.67 7.8%-15
le-13 512 6.6748 0.75 0.6476 0.77 - - 0.6602 0.67 7.96e-15
0.1 2048 0.0006288 1.93 5.1296e-05 2.22 - - 8.0987e-07 1.52 1.10e-15
0.001 2048 5.8408 0.14 0.3049 1.01 - - 0.2898 0.99 9.3%-15
le-06 2048 3.4654 0.95 0.3102 1.06 - - 0.3178 1.05 8.79%-15
le-13 2048 3.4819 0.94 0.3101 1.06 - - 0.3177 1.06 9.03e-15
0.1 8192 0.0002298 1.45 1.2142e-05 2.08 - - 3.8258e-07 1.08 3.42e-16
0.001 8192 2.5467 1.20 0.08071 1.92 - - 0.08423 1.78 9.5%e-15
le-06 8192 1.6416 1.08 0.1362 1.19 - - 0.1437 1.14 9.61e-15
le-13 8192 1.6948 1.04 0.1359 1.19 - - 0.1434 1.15 9.29%-15
0.1 32,768 0.0001033 1.15 2.9733e-06 2.03 - - 1.9088e-07 1.00 3.68e-15
0.001 32,768 0.6611 1.95 0.01257 2.68 - - 0.02282 1.88 9.27e-15
le-06 32,768 1.1604 0.50 0.06522 1.06 - - 0.07040 1.03 1.00e-14
le-13 32,768 0.9233 0.88 0.06474 1.07 - - 0.06971 1.04 9.59%-15
respectively. Free parameters are set as &é=1/30 and 6= of the temporal error are reported in Table 7 for k = 4 HHO discretiza-
1/20. tion and every grid in the mesh sequence. Clearly, the highest poly-

Since an inviscid flow is non-dissipative and no power is introduced
in Q from the surroundings (basically, due to the imposition of periodic
boundary conditions, there are no surroundings), the time evolution of
the average kinetic energy over Q quantifies the numerical dissipation
introduced by the numerical scheme. In particular, we evaluate numer-
ical dissipation based on the normalized kinetic energy error computed
as follows: (Ky — Kr)/K,, where Ky = [, %uhl,0 “uply, is the initial ki-
netic energy and Kr = |, %uh lip - wply, is the final kinetic energy.

We consider k = 1,2,3,4 HHO formulations on a h-refined regu-
lar triangular mesh sequence, the mesh cardinality reads card(7;) =
32x4i,i=0,...,6. Time integration is performed by means of a fifth-
order accurate ESDIRK scheme with local time step adaptation. The
trigger tolerance for time step adaptation is chosen such that the tem-
poral error contribution weights less than 0.1 % of the overall relative
kinetic energy error. This choice is supported by an a posteriori anal-
ysis of the numerical results. The tolerance and the estimated weight

nomial degree is the most demanding in terms of time integration
accuracy.

In Fig. 1, the relative kinetic energy error is plotted against the mesh
spacing or the total number of degrees of freedom (DOFs). As expected,
finer meshes and higher polynomial degrees result in lower numeri-
cal dissipation. Moreover, increasing the polynomial degree systemati-
cally enhances the rate of error reduction with respect to the number of
DOFs.

Table 8 reports the relative kinetic energy error along with its rate
of convergence for all grids and polynomial degrees combinations. We
remark that the asymptotic k +3/2 convergence rates are not fully
achieved for k = 2,3,4, only the k = 1 HHO formulation, on the finest
grids of the mesh sequence, exhibits a tendency to reach the expected
rate of error reduction by overcoming the k + 1 threshold.

It is quite evident that more pronounced discrepancies are observed
for higher polynomial degrees. Moreover, when the kinetic energy



L. Botti et al. Computers and Fluids 305 (2026) 106915

107! 107"

1072 1072 +
=1 =3
§ 1073 § 1073 |
& &y
53 £
| 4 | 4|
o 10 < 10
< 3
N N—

1073 1075 |

1076 . 1076 +

¢
1072 107! 10 10* 10° 10°
mesh spacing / Degrees of Freedom (DOFs)

Fig. 1. Double shear layer. Left and right, relative kinetic energy error at the end time 7 = 2. as a function of the mesh spacing and of the total number of degrees
of freedom, respectively.
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Fig. 2. Double shear layer. Left and right: vorticity field at the end time ¢ = 2 considering the whole computational domain and a zoomed-in view with the computa-

tional grid superimposed. The solution is obtained based on a k = 4 HHO formulation on the finest grid (left) relying on a fifth order accurate ESDIRK time marching
strategy.
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Table 3
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Numerical validation of spatial convergence of k = 1 HHO formulations based on the 2D travelling waves analytical so-
lution of the INS equations. Errors with respect to the exact solution and the corresponding rates of convergence while
halving the mesh step size are reported. The temporal discretization is chosen such that the temporal approximation error

is negligible, see text for details.

v card(7,) IVuyll 20 rate llupll 20 rate Va2 rate 1Pall 20 rate IV -l 120
0.1 128 0.000409 - 2.1611e-05 - 0.0001346 - 9.2621e-06 - 3.74e-14
0.001 128 2.3374 - 0.1179 - 4.1976 - 0.1202 - 4.18e-12
le-06 128 2.7412 - 0.1406 - 4.9579 - 0.1499 - 6.42e-14
le-13 128 2.7420 - 0.1407 - 4.9587 - 0.1500 - 6.50e-14
0.1 512 7.5701e-05 2.43 1.0458e-06 4.37 3.0704e-05 2.13 7.6158e-06 0.28 9.84e-14
0.001 512 0.8812 1.41 0.01157 3.35 2.0514 1.03 0.01656 2.86 1.19e-12
le-06 512 0.8271 1.73 0.01439 3.29 2.4063 1.04 0.02121 2.82 1.95e-11
le-13 512 0.8273 1.73 0.01439 3.29 2.4067 1.04 0.02121 2.82 1.93e-11
0.1 2048 1.8367e-05 2.04 7.5911e-08 3.78 8.9306e-06 1.78 5.8233e-07 3.71 1.46e-13
0.001 2048 0.1632 2.43 0.000717 4.01 1.0303 0.99 0.003807 2.12 9.88e-13
le-06 2048 0.2324 1.83 0.001311 3.46 1.2065 1.00 0.004485 2.24 1.21e-12
le-13 2048 0.2322 1.83 0.001308 3.46 1.2067 1.00 0.004486 2.24 1.20e-12
0.1 8192 4.5830e-06 2.00 7.8398e-09 3.28 3.3104e-06 1.43 2.5148e-08 4.53 2.69e-13
0.001 8192 0.02495 271 5.4704e-05 3.71 0.51586 1.00 0.0009505 2.00 6.47e-12
le-06 8192 0.06771 1.78 0.0001702 2.95 0.60401 1.00 0.001113 2.01 8.42e-12
le-13 8192 0.06733 1.79 0.0001687 2.96 0.60411 1.00 0.001113 2.01 6.05e-12
0.1 32,768 1.1469e-06 2.00 9.3604e-10 3.07 1.4688e-06 1.17 3.2693e-09 2.13 3.16e-14
0.001 32,768 0.004410 2.50 4.4184e-06 3.63 0.2580 1.00 0.0002375 2.00 3.6%e-13
le-06 32,768 0.02064 1.71 2.4545e-05 2.79 0.3021 1.00 0.0002782 2.00 3.27e-13
le-13 32,768 0.01980 1.77 2.3734e-05 2.83 0.3021 1.00 0.0002782 2.00 3.16e-13
Table 4

Numerical validation of spatial convergence of k = 2 HHO formulations based on the 2D travelling waves analytical so-
lution of the INS equations. Errors with respect to the exact solution and the corresponding rates of convergence while
halving the mesh step size are reported. The temporal discretization is chosen such that the temporal approximation error

is negligible, see text for details.

v card(7;,) IV ll 120 rate [yl ) rate IVPallr2) rate 1pall 2 rate IV - upll 2
0.1 32 0.0006025 - 3.2519e-05 - 0.0002892 - 9.0898e-06 - 1.65e-15
0.001 32 2.1575 - 0.09630 - 3.95983 - 0.1024 - 1.30e-14
le-06 32 2.4141 - 0.1114 - 4.64252 - 0.1194 - 1.35e-14
le-13 32 2.4144 - 0.1114 - 4.64326 - 0.1194 - 1.28e-14
0.1 128 4.8376e-05 3.64 5.0157e-07 6.02 3.8012e-05 2.93 6.9970e-07 3.70 1.67e-15
0.001 128 0.3370 2.68 0.007253 3.73 0.82363 2.27 0.008592 3.58 3.97e-14
le-06 128 0.4121 2.55 0.009759 3.51 0.96524 2.27 0.01061 3.49 9.3%-14
le-13 128 0.4123 2.55 0.009763 3.51 0.96539 2.27 0.01061 3.49 9.36e-14
0.1 512 5.8504e-06 3.05 2.2680e-08 4.47 7.6681e-06 2.31 8.4712e-08 3.05 2.70e-15
0.001 512 0.08293 2.02 0.0004579 3.99 0.2100 1.97 0.0009889 3.12 3.34e-14
le-06 512 0.07475 2.46 0.0008462 3.53 0.2459 1.97 0.001171 3.18 4.15e-14
le-13 512 0.07491 2.46 0.0008479 3.53 0.2460 1.97 0.001171 3.18 4.14e-14
0.1 2048 7.364e-07 2.99 1.3936e-09 4.02 1.8567e-06 2.05 1.1375e-08 2.90 2.78e-15
0.001 2048 0.01009 3.04 2.3197e-05 4.30 0.05277 1.99 0.0001230 3.01 1.41e-13
le-06 2048 0.01594 2.23 9.7367e-05 3.12 0.06179 1.99 0.0001442 3.02 2.29e-13
le-13 2048 0.01610 2.22 9.8386e-05 3.11 0.06180 1.99 0.0001442 3.02 2.30e-13
0.1 8192 9.2628e-08 2.99 8.7775e-11 3.99 4.6574e-07 2.00 1.4261e-09 3.00 5.22e-15
0.001 8192 0.0006961 3.86 8.0790e-07 4.84 0.01320 2.00 1.5388e-05 3.00 3.98e-14
le-06 8192 0.002882 2.47 9.0767e-06 3.42 0.01546 2.00 1.8022e-05 3.00 6.82e-14
le-13 8192 0.002854 2.50 9.3780e-06 3.39 0.01546 2.00 1.8025e-05 3.00 6.83e-14

error is higher than 10#, the rate of error reduction does not exceed
the second order, regardless of the polynomial degree.

In the present numerical investigation, we were able to certify that
the temporal discretization error has a negligible impact on the kinetic
energy error, see Table 7. Accordingly, we wonder whether the difficul-
ties in reaching the asymptotic convergence rates at the higher polyno-
mial degrees indicate a lack of regularity of the numerical solution or
whether the achievement of satisfactory asymptotic convergence rates
requires finer meshes. The vorticity field depicted in Fig. 2 shows that
extremely high spatial accuracy is required to precisely capture the evo-
lution of the flow field. Notice, in particular, that the two shear layers
evolve into structures that are much smaller than the mesh spacing, even
on the finest grid of the mesh sequence.

As an insightful indicator of the challenges involved in the double
shear layer test case, the time evolution of the step size é¢ is shown in
Fig. 3. Over time, 67 decreases by nearly two orders of magnitude in
order to maintain the time discretization error within the prescribed
tolerance. This result is quite remarkable given the high order of the
temporal scheme and highlights once more the challenging nature of
this test case.

4.3. Ethier-Steinmann

In order to numerically assess the spatial convergence rates of the
HHO formulation in three space dimensions, we consider the following
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Table 7

Table 5
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Numerical validation of spatial convergence of k = 3 HHO formulations based on the 2D travelling waves analytical solution
of the INS equations. Errors with respect to the exact solution and the corresponding rates of convergence while halving the
mesh step size are reported. The temporal discretization is chosen such that the temporal approximation error is negligible,

see text for details.

v card(7y) IVuyll 20 rate llunll 120 rate VDRl 120 rate 1Pl 2 rate IV - upll 20
0.1 32 0.0001296 - 2.1174e-06 - 6.1878e-05 - 1.5895e-06 - 1.03e-15
0.001 32 0.4937 - 0.01724 - 0.3720 - 0.01391 - 8.17e-15
le-06 32 0.7047 - 0.02619 - 0.4843 - 0.02122 - 2.78e-14
le-13 32 0.7050 - 0.02621 - 0.4845 - 0.02123 - 2.76e-14
0.1 128 5.3691e-06 4.59 3.0734e-08 6.11 5.1743e-06 3.58 5.4149e-08 4.89 5.97e-13
0.001 128 0.04189 3.56 0.0004808 5.16 0.1142 1.70 0.0007852 4.15 1.38e-14
le-06 128 0.05105 3.79 0.0007212 5.18 0.1341 1.85 0.0009479 4.48 4.08e-14
le-13 128 0.05108 3.79 0.0007216 5.18 0.1341 1.85 0.0009481 4.48 4.20e-14
0.1 512 3.1562e-07 4.09 8.6284e-10 5.15 6.6143e-07 2.97 3.6144e-08 3.90 6.91e-14
0.001 512 0.003648 3.52 1.3916e-05 5.11 0.01449 2.98 4.7942e-05 4.03 2.75e-13
le-06 512 0.004017 3.67 2.4970e-05 4.85 0.01697 2.98 5.6211e-05 4.08 5.48e-14
le-13 512 0.004019 3.67 2.4997e-05 4.85 0.01698 2.98 5.6220e-05 4.08 5.36e-14
0.1 2048 1.9790e-08 4.00 2.6989%e-11 5.00 8.4707e-08 2.97 7.3114e-09 -1.02 1.56e-12
0.001 2048 0.0001470 4.63 2.4832e-07 5.81 0.001820 2.99 3.0008e-06 4.00 2.34e-13
le-06 2048 0.0002740 3.87 8.7129e-07 4.84 0.002131 2.99 3.5143e-06 4.00 1.65e-13
le-13 2048 0.0002736 3.88 8.7385e-07 4.84 0.002131 2.99 3.5148e-06 4.00 1.56e-13
0.1 8192 1.2450e-09 3.99 8.5138e-13 4.99 1.0713e-08 2.98 9.9058e-10 2.88 7.01e-15
0.001 8192 6.2375e-06 4.56 1.0842e-08 4.52 0.000227836 3.00 1.87872e-07 4.00 2.57e-14
le-06 8192 1.9812e-05 3.79 3.3310e-08 4.71 0.000266768 3.00 2.20079e-07 4.00 1.86e-13
le-13 8192 1.9625e-05 3.80 3.3607e-08 4.70 0.000266809 3.00 2.20115e-07 4.00 1.94e-13
Table 6

Numerical validation of spatial convergence rates of k = 4 HHO formulations, 2D travelling waves analytical solution of
the INS equations. Errors with respect to the exact solution and the corresponding rates of convergence while halving the
mesh step size are reported. The temporal discretization is chosen such that the temporal approximation error is negligible,

see text for details.

v card(T;) IVupll 2@ rate llupll 2 rate 1Vl rate I1Pall 20y rate IV -yl 120
0.1 32 2.0021e-05 - 2.0315e-07 - 1.4847e-05 - 2.2925e-07 - 1.14e-13
0.001 32 0.09759 - 0.001717 - 0.250568 - 0.002552 - 3.33e-14
le-06 32 0.1364 - 0.002667 - 0.294825 - 0.003198 - 3.50e-14
le-13 32 0.1365 - 0.002669 - 0.294876 - 0.003199 - 3.32e-14
0.1 128 4.8000e-07 5.38 2.0321e-09 6.64 5.6606e-07 4.71 5.9306e-08 1.95 1.81e-12
0.001 128 0.003536 4.79 2.9056e-05 5.89  0.01183 4.40 5.9769e-05 5.42 5.77e-14
le-06 128 0.005113 4.74 5.7780e-05 5.53 0.01385 4.41 7.1877e-05 5.48 2.01e-13
le-13 128 0.005118 4.74 5.7824e-05 5.53 0.01385 4.41 7.1897e-05 5.48 2.06e-13
0.1 512 1.4710e-08 5.03 2.9976e-11 6.08 3.1149e-08 4.18 1.1526e-08 2.36 4.50e-13
0.001 512 0.0002101 4.07 5.1621e-07 5.81 0.0007507 3.98 1.8745e-06  4.99 4.02e-13
le-06 512 0.0002313 4.47 1.2782e-06 5.50  0.0008790 3.98 2.2159e-06 5.02 6.16e-14
le-13 512 0.0002322 4.46 1.2827e-06 5.49  0.0008791 3.98 2.2165e-06 5.02 4.17e-14
0.1 2048 4.6501e-10 4.98 4.7288e-13 5.99 1.9160e-09 4.02 1.3833e-09 3.06 7.93e-15
0.001 2048 5.3305e-06 5.30 6.1381e-09 6.39  4.7104e-05 3.99 6.2906e-08  4.90 3.00e-13
le-06 2048 9.9244e-06 4.54 3.0864e-08 5.37 5.5154e-05 3.99 6.8994e-08 5.01 3.85e-13
le-13 2048 1.0025e-05 4.53 3.1290e-08 5.36 5.5163e-05 3.99 6.8999¢-08 5.01 5.50e-13
0.1 8192 1.5221e-11 4.93 4.5712e-14 3.37 1.8249e-10 3.39 8.5895e-09 -2.63 2.16e-15
0.001 8192 9.3105e-08 5.84 6.9149e-11 6.47 2.9470e-06 4.00 2.0341e-09  4.95 2.94e-13
le-06 8192 4.3592e-07 4.51 6.8307e-10 5.50 3.4506e-06 4.00 2.2686e-09  4.93 5.79e-13
le-13 8192 3.8003e-07 4.72 7.0825e-10 5.47 3.4511e-06 4.00 2.2817e-09  4.92 3.17e-13

Double shear layer, k = 4 ESDIRK-HHO with local time
step adaptation. Adaptation trigger tolerance (tol,) and
estimated relative weight of the temporal discretization
error (1;7") over the kinetic energy error are reported.

i card(Ty,) tol, I

0 32 le-06 0.02%
1 128 le-06 0.04%
2 512 le-07 0.04%
3 2048 1e-08 0.03%
4 8192 le-09 0.04%
5 32,768 le-10 0.04%
6 131,072 le-11 0.05%

10

solution of the Navier-Stokes equations proposed in [19]:

2
u(x,y,z,1) = —ae " (e™sin(ay + zd) + ™ cos(ax + yd)),
2
v(x,y,2,0) = —ae” ! (eVsin(az + xd) + e cos(ay + zd)),
2
w(x,y,z,t) = —ae”™ " (e sin(ax + yd) + e’ cos(az + x d)),
F(x, y, z) = 2 sin(ax+dy) cos(az+dx)e®¥+? +2 sin(ay+d z)
cos(ax+d y)e®™Z+9) 42 sin(az+d x) cos(ay+d z)e® ™+,
@ o 2 2 2
pexy.z0 == (F(x, y, 2) + €2 4 &2 4 ¢242),

where u, v and w are the velocity components in the x, y and z directions,
respectively, p is the pressure, r is an auxiliary variable used to define
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Fig. 5. LLMS Stokes problem test case. Left and right: velocity and pressure errors in L?> norm varying the viscosity. k = 2 HHO formulations on pyramidal (top),
and prismatic (bottom) mesh cells are considered. The figure legend shows grid cardinalities. The black dashed line depicts €/v, where € = 1.11 x 107'¢ is the double-

precision floating-point machine epsilon.

Table 8

Double shear layer. Numerical validation of spatial convergence of k = 1,2, 3,4 HHO formulation in terms
of the kinetic energy relative error (K, — Kr)/K, and corresponding rates of convergence while halving the

diameter of mesh cells.

i card(7) error (k=1) rate error (k =2) rate error (k = 3) rate error (k =4) rate
0 32 1.263e-01 - 6.228e-02 - 3.166e-02 - 1.821e-02 -

1 128 5.129e-02 1.30 1.876e-02 1.73 8.492e-03 1.90 4.735e-03 1.94
2 512 1.984e-02 1.37 4.744e-03 1.98 2.047e-03 2.05 1.087e-03 2.12
3 2048 5.337e-03 1.89 1.128e-03 2.07 4.793e-04 2.09 2.434e-04 2.16
4 8192 1.494e-03 1.84 2.600e-04 2.12 8.191e-05 2.55 3.225e-05 2.92
5 32,768 4.177e-04 1.84 4.007e-05 2.70 1.080e-05 2.92 3.650e-06 3.14
6 131,072 8.906e-05 2.23 5.378e-06 2.90 1.165E-06 3.21 3.157e-07 3.53

the pressure and ¢ is the time. The constant parameters are set as a = ’Z’

and d = % We consider v =Re™! =1,0.1,0.01, as suggested by Ethier
and Steinman in order to avoid wiggles in the proximity of the domain
boundary. The analytic solution is conceived such that the convective
term is balanced by the pressure gradient and the Laplacian of the veloc-
ity is balanced by the time derivative. In order to avoid forcing terms,
i.e., f = 0, the velocity time derivative is multiplied by v. The computa-
tional domain is the unit cube Q = (0, 1)> and time integration is carried
out in the time interval [0,0.1]. Accordingly the errors in L?-norm for
the velocity, the velocity gradients and the pressure are computed based
on the exact solution at time i = 0.1. Dirichlet boundary conditions are
enforced on five of the six faces composing dQ while on the top face
we impose Neumann boundary conditions. The velocity and the stress

11

on 0Q are computed relying on the exact solution, the velocity field is
initialized based on the exact solution.

We rely on tetrahedral meshes obtained subdividing in 24 tetra-
hedrons the hexahedral cells of N3 Cartesian grids, with N cells per
Cartesian direction. Accordingly, the mesh cardinality is card(7;) =
24N3. The results are reported in Tables 9-10 for k=0,1 and k =
2,3,4 HHO formulations, respectively, considering tetrahedral meshes
with N =2i, i=0,...,4. Notice that, in order to limit the compu-
tational burden, the finer meshes are avoided at the higher poly-
nomial degrees. Time integration is performed relying on a fourth
order accurate ESDIRK scheme with time step 6t =0.1/160. A k+ 1
rate of error reduction is observed for the pressure error in L?-norm
and, interestingly, pressure errors are insensitive to a two orders of
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Fig. 6. Taylor-Green vortex test case, ESDIRK-HHO formulation omitting L?-projections of test functions in the convective term formulation. Fifth order accurate
time integration with time step adaptation on the coarse 24 x 4* grid (top row) and the fine 24 x 83 grid (bottom row). Left column: relative enstrophy f (dashed line).
0

Right column: Relative total dissipation ;—” (dotted line) and relative numerical dissipation 5”8;5 (solid line), see text for details. The notation &, = £| f and &, =&,
ho 0

is employed.

magnitude reduction of the viscosity. The velocity and velocity gra-
dient errors in the L?>-norm show rates of convergence of k +2 and
k + 1, respectively, in the diffusion-dominated regime (v = 1). Contrary
to pressure errors, velocity errors increase while reducing the viscos-
ity, nevertheless the error increase is less pronounced on finer meshes.
Accordingly, the rate of error reduction for the velocity error over-
comes the expected results moving towards the convection-dominated
regime.

In Table 11 we consider the influence of omitting L? projections
of test functions in the convective term formulation, see paragraph
Section 3.4, focusing on k = 2,3, 4 spatial convergence rates. It is pos-
sible to appreciate that, while the pressure errors and convergence
rates are comparable, the velocity errors show a significant degrada-
tion as compared to the results reported in Table 10 for v =0.1,0.01.
In particular, when v = 0.01, velocity and velocity gradients error in
the L?-norm show rates of convergence of k + 1 and k, respectively,
a full order deterioration as compared to the diffusion dominated
regime (v = 1).

12

|lo

4.4. LLMS pressure gradient test case

The LLMS pressure gradient problem is a manufactured solution for
the steady incompressible Stokes equations designed by Lederer, Linke,
Merdon, and Schoberl (LLMS) [20] to investigate pressure-robustness.
The HHO formulation has been adapted to this test case dropping the
convective term and time derivative. The analytical velocity and pres-
sure fields read, respectively,

u=Vx{{¢.¢) p=py+x°+y +2°,

with arbitrary p,eR (here set p,=1/2) and {(x,y,z)=
x2(x — 1)?)2(y — 1)’22(z — 1)>. The forcing term f within the mo-
mentum equation is set according to the analytical solution. Dirichlet
boundary conditions are imposed on all but one face of the unit cubic
domain Q = (0,1)>, while a Neumann boundary is enforced on the
remaining face.

The pressure-robustness capabilities of the HHO formulation are
evaluated on an h-refined sequence of meshes with cardinalities

and
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kinetic energy evolution cﬁ on the coarse 24 = 4> and the fine 24 = 8’ grids. The notation K, = K|,, is employed.
0

card(7;,) = 24 x 81,1 =0, ..., 4, consisting of regular tetrahedral cells. Re-
sults for k = 1,2,3,4 HHO formulations are presented in Fig. 4 consid-
ering a wide range of viscosities v = 10/, j = -9, ..., 3.

Given a polynomial approximation and a mesh cardinality, u,, re-
mains identical in the limit of vanishing viscosity, demonstrating the
pressure-robust nature of the HHO formulation. Indeed, since in the in-
viscid limit the forcing term (that is, asymptotically, the pressure gradi-
ent) is conservative, it is expected that the conservative body force only
affects the pressure and the velocity error remains insensitive to the
pressure error, even if the pressure error dominates over the velocity er-
ror. In contrast, since the velocity error dominates when the viscosity is
big enough, it is possible to appreciate that the pressure error increases
for viscosity values bigger than one. We remark that, when consider-
ing the smallest viscosity values and the highest spatial discretization
accuracies, the influence of finite arithmetic precision comes into play.
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The velocity error grows with a factor ¢/v (see the dashed line in the
bottom left corner of figures), where ¢ is the double-precision floating-
point machine epsilon. This behavior can be explained by noticing that
the Stokes problem is ill-posed in the inviscid limit, and, accordingly, it
is expected that the velocity error grows unbounded approaching v = 0.

4.4.1. Remark on non-simplicial meshes

In this work all test cases but the ones presented in the last por-
tion of this section consider simplicial meshes. Indeed, the theoretical
analysis carried out in [8] shows that, when considering non-simplicial
meshes, different choices of polynomial spaces should be adopted to
maintain optimal convergence rates. In practice, as shown in Fig. 5, the
HHO formulation here proposed can be employed as is on prismatic and
pyramidal cells maintaining pressure robustness, but losing one order
of convergence for the velocity and velocity gradients error in L norm.
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Numerical validation of spatial convergence of k =0 and k = 1 HHO formulations, 3D Ethier-
Steinman analytical solution of the INS equations. Errors with respect to the exact solution and
the corresponding rates of convergence while halving the mesh step size are reported. The tempo-
ral discretization is chosen such that the temporal approximation error is negligible, see text for

details.
v card(7y) IVl 120y rate llpll 120y rate 1Pall 120 rate IV - upll 20
k=0
1 24 1.0928 - 0.08761 - 0.4572 - 3.57e-16
0.1 24 1.3149 - 0.1381 - 0.3252 - 4.49e-16
0.01 24 4.8507 - 0.7077 - 0.9244 - 1.36e-15
1 192 0.5486 0.99  0.02411 1.86 0.1852 1.30 4.06e-16
0.1 192 0.5777 1.19 0.02886 2.26 0.1386 1.23 4.87e-16
0.01 192 1.1356 2.09  0.08531 3.05 0.1441 2.68 4.45e-16
1 1536 0.2745 1.00  0.006139 1.97 0.07916 1.23 4.38e-16
0.1 1536 0.2786 1.05 0.006386 2.18 0.06709 1.05 4.16e-16
0.01 1536 0.3932 1.53 0.01409 2.60 0.06759 1.09 4.23e-16
1 12,288 0.1373 1.00  0.001547 1.99 0.03638 1.12 4.22e-16
0.1 12,288 0.1379 1.01 0.001547 2.04 0.03332 1.01 4.17e-16
0.01 12,288 0.1640 1.26  0.002591 2.44 0.03333 1.02 4.18e-16
1 98,304 0.06865 1.00  0.0003885 1.99 0.01755 1.05 4.26e-16
0.1 98,304 0.06876 1.00  0.0003864 2.00 0.01663 1.00 4.26e-16
0.01 98,304 0.07387 1.15 0.0004959 2.39 0.01662 1.00 4.27e-16
k=1
1 24 0.1494 - 0.008267 - 0.05984 - 3.93e-16
0.1 24 0.1867 - 0.01143 - 0.05607 - 3.79%-16
0.01 24 0.3793 - 0.02487 - 0.05754 - 4.71e-16
1 192 0.03764 1.99  0.001081 2.93 0.01802 1.73 4.38e-16
0.1 192 0.04147 2.17  0.001249 3.19 0.01721 1.70 3.83e-16
0.01 192 0.10791 1.81 0.004102 2.60 0.01725 1.74 3.62e-16
1 1536 0.009398 2.00  0.0001374 2.98 0.004461 2.01 4.44e-16
0.1 1536 0.009678 2.10  0.0001440 3.12 0.004325 1.99 4.56e-16
0.01 1536 0.021481 2.33 0.000427 3.26 0.004326 2.00 4.45e-16
1 12,288 0.002345 2.00 1.7302e-05 2.99 0.001108 2.01 4.29-16
0.1 12,288 0.002356 2.04 1.7413e-05 3.05 0.001081 2.00 4.28e-16
0.01 12,288 0.003925 2.45 3.7014e-05 3.53 0.001080 2.00 4.25e-16
1 98,304 0.0005856 2.00 2.1708e-06 2.99 0.0002763 2.00 4.36e-16
0.1 98,304 0.0005849 2.01 2.1642e-06 3.01 0.0002702 2.00 4.38e-16
0.01 98,304 0.0007373 2.41 3.1371e-06 3.56 0.0002701 2.00 4.35e-16

This means that the expected rate of convergences for HHO discretiza-
tion of the Stokes problem on simplicial and non-simplicial meshes is
k+2 and k+1, respectively, for the velocity error in L?-norm. The pres-
sure error in the L2-norm shows a convergence rate of k+1 on both
simplicial and non-simplicial meshes. Basically, when considering the
incompressible Navier-Stokes problem on non-simplicial meshes, one
can expect the same convergence rates in the viscous dominated and
convection-dominated regimes.

The investigation of pressure robustness reported in Fig. 5 considers
k =2 HHO formulations and two regular mesh sequences of cardinality
card(T,) = 6 x 81, and card(7,) = 16 x 8, i = 0, ..., 4, respectively, in case
of pyramidal and prismatic mesh cells. The numerical results confirm
insensitivity of the velocity field to the irrotational part of body forces.

5. Application to transitionally turbulent flows

The extensive numerical validation conducted in the previous section
suggests that the high-order accurate ESDIRK-HHO formulation should
be capable of tackling incompressible flow problems in the turbulent
flow regime. To this end we consider the well known Taylor—Green
vortex (TGV) problem at Reynolds Re = 1600. The Taylor-Green vortex
problem has been widely adopted to challenge the turbulence modelling
capabilities of numerical schemes [37,38] because, despite its simple
setup, proper handling of the energy cascade phenomena is required in
order to precisely replicate the evolution of vortical structures. More-
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over, the solver performance can be assessed comparing with DNS data
available in literature. We use here the results of [39].

The computational domain is the triple periodic cube Q = (-z, 7)?
and the initial velocity and pressure fields are defined as follows:

u(x, y, z) = sin(x) cos(y) cos(z),

v(x, y, z) = — cos(x) sin(y) cos(z),

w(x,y,z)=0,

p(x,y,2) = 1+ (cos(2x) + cos(2y)) (cos(2z) +2)/16.

where u, v and w are the velocity components in the x, y and z directions,
respectively, and p is the pressure. Time integration is performed from
to = 0 to tp = 20 with f = 0.

Since the cubic domain is periodic, all the terms written in conser-
vative form (as the divergence of a vector field) can be eliminated from
physical laws expressing conservation principles. Accordingly, the ki-
netic energy equation

% Q%u-u:—\//Q(qu)-(V)(u),

states that time evolution of the kinetic energy is driven by the enstro-
phy scaled by v = 1/Re, which is the only form of energy dissipation.
Accordingly, at each point in time, the most effective way of quantify-
ing the accuracy of an approximated velocity field consist in

i) comparing the average enstrophy over Q with DNS, and
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Numerical validation of spatial convergence of k = 2,3,4 HHO formulations, 3D Ethier-Steinman
analytical solution of the INS equations. Errors with respect to the exact solution and the correspond-
ing rates of convergence while halving the mesh step size are reported. The temporal discretization
is chosen such that the temporal approximation error is negligible, see text for details.

v card(7,) IV |l 120 rate llnll 120y rate 1Pall 120 rate IV - upll 20
k=2

1 24 0.01856 - 0.0006338 - 0.01507 - 3.65e-16
0.1 24 0.03143 - 0.0012750 - 0.01476 - 4.12e-16
0.01 24 0.08269 - 0.0036416 - 0.01479 - 5.16e-16
1 192 0.002247 3.05 3.9241e-05 4.01 0.0014929 3.34 4.14e-16
0.1 192 0.002775 3.50 5.6648e-05 4.49 0.0014736 3.32 4.26e-16
0.01 192 0.007355 3.49  0.0001868 4.28 0.0014762 3.32 4.13e-16
1 1536 0.0002809 3.00 2.4481e-06 4.00 0.0001771 3.08 4.54e-16
0.1 1536 0.0002993 3.21 2.8214e-06 4.33 0.0001754 3.07 4.53e-16
0.01 1536 0.0007052 3.38  8.752e-06 4.42 0.0001754 3.07 4.57e-16
1 12,288 3.5228e-05 3.00 1.5318e-07 4.00 2.1918e-05 3.01 4.52e-16
0.1 12,288 3.5534e-05 3.07 1.5868e-07 4.15 2.1670e-05 3.02 4.47e-16
0.01 12,288 6.5719e-05 3.42 3.8828e-07 4.49 2.1669e-05 3.02 4.54e-16
k=3

1 24 0.001642 - 4.3051e-05 - 0.001530 - 3.21e-16
0.1 24 0.002442 - 7.8744e-05 - 0.001514 - 4.86e-16
0.01 24 0.005878 - 0.0001992 - 0.001516 - 3.97e-16
1 192 0.0001056 3.96 1.3451e-06 5.00 9.9269e-05 3.95 4.81e-16
0.1 192 0.0001363 4.16 2.0307e-06 5.28 9.8632e-05 3.94 4.53e-16
0.01 192 0.0004248 3.79  7.0711e-06 4.82 9.8675e-05 3.94 4.68e-16
1 1536 6.6809e-06 3.98  4.2303e-08 4.99 6.2355e-06 3.99 4.67e-16
0.1 1536 7.1725e-06 4.25 4.9170e-08 5.37 6.2005e-06 3.99 4.73e-16
0.01 1536 2.0616e-05 4.37 1.7469e-07 5.34 6.2009e-06 3.99 4.68e-16
1 12,288 4.201e-07 3.99 1.3291e-09 4.99 4.0745e-07 3.94 4.72e-16
0.1 12,288 4.2330e-07 4.08 1.3726e-09 5.16 3.8814e-07  4.00 4.65e-16
0.01 12,288 9.0727e-07 4.51 3.7794e-09 5.53 3.8795e-07  4.00 4.65e-16
k=4

1 24 0.0001297 - 2.5037e-06 - 0.0001373 - 6.14e-16
0.1 24 0.0004299 - 1.0006e-05 - 0.0001367 - 6.12e-16
0.01 24 0.001314 - 3.1204e-05 - 0.0001371 - 6.30e-16
1 192 3.9173e-06 5.05 3.7850e-08 6.05 4.4206e-06  4.96 6.65e-16
0.1 192 6.5719e-06 6.03 7.8080e-08 7.00 4.4035e-06  4.96 6.34e-16
0.01 192 2.6949e-05 5.61 3.4673e-07 6.49 4.4063e-06  4.96 6.79e-16
1 1536 1.2390e-07 4.98 5.9681e-10 5.99 1.7935e-07  4.62 6.80e-16
0.1 1536 1.4828e-07 5.47  8.1797e-10 6.58 1.3536e-07 5.02 6.75e-16
0.01 1536 5.8401e-07 5.53 3.7971e-09 6.51 1.3486e-07 5.03 6.76e-16

ii) assessing the discrepancy, if any, between the time derivative of the
average kinetic energy and the average dissipation.

Clearly, the second analysis checks whether the balance of kinetic en-
ergy is properly replicated at the discrete level. Let u;, € L*(Q) be the
discrete velocity solution at time 7, obtained by gluing together the cell
components. Introducing the physical dissipation € = v [,(V X uy,) - (V X
u;,) and the total dissipation &, = —% Jo %(uh - uy,), the numerical dissi-
pation introduced by the spatial-temporal discretization reads &, — €.
We solve the problem on two tetrahedral elements grids: card(7;) =
24 x (4i)3, with i = 1,2. The first (i=1) and the second (i=2) grid are
generated starting from Cartesian meshes consisting of 4 and 8 hexahe-
dral cells per direction, respectively, and subdividing each hexahedral
cell into 24 tetrahedrons. On the coarse and the fine mesh, we con-
sider ESDIRK-HHO formulations with k=1,...,9 and k=1, ...,8, re-
spectively. Fifth order accurate time integration with local time step
adaptation is employed. Based on the fine grid, we compare two ver-
sions of the code: the suboptimal version which omits L>-projections
of test functions in the convective term formulation and the reference
version proposed in Section 3.4. The suboptimal rate of error reduction
of the former version is documented in Section 4.3 testing against the
Ethier-Steinman solution, see Tables 10 and 11. Note that the coarse
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grid computations rely on the suboptimal version, whose implementa-
tion came first. Due to the computationally intensive nature of the sim-
ulations, it has not been possible to rerun all tests with the updated code
implementation.

In Table 12 the total number of degrees of freedom (DOF) are re-
ported for each combination of computational grid and polynomial
degree k. We distinguish among cells and faces degrees of freedom,
computed as follows

DOF; = card(7;) (3 dim(P§*!) + dim(PY)),
and
DOF;, = card(M,,) (3 dim(P%) + dim(P5*")),

respectively. Notice that, thanks to static condensation, the global ma-
trix dimension is DOFg. Additionally, since Cartesian element meshes
are commonly employed for this test case, we provide, for the sake of
comparison with reference DNS data, the equivalent number of degrees
of freedom per direction for each velocity component. Once again, we
distinguish among cells and faces equivalent degrees of freedom, com-
puted as follows:

1
eDOFu — 1Dy = (card(7;) dim(P5*1)) 3,
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Table 11
Spatial convergence of k = 2, 3,4 HHO formulations omitting L? projections of test functions in the
convective term formulation, 3D Ethier-Steinman analytical solution of the INS equations. Errors
with respect to the exact solution and the corresponding rates of convergence while halving the mesh
step size are reported. The temporal discretization is chosen such that the temporal approximation
error is negligible, see text for details.

v card(7;) IVl 120 rate Iyl rate 1Pl 12 rate IV - upll 20

k=2

1 24 0.01952 - 0.0007093 - 0.01498 - 1.58e-15

0.1 24 0.03499 - 0.001655 - 0.01478 - 1.70e-15

0.01 24 0.08085 - 0.004891 - 0.01485 - 1.52e-15

1 192 0.002583 2.92 5.3018e-05 3.74 0.001511 3.31 1.71e-15

0.1 192 0.007585 2.21 0.0002083 2.99 0.001487 3.31 2.01e-15

0.01 192 0.01824 2.15 0.0008952 2.45 0.001506 3.30 1.76e-15

1 1536 0.0003383 2.93 3.6250e-06 3.87 0.0001806 3.06 1.82e-15

0.1 1536 0.001336 2.50 1.8641e-05 3.48 0.0001779 3.06 1.77e-15

0.01 1536 0.003705 2.30 9.5905e-05 3.22 0.0001814 3.05 1.84e-15

1 12,288 4.3575e-05 2.96 2.3860e-07 3.93 2.2982e-05 2.97 1.83e-15

0.1 12,288 0.0002090 2.68 1.4582e-06 3.68 2.2061e-05 3.01 1.81e-15

0.01 12,288 0.0007603 2.29 1.2128e-05 2.98 2.2680e-05 3.00 1.78e-15

k=3

1 24 0.001746 - 5.0396E-05 - 0.001535 - 1.85E-15

0.1 24 0.003595 - 0.0001358 - 0.001514 - 1.48E-15

0.01 24 0.01563 - 0.0008673 - 0.001521 - 1.63e-15

1 192 0.0001195 3.87 1.7734e-06 4.83 9.9844e-05 3.94 1.74e-15

0.1 192 0.0003590 3.32 7.0850e-06 4.26 9.8990e-05 3.94 1.74e-15

0.01 192 0.0008174 4.26 2.0507e-05 5.40 9.9037e-05 3.94 1.65e-15

1 1536 7.8497e-06 3.93 6.0091e-08 4.88 6.2820e-06 3.99 1.70e-15

0.1 1536 3.1248e-05 3.52 3.1231e-07 4.50 6.2339%-06 3.99 1.69e-15

0.01 1536 8.8775e-05 3.20 1.2182e-06 4.07 6.2400e-06 3.99 1.71e-15

1 12,288 5.0333e-07 3.96 1.9606e-09 4.94 4.1073e-07 3.93 1.70e-15

0.1 12,288 2.3933e-06 3.71 1.1981e-08 4.70 3.9071e-07 4.00 1.73e-15

0.01 12,288 9.2772e-06 3.26 7.9894e-08 3.93 3.9187e-07 3.99 1.72e-15

k=4

1 24 0.0001348 - 2.7618e-06 - 0.0001366 - 1.29%-15

0.1 24 0.0002599 - 7.2007e-06 - 0.0001359 - 1.30e-15

0.01 24 0.0009817 - 4.7552e-05 - 0.0001362 - 1.35e-15

1 192 4.5548e-06 4.89 5.1674e-08 5.74 4.4305e-06 4.95 1.41e-15

0.1 192 1.4792e-05 4.14 2.2006e-07 5.03 4.4080e-06 4.95 1.32e-15

0.01 192 3.4482¢-05 4.83 7.3695e-07 6.01 4.4067e-06 4.95 1.33e-15

1 1536 1.5029e-07 4.92 8.8212e-10 5.87 1.8041e-07 4.62 1.42e-15

0.1 1536 6.4451e-07 4.52 4.8270e-09 5.51 1.3902e-07 4.99 1.42e-15

0.01 1536 1.8807e-06 4.20 1.8042e-08 5.35 1.3507e-07 5.03 1.39-15

and is still negligible compared to the spatial error and does not limit the

1
eDOFu — 1D = (card(M,,) dim(P%)) 3,

respectively. DNS data is obtained based on a spatial resolution of 512
degrees of freedom per Cartesian direction for each velocity component.

The user-defined threshold tolerance for tuning the local time step
adaptation procedure and the corresponding total number of time steps
(Ny,) are reported in Table 13. The minimum and maximum time steps
encountered along the time integration history are also tabulated, and
the minimum step size is more than an order of magnitude smaller than
the maximum. Thanks to the combination of fully implicit time integra-
tion and local time step adaptation, the number of time steps required
to complete the simulation is relatively small. It is possible to appreciate
that increasing the polynomial degree of the HHO discretization leads to
an increased number of time steps, even if the threshold tolerance is kept
fixed. This behavior can be motivated considering that the timescales of
smaller vortical structures are smaller and that increasing the spatial
accuracy allows to resolve higher-and-higher wavenumbers. We can in-
deed confirm that the time integration marches with the smaller time
steps right after the peak of dissipation. The steep rise of the number of
time steps suggests that, for the chosen value of r0/,, the temporal error
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overall accuracy.
In Fig. 6, besides comparing the relative enstrophy 8—80 with DNS data,

we show the relative total dissipation % and the relative numerical
&p—€
&

We simply consider the most relevant results, that is the most ac-
curate ones, in order to show the influence of refining the grid and in-
creasing the polynomial degree. Notice that, for sake of conciseness, the
notation & = £|,, and &y = &1, is employed. We remark that, when
considering relative quantities (with respect to initial time ¢ = 0), we
can alternatively refer to enstrophy or dissipation, and, in case of DNS,
total and physical dissipation are basically the same. As reported in the
literature, the enstrophy behavior is the most challenging to replicate.
The relative total dissipation shows good agreement with the DNS rel-
ative enstrophy, even at relatively low polynomial degrees, confirming
the robustness of the ESDIRK-HHO formulation in under resolved com-
putations. However, we remark that, on the coarser grid, the total dis-
sipation curve is shifted to the left compared to DNS data, even at the
highest k = 9 polynomial degree. Note that, in the enstrophy increasing
phase, k = 7,8,9 computations are in good agreement in terms of total

dissipation for a subset of the runs.
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Table 12

Taylor-Green vortex test case. Total number of cells (DOF;)
and faces (DOFy) degrees of freedom. For the sake of com-
parison with DNS data and other methods employing Carte-
sian element meshes we also provide the equivalent number
of degrees of freedom per direction for each velocity com-
ponent. We distinguish among cells (eDOFu-1Dy) and faces
(eDOFu-1Dg) equivalent DOFs.

grid 24 x 43
k  DOF; DOF; eDOFu-1D;  eDOFu-1Dy
1 15,360 9216 25 21
2 30,720 18,432 31 26
3 53,760 30,720 38 31
4 86,016 46,080 44 36
5 129,024 64,512 51 40
6 184,320 86,016 57 44
7 253,440 110592 63 48
8 337,920 138240 70 52
9 439,296 168960 76 55
grid 24 x 8°
k DOF; DOF eDOFu-1Dy eDOFu-1Dg
1 405,504 368,640 50 42
2 847,872 688,128 63 53
3 1,523,712 1,105,920 75 63
4 2,482,176 1,622,016 88 72
5 3,772,416 2,236,416 101 80
6 5,443,584 2,949,120 114 88
7 7,544,832 3,760,128 127 96
8 10,125,312 4,669,440 139 103
Table 13

Taylor-Green vortex test case, ESDIRK-HHO formulation with
fifth order accuracy in time. User-defined adaptation trigger
tolerance (fol,), total number of time steps (N;,), minimum
(8tyy) and maximum step size (67y5x) are reported for each
combination of computational grid and polynomial degree k.

grid 24 x 43

k tol, N, Sty Otyviax

1 le-04 24 4.91e-1 1.50e-0
2 le-04 34 4.14e-1 1.05e-0
3 le-04 45 2.84e-1 1.12e-0
4 le-04 56 1.67e-1 1.00e-0
5 le-04 69 1.35e-1 8.44e-1
6 le-04 78 1.14e-1 9.69e-1
7 le-04 86 9.67e-2 9.68e-1
8 3.16e-05 120 6.35e-2 8.23e-1
9 le-05 172 4.22e-2 7.46e-1

grid 24 x 83

k tol, Ny, Styvin Otyviax

1 le-04 39 3.68e-1 7.77e-1
2 le-05 111 9.51e-2 5.44e-1
3 le-05 133 6.90e-2 7.56e-1
4 le-05 155 5.55e-2 7.46e-1
5 1le-05 168 4.72e-2 7.46e-1
6 le-05 180 3.99e-2 7.46e-1
7 le-05 193 4.32e-2 7.46e-1
8 1le-05 204 4.19e-2 6.01le-1

dissipation, suggesting that much higher polynomial degrees would be
required to properly replicate DNS. The behaviour of the numerical dis-
sipation outlines the benefit of increasing the polynomial degree and
refining the grid. We remark that, on the finer grid at k = 8, the max-
imum relative numerical dissipation is smaller than one, which, com-
pared with the relative enstrophy value at peak, implies that the evolu-
tion of kinetic energy shows a 3% discrepancy with respect to a fully
resolved computation.
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Comparing the fine grid result obtained employing and omitting L>-
projections of test functions in the convective term formulation, see
Figs. 6 and 7, respectively, it is possible to appreciate that the former
version of the code leads to better enstrophy reproduction fork = 1, ...,6
and reduced numerical dissipation at k = 4,5, 6. As opposite, when con-
sidering the highest polynomial degrees k = 7, 8, the latter version seems
to have a slight edge in terms of total dissipation and enstrophy, show-
ing a better agreement with DNS, especially in the enstrophy decreasing
phase. Overall, the results confirm that, as expected, the discrepancies
between the two versions are more pronounced when considering low
polynomial degrees.

In Fig. 8 we compare the relative kinetic energy K /K, time evolution
with DNS data for the most accurate results on each mesh. Notice that
Ko =Kl

On the coarser grid, the left shift of the dissipation observed in the
entrophy analysis induces an earlier than expected decrease of the ki-
netic energy. On the finer grid, the evolution of kinetic energy replicates
DNS data in the entrophy increasing phase while some discrepancies can
still be appreciated in the entrophy decreasing phase. Nevertheless, the
improvements gained increasing the polynomial degree suggests that a
full resolution of energy cascade phenomena is not out of reach.

Overall, considering that the computational meshes are rather coarse
and unstructured, which is probably suboptimal for this test case, the re-
sults are satisfactory. Note that, despite the number of degrees of free-
dom is a fraction of the amount employed to achieve DNS data, the
trend towards DNS is confirmed by increasingly precise replication of
the enstrophy behavior. We remark that the focus on tetrahedral ele-
ments meshes is motivated by the observation that four nodes tetra-
hedral cells have planar faces, independently of the disposition of the
nodes. We also remind that planar faces are essential to retain efficiency
of static condensation and pressure robustness all together [32,40]. Ac-
cordingly, when tackling complex computational domains, relying on
simplicial meshes is a viable and straightforward choice in the context
of hybrid formulations. We also refer to Section 4.4.1 for a discussion
on the application of ESDIRK-HHO to non-simplicial meshes.

6. Conclusion

We provided extensive numerical validation, in both two and three
space dimensions, of an ESDIRK-HHO formulation of the incompressible
Navier—Stokes equations that is capable of reaching high-orders of accu-
racy in both space and time. Relevant features are pressure-robustness,
that is decoupling of the velocity error with respect to the pressure er-
ror, and exact conservation of volume, with point-wise divergence free
velocity fields. The proposed implementation relies on p-multilevel so-
lution strategies and static condensation to alleviate the computational
burden associated with fully implicit time marching strategies. This
combination has proved effective thanks to use of fully hybrid polyno-
mial spaces, for both the velocity and the pressure. Moreover, the time
step can be locally adapted to improve accuracy of the time integration.

Robustness has been demonstrated tackling challenging test case and
considering both viscous dominated and convection-dominated flow
regimes, up to the inviscid limit. To corroborate the turbulence mod-
elling capabilities claim, we performed the Taylor-Green Vortex prob-
lem. In this context, the scheme shows the ability to introduce a proper
amount of dissipation even if the flow field is under resolved in terms of
turbulent scale separation. The possibility to reach DNS like precision
in the relevant flow features measures employing coarse meshes and
high-polynomial degrees has been showcased.

The performance of the HHO-ESDIRK formulation with application
to fully developed turbulent flows at high Reynolds numbers still needs
to be investigated. Further research efforts are probably required in
this regime. We envisage the introduction of turbulence modelling ap-
proaches bases on Variational Multiscale (VMS) in order to evaluate
physically relevant dissipation mechanisms that might prove more ef-
fective, or assist the present strategy based on pure upwinding.
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