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Abstract: The intercomparison between different atmospheric monitoring systems is key for instru-
ment calibration and validation. Common cases involve satellites, radiosonde and atmospheric model
outputs. Since instruments and/or measures are not perfectly collocated, miss-collocation uncertainty
must be considered in related intercomparison uncertainty budgets. This paper is motivated by the
comparison of GNSS-RO, the Global Navigation Satellite System Radio Occultation, with ERA5, the
version 5 Reanalysis of the European Centre for Medium-range Weather Forecasts. We consider
temperature interpolation observed at GNSS-RO pressure levels to the ERA5 levels. We assess the
interpolation uncertainty using as ‘truth’ high-resolution reference data obtained by GRUAN, the
Reference Upper-Air Network of the Global Climate Observing System. In this paper, we propose
a mathematical representation of the interpolation problem based on the well-known State-space
model and the related Kalman filter and smoother. We show that it performs the same (sometimes
better) than linear interpolation and, in addition, provides an estimate of the interpolation uncer-
tainty. Moreover, with both techniques, the interpolation error is not Gaussian distributed, and a
scaled Student’s t distribution with about 4.3 degrees of freedom is an appropriate approximation for
various altitudes, latitudes, seasons and times of day. With our data, interpolation uncertainty results
larger at the equator, the Mean Absolute Error being MAE ∼= 0.32 K, and smaller at a high latitude,
MAE ∼= 0.21 K at −80° latitude. At lower altitudes, it is close to the measurement uncertainty, with
MAE < 0.2 K below the tropopause. Around 300 hPa, it starts increasing and reaches about 0.8 K
above 100 hPa, except at the equator, where we observed MAE about 1 K.

Keywords: Kalman smoother; filtering; state-space interpolation; student’s t distribution; atmospheric
measurement uncertainty; GRUAN data; radiosonde, temperature profiles; collocation uncertainty;
GNSS-RO data; ERA5 reanalysis
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1. Introduction

Currently, along with atmospheric parameters measured at a fixed point in space,
an array of meteorological quantities (e.g., wind speed and direction, temperature, pres-
sure, humidity, atmospheric composition) are acquired as vertical profiles describing the
physical properties of a column of air varying with altitude. This is made possible by
major technological advances over the past few decades regarding atmospheric sensors
and sensor platforms. In high-resolution (≈1 m) applications, traditional instruments such
as tethersondes, radiosondes and dropsondes are used for vertical profiling [1]. However,
to a certain extent (although at relatively coarse vertical resolution), these in-situ measure-
ments can be complemented with different remote sensing techniques using ground-based
instruments (e.g., lidars and microwave radiometers) and satellite-born instruments.
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Investigating the vertical structure of the atmosphere with satellite instruments dates
from the 1970s [2]. The first publications on intercomparisons of satellite and radiosonde
profiles proved the capability of the new technique [3–6], which has largely compen-
sated for the limitations in coverage over land and oceans inherent in balloon-born
measurements [7]. Most notably, the datasets of temperature, humidity and pressure,
available through Global Navigation Satellite System Radio Occultations (GNSS-RO) [8–10]
since the early 2000s and serving as the main input for numerical weather predictions
(NWPs), are reliable data sources supporting climate change assessments [11].

Although having a relatively coarse horizontal resolution (∼300−400 km), the effective
vertical resolution of GNSS-RO measurements below 15-km altitudes is from 100 m to
300 m [12], which is suitable for resolving relatively small-scale atmospheric variability
in vertical dimensions [13–15]. In addition, hyperspectral infrared sounders, such as the
Atmospheric Infrared Sounder (AIRS) onboard NASA’s Aqua satellite and the Infrared
Atmospheric Sounding Interferometers (IASIs) on the EUMETSAT MetOp satellites, have
become valuable data sources for a wide range of applications [16–18]. Although having
some known limitations [13,19–23], GNSS-RO, AIRS and IASI measurements are now
assimilated into operational NWP models and different reanalyses, which allows for the
investigation of the state of the atmosphere in a three-dimensional grid of points [11].
Whether an operative NWP or a reanalysis, the final product is a gridded representation
of a geophysical quantity based on irregularly spaced observations. For example, the
reanalysis of the European Centre for Medium-range Weather Forecasts (ERA5) provides
hourly fields available at a horizontal resolution of 31 km on 37 pressure levels, from the
surface up to 1 hPa [24,25]. According to the standard atmosphere, the vertical resolution
of ERA5 is <250 m at the lowest levels and up to 1 km at tropopause height.

1.1. Background on Intercomparisons

With the diversity of atmospheric sounding techniques, new challenges arise for
establishing reference methods. This, in turn, requires the assessment of instrumental
performance and the quantification of biases and uncertainties. Such extensive knowledge
is derived from laboratory tests and intercomparisons, the latter being a common practice
and a requirement for improving the global climate observation system [26–28]. An in-
tercomparison aims to determine whether different observing systems agree within their
known limitations [29].

Comparisons of atmospheric profiles derived from two or more instruments must con-
sider the spatial displacement of the measurements. Generally, the instruments included in
the analysis are relatively close to each other but usually not measured at the same point in
space and time (not the case for twin radiosoundings, where different instruments are fixed
to the same ascending balloon). Typically, an assumption is made that within a few hours
and some tens of kilometres in horizontal displacement, the properties of the atmosphere
do not vary significantly, allowing for the comparison of two ground-based soundings
within these limits without any horizontal and/or temporal interpolation [30]. However,
the criteria for comparing ground-based sounding with a satellite-born counterpart are less
strict to increase the number of satellite profiles suitable for collocation, the latter directly
depending on the position(s) of the satellite(s). The horizontal and temporal mismatch
limits, used in earlier publications, reach up to several hundreds of kilometres and seven
hours, respectively [31–37].

On the other hand, a vertical mismatch of the levels used in collocated profiles is
often addressed through interpolation of a profile with a higher vertical resolution (e.g.,
radiosonde) to the pressure levels of another profile with a lower resolution (e.g., satel-
lite product). For example, the GNSS-RO observations are defined along a vertical grid
(60 levels in the case of GNSS-RO products [31,38]), which does not coincide with the
irregular grid of the in-situ profiles (several thousand in the case of raw radiosonde data).
Therefore, the radiosonde collocated profiles are usually interpolated to the vertical levels
of the GNSS-RO. Similar interpolation is inevitable while comparing instruments with
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NWP models. For example, the IASI temperatures are given at 90 pressure levels (version
4 and 5 temperature profiles) or at 101 pressure levels (version 6 temperature profiles).
To compare the profiles with ERA5, the IASI temperature profiles are interpolated to the
ERA5 pressure levels [18]. This step introduces an interpolation uncertainty component
that must be considered in the total collocation uncertainty budget, including instrumental
uncertainty and components from horizontal and temporal mismatches [39].

As a common practice in climate research, it is customary to evaluate the agreement
between diverse methodologies that yield time series data for Essential Climate Variables
(ECVs). The presence of ECVs and their associated uncertainties are indispensable for
determining whether two instruments (or techniques) stationed at the same location are
measuring identical phenomena (i.e., whether their time series exhibit statistical concor-
dance). The procedure elucidating the metrological closure, which involves assessing the
statistical concordance of distinct measurements while factoring in the total collocation
uncertainty budget, is outlined in [26].

It must be noted that intercomparisons can also be carried out between different nu-
merical models [40,41] and radiosonde types [42,43], between an instrument and any other
type of instruments suitable for measuring the same parameters in the same atmospheric
conditions [44]. In the case of intercomparisons that include a three-dimensional model, an
additional horizontal interpolation of model data to the locations of the data points from
the instrument is applied [18,41].

1.2. Motivation and Novelty

This article is motivated by a comparison of GNSS-RO temperatures with ERA5 out-
puts. We observe that both GNSS-RO retrievals and ERA5 model outputs are spatially and
temporally smoothed, as discussed previously. Hence, to separate interpolation uncertainty
from the other collocation uncertainty sources, we consider reference measurements at
ERA5 levels with high quality and high resolution. In fact, we use as ‘truth’ data obtained
by GRUAN, i.e., the Reference Upper-Air Network of the Global Climate Observing System
(https://www.gruan.org/, accessed on 13 March 2023). In particular, we use reference
measurements given by GRUAN Data Processing (GDP) for Vaisala RS41 radiosonde [45],
which are available at both the GNSS-RO and ERA5 pressure levels, with a 1-s accuracy.

We provide a novel interpolation algorithm based on the well-known state-space rep-
resentation and the Kalman filter (e.g., [46]). It is shown to have a performance equivalent
to linear interpolation, but it also provides an estimate of the interpolation uncertainty. The
new algorithm and linear interpolation are tested in interpolating the 37 ERA5 pressure
levels starting from the 60 GNSS-RO levels. We compare the interpolated values with the
true ones and assess the related interpolation uncertainty by latitude, altitude, season and
time of day.

An important by-product is the study of the interpolation error distribution, which is
shown to be non-Gaussian. A scaled Student’s t distribution adapts well to our data. Due
to this result, using coverage factors k = 2 or 3 in Immler’s inequality [26] is questioned,
and an alternative is provided.

Previous literature on interpolation uncertainty [47,48] considered the case of missing
data interpolation for radiosonde temperature and humidity based on Gaussian Process
(GP) interpolation in the frame of GRUAN Data Processing [49]. The main difference is that
these two papers considered high-resolution data, while here, the temporal gaps among
data are much larger. For this reason, various preliminary attempts to use GP interpolation
were not successful, and we turned to the current state-space model approach.

1.3. Paper Structure

The rest of the paper is organised as follows. Section 2.1 introduces the GNSS-RO
and GRUAN data used in the rest of the paper. Section 2.2 explains the state-space model
proposed for interpolation, and short Section 2.3 defines the interpolation error and its
empirical uncertainty. Section 2.4 addresses the concept of statistical concordance between

https://www.gruan.org/
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measurements and the shape of the error distribution, and Section 2.5 explains how to
handle the Student’s t distribution estimation. Section 3 presents the uncertainty results by
station, altitude, season and time of day. Section 4 provides a discussion of the obtained
results, and Section 5 draws some general conclusions.

2. Materials and Methods
2.1. Data

The current analysis considers collocated, GRUAN-processed radiosonde (RS41-
GDP1, [49,50]) and GNSS-RO measurements from the Metop satellite collected during
2020. The Metop atmospheric profile data were obtained from the publicly available
archive of the Radio Occultation Meteorology Satellite Application Facility (ROM SAF,
see the Data Availability Statement below). A horizontal distance of 300 km and a time
difference of 3 h are used as collocation criteria. The data are categorised by time of
day based on the solar elevation angle (SEA), which depends on time, latitude and
longitude. The SEA ranges for ‘day’, ‘night’ and ‘dusk/dawn’ data were 7.5 to 90, −90
to −7.5 and −7.5 to 7.5 degrees, respectively. The season was determined based on the
latitude and the month to consider the seasonal differences between the southern and
northern hemispheres. The data included in this study are summarised in Table 1.

Table 1. GRUAN stations and counts for the data used. Columns ERA5 and GNSS-RO report the
number of available measurements at the corresponding pressure levels. GNSS-RO are used for
learning, while ERA5 are used for testing.

Station Latitude Longitude ERA5 GNSS-RO Profiles

Lauder −45.05◦ 169.68◦ 9750 14,790 328
Lindenberg 52.21◦ 14.12◦ 11,104 16,564 374
Ny-Alesund 78.92◦ 11.93◦ 6002 9040 202
Ross Island −77.85◦ 166.65◦ 4378 6777 174
Singapore 1.30◦ 103.80◦ 2829 4100 94

Overall 34,063 51,271 1172

The data set is seasonally balanced for all stations but Ross Island, which has in
summer and fall approximately one-half of the observations in winter and spring (see
Table 2). Considering the time of day, some stations are strongly unbalanced with only
two or three profiles in dusk/dawn or night (see Table 3). This will be considered in the
subsequent analysis.

Table 2. Number of profiles of GRUAN stations by season.

Station Spring Summer Autumn Winter

Lauder 91 74 84 79
Lindenberg 107 82 91 94
Ny-Alesund 75 36 30 61
Ross Island 57 66 23 28
Singapore 28 19 28 19

Overall 358 277 256 281
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Table 3. Number of profiles of GRUAN stations by time of day.

Station Day Dusk/Dawn Night

Lauder 163 3 162
Lindenberg 197 49 128
Ny-Alesund 81 54 67
Ross Island 98 40 36
Singapore 32 60 2

Overall 571 206 395

2.2. Interpolation by State-Space Models

In this section, we introduce a statistical model based on the well-known class of
state-space models [46], propagating the measurement uncertainty to interpolated points
while taking into account interpolation uncertainty.

Let yi denote the observation of the geophysical quantity of interest, e.g., temperature
[K], at pressure level pi, i = 1, ..., n where n is the number of observations of the profile
under consideration. We assume a measurement equation error for yi given by

yi = xi + εi. (1)

Here, xi is the ‘true’ state, and εi is the random measurement error with uncertainty
ui =

√
Var(εi), where Var() is the variance operator. For the state x, we assume locally

linear dynamics with respect to pressure, given by

xi = xi−1 + αi(pi − pi−1) + ηx,i (2)

αi = αi−1 + ηα,i (3)

where ηx,i and ηα,i are independent innovation processes with zero mean and variance σ2
x

and σ2
α , respectively. Equation (2) states that apart from the stochastic component ηx,i, the

geophysical state has a local linear variation with respect to the pressure levels. Equation (3)
implies a smooth variation of the coefficient α.

For any pressure level p∗ ∈ [pi, pi−1] the optimal estimate of the corresponding state
x∗ is given by the following conditional expectation

x̂∗ = E(x∗|y1, . . . , yn) (4)

which is readily computed by the Kalman smoother (KS) algorithm under Gaussian as-
sumptions. In addition, the uncertainty at p∗ is given by

uKS(x̂∗)2 = Var(x∗|y1, . . . , yn) (5)

which also is an output of the above-mentioned KS algorithm.

2.3. Interpolation Errors and Uncertainty

For each single profile, let us denote by (yi, pi), i = 1, . . . , n the observations at GNSS-
RO levels, and by (x∗j , p∗j ), i = 1, . . . , n∗ the true values at ERA5 levels. Let ỹ∗j be the linear
interpolation at ERA5 level p∗j , and let eLINT,j = ỹ∗j − x∗j be the corresponding interpolation
error. Moreover, let x̂∗j be the KS interpolation given in Equation (4) at ERA5 level p∗j , and
let eKS,j = x̂∗j − x∗j be the corresponding error.

In the sequel, we focus on altitudes below 10 hPa. As a result, we have n∗ = 31 ERA5
levels and n ≤ 46 GNSS-RO levels. The latter depends on missing data, and, on average,
we have n = 44.

‘Observed’ interpolation uncertainty is computed using root mean square error (RMSE)
and mean absolute error (MAE). Let GNSS-RO profiles be indexed by id = 1, ..., N = 1172
as in Table 1, and consider a subset S of all profiles, e.g., a station or a season. Of course, the



Axioms 2023, 12, 902 6 of 16

number of elements of S cannot exceed N, namely ||S|| ≤ N. For methods m = LINT, KS,
we have

RMSEm,S =

√
1

n∗||S|| ∑
j≤n∗ ,id∈S

e2
m,id,j

and

MAEm,S =

√
1

n∗||S|| ∑
j≤n∗ ,id∈S

||em,id,j||.

It is well known that RMSE, being a quadratic metric, is suited for Gaussian errors
but is prone to outliers and high tails. Instead, MAE is a robust metric suitable for outlier
resistance and high tails.

2.4. Non-Gaussian Errors

In collocation comparisons literature [26], two generic measurements m1 and m2, with
uncertainties u1 and u2, are said to be in statistical concordance or in agreement if the error,
e = m1 −m2, is small, namely

|e| < k · ue (6)

for k = 2. In this formula, ue is the collocation uncertainty. If the uncertainties are

uncorrelated and no collocation mismatch affects the measurements, then ue =
√

u2
1 + u2

2.
It is well known that k = 2(3) has the interpretation of a statistical test with false rejection
probability α ∼= 5%(0.27%) if e is Gaussian distributed.

If the error distribution has higher tails than the Gaussian distribution, the inter-
pretation of k may be different. If the error has a scaled Student’s t distribution, with
ν > 4 degrees of freedom and scale parameter ue =

√
var(e), then k in Equation (6) is

related to a standardized Student’s t distribution. That is a distribution with variance
one. From Table 4, we see that its 97.5% percentile is close to the corresponding Gaussian
percentile, namely 1.96, for any ν > 4. Instead, the probability of large errors, related to
k ≥ 3, for the standardized t distribution is much larger than the Gaussian counterpart,
even if the two measurements come from the same instrument. See the examples in Table 4.

Table 4. k-Values of Equation (6) based on standardized Student’s t distribution for α = 0.05 and
0.0027, and tail probabilities for various degrees of freedom ν compared to the Gaussian case. Note

that the first two columns are obtained by the usual Student’s t quantiles after multiplying by
√

ν
ν−2 .

Similarly, the tail probabilities in the last two columns are obtained by the thresholds 3 and 4 rescaled
with the same factor.

ν α = 0.05 α = 0.0027 P(|t|>3) P(|t|>4)

4 1.96 4.68 1.32 × 10−2 4.80 × 10−3

5 1.99 4.27 1.17 × 10−2 3.59 × 10−3

10 1.99 3.54 7.30 × 10−3 1.19 × 10−3

20 1.98 3.25 4.90 × 10−3 4.00 × 10−4

300 1.96 3.02 2.8 × 10−3 1.00 × 10−4

Gaussian 1.96 3.00 2.70 × 10−3 1.00 × 10−4

2.5. Inference for the Student’s t Distribution

In our case study, both linear interpolation and KS errors have kurtosis, kurt(e) ∼= 20,
well above the Gaussian value of three. The top panel of Figure 1 clearly shows the
big departure from the normal distribution, and any test of normality would reject this
hypothesis. In fact, the KS error distribution, shown in Figure 2, is very peaky and has
very high tails that may be reasonably approximated by a Student’s t with few degrees of
freedom, as shown in the bottom panel of Figure 1. We tested the null of scaled Student’s t
distribution using the Kolmogorov-Smirnov test. Partly due to the large sample size, the
relatively small departure of the empirical tails from the nominal one shown in Figure 1,
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bottom panel, led to rejection at usual significance levels. Hence, we interpret the Student’s
t distribution as an approximation which improves on the Gaussian assumption.
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Figure 1. QQ-plots of KS errors at ERA5 levels. Top panel: Normal distribution; Bottom panel: Scaled
Student’s t distribution with ν = 4.3 degrees of freedom.

It is interesting to note that the Student’s t distribution may be seen as the compound of
the Gaussian distribution with variance given by an inverse Gamma random variable. This
evidence could bring us to extend the Gaussian state-space model of Section 2.2. Recently,
Kalman filters have been developed using the Student’s t distribution for the measurement
error in Equation (1); see, e.g., [51]. In our case, we have a sampling issue since, apart from
the testing case on GRUAN data, we do not have available measurements for ERA5 levels.
As a result, the RMSE for ERA5 levels is much larger than for GNSS-RO levels.

For this reason, we postpone the full non-Gaussian state-space model for future
research. Instead, in this paper, we use a two-step approach. First, we compute linear
and (Gaussian) KS interpolation. Second, we fit the errors by a scaled t distribution with
a degrees of freedom parameter ν and standard error σ, depending on the data. This
approach allows us better to understand the uncertainty of the data at hand.

In particular, the ν > 4 parameter is estimated by the method of moments,

ν̂ = 4 +
6

kurt(e)− 3
. (7)

Then, the σ scale parameter is estimated by the plug-in maximum likelihood method,
σ̂ = σ̂ν̂. Since the sample sizes are large, we are not concerned about the loss in efficiency
related to the method of moments.
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Figure 2. Frequency distribution of KS errors at ERA5 levels.

3. Results

Using the data from Table 1 and the methods detailed in the previous section, we
computed linear and KS interpolation and the related errors eL and eK at ERA5 levels. The
first important result is that the errors obtained by the two methods are equivalent. In fact,
the mean difference is quite small, eL − eK = 0.004 K, the Spearman correlation coefficient
is quite large r(eL, eK) > 0.95 and RMSE(eL − eK) = 0.14 K. Hence in the sequel, we focus
on KS results and omit the subscript K wherever it is clear.

In this section, we assess the interpolation uncertainty by latitude, altitude, season
and time of day. In particular, we consider the RMSE, which, for different reasons, may be
prone to outliers and non-Gaussianity. Additionally, we consider the robust metrics given
by MAE and Student’s t scale, σ.

3.1. Uncertainty by Station

Since the GRUAN stations used are located on various continents and at latitudes
spanning from +78° to −78°, an important question is related to the geographical stability
of the interpolation uncertainty.

Table 5 reports various uncertainty measures by station. As a reference, we give
the median of the measurement uncertainty reported by the GDP and the interpolation
uncertainty given by KS. We also report the RMSE, MAE, Student’s t scale and degrees of
freedom parameters for the KS interpolation errors. The standard errors of these uncertainty
measures and t-distribution parameters are very small, as shown in Table 6.

It may be observed from the last column of Table 5 that the tail parameter ν̂ is essentially
constant along the stations. Considering interpolation uncertainty, the tropic station of
Singapore has the highest values for the three metrics considered. For example, the Median
KS uncertainty is more than twice the overall value. This is not due to measurement
uncertainty. In fact, Singapore’s median measurement uncertainty is very close to the
overall value. The antarctic station of Ross Island has the lowest metrics even if the GDP
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uncertainty is higher. The northern stations have similar interpolation metrics, even if
Lindenberg has a considerably lower GDP uncertainty.

Table 5. KS uncertainty [K] by station. Column details: MED(u), Median measurement uncertainty;
MED(uKS), Median KS interpolation uncertainty; RMSEKS, Root mean square interpolation error at
ERA5 levels; MAEKS, Mean absolute interpolation error; σ̂, Maximum t-likelihood scale estimate; ν̂,
Moment estimate of degrees of freedom given by Equation (7).

Station MED(u) MED(uKS) RMSEKS MAEKS σ̂ ν̂

Lauder 0.246 0.384 0.498 0.284 0.270 4.392
Lindenberg 0.118 0.374 0.456 0.257 0.243 4.352
Ny-Alesund 0.216 0.379 0.423 0.245 0.235 4.421
Ross Island 0.257 0.268 0.341 0.211 0.209 4.526
Singapore 0.247 0.747 0.702 0.321 0.243 4.334

Overall 0.240 0.369 0.476 0.262 0.242 4.307

Table 6. Standard errors of KS uncertainty [K] by station. Column details: see Table 5.

Standard Errors
Station RMSEKS MAEKS σ̂ ν̂

Lauder 0.004 0.004 0.003 0.105
Lindenberg 0.003 0.004 0.002 0.137
Ny-Alesund 0.004 0.004 0.003 0.081
Ross Island 0.004 0.004 0.003 0.102
Singapore 0.009 0.012 0.005 0.044

Overall 0.002 0.002 0.001 0.037

From these figures, it can be observed that the interpolation uncertainty is more
influenced by atmospheric dynamics than measurement uncertainty. It is also interesting to
observe the overestimation of the uncertainty provided by the RMSE due to its sensitivity
to large errors. Once the high tails are taken into account using the t-distribution approach,
the maximum likelihood estimate of the uncertainty, namely σ̂, is noticeably smaller than
RMSE and close to the robust metric given by MAE.

3.2. Uncertainty by Altitude

Figure 3 depicts the vertical behaviour of interpolation uncertainty assessed by MAE
and compared to the median of measurement uncertainty, u, and KS uncertainty, uKS, as
in Equation (5). Similarly, Figure 4 describes the RMSE behaviour and compares it to the
quadratic means of u and uKS.

It may be noted that both MAE and RMSE interpolation uncertainties are close to
the measurement uncertainty below the tropopause, with MAE < 0.2 K. Instead, around
300 hPa, both show an increase and an even steeper increase above that, with MAE near 0.8
and K above 100 hPa. Additional insight is provided by Figure 5, which depicts the vertical
profile of MAE by station. It is clearly seen that the equatorial station of Singapore has the
larger uncertainty in the upper atmosphere. After excluding this, the other stations are in
line with the above uncertainty limit of 0.8 K above 250 hPa. In particular, the antarctic
station of Ross Island has the smallest interpolation uncertainty in the upper atmosphere.

It is interesting to note that the interpolation uncertainty may be smaller than the
measurement uncertainty. This is consistent with the fact that the temperature profile may
be very smooth, and using neighbouring observations may improve the measurement
precision. Comparing the blue and green lines of Figures 3 and 4, we observe that KS
and LINT are quite similar, but, at the tropopause, near 300 hPa, KS provides better
interpolation.
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The KS interpolation uncertainty (uKS) is larger than RMSE and/or MAE below
200 hPa and smaller above this level. For operational use of uKS, we suggest the correction
given by Equation (15) of [47].
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Figure 3. Robust uncertainty profiles. The blue line is the MAE of the KS interpolation; the green line
is the MAE of the linear interpolation; the red line is the median of the KS uncertainty; the black line
is the median of GDP measurement uncertainty.
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Figure 4. RMSE uncertainty profiles. The blue line is the RMSE of the KS interpolation; the green
line is the mean square error of the linear interpolation; the red line is the quadratic mean of KS
uncertainty; the black line is the quadratic mean of GDP measurement uncertainty.
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Figure 5. MAE profile by station. Station colours are explained in the panel’s graphic legend. The
blue curve is the station average.

3.3. Uncertainty by Season

After observing the uncertainty sensitivity to latitude in Section 3.1, we tested for
similar seasonal effects as reported in this section. Reading Table 7 from right to left
and considering the related standard errors reported in Table 8, we observe that the t-
distribution parameters ν and σ are quite close for the different seasons. The minimum
interpolation uncertainty (either RMSE, MAE or σ) is observed in summer with a difference
of 0.01−0.02 K with respect to the overall quantity. Again, we have little uncertainty
variation between seasons.

Table 7. KS uncertainty [K] by season. Column details: see Table 5.

Season Profiles MED(u) MED(uKS) RMSEKS MAEKS σ̂ ν̂

Spring 358 0.24 0.384 0.486 0.262 0.238 4.292
Summer 277 0.247 0.340 0.459 0.251 0.232 4.268
Autumn 256 0.239 0.357 0.479 0.272 0.258 4.494
Winter 281 0.215 0.404 0.477 0.264 0.245 4.267

Overall 1172 0.240 0.369 0.476 0.262 0.242 4.307

Table 8. Standard errors of KS uncertainty [K] by season. Column details: see Table 5.

Standard Errors
Season Profiles RMSEKS MAEKS σ̂ ν̂

Spring 358 0.003 0.004 0.002 0.064
Summer 277 0.004 0.004 0.003 0.102
Autumn 256 0.004 0.005 0.003 0.070
Winter 281 0.004 0.004 0.003 0.062

Overall 1172 0.002 0.002 0.001 0.037
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3.4. Uncertainty by Time of Day

Tables 9 and 10 report the interpolation uncertainty metrics and their standard errors
classified by time of day for the entire data set and for the Lindenberg data alone. It
is seen that during dusk/dawn, the overall interpolation error distribution has higher
tails, with lower degrees of freedom ν and a higher RMSE, exceeding by about 0.03 K the
day and night times. This is not the case for Lindenberg data. To have further insight,
Tables 11 and 12 provide MAE and RMSE by station and time of day. It is again clear that
the variation of uncertainty is led more by geography than by time of day. Notice that
Singapore shows a reduction in the nighttime, but the standard error is higher due to the
small profile number for this case, as mentioned in Section 2.1 and highlighted in Table 3.

Table 9. KS uncertainty [K] by time of day for the overall data set and for Lindenberg data. Column
details: see Table 5.

Time of Day Profiles MED(u) MED(uKS) RMSEKS MAEKS σ̂ ν̂

Overall

Day 571 0.252 0.342 0.469 0.259 0.241 4.300
Dusk/dawn 206 0.240 0.432 0.510 0.261 0.228 4.277
Night 395 0.239 0.396 0.467 0.266 0.251 4.356

Lindenberg

Day 197 0.153 0.334 0.438 0.254 0.252 4.729
Dusk/dawn 49 0.094 0.409 0.436 0.248 0.241 4.678
Night 128 0.081 0.448 0.490 0.266 0.243 4.221

Table 10. Standard errors of KS uncertainty [K] by season. Column details: see Table 5.

Standard Errors
Time of Day Profiles RMSEKS MAEKS σ̂ ν̂

Overall

Day 571 0.003 0.003 0.002 0.057
Dusk/dawn 206 0.005 0.006 0.003 0.048
Night 395 0.003 0.004 0.002 0.120

Lindenberg

Day 197 0.004 0.005 0.003 0.071
Dusk/dawn 49 0.008 0.009 0.007 0.091
Night 128 0.006 0.007 0.004 0.127

Table 11. MAE and its standard errors of KS uncertainty [K] by station and time of day. Column
details: see Table 5.

MAEKS Standard Errors

Day Dusk/Dawn Night Day Dusk/Dawn Night

Lauder 0.283 0.282 0.284 0.006 0.036 0.006
Lindenberg 0.254 0.248 0.266 0.005 0.009 0.007
Ny-Alesund 0.257 0.236 0.239 0.007 0.008 0.007
Ross Island 0.202 0.222 0.223 0.005 0.009 0.009
Singapore 0.333 0.316 0.281 0.021 0.014 0.063
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Table 12. RMSE and its standard errors of KS uncertainty [K] by station and time of day. Column
details: see Table 5.

RMSEKS Standard Errors

Day Dusk/Dawn Night Day Dusk/Dawn Night

Lauder 0.507 0.444 0.489 0.005 0.033 0.005
Lindenberg 0.438 0.436 0.490 0.004 0.008 0.006
Ny-Alesund 0.444 0.411 0.406 0.006 0.007 0.006
Ross Island 0.337 0.353 0.336 0.005 0.008 0.008
Singapore 0.733 0.690 0.557 0.017 0.011 0.051

4. Discussion

The interpolation of temperature at ERA5 levels using data on GNSS-RO levels results
in error distributions with tails higher than the Gaussian distribution. The analysis based
on GRUAN-processed radiosonde data shows that, in general, a t-distribution with about
ν = 4.3 degrees of freedom is an appropriate approximation. We suggest using MAE
and/or Student’s t σ parameter to assess such a non-Gaussian uncertainty. Comparing
them to RMSE helps to highlight the high tail’s impact on uncertainty.

The overall uncertainty of the temperature profiles was about 0.25 K for MAE and
t-distribution scale parameter σ. It was about 0.5 K for RMSE. Such figures are mainly
influenced by latitude and geography, with higher values in the tropics and smaller ones
near the poles. In particular, the Ross Island station at −78° latitude gives uncertainties
that are smaller than the Ny-Alesund station at +78° latitude. This effect is more evident in
higher atmospheres, above 300 hPa, where MAE increases up to 0.8 K for most stations,
except for the equatorial station of Singapore, where a discernible increase in the degree of
interpolation uncertainty within the upper troposphere/lower stratosphere was revealed,
exceeding 1 K. By contrast, Ross Island has the smallest uncertainty at these altitudes. The
findings regarding temperature uncertainty dependence on latitude are consistent with
previous research that has observed a pronounced change in temperature lapse rate within
the specified altitude range in the tropics [20]. When the lapse rate undergoes rapid changes
with altitude, it becomes increasingly difficult to estimate temperatures accurately through
interpolation. In such cases, larger interpolation errors become inevitable.

It may be noted that the horizontal and vertical variations dominate the temporal
sources of variation considered, namely season and time of day, which can be ignored in
this respect.

We considered both linear interpolation and interpolation based on Kalman smoother.
The two methods produced results that were very close in terms of performance, but
Kalman smoother was slightly better near the tropopause. In addition, Kalman smoother
provided interpolation uncertainties for individual profiles, which may be useful in practice.
Interstingly, the Kalman smoother interpolation uncertainty was often smaller than the
measurement uncertainty. This is due to the smoothness of the temperature profiles, so
using neighbouring information improves the understanding of the temperature state.

5. Conclusions

Two important take-home messages were raised from this study. The first one is
related to collocation uncertainty. In fact, the methodology outlined in this paper represents
an initial step towards establishing the statistical agreement between two independent
methods that measure temperature with different vertical resolutions. In particular, thanks
to the assessment of interpolation uncertainty developed here, future research on the
comparison of GNSS-RO temperatures with ERA5 outputs will be able to define a detailed
uncertainty budget where the interpolation component may be extracted.

The second one is more general and calls for a rethinking of Immler’s inequality.
Usually, the measurement error is taken as Gaussian distributed. This paper provides
evidence that, at least in comparisons with vertical miss-collocation, this may not be true.
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In such a case, high-tail distributions need to be used. An interesting point of this paper is
that, at least for the data used, the height of the error distribution tails does not depend
on latitude, altitude, season or time of day. It behaves like a constant of the problem, and
further studies will be able to deepen this result and its generality.
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