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and temporal convergence rates. To conclude, we tackle the Rayleigh-Taylor instability at
different Atwood and Reynolds numbers focusing on mesh independence capabilities.

1. Introduction

In recent years, the introduction of Hybrid High-Order (HHO) and Hybridizable Discontinuous Galerkin (HDG) methods has
provided new lifeblood to promote the development of high-order accurate computational modeling tools for incompressible fluid
flows. In contrast to Discontinuous Galerkin (DG) methods, HHO and HDG methods are based on degrees of freedom that are broken
polynomials on both the mesh and its skeleton (that is, the set collecting interelement boundaries). Relevant features of hybrid
schemes are: (i) local (cell-by-cell) conservation of physical quantities, (ii) increased convergence rates in the diffusion-dominated
regime (iii) availability of upwind stabilizations to improve the robustness in the convection-dominated regime (iv) resiliency to
mesh distortion and grading, (v) implicit time integration with reduced memory footprint of the Jacobian matrix.

In this work we extend the HHO formulations of [1,2], devoted to constant density incompressible flows, to cope with mixtures
of immiscible incompressible fluids with variable density. The present research effort relies on a hybrid discretization of all the
variables of the problem, including velocity, pressure and density. The choice of a hybrid pressure, combined with an appropriate
selection of local polynomial spaces, allows to reconstruct a H (div)-conforming velocity approximation starting from non-conforming
polynomial spaces. In particular, polynomial functions in the pressure space, with support on faces and cells, enforce, respectively,
the continuity of the normal velocity components on the mesh skeleton and the incompressibility constraint within each mesh
cell. The H(div)-conforming solenoidal velocity field is used to good advantage in the HHO discretization of the mass conservation
equation, see e.g., Di Pietro et al. [3], therein employed as the advective velocity for the material time derivative of the density.
Pressure-robustness implies that irrotational body forces only affect the pressure field and, as a consequence, the velocity and density
errors are insensitive to the accuracy of the pressure field representation. Robustness in the convection-dominated regime is achieved
by introducing skew-symmetric forms with upwinding stabilizations for the transport of mass and momentum, and suitable time
derivative stabilizations for the density variable.

In order to treat time-dependent problems, we rely on high-order accurate Explicit Singly Diagonal Implicit Runge-Kutta
(ESDIRK) time integration schemes especially conceived for Differential Algebraic Equations (DAEs) of differential index equal to
two. Efficient resolution of the algebraic problems resulting from the space-time discretization relies on p-multigrid preconditioners
in the spirit of Botti et al. [4], designed to work in tandem with Schur complement solution strategies. Thanks to static
condensations, the blocked structure, the dimension of the blocks and, ultimately, the sparsity of the global matrix resulting from
HHO discretizations is dictated by face unknowns. Interestingly, since the dimension of d—1-variate polynomial spaces grows slower
that the dimension of d-variate polynomial spaces when increasing k, both the memory footprint of the global matrix and the cost
of matrix—vector products involved in iterative solution strategies benefit from static condensation.

Several methods for variable density incompressible flows have been proposes in literature. A DG formulation based on exact
Riemann solvers for the artificial compressibility perturbation of the problem was proposed by Bassi et al. [5] and assessed in [6].
A Volume Of Fluid (VOF) DG formulation for two-phase flows was considered by [7], interestingly, the transport equation for the
density is modified introducing a slope-limited H-div conforming velocity field serving as advection velocity. An entropy-stable
DG approximation was devised by Manzanero et al. [8] while a post-processed semi-implicit DG scheme was introduced by [9].
A Discrete Duality Finite Volume (DDFV) scheme was proposed by Goudon et al. [10], while Fu [11] addressed the Cahn-Hilliard
phase-field model with a HDG formulation based on divergence-free velocity spaces. Recently, Nordstrom et al. [12] proposed
an energy stable formulation for multi-phase incompressible flows and Dauphin et al. [13] analyzed a low-order hybrid method
for the variable-density incompressible Navier—Stokes equations. Earlier pioneering works focused on Galerkin discretizations with
projection methods, consider for example Guermond et al. [14,15].

The paper is organized as follows. In Sections 2 and 3 we respectively introduce the model problem and present its discrete
formulation. H(div)-conformity and pressure robustness are addressed in Section 3.5. In Section 3.6 we seek to recast the HHO
discretizations of the mass conservation and linear momentum equations, first presented in skew-symmetric form, in the, so called,
flux formulation. Numerical validation of spatial and temporal convergence rates is performed in Section 4.1 and Section 4.2
considering exact and manufactured solutions. A realistic flow configuration is tackled in Section 4.3 where we consider a low
Atwood number Rayleigh-Taylor instability at Re=1 000 and Re=5 000 and a high Atwood number Rayleigh-Taylor instability at
Re=1 000. Finally, some conclusions are drawn in Section 5.

2. Continuous setting

Given a polygonal or polyhedral domain 2 ¢ RY, d € {2,3}, with boundary 0%, the initial divergence-free velocity field
uy : 2 - RY, the initial density field p, : 2 — R* and a finite time 5, the variable density incompressible Navier-Stokes problem
consists in finding the velocity field u : 2x[0,#;] — R?, the density field p : 2x(0,t;] — R*, and the pressure field p : 2x(0,tz] = R,
such that u(-,0) = uy, p(-,0) = py and

d(pu)

o +V - [(pu®u)— uVul+Vp=f in 2 x (0, ¢], (1a)
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‘;—’I’ +V-(pu)=0 in Qx (0,1, (1b)
V.ou=0 in 2 x (0, 1], (19

u=gp  on aQpx(0,tl, 1d

pn — u(Vu)n = gy on a2y X (0, 5], (1e)
p=gn  onalyx0,t]. aan

where n denotes the unit vector normal to 42 pointing out of 2, x > 0 is the (constant) viscosity, g, and gy denote, respectively, the
prescribed velocity on the Dirichlet boundary €2, C 02 and the prescribed traction on the Neumann boundary 02y := 02 \ 092p,
while f : Q — R? is a given body force. Since, by virtue of the incompressibility constraint, we consider the Laplace operator in place
of the divergence of the symmetric gradient, tractions do not account for tangential variations of the normal velocity component.
The density is prescribed on inflow boundaries, defined as follows

gp-n<0 if xea.QD,}

02, = 02 h that
n {xe such tha { u-n<0 if xe€dfy

Egs. (1a), (1b) and (1c) are the linear momentum, the mass conservation and the volume conservation equations, respectively. We
remark that conservation of volume will be exactly enforced at the discrete level, ensuring that the density is a purely advected
quantity. Note that, in the variable density problem of Eq. (1), the density can be regarded as the phase field variable, which allows
to track the interface among the different fluid components.

3. ESDIRK-HHO discretization
3.1. Mesh

The HHO formulation proposed in this work is capable of dealing with two and three dimensional flow problems. Nevertheless,
since numerical test cases focus on two space dimensions, discrete settings are provided for the 2D case focusing on simplicial
meshes. We consider meshes of the domain £ corresponding to couples M,, := (7, F}), where 7}, is a finite collection of triangular
elements such that h := maxpey, Ay > 0 with Ay denoting the diameter of 7', while 7, is a finite collection of line segments, with
hp denoting the length of F. It is assumed henceforth that the mesh M, is shape- and contact-regular, as detailed in [16, Definition
1.4] and that its trace on 02 is compatible with the partition dQ2 = dQp U 02y. We respectively denote by F}]l) and F}f the sets
of Dirichlet and Neumann faces, whereas the set of internal faces is F;l =Fy\ (f’,? U F}:I) For each mesh cell T € 7, the faces
contained in the cell boundary 0T are collected in the set 7 and we additionally let 07* := 0T N 942, for « € {D,N}. For all T € 7},
and all F € Fr, npp denotes the unit vector normal to F pointing out of T and n,; : 0T — RY is such that ny;|p := nyp for all
F € Fr.

3.2. Discrete spaces

Hybrid High-Order methods hinge on local polynomial spaces on mesh cells and faces. For given integers # > 0 and n > 1, we
denote by P“ the space of n-variate polynomials of total degree < ¢ (in short, of degree ¢). For X mesh cell or face, we denote by
P?(X) the space spanned by the restriction to X of functions in ]P’g .

The global discrete spaces for the velocity, density and pressure unknowns are respectively defined as follows:

vy € PHUTY for all T € Ty,

Vi =30, = (Wrer,, Wprer,) : vp € PK(FY! forall F e 7, \ FY, ¢,
vp € PHHY(F) for all F e FY
zk = {Eh = (Gprer, Gr)rer,) & zr € PXT) for all T € 7, z € PX(F) for all F € Fh},

Q’;“ = {‘lh = (ap)rer,» @Prer,) © ar € PX(T) forall T € 7, qp € P (F) for all F € Fh} .

The restriction of these spaces and their elements to a mesh cell T € 7}, are denoted replacing the subscript 4 by T and are obtained

collecting the components attached to T and its boundary. Given v, € K;, we will also denote by v, the function such that

Vorlp = vy forall F € Fr. Given ¢, € 0! and z;. € Z}, the notation g,y and z,y are defined similarly.
3.3. Gradient reconstruction operators

For each mesh cell T € 7, the tensor and vector gradient reconstruction operators G : V5 — PX(T)? and gkt! : Q‘;“ -
PHI(T)? are respectively defined as follows: For all (;.q,) € VEx Q’;“,

/G’;I_/T :r:/VvT :1'—/ Wwr—vyp)@nyp 1 7 vz € PH(T)™,
T T T

/g§+qu~v:—/qTV~v+/ TV Nyt Yo e PKI(T).
T - T or

3
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3.4. Semi-discrete HHO formulation

We first present the semi-discrete formulation of the variable density problem in (1) omitting the terms that are responsible of

the weak imposition of boundary conditions. Those will be introduced thereafter for the sake of readability.
Given (uy.p,.p,) € VExzkx Q"+1 the (local) spatial discretizations sd;ﬂ‘;’ (. p,p, )i V% - R of the steady momentum

sms’ (g Py - Z‘ - ]R of the steady mass conservation equation and sd"°l (U - Q’;“ — R of the volume

T,'bc —T
conservation equation are such that, for all v, € V%, all z, € Z¥ and all q, € Q’;“,

equation, sd Tobe

1 1
sdslrf;): ((ET’QT’ET);E )=- 5,/TPT(”;uT Qur) : Vn/}vT + E/TpT(Jr’}vT Qur) : Vajur %)
1
*3 /ar Par (ur  mor ) (=G uar - Kpvp = Mo vor - whur) 3
1
+5 /aT pr)T‘uT .n(,T) (2l ur — b uyr) - (whop — 2 vr) 4
+ / uGhu, : kv, +/ hi Ty —ugp) - 7 (o — o) 5)
T o NF
/g?lp /Tf “vr, 6)
1 1
stfllaggyizg) == 3 [orur - Ver 3 [ srur o o
T T
1
+3 / (ug - nar)por 21 — P1207) ®)
2 Jor
1
+ 5 / ‘uT : ndT‘(pT - p()T)(ZT - ZdT)’ (9)
oT
sdy (ur3q,) _/ gily - a0
where 7 ‘r is the L?-orthogonal projector onto the broken polynomial space PZ(dT)? defined as follows

PrOT) = {ve L*OT)" : v|y € P/(F)! forall F € Fy},

and x. is the L2-orthogonal projector onto P*(T).

Both in the momentum and the mass conservation equation, advection terms are treated with skew-symmetric formulations see
(2)-(3) and (7)—-(8), respectively, plus stabilization bilinear forms, see (4) and (9), respectively. We remark that, in the convective
term discretization of (2)-(3)—(4), we consider L?-projections of degree k for test functions and L?-projections of degree p, with p=k
or p=k+1, for the advected velocity unknowns, leading to two different variants of the method. Note that the advective velocity is
not projected. In the case p=k+1, since up € P¥*/(T), it holds #/.ur = uy, furthermore, since uyr € P*(T LDy c pk+l(gTiDY) and
u;r € PN, it holds ”ST"!)T = uyr, thus, contrary to the case p=k, the formulations is not skew-symmetric. The choice p=k,
proposed in [17, Remark 3.7], leads to a provably stable formulation, see Section 3.7, while the choice p=k+1, proposed in [1],
provides improved accuracy in the convection-dominated regime. The diffusion term stabilization of (5), also involving L?-projection
operators, was first proposed by [18], see also [19]. Note that the HHO discretization of the mass conservation equation in (7) only
relies on the cell velocity u; which, as result of the HHO discretization of the volume conservation in (10), is H(div)-conforming
and divergence-free, see Section 3.5 for details.

Let us now take into account Dirichlet and Neumann boundary conditions. Given (u,. 0Py ) e V’; xXZ. ; X g’;“, the (local) spatial
discretizations sth“" ((uT,p . );e) - V" — R of the steady momentum equation, sds“‘s(uT, 2, 1) s Z" — R of the steady mass
conservation equation and sd""l(uT DI Q"“ — R of the volume conservation equation are such that, for allv, € VT, all z, € Z

K+l
and all 4, € QT s
1m, P . . 1m.zP 1
sdy™" ((ET’ET’ET)’ET) = “’;'ﬁlaf (r, pp)ivy) = /dTD.N por (ur - nor) (2 uyr TyrVor)
] S] P k
+ (uor - nor)~ por + (o - nor)~ 8m ) ("5 ey - Tayvar) — Por(Wor - Ng7) + &N Vor
oTN oTN oTN
@ [S] k
+ /oTD ((gD : "aT) Por + (gD : "aT) gln) (gD : ”aTVaT)
12
+ / ((udT -8)® "dT) : <VQT'_’T + —vr® "()T> —/ vGruy  (Uyr @ nyr), (11a)
oTD hp oTD
1
ms . (-
sdp™ ((wps p )i 27) 1= sdyip Uy, ps 2p) = 5 /MD»N(uT “Nor) ParZor
® ) ® )
+ /arN ((“aT “nar)” par + (Uar - Mar) gIn) ZoT +/071> ((gD “na7)” por + (80 - Mor) gIn) zyr, (11b)
sd¥l(u, 1q,) 1= sdp 'bc(ET;qT) - / (uar - nyr) 4o -/ (&p - nor) dor»
- oTN aTD

4
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where a® := l(a+ la]) and a® := l(a— |al).
Given (u, Py pT) € V X Zy. K Q"Jrl the local spatial discretization of the unsteady momentum and mass conservation are such
that, for all v € V and all z; € Z

du ur dp
s (g pieg) = [ (5 + L) o s (g, i) a2
dpr hr dor _ 9por
mss . . _ _ sms .
sdr ((ET’ET)’ET) =] T+(k+1)2 o T (zp — zg7) + sdy, ((ET,ET),ET). 13)

We remark that the time derivative in the momentum equation has been modified compatibly with the skew-symmetric treatment
of the convective term, as first proposed by [14], see Section 3.6.2 for details. We further remark that the second term of (13) is
a time derivative stabilization designed to guarantee the robustness of the HHO discretization of the mass conservation equation
whenever the normal velocity component vanishes on a mesh face, see Section 3.6.1 for additional details.

The global residuals of the spatial discretization rm“t” (y.p,-2,):) - Vi >R, rmss((uh,p %)t Zk >R, and r"°1(uh 9 Q"’rl -

R are obtained by cell-by-cell assembly of the local dlscretlzatlons, ie:Forally, € Kh, all z, € zk ;, and all q, € gf’“,

A (o2, 50y) = AR (g pe 2 )0 ), (14a)
TEeT,

mss((uh,p )iz,) = 2 sd;"nss((gT,gT);gT), (14b)
TEeTy,

N uyig,) = Y, Ay ugig,). (14c)
TEeT,

The global problem reads: Find (. p,.p,) € ¥V}, x Z; x Qk*! such that

A (wyop, o0, i,) =0 Vo, €V
e (wyp,)iz,) =0 Vz, € Z) (15)
vol . . — k+1
o W9,)=0 Vg €07

3.5. H(div)-conformity and independence from irrotational body forces

Let us focus on the HHO discretization of the volume conservation equation. The requirement r‘}g"l(g wd,) =0 foreachu, €V,
and for all ¢, € Q’;“ reads

0=- Z /‘IT V.ur + Z </ an“T'"aT_/ ‘laTuaT'"aT—/ angD'n0T>'
Ter, /T oT oTN oTD

TETy,

Among all the 4, € Ql;:H’ we consider the following relevant choices

1. 4, = ((qT)TErh,(O)FErh ), accordingly, VT € T, and Vg, € PX(T), we get fT qr V-ur =0, ie, V-ur =0,Vx € T, since
V - uy € PYT);
2. 4, = |Drer, OFer, ), accordingly, after integration by parts, VT € 7, we get [, uy - nyy = 0;

3.¢,= ((O)TETh’ @p)rer, ), accordingly, Vg € PF1(F), we get
VF € FP, / qp (ur — gp) -npp =0, ie, up-npp= nf,“(gD “npp),
F
VF € F), / qp (up —ug) -npp =0, ie, up npp=ugp- npp, 16)
F

VFeF,, / g (ur —up) -npp =0, ie, up-npp=up -npp,
F

where the equalities involving the normal velocity component hold true Vx € F. Note that a Neumann face is such that
up € P¥*1(F). Note that an internal face is such that F = 9T noT’, with T,7’' € T, T # T' and nyp = —np/p.

The above constraints ensure that the velocity field is pointwise divergence-free and H(div)-conforming, and allow to infer that
conservation of volume is enforced cell-by-cell.

Let us consider the Helmholtz decomposition of the body force appearing in the momentum equation: f = ¢ + Vy, where ¢
and Vy are the divergence free and irrotational components, respectively. Focusing on the HHO discretization of the momentum
equation, Yo € P¥*1(T)?, we are able to infer

/f~vT=/f-vT+/(Vu/)-vT=/t’~vT—/u/(V~vT)+/ W U - ngr
T T T T T or
:/f‘vT_/”#W(V’vT)"'/ S;I‘I’VT "ar—/f'vr"'/ k+1( V) TS
T T T

a7
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where, for all g € H'(Q), I Lyora =

the last step of the first line. Moreover, since vy € P¥*(T)), V - vy € PX(T), and ny is a constant vector over F, L*-projectors can
be introduced on the second line.

Introducing (17) in sdilj‘{)’fp, see in particular (6), it becomes clear that the irrotational part of the body force can be combined
with the pressure gradient discretization to obtain an equivalent reformulation of the momentum equation spatial discretization.

The procedure required to achieve the desired reformulation can be summarized as follows: replace

(nkq. @ (’;}“ 'g), is the local interpolation operator onto Q.- Note that integration is employed on

1 /; g"“ -vp with [, g"“ —I,¥) vy in (6),

2. [pf-vr w1th Jr€-vrin (6),

3. - [N ParVar - nyr with — [ (por — n{’)‘;fly/)vdr -nyp in (11a),

4. [n g - var with [n(gn — ﬂg;:lll/"dT) -vyr in (11a).
Note that the last two occurrences in the list above are required to make Neumann boundary conditions consistent with the
reformulation and can be interpreted as adding and subtracting foTN Ty My vy - nyr to stIm’”p Interestingly, the refactored HHO
discretization, can be rewritten in terms of the modified pressure unknown p, = ((pT TW)TETh (b — 7r +ly) Fer,,) being

otherwise indistinguishable from the original version. This procedure allows to conclude that only the pressure field is affected
by the irrotational part of body forces.

3.6. Flux formulations

3.6.1. Flux formulation of the mass conservation equation
By means of the following integration by parts formula

/ zpuy - Vor = / (ug - nyr) przg — / prur - Vzr, (18
T or T

it is straightforward to obtain the following equivalent reformulation of the steady mass conservation equation HHO formulation
introduced in Section 3.4

1 1 1
Sd;n}lic((ET”_’T)@T) =- /T prur-Vzr + 5 /3T(uT “Nyr) PorZoT + /ar (E("T ~nar)(pr + por) + E‘HT : "ar’(ﬂr - PoT)) (zr — z57)-
(19

Introducing (19) in the definition of sdj™, see (11b), we finally get the following reformulation of the global residual of the mass
conservation equation defined in (14): for all z ZEZ f!,

0
mss(("h’/’ ):z,) = Z < . 5; /PT“T VZT+/ bor urop )z — ZaT)>

TETy,

® o ® e
+ Z </ (("aT '"aT) PaT"‘(“aT : "aT) gln) Zor +/ ((gD : "ar) Por + (gD : "ar) gln) ZaT)
= TN oTP
1 1
+ = ur-n -= ur-n .
Z <2 ./()T( T 1) Por 2ot 5 /MD‘N( T dT)pdTZ0T>

TeT,
Notice that, since p,;; and z,; and are single valued over internal faces and uy is H(div)-conforming, it holds
/ ur - nar) por Zor= Z / o (ur - nor) PorZor (20)
TeT), TET), or>

and, accordingly, the terms on the last line of 7}'* cancel. In the spatial discretization residual above, the numerical flux reads

s 25 (ot up ;
bor (r.p ) 1= dT(¢5T(uTs£T) + ¢0T(uT’ﬁ_7T)), with

hy
(k+1)2°

~ [dp dpy ~
o8 r(p) 1= hr <—01T - _atT , where hy =
(ur ~mor) pr i up-ngr 20,

1 1
¢ar("Tﬂ )= (“T nor) (pr + por) + 5 ‘ur "drl(l’r Por) = { (ur -ngr) por  if uy - nyy <0,

We remark that, since z; — z;; € P¥(0T), we introduced the L2-projection operator in the above definition of g‘TSS.

Let us consider the requirement rmss((g o ph); Eh) =0 for each (u, ph) eV, xz ];, and for all z, € Z ’;l focusing on the following
relevant choices of the test function

1z, = <(ZT)TET;1’ O per, ), accordingly, VT € 7, and Vz; € PX(T), we obtain the following local mass conservation statement

op
L - /TpTuT~VzT+/ g s(uT,p ) zp =0;

r ot
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2.z, = ((O)Terh, (zp)Fer, ), accordingly, we enforce the following continuity requirements for the numerical fluxes

® e
VFEF,. xf ((gD “nrp) por + (8 - M) gIn) = (¢(, P ur.p, ))
® e
VFEeF,. m ((“T “nrp)” por + (ur - nrp) gIn) =7} (05,) > ur.p, ))
VF e Fi, wh (@3 wrp,)) + 7k ($05wprp,,)) = 0
The above conditions can be rewritten to emphasize the upwind nature of the numerical flux
D Wl ~ 0pr
VEeF,, hT_ + ‘uT nTF‘ pr ) =7} hr— + Upw(gp. 7> &m)
~ 0p ~ 0p
VF & F;I;\I’ ”’; (hTa_tF + ‘uT : nTF‘ PF) = ”f? <hT_T + upw(uT»stgIn)> s
. ~ ~ 0p ~ 0pr ~ Oppr
VFEF;“ 71-'];; <(hT+hT/)0—tF+‘uT-nTF‘pF> :7[ (hr]-a—tT'I-hTra—T +upw(uT,pT,pTr) N
where

upw(u, a, b) := { lu-nrp| a, if w-npp20,
|u-npp| b, if w-npp<O.
Note that an internal face is such that F = 0T noT’, with T, T’ € 7,, T # T’ and nypp = —nyr . We further remark that q.’) T )=
if the normal veloc1ty component vanishes on a face F € Fr. In this event, thanks to the additional time derlvatlve stablhzatlon
provided by d) (p ), the face density is still well defined. A similar strategy was proposed to stabilize the linear momentum equatlons
in the limit of vamshmg viscosity, see [17]. Note that, disregarding the time derivative stabilization, i.e., ¢ aT(p )=0,VF e Pl
simply get

Wy npp ppy =14 TFUrnreer) i wenpp 20, @1
n’;(uT snpp pp), if w-npp <O.

3.6.2. Tentative flux formulation of the linear momentum equation

In this section show that, by enforcing the HHO discretization of the mass conservation equation, it is possible to reformulate
the skew-symmetric (plus stabilization) HHO discretization of the momentum equation as a HHO discretization of the momentum
equation in conservative form. Thus, we investigate the possibility to derive a flux formulation for the conservative form of inviscid
momentum equation. We refer to [16, Ch. 4.2.3] for a flux formulation of the viscous terms.

Using integration by parts formula (18), reworked to express the last term based on the others two terms, it is straightforward to
obtain the following equivalent reformulation of the steady mass conservation equation HHO formulation introduced in Section 3.4

1
Sd?f!lls)c ((ET,/_lT)@T) = /r zpup - Vpp — 3 /oT(uT “nar)pr — Por)(Zr + Za7)
1 1
+ 2 / ‘"T : "0T|(/’T = por)(Zr = Zo7) = 2 / (ur - nor) por Zor- (22)
or or

Introducing (22) in the definition of sd;ms, see (11b), and summing over all mesh elements we get

2 Sdsrms((!T’ET);ET) = Z </0TN("oT ‘"ar)e(gln = Por)Zor t /)TD(gD : ndT>e(gIn - PaT)ZaT>

TeT, TeT,
1 1
+ 2 zpur - Vor = 5 [ (ur - nyr)pr = por)(Zr + Zor) + 5 ‘"T : "0T|(/)T = por)(Zr = Zo1) ) -
T 2 Jor 2 Jor
TeTy,

Notice that, in order to recast the boundary terms and get to the first line, we used (20) and we rewrote the normal velocity
component as follows uy - nyp = (up - nyp)® + (up - nyp)®. Let us consider once again the requirement

7]
S (w0, 2) / ﬁzr +Y sdy™ ((wp.p,)iz;) =0, foreach (w,.p) €V, x Z¥ and for all z, € Z.
TET, TET,

Notice that we here disregard the time derivative stabilization for the sake of simplicity. Choosing z, = <(zT)T€Th,(O) Feph) we
obtain the following local mass conservation statement: VT € 7, and Yz € PX(T),

dp
/ TzT+/zTuT VPT——/ (up - ngp)pr = por) 21 + 5 / ‘uT "aT|(PT por) zr = 0. (23)

Let us now introduce the local skew-symmetric (plus stabilization) convective term HHO function ¢; : Z. ‘; X PK(T) x [K§]2 - R,
such that, for all (p, . wr.uz.v;) € Zj x PXT) x [V 1

1 1
cr(p,.. wr. Uy JUp) 1= prur Qwy) : Vor + = [ pr(vyr @ wy) : Vuyp
T 2 Jr 2 Jr
1 1
+3 /0T PorWr - nyp) (ugy - v — Vg - ur) + 3 /BT Por‘wr . noT‘(uT —uyr) - (U — vyr).

7
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The HHO formulation of (2)-(3)-(4) can be recovered with cT(p sup, mPu, nva), where wu, = (n‘;uT,n uyr) and g v, =
(wk vy, 7% vyr). We rely on the following identities

/ pTWr Nyt UT VU = / (pr(wr ® up)vr) - nor = / V- (prwr ® up)vr)
oT or T
= /(V “(prur @ wy)) - vr +/PT"T ®wr : Vur
T
= / prvr wr @ Vup +/(V~(pTwT)) up ~vT+/ prur wy : Vur,
T T T
to obtain the useful integration by parts formula

/PTVT®WT : Vur =/ prWwr - Ny uT'”T—/V'(PTWT)uT'VT—/PT”T®WT : Vo,

T or T T

which, introduced in ¢y, yields

1 1
er(p, . Wr, Uy, Up) = = / prlur @ wr) : Vor = 5 /(V -(ppwr)) up - vp + 5/ pTWr - My UT - U
= T T or
1 1
+ 5 [ por(Wr - nr) (ugr - Up = vor ~ur) + 5 pdT‘wT : "oT|(“T —uyr) - (b7 = Var).
or or

We further reformulate ¢, adding and subtracting % Jor Porwr - ngr ur vy and % Jor Por Wy -ngp)ur - vy, After some trivial algebra
the convective term HHO formulation can be rewritten as follows

~ 1.
cr(p, Wy, Uy, V) = Cr(p, Wi, Uy, Uy) = ECT(/_JT.wT,uT,vT),
where ¢ Z§ x PXT) x [V ]* = R, is such that for all (p_ wy.uz.vp) € Z5 x PHT) x V5T
~ 1
CT(pT’wT’ET’ET) = / prlur @ wr) : Vur + 5/ PaT(wT : "aT)“aT Uyt
- T or
1
+3 / Par((wr “ngr)(ur +ur) + ‘wr : "aT|(“T - “ar)> (v — vyr),
ar
and ¢7(p,.. wr.ur,vy) : ZE x [PX(T)]? - R is such that, for all (p wr.ur,v7) € Zk x PR
,C\T(pT’wT’uT’vT) ::/(V : (/’TWT)) ur - vr —/ (pr — por) (Wr - nyp) up - V7.
- T or
We further rework ¢, adding and subtracting % Jor(wr - ngr + ‘wT . naT‘)(pT — pyr) g - 7 to obtain
~ 1
cr(p ., wr,ur,vr) =/(V : (/’TWT)) ur -vr — 3 / (o1 = por) (Wr - nyr) ur - U7
=T T 2 Jor
1 1
+ = (pT_pBT)|wT'ndT)uT'UT__ (wr‘"aT+|wT'"or))(/’r—/’ar)ur'”r
2 Jor 2 Jor
The local HHO discretization of inertial forces reads

Qup  ur dpr k
— +—=——) vy +c Jup, n’u,, v
/T<pT o 2 ot 1+ Cr(py U, 2y, 270y)

local HHO inertial forces in skew-symmetric (plus stabilization) form

our  ur opr 1.
= '/T <pT7 to 5 )T +Cr(p, . ur. x'u; xFu) - ch(ET,uT,n’}uT,névT)

d(prur) ~ 1 opr
= / 5 vrt cr(p,ur, alu,, zfv,) - 3 / - U vrt CT(p Jur, n’;uT, TUr)
T T

v

local HHO inertial forces in conservative form related to the local mass conservation statement in (23)

indeed, since u; is divergence free, we are able to infer
opr ~
/ —up v +Cp(p ,uT,n;uT,nl}vT)
ot Lr
op T p k 1 p k

= [ ——ur-vp+ [ Vop up mpup - wpvp — 5 (pr = par) (ur - ngp) wpuy - TpUT (24)
T Ot T 2 Jor
1 _ » Kk, 1 _ » X

+3 dT(PT Por)|Ur * Nor | Tyl - Ty U 2/, ur - ngp + |ug - ngr| | (pr — por) wpur - wHUT.

Note that, since

x& (ur - ngr (or — pgr)) =0, if w-nyp >0, according to 21,
“T'"0T+|“T'"3T‘=0: if u-nyr <0;
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it holds
/ (uy - nop + (uT ~n(,T))(pT = por) zp =0, Yz € PX(T). (25)
aT

According to (25) and forgetting about the polynomial degree discrepancies, note that, in (23), z; € PK(T), while, in (24),
ur-vrp € PZA+2(T) and ”pT“T . n’;vr € PP+X(T), the formulation in (24) falls back to the local mass conservation statement in (23).
This implies that the local HHO inertial forces formulation in skew-symmetric (plus stabilization) form can be replaced with the
local HHO inertial forces in conservative form in order to derive a flux formulation of the momentum equation. We remark that the
use of 21 to obtain (25) is consistent with the fact that (23) was obtained disregarding the time derivative stabilization. We further
r;emark that (23) and (25), with z; replaced by n’;uT ~n§vT, holds true at the lowest polynomial degree, indeed erTuT -n’;vT € PKT)
if p=k=0.

In what follows, we tackle the flux formulation of momentum equation in conservative form, focusing on the inviscid limit (4 = 0),
considering homogeneous forcing term (f = 0) and Dirichlet boundary conditions, i.e., 02y = 09. leen (ug,p, PPy ) e V" X Zy k

P
Q"+l the local spatial discretization of the steady inviscid linear momentum in conservative form sdT ,b’c ((ET, Py pT), ) : K? - R
is such that, for all v, € V
~silm,z? k+1

sdp " (g p,.p,)ivp) =Crlp, ur. alug. o vT)+/gT P,

1 ® o
-3 /)TD por(ur - "aT)(”ST“aT'”STVaT) + /()TD ((ZD : "ar) Por t+ (gD : "ar) gln) (&p - ”lSTVaT)-

Note that, as compared with skew-symmetric spatial discretization stIm’”p, introduced in Section 3.4, the HHO formulation of
(2)-(3)-(4) has been replaced by cT(p sup, wPu,, o vT), the viscous terms of (5) have been disregarded, and Dirichlet boundary
conditions have been accounted for as in (11a). The global residual of the unsteady inviscid linear momentum HHO discretization
can be obtained adding the unsteady term and summing over all mesh elements

. ()(p u ) ~silm,z?

~imnt,z” . “\rrtr) » R

P (W, )i 0) = / vr+ Y sdy o ((papop)ivy)
TeT), TEeTy,

d(prur)
= Z </T'VT— pr(mhur @ur) : Vakvr — [ pr V-vp
Ter, \IT T T

1
+ Z = / Por ((uT . naT)(Jr‘;uT + "ST“aT) + |uT ~naT‘(7r‘;uT - "ST“aT)> . (n’;vT - vyr)
TET,

/ pornor - (Wr — Var)

TeT,,

® =}
/ o gD : "ar) por t (gD : "ar) gIn) (&p - vor) + Z / o PorMor " Vor-
TeTh oT Ter, /T

Note that, to obtain the residual formulation above, we relied upon

P P _
/ por(ur - Ngp) Ty Uy + Vyr + Z / o Por(Ur - Ngp) Ty - Vap =0,
TET, TET),

/ Por Vor * Myt + 2 /  Por Vor - Mot =0,
TET, TET, or

which can be easily verified since pyr, pyr, 4y and v,y are single valued over internal faces and uy is H(div)-conforming, Moreover,
since VF € F;;D, v € PK(F), we introduced ”STVaT = v,y and we expanded the discrete pressure gradient operator according to its
definition.

Let us consider requirement 7 N*m"t”

(@,.p,.p,)iv,) = 0 for each (u,.p,) € ¥, x Z} and for all v, € V. Choosing v, =
((vT)Terh ,(0) Feph) we obtain the following local momentum conservation statement: VT € 7;, and Vv, € P*1(T)?,

M‘v - (xlu ®u)'Vn:kv - V-vr+ W gk + nyr - (v —zrkv)—O (26)

or T pr\mpur T) - T pr T Yor TVt DPor o T vr) =Y,
T T T oT or
where, disregarding the paradigm disruption induced by the last term, the (inviscid) momentum numerical flux reads
1
V’;;(Eppar) =k, (§p3T<(uT ngp) (huy + 7 ugr) + |uT . naT‘(n’}uT - IST“BT)) + PaT"aT) .

Choosing v, = ((O)Terh, Wp)rer, ), we enforce the following continuity requirements on the numerical fluxes

® S}
VF e F;],)’ ”lfw (((gD “nrp)” por + (8 - Nrr) gln)gD +PdTnTF> = ’fl} (V/:?(ET’PdT)) ,
VF e Tl o (WP up.por)) + h (v/aT,(uT,,paT))

We remark that, thanks to the L2-projection of the cell test function :r’; vy, vy € P¥1(T), which we introduced in all the contributions
pertaining to the HHO discretization of the convective term, the nonlinear convective flux can be treated as a proper numerical flux.
As opposite, due to the last term in (26), the normal hydrostatic stresses contributions do not qualify as numerical fluxes. Note that,
as discussed in Section 3.5, choosing vy € P¥*1(T) is crucial for achieving H(div) conformity.
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3.7. Stability

In this section we tackle the stability of the HHO formulation in case of homogeneous Dirichlet boundary conditions and body
force, i.e., 02 = 02, and g = f = 0. In order to show that, in the aforementioned setting, the HHO spatial discretizations are
dissipative, we start by choosing v, = u,. in the steady linear momentum HHO discretization and z, = o, in the steady mass HHO
discretization, to get

k 1 2
sdi™" ((ET’ET’I_)T);ET) = E/a /’oT‘“T "aT||”kuT ”’57"0T|
+/u§’}yr : Q’}ET+/ L |’f’,§r(uT—”ar)‘ +/gl;+1_ “T+/ H lugr . @)
T aT hF TP hF
sms . _ l . _ 2
sdr ((ET’ET)’ET) =3 /(’T‘“T "aT)(PT por) - (28)
slm,z?

We remark that, for the momentum equation spatial discretization, we consider sd. with p=k. In order to recast the HHO spatial
discretizations as we did above, the following considerations are in order. The two terms appearing in lines (2)-(3), and the two
terms in lines (7)-(8), are additive inverses if vy =up and if Zp =Py respectively. In case of homogeneous Dirichlet, according
to (16), we get uy - npp = ﬂ;“(gp ~npp) = 0, VF € F,?. Accordingly, in (11b), all the terms involving integrals over Dirichlet
boundaries can be disregarded. Following the same reasoning, most of the terms in (11a) can be omitted, notice in particular that
the terms involving gradient reconstruction operators are skew-symmetric. As a consequence, the sole contribution arising from the
weak imposition of Dirichlet BCs is the last term in (27).
The pressure—velocity coupling in (27) does not alter the energy balance, indeed we are able to infer

/QI}HP /PTV ur + 2 / Por Ut Mgy = / por ur - noy =0, (29)
TEeT), TET), TET, or TETy,

where, in the first step, we introduced the definition of the gradient reconstruction operator, and in the second step, we used the
fact that the element velocity u; is divergence-free and H-div conforming, see Section 3.5, together with the single-valuedness of p,r
on internal faces. The non-dissipation property follows, since, in case of homogeneous Dirichlet BCs, uy - npp = rz;“(g p nrp)=0,
VF € F}?. Accordingly, we remark that all the terms on the right hand side of (27)-(28) but /T ygégT : Q;ET are non-negative.
As demonstrated in [16, Ch. 5.1.6], see also [19, Remark 2.2], the HHO discretization of the Laplace operator introduced in (5) is
coercive i.e., forall T € 7 and all v, € K;, it holds

Koo ok | « > [ vo. v 1 2
Crvp & Gruy + . ‘”(}T(UT - VBT)| 2 vr i Vop+ [ o= |y —vap)| s
T or hr T or hr

where the hidden (positive) constant is independent of A and T. As a consequence, we are able to conclude that both
k
sd;lm'” ((ET’ET’ ET);ET) and sd;"‘s((gT,;_wT); ET) are non-negative.
Let us now consider the unsteady linear momentum HHO discretization and the unsteady mass HHO discretization defined in
(12) and (13), respectively. In order to reformulate the time derivative in the momentum equation, we introduce the following
identity

2
dur  ur dpr _10(pur -ur) 1 d‘\/ﬁuT|
o) 1 ' (30)

T T2 T or 27 o

Setting v, = u . in salr““t = and Zr=p, in sd ", using (30) and summing over all mesh elements, we arrive at the following stability
argument
1 k
/|\/PT"T =-2 Z sdp™" ((ET’ET’ET);ET) <0,
TET TeT,

5[5t L)

- o)+ (pr=por)” ) ==2 3 sdi™ (wy.p, )ip,) <O0. (31)

dt TEeT, T (k+ 1)2 or TET, e

3.8. ESDIRK temporal discretization

The temporal discretization must take into account that the HHO space discretization of the variable density problem is
formulated in terms of primitive variables u, p rather then conservative variables pu, p. This latter choice allows to obtain a H(div)-
conforming velocity field and achieve pressure-robustness. In order to rewrite the variable density problem as a system of Ordinary
Differential Equations (ODEs), we first introduce the algebraic problem corresponding to the semi-discrete HHO formulation. For
the sake of notation, in this section, we disregard the time derivative stabilization in (13).

The unknowns for a mesh cell T € 7, correspond to the coefficients of the expansions of the velocity, density and pressure in
the selected local bases. Assuming that the unknowns are ordered so that cell velocities come first and boundary velocities next,
these coefficients are collected in the vectors

| ena 2= e
U, = , R, = ,and P = s
= [UdT] = [RdT =T Par

10
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where the block partition is the one naturally induced by the selected ordering of unknowns. For convenience we collect element
and face unknowns in the vectors

Ur . |Yr Uor W.
Wy =|Rr |, W2 =|Ry |, Wyr =|Ryy |, and we define W, WT]
Pr 0 Por o

Notice that the vector of element unknowns omitting the pressure in W;f’ have been introduced to conveniently express time
derivatives in what follows. We also introduce the notation W for the global vector collecting all element and face unknowns.
Let us introduce the vector representations

1 1
Dslm _ D;im DSms — [Dsms] Dvol D;]"Ol
=T slm | > =T sms | > VO >
D3m D D
of the local spatial discretizations sd;lm, sd3, sd¥°1 defined in (11). The block partition is the one induced by mimicking the selected
ordering of unknowns for the expansion bases. For convenience we collect element and face components in the vectors

slm slm
Dy Dyr DS
Dy =|D7™|. Dj; =|D3°|. and we define D} = [D“T ] .
D;ol Dvol oT

The algebraic counterpart of problem (15) reads: find ZT,, such that

!p

dW. ) )
2 Mr—T+ ¥ Dy(W;)=0, and Y Dy (W;)=0, (32)
TET, TET, TeT),
where
prTvT®vT frufvr@ET 0
M (Wp) = 0 JrZr @7 of,
0 0 1
and Vy, Z;, Qr are the vectors collecting local cell bases, i.e.,
span{VT}:P’“"(T)d ugrl, = Ugp -V,
span {Z } = PX(T) and, forany x €T  ppl|, =Ry - Zpl,
span {aT} = Pk(T) pTlx = PT : qux

Problem (32) can be finally rewritten as a system of ODEs: find KT,, such that

'p

dW
D L+ Y M;'Dy(W,)=0, and ) Dj.(W,)=0, (33)
TeTy, TEeTy, TeT),
where
| (/7 prVr ®VT)_I = (fr prVr ®VT)_1 (/T %VT ®2T> (Jrr ®;T)_1 0
M (Wqp) = 0 JrZr ®7Zp)™ 0f
0 0 I

Based on multistage ESDIRK time marching strategies, the solutions w,. |45 are computed considering an approximated time
integration formula for the global residuals in (33) over the time interval 51

WY
2

L + 2 Zbi M;.I(WT|,+5,’,)DST(KT|,+5,,_)=0

TeT, ot TeT, i=1
Z Zb DI?T( |t+5t ’
TEeT), i=

(34)

where Wy = W |5 — W, and, for all T € T7;, W, |,,5, are the solutions of the ESDIRK ith-stage, with ét; = 6t Z;ZI aj;j.
The number of stages s and the real coefficients g; s with i =1,...,s and j = 1,...,i, uniquely define an ESDIRK formulation. In
particular, for all schemes belonging to the ESDIRK family, it holds that a¢;; =0 and b; = a;, for i = 1, ...,s. As a consequence, since
6ty = 0 and 6t = 61, the approximated time integration formula in (34) is equlvalent to the last ESDIRK stage and Wr l,4s: is the
last stage solutlon The stages solutions are built incrementally, starting from the first stage, moving to second, and so on up to the
last stage. To complete the presentation of the time marching strategy we need to specify how the ESDIRK ith-stage solutions are
computed.
Given W |15, with j =1,...,i, the space-time discretization of the ESDIRK ith-stage reads

'p i

T Dy My Wl DG (W ). (35a)
j=1

Dy (W () =

11
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i
Di,[aT(KT(t)) = Z a;j D;T(E |I+5t/)7 (35b)
=1
where Wy = Wyl,5 — Wx|,. We remark that, the spatial discretizations D} (W ,.(1)) in (34)-(35) are written omitting the
dependence from the boundary conditions and forcing terms. In doing so, we 1mp1161tly assume that f, gy, gp and gj, are evaluated
at the same time points as the variables Upip oD,
The ESDIRK ith-stage problem, that is the t1me discrete counterpart of problem (15), reads: Given Wr | 61,5 with j=1,...,i—-1,
find W, l++5:, Such that

Y DLW, ) =0 and Y D (W,.(0)=0. (36)
TeT), TET,

where the left hand sides are the global element and face residuals, respectively, of the ESDIRK ith-stage. The solution of the above
problem can be sought by means of Newton’s method, as detailed in the next section.

3.9. Algebraic expression for Newton’s method and static condensation

In order to streamline the computation of the Jacobian matrix we scale the ESDIRK residual equations in (36) by aL, to obtain
i
the following equivalent reformulation of the ith stage space-time discretization

'p i1
— 1 —
7; + MTI(WT|t+6t,-)D;'(ET|t+5t,-) + Z a_J_ MTI(WT|1+§zJ )D;‘(Eleé‘t/ )7 (373)

ii j=1 ii

Bl W, @) :=

i—1
B, ) (W, (1)) = D} (W |,+5,)+Z il DS Wopliwar)- (37b)

Newton’s method for solving problem (36) reads: Find 5imrh such that

~ st ~ ~
- Z Mi’TxD[‘T = Z vaT',TT Mi,TJTr)T [ 8;Wrp ] 38)
s = i I i
TeT, Di,aT TET, Jorr Joror &Wor

ast

~ b, yw

where J yy = # are the blocks of the local Jacobian matrix and M, := M (Wr|,;. ), replace w,. livor, < W, lor, +
Y b 1
W, until §; W is small enough. Note that the each of the element residual equations in (38) has been multlphed by M, in
order to further s1mp11fy the code implementation of the Jacobian matrix. In particular, since
-1 -1

—aMi’T =-M7! _Mir -1 and —aMi’T =0

oWy |t+§r,- or 0WT|:+6¢,- er oW, |t+6t,

the equations systems in (38) can be rewritten and follows

~ st A~
_ Z MEEDi’T — Z <[Mi,TJTT JTaT] [‘SiWT]>’ (39)
rer, D = Jorr  Jorar] 16 Wor

i,0T
where
1
~ M, OWZls, oM,
M, T = —2 L — MTIDEW s ) + I ps
M g6 OWrlis,  OWrlys, BT "
DLW
and Jyy = % Notice that the spatial discretizations at the jth-stages, j = 1,...,i—1, that is the last terms in (37a) and
Y lr+61;

(37b), do not appear in the Jacobian matrix related to the ith-stage.

Static condensation is applied to the equations systems in (39) in a cell-by-cell fashion. The only unknowns are globally coupled
are those collected in the subvector §;W,; while the remaining unknowns collected in §;W; can be eliminated by expressing them
in terms of the former. After performing this local elimination, each Newton method iteration amounts at solving

A~ — A~ St
= > (B —dorr (Mg Trr) ™ (MiD7) ) = 3 (576 Wor),
TET), TET,

where S denotes the Schur complement of the top left block of the left-hand side matrix in (39), that is,

Ayl
Sy = Joror = Jorr (Mirdrr)” Irar-

When increasing the polynomial degree k, the dimension of polynomial spaces over mesh cells grows much faster that the dimension
of polynomial spaces over mesh faces. Accordingly, the possibility to statically condense the cells unknowns is the key for achieving
efficiency when high-order accurate formulation are employed.

12
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4. Numerical results

Let us briefly describe the numerical setup common to the test cases presented in what follows. Numerical integration over mesh
cells and mesh faces is performed over standardized reference cells based on Gaussian quadrature rules. Reference-to-physical-frame
mappings from reference entities to mesh entities are defined by means of Lagrange polynomials. Discrete polynomial spaces over
mesh cells and mesh faces are spanned by orthonormal modal bases. Specifically, we rely on physical frame polynomial spaces over
mesh cells and reference frame polynomial spaces over mesh faces, as proposed in [20]. Orthogonalization in the physical frame is
performed cell-by-cell starting from a monomial basis defined in a local reference frame aligned with the principal axes of inertia
of each mesh cell, as described in [21]. Note that, on simplicial meshes, since planar faces and affine mappings go hand-in-hand,
reference and physical frame polynomials provide the same accuracy, see [22] for details.

We remark that Newton’s method is solved up to machine precision in order to guarantee exact conservation of volume at the
discrete level, accordingly the linear solver stopping criterion does not influence the numerical results. In order to further improve the
performance of the iterative linear solver required for the solution of each Newton step we rely on the p-multilevel preconditioner
strategy proposed in [4]. In particular, we apply one sweep of p-multigrid V-cycle as a preconditioner for the FGMRES (flexible
GMRES) iteration. As a smoothing strategy within the multigrid V-cycle preconditioner we rely on a few iterations of GMRES. All
applications of prolongation and restriction operators involved in the V-cycle iteration are performed matrix-free, that is, without
assembling the global sparse matrices associated to the operators, see [4] for details. Static condensation is performed cell-by-cell at
matrix assembly, meaning that only statically condensed global matrices are stored in memory. It is worth to mention that the code
can be executed in parallel based on a distributed memory paradigm and relies on the iterative solvers and preconditioners provided
by the PETSc library [23]. From the computational cost viewpoint, as is often the case when considering fully implicit time-marching
strategies for incompressible fluid flow computations, the computational expense associated with linear systems solutions dominates
over matrix assembly CPU-times. In practice, the ESDIRK-HHO formulation coupled with the p-multigrid solution strategy is best
efficient when considering higher-order polynomials and coarse meshes.

In what follows we utilize the notation HHO-z* and HHO-z**! to identify the two variants of the variable density HHO
formulation introduced in see Section 3.4. In particular, HHO-z* and HHO-z**! are based on the momentum equation spatial
discretization sd*'™" with p=k and p=k+1, respectively. Moreover, for the sake of reporting convergence rates, we indicate with ¢
the error in L2-norm computed against the analytical solution. Let u, € P**1(T,) c L*() be the discrete velocity obtained gluing
together the cell components, the velocity error € u;, reads

2

Cup = |lu—uyll20e = Z A(“‘ur)‘(u—ur) )

TETy,

and the velocity gradient error € Vu,, is computed as follows

1

2

€ Vuy, = [|Vu— Vayll 2 gpixa = | 3, /(Vu—VuT) . (Vu - Vuy)
Ter, /T

The pressure error € p,, the density error € p, and the divergence error € V - u;, are computed in a similar fashion.
4.1. Kovasznay test case

As a first validation step we seek to numerically demonstrate pure advection of the density by tackling the well-known Kovasznay
flow problem [24]. The analytical solution of the incompressible Navier-Stoke equations, which describes steady flow behind a grid
made of equally spaces parallel rods for a fluid with constant density, reads as follows

1
_eZKx

7
where p, € R is an arbitrary constant and the parameter x depends on the Reynolds number

Re lRe2
- = _ - 4. 2_
K 5 1 +4r

We define the Kovasznay flow problem on the bi-unit square computational domain 2 = (-0.5,1.5)x (0,2) and derive boundary
conditions from the analytical solution (40) at Re=1=40. In particular, a Neumann boundary condition is imposed at the outflow
boundary (right side of the square domain) while Dirichlet boundary conditions are imposed on the remaining boundaries. We apply
the variable density HHO-z* and HHO-z**! formulations to a h-refined mesh sequence composed of regular triangular elements and
compute numerical solutions for several polynomial degrees k = 0, 1,2, 3,4. Triangular elements meshes are generated by means of
the Delaunay algorithm and, at each step of the mesh sequence, a four fold increase of the mesh cardinality is approximately targeted.

Tables 1 and 2 report the results obtained by means of HHO-z* and HHO-z**! formulations, respectively. Errors in L?-norm
and h-convergence rates are computed testing against the analytical solution and tabulated for the approximated velocity, velocity
gradients and pressure fields. A k+1 rate of error reduction is observed for the pressure error in L?>-norm. Since the flow field
is diffusion dominated at this Reynolds number, the velocity and velocity gradient errors in the L?>-norm are expected to exhibit

u=[1—e~cos2ry)i+ Zﬁe’”‘ sin 2zy)j, pP=py— p=1, (40)
7
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Table 1
Kovasnzay test case: spatial convergence rates for k = 0, 1,2, 3,4 HHO-z* formulations over a Delaunay type h-refined
triangular elements mesh sequence.

card 7, Cu, rate & Vu, rate Ep, rate Ep, EV-u,
k=0

50 0.677 - 5.818 - 0.666103 - 9.8e-16 1.8-16
192 0.372 0.89 4.158 0.50 0.330301 1.04 8.5e-16 2.5-16
810 0.188 0.95 2.267 0.84 0.153069 1.07 1.4e-15 2.7-16
3126 0.100 0.93 1.244 0.89 0.0757808 1.04 1.3e-15 2.6-16
12706 0.0504 0.98 0.629 0.97 0.0354129 1.09 1.6e-15 2.6-16
k=1

50 0.198 - 2.986 - 0.111 - 8.2e-14 3.4e-16
192 0.0483 2.10 1.160 1.41 0.0238 2.29 1.5e-14 3.6e-16
810 0.00793 2.51 0.380 1.55 0.00440 2.35 4.5e-14 3.2e-16
3126 0.00106 2.98 0.112 1.80 0.000881 2.38 7.0e-14 3.3e-16
12706 0.000142 2.86 0.0307 1.85 0.000202 2.10 9.1e-14 3.2e-16
k=2

50 0.0418 - 1.041 - 0.0286 - 2.3-14 4.3e-16
192 0.00417 3.43 0.185 2.56 0.00227 3.77 5.3-14 3.8e-16
810 0.000303 3.64 0.0276 2.65 0.000202 3.36 4.3-14 3.8e-16
3126 2.53e-05 3.67 0.00460 2.65 2.53e-05 3.07 3.6-14 3.8e-16
12706 1.64e—06 3.90 0.000589 2.93 3.23e-06 2.94 1.3-13 3.8e-16
k=3

50 0.00827 - 0.266 - 0.00198 - 5.4e-14 4.0e-16
192 0.000383 4.57 0.0261 3.45 0.000150 3.83 2.9e-14 4.2e-16
810 2.02e-05 4.09 0.00243 3.30 1.23e-05 3.47 2.3e-14 3.6e-16
3126 6.35e-07 5.13 0.000163 4.00 8.05e-07 4.05 5.9e-14 3.9e-16
12706 2.29e-08 4.74 1.17e-05 3.76 5.13e-08 3.93 7.9e-14 3.8e-16
k=4

50 0.000933 - 0.0453 - 0.000487 - 2.4e-14 4.8e-16
192 2.31e-05 5.49 0.00227 4.45 1.19e-05 5.52 4.2e-14 4.8e-16
810 5.19e-07 5.28 9.29e-05 4.45 4.28e-07 4.62 5.3e-14 4.3e-16
3126 1.17e-08 5.62 4.15e-06 4.60 1.47e-08 4.99 1.0e-13 4.5e-16
12706 1.98e-10 5.81 1.37e-07 4.86 5.14e-10 4.79 5.3e-13 4.4e-16

convergence rates of k+2 and k+1, respectively. The major difference between HHO-z**! and HHO-z* is observed at k = 0, note
that both the velocity and the velocity gradient are first order accurate in case of HHO-z* while HHO-z**! is able to reach second
order accuracy for the velocity unknown. When considering k > 0, both HHO-z**! and HHO-z* are able to reach the theoretical
convergence rates. Nonetheless, HHO-z**! is the best accurate scheme and the asymptotic convergence rates are usually attained
on coarser meshes.

The errors in L?-norm for the velocity divergence and the density, reported in Tables 1-2, show that, since the incompressibility
constraint is enforced up to machine precision, the velocity field is pointwise divergence-free and, since the density is purely
advected, a unit density field is obtained irrespectively from the discretization parameters. As expected, the density solution at
the steady state matches, up to numerical precision, the unit density field employed as initial guess.

4.2. Guermond and Quartapelle manufactured solution

In order to validate spatial and temporal convergence rates for the HHO-ESDIRK formulation we consider the variable density
manufactured solution proposed by Guermond and Quartapelle [14]. The analytical velocity, pressure and density fields read

u = (=yi+ xj)cos (1),

p = sin (x) sin (y) sin (),

p =2+ xcos(sin(¢)) + ysin (sin (7).
and the forcing term f within the momentum equation is set according to the analytical solution. Dirichlet and Neumann boundary
conditions are imposed on the boundary of the unit square domain 2 = (0, 1)?, in particular two of the four edges are of Dirichlet
type and the other two are of Neumann type. Time integration is carried out in the interval (0, %ﬂ']. Accordingly, the errors in
L? norm for the velocity, the velocity gradients, the velocity divergence, the pressure and the density are computed based on the
exact solution at the final time #; = %7[. The velocity and density fields are initialized interpolating the exact solution. We rely on
triangular cells meshes obtained subdividing in two right triangles the square cells of N? Cartesian grids, with N cells per Cartesian
direction. Accordingly, the mesh cardinality is card(7},) = 2 N> when h = %

The spatial convergence results are reported in Tables 3 and 4 for k = 0, 1,2 HHO-z* and HHO-z**! formulations, respectively,

considering five grids of a triangular mesh sequence with N = 4 x 2/, i = 0,...,5. Time integration is performed relying on a
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Table 2
Kovasnzay test case: spatial convergence rates for k = 0,1,2,3,4 HHO-z**! formulations over a Delaunay type h-
refined triangular elements mesh sequence.

card 7, Cu, rate ¢ Vu, rate Epy rate Ep, EV-u,
k=0

50 0.456 - 4.828 - 0.217 - 6.6e—-16 1.6e-16
192 0.123 1.95 2.853 0.78 0.0999 1.16 7.7e-16 3.3e-16
810 0.0291 2.00 1.390 1.00 0.0439 1.14 1.0e-15 2.4e-16
3126 0.00828 1.86 0.690 1.04 0.0218 1.03 1.1e-15 2.7e-16
12706 0.00207 1.97 0.340 1.01 0.0109 0.99 1.5e-15 2.7e-16
k=1

50 0.105 - 2.280 - 0.0536 - 3.1le-14 3.0e-16
192 0.0116 3.28 0.550 2.11 0.00629 3.19 8.5e-15 3.8e-16
810 0.00139 2.94 0.135 1.95 0.00114 2.36 3.2e-14 3.3e-16
3126 0.000197 2.90 0.0370 1.92 0.000286 2.06 3.3e-14 3.2e-16
12706 2.46e-05 2.97 0.00904 2.01 7.27e-05 1.95 2.2e-14 3.2e-16
k=2

50 0.0319 - 0.841 - 0.0186 - 5.0e-14 4.4e-16
192 0.00168 4.37 0.107 3.05 0.000739 4.80 7.2e-14 4.5e-16
810 8.75e-05 4.11 0.0124 3.00 5.51e-05 3.61 2.9e-14 3.8e-16
3126 5.65e-06 4.06 0.00161 3.02 6.36e—06 3.20 3.6e-14 4.0e-16
12706 3.56e-07 3.94 0.000204 2.95 7.84e-07 2.99 5.2e-14 3.9e-16
k=3

50 0.00285 - 0.136 - 0.00130 - 6.1e-14 4.7e-16
192 9.52e-05 5.05 0.00991 3.90 4.96e-05 4.86 1.0e-13 4.7e-16
810 3.14e-06 4.74 0.000663 3.76 2.10e-06 4.39 4.4e-14 3.6e-16
3126 1.23e-07 4.80 5.04e-05 3.81 1.34e-07 4.07 6.6e—14 4.0e-16
12706 3.90e-09 4.92 3.15e-06 3.95 8.22e-09 3.99 2.8e-13 3.8e-16
k=4

50 0.000739 - 0.0429 - 0.000349 - 1.8e-14 4.9e-16
192 9.45e-06 6.48 0.00123 5.27 4.36e—-06 6.52 2.4e-14 5.0e-16
810 1.49e-07 5.77 3.87e-05 4.81 1.04e-07 5.18 5.3e-14 4.1e-16
3126 2.49e-09 6.06 1.32e-06 5.00 3.36e-09 5.09 1.3e-13 4.5e-16
12706 3.95e-11 5.91 4.18e-08 4.93 1.04e-10 4.95 2.0e-13 4.4e-16

Table 3

Guermond and Quartapelle unsteady test case: spatial convergence rates for k = 0,1,2 HHO-z* formulations over
a h-refined triangular elements mesh sequence. Time integration is conducted with a high-order accurate ESDIRK
scheme, the time step is selected such that spatial errors dominate.

card 7, Cu, rate & Vu, rate Epy rate € pp rate EVou,
k=0

32 0.00773 - 0.0297 - 0.0628 - 0.0327 - 5.4e-16
128 0.00397 0.96 0.0151 0.97 0.0328 0.93 0.0168 0.96 4.9e-16
512 0.00201 0.98 0.00760 1.00 0.0172 0.93 0.00870 0.95 4.6e-16
2048 0.001017 0.99 0.00379 1.00 0.00897 0.94 0.00444 0.97 4.9e-16
8192 0.000511 0.99 0.00189 1.00 0.00462 0.96 0.00225 0.98 4.9e-16
32768 0.000256 1.00 0.000943 1.00 0.00236 0.97 0.00113 0.99 4.8e-16
131072 0.000128 1.00 0.000471 1.00 0.00120 0.98 0.000567 1.00 4.8e-16
k=1

32 3.79e-06 - 0.000124 - 8.69e-07 - 0.00122 - 7.2e-16
128 2.49e-07 3.93 1.62e—05 2.94 6.37e—-08 3.77 0.000307 1.99 7.3e-16
512 1.59e-08 3.97 2.07e-06 2.97 4.38e-09 3.86 7.69e-05 2.00 6.9e-16
2048 1.01e-09 3.97 2.61e-07 2.99 4.12e-10 3.41 1.92e-05 2.00 6.8e-16
8192 1.94e-10 2.39 3.29e-08 2.99 2.55e-10 0.69 4.81e-06 2.00 6.9e-16
32768 1.87e-10 0.05 5.15e-09 2.68 2.71e-10 -0.09 1.20e-06 2.00 6.8e-16
k=

32 2.06e-10 - 2.78e-09 - 1.77e-10 - 5.65e-05 - 6.8e-16
128 1.90e-10 - 3.66e—09 - 2.05e-10 - 7.07e—-06 3.00 6.8e—16
512 1.87e-10 - 3.19e-09 - 2.32e-10 - 8.83e-07 3.00 6.8e-16
2048 1.86e-10 - 3.10e-09 - 2.53e-10 - 1.10e-07 3.00 6.8e-16
8192 1.86e—10 - 3.10e-09 - 2.70e-10 - 1.44e-08 2.94 6.9e-16
32768 1.86e-10 - 3.10e-09 - 3.07e-10 - 4.42e-09 1.70 6.8e-16
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Table 4

Guermond and Quartapelle unsteady test case: spatial convergence rates for k = 0, 1,2 HHO-z**! formulations over
a h-refined triangular elements mesh sequence. Time integration is conducted with a high-order accurate ESDIRK
scheme, the time step is selected such that spatial errors dominate.

card 7, Cu, rate ¢ Vu, rate €p, rate € py, rate EV-u,
k=0

32 0.00249 - 0.00721 - 0.0609 - 0.0313 - 5.1e-16
128 0.00112 1.15 0.00318 1.18 0.0317 0.94 0.0158 0.98 4.8e-16
512 0.000533 1.07 0.00152 1.06 0.0165 0.94 0.00801 0.98 5.1e-16
2048 0.000259 1.04 0.000752 1.02 0.00857 0.95 0.00404 0.99 4.8e-16
8192 0.000128 1.02 0.000376 1.00 0.00440 0.96 0.00203 0.99 4.9e-16
32768 6.38e—05 1.01 0.000189 0.99 0.00224 0.97 0.00102 1.00 4.8e-16
131072 3.19e-05 1.00 9.51e-05 0.99 0.00114 0.98 0.000509 1.00 4.9e-16
k=1

32 3.88e-06 - 0.000126 - 8.70e-07 - 0.00122 - 6.6e-16
128 2.52e-07 3.94 1.64e-05 2.95 6.37e-08 3.77 0.000307 1.99 6.6e-16
512 1.60e—-08 3.98 2.08e—06 2.98 4.37e—09 3.86 7.69e—05 2.00 7.0e-16
2048 1.02e-09 3.98 2.62e—-07 2.99 4.12e-10 3.41 1.92e-05 2.00 6.8e-16
8192 1.94e-10 2.39 3.30e-08 2.99 2.56e-10 0.69 4.81e-06 2.00 6.8e-16
32768 1.87e-10 0.05 5.15e—-09 2.68 2.71e-10 —-0.09 1.20e-06 2.00 6.8e—16
k=2

32 2.06e-10 - 2.78e-09 - 1.77e-10 - 5.65e-05 - 7.0e-16
128 1.90e-10 - 3.67e—09 - 2.05e-10 - 7.07e—06 3.00 6.9e-16
512 1.87e-10 - 3.19e-09 - 2.32e-10 - 8.84e-07 3.00 7.1e-16
2048 1.86e-10 - 3.10e-09 - 2.53e-10 - 1.10e-07 3.00 6.9e-16
8192 1.86e-10 - 3.10e—09 - 2.70e-10 - 1.44e-08 2.94 6.8e-16
32768 1.86e-10 - 3.10e-09 - 3.07e-10 - 4.42e-09 1.70 6.9e-16

Table 5

Guermond and Quartapelle unsteady test case: temporal convergence rates for k = 2,6 HHO-z**! formulations over
a triangular elements mesh with card(7;,) = 128. Time integration is conducted with high-order accurate three and

six stages ESDIRK schemes with increasingly small time steps, in particular ¢t = 7/% with N = 20,40, 80, 160, 320.
3 stages ESDIRK
k 7/;:” Euy, rate ¢ Vu, rate €py, rate €p, rate eV,
20 0.000614 - 0.00161 - 0.00202 - 0.00168 - 8.7e-17
40 0.000147 2.06 0.000389 2.06 0.000509 1.99 0.000404 2.07 8.2e-17
6 80 3.62e-05 2.03 9.53e-05 2.03 0.000127 2.00 9.74e-05 2.04 8.6e-17

160 8.98e—-06 2.01 2.36e—-05 2.01 3.19e-05 1.99 2.39e-05 2.02 8.9e-17
320 2.23e-06 2.01 5.87e-06 2.01 7.98e-06 2.00 5.93e-06 2.01 8.8e-17

20 0.000614 - 0.00161 - 0.00201 - 0.00168 - 6.6e—17
40 0.000147 2.06 0.000388 2.06 0.000501 2.01 0.000401 2.07 6.4e-17
2 80 3.62e-05 2.03 9.53e-05 2.03 0.000124 2.01 9.74e-05 2.04 7.2e-17
160 8.98e—-06 2.01 2.36e-05 2.01 3.10e-05 2.00 2.42e-05 2.01 7.3e-17

320 2.23e-06 2.01 5.87e-06 2.01 7.73e—06 2.00 6.92e—06 1.81 6.3e—17
6 stages ESDIRK

k % Cuy, rate & Vu, rate & py, rate (N rate ¢V,
20 3.50e—06 - 1.26e—05 - 1.14e-05 - 1.03e-05 - 8.1e-16
40 2.83e-07 3.63 1.43e—06 3.14 7.87e-07 3.87 1.22e-06 3.08 8.4e-16

6 80 2.34e-08 3.60 1.74e—07 3.04 5.15e-08 3.93 1.66e—07 2.88 8.4e-16
160 2.03e-09 3.53 2.26e-08 2.94 3.51e-09 3.88 2.50e-08 2.74 8.2e-16
320 1.86e—-10 3.45 3.11e-09 2.86 2.57e-10 3.77 4.06e—09 2.62 7.4e-16
20 3.51e-06 - 1.26e-05 - 1.01e-05 - 1.10e-05 - 7.1e-16
40 2.83e-07 3.63 1.43e—06 3.14 6.93e—07 3.87 3.78e—06 1.54 7.0e-16

2 80 2.34e-08 3.60 1.77e-07 3.02 4.70e—08 3.88 3.58e-06 0.08 7.3e-16
160 2.04e-09 3.52 2.40e-08 2.88 3.14e-09 3.90 3.57e-06 0.00 7.3e-16
320 1.8%-10 3.43 3.40e-09 2.82 2.05e-10 3.93 3.57e-06 0.00 7.2e-16

third order accurate six stages ESDIRK scheme and using 320 uniform time steps. Note that, since the analytical pressure has a
trigonometric spatial behavior, k + 1 convergence rates for the pressure error in L>-norm are attained at all polynomial degrees.
Interestingly, the velocity and density errors in L>-norm tabulated for k = 2 are grid independent and allow to evaluate the temporal
accuracy of the scheme. Indeed, since the by product between the density and the velocity is a second degree polynomial in x, k =2
computations provide machine precision spatial accuracy for both the density and the velocity variables. This behavior confirms
that the HHO formulations are pressure-robust, note indeed that the velocity error is clearly independent from the pressure error.
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Overall HHO-z**! and HHO-z* formulations provide almost identical accuracy and convergence rates for k = 1,2. The numerical
results for k = 1 show fourth order rate of error reduction for both the velocity and density unknowns, until spatial accuracy is on
pair with temporal accuracy, resulting in error stagnation. We remark that, spatial convergence rates for k = 1 must be carefully
evaluated considering that, according to the manufactured solution, both the velocity and the density unknowns are linear functions
of x. At k = 0, both the velocity and the velocity gradient exhibiting first order of convergence in L?>-norm, and, similarly to the
Kovasznay test case, HHO-z**! shows improved accuracy with respect to HHO-z¥.

Temporal convergence results are reported in Table 5 considering HHO-z**! (HHO-z* is omitted as it provides similar results)
and two ESDIRK schemes: (i) the second order accurate three stages, so-called TR-BDF2, scheme, see [25] for details, (ii) the fourth
order accurate six stages scheme proposed in [26]. Both ESDIRK schemes are considered in combination with k = 2 and k = 6
formulations on a triangular elements mesh with N = 8 and card(7},) = 128, the former provides machine precision spatial accuracy
for the velocity and density variables while the latter guarantees negligible spatial errors for all variables, including the pressure.
Note that, when considering the k = 2 spatial discretization with third order accurate ESDIRK, the pressure error stagnates while,
thanks to pressure-robustness, the velocity and density errors are almost identical to their k = 6 counterparts.

Second order accuracy is achieved for all variables when considering the three stages ESDIRK scheme. The six stages ESDIRK
scheme provides fourth order accuracy for the density, third order accuracy for the velocity and the pressure and something in
between, around three and a half order temporal accuracy, for the velocity gradients. Overall the numerical results are satisfactory
and the convergence rates are comparable with the outcomes of Cai et al. [27], a survey where several ESDIRK methods, including
those employed in this work, where put to the test. We remark that, in order to achieve higher than second order temporal
convergence rates, we rely on Runge-Kutta schemes especially conceived for index two Differential-Algebraic Equation systems
(DAEs). This latter choice is mandatory when dealing with non-passive unsteady boundary conditions.

4.3. Rayleigh-Taylor instability

In order apply the ESDIRK-HHO formulation to realistic variable density incompressible flow problems we consider a low and a
high Atwood number Rayleigh-Taylor Instability (RTI). The test case, originally proposed by Tryggvason [28], is set up as proposed
by Guermond et al. [14].

We consider the time evolution of two layers of immiscible fluids initially at rest in the rectangular domain 2 = (—%, %)x(—Zd, 2d),
where d is the reference length. Evolution of the flow field is driven by the downward gravity field as the heavy fluid lays on top
of the light fluid. The density ratio £t is set to three and seven, where p, and pp=1 are the density of the top and bottom fluids,
respectively. Accordingly, the Atwoo‘cjl number, defined as At = (p; — pp)/(p; + pp), is 1At=0.5 (low Atwood) and hAt=0.75 (high
Atwood). Following [14], a smooth transition between the two fluids is guaranteed relying on the following expressions for the
initialization of the density field

=0 .
M :2+tanh<w>, n(x):—O.ldcos(%xi);

0.01d
im0 — r(x) @D
phAt—’_:4+3tanh M s ]/(X):—0.0ldCOS(z—”x-i);
Py 0.01d d

where 5 and y define the initial position of the perturbed interface in the low and the high Atwood configuration, respectively. The
unit vectors i and j have horizontal orientation pointing right and vertical orientation pointing up, respectively. The L? projection
of the analytical density distribution in Eq. (41) provides the initial density field and the source term in the momentum equation
reads f = —pgj.

Assuming the symmetry of the initial condition is maintained during the time evolution, the computational domain has been
restricted to Q = (0, %) X (—2d,2d). We consider two uniform triangular elements grids obtained splitting in two, along the diagonal,
the quadrilateral elements of a 32x256 and a 256x2048 Cartesian grid, resulting in card(7;,) = 16 384 and card(7,) = 1 048 576 for
the coarse and the fine grid, respectively. Symmetry boundary conditions, implemented as homogeneous Dirichlet in the normal
direction and homogeneous Neumann in the tangential direction, are imposed on the computational domain boundary 9<2. Time
integration is conducted by means of the second order accurate three stages TR-BDF2 ESDIRK scheme, see [25], using 3 200 uniform
time steps. The time integration intervals are (0,4] and (0, 3.75), respectively, in the low and the high Atwood number configuration.

4.3.1. Low Atwood number computations

In this section we present and discuss the numerical results in the low Atwood number configuration focusing on the evolution
of the density field. The computations are performed with both the HHO-z* and the HHO-z**! formulations, the polynomial degree
is k = 6 for the coarse grid and k = 1 for the fine grid. We remark that, even if k > 0 discretizations are not bounds preserving due
to the onset of spurious oscillations at sharp interfaces, the moderate density ratio associated with the low Atwood number setup

allows to disregard oscillation control strategies.
3

1
1

303 1
The Reynolds number is defined as Re = %, note that d2 g2 is the reference velocity. In practice we consider unit reference

length, unit gravity and unit p;, so that also the reference velocity is equal to one. Thus, we set 4 = -- and we run computations
considering two Reynolds numbers: Re=1 000 and Re=5 000. The time evolution of the density field for HHO-z¥ is shown in Figs. 1
and 2 at times #rr, = 1,1.5,1.75,2,2.25,2.5,2.75 in the time scale of Tryggvason, where t1,, = tV/At. In practice, for a given a value of
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Fig. 1. RTI at At=0.5 and Re=1 000 with HHO-z*. From left to right, evolution of the density field at selected time points g = VAL =
1,1.5,1.75,2,2.25,2.5,2.75. Top and bottom row, results for k=1 over fine grid and k=6 over the coarse grid, respectively.
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Fig. 2. RTI at At=0.5 and Re=5 000 with HHO-z*. From left to right, evolution of the density field at selected time points g = VAL =
1,1.5,1.75,2,2.25,2.5,2.75. Top and bottom row, results for k = 1 over the fine grid and k = 6 over the coarse grid, respectively.
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M
U

Fig. 3. RTI plume close-up view at At=0.5 and Re=1 000 with HHO-z* (top row) and HHO-z**! (bottom row). From left to right, evolution of the
interface at selected time points 7., = VAt = 1.75,2,2.25,2.5,2.75. In each frame, results obtained with k=6 over the coarse grid and k=1 over
the fine grid results stands on the left and the right, respectively, with respect to a vertical center-line.

Fig. 4. RTI plume close-up view at At=0.5 and Re=5 000 with HHO-z* (top row) and HHO-z**! (bottom row). From left to right, evolution of the
interface at selected time points Ing =1 At ~ 1.75,2,2.25,2.5,2.75. In each frame, results obtained with k=6 over the coarse grid and k=1 over
the fine grid results stands on the left and the right, respectively, with respect to a vertical center-line.
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t1rg, We select the closest available time point among the 3 200 available by rounding off to the closest integer the quantity %,
1

where 61 = 3[500.

At Re=1 000 the density fields provided by k=1 HHO-z* over the fine grid and k=6 HHO-z* over the coarse grid are closely
matched and the results are in very good agreement with those obtained by Guermond et al. [15]. As opposite, at Re=5 000, some
differences can be appreciated between the density fields provided by k=1 and k=6 approximations. In particular, k=6 results show
early breakup of the spiraling filament while k=1 results show interface sprouts in the proximity of the computational domain
boundaries, especially at later stages of the flow field evolution. Moreover, at k=6, the peripheral curling filaments interact with the
bulk of the descending plume, a phenomena which does not take place in our results of Ref. [15], where an entropy viscosity
stabilization was employed. Since high Reynolds number computations are associated with sharper interfaces featuring strong
variations of all relevant physical quantities, the aforementioned discrepancies can be ascribed to the lack of oscillation control.
In order to highlight the benefits of p-multigrid solutions strategies combined with static condensation, it is worth to mention that
k=6 HHO over the coarse grid provides a fourteen fold decrease of the global Jacobian matrix dimension compared to k=1 HHO
over the fine grid, leading to significant advantages in terms of computation time.

A comparison between HHO-z* and HHO-z**! is reported in Figs. 3 and 4, focusing on the position of the interface between the
two fluids. Accordingly, by setting the threshold to the average density (p=2), we are able to distinguish between the heavy fluid,
depicted in white, and the light fluid, depicted in black. To highlight the differences between high-order and low-order accurate
results, we depict the whole computational domain 2 = (—%, %) X (-2d,2d) by gluing together k=6 computations rotated by 180
degrees, as if Q=0 = (—%,0) x (—2d,2d) was the computational domain, with k=1 computations over Q2! = (0, %) X (=2d,2d), i.e.,
Q= Qk:ﬁ U Qk:l.

At both Re=1 000 and Re=5 000, HHO-z* and HHO-z**! computations are in very good agreement when k = 1, while some
differences can be appreciated comparing k = 6 results at Re=5 000. As previously mentioned, we can conclude that spurious
oscillations influence the most the flow field evolution when the interface is sharp and high-degree polynomials are considered.
This confirms the statement that an accurate and detailed prediction of the RTI flow for ¢+ > 1.5 and Re > 5000 is a difficult task, as

observed by Guermond et al. [14].

4.3.2. High Atwood number results
The high density ratio configuration is challenging from the stability viewpoint, indeed, when high-order accurate formulations
are employed, spurious oscillation might lead to negative densities and, eventually, singular mass matrices. Accordingly, we consgid]er

k=0 HHO-z* and HHO-z**! discretizations over the fine one million elements grid. The Reynolds number, defined as Re = @,

is Re=1 000 and we set y = é. The time evolution of the density field is shown in Fig. 5 at times 7 ~ 1,1.5,2,2.5,3,3.5,3.75. In
practice, for a given a value of ¢, we select the closest available time point among the 3 200 available by rounding off to the closest
integer the quantity é, where 67 = 3t2Foo‘

We remark that both HHO-z* and HHO-z**! are bounds preserving at k=0, meaning that the maximum and the minimum
density values observed all along the density field evolution correspond to the density of the heavy (p = 7) and the light (p = 1)
fluid. Comparing with the reference results of [15], it is clear that the spatial accuracy is not sufficient to properly capture the
evolution of the sharp interface between the two fluids. We remark that our computations are in better agreement with the earlier
results of [14] where a coarser computational mesh was employed as compared with [15]. Even if the tiniest flow features are
missing or misplaced, the position and shape of the main plume is properly replicated. Note that HHO-z**! seems to introduce less
numerical dissipation as compared with HHO-z*, confirming the better convergence rates observed in Section 4.1.

5. Conclusions

We devised and numerically validated an ESDIRK-HHO formulation of the incompressible Navier—Stokes equations with variable
density that is capable of simulating mixtures of immiscible fluids reaching high-orders of accuracy in both space and time.
Interestingly, the role of the pressure at the continuous level is closely replicated at the discrete level. Indeed, in the one
hand pressure is the Lagrange multiplier of the incompressibilty constraint and, on the other hand, the hybrid pressure space
enforces H(div)-conformity starting from non-conforming polynomial spaces. The variant of the method named HHO-z* is provably
stable thanks to the use of skew-symmetric forms for the transport of mass and momentum. The distinguishing features, that is
pressure-robustness, exact incompressibility and pure advection of the density, have been numerically demonstrated.

Since the spatial discretization requires primitive variables in order to achieve H(div)-conformity, while the time derivatives
are formulated in terms of conservative variables, the ESDIRK time marching strategy has been carefully designed. The resulting
scheme is fully implicit and fully hybrid, and static condensation of element unknowns has been employed to alleviate the memory
footprint of the Jacobian matrix. To further improve the performance of iterative linear solvers a p-multigrid preconditioner has been
fruitfully exploited when k > 0. Note that, thanks to the use of non-conforming polynomial spaces, inherited coarse grid operators
are trivial to construct.

The ability of simulating realistic flow configurations is demonstrated tackling the Rayleigh-Taylor instability at different Atwood
and Reynolds numbers. In the low-Atwood number setup, the evolution of the density field is obtained with both high-order accurate
(k = 6) formulations on coarse meshes and low-polynomial degree (k = 1) expansions on fine meshes. Notably, for At = 0.5 and
Re = 1000, the numerical solutions are in very good agreement despite the major difference in degrees-of-freedom count, resulting in
significant advantages in terms of computational expense for high-order accurate computations. High-Atwood number computations
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Fig. 5. RTI at At=0.75 and Re=1 000. Top and bottom row, k=0 HHO-z* and HHO-z**! computations, respectively. From left to right, evolution
of the density field at selected time points ¢ ~ 1,1.5,2,2.5,3,3.5,3.75.
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demonstrate the HHO-ESDIRK formulation is bounds preserving when considering the lowest polynomial degree (k = 0), which
implies that high density ratios can be tackled without compromising stability.

Further research efforts are needed to address physically relevant multi-phase flows, in particular, future works will consider
extending the present HHO-ESDIRK formulation to the Cahn-Hilliard-Navier-Stokes (CHNS) system. HHO formulations that include
heterogenous viscosity coefficients and strain-rate related viscous stresses are already available in literature, see, e.g., [29,30],
alongside, HHO methods have already been successfully applied to the Cahn-Hilliard problem, see e.g., [31]. We plan to investigate
up to which extent the intrinsic interface thickness control provided by the Cahn-Hilliard model will help in mitigating the onset
of spurious oscillations when higher-order (k > 0) formulations are considered.
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