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Chapter 1. Introduction

1.1 Objective and Motivations

In many engineering process [1], such as fuel atomization in aeroengines and spray-based fire sup-

pression system, liquid droplets undergo evaporation while experiencing hydrodynamic deformation.

Under such conditions, the liquid-gas interface is rarely perfectly stationary, but evolves in time. Its

time scales may be comparable to those of mass transfer. The associated diffusion process in the

surrounding gas therefore becomes time-dependent.

The evaporation of a single-component droplet in the gas phase is a classical problem in fluid dynamics

and transport phenomena and has been studied over several decades [2–4]. Classical models focus

on diffusion-controlled transport in the gas phase and often reply on quasi-steady approximations for

mass fraction field in the gas phase. In many diffusion-controlled regimes for a single-component

droplet, the dominant resistance to mass transfer is located in the surrounding gas, while internal liquid

transport mainly affects temperature and velocity redistributions inside the droplet. Independently,

droplet shape oscillations have been investigated since the pioneering work of Rayleigh [5–7]. The

frequencies and viscous damping characteristics of small-amplitude oscillations are well established.

These studies primarily address hydrodynamic behaviours and usually do not consider mass transfer.

Although both droplet evaporation and oscillation have been studied extensively, they have largely

developed as separate research topics. In evaporation models, the droplet is commenly assumed to

remain a fixed shape or slowly varying. In oscillation studies, the droplet is usually considered non-

evaporating. However, when droplet evaporation and oscillation occur simultaneously, the diffusion

process in the gas phase becomes time-dependent due to the moving interface. Even if the overall

evaporation process remains diffusion-controlled, the transient vapour concentration field in the gas

phase must adapt to the evolving droplet geometry. The present thesis address this problem by direct

numerical simulations (DNS) and an analytical/numerical model, which analyses transient vapour

distribution in a deforming domain, where the interface motion is prescribed by an oscillation model.

How does a time-dependent interface influence the instantaneous evaporation flux and its temporal

evolution? It is the focus of the present thesis. In this framework, the present thesis employs two

complementary approaches. First, analytical oscillation model based on potential-flow theory is used

to prescribe the interface motion. The associated evaporation problem is formulated as a transient

convection-diffusion equation in the surrounding gas with a deforming domain, by using a generalized

spheroidal coordinate system. The interface motion is not altered by the evaporation process. In addi-
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tion, direct numerical simulations using the code free surface 3D (FS3D) are performed to investigate

the evaporation of oscillating droplets without reduced-order assumptions. These simulations provide

a reference configuration for examing the behaviour observed in analytical/numerical model.

1.2 Outline

First, Chapter 2 reviews the state of the art. Chapter 3 introduces the theoretical fundamentals, which

may be relevant to the previous and present work. Next, we summarize our work in droplet oscillation

in Chapter 4 and work in droplet evaporation in Chapter 5. Before introducing the evaporation model

for an oscillating droplet, an analytical oscillating model is first introduced in Chapter 4. Then,

combined with the droplet evaporation, the effect of a moving interface on the droplet evaporation

characteristics is summarized and discussed. Finally, we conclude our work in Chapter 6.
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Chapter 2. Methodology and State of the Art

2.1 Methodology

Researchers have investigated droplet oscillation and evaporation using experimental, numerical and

theoretical approaches. Experimental studies provide valuable information on droplet shape evolution

and surrounding flow fields, and are often used to validate numerical and analytical models.

Experimental techniques such as Particle Image Velocimetry (PIV) and Particle Tracking Velocimetry

(PTV) are widely used to measure velocity fields in multiphase flows. High-speed imaging is com-

monly employed to capture the deformation and oscillation of droplets. However, due to the small

spatial and temporal scales involved, detailed measurements of internal flow structures and transient

interfacial motion remain challenging.

Therefore, numerical simulations are widely used to investigate droplet dynamics. Depending on

the modelling level, approaches such as Reynolds-Averaged Navier–Stokes (RANS), Large Eddy

Simulation (LES), and Direct Numerical Simulation (DNS) can be applied. These numerical methods

provide detailed flow information that is difficult to obtain experimentally.

Analytical modelling complements experimental and numerical approaches by providing physical

insight into the dominant mechanisms governing droplet dynamics. Under appropriate assumptions,

simplified models may yield analytical or reduced-order descriptions of droplet oscillation and evap-

oration processes.

In the present work, droplet dynamics are mainly investigated using analytical modelling, while

numerical simulations are used to provide additional insight into the flow and evaporation processes.

2.2 State of the Art in Droplet Oscillation

The oscillations of liquid droplets have been studied for more than a century and represent a classical

problem in fluid mechanics. Rayleigh [5] first analysed the oscillations of an inviscid liquid droplet

in vacuum. By balancing surface tension and inertia, he derived the natural oscillation frequency of

a spherical droplet using a normal-mode analysis. Landau and Lifschitz [8] discussed the surface

phenomena of a small displacement from the undisturbed surface under gravity or surface tension.

The dynamic condition (Laplace’s formula), kinetic condition, and Bernoulli equation at the interface

are solved. The oscillation frequency of a spherical droplet coincides with the results of Rayleigh [5].

Lamb [9] extended Rayleigh’s analysis by including viscous effects. The momentum equation is

transformed into the Helmholtz equation, and an analytical solution was then obtained. He showed
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that the presence of viscosity leads to a decay of the oscillation amplitude and derived expressions for

the damping rate of small-amplitude oscillations of viscous droplets. An aperiodic oscillation appears

for very high viscosity. For very small viscosity, the oscillation frequency and decay rate of a damped

oscillation are derived. Chandrasekhar [10,11] investigated the decay oscillation of the viscous globe

driven by the gravitational force. A threshold value in the form of the Kelvin frequency [6], droplet

radius and kinematic viscosity is derived to distinguish the droplet oscillation types. Over this thresh-

old value (low viscosity), it is a damped oscillation; below this threshold value (high viscosity), it is

an aperiodic decay. Lamb [9] and Chandrasekhar [10, 11] investigated the effect of viscosity on the

small-amplitude oscillations driven by self-gravitation. Reid [12] theoretically studied the oscillation

of a viscous droplet under surface tension. The effect of the viscosity on the droplet oscillation was

found to be identical to the results by Lamb [9] and Chandrasekhar [10]. It was verified that oscillation

dynamics are independent of the forces which drive the droplet into a spherical shape [6]. Based

on earlier theoretical developments by Scriven [13], Miller and Scriven [7] investigated the small-

amplitude oscillations of a viscous droplet immersed in another viscous fluid. Under the assumption of

small interface deformations, the governing equations can be linearized, which allows the oscillation

problem to be analysed using normal-mode methods. Their work provides analytical expressions for

the oscillation frequency and damping rate as functions of the fluid properties of both phases Based on

the work of Bupara [14] and Scriven [13] on the interface, Miller and Scriven [7] investigated the small-

amplitude oscillations of a viscous droplet immersed in another viscous fluid. The nonlinear term in

the Navier-Stokes equation is ignored since the radial displacement of the interface is assumed to be

much smaller than the wavelength along the interface [15] (general dispersion equation). After taking

the curl of the momentum equation, the pressure terms disappear in the vorticity equation [11]. The

boundary conditions at the interface are replaced by an equivalent set of three scalar equations [13,14].

The oscillation frequency and damping rate are given numerically for the combination of two fluids of

various properties and viscosities: inviscid fluids, a droplet of low and high viscosity in a vacuum, two

fluids of low and high viscosity and a gas bubble in a viscous liquid. Prosperetti [16, 17] studied the

initial value problem for small amplitude oscillations of a viscous droplet initially deformed in a host

liquid. Based on the linearised perturbation theory [18, 19] and by dividing the velocity and pressure

field into three parts: pure radial motion, the correction of the potential flow by the perturbation

from the undisturbed shape and the correction of the potential flow by the viscosity, the Navier-Stokes

equation is solved, subject to the stress conditions and kinematic conditions at the interface. With the

Laplace transform, the equation of the interface motion is obtained in an integro-differential form, and

the transient oscillation behaviour can be discussed. It was found that the complete transient results
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are valid to the initial irrotational approximation in the initial stage and asymptotically approach the

results by the normal mode technique for a large time [10, 12].

For large amplitude oscillations, the linear assumption holds no longer. Foote [20] simulated vis-

cous droplet oscillation, based on the MAC (Marker-and-Cell) method [21, 22] integrating the finite

difference form of the Navier-Stokes equations. The effect of surface tension is considered in a

similar way to Daly [23]. The droplet profile is expressed in a parametric formulation [24, 25] to

avoid the numerical complication when calculating the infinite interface slope. For small amplitude

oscillations, the symmetric oscillations by the numerical predictions are in good agreement with the

theoretical predictions. For large-amplitude oscillations, the droplet motion becomes asymmetric and

the droplet tends to remain longer in the prolate configuration. The fraction of time spent in the prolate

shape increases approximately linearly with the oscillation amplitude, as observed experimentally by

Montgomery [26]. The oscillation period increases with the droplet deformation. The evolution of

kinetic energy, surface energy and total energy is also calculated. Trinh et al. [27] experimentally

studied driven droplet oscillation of small amplitude in immiscible liquids, using acoustic levitation

and radiation-pressure-force modulation [28]. The resonance frequency and the damping parameter

of the first few modes are measured. The resonance frequency was found to be a function of radius,

which is in good agreement with Lamb [6]. The configurations of the oscillation are close to the

theoretical predictions. The decay parameter was found to be roughly linear with the droplet viscosity.

The time spent in the various configurations depends on the acoustic drive, which is different from that

of a free oscillating droplet. A simple internal fluid-particle flow field reveals no internal circulation

inside the droplet due to the small amplitude oscillation and droplet size. Using the same technique,

Trinh and Wang [29] experimentally studied large amplitude droplet oscillation. It was found that the

free decay frequency decreases with increasing oscillation amplitude, and the decay rate is constant

for a given initial condition on the oscillation amplitude. The time spent in a prolate configuration

is longer as the oscillation amplitude grows larger. Circulation appears first at the droplet boundary

and spreads then towards the interior. Tsamopoulos and Brown [30] studied nonlinear axisymmetric

oscillations of inviscid droplets by using a Poincaré-Lindstedt expansion technique [31] and a domain

perturbation technique [32]. The droplet shape, the velocity potential, and oscillation frequency are

corrected by the expansions of small perturbations of different orders, and then the corrections of

the droplet shape and velocity potential in each order are represented as Legendre polynomials. The

droplet shape and oscillation frequency with the corrections in the first two orders are presented for

oscillation motions in the modes 2, 3, and 4. The decrease in oscillation frequency was found to

be proportional to the square of the amplitude, which agrees with the experimental results by Trinh
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and Wang [29], and numerical results by Foote [20]. The percentage of time spent in a prolate

shape increases with increasing amplitude, which coincides with the numerical results by Foote [20].

Patzek et al. [33] analysed the nonlinear free oscillation of inviscid liquid droplets. The Laplace

equation for the velocity potential in the liquid and the Bernoulli equation as the dynamic boundary

condition at the free surface are solved numerically using the domain differential method together

with a Galerkin finite-element formulation. By integration of the Navier-Stokes equations without

the viscous term along the free surface, the Bernoulli equation is obtained. For irrotational flows,

the mass continuity equation is transformed into the Laplace equation for the velocity potential. The

predictions accord with those of Lundgren and Mansour [34], who employed the domain integral

method. The results are in good agreement with the linear analysis of Rayleigh [5] for infinitesimal

amplitude oscillations and the perturbation results of Tsamopoulos and Brown [30] for non-linear

oscillations. Inspired by the method of Kistler and Scriven [35], and Patzek et al. [33], Basaran [36]

numerically studied the nonlinear free oscillation of viscous liquid droplets in a vacuum or a gas of

negligible density and viscosity by solving continuity and Navier-Stokes equations with appropriate

interfacial conditions, based on the Galerkin/finite-element method. Droplet oscillations are released

from an initial static deformation. Two initial droplet shapes are considered: a prolate/oblate spheroid

and a droplet shape whose departure from a sphere is expanded as spherical harmonics. Different

Reynolds number '4 and the initial droplet deformation are taken into account. It was found that the

nonlinear frequency shift and the asymmetry in the time spent in different configurations depend on

the Reynolds number. Released from a two-lobed configuration, viscous droplets spend less time in

the prolate shape than inviscid ones. The oscillation frequency of viscous droplets decreases with the

square of the initial deformation amplitude for large '4, but the difference is smaller for small '4 or

a large initial deformation amplitude. The damping rate in the first period increases for a large initial

droplet deformation. Wang et al. [37] experimentally studied oscillations of low-viscosity droplets in

a microgravity environment during a space shuttle flight. The experiments are conducted in a triaxial

acoustic chamber, in which standing sound fields can manipulate the liquid droplets and control the

droplet position. Two situations are taken into account: an initially oblate droplet is suddenly released

by turning off all acoustic fields; a prolate droplet is gyrostabilized through an imposed rotation. For

a rotating droplet, an oblate shape can be concave at the poles. For a free oscillating droplet of small

amplitude, the frequency shift agrees well with the predictions by the inviscid nonlinear theory of

Tsamopoulos and Brown [30]. But for an oscillating droplet while rotating, the frequency shift is

smaller and the percentage of time spent in a prolate form is much less than that predicted by the theory

of Tsamopoulos and Brown [30]. As '4 is much larger than 10, the frequency shift of a low-viscosity
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droplet can be regarded as inviscid. Zrnić and Brenn [38] analysed weakly nonlinear shape oscillations

of inviscid droplets in a vacuum. The velocity, pressure, and the droplet shape are expanded as a

third-order power series of a small deformation parameter. To impose the boundary conditions on

the undisturbed surface, the velocity and pressure on the deformed droplet surface are expanded in

a Taylor series. The method of strained time [39] is also employed. The continuity and momentum

equations are decomposed into three series equations of the first to third order. The analysis of the

initial droplet shape of modes 2, 3, and 4 is carried out. The solution of the series equations of the

first order represents the linear part, and the solutions of the higher orders consider the nonlinear

influence. The volume conservation for different initial droplet shape modes and droplet oscillation

amplitudes is verified. By the Fourier frequency power spectra, the oscillation frequency is obtained.

It was found that the frequency decrease with increasing deformation for mode 2 is a third-order

effect, and for higher modes is in the second-order approximation. The asymmetry in time spent

in various configurations is in good agreement with the results of Foote [20], Trinh and Wang [29],

Tsamopoulos and Brown [30], and Wang et al. [37]. In [40], oscillating droplets were simulated

by direct numerical simulation using an extended discontinuous Galerkin method [41]. Oscillation

frequency, asymmetry in time spent in the various configurations, the evolution of the aspect ratio and

energy by DNS and the weakly nonlinear linear theory are presented and in good agreement. Recently,

Tonini and Cossali [42] investigated small and large amplitude spheroidal droplet oscillations with an

analytical model using a novel method. The droplet shape is assumed to be spheroidal. A generalized

spheroidal coordinate system is proposed, which involves the prolate, spherical, and oblate coordinate

systems in a unified way, exclusively by an additional deformation parameter. The viscous and inertial

effects in the droplet and the surrounding fluid are considered. The energy balance between the kinetic

energy, surface energy, and dissipation energy is solved to derive a non-linear ordinary differential

equation for the deformation parameter. For small amplitude oscillations, the oscillation frequency

and amplitude decay rate for different Ohnesorge number$ℎ are in good agreement with the results by

Prosperetti [17]. The effect of the density ratio on the oscillation frequency coincides with the results

by Lamb [6]. For large amplitude oscillations, the amplitude decay rate agrees with the results by

Miller and Scriven [7]. The time spent in various configurations is close to the results by Tsamopoulos

and Brown [30].

Helenbook and Edwards [43] conducted numerical simulations to study a quasi-steady deformation

of liquid droplets in a uniform gaseous stream, using a two-fluid spectral/hp finite element method.

Several simulations with different density ratios, viscosity ratios,,4 and $ℎ numbers are performed

to investigate the droplet behaviour. Three distinct droplet shapes and the conditions of their appear-
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ance are given: prolate, oblate, and dimpled. An oblate shape appears due to the aerodynamic effects

in the surrounding gas flow. The appearance of a prolate shape is attributed to the liquid circulation

instead of the gas flow. High-pressure regions exist at the leading and trailing edges inside the droplet

due to the internal circulation. A combined effect of gas viscous stresses and aerodynamic forces

leads to the formation of a dimpled shape in the case of large $ℎ numbers. When viscous effects

are less significant, a dimpled shape will not occur. A drag model for deformed droplets is proposed,

including a correlation for the effect of the internal circulation on the drag for spherical droplets and

a deformation correlation. Loth [44] reviewed the deformed conditions for quasi-steady shape of

droplets in a gas stream in the literature [45–50], and proposed a correlation for aspect ratio and drag

coefficient in terms of ,4 number, '4 number, density ratios, and viscosity ratios. It was found that

the aspect ratio is solely dependent on ,4 number for '4 > 100. Minimum drag (for a spherical

shape) and maximum drag (for a maximum deformed shape) were given. The variation of the drag

coefficient between the minimum and maximum values was also discussed.

Busse [51] investigated oscillations of a rotating droplet. The effect of rotation on droplet oscillations

is accounted through the Coriolis force and the centrifugal effects. For axisymmetric oscillations,

both the Coriolis force and centrifugal force work together to increase the oscillation frequency when

the droplet density is larger than the ambient density. When the interior density is equal to the exterior

density, the effect of the centrifugal force disappears. Patzek et al. [52] studied nonlinear oscillations

of a two-dimensional rotating inviscid droplet by numerically solving an integro-differential Bernoulli

equation for the droplet shape and Laplace equation for the velocity potential. Galerkin’s weighted

residual method with finite element basis functions is employed. Through the Fourier power spectral

analysis of large amplitude oscillations, it was found that the frequency shift of a rotating droplet due

to nonlinear oscillations is similar to that of a non-rotating droplet.

2.3 State of the Art in Droplet Evaporation

The study of droplet heating and evaporation has been of great interest to researchers. As a pioneer,

Maxwell [53] considered only the diffusion mechanism for the evaporation of a liquid droplet in a

stagnant gas environment. Fuchs [2] extended the work of Maxwell by accounting for Stefan flow by the

zero net flux of the inert gas towards the droplet. Kronig and Brink [54] investigated a falling/rising

droplet in another liquid. The circulation inside the droplet, caused by the viscous force between

two fluids, is taken into account by Hadamard’s solution [6, 55]. The diffusion equation in a new

curvilinear coordinate system, which is based on the streamline of the internal circulation, is solved.

The convective term is zero, due to this new coordinate system and the assumption that the time scale of
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the circular transport is much smaller than that of the diffusion (large %4 number). The mass diffusion

is assumed to be only normal through the streamline. The analytical solution of the extraction rate can

be obtained by variable separation and polynomial approximation. It was found that the extraction rate

of such a droplet is enhanced by a factor of 2.5, compared to a stagnant droplet by [56]. Prakash and

Sirignano [57] studied the liquid droplet heating in a hot convective flow, by analysing the liquid-phase

motion and droplet heating that considered a spherical vortex surrounded by the viscous boundary layer

and internal wake. By modifying the inviscid Hill’s vortex solution [58, 59] with a perturbation [60],

the viscous boundary layer inside the droplet is analysed in an orthogonal boundary layer coordinate

system that is between the front and rear stagnation points and between the droplet surface and the edge

of the boundary layer. Based on an order-of-magnitude analysis, the momentum and energy equations

retain only the convective term tangential to the droplet surface. In the spherical core, the Hill’s vortex

solution is adopted. The heat diffusion is assumed to be only normal through the streamline. The

unsteady energy equation is numerically solved, with boundary conditions of fixed temperature or

fixed heat flux. It was found that the droplet motion is still a Hill’s vortex, but of different strength.

The heating time of the spherical core is independent of the vortex strength since the thermal diffusion

is essentially normal through the streamlines. For a fixed heat flux, a linear temperature profile is

obtained. For a fixed boundary temperature, it takes about 10% of the thermal diffusion time to reach a

fully heated core. Then, [61] developed a gas-phase boundary layer analysis using an integral approach

and coupled it with the previous liquid-phase analysis [57], to study the droplet evaporation in a hot

convective flow. An integral form of the conservation equations of the boundary layer in an orthogonal

boundary layer coordinate system is applied, and the velocity, density/temperature, and vapour mass

fraction are assumed to have fourth-degree polynomial profiles [62]. Gas- and liquid-phase equations

are coupled through the boundary conditions at the interface. In the free stream, the flow is assumed

to be potential. The velocity, temperature, and vapour mass fraction profiles are assumed to smoothly

match the free stream at the edge of the boundary layer. It was found that the temperature inside the

droplet is nonuniform and the unsteady evaporation rate persists for most of the droplet’s lifetime.

The predicted evaporation rate is lower than the results by Ranz and Marshall [63] and Spalding [64]

correlations, due to ignoring the wake region. Abramzon and Sirignano [65] proposed an extended

liquid heating model to study the droplet evaporation in a stream flow. In the gas phase, the convective

effect caused by the droplet motion in the gas is taken into account by film theory [62, 66]. Due

to the Stefan flow, the film thickness is modified by a factor that is approximated as a function of

Spalding numbers. In the liquid phase, the internal circulation is considered by the Hill spherical

vortex solution [67, 68]. The temperature is governed by a dimensionless energy equation, which
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includes three limit cases: the infinite conductivity model, vortex model, and conduction limit model.

The evaporation rate, surface temperature, and instantaneous radius predicted by these models are

compared. The results obtained from the extended model were found to be in good agreement with

those from the effective conductivity model [69, 70], in which the influence of internal circulation

is represented through an effective thermal conductivity. The effective conductivity model does not

consider the physical details related to the internal circulation, but it properly reflects the global effect

of the internal circulation on the heat transfer and can be applied in the spray to effectively obtain a

reliable surface temperature. The evolution of the temperature profile inside the droplet is reported.

It verifies the vortex model at high %4 number, in which the streamlines and isothermal lines coincide

well, and captures the transition to the conduction limit model at lower %4 number.

In most practical applications, the assumption of spherical droplets may be questionable. The deformed

droplet may have various evaporation characteristics. Tonini and Cossali [71] proposed an analytical

evaporation model for a spheroidal droplet. The time scale of the heat/mass transfer is assumed

to be much smaller than that of the droplet oscillation. A steady species conservation equation in

the gaseous phase is analytically solved in the prolate/oblate coordinate system. The steady vapour

distribution, the evaporation flux, and the evaporation rate are obtained. The energy equation, including

convective and diffusive terms, is solved for the heating rate. It was found that the evaporation flux

is proportional to the non-dimensional Gauss curvature to the power of 1/4. A prolate droplet has a

higher evaporation rate than an oblate one with the same surface area. Compared with a spherical

droplet, the heating/evaporation rate of a spheroidal droplet is enhanced by a factor that is a function

of aspect ratio. In [72], the conditions of droplet size and gas and droplet temperature, when the quasi-

steady assumptions may be accepted, were derived. Tonini and Cossali [73] extended the previous

results for spheroids [71] and derived a general analytical solution for the quasi-steady evaporation of a

triaxial ellipsoidal droplet. The steady species and energy equations are solved in a triaxial ellipsoidal

coordinate system. The heat/mass fluxes are orthogonal to the droplet surface. The evaporation rate

and local heat and mass transfer are expressed as a 1-D solution that is orthogonal to the coordinate

surface defined by the droplet surface. The local evaporation flux was found to be the fourth root of the

dimensionless Gauss curvature, as in [71] for a spheroidal droplet. The evaporation rate of deformed

droplets with the same volume and surface area has a maximum for a prolate shape, but a minimum

for an oblate one. A triaxial ellipsoidal droplet has an evaporation rate between them. Schlottke and

Weigand [74] conducted direct numerical simulations to study the evaporation of deformed droplets

in a gas stream with the in-house code FS3D (Free Surface 3D). The evaporation rate is evaluated

by the vapour mass fraction and the reconstructed surface through the PLIC method. The results are
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validated with the correlations by [63,75,76]. Two vortex pairs are generated in the wake region of the

droplet. They cause a strong mixing and homogeneous temperature distribution inside the droplet. Al

Zaitone [77] investigated the evaporation of an oblate droplet at constant aspect ratio by continuously

adjusting the acoustic force during the evaporation process. A 2D heat diffusion equation inside the

droplet in an oblate coordinate system is numerically solved by a numerical scheme named Alternating

Direction Implicit (ADI) [78]. The heat and mass transfer coefficient are correlated due to the acoustic

boundary layer. Both experimental and numerical results agree well, and with the results by Yarin

et al. [79]. As the droplet deformation increases, the evaporation rate also increases. It was found

that the evaporation of spheroidal droplets follows the �2 law. Setiya and Palmore [80] investigated

the effect of a quasi-steady deformed droplet in a convective flow on the evaporation rate by direct

numerical simulation at varying '4 and,4 numbers. The validation is done by comparison with the

result of Abramzon and Sirignano [65]. It was found that the increase in the surface area due to the

deformation is dominant for the enhancement of the evaporation, but the averaged evaporation flux

seems to be close. At a low '4 number, the evaporation rate weakly depends on the ,4 number.

While at a large '4 number, a dependence can be observed.

Experimental [81] and numerical [74, 82] studies show that the surface temperature distribution

is generally non-uniform. Tonini and Cossali [83] investigated the effect of non-uniform surface

temperature on the evaporation and heating of spherical and spheroidal droplets in a still gaseous

environment by solving the species conservation and energy equations in the gaseous phase. Based

on [71], an analytical solution of the evaporation rate is given. The vapour mass fraction at the droplet

surface is calculated by the droplet temperature. The energy equation is solved numerically, with a

non-uniform surface temperature. The droplet surface temperature is approximated by a polynomial

of four orders, as well as the vapour mass fraction at the surface. Various surface temperature profiles

are considered. The local heat transfer coefficient depends on both local temperature and curvature.

For a non-uniform surface temperature distribution, it was found that the heat flux at the droplet

surface is not orthogonal to the droplet surface, nor is the evaporation flux. The total heat rate is

less affected by the non-uniform surface temperature. Compared with a droplet of uniform surface

temperature, the evaporation rate increases as the temperature difference grows. The scaling of the

evaporation rate on the droplet deformation is independent of the temperature distribution. Based on

the work of Tonini and Cossali [83], Antonov et al. [84] proposed a heating and evaporating model

of a spheroidal droplet with non-uniform surface temperature. The gas model is coupled with the

liquid model through the jump conditions at the interface. In the gas phase, the species conservation

equation is again analytically solved [83], but the heat flux is described by a modified heat transfer
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coefficient due to non-uniform surface temperature, which is correlated from the results in [83]. In the

liquid phase, the transient heat equation without convective terms is solved. The simulation results for

a droplet of uniform temperature and various aspect ratios in a hot environment are discussed. Droplet

oscillation is not considered. It was found that the maximum temperature appears in the regions of

maximum curvature. The surface temperature non-uniformity increases in the initial heating period

due to the non-uniform heat flux at the droplet surface. Then it decreases through the heat transfer

inside the droplet. The evaporation flux in the regions of higher curvature also has a higher value [71].

The �2 law is observed after the initial heating period for spherical and spheroidal droplets. The

evaporation process drives the droplet more spherical, but very slowly.

Fuel droplets, medical aerosols, and so on, consist of various components that have different physical

properties. Different components may evaporate at different rates. Thus, a gradient of the component

concentration inside the droplet develops. Therefore, the mass and heat diffusion of each component

inside the droplet need to be taken into account. The Discrete Component Model is suitable in the

case when the number of components is small. Tong and Sirignano [85] proposed an evaporation

model for a single-component or bi-component droplet in a hot convective gas stream. For a single-

component droplet, the gas- and liquid-phase analyses are coupled through the evaporation. The liquid

heat equation is solved in a streamline coordinate, considering the internal circulation and droplet

evaporation. The momentum and continuity equations in the gas boundary layer are transformed into

the Blasius equations. The surface temperature is obtained from a Volterra-type integral equation

derived from the energy balance [86]. For a bi-component droplet, the Spalding mass transfer number

in the gas phase is modified, and the species equation in the liquid phase is additionally solved.

Similar to the solution of a single-component droplet, the equations are first transformed into several

first-order ordinary differential equations, and numerically solved by a second-order Runge-Kutta

scheme. Maqua et al. [87] investigated the evaporation of a bi-component droplet in a hot gas. The

temperature was measured, based on the three-colour laser-induced fluorescence technique, by adding

a fluorescent organic dye to the droplet. The numerical model considers the droplet heating with the

internal circulation and liquid composition by a Discrete Component Model. The experimental and

numerical results for droplet evaporation in a hot air plume are in good agreement. More studies

on a droplet of a small number of components can be found in [88–90]. For droplets of a large

number of components, the Discrete Component Model becomes less effective, and the Continuous

Thermodynamics approach [91, 92] or the Distillation Curve model [93] are typically suitable.

Although extensive studies on droplet evaporation exist, the effect of a moving interface on droplet

evaporation has received relatively limited attention. The evaporation of deformed droplets has been
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discussed. However, in many models the droplet shape is assumed to remain stable and the quasi-steady

assumption is typically adopted. Therefore, relaxing the quasi-steady assumption, and investigating

the effect of a moving interface on the evaporation characteristics are the main focus of the present

work. Other factors, such as temperature variation and temperature dependence of thermophysical

properties, are neglected in the present study.
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Chapter 3. Governing Equations and Mathematical Framework

This section presents the formulation adopted in the present study. The governing equations describing

the two-phase flow and interfacial mass transfer are first presented. The equations are subsequently

non-dimensionalized, and the relevant physical parameters are identified.

To describe the deformation of the droplet surface, a generalized spheroidal coordinate system is

employed. Under the assumption that the droplet maintains a spheroidal shape, the moving-boundary

problem is reformulated as a problem with a fixed boundary in a time-dependent coordinate system.

The interface motion is then characterized by a deformation parameter that varies in time. This

geometric treatment enables the separation of variables of the Laplace equation and provides a

convenient basis for the subsequent oscillation and evaporation analyses.

The classical normal mode representation of droplet oscillation based on spherical harmonics is first

revisited as a reference formulation. The spheroidal geometric description adopted in the present study

is then compared with the classical spherical harmonic representation truncated at the mode ; = 2.

The modelling hierarchy employed in this study is established. The underlying assumptions, such as

potential flow behaviour and geometric constraints, are clearly stated in order to define the scope of

applicability of the analytical framework.

Numerical tools are briefly introduced at the end of this section. They serve as a complementary

approach to the analytical model and allow the investigation of physical effects that are not captured

under the simplifying assumptions. The detailed analyses are presented in Chapters 4 and 5.

3.1 Physical Configuration

We consider a deforming droplet undergoing axisymmetric oscillations while evaporating into a sur-

rounding gaseous environment. The system is treated within the framework of continuum mechanics.

At any time C, the moving interface Ξ„C” separates the time-dependent domains Ω‚„C” and Ω�„C”.

Their surfaces are denoted by mΩ‚„C” and mΩ�„C”, respectively, as illustrated in Fig 1. The interface

Ξ„C” constitutes the common boundary between the two domains. =‚ and =� are normal vectors of the

dividing surface. On the interface Ξ„C”, they satisfy =‚ = �=�.

In the present thesis, Ω�„C” corresponds to the liquid droplet, whereas Ω‚„C” denotes the surrounding

gas phase composed of vapour of the droplet liquid and the inert air.

The instantaneous volume of the droplet is defined as

+>; „C” =
∫
Ω� „C”

d+, (3.1)
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Figure 1: Schematic representation of the domains Ω‚ and Ω� separated by the interface Ξ.

and the corresponding volume-equivalent radius '„C” is introduced through

'„C” =
(
3+>; „C”

4c

)1�3
(3.2)

This radius provides a natural reference length scale and allows a consistent description of both

oscillation deformation and evaporation-induced volume decrease. In the absence of evaporation,

'„C” remains constant and coincides with the initial droplet radius.

Both phases are assumed incompressible and Newtonian. Surface tension acts at the interface and

contributes to the normal stress balance through the local curvature. Mass transfer across the interface

is driven by vapour diffusion in the gas phase. Gravitational effects are neglected, consistent with

droplets sufficiently small for capillary forces to dominate.

The governing equations and interfacial conditions corresponding to this configuration are introduced

in the following sections.

3.2 Conservation Equations

The governing equations are formulated within the framework of continuum mechanics. The physical

configuration introduced in Section 3.1 consists of two domains, separated by a dividing interface.

Although the problem involves two phases, the local conservation equations are first introduced within

each phase. We consider a material volume Ω„C” that moves with the local fluid velocity, bounded by

a closed surface mΩ„C”.

To relate the time change rate of a mass-specific quantityΨ insideΩ„C” to local variables, the Reynolds

transport theorem is employed [94–96]:

3

3C

∫
Ω„C”

dΨ3+ =

∫
Ω„C”

m „dΨ”
mC

3+ ‚
∫
mΩ„C”

dΨD � =3( (3.3)
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= denotes the outward unit normal vector on mΩ„C”. Using the divergence theorem to convert the

surface integral into a volume integral yields:

3

3C

∫
Ω„C”

dΨ3+ =

∫
Ω„C”

(
m „dΨ”
mC

‚ r � „dΨD”
)
3+ (3.4)

This identity establishes the connection between the integral formulation of the conservation laws and

their local differential form. In the following subsections, each conservation law is first written in

integral form and subsequently localized.

3.2.1 Mass and Species Conservation

The conservation of total mass over the material volume Ω„C” requires:

3

3C

∫
Ω„C”

d3+ = 0 (3.5)

Using the Reynolds transport theorem introduced above and applying the divergence theorem by

setting Ψ = 1, the integral balance can be written as:∫
Ω„C”

(
md

mC
‚ r � „dD”

)
3+ = 0 (3.6)

Since Ω„C” is arbitrary, the integrand must be zero:

md

mC
‚ r � „dD” = 0 (3.7)

For incompressible flow within each phase, where the density is constant, the continuity equation

reduces to

r � D = 0 (3.8)

In many low-Mach-number flows ("0 < 0.3), compressibility effects are small. In this thesis, both

phases are treated as incompressible. In the presence of droplet evaporation, the gas phase is a mixture

of vapour and air, not a single-component fluid. Evaporation is described by a convection-diffusion

process of the vapour. Taking into account a fluid consisting of = species, the mass rate of the 8Cℎ

species is equal to the mass diffusion of this species 9 „8” through the volume surface:

3

3C

∫
Ω„C”

d„8”3+ = �
∫
mΩ„C”

9 „8” � =3( (3.9)

Taking Ψ = j„8” , where j„8” = d8

d
is the mass fraction of the 8Cℎ species, the species conservation

equation read:∫
Ω„C”

(
mdj„8”

mC
‚ r � „dj„8”D” ‚ r � 9 „8”

)
3+ = 0 (3.10)
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then the differential form is:

m „dj„8””
mC

‚ r � „dj„8”D” ‚ r � 9 „8” = 0, >A
m „dj„8””
mC

‚ r � =„8” = 0 (3.11)

where =„8” is the mass flux of 8Cℎ species, consisting of the convective part dj„8”D and the diffusive

part 9 „8”:

=„8” = d„8”D„8” = d„8”D ‚ d„8” „D„8” � D” = dj„8”D ‚ 9 „8” (3.12)

D„8” is the velocity of 8Cℎ species, which is distinguished from the material velocity D. 9 „8” is the diffusive

flux. In the present bi-component mixture, the diffusive flux is described by Fick’s Law [97, 98],

9 „8” = �d� „8”rj„8” , with the mass diffusive coefficient � „8” of 8Cℎ species. Suppose that a material

element at rest has two components of reverse fraction gradient. Due to the species diffusion, the

velocity of the species is not zero, but the average velocity of the two components is the velocity of the

material element (vanishes). This difference, due to the movement of molecules against the gradient

of species fraction, is named diffusive flux. For a multicomponent mixture, the diffusive flux 9 „8”

should be evaluated by Maxwell-Stefan equations [99].

By summation of all species conservation Eqn. 3.11, the mass conservation Eqn. 3.7 is recovered,

since the total diffusive fluxes of all species must be zero
∑=
8=1 9

„8” = 0.

In our present work on droplet evaporation, a single-component droplet is considered and the gas phase

is assumed to consist of two components, vapour and air. Under assumptions of quasi-steadiness of

mass and heat transport through the interface, the species conservation equations are simplified as

r � =„8” = 0. Its analytical solutions can be found in [71, 72].

3.2.2 Momentum Conservation

Newton’s second law states that the momentum change rate of an object is equal to the forces acting

on it [100]. Setting Ψ = D, we derive:∫
Ω„C”

(
m „dD”
mC
‚ r � „dDD”

)
3+ =

∫
Ω„C”

d 5 3+ ‚
∫
mΩ„C”

g � =3(

=

∫
Ω„C”
„d 5 � r? ‚ r � (”3+ (3.13)

where 5 denotes the volume force and g = �?� ‚ ( represents the Cauthy stress tensor acting

on the surface, with the thermodynamic pressure ?, unit tensor � and the deviatoric stress tensor

( = `
(
rD ‚ „rD”)

)
(` dynamic viscosity)) [101, 102].

The differential form reads:

m „dD”
mC
‚ r � „dDD” = d 5 � r? ‚ r � ( (3.14)
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3.2.3 Energy Conservation

For a material volumeΩ„C”, the energy balance is expressed in terms of the specific enthalpy ℎ [103]:

3

3C

∫
Ω„C”

dℎ3+ = �
∫
mΩ„C”

@ � =3( ‚
∫
Ω„C”

3„<” ?

3C
3+ ‚

∫
Ω„C”

( : rD3+ (3.15)

where the diffusive heat flux @ is generally evaluated by Fourier’s Law @ = �_r) (_ thermal

conductivity) [104, 105] and 3 „<”
3C

= m
mC
‚ D � r is the material derivative. The local differential form

becomes:

m „dℎ”
mC
‚ r � „dDℎ” = �r � @ ‚

3„<” ?

3C
‚ ( : rD (3.16)

For small Eckert numbers, the viscous heating term ( : rD is negligible. In most practical applications,

the pressure work term can be neglected unless the fluid undergoes a significant pressure change or the

Mach number is large. In the analytical evaporation model introduced later, the energy equation is not

solved. However, it is included here for completeness and for the consistency with DNS simulations,

where the temperature field is computed.

3.3 Jump Conditions, Evaporation Flux and Evaporation Rate

To obtain the interfacial jump conditions, we now consider an arbitrary control volume that may

intersect a moving interface Ξ, as illustrated in Fig 1. In the present work the liquid-gas interface that

distinguishes the continuous (gaseous) from the discontinuous (liquid) phase [106, 107], is simplified

as a dividing surface, rather than a region of the thickness of several molecular diameters. Across

which, field variables (e.g. density and velocity) may be discontinuous. The control volume is split

into two domains Ω‚ and Ω�, separated by Ξ. Their outer boundaries are denoted by mΩ‚ and mΩ�,

respectively. The normals =‚ and =� correspond to the unit normal vectors of Ω‚ and Ω� on Ξ. In the

followings, the gaseous (subscript �) and liquid (subscript !) phases correspond to domain Ω‚ and

Ω�. The unit normal vector of the interface = is set as = = =‚ = �=�. + refers the interface velocity.

For a specific quantity Ψ, we have:

3

3C

∫
Ω‚
dΨ3+ =

∫
Ω‚

mdΨ

mC
3+ ‚

∫
mΩ‚

dΨD � =3( ‚
∫
Ξ

„dΨ”‚+ � „�=‚”3( (3.17)

and

3

3C

∫
Ω�
dΨ3+ =

∫
Ω�

mdΨ

mC
3+ ‚

∫
mΩ�

dΨD � =3( ‚
∫
Ξ

„dΨ”�+ � „�=�”3( (3.18)

where the minus sign in the last integrand is due to the chosen normal. „dΨ”‚, „dΨD”‚ and „dΨ”�,

„dΨD”� are the values approaching the dividing surface from the two regions. Summing the last two
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equations, we have:

3

3C

∫
Ω

dΨ3+ =

∫
Ω

mdΨ

mC
3+ ‚

∫
mΩ‚Ξ

dΨD � =3( ‚
∫
Ξ

„dΨD”‚ � =‚3(

‚
∫
Ξ

„dΨD”� � =�3( ‚
∫
Ξ

�„dΨ”‚+ � =‚3( ‚
∫
Ξ

�„dΨ”�+ � =�3(

=

∫
Ω

mdΨ

mC
3+ ‚

∫
mΩ‚Ξ

dΨD � =3( ‚
∫
Ξ

[
„dΨ”‚„D‚ �+” � „dΨ”�„D� �+”

]
� =3(

=

∫
Ω

(
mdΨ

mC
‚ r � „dΨD”

)
3+ ‚

∫
Ξ

[
„dΨ”‚„D‚ �+” � „dΨ”�„D� �+”

]
� =3( (3.19)

3.3.1 Jump Conditions

Now the conservation equations containing a dividing surface between gaseous and liquid phases are

discussed, from which the jump conditions are derived.

By setting Ψ = 1 in Eqn. 3.19, we have the integral mass balance for a control volume intersected by

the interface:∫
Ω

(
md

mC
‚ r � „dD”

)
3+ ‚

∫
Ξ

»d� „D� �+” � d! „D! �+”… � =3( = 0 (3.20)

Since the local mass conservation equation holds within each bulk phase, the volume integral vanishes.

Therefore, we have the mass jump condition:

d� „D�,= �+=” = d! „D!,= �+=” (3.21)

Setting Ψ = j„8” in Eqn. 3.19, for the 8Cℎ species, we obtain the species conservation equation

containing a dividing surface:∫
Ω

(
mdj„8”

mC
‚ r � „dj„8”D”

)
3+ ‚

∫
Ξ

[
d� j

„8”
�
„D� �+” � d!j„8”! „D! �+”

]
� =3(

= �
∫
mΩ

9 „8” � =3( = �
∫
Ω

r � 9 „8”3+ ‚
∫
Ξ

„� 9 „8”
�
‚ 9 „8”

!
” � =3(

= �
∫
Ω

r � 9 „8”3+ ‚
∫
Ξ

[
�d� j„8”� „D

„8”
�
� D�” ‚ d!j„8”! „D

„8”
!
� D!”

]
� =3( (3.22)

or ∫
Ω

(
mdj„8”

mC
‚ r � „=„8””

)
3+ ‚

∫
Ξ

[
d� j

„8”
�
„D„8”
�
�+” � d!j„8”! „D

„8”
!
�+”

]
� =3( = 0 (3.23)

Recalling Eqn. 3.11, the first integration is zero within each phase. Thus we have the species jump

condition for any port of fluid:

d� j
„8”
�
„D„8”
�,=
�+=” = d!j„8”! „D

„8”
!,=
�+=” (3.24)
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In the present work, the gaseous phase consists of vapour(superscript E) and air (superscript 0):

d� j
E
� „D

E
�,= �+=” = d! „D!,= �+=”

d� j
0
� „D

0
�,= �+=” = 0 (3.25)

Summing species jump conditions Eqn. 3.24, the mass jump condition Eqn. 3.21 is recovered.

Setting Ψ = D in Eqn. 3.19, we obtain the momentum equation containing a dividing surface:∫
Ω

(
mdD

mC
‚ r � „dDD”

)
3+ ‚

∫
Ξ

»d�D� „D� �+” � d!D! „D! �+”… � =3(

=

∫
Ω

d 5 3+ ‚
∫
mΩ

g � =3(

=

∫
Ω

d 5 3+ ‚
∫
Ω

r � g3+ ‚
∫
Ξ

„g� � g!” � =3( (3.26)

Comparing with Eqn. 3.13, we have a vector momentum jump condition:

»d�D� „D� �+” � g�… � = = »d!D! „D! �+” � g!… � = (3.27)

Here dD„D � +” is a dyadic tensor. By projecting the vector momentum jump condition onto the

normal direction of the interface, considering the surface tension and neglecting the viscous normal

stresses = � ( � =, we have:

d�D�,= „D�.= �+=” ‚ ?� ‚ fr � = = d!D!,= „D!,= �+=” ‚ ?! (3.28)

where f is the surface tension coefficient and r � = represents the local curvature of the dividing

surface [95].

Again settingΨ = 4‚ 1
2 jD j

2 (4 internal energy) in Eqn. 3.19, we derive the energy equation containing

a dividing surface:

∫
Ω

©­­«
md

(
4 ‚ 1

2 jD j
2
)

mC
‚ r �

(
dD„4 ‚ 1

2
jD j2”

)ª®®¬ 3+
‚

∫
Ξ

[
d�

(
4� ‚

1
2
jD� j2

)
„D� �+” � d!

(
4! ‚

1
2
jD! j2

)
„D! �+”

]
� =3(

= �
∫
mΩ

@ � =3( ‚
∫
Ω

d 5 � D3+ ‚
∫
mΩ

g � D � =3(

= �
∫
Ω

r � @3( �
∫
Ξ

„@� � @!” � =3( ‚
∫
Ω

d 5 � D3+

‚
∫
Ω

r � „g � D”3+ ‚
∫
Ξ

„D� � g� � D! � g!” � =3( (3.29)
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Comparing with the total energy equation in each phase, we obtain the energy jump condition:

d�

(
4� ‚

1
2
jD� j2

)
„D�,= �+=” ‚ @� � = � D� � g� � =

= d!

(
4! ‚

1
2
jD! j2

)
„D!,= �+=” ‚ @! � = � D! � g! � = (3.30)

or with ℎ = 4 ‚ %
d

:

d�

(
ℎ� ‚

1
2
jD� j2

)
„D�,= �+=” ‚ @� � = ‚ D�,=fr � = ‚ ?�+= � D� � (� � =

= d!

(
ℎ! ‚

1
2
jD! j2

)
„D!,= �+=” ‚ @! � = ‚ ?!+= � D! � (! � = (3.31)

Comparing with Eqn. 3.21, and neglecting pressure term, the viscous normal stress and the kinetic

energy, we have:

d� „D�,= �+=”Δ�E � _�r)� � = = �_!r)! � = (3.32)

Here Δ�E = ℎ� � ℎ! is the latent heat.

3.3.2 Evaporation Flux and Evaporation Rate

As described in the previous section, this work considers a single-component droplet in a gaseous

environment consisting of vapour and air. The evaporation flux is defined as:

=4E = d
E
� „D

E
�,= �+=” = d� „D�,= �+=” = d! „D!,= �+=” (3.33)

by the mass and species jump conditions Eqn. 3.21 and 3.25, it describes the mass flux per unit area

through the interface. It is distinguished from the vapour flux =E = dE
�
DE
�

defined by Eqn. 3.12, the

evaporation flux is defined not only at the interface but also in the whole gaseous phase.

Eliminating +=, we have =4E = dE�
(
DE
�,=
‚ =4E

d�
� D�,=

)
. Then, by Fick’s law 9 E= = d

E
�
„DE
�,=
� D�,=” =

�d��Er=jE, we derive the evaporation flux of the form:

=4E = �d��E 1
1 � jEr=j

E (3.34)

which is also implemented in an in-house code Free Surface 3D (FS3D) that will be described in

Section 3.9 [108,109]. It is taken as positive when mass is transferred from the liquid to the gas phase.

The evaporation flux is enhanced by a factor 1
1�jE than the pure diffusive flux. This enhancement is

due to the Stefan flow [110]. The ‘evaporation flux’ of air must be zero, =04E = d0
�
„D0
�,=
� +=” = 0.

It could be written as the summation of the diffusive part 90 = d0
�
„D0
�,=
� D�,=” and convective

part d0
�
„D�,= � +=”, =04E = 90 ‚ d0

�
„D�,= � +=”. The diffusive flux of air 90 is the opposite of the
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diffusive flux of the vapour 9 E and does not vanish. So it leads to the additional velocity of the

mixture of air and vapour (D�,= distinguishes from +=). Therefore, the evaporation flux of vapour

=4E = 9 E ‚ dE
�
„D�,= �+=” is enhanced. When existing the bulk velocity, the vapour concentration field

is redistributed and the normal gradient of vapour concentration r=jE varies. Under quasi-steady

assumptions [71,72], the normal interface velocity+= is considered as zero. At the interface, =4E = =E

is satisfied (the vapour flux has no tangent component under quasi-steady conditions). The steady

species conservation equation r=E = 0 is solved. The analytical solutions for the vapour distribution

and vapour flux are obtained, as well as the evaporation flux [71].

The evaporation rate ⁄" of droplet evaporation is evaluated by integrating the evaporation flux over

the droplet surface:

⁄" =

∫
mΩ

=4E3� (3.35)

here 3� represents the surface element, its formulation depends on the choice of the coordinate,

introduced in Section 3.6. In the analytical model framework developed in Section 5, the evaporation

flux is determined from the vapour convection-diffusion equation in the gas phase.

3.4 Non-dimensionalization and Dimensionless Groups

To non-dimensionalise the governing equations, the volume-equivalent radius ' is chosen as the

characteristic length scale. The characteristic time scale of oscillation is Cl = 1
l!

with the oscillation

frequency l! , and the characteristic time scale of the diffusion is C� = '2

�
with the binary diffusivity

of the vapour in the gas. Then the dimensionless variables are defined as:

G� =
G

'
, C� = l!C, D� =

D

'l!
, ?� =

?'

f
, l� =

l

l!
(3.36)

here G represents the coordinate andl is the vorticity, to be distinguished from the oscillation frequency

l! .

The dynamic viscosity ` is assumed to be constant, then the dimensionless momentum equation reads:

d'3l2
!

f

(
mD�

mC�
‚ D� � r�D�

)
= �r�?� ‚ `l!'

f
r�2D� (3.37)

By considering the oscillation frequency l! � l2 =
√

8f
d'3 , where l2 is the oscillation frequency in

mode 2 by Rayleigh [5], the coefficient in the viscous term becomes:

`l!'

f
�
p

8
`

p
df'

=
p

8$ℎ (3.38)
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where Ohnesorge number$ℎ = `p
df'

compares the viscous diffusion time scale '2

a
with the oscillation

time scale Cl = 1
l!

. Small $ℎ number indicates weak viscous damping of the oscillations.

When neglecting the geometry stretching terml � rD in the vorticity equation due to the axisymmetric

oscillation, the nondimensional vorticity equation reads:

ml�

mC�
‚ D� � r�l� = a

l!'
2r
�2l (3.39)

where a = `

d
is kinematic viscosity. The penetration depth of the disturbance X is defined as:

X =

√
a

l!
(3.40)

It represents the oscillatory viscous layer thickness [37]. When no convective term is considered, it

reduces to a one-dimensional Stokes oscillation problem.

In the presence of the evaporation, the vapour transport in the gas phase is described by the species

conservation equation. Its dimensionless form reads:

mj

mC�
‚ D� � r�j = �

l!'
2r
�2j (3.41)

In the following part of this thesis, j refers to the vapour mass fraction in the gas phase for simpli-

fication. %4 = l!'
2

�
is the Péclet number, defined as the ratio between the characteristic oscillatory

advection velocity scale 'l! and the diffusive transport velocity scale �
'

. Equivalently, it also rep-

resents the time scale ratio of diffusion to oscillation %4 =
C�
Cl

. For %4 << 1, the quasi-steady

assumption holds, the convective transport induced by a moving interface is ignored (but the Stefan

flow still needs to be considered) [71, 72]. In this thesis, the effect of the moving interface on the

evaporation characteristics is the main focus. So %4 will be set of order $ „1” in the analytical model,

and the convection-diffusion equation of the vapour is solved.

3.5 Potential Flow and Laplace’s Equation

In the analytical modelling framework adopted in this thesis, the flow fields inside and outside the

droplet are described under the assumption of potential flow. Specifically, the flow is assumed inviscid

and irrotational, so that r � D = 0 and the velocity can be represented by a velocity potential Φ,

D = rΦ. The incompressible flow is assumed, i.e. r � D = 0. Then the velocity potential satisfies the

Laplace equation r2Φ = 0.

Although the instantaneous velocity field is described as inviscid and irrotational, viscosity is taken

into account by energy dissipation in the evolution equation of the oscillation amplitude, instead of

entering the momentum equation. Following the strategy introduced by Tonini and Cossali [42], the
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instantaneous spatial structure of the flow is determined from the solution of the Laplace’s equation

under the assumption of potential flow, while energy dissipation due to the viscosity modifies the

temporal evolution of the oscillation. In this way, the model combines an irrotational and inviscid

description for the instantaneous flow field with a dissipative temporal evolution for the droplet

oscillation.

The Laplace equation of a scalar 5 is written as [99, 111, 112]:

r2 5 = 0 (3.42)

Its general harmonic solution in a spherical coordinate system „A, \, i” reads (refer to Appendix A.1):

5 „A, \, i” =
1∑
;=0

;∑
<=�;

(
�<; A

; ‚ �<; A
�„;‚1”

)
%<; „2>B„\””4

8<i (3.43)

Here %<
;
„2>B„\”” is the associated Legendre functions of the first kind (Appendix A.2). For the

axisymmetric droplet, only the case < = 0 remains. To exclude the singularity at the center of the

droplet, the general solution inside the droplet is given as:

5 =

1∑
;=0

�;A
;%; „2>B\” (3.44)

While boundedness at infinity limits the solution outside the droplet:

5 =

1∑
;=0

�;A
�„;‚1”%; „2>B\” (3.45)

3.6 Prolate/Spherical/Oblate Coordinate System and Generalized Spheroidal

Coordinate System

For an oscillating droplet, the time-dependent deformation of the introduces a moving boundary

in the governing equations. A convenient mathematical strategy consists in introducing curvilinear

coordinate systems in which the droplet surface coincides with a coordinate surface [99]. In this way,

the boundary conditions can be imposed on a fixed coordinate location, while the time dependence is

transferred to the coordinate mapping.

Among orthogonal curvilinear coordinate systems, the prolate, spherical and oblate systems are

particularly suitable, since their coordinate surfaces include spheroidal geometries. These systems

can be described within a unified formulation by introducing a deformation parameter that determines

whether the geometry is prolate, spherical or oblate, as illustrated in Figure 2 [42], which introduces

a generalized spheroidal coordinate system „k, [, i”.
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By allowing the deformation parameter to vary in time, the instantaneous droplet surface is represented

as a coordinate iso-surface, which simplifies the solution of Laplace’s equation and the imposition of

interfacial conditions.

Figure 2: The generalized spheroidal coordinate system „k, [, i”: ( < 0, prolate shape (left); ( = 0,
spherical shape (middle); ( > 0, oblate shape (right).

3.6.1 Prolate Coordinate System

A prolate coordinate system „Z, [, i” is defined through [99, 113]:

G = 0 5

√
Z2 � 1

√
1 � [22>B„i”

H = 0 5

√
Z2 � 1

√
1 � [2B8=„i” (3.46)

I = 0 5 Z[

where (Z, [, i) takes Z 2 »1,‚1”, [ 2 »�1, 1…, and i 2 »0, 2c”. Focus length 0 5 is the half-distance

between the two focus point. The transformation is invertible within the admissible coordinate ranges.

In particular, i = 0A2C0=„ H
G
”, while Z and [ follow uniquely from the defining relations above.

Sometimes [ is written as 2>B„\” (note that here \ is the spheroidal angle in a spheroidal coordinate

system, distinguished from the polar angle \ in a spherical coordinate system). Z = 2>=BC. represents

a prolate spheroid and [ = 1 refers to a hyperboloid. Taking Z = 2>=BC. as a prolate ellipsoid, we

have 0A = 0 5
√
Z2 � 1 and 0I = 0 5 Z . Therefore, G

2‚H2

02
A
‚ I2

02
I
= 1 is satisfied. The volume-equivalent

radius of this prolate ellipsoid is ' =
(

3+>;
4c

)1�3
= 0 5

Y1�3

j1�Y2 j1�2 (+>; is the volume). The scale factors

ℎZ , ℎ[, ℎi and their product 61�2 are:

ℎZ = 0 5

√
Z2 � [2√
Z2 � 1

, ℎ[ = 0 5

√
Z2 � [2√
1 � [2

ℎi = 0 5

√
Z2 � 1

√
1 � [2, 61�2 = ℎZℎ[ℎi = 0

3
5 „Z

2 � [2” (3.47)
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The surface element of a prolate spheroid at Z = 2>=BC. is 3� = ℎ[ℎi3[3i = 02
5

√
Z2 � [2

√
Z2 � 13[3i.

3.6.2 Spherical Coordinate System

A spherical coordinate system „A, [, i” is defined through [99, 113]:

G = A
√

1 � [22>B„i”

H = A
√

1 � [2B8=„i” (3.48)

I = A[

where (A, [, k) takes A 2 »0,‚1”, [ 2 »�1, 1…, and i 2 »0, 2c”. A = 2>=BC. represents a sphere

and [ = 2>=BC. refers to a circular cone. The spheroidal angle \B?ℎ4A>830; in a spheroidal coordinate

system and the polar angle \B?ℎ4A820; in a spherical coordinate can be transformed by 2>B„\B?ℎ4A>830;” =
1p

1‚Y2C0=2 „\B?ℎ4A820;”
. The scale factors ℎA , ℎ[, ℎi and their product 61�2 are:

ℎA = 1, ℎ[ =
A√

1 � [2
, ℎi = A

√
1 � [2, 61�2 = ℎAℎ[ℎi = A

2 (3.49)

The surface element of a sphere at A = 2>=BC. is 3� = ℎ[ℎi3[3i = A23[3i (= A2B8=„\”3\3i when

writing [ as 2>B„\”).

3.6.3 Oblate Coordinate System

Similar to a prolate coordinate system, an oblate coordinate system „Z, [, i” is defined through

[99, 113]:

G = 0 5

√
Z2 ‚ 1

√
1 � [22>B„i”

H = 0 5

√
Z2 ‚ 1

√
1 � [2B8=„i” (3.50)

I = 0 5 Z[

where (Z, [, i) takes Z 2 »0,‚1”, [ 2 »�1, 1…, and i 2 »0, 2c”. Z = 2>=BC. represents an oblate

spheroid and [ = 1 refers to a hyperboloid. 0 5 is also the focus length. Taking Z = 2>=BC. as an oblate

ellipsoid, we have 0A = 0 5
√
Z2 ‚ 1 and 0I = 0 5 Z . Therefore, G2‚H2

02
A
‚ I2

02
I
= 1 is also satisfied. The

volume-equivalent radius of this oblate ellipsoid is ' = 0 5 Y1�3

j1�Y2 j1�2 , too. The scale factors ℎZ , ℎ[, ℎi

and their products 61�2 are:

ℎZ = 0 5

√
Z2 ‚ [2√
Z2 ‚ 1

, ℎ[ = 0 5

√
Z2 ‚ [2√
1 � [2

ℎi = 0 5

√
Z2 ‚ 1

√
1 � [2, 61�2 = ℎZℎ[ℎi = 0

3
5 „Z

2 ‚ [2” (3.51)

The surface element of an oblate spheroid at Z = 2>=BC. is 3� = ℎ[ℎi3[3i = 02
5

√
Z2 ‚ [2

√
Z2 ‚ 13[3i.
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3.6.4 Generalized Spheroidal Coordinate System

The prolate and oblate coordinate systems have many similarities. The focal point of a prolate and

oblate coordinate system is on the I-axis and A-axis, respectively. The spherical coordinate system

can be regarded as a particular spheroidal coordinate system with the focus point at the origin. A

generalized spherical coordinate system unifies a prolate/spherical/oblate coordinate system by a

time-dependent deformation parameter („C”, introduced in [42].

A generalized spheroidal coordinate system in [42] is defined as:

G =
'

„1 ‚ (”1�3
√
q2 ‚ (

√
1 � [22>B„i”

H =
'

„1 ‚ (”1�3
√
q2 ‚ (

√
1 � [2B8=„i” (3.52)

I =
'

„1 ‚ (”1�3
q[

where (q, [, k) takes q 2 »0,‚1” for ( � 0 and q 2 »j( j1�2,‚1” for ( < 0, [ 2 »�1, 1…, and

i 2 »0, 2c”. ' is the volume-equivalent radius and ( 2 „�1,‚1” is the deformation parameter that

is related to aspect ratio Y as Y = qp
q2‚(

, as reports in Figure 3, which illustrates a prolate and oblate

droplet of the semi-axes 0A and 0I in a cylindrical coordinate system. ( < 0, ( = 0, and ( > 0

correspond to a prolate, spherical, and oblate coordinate system, respectively. By ( = 0 and A = 'q,

the spherical coordinate system is recovered. By Z2 =
q2

j( j and 0 5 = '

„1‚(”1�3 j( j
1�2, the prolate and

oblate spheroidal coordinate systems are recovered.

q = 2>=BC. represents a spheroid (sphere as ( = 0) and [ = 2>=BC. refers to a hyperboloid (circular

cone as ( = 0). Taking q = 2>=BC. as a spheroid, of which the semi-axis is 0A = '

„1‚(”1�3
√
q2 ‚ ( and

0I =
'

„1‚(”1�3 q. Its volume is +>; = 4
3c0

2
A0I =

4
3c'

3 „q2‚(”q
„1‚(” .

In the analytical modelling framework of this thesis, the droplet surface is represented as a coordinate

iso-surface q = 2>=BC.. The volume of the spheroid at q = 1 is +>; = 4
3c'

3, independent of ( (the

spheroidal shape). Therefore, in the generalized spheroidal coordinate system, q = 1 represents the

surface of an oscillating spheroidal droplet. For an oscillating droplet, ' is constant, while for an

evaporating droplet, the volume-equivalent radius ' varies in time. At the droplet surface q = 1, the

aspect ratio Y = 0I
0A
= 1p

1‚(
. And the deformation parameter ( is 1�Y2

Y2 . As the droplet oscillates, the

deformation parameter („C” is time-varying, and the droplet oscillation can be completely described

by („C” [42].

q 2 »j( j1�2, 1… for ( < 0 and q 2 »0, 1… for ( � 0 refers to the liquid phase, and q 2 „1,‚1” represents

the gaseous phase. The generalized spheroidal coordinate system constructed in this way brings great

convenience to the problem of an oscillating droplet, whose surface is represented by a spheroidal
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Figure 3: A prolate (left) and oblate (right) droplet of semi-axes 0A and 0I

shape. One of the challenges in handling an oscillating droplet is the moving boundary problem,

the location of the interface is time-varying in a time-fixed coordinate system, and the coordinates

of the interface must be evaluated at each moment. But in this time-varying generalized spheroidal

coordinate system, which is described by a time-varying deformation parameter (, the interface is

located at the time-independent coordinate surface q = 1. The time-varying deformation parameter

(„C” and constant equivalent radius ' refer to an oscillating droplet without evaporation, which is

discussed in Section 4.1. The constant deformation parameter ( and time-varying equivalent radius

'„C” correspond to a shrinking or expanding droplet of the same shape. As for both time-varying

deformation parameter („C” and equivalent radius '„C”, an oscillating and evaporating droplet is

represented, which is adopted in Section 5.1.

The oscillating droplet shape is given by the time-varying deformation parameter ( = 1�Y2

Y2 . The

deformation parameter ( is evaluated by numerically solving the second-order nonlinear ordinary

differential energy equation [42] (see Section 4.1):

(CC �
7
6
Ω1„(”(2

C ‚
5
p

2
2
l2$ℎΩ2„(”(C ‚ l2

2Ω3„(”( = 0 (3.53)

here (CC represents the second order derivative of ( with respect to time C, and $ℎ is the Ohnesorge

number. l2 is the oscillation frequency in the second mode by normal mode analysis (refer to Section

3.7). Ω1„(”,Ω2„(” and Ω3„(” are coefficients dependent of droplet shape (, viscosity ratio `�
`!

and

density ratio d�
d!

.
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The scale factors ℎq, ℎ[, ℎi and their product 61�2 in this generalized spheroidal coordinate system are

(refer to Appendix A.3):

ℎq =
'

„1 ‚ (”1�3

√
q2 ‚ ([2√
q2 ‚ (

, ℎ[ =
'

„1 ‚ (”1�3

√
q2 ‚ ([2√

1 � [2

ℎi =
'

„1 ‚ (”1�3
√
q2 ‚ (

√
1 � [2, 61�2 = ℎqℎ[ℎi =

'3

„1 ‚ (” „q
2 ‚ ([2” (3.54)

The surface element of the spheroid at q = 1 is:

3� = ℎ[ℎi3[3i =
'2

„1 ‚ (”2�3
√
q2 ‚ ([2

√
q2 ‚ (3[3i

q=1
=

'2

„1 ‚ (”2�3
√

1 ‚ ([2
p

1 ‚ (3[3i (3.55)

The surface area of this spheroid is evaluated by:

�B?ℎ4A>83 =

∫
mΩ

3� =

∫ 2c

0

∫ 1

�1

'2

„1 ‚ (”2�3
√

1 ‚ ([2
p

1 ‚ (3[3i

= 2c
'2

„1 ‚ (”1�6
2
p
(

(√
1 ‚ ([2

√
([2

2
‚
;=j

√
1 ‚ ([2 ‚

√
([2 j

2

)�����[=1

0

= 2c
'2

„1 ‚ (”1�6
©­«
p

1 ‚ ( ‚
0C0=ℎ„

p
(p

1‚(
”

p
(

ª®¬ (3.56)

This is available for all the shapes, whether ( < 0, ( = 0 or ( > 0 (refer to Appendix A.4).

In the following discussions, q = 1 represents the droplet interface and ' refers to the equivalent

radius. If the gaseous phase (q 2 „1,‚1”) is investigated, it could be more convenient to transform

k = 1
q

to make the computational domain finite (k 2 „0, 1”), where k = 0 corresponds to infinity and

k = 1 refers to the interface. Then the coordinate system for the gas phase is:

G =
'

„1 ‚ (”1�3

√
1 ‚ (k2

k

√
1 � [22>B„i”

H =
'

„1 ‚ (”1�3

√
1 ‚ (k2

k

√
1 � [2B8=„i” (3.57)

I =
'

„1 ‚ (”1�3
1
k
[

with the scale factors ℎk , ℎ[, ℎi and their product 61�2 (Appendix A.3):

ℎk =
'

„1 ‚ (”1�3

√
1 ‚ ([2k2

k2
p

1 ‚ (
, ℎ[ =

'

„1 ‚ (”1�3

√
1 ‚ ([2k2

k
√

1 � [2

ℎi =
'

„1 ‚ (”1�3

√
1 ‚ (k2

√
1 � [2

k
, 61�2 = ℎkℎ[ℎi =

'3

„1 ‚ (”
1 ‚ ([2k2

k4 (3.58)
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Notice that the scale factors of (k, [, i) cannot be obtained by substituting k = 1
q

in the scale factors

of (q, [, i) (Appendix A.3). Since i is the azimuthal angle, the generalized spheroidal coordinate

system in 2D reads:

A =
'

„1 ‚ (”1�3

√
1 ‚ (k2

k

√
1 � [2

I =
'

„1 ‚ (”1�3
1
k
[ (3.59)

with A2 = G2‚ H2. The interface velocity (at k = 1)+ is evaluated by+ = „+A , +I” =
(
3A
3C

��
k=1 ,

3I
3C

��
k=1

)
.

Then, the normal interface velocity += is derived (refer to Appendix A.5):

+= = + � = = „+A , +I” � ©­«
√

1 � [2

1 ‚ ([2 ,
[
p

1 ‚ (√
1 ‚ ([2

ª®¬
=

„1 � 3[2”'
6
√

1 ‚ ([2„1 ‚ (”5�6
(C ‚
„1 ‚ (”1�6√

1 ‚ ([2
'C = +>B ‚+Bℎ (3.60)

where = is the unit normal vector of the interface with positive direction towards the gaseous phase.

(C and 'C are the time derivatives of ( and '. The normal interface velocity consists of two parts,

one is due to the droplet oscillation +>B and the other is due to the droplet evaporation/shrinking

+Bℎ. For an oscillating droplet without evaporation, the latter part +Bℎ disappears. Recalling the mass

jump condition Eqn. 3.21 and definition of the evaporation flux Eqn. 3.33, we obtain the boundary

conditions for the liquid and gaseous phase D�,= = += = D!,= for an oscillating droplet without

evaporation, which will be used in the oscillation analysis.

3.7 Normal Mode Analysis of Droplet Oscillation

The instantaneous droplet interface can be described as a perturbation about a spherical reference

configuration of the volume-equivalent radius '. In a spherical coordinate system, the interface

position AB can be written as [6, 9, 10, 114]:

AB „\, i, C” = '„1 ‚ b „\, i, C”” = '„1 ‚
1∑
;=0

;∑
<=�;

�<; „C”%
<
; „2>B„\””4

8<i” (3.61)

where b denotes the surface displacement from the undeformed sphere, %<
;

are the associated Legendre

polynomials and �<
;

are time-dependent modal amplitudes. For axially symmetric configurations, the

dependence on the azimuthal angle vanishes „< = 0”, and the expansion reduces to

AB „\, i, C” = '„1 ‚
1∑
;=0

�; „C”%; „2>B„\””” (3.62)

31



Yueqiao, Hu

The ; = 0 mode corresponds to a uniform radial expansion/shrink, and the ; = 1 represents a

translation of the droplet. The first non-trivial shape deformation arises at mode ; = 2. For inviscid

linear surface-tension-driven oscillations, Rayleigh [5] showed that the natural frequency of the ;Cℎ

mode is

l; =

√
; „; � 1” „; ‚ 1”f

d'3 (3.63)

In particular, the lowest non-trivial deformation mode ; = 2 has the frequency l2 =
√

8f
d'3 . Because

the mode ; = 2 corresponds to the lowest-frequency deformation mode and higher mode experience

rapid decays [9, 17], l2 is commonly adopted as a characteristic oscillation frequency in theoretical

analysis and scaling arguments. The interface is approximated by retaining only the dominant mode

; = 2 in many studies of droplet oscillations:

AB = '„1 ‚ �2„C”%2„2>B„\””” (3.64)

This representation corresponds to the classical spherical harmonic expansion truncated at mode

; = 2, which represents the first order deformation of the small disturbance. In the present analytical

framework, the droplet is instead assumed to maintain a spheroidal shape with semi-axes 0A and 0I.

A spheroidal surface can also be expanded in Legendre polynomials:

AB „\” = '„1 ‚
1∑
;=0

�; „Y”%; „2>B„\””” (3.65)

Due to axial symmetry and reflection symmetry about the equatorial plane, only even-order modes

are present in this expansion. A spheroidal shape satisfies 2D form A2 „1�[2”
02
A
‚ A2[2

02
I
= 1 in the

spherical coordinates „A, [” ([ is the cosine of the polar angle), which satisfies the volume constraint
4c
3 0

2
A0I =

4c
3 '

3. The droplet surface AB reads:

AB „[” =
'Y2�3√

[2 ‚ Y2„1 � [2”
(3.66)

Then, the displacement from the undisturbed surface is 'b „[” = 'Y2�3p
[2‚Y2 „1�[2”

� '. When the droplet

radius is expanded as AB = '„1‚
∑1
;=0�;%; „[””, the coefficients can be evaluated as (Appendix A.2):

�; =
2; ‚ 1

2

∫ 1

�1
b „[”%; „[”3[ (3.67)

The first few coefficients are shown in Figure 4, with respect to Y. As the droplet oscillates, the aspect

ratio varies with time. Thus, the coefficients are also time-dependent. For a spherical shape Y = 1, all

32



Governing Equations and Mathematical Framework

Figure 4: Coefficients �0, �2, �4, �6 with respect to aspect ratio Y.

coefficients are zero. The droplet shape, which is truncated in different modes ; = 2, ; = 4 and ; = 6,

can be referred in Appendix A.2.

Figure 5 compares the droplet shape in mode ; = 2 and the spheroidal droplet shape with the same

volume and aspect ratio Y. For small and medium droplet deformations, both shapes agree well.

As the oscillation amplitude increases, the difference between two shapes becomes larger, since the

droplet shape in mode ; = 2.

Figure 5: The spheroidal droplet shape (blue line) and the droplet shape given by the mode ; = 2 (red
line) with the same volume and aspect ratio, for varied deformations.
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For an oscillating spheroidal droplet with small aspect ratio Y = 1 ‚ n (jn j << 1) and ( = 1�Y2

Y2 , we

have:

( =
1 � Y2

Y2 � �2n (3.68)

Then, a spheroidal surface can be expanded by Eqn. 3.65 and 3.67:

AB = '„1 ‚ �0 ‚ �2%2„[” ‚$ „n2”” (3.69)

with

�0 = �
(2

45
‚$ „n3” = $ „n2”, �2 = �

(

3
‚$ „n2” = $ „n” (3.70)

For small amplitude oscillation �2 = $ „n”, the classical representation truncated in mode ; = 2 by

Eqn. 3.64 is expressed as:

AB = '„1 ‚ �0 ‚ �2%2„[”” (3.71)

Here �0 represents the radius correction for the volume conservation, and we have �2 = $ „n” and

�0 = �1
5�

2
2 . This expression matches the expansion of the spheroidal shape. Therefore, in the

limit of small deformations, the spheroidal shape is consistent with the classical spherical harmonic

representation truncated in mode ; = 2 in the first order of small disturbance. The spheroidal shape

has only one degree of the freedom, it can be completely determined by one deformation parameter.

The coefficients of its expansion in spherical harmonic are not independent. However, the coefficients

by the classical representation are independent geometric degrees of freedom, whose evolution is

coupled through the kinematic/dynamic conditions as well as the volume constraints. In the presence

of viscosity, the higher modes decay rapidly. As a result, the droplet shape is typically dominated

by the second mode, and the spheroidal approximation provides a good representation of the moving

interface and great convenience in calculation.

In the present analytical modelling framework, the droplet is assumed to maintain a spheroidal shape.

This assumption is introduced as a geometric constraint that enables separation of variables of the

Laplace equation in the generalized spheroidal coordinate system, rather than as a modal truncation of

the classical spherical harmonic expansion (such as the mode ; = 2 representation). As a consequence,

the moving boundary problem is reformulated as a problem with a fixed coordinate surface, while the

time dependence of the droplet shape is described by a single time-dependent deformation parameter.

3.8 Modelling Hierarchy and Scope

The governing equations and interfacial conditions presented in this chapter constitute the complete

continuum description of a deforming and evaporating droplet in a gaseous environment. This
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formulation includes the Navier–Stokes equations in both phases, species transport in the gas phase,

and the thermal energy equation, coupled through appropriate jump conditions at the moving interface.

In the subsequent sections, two complementary modelling approaches are adopted, both rooted in the

general framework introduced above but operating at different levels of physical description.

First, a reduced analytical model is developed in Section 4.1 and Section 5.1. In this framework, the

oscillatory flow field is represented using a potential-flow approximation, based on the assumption

that the droplet maintains a spheroidal shape. Viscous effects are not resolved through the full

Navier–Stokes equations but are incorporated phenomenologically through damping terms in the

deformation parameters. Evaporation is described by a convection–diffusion equation in the gas

phase, accounting for the influence of droplet shape oscillations on the local mass transfer. The

thermal energy equation is not solved within this reduced model, and physical properties are assumed

constant. Consequently, thermal coupling effects and temperature-dependent material properties are

not explicitly considered.

Second, direct numerical simulations are presented in Section 4.2 and 5.2, where the full two-phase

Navier–Stokes equations are solved together with species and energy transport equations using the

FS3D solver. In this framework, viscous stresses and temperature fields are resolved without the

simplifying assumptions adopted in the reduced analytical model.

The analytical and DNS approaches therefore represent different modelling fidelities. The reduced

model provides a simplified and physically interpretable description of evaporation from an oscillating

droplet, whereas the DNS offers a more complete resolution of the coupled hydrodynamic and thermal

transport processes. Comparisons between the two approaches must therefore be interpreted in light

of their respective assumptions and scope.

3.9 Numerical Tools

The analytical modelling framework is based on specific assumptions, such as potential flows and

spheroidal geometry. To explore the physical implications of these assumptions and to provide com-

plementary insight into the flow and mass transfer mechanisms, numerical simulations are performed.

An in-house code, Free Surface 3D (FS3D), offered by the ITLR of the University of Stuttgart, will

be used for the study of the evaporation of an oscillating droplet (summarized in Section 5.2) and as a

comparison to the analytical oscillation model (in Section 4.2). What follows is a short introduction

to the numerical tool FS3D.

FS3D, originally developed by Rieber [115], can simulate incompressible multiphase flows, including

sharp interfaces between the immiscible phases [116]. It solves the incompressible Navier-Stokes
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equations, consisting of the mass and momentum conservation equations, as well as the energy

equation for phase transition. The interface is reconstructed based on the Volume of Fluid method

(VOF) [117] and the piecewise linear interface calculation (PLIC) method [118]. To discretize the

incompressible Navier-Stokes equations in space, the finite volume method is applied. Employing

the Marker and Cell (MAC) method [21], scalars (like densities) are stored at the cell centers,

while vectors (like velocities) are stored on the cell faces. Without any turbulent model, FS3D can

resolve the smallest temporal and spatial scales by DNS. As a price, it requires great computational

efforts, which are solved by using OpenMP and MPI (Message Passing Interface). FS3D takes

into account the complicated processes like moving interface, phase transition and turbulent flows.

Multiphase flow phenomena can be simulated by FS3D, such as droplet oscillation, splash, collision

and evaporation [74, 82, 109, 119–121].

The incompressible conservation equations in a one-field form are solved, and the different phases and

species are regarded as a single fluid with variable material properties that may jump discontinuously

across the interface. Slightly different from the momentum Eqn. 3.14 and energy Eqn. 3.16 described

in Section 3.2, the conservation equations read:

md

mC
‚ r � „dD” = 0

mdD

mC
‚ r � „dDD” = d6 � r% ‚ r � ( ‚ 5f (3.72)

md2?)

mC
‚ r � „d2?D)” = r � „_r)” ‚ ⁄@000

6 is the gravitational acceleration as the source term. 5f models the surface tension in the vicinity of

the interface. ⁄@000 refers to an additional source term due to the phase change at the interface, instead

of using the energy jump condition. For small Eckert numbers and incompressible flows, the viscous

heating term and pressure work term are neglected.

According to the VOF method, an additional indicator variable is applied to distinguish different

phases. For a droplet in a gaseous phase, this variable 5! represents the volume fraction of the fluid

in a cell:

5! =


0, 8= Cℎ4 2>=C8=D>DB „60B4>DB” ?ℎ0B4

„0, 1”, 8= Cℎ4 8=C4A 5 0280; 24;;B

1, 8= Cℎ4 38B?4AB43 „;8@D83” ?ℎ0B4

(3.73)

and 5E refers to the volume fraction of the vapour to discern the vapour and ambient gas. The local

material properties can be expressed in a one-field form, which may jump through the interface, e.g.
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the density d reads:

d = d! 5! ‚ dE� 5E ‚ d
0
� „1 � 5! � 5E” (3.74)

The temperature dependence of material properties is also considered. As a consequence of the VOF

method, additional transport equations for the VOF variables are solved:

m 5!

mC
‚ r � „ 5!D!” = �

⁄<000
d!

m 5E

mC
‚ r � „ 5ED�” = r„�Er 5E” ‚

⁄<000
dE
�

(3.75)

for the liquid and gaseous phase, respectively. ⁄<000 denotes the volumetric mass source due to the phase

change, which is determined from the evaporation flux [74]. The evaporation flux is also evaluated

from the vapour mass fraction by Eqn. 3.34 [108, 109]. The vapour mass fraction jE reads:

jE =
5Ed

E
�

„1 � 5!”d�
, d� =

dE
�
5E ‚ d0� „1 � 5! � 5E”

1 � 5!
(3.76)

More detailed descriptions about FS3D can be found in [109,115]. The analytical formulation allows

the identification of dominant mechanisms under clearly stated assumptions, while minor factors

can be ignored temporarily. For the coupled partial differential equations, it is difficult to obtain

analytical solutions. A commercial software, COMSOL Multiphysics, helps to solve the coupled

partial differential equations in an evaporation model for an oscillating droplet (summarized in Section

5.1).

Distinguished from FS3D, COMSOL Multiphysics is a commercial numerical solver and simulation

software package for various physics and engineering applications, based on the finite element method.

It includes many physical models, such as electric, acoustics, chemical species transport, fluid flow,

heat transfer and structural mechanics. However, we mainly take advantage of COMSOL Multiphysics

as a numerical solver for the coupled partial differential equations, described in Section 5.1. No physics

models or packages are applied in our work described in Section 5. The additional package, LiveLink

for MATLAB, provides an interface between COMSOL Multiphysics and MATLAB based on the

COMSOL client-server architecture. Via this package, we can set up the computational loops and

perform post-processing in MATLAB.
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Chapter 4. Droplet Oscillation

In the previous chapter, the governing equations and interfacial conditions for two-phase system were

introduced. In addition, a generalized spheroidal coordinate system was presented.

In the present chapter, the oscillatory motion of the droplet is analysed in the absence of the evaporation.

An analytical oscillation model is first introduced [42]. Based on the assumption that the droplet

maintains a spheroidal shape, the droplet deformation is represented by the deformation parameter

(„C”. This assumption enables the analytical solution of Laplace equation in the generalized spheroidal

coordinate system. Under the assumption of potential flow, the flow field in both phases are constructed.

Through the energy equation between the total energy and viscous dissipation, an ODE for the

deformation parameter is derived. This analytical oscillation mode will be integrated with droplet

evaporation in Section 5.1 to propose an evaporation model for an oscillating droplet. The in-house

FS3D code is employed to perform direct numerical simulations. The numerical results are compared

with the analytical solutions, which is under the assumption of potential flow.

4.1 Analytical Model for an Oscillating Droplet under the Assumption of a

potential flow

In order to describe the droplet oscillation, an analytical model is constructed under two main as-

sumptions. First, the flow in both phases is assumed to be potential, so that the velocity field can

be represented by a velocity potential satisfying Laplace equation. Second, the droplet interface is

assumed to maintain a spheroidal shape during the oscillation. Then, the moving boundary problem

can be reformulated into a fixed boundary problem in a time-dependent generalized spheroidal coor-

dinate system, in which the solution of Laplace equation is much simplified. The Laplace equation of

velocity potential in both phases reads:

r2Φ�,! = 0 (4.1)

again with Φ as the velocity potential and subscripts �, ! representing the gaseous and the liquid

phase, respectively. Due to the symmetry of the droplet and uniform boundary conditions, Φ is

symmetrical about [ = 0 in the interval [ 2 »�1, 1…. The gaseous phase is described by k 2 »0, 1”,

and the liquid phase by k 2 »1,‚1” for ( � 0 and k 2 »1, j( j�1�2… for ( < 0.

The initial condition for both is set as Φ�,! = 0, so the initial velocity field is zero. The boundary

conditions for both phases are imposed. At the interface, due to the absence of evaporation, the
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normal velocity within the two phases is continuous. Referring to Appendix A.5, the part due to the

evaporation disappears, and the normal interface velocity += reads:

+= =
„1 � 3[2”'

6
√

1 ‚ ([2„1 ‚ (”5�6
(C (4.2)

and at the interface k = 1, it is satisfied that D�,= = += = D!.=:

� 1
ℎk

mΦ�

mk

����
k=1

= +=

� 1
ℎk

mΦ!

mk

����
k=1

= += (4.3)

The minus sign is due to the coordinate k and normal interface velocity having opposite directions.

In the following, the minus sign in the velocity as the gradient of the potential is in default in this

generalized spheroidal coordinate system „k, [, i”. At infinity from the droplet k = 0, Φ� remains

unchanged:

Φ� jk=0 = 0 (4.4)

At the droplet center k �! ‚1 for ( � 0 and k = j( j�1�2 for ( < 0, the velocity is zero:

1
ℎk

mΦ�

mk

����
k�!‚1

= 0, ( � 0

1
ℎk

mΦ�

mk

����
k=j( j�1�2

= 0, ( < 0 (4.5)

With the initial and boundary conditions described above, the Laplace equation will be solved in the

following to obtain the distribution of the velocity potential Φ�,! . The velocity field is then derived:

D�,! = �rΦ�,! (4.6)

Here, the minus sign appears due to the same reason as above.

4.1.1 Analytical Solutions of the Velocity Fields in both Phases

In the generalized coordinate system (k, [, i), the Laplace equation r2Φ = 0 reads:

1
61�2

[
m

mk

(
61�2

ℎ2
k

mΦ

mk

)
‚ m

m[

(
61�2

ℎ2
[

mΦ

m[

)]
= 0 (4.7)

Substituting the scale factors ℎk , ℎ[ and their product 61�2, we have:

m

mk

(
'

„1 ‚ (”1�3
„1 ‚ (k2” mΦ

mk

)
‚ m

m[

(
'

„1 ‚ (”1�3
1
k2 „1 � [

2” mΦ
m[

)
= 0 (4.8)

2(kΦk ‚ „1 ‚ (k2”Φkk ‚
�2[
k2 Φ[ ‚

1 � [2

k2 Φ[[ = 0
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Here the subsripts k, [ represent the partial derivatives with respect to k, [. To construct the Legendre

equation (refer to Appendix A.2), we set a new variable k�:

k� =


1
k
, ( = 0

1
k
p
�(
, ( ≠ 0

(4.9)

Assuming the form of Φ„k, [” = � „k�”� „[” and separating the variables, yields:

„1 � [2”�[[ � 2[�[ ‚ ; „; ‚ 1”� = 0 (4.10)

and

� k2�kk ‚ ; „; ‚ 1”� = 0, ( = 0

„1 � k�2”�k�k� � 2k��k� ‚ ; „; ‚ 1”� = 0, ( ≠ 0 (4.11)

with non-negative integer ; (see below). Therefore, � and � have the solution of the form:

� ; „[” = 2;,1%; „[” ‚ 2;,2&; „[” (4.12)

and

�; „k�” =

2;,1k

�; ‚ 2;,2k��;�1, ( = 0

2;,1%; „k�” ‚ 2;,2&; „k�”, ( ≠ 0
(4.13)

to note that here 2;,1 and 2;,2 in different equations represent coefficients in each term and are not the

same, for the sake of simplicity. The coefficients are discussed in the following. Due to [ 2 »�1, 1…,

so %; „[” and &; „[” of � „[” are Legendre functions %; „G” and &; „G” of a real variable. The domain

of variable k� reads:

k� =



1
k
2 „1,‚1”, ( = 0

1
k
p
�(
2 „1,‚1” 1

p
�(
, ( < 0

1
k
p
�(
2 „1,‚1” 1

p
�(
, ( > 0

(4.14)

in the gaseous phase, and

k� =



1
k
2 »0, 1…, ( = 0

1
k
p
�(
2 j( j1�2, 1… 1

p
�(
, ( < 0

1
k
p
�(
2 »0, 1… 1

p
�(
, ( > 0

(4.15)
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in the liquid phase. Since the domain of variable k� for ( ≠ 0 is not limited inside (�1, 1), %; „k�” and

&; „k�” of � „k�” are therefore the Legendre functions %; „I” and&; „I”, of which the complex variable

domain are j0A6„I ‚ 1” < c j and j0A6„I � 1” < c j [111, 122], respectively (refer to Appendix A.2).

Before solving for the coefficient in each term, we can simplify the expression of � „k�” and � „[”

first. Starting with � „[”, at the poles [ = �1, &; „[” is singular. Thus, 2;,2 = 0, � ; „[” = 2;,1%; „[”. In

fact, the Legendre functions of the first kind of non-integral degree are also unbounded in the interval

»�1, 1…. To obtain a non-trivial solution, the degree has to be an integer value. Due to the symmetry

about [ = 0, it is satisfied that � „[” = � „�[”. For ; = odd, %; „[” is odd, and ; = even, %; „[” is even.

Therefore, ; is even, written as 2: and � „[” has the form (Appendix A.2):

� „[” =
‚1∑
:=0

22:%2: „[” (4.16)

with non-negative integer : = 0, 1, 2, 3... for both liquid and gaseous phases.

For � „k�”, it is more complex and discussed for different ( and in both phases. For a spherical shape

( = 0, � „k�” is a polynomial. For the liquid phase, k��2:�1 is singular at k� = 0 (droplet center),

therefore 22:,2 = 0. While for the gaseous phase, k�2: diverges as k� �! ‚1 (infinity), 22:,1 = 0.

For a prolate shape ( < 0, in the liquid phase, &2: „k�” is singular at k� = 1 (droplet center), so

22:,2 = 0. In the gaseous phase, %2: „k�” diverges as k� �! ‚1 (infinity), so 22:,1 = 0.

For an oblate shape ( > 0, in the liquid phase, m� „k�”
mk� = 22:,1

m%2: „k�”
mk� ‚ 22:,2

m&2: „k�”
mk� = 0 at k� = 0

(droplet center) is required. m%2: „k�”
mk�

���
k�=0

= 0 (%2: „k�” is even) and m&2: „k�”
mk�

���
k�=0

≠ 0, so 22:,2 = 0 is

obtained. In the gaseous phase, %2: „k�” diverges as k� �! ‚1 (infinity), so 22:,1 = 0.

In conclusion, the velocity potential Φ�,! has the form:

Φ� =

1∑
:=0



22:k
��2:�1%2: „[”, ( = 0, k� =

1
k
2 „1,‚1”

22:&2: „k�”%2: „[”, ( > 0, k� =
1

k
p
�(
2 „1,‚1” � 1

p
�(

22:&2: „k�”%2: „[”, ( < 0, k� =
1

k
p
�(
2 „1,‚1” � 1

p
�(

(4.17)

Φ! =

1∑
:=0



22:k
�2:%2: „[”, ( = 0, k� =

1
k
2 »0, 1…

22:%2: „k�”%2: „[”, ( > 0, k� =
1

k
p
�(
2 »0, 1… � 1

p
�(

22:%2: „k�”%2: „[”, ( < 0, k� =
1

k
p
�(
2 »j( j1�2, 1… � 1

p
�(

(4.18)

Due to the identical normal component of the gas D�,= and liquid D!,= velocity at the interface and the

normal interface velocity +=, the coefficient of each term in Φ�,! can be derived. Substituting Eqn.
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4.2 in Eqn. 4.3, yields:

mΦ�

mk
=
mΦ!

mk
=
'2%2„[”(C
3„1 ‚ (”5�3

(4.19)

By comparing the term of %2: „[”, : can only take the value of 1. The coefficient in each term is then

derived:

Φ� =


'2(C

9„1 ‚ (”5�3
k3%2„[”, ( = 0

�
p
�('2(C

3„1 ‚ (”5�3
&2„ 1

k
p
�(
”

&
0
2„

1p
�(
”
%2„[”, ( ≠ 0

(4.20)

Φ! =


�'2(C

6„1 ‚ (”5�3
1
k2%2„[”, ( = 0

�
p
�('2(C

3„1 ‚ (”5�3
%2„ 1

k
p
�(
”

%
0
2„

1p
�(
”
%2„[”, ( ≠ 0

(4.21)

The velocity in both phases is then obtained, in the gaseous phase D� = „D�,k , D�,[” reads:

D�,k = �
1
ℎk

mΦ�

mk
=

�'(C
3„1 ‚ (”4�3

√
1 ‚ (k2√

1 ‚ (k2[2
� „k, (”%2„[” (4.22)

with � „k, (” defined as (refer to Appendix A.6):

� „k, (” =



k4, ( = 0

&
0

2„
1

k
p
�(
”

&
0
2„

1p
�(
”
=
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3
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p
�(

20C0=ℎ„k
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�(” � 3‚(k2

1‚(k2 � 3
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�(

20C0=ℎ„
p
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1‚(k2 � 3
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(4.23)

and

D�,[ = �
1
ℎ[

mΦ�

m[
=

'(C

3„1 ‚ (”4�3

√
1 � [2√

1 ‚ (k2[2
 „k, (”%02„[” (4.24)

with  „k, (” defined as:
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And in the liquid phase, D! = „D!,k , D!,[” reads:
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The velocity field in both liquid and gaseous phases in the Cartesian coordinate system (A, I) can also

be derived by the following:
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by the coordinate transformation matrix (Appendix A.7). Substituting Eqn. 4.20 and 4.21 in Eqn.

4.29, yields the velocity field in Cartesian coordinate system:
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Then the velocity magnitude in both phases is derived:
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The Cartesian non-dimensional velocity components (DA , DI) in the two phases are therefore written

as:
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4.1.2 Energy Balance and Deformation Parameter

Based on the assumption of potential flow, the flow field is represented. Viscous effects are not

considered by entering the momentum equation, rather through the dissipation terms in the energy

balance. In this way, the decay of the oscillation amplitude can be described under the assumption of

potential flow [42].

The velocity field in both phases are already known. Then, the kinetic energy can be calculated:
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and the surface energy between two phases reads:
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The total energy consists of the kinetic and surface energy:
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The viscous dissipation rate is defined with a negative sign [8]:
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The total dissipation rate in two phases is:
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The energy balance equation is:
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Then, substituting into the energy equation yields Eqn. 3.53:
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Here, Λ0 and V0 denote the derivatives with respect to (.

Eqn. 4.43 governs the temporal evolution of the deformation parameter („C”. Once („C” is solved

by numerically solving this nonlinear ordinary differential equation, the droplet shape and associated

flow fields can be determined.
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4.2 Direct Numerical Simulation of Droplet Oscillation using FS3D

Based on the assumption of potential flow, now we can describe the flow field both inside and outside

the droplet, as described above. We also wonder how this assumption deviates from the reality. Now

the code FS3D (Fress Surface 3D) is employed to perform direct numerical simulations to analyse

droplet oscillations, whose results are compared with the analytical solutions in a suitable way, to

better show the deviation of this assumption from the real situation.

4.2.1 Computational Settings and Grid Resolution Convergency Study

The droplet radius ', gas d� and liquid d! density, gas `� and liquid `! dynamical viscosity, surface

tension coefficient f are listed in Tab.1.

Table 1: Parameter settings

' »<… d� »:6�<3… d! »:6�<3… `� »%0 � B…
0.5333 � 10�3 1.1894 998.19 18.198 � 10�6

`! »%0 � B… f »#�<… l2 »1�B… $ℎ »�…
0.003 76.4 � 10�3 2009.2 by [9] 0.014876

Figure 6: Normalized surface area �� with time for four cases with various grid numbers: case �: 1283,
case �: 1923, case �: 2563 and case �: 3843.

The grid resolution convergency study is done by comparison among four cases with various grid

numbers: case �: 1283, case �: 1923, case �: 2563 and case �: 3843. The temporal evolution
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of the normalized surface area �� = �
�<8=

for these four cases is shown in Figure 6. Case � and �

collapse together. The relative difference between Case � and � is about 3 � 10�5. By considering

the computational accuracy and efforts, the grid numbers 2563 in case � are chose for the following

simulations.

4.2.2 Results from FS3D Simulations and Discussions

This section displays the simulation results for droplet oscillations. The analytical solutions are

calculated with the same parameters as the simulations, listed in Tab. 1. The deformation parameter

(„C” is obtained by numerically solving Eqn. 4.43. The instant flow field is described by Eqn. 4.31.

The initial aspect ratio in both simulation and analytical model is set to Y = 1.20.

Figure 7 compares the velocity field calculated by the analytical model and predicted by the numerical

code FS3D at varied times. The velocity field by the analytical model is in the left column. For

the spherical shape, the velocity is the highest and differs for different oscillation directions. As

the droplet contracts from a prolate shape to an oblate shape, the streamline in the gaseous phase

is from the equator back to the poles, while for the droplet rebounding from an oblate shape to a

prolate shape, the streamline flows from the poles to the equator. It is observed that the velocity

on the droplet surface in the gaseous phase and liquid phase has the same normal component, but

different tangential components, since the boundary condition on the surface (Eqn. 4.2) only restricts

the normal component of the velocity within both phases. Due to the inviscid assumption, there is no

tangential conditions at the interface. This discontinuity of the tangential velocity is most evident for

spherical shapes, when the velocity is high, and much smaller when the velocity field is slow. Note that

in Figure 7, the prolate and oblate shapes are close to the maximum extended shapes, so the velocity

for corresponding shapes is very small but not zero. Code FS3D solves the full momentum equation,

its results are shown in the right column in Figure 7. The vortex is evident near the interface in the

gas phase, this is the main difference between the gas velocity field by the analytical model and by the

numerical code FS3D. The vortex is located where the discontinuity of the tangential velocity within

two phases, due to the assumption of a potential flow, is the largest. The vortex is stronger for spherical

shapes. However, no evident vortex in the liquid phase is observed for any shapes, and the liquid

velocity field by the analytical model and numerical code FS3D is quite similar. This comparison

of the velocity field mainly brings us an impression of the difference caused by the assumption of a

potential flow, but not quantitatively.

The velocity field by the analytical model is based on the assumption of a potential flow, while

that by the numerical code FS3D does not hold this assumption and is rotational. Therefore, the
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Figure 7: Velocity field (side view) obtained by the analytical model (left column) and by the numerical
code FS3D (right column) under the same oscillating conditions, within one period (not the first period).
From top to bottom: aspect ratio Y = 1.1341, 1.0063, 0.8784, 0.9882.
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Figure 8: Vorticity field (side view) by the results of the numerical code FS3D, within one period (not the
first period). From top left to bottom right: aspect ratio Y = 1.1341, 1.0063, 0.8784, 0.9882.

difference caused by this assumption can be quantitatively discussed by the vorticity field obtained by

the simulations, as reported in Figure 8. The value represents the vorticity intensity, and the positive

and negative sign corresponds to the vorticity pointing into and out of the plane. The vorticity inside

the droplet remains confined to a very thin region near the interface and is overall much weaker than

that in the gaseous phase. In the gaseous phase, the vorticity is strongest when the velocity is largest

(spherical state). The vortex has an opposite direction for different oscillation directions. For a prolate

and an oblate shape, when the velocity is slow, the vorticity is much smaller compared to that for a

spherical shape. Except for a narrow vortex near the surface, another one in the opposite direction can

be observed at a larger distance from the surface, since the droplet is close to the maximum extended

shape, and the flow changes direction. The vortex of the opposite direction is generated on the surface

and spreads into the gaseous phase. Therefore, two vortices of opposite directions can be observed.
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In the present case, the kinematic viscosity is a� = 15.3�10�6 <2�B and a! = 3.0�10�6 <2�B. Then

the penetration distance of the vorticity from the droplet surface can be estimated by X =
√

a
l!

[37]

(see Section 3.4). When evaluating the oscillation frequency l! approximately by l2 the oscillation

frequency in mode ; = 2, X! is 0.03868 << for the liquid phase, and X� is 0.08726 << for the

gaseous phase. The larger viscosity in the gaseous phase means that the vorticity can diffuse for a

longer distance, as illustrated in Figure 8. It leads to a thicker viscous layer and a smoother vorticity

gradient.

Figure 9: Concentric spheres of the volume-equivalent radius W', for varied values of W (W = 0.9, 0.6, 0.3
inside the droplet, W = 1.2, 1.5, 1.8 outside the droplet).

The difference caused by the assumption of a potential flow can also be quantitatively investigated

through the velocity components at different distances from the surface. The non-dimensional velocity

D = „ DAjD j ,
DI
jD j ” at different concentric spheres of the volume-equivalent radius W' is taken into account.

As discussed above, the vortex is the strongest for spherical shapes. For a maximum prolate/oblate

shape, the velocity is very slow and the velocity magnitude is quite small, so the fluctuations of

the non-dimensional velocity by the numerical code FS3D can be evident. Therefore, we choose

an almost spherical shape of Y = 1.0063 to investigate in the following. In the gaseous phase, we

choose the concentric spheres of different equivalent radius W = 1.2, 1.5, 1.8 in the gaseous phase,

and W = 0.9, 0.6, 0.3 in the liquid phase, as reported in Figure 9, which shows different locations for

varied values of W.
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Figure 10: Non-dimensional velocity in the liquid phase (top) D! = „ D!,AjD! j ,
D!,I
jD! j ” and gaseous phase (bottom)

D� = „ D�,AjD� j ,
D�,I
jD� j ” at different locations inside (W = 0.9, 0.6, 0.3) and outside (W = 1.2, 1.5, 1.8) the droplet,

by the analytical model (lines) and the numerical code FS3D (scatter plots). Analytical results collapse
together.

52



Droplet Oscillation

The non-dimensional velocity D for a spherical shape (Y = 1.0063) at different locations by the

analytical model (by Eqn. 4.33) and the numerical code FS3D are compared in Figure 10, to better

show the difference caused by the assumption of a potential flow. Due to the symmetry, the region

between [ = 0 and 1 is chosen to display. In both phases, the non-dimensional velocity components

DA , DI by the analytical model overlap for different W. For a spherical shape ( = 1�Y2

Y2 = 0, the

non-dimensional velocity by Eqn. 4.33 is only dependent on [, but independent of k. Therefore,

the non-dimensional velocity at different locations collapses together. Under the assumption of a

potential flow, for a spherical droplet, the non-dimensional velocity profile at different locations inside

the droplet and outside the droplet is the same, respectively. In the liquid phase, the numerical and

analytical results coincide very well, which is also observed from the vorticity field. In the gaseous

phase, due to the strong vortex near the surface, the results of the numerical code FS3D deviate from

those of the analytical model at the confocal ellipsoid of W = 1.2, which crosses through the vortex

center. The maximal difference between them is about 0.85 (about [ = 0.47), where the velocity by

the analytical model has the opposite direction as the velocity by the numerical code FS3D due to the

vortex. Although the difference (0.85 � 0.56 for [ = 0.47 � 0.53) is evident, the trend of velocity

with [ is still similar for both methods. As the distance from the surface increases over the penetration

distance of the vorticity, the difference between the analytical model and the numerical code FS3D is

quickly reduced. At the concentric spheres of W = 1.5 and 1.8, the results by both methods agree very

well.

From the results and discussion above, it was found that the main difference caused by the assumption

of a potential flow from the numerical results is the absence of a vortex in the gaseous phase near the

surface. For spherical shapes, when the velocity is at its highest value, this vortex is the strongest.

While close to the maximal extended shapes, it is much smaller. Except for this vortex, the velocity

field in the gaseous phase of the analytical model and that of the numerical code FS3D are in good

agreement. In the liquid phase, the results of both methods at W = 0.9 coincide very well, since vortex

inside the droplet is only confined in a narrow area near the surface, for the whole oscillating process.

53





Chapter 5. Evaporation Characteristics of an Oscillating Droplet

In this chapter, the evaporation of an oscillating droplet is investigated. An initially spheroidal droplet

suspended in air undergoes shape oscillations driven primarily by the interplay between surface

tension and inertia, while viscous effects lead to the damping of the oscillation. Simultaneously, mass

transfer occurs across the liquid-gas interface due to vapour diffusion in the surrounding gas phase.

In the classical droplet evaporation models [57, 71, 77, 90], vapour transport in the gaseous phase

is often assumed to be purely diffusion-controlled under quasi-steady assumptions. In the present

work, however, the oscillatory motion of the droplet induces a surrounding flow field, and the vapour

transport is therefore governed by a convection-diffusion process. Thermal effects are neglected and

the droplet is assumed to remain isothermal, which allows the analysis to focus on the effect of the

moving interface induced by the droplet oscillation on the vapour transport and evaporation process.

The results predicted by the analytical model under quasi-steady assumptions [71] could be taken as

a comparison, to indicate this influence.

Section 5.1 introduces an analytical/numerical evaporation model for an oscillating droplet under

the assumption of potential flows. The droplet oscillation model introduced in the last Section 4.1

is integrated with the evaporation to obtain the evaporation model for an oscillating droplet. Then,

COMSOL Multiphysics (General Form of PDE) is used to solve the species conservation and Laplace

equations. The moving boundary problem is transformed to a fixed boundary one by adopting the

generalized spheroidal coordinate system, which is introduced in Section 3.6. The effect of a moving

interface on the droplet evaporation characteristics is mainly focused on. In Section 5.2, the evaporation

of an oscillating droplet in air is numerically investigated by using the in-house code Free Surface

3D (FS3D), which is developed for direct numerical simulations (DNS) of incompressible multiphase

flows (see Section 3.9).

The simplified analytical model for the evaporation of a spheroidal droplet under quasi-steady assump-

tions in [71] is briefly introduced here, since its analytical solutions under quasi-steady assumptions

are generally used as a comparison in our work on the evaporation of an oscillating droplet. The steady

species conservation equations in the gaseous phase are solved. Under the quasi-steady assumption, the

vapour mass fraction j distribution for a prolate/spherical/oblate shape in a prolate/oblate coordinate
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system „Z, [, i” or in a spherical coordinate system „A, [, i”, follows:
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The evaporation flux =4E.@B and evaporation rate ⁄"@Bread:
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where ^� = :1:2 is the Gauss curvature (:1, :2 are two principal curvatures), ' is the equivalent

volume radius, and � is the binary diffusivity of the vapour in air. Z0 =

√��� Y2

1�Y2

��� denotes the value of

the spheroidal coordinate corresponding to the droplet surface. Under quasi-steady assumptions, the

evaporation flux of a spheroid is proportional to the fourth root of the dimensionless Gauss curvature.

A prolate droplet has a higher evaporation flux at the poles, while an oblate droplet has a higher

evaporation flux at the equator.

To distinguish the quasi-steady condition from the unsteady condition, Péclet number %4 = C�
Cl

is

introduced in Section 3.4, with the characteristic time scale of diffusion C� =
'2

0
�

and the characteristic

time scale of oscillation Cl = 1
l!
�

√
d!'

3
0

8f (oscillation frequency is approximated by l2). '0

is the initial volume-equivalent radius. When %4 � 1, for which the characteristic time scale of

mass diffusion is much smaller than the characteristic time of droplet oscillation, the quasi-steady

assumption is valid. In the present investigation of the evaporation of an oscillating droplet, however,

%4 = $ „10”. Therefore, the quasi-steady assumption becomes questionable, and deviations from the

analytical predictions given by Eqn. 5.2 and 5.3 [71] can be expected, which is the main focus of our

investigation.
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5.1 An Analytical/Numerical Model for the Evaporation of an Oscillating

Spheroidal Droplet

Integrating the droplet oscillation model described in Section 4.1 and the droplet evaporation, this

section introduces an analytical/numerical model for the evaporation of an oscillating spheroidal

droplet. To simplify the problem, the following assumptions hold for the present model.

(1). The droplet is a perfect spheroid, which oscillates between a prolate and an oblate shape.

Therefore, a generalized spheroidal coordinate system „k, [, i”, described in Section 3.6, is employed.

In which the moving boundary problem is solved and the position of the interface is where k = 1. The

droplet oscillation is completely described by a time-varying deformation parameter („C” = 1�Y2 „C”
Y2 „C” .

( < 0, ( = 0, and ( > 0 correspond to a prolate, spherical and oblate shape, respectively. Different

from the oscillation model in the last section, now the equivalent radius '„C” is also time-varying due

to evaporation.

(2). The problem is reduced to a 2D axisymmetric formulation, and one quarter of the droplet

„[ 2 »0, 1…” is computed, shown in Figure 11. It greatly reduces the cell numbers in numerically

solving process, thus saving a lot of computational effort.

(3). The gaseous phase is an ideal mixture of vapour and air. The diffusion of vapour in the gaseous

phase is evaluated by Fick’s Law. Since the velocity induced by the droplet oscillation is very small,

the gaseous pressure is assumed to be constant. The gas density is also assumed to be constant,

regardless of whether the vapour fraction differs at varied locations.

(4). The droplet and gas are assumed to be preheated and uniform, and the droplet temperature is

considered uniform and constant. Thermal effects in the gas phase are neglected. Thus, no energy

equations are solved, and the temperature dependence of the material properties is not taken into

account in the present work. As the temperature field is of interest, the energy equations can be solved

additionally. The evaporation characteristics of different surface temperatures are also discussed later,

showing that the influence of evaporating conditions on the evaporation behaviour of an oscillating

droplet is less significant.

(5). The gas viscosity is ignored. Incompressible and irrotational flows are assumed. Thus, the

velocity can be obtained as a solution of the Laplace equation for the potential (r2Φ = 0, Φ is

the velocity potential). This assumption greatly simplifies our model, since it avoids solving the

momentum equation to obtain the velocity field.

(6). The vapour mass fraction at the interface is given by the saturated state. Together with the 4Cℎ

assumption of fixed temperature, it is also constant.
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(7). The effect of the decreasing droplet radius on the droplet oscillation frequency is ignored, for the

sake of simplicity. In the current work, the evaporation rate is moderately low, and the droplet radius

decreases by less than 0.05% within five oscillation-periods. Thus, the effect of the decrease in the

radius is expected to be small. The volume-equivalent radius is updated in the evaporation problem

and geometric mapping, but its feedback on the oscillation frequency is neglected.

Figure 11: Generalized spheroidal coordinate system and computational domain

5.1.1 Analytical Model

The gas velocity field is described by the gradient of the potential D = rΦ, and the droplet oscillation

is only described by the deformation parameter („C”. The vapour distribution is solved for by the

time-dependent species conservation equation, which is different from the steady species conservation

equation used in [71], and the evaporation can be quantified from the vapour distribution. Therefore,

the evaporation model for an oscillating droplet is given by the species conservation (Eqn. 3.11) and

Laplace equation (Eqn. 3.42) in the gaseous phase:

mj

mC
‚ D � rj = �r2j (5.4)

r2Φ = 0 (5.5)

� is the binary diffusivity of the vapour in air. We reconstruct the model in a generalized spheroidal

coordinate system „k, [, i”. g is dimensionless time by g = �

'2
0
C ('0 the initial volume-equivalent

radius). Applying the chain rule, we have:

mj

mC
=
mj

mg

mg

mC
‚ mj
mk

mk

mC
‚ mj
m[

m[

mC
=
mj

mg

�

'2
0
‚ 1
ℎk

mj

mk
ℎkkC ‚

1
ℎ[

mj

m[
ℎ[[C

=
mj

mg

�

'2
0
‚+� � rj (5.6)
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with rj = 1
ℎk

mj

mk
‚ 1

ℎ[

mj

m[
and the apparent velocity +� = »ℎkkC , ℎ[[C… due to the coordinate transfor-

mation. Then, in the generalized spheroidal coordinate system, the species conservation in different

forms reads:
�

'2
0

mj

mg
‚+� � rj ‚ D � rj = �r2j (5.7a)

�

'2
0

mj

mg
‚ r � „„+� ‚ D”j” = �r2j ‚ jr � +� (5.7b)
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and the Laplace equation in different forms reads:

r2Φ = 0 (5.8a)

1
61�2

(
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(
,k mΦ
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(
,[ mΦ

m[

))
= 0 (5.8b)

where ℎk , ℎ[, ℎi are the scale factors and,k ,,[, 61�2 are their products in the generalized spheroidal

coordinate system (Appendix A.3).

5.1.1.1 Evaporation Flux =4E and Evaporation Rate ⁄"

As the vapour distribution is solved for, the evaporation flux is evaluated as (Section 3.3):

=4E = �d��
1

1 � jr=j (5.9)

at the interface k = 1, and the evaporation rate is then calculated as the integration of the evaporation

flux over the droplet surface:

⁄" =

∫ 2c

i=0

∫ 1

[=�1
=4Eℎ[ℎi3[3i (5.10)

Under quasi-steady conditions, the vapour distribution is described by Eqn. 5.1. Transformed in the

generalized spheroidal coordinate system, it reads:
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As ( tends to 0, the vapour distribution of a prolate (( < 0) and oblate (( > 0) shape converges to

that of a spherical shape „( = 0”. Then the gradient of the vapour mass fraction is calculated, and the

evaporation flux =4E.@B under quasi-steady conditions, in the generalized spheroidal coordinate system

reads:

=4E.@B =
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(5.12)

with vapour mass fraction j1 at infinity, jB at the surface. Substituting in Eqn. 5.10 yields the

evaporation rate under quasi-steady conditions (Appendix A.8):
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(5.13)

The evaporation flux =4E.@B and evaporation rate ⁄"@B, which are predicted by the analytical model

assuming quasi-steady mass transfer through the interface [71], are considered as a reference later to

quantitatively show the effect of a moving interface on the evaporation characteristics. It was found

that a prolate droplet has a higher evaporation rate than an oblate one of the same surface area in [71].

It can be verified by Eqn. 5.13 and Appendix A.4.

5.1.1.2 Normal Interface Velocity += and Apparent Velocity +�

The normal interface velocity += in the generalized spheroidal coordinate system, which is used in the

boundary conditions at the surface later, reads (Section 3.6, Appendix A.5):

+= = + � = =
„1 � 3[2”'

6
√

1 ‚ ([2„1 ‚ (”5�6
(C ‚
„1 ‚ (”1�6√

1 ‚ ([2
'C = +>B ‚+Bℎ (5.14)

where+>B is the velocity due to the droplet oscillation and+Bℎ due to the droplet shrinking/evaporation.

When the droplet does not evaporate or has a low evaporation rate, the part +>B is dominant. += has a

positive direction towards the gaseous phase.
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The apparent velocity +� in Eqn. 5.7, due to the transformation from Cartesian to the generalized

spheroidal coordinate system, is defined as +� = »ℎkkC , ℎ[[C…. kC and [C are obtained by the

transformation matrix, and +� is obtained as (Appendix A.9):

+� = »+�k , +�[ … = »ℎkkC , ℎ[[C…

=
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�'

√
1 ‚ (k2
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2„1 ‚ (k2”

)
, (5.15)
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Then its divergence is:

r � +� = �3
�'g

'2
0'
‚ � „1 � [2k2”(g
'2

0 „1 ‚ (” „1 ‚ ([2k2”
(5.17)

5.1.1.3 Initial and Boundary Conditions

To reduce the computational effort, the initial vapour distribution j is set to be that given under

quasi-steady conditions, described by Eqn. 5.11. If the initial vapour distribution j is set to 0, it

cannot have a steady variation even after dozens of oscillation periods. The evaporation rate in the

first few periods is too large due to a very high vapour gradient, and it reduces the droplet radius too

fast. The effect of a decreasing radius on the droplet oscillation may no longer be negligible. The

initial value of velocity potential Φ is set to be uniformly 0 in the whole gaseous phase. Thus, the

initial velocity field D = rΦ is zero.

Shown in Figure 11, the domain is in a range of [ 2 »0, 1… and k 2 »0.1, 1…. One quarter of the gas

field is computed as a result of the symmetric droplet. k = 1 corresponds to the droplet surface, the

lowest limit of k is set at k = 0.1, instead of k = 0, which refers to infinity from the droplet center.

As k closes to 0, the numerical errors when evaluating m
mk

and 1
k

may occur. k = 0.1 is a good

compromise. For a spherical droplet ( = 0, k = 0.1 corresponds to a boundary at a distance of ten

times radius. It was found that the corresponding boundary is far enough from the droplet surface

with enough accuracy. [ = 0 refers to the equator, while [ = 1 corresponds to the poles.

Both vapour mass fraction j and velocity potential Φ have symmetry conditions at [ = 0 and [ = 1.

At k = 0.1, j and Φ has Dirichlet conditions j„0.1, [, g” = j0.1 and Φ„0.1, [, g” = 0. j0,1 is also

evaluated by the steady vapour distribution from Eqn. 5.11. At the interface k = 1, the vapour

is assumed to be saturated. j has Dirichlet conditions j„1, [, g” = jB, jB is the saturated vapour
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mass fraction. Φ has Neumann condition at k = 1. Recalling the definition of evaporation flux

=4E = d� „D�,= �+=” and according to Eqn. 5.9 =4E = �d�� 1
1�jr=j, Φ satisfies at surface k = 1:

� 1
ℎk

mΦ

mk
= �� 1

1 � j

(
� 1
ℎk

mj

mk

)
‚+= (5.18)

The minus sign before mΦ
mk

and mj

mk
is due to the positive direction of k towards the liquid phase, which

is in the opposite direction of +=.

Once the initial deformation parameter (0 =
1�Y2

0
Y2 is given. The time-varying deformation parameter

(„C” is obtained by numerically solving Eqn. 4.43 [42], as well as (C . The derivative of ( with respect

to the dimensionless time g is used in the model by (g = (CCg =
'2

0
�
(C . In the present case, the viscosity

is ignored ($ℎ = 0). Thus, the droplet oscillation is fully described and controlled by d�
d!

and the

oscillation frequency in the second mode l2 [5].

5.1.2 Implementation of the Solution

An analytical solution of the coupled species conservation Eqn. 5.7 and Laplace Eqn. 5.8 is not

available. The General Form in PDE of COMSOL Multiphysics is employed to numerically solve

two equations. Matlab is also used for post-processing. During this process, no additional model

is adopted. Referring to Figure 11, the cell number is 3600 and denser near the droplet surface.

Tab. 2 lists the values of initial equivalent droplet radius '0, the binary diffusion coefficient �, the

droplet temperature )! , the gaseous d� and droplet d! density, the vapour mass fraction jB at the

surface, j1 at infinity, and j0.1 at k = 0.1, and the oscillation frequency in the second mode l2. The

thermophysical properties are estimated corresponding to a water droplet at )! = 352.15 .

Table 2: Parameter settings

'0 »<… � »<2�B… )! » … d� »:6�<3… d! »:6�<3…
0.5333 � 10�3 28.45 � 10�6 352.15 0.8317 998.819

jB »�… j1 »�… j0.1 »�… l2 »1�B…
0.3369 0 by Eqn. 5.11 2020

Given the initial deformation parameter (e.g. (0 = �0.3056, corresponding to a spheroidal shape with

aspect ratio Y0 = 1.2) as demanded, („C”, (C „C” are numerically solved for by Eqn. 3.53. The droplet

oscillates between a maximum prolate ((<8= = �0.3056) and maximum oblate ((<0G = 0.4253)

shape, whose surface areas are identical. The droplet oscillation frequency is 6.5% lower than the

oscillation in the second mode l2. This is consistent with the effect of the finite amplitude oscillation

on the droplet oscillation frequency in [20, 29, 42]. Figure 12 shows the evolution of the deformation

parameter („C” and a phase plot („C” � (C „C” of the initial value (0 = �0.3056 „Y0 = 1.2” and
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Figure 12: Evolution of the deformation parameter („C” (left) and a phase plot („C” � (C „C” (right) of
initial value (0 = �0.3056 (blue line) and (0 = �0.6094 (red line), predicted by Eqn. 3.53 [42].

(0 = �0.6094 „Y0 = 1.6”. As the initial droplet deformation increases, the oscillation frequency goes

down. The asymmetry in the time spent in a prolate shape and an oblate shape can also be correctly

predicted by Eqn. 3.53. The dwell time of an oscillating droplet in a prolate shape is larger than that

in an oblate shape, and increases with an increasing initial droplet deformation [30,42], also reported

in Figure 12. It is worth noting that for a maximum extended shape (maximum oblate shape (<0G ,

and maximum prolate shape (<8=), (C is zero. But for a spherical shape ( = 0, (C does not take the

maximum values.

5.1.2.1 Computational Loop, Grid and Timestep Resolution Convergence Study

A computational loop with timestep ΔC = 2.5 � 10�7 B is set up. With known vapour mass fraction

j and velocity potential Φ distributions, combined with the values of parameters (, (g, ' and 'g,

Eqn. 5.7 and 5.8 are solved. New j and Φ distributions are solved for, and then they are taken as the

initial distributions in the next timestep. The evaporation flux =4E by Eqn. 5.9 and the evaporation

rate ⁄" =
∫ 1
[=0 4c '2

„1‚(”2�3
√

1 ‚ ([2
p

1 ‚ (=4E3[ by Eqn. 5.10 are evaluated at the interface k = 1.

Then the new values of parameters ( and (g for the next timestep are updated by the solution of

Eqn. 3.53. The values of ' and 'g for the next timestep are calculated by mass balance and renewed

'C „C ‚ ΔC” = � ⁄"
4c'2 „C”d!

, '„C ‚ ΔC” = '„C” ‚ 'C „C ‚ ΔC”ΔC, 'g „C ‚ ΔC” =
'2

0
�
'C „C ‚ ΔC”. After all, the

computational loop is repeated. In the first timestep, ' takes the initial droplet equivalent volume

radius '0, and 'C is set by the evaporation rate under the quasi-steady conditions.

A series of tests of varied grid and timestep resolutions is conducted to exclude their effect on the

simulation results of Eqn. 5.7 and 5.8. Tab. 3 lists the tests of varied cell numbers and timesteps.

Figure 13 displays the temporal evolution of the evaporation rate within five periods in various tests
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Table 3: Test simulations of varied grid and timestep resolutions

Timestep
Cell numbers 3600 7600 13100

2.5 � 10�7B test A test E test F
2.5 � 10�6B test J
2.5 � 10�5B test K

Figure 13: (Left) Timestep resolution effect on the transient evaporation rate, test A: ΔC = 2.5 � 10�7B,
test J: 10ΔC = 2.5 � 10�6B and test K: 100ΔC = 2.5 � 10�5B; (Right) grid resolution effect on the transient
evaporation rate, test A: 3600 cells, test E: 7600 cells, and test F: 13100 cells.

with varied grid and timestep resolutions. The relative difference between test A of timestep ΔC and

K of 100ΔC is less than 0.23%, and that between test A of timestep ΔC and J of 10ΔC is about 0.02%.

Between test A of 3600 and F of 13100 cells, the difference is less than 10�6. Taking into account both

the accuracy and the computational effort, the value of timestep ΔC = 2.5 � 10�7B and cell numbers

3600 adopted in the present setting are assumed sufficient and reliable.

5.1.3 Results From Analytical/Numerical Model and Discussions

The numerical solutions of the present model include two parts: results under steady and unsteady

conditions. The analytical results by assuming quasi-steady mass transfer through the interface,

described by Eqn. 5.12 and 5.13 [71], are taken as a reference. It is important to mention $ℎ = 0 in

this section. In Section 5.1.3.1, the evaporation flux from the numerical solutions of Eqn. 5.7 and 5.8

under steady conditions were compared with the analytical solutions under quasi-steady conditions

(Eqn. 5.12), to verify the correctness of the present approach. The values of ( and ' were set as

constant, and as a consequence, (g and 'g remained zero in the computational loop, so that a steady

evaporation case is set up. In Section 5.1.3.2, the evaporation of an oscillating droplet (time-varying

boundary) is then discussed by numerically solving Eqn. 5.7 and 5.8, in the computational loop

the time-varying („C” is given by numerically solving ordinary differential energy conservation Eqn.
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4.43. The numerical results are also compared with the predictions by the analytical model under

quasi-steady assumptions. Thus, the effect of a moving interface on the evaporation characteristic

is better displayed. The effect of the initial droplet deformation, described by the initial parameter

(0 =
1�Y2

0
Y2

0
, on the evaporation characteristic is also discussed later.

5.1.3.1 Results under Steady Conditions

The evaporation flux of a steady spheroid was shown to be proportional to the fourth root of the local

Gauss curvature (Eqn. 5.2). By setting constant values of the deformation parameter ( and of the

equivalent radius ' in the computational loop, and after some timesteps, the results converge. A steady

solution (steady vapour j and velocity potentialΦ distribution) of the species conservation and Laplace

equations is obtained, as well as the evaporation flux. These three droplets of prolate (( = �0.3056),

spherical (( = 0) and oblate (( = 0.4253) shapes have the same volume, and the prolate/oblate have

the same surface area. Figure 14 shows the spatial distribution of the evaporation flux for these three

shapes and its comparison with the analytical solution under quasi-steady conditions. For a prolate

droplet the evaporation flux is the highest at the poles ([ = �1), and for an oblate droplet the flux is the

highest at the equator ([ = 0). While a spherical droplet has an uniform distribution of the evaporation

flux over the surface. The evaporation flux of the present model and of the analytical model under

quasi-steady assumptions overlap well. The relative difference between them is less than 2 � 10�5.

The good agreement confirms the capability of the present model under quasi-steady conditions.

Figure 14: Spatial distribution of the evaporation flux for three shapes, compared with the analytical
solution under quasi-steady conditions [71].
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5.1.3.2 Results under Unsteady Conditions

This section presents the results of the analytical/evaporation evaporation model for an oscillating

droplet and analyses the effect of a moving interface on the evaporation characteristics by taking

the results under quasi-steady conditions [71] as a reference. (<0G (and (C = 0) corresponds to a

maximum extension in an oblate shape, while a maximum extension in a prolate shape is obtained

for (<8= (and (C = 0). The spherical shape corresponds to ( = 0. The case of the initial deformation

Figure 15: Dimensionless evaporation flux of an oscillating droplet (blue line) and that under quasi-
steady conditions (green line). Top left, C = 0.02818 B, maximum prolate shape; Top right, C = 0.02900
B, a spherical shape; Bottom left, C = 0.02975 B, maximum oblate shape; Bottom right, C = 0.03048 B, a
spherical shape.

parameter (0 = �0.3056 (Y0 = 1.2) is first analysed, and Figure 15 shows the spatial distribution

of the dimensionless evaporation flux =4E = =4E
=4E.B?ℎ

over the droplet surface at four different times,

when a maximum prolate ((<8=), spherical (( = 0) and oblate (<0G shape is reached. =4E.B?ℎ is

the evaporation flux of a spherical droplet with the same surface area under the same evaporating

conditions. The dimensionless time is C = C l2
2c . The evaporation flux under quasi-steady conditions in

the same evaporating conditions is also reported for comparison. When the droplet contracts from a

prolate shape to an oblate shape, the evaporation flux at the poles decreases while it increases at the

equator. Conversely, as the droplet returns from an oblate shape to a prolate shape, the flux at the
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poles increases, while it decreases at the equator. For a spherical shape, the flux is not uniform, unlike

the steady solutions; it also depends on the oscillation direction, i.e., towards the prolate or oblate

shape. The flux distribution over the surface still has a similar tendency with that under quasi-steady

solutions (the highest value at the poles for a prolate shape and at the equator for an oblate shape), but

it is quantitatively different. In particular, the flux is no longer proportional to the fourth root of the

dimensionless Gauss curvature, and this has an important implication for the time-varying evaporation

rate, which will be explained later. Figure 16 reports the maximum relative difference
���=4E�=4E.@B=4E.@B

���
<0G

between the evaporation flux =4E and that under quasi-steady conditions =4E.@B within one period with

respect to the surface location [. The maximum relative difference at the equator and poles is about

6.6% and 12.6%, respectively. The smallest difference appears near [ = 0.58, where the droplet

surface exhibits the smallest movement during the oscillation and the effect of the moving boundary

is lower.

Figure 16: Maximum relative differenceΔ=4E,<0G =
���=4E�=4E.@B=4E.@B

���
<0G

within one period (not the first period)
with respect to the surface location [.

The time dependence characteristics of the evaporation flux are discussed here. The temporal evolution

of the dimensionless evaporation flux at the poles (red line) and the equator (blue line) is shown in

Figure 17. It is found that the peak of the evaporation flux at the poles is ahead of the maximum

prolate shape, while the peak at the equator is ahead of the maximum oblate shape. There exists a

phase shift between the evaporation flux and the droplet oscillation. For the present case of initial

droplet shape Y0 = 1.2, the phase shift of the peak of the flux at the poles ahead of the maximum
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Figure 17: Temporal evolution of the dimensionless evaporation flux at the poles (orange line) and the
equator (blue line).

prolate shape ((<8=) is 0.3206 rad, and the corresponding minimum at the equator is 0.3708 rad ahead

of (<8=. Similarly, the phase shift of the peak at the equator ahead of the maximum oblate shape

((<0G) is 0.2393 rad, and the corresponding minimum at the poles is 0.2895 rad ahead of (<0G . The

phase shift between the evaporation flux and the droplet oscillation differs at different surface locations

and times. Although the phase shift between the evaporation flux and the droplet oscillation exists,

the evaporation flux at each location oscillates with the same frequency as the droplet oscillation.

Under unsteady conditions, the evolution of the vapour distribution is much slower than the evolution

of the interface. As the interface moves, the instantaneous vapour distribution does not match the

corresponding steady vapour distribution for the instantaneous droplet shape, which leads to a different

evaporation flux compared with the results under quasi-steady assumptions. This unsteady vapour

distribution still varies periodically. Thus, a periodic evaporation flux is obtained, but with a different

phase shift at different surface locations, compared with the results under quasi-steady conditions.

By integration of the instantaneous evaporation flux over the surface (Eqn. 5.10), the time-varying

evaporation rate ⁄" is evaluated, as reported in Figure 18, which also shows the temporal variation of

the dimensionless evaporation rate " =
⁄"
⁄"B?ℎ

(blue line). ⁄"B?ℎ is the evaporation rate of a spherical

droplet with the same surface area under the same evaporating conditions. It is evident that the peak of

the evaporation rate is ahead of the maximum prolate or oblate shape, and the minimum evaporation
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Figure 18: Left: temporal evolution of the evaporation rate (blue line), compared with the analytical
solutions (green line) under quasi-steady conditions [71]; Right: temporal evolution of the dimensionless
evaporation rate.

Figure 19: Temporal evolution of the dimensionless evaporation rate (blue line) from the present model,
compared with that (red diamonds) from the approximation =04E = =4E.@B 5 „[, (, (C ”.
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rate appears before the spherical shape, which does not follow the results predicted by the analytical

model under quasi-steady assumptions [71]. This phase shift can be attributed to the evaporation flux

for an oscillating droplet, which is different from that under quasi-steady conditions, as mentioned

previously. The difference of the evaporation flux distribution from that under quasi-steady conditions

can be taken into account by a function 5 „[, (, (C”:

=4E = =4E.@B 5 „[, (, (C” (5.19)

As observation, 5 „[, (, (C” depends on [, as well as ( and (C . From the available numerical data, it is

fitted in the form of a fourth order polynomial 5 „[, (, (C” = �0„(, (C” ‚ �2„(, (C”[2‚ �4„(, (C”[4 (the

odd terms are ignored by 2=3 assumption of the symmetrical droplet). Recalling Eqn. 5.10 yields:

⁄" =

∫ 2c

i=0

∫ 1

[=�1
=4E.@B 5 „[, (.(C”ℎ[ℎi3[3k = ⁄"@B

∫ 1

[=0
5 „[, (.(C”3[ (5.20)

Under quasi-steady conditions, the consistency of the evaporation rate and the droplet shape can be

explained as the following. From Eqn. 5.13, we known:

( = 0 :
m ⁄"@B

m(
= 0,

m2 ⁄"@B

m(2 > 0; (<8= :
m ⁄"@B

m(
< 0; (<0G :

m ⁄"@B

m(
> 0 (5.21)

The time derivative of („C” follows:

(<8= : (C = 0, (CC > 0; ( = 0 : (C ≠ 0; (<0G : (C = 0, (CC < 0 (5.22)

Thus, for a maximum prolate ((<8=) or oblate shape ((<0G), the evaporation rate follows m ⁄"@B
mC

=

m ⁄"@B
m(

(C = 0 and m2 ⁄"@B
mC2

=
m ⁄"@B
m(

(CC ‚
m2 ⁄"@B
m(2 (2

C < 0. ⁄"@B takes the maximum.

As for a spherical shape (( = 0), ⁄"@B follows m ⁄"@B
mC

=
m ⁄"@B
m(

(C = 0, but m
2 ⁄"@B
mC2

=
m ⁄"@B
m(

(CC ‚
m2 ⁄"@B
m(2 (2

C > 0.
⁄"@B takes the minimum.

The peak and the minimum of the evaporation rate for steady spheroids are consistent with the droplet

shape. But for an oscillating droplet, =4E = =4E.@B 5 „[, (, (C”, the evaporation rate follows:

m ⁄"
mC

=
m ⁄"
m(

(C ‚
m ⁄"
m(C

(CC =
m ⁄"@B

m(
�(C ‚ ⁄"@B

m�

m(
(C ‚ ⁄"@B

m�

m(C
(CC (5.23)

with � =
∫ 1
[=0 5 „[, (, (C”3[. For a maximum prolate ((<8=) or oblate shape ((<0G), we have m ⁄"

mC
=

⁄"@B
m�
m(C
(CC ≠ 0, ⁄" does not have a maximum. As for the spherical shape (( = 0), we have m ⁄"

mC
=

⁄"@B
m�
m(
(C ‚ ⁄"@B

m�
m(C
(CC ≠ 0, ⁄" does not have a minimum. This difference in evaporation flux leads to

the phase shift of the evaporation rate and the droplet oscillation.

Figure 19 compares the dimensionless evaporation rate " integrated by =4E and by the approximation

=04E = =4E.@B 5 „[, (, (C”, of which �0,2,4„(, (C” are fitted in a form of a fourth-order double polynomial
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(�0,2,4„(, (C” =
∑4
8=0 28(

8(4�8
C ). The good agreement verifies the assumed form of 5 „[, (, (C” in the

fourth-order polynomial and the fact that the difference between the evaporation flux and that under

quasi-steady conditions leads to a phase shift between the evaporation rate and droplet oscillation.

Figure 20: Temporal evolution of the normal component of the interface velocity += and the gas velocity
D�,= at the poles and the equator.

Due to evaporation, the velocity at the interface between the two phases differs, as reported in Figure

20 that shows the temporal evolution of the normal component of the interface velocity += and gas

velocity (D�,=) at the equator and the poles. For a maximum prolate or oblate shape ((C = 0), the

interface velocity is almost zero (Eqn. 5.14), since (C is dominant and the radius change rate 'C for

a low evaporation rate can be ignored. However, the gas velocity at the interface is not zero due to

the evaporation. This difference between the interface velocity and the gas velocity may contribute to

a vapour distribution different from that under quasi-steady conditions, and to the evaporation flux,

which differs from that under quasi-steady conditions.

The effect of the moving interface on the evaporation characteristic can also be analysed through the

amplitude of the evaporation rate. This depends on the initial droplet deformation, which also affects

the phase shift between the evaporation rate and droplet oscillation. Tab. 4 lists the tests of different

initial droplet deformations. Test series A1-A4 are of an initial prolate shape, while test series B1-B4

of an initial oblate shape have the same surface area corresponding to A1-A4. Figure 21 shows the

temporal evolution of the dimensionless evaporation rate in tests A1-A4 and B1-B4. The amplitude
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Figure 21: Temporal evolution of the dimensionless evaporation rate in tests A1-A4 (left column) and
B1-B4 (right column).
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Figure 22: The ratio of the minimum evaporation rate ⁄"<8= (in a prolate shape ⁄"<8=.?A and an oblate
shape ⁄"<8=.>1) to that under quasi-steady conditions ⁄"<8=.@B, with respect to different initial droplet
shape Y0.

Figure 23: Relative difference Δ ⁄"<0G =
⁄"<0G.>1� ⁄"<0G.?A

⁄"<0G.?A
between the maximum evaporation rate in an

oblate shape ⁄"<0G.>1 and a prolate shape ⁄"<0G.?A , with respect to the initial droplet deformation Y0.
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Table 4: Simulations of different initial droplet shape (0 (Y0)

(0 = �0.1736 (0 = �0.3056 (0 = �0.4898 (0 = �0.6094
Y0 = 1.1 Y0 = 1.2 Y0 = 1.4 Y0 = 1.6
test A1 test A2 test A3 test A4

(0 = 0.2066 (0 = 0.4253 (0 = 0.8943 (0 = 1.3986
Y0 = 0.9104 Y0 = 0.8376 Y0 = 0.7266 Y0 = 0.6457

test B1 test B2 test B3 test B4

and phase of the evaporation rate and the effect of the initial deformation on them are discussed in the

following.

For steady spheroids, the evaporation rate always takes the minimum ⁄"<8=.@B for a spherical shape,

and ⁄"<8=.@B is a constant value, since the decrease in droplet radius within a couple of periods is

negligible (see Eqn. 5.13). Figure 22 shows the ratio of the minimum evaporation rate ⁄"<8= (in a

prolate shape ⁄"<8=.?A and an oblate shape ⁄"<8=.>1) to that under quasi-steady conditions ⁄"<8=.@B, as a

function of the initial deformation Y0. For an oscillating droplet, the minimum of the evaporation rate
⁄"<8= is lower than that predicted under quasi-steady assumptions ⁄"<8=.@B (also refer to Figure 21),

and the minimum, appearing in a prolate shape ⁄"<8=.?A , is always higher than that in an oblate shape
⁄"<8=.>1. As the droplet deformation increases, the difference between the minimum evaporation rate
⁄"<8= and that under quasi-steady conditions ⁄"<8=.@B, and the difference between ⁄"<8=.?A and ⁄"<8=.>1,

both increase.

For a steady spheroid, the maximum of the evaporation rate in a prolate shape ⁄"<0G.?A.@B is always

higher than that in an oblate shape with the same surface area ⁄"<0G.>1.@B (see Eqn. 5.13 and Eqn.

3.56). As the deformation increases, this difference also increases. For an oscillating droplet, the

maximum evaporation rate ⁄"<0G is always higher than that predicted under quasi-steady assumptions
⁄"<0G.@B (refer to Figure 21). For oscillating droplets of small initial deformation, such as tests A1 and

B1, the maximum evaporation rate in a prolate shape ⁄"<0G.?A is also higher than that in an oblate shape
⁄"<0G.>1. But, for large initial deformations (tests A3, B3, A4, and B4), the maximum evaporation

rate in a prolate shape ⁄"<0G.?A is lower than that in an oblate shape ⁄"<0G.>1, by observing the data

in Figure 23 that depicts the relative difference Δ ⁄"<0G =
⁄"<0G.>1� ⁄"<0G.?A

⁄"<0G.?A
for different initial droplet

shapes Y0 under unsteady and quasi-steady conditions. This transition happens close to tests A2 and

B2. Both ⁄"<0G.?A and ⁄"<0G.>1 increase for a larger droplet deformation (refer to Figure 21), but the

increase of ⁄"<0G.>1 is faster. The minimum and maximum of the evaporation rate in test series A

and B with the same initial surface coincide well, which implies that the evaporation rate amplitude

depends on the initial deformation, regardless of whether it is a prolate or oblate shape.
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Figure 24: Dimensionless mass loss Δ< within one period with respect to the initial droplet deformation
Y0, compared with that obtained under quasi-steady conditions.

In addition, the effect of a moving interface is taken into account by measuring the droplet mass loss

within one period. Figure 24 shows the mass loss within one period Δ< =

∫ C‚Δ)
C

⁄"3C�
∫ C‚Δ)
C

⁄"B?ℎ3C∫ C‚Δ)
C

⁄"B?ℎ3C
, as a

function of the initial aspect ratio Y0, where ⁄"B?ℎ represents the evaporation rate of a spherical droplet

with the same surface area under the same evaporating condition. Δ< of an oscillating droplet is in

comparison to Δ<@B predicted by the analytical model under quasi-steady assumptions. For small

droplet deformations, the mass loss Δ< predicted by the present model is close to that by the quasi-

steady model Δ<@B. Both the mass loss and the difference Δ< � Δ<@B increase with an increasing

initial droplet deformation. The relative difference between Δ< and Δ<@B is evident for a large droplet

deformation. Its effect on the droplet lifetime can be expected for a large droplet deformation, because

this difference accumulates with time. After many periods, the radius predicted by both methods

differs. It is also worth noting that the decrease in the droplet radius is no longer negligible, as well as

its effect on the oscillation dynamics, when oscillation periods is large and the decrease in the radius

accumulates. In the present work, the decrease in radius is ignored. The radius decreases by less than

0.05% after five oscillation periods. A slight difference in the mass loss between test series A and B

with the same initial droplet surface is observed, since the mass loss is evaluated in the tenth period

and is still under the effect of the initial droplet shape. A later period is not chosen to avoid high
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computational time, as well as the evident decrease in the droplet radius, which can lead to different

oscillation dynamics.

Table 5: Oscillation frequency in all tests

A1, B1 A2, B2 A3, B3 A4, B4
angular frequency »1�B… 2015.6 2006.8 1978.5 1942.6

Figure 25: Phase shift of the peak of the evaporation rate ⁄"<0G ahead of the maximum prolate ((<8=)
and oblate ((<0G) shape, with respect to the initial droplet deformation Y0.

The initial droplet aspect ratio Y0 also has an effect on the phase of the evaporation rate. It is known that

the oscillation frequency decreases with an increasing initial droplet deformation [20,29,30], as listed

in Tab. 5. The frequencies of the evaporation rate are identical to the oscillation frequencies in each

test, respectively. As mentioned above, there exists a phase shift between the peak of the evaporation

rate and the maximum prolate or oblate shape, and between the minimum of the evaporation rate and

a spherical shape. The phase shift ΔU is characterized by the maximum evaporation rate ⁄"<0G ahead

of the maximum prolate ((<8=) or oblate ((<0G) shape, as shown in Figure 25, and by the minimum

evaporation rate (in a prolate ⁄"<8=.?A or oblate ⁄"<8=.>1 shape) ahead of the spherical shape (( = 0), as

reported in Figure 26. With an increasing initial droplet deformation, the phase shift ΔU between the

peak of the evaporation rate ⁄"<0G and the maximum prolate ((<8=) shape increases, while that between
⁄"<0G and ((<0G) decreases. When the initial deformation approaches a spherical shape Y0 = 1, both

phase shifts coincide. The phase shift of the minimum evaporation in a prolate shape ( ⁄"<8=.?A) ahead
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Figure 26: Phase shift of the minimum the evaporation rate (in a prolate ⁄"<8=.?A or oblate ⁄"<8=.>1 shape)
ahead of the spherical shape (( = 0), with respect to the initial droplet deformation Y0.

of a spherical droplet shape (( = 0) increases as the initial deformation increases. In contrast, the

phase shift of the minimum evaporation rate in an oblate shape ( ⁄"<8=.>1) ahead of a spherical droplet

shape (( = 0) decreases. As the initial deformation approaches Y0 = 1, these two phase shifts become

closer. For an initial prolate or oblate shape with the same surface area, the phase shifts are similar.

Considering together with the close amplitude of the evaporation rate in test series A and B, it can

be concluded that the evaporation rate depends on the initial deformation, regardless of whether the

droplet is prolate or oblate.

Table 6: Simulation under different evaporating conditions

)! » … d� »:6�<3… jB »�…
A2! 336.15 0.9601 0.1537
A2� 368.15 0.6555 0.7595

In the present work, the droplet temperature is assumed to be constant, as well as the vapour mass

fraction at the surface. The effect of the evaporating conditions on the evaporation behaviour of an

oscillating droplet is discussed here. Test A2� of a higher evaporating temperature )! = 368.15 and

test A2! of a lower evaporating temperature )! = 336.15 are listed in Tab. 6. The evaporation rate

of test A2� is more than five times that of test A2! , as reported in Figure 27. Despite such different

evaporating rates, their profiles are similar. Figure 28 shows the temporal profiles of the dimensionless

evaporation rate. Under different evaporating conditions, the profiles of the dimensionless evaporation
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Figure 27: Temporal evolution of the evaporation rate in tests A2� (left) and A2! (right).

Figure 28: Temporal evolution of the dimensionless evaporation rate in tests A2� (solid line) and A2!
(dash line).
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rate predicted by the quasi-steady model coincide. The amplitude of the dimensionless evaporation rate

for an oscillating droplet under different evaporating conditions is slightly different. The phase shift

between the evaporation rate and droplet oscillation also has only a very small difference. Therefore,

the evaporating conditions only have a slight influence on the evaporation behaviour of an oscillating

droplet. This verifies the assumption of a constant droplet temperature when focusing on the effect of

a moving interface on the evaporation behaviour.

5.2 Direct Numerical Simulation of the Evaporation of an Oscillating Droplet

using FS3D

This section summarises the investigation of the evaporation of an oscillating droplet by DNS (direct

numerical simulation). The in-house code FS3D of the institute ITLR in Stuttgart is employed, which

is developed for incompressible multiphase flows (Section 3.9). This code solves mass and momentum

conservation equations, as well as the energy equation. The flow is assumed to be incompressible. No

turbulence model is adopted, and assumptions of fixed droplet temperature and vapour mass fraction at

the surface, potential flows, and spheroidal droplet shape in the analytical/numerical model introduced

in Section 5.1 do not hold in DNS. Two validation cases are performed to verify the capability of FS3D

to predict the evaporation of an oscillating droplet. Then the grid convergency study is discussed for

the main simulations in the present work.

5.2.1 Code Validations

Since the experimental or theoretical data for the evaporation of an oscillating droplet are limited

until now, the validation of the capability of the code FS3D is split into two independent validation

tests. One validation considers the droplet oscillation without evaporation (%4 ! 1). The other one

studies the evaporation of spheroidal droplets under quasi-steady conditions (%4 ! 0). In the latter

validation case, a droplet surface is assumed to be still.

5.2.1.1 Validation of the Capability of FS3D for Droplet Oscillation without Evaporation

In the first validation case, we investigate an oscillating droplet without evaporation. A comparison

between the numerical results predicted by FS3D and the available data in the literature [20, 29, 30].

For an oscillating droplet, an asymmetry in the time spent in the prolate and oblate shapes in each

period is found [20, 30], as observed in Figure 29 that reports the percentage of time spent by the

droplet in the prolate shape within one period increasing as the aspect ratio Y. The numerical results
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Figure 29: Validation of FS3D for an oscillating droplet without evaporation, by comparison of the results
predicted by FS3D to the analytical [30], numerical [20], and experimental [29] data in literature. Left,
the percentage of the time spent in a prolate shape in one period with respect to the aspect ratio; Right,
the deviation of the droplet oscillation frequency l from the angular frequency in the second mode l2
with respect to the aspect ratio.

by FS3D are in good agreement with the analytical [30] and numerical [20] results. The effect of the

oscillation amplitude on the oscillation frequency is summarized in [20, 29, 30]. Referring to Figure

29, the deviation of the droplet oscillation frequency l from the angular frequency in the second

mode l2 =
√

8f
d!'

3 increases as the aspect ratio. These results by FS3D have a similar trend with

the analytical [30], numerical [20], and experimental [29] results. This validation case verifies the

capability of FS3D to predict the droplet oscillation without evaporation.

5.2.1.2 Validation of the Capability of FS3D for Evaporation of Spheroidal Droplets under

Quasi-steady Assumptions

The second validation case focuses on the evaporation of spheroidal droplets under quasi-steady

assumptions, which was conducted by Reutzsch [123]. Figure 30 reports the spatial distribution of

the non-dimensional evaporation flux =̂4E = =4E „ ⁄"
4c'2 ”�1 over the droplet surface [ = 2>B„\”. In this

section 5.2, \ is the polar angle in a spherical coordinate system, and [ = 2>B„\” is defined as the

cosine of the polar angle of a point at the droplet surface. [ = 1 refers to the upper pole, [ = �1

corresponds to the lower pole, while [ = 0 is the equator. By Eqn. 5.2, the dimensionless evaporation

flux by the analytical model under quasi-steady assumptions is =̂4E.@B = „'2^�”1�4. For a prolate

droplet, =̂4E.@B at the poles is higher than that at the equator. In contrast, an oblate droplet has a higher

dimensionless =̂4E.@B at the equator. The spatial distribution of the evaporation flux predicted by FS3D

is consistent with the analytical results [71]. Considering both validation cases, FS3D is assumed
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to be capable of simulating the evaporation of an oscillating droplet, which releases the quasi-steady

assumptions.

Figure 30: Validation of FS3D for the evaporation of spheroids under quasi-steady conditions. The
spatial distribution of non-dimensional evaporation flux =̂4E over the droplet surface [.

Figure 31: Computational domain.
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5.2.2 Computational Settings and Grid Resolution Convergence Study

The computational domain of dimensions 2.83 <<3 is shown in Figure 31. The corresponding cell

numbers are 1283. In the middle of the domain, a water droplet of an initial prolate shape of semi-axis

0A,0 and 0I,0 oscillates and evaporates in air. Tab. 7 lists the initial semi-axis 0A,0, 0I,0 (initial aspect

ratio Y0 = 1.2), binary diffusivity coefficient of the vapour in air �, air pressure ?0, initial liquid )!,0
and gas )�,0 temperature, surface coefficient f, liquid `! and gas `� dynamic viscosity. The small

initial temperature difference can reduce the effect of the initial temperature difference on the vapour

distribution, and thus the computational efforts. Tests with different initial temperature differences are

conducted, and similar results are obtained. The continuous boundary conditions for all boundaries are

set. The initial vapour distribution in the gaseous phase is set to be that given under steady conditions,

described by Eqn. 5.1, to reduce the computational time. Otherwise, much computational time is

wasted to achieve a stable varying vapour distribution.

Table 7: Parameter settings

0A,0 »<… 0I,0 »<… � »<2�B… ?0 »%0… )!,0 » …
0.5 � 10�3 0.6 � 10�3 28.45 � 10�6 0.965 � 105 351
)�,0 » … f »<#�<… `! »%0 � B… `� »%0 � B…

350.8 76.40 3 � 10�3 18.2 � 10�6

Figure 32: Normalized droplet surface area �� with non-dimensional time g for test cases with various
cell numbers: � : 643, � : 963 and � : 1283
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The grid convergence study presented here is performed for the main simulations of oscillating

evaporating droplets. Three test cases are conducted, with various cell numbers: case � : 643, case

� : 963, and case � : 1283. Figure 32 depicts the evolution of the droplet surface area ��, which is

normalized by the initial droplet surface area, with respect to the non-dimensional time g for three

cases. The dimensionless time is g = C
C?4A8>3

, where the averaged period of five oscillation periods

C?4A8>3 = 3.138 <B is used. The deviation of case � from � is evident since g = 3. While cases

� and � coincide well, with the relative difference about 7% in the fifth period. By considering the

computational effort and accuracy, the cell numbers 1283 in case � is assumed in the present case to

be sufficient.

5.2.3 Results from FS3D Simulations and Discussions

The simulation results of the evaporation of an oscillating droplet by FS3D are presented and discussed

in this section. Both viscosity and temperature variation are considered in the simulations.

Figure 33: Evolution of the aspect ratio with respect to non-dimensional time, predicted by FS3D.

Figure 33 shows the evolution of the aspect ratio with respect to the non-dimensional time. Due to

the viscous dissipation, the oscillation is damped. The initial half period is not taken into account, to

avoid the instability in the start. The evaporation rate ⁄" decreases with time, as observed in Figure

34. As the droplet evaporates, the radius reduces. And this can cause the falling evaporation rate. But,
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Figure 34: Evolution of the evaporation rate with respect to non-dimensional time.

Figure 35: Temperature distribution from side view at two times, g = 0.4908 (left), g = 3.4353 (right).
The white line represents the position of the interface.
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in the present case, this effect is negligible, since the decrease in radius in several periods is very tiny.

The main reason for this decreasing evaporation rate can be ascribed to the decreasing temperature at

the interface due to the evaporation. The saturated vapour mass fraction at the interface is sensible

to the variation of temperature. As the interface temperature goes down, the vapour saturated mass

fraction decreases fast, and this causes the falling evaporation rate. Due to the large latent heat of

evaporation, the temperature at the interface goes down fast, as reported in Figure 35, which shows

the temperature distribution at two times, g = 0.4908 and g = 3.4353. The interface temperature

and gas temperature in the vicinity of the interface decrease fast, while the effect of the evaporation

on the droplet temperature is limited in a thin boundary layer since the thermal diffusivity _
d�?

of the

liquid is much smaller than that of the gas. The thermal boundary layer in the liquid phase is much

thinner than that in the gaseous phase. The heat flux inside the droplet is much higher than that in the

gaseous phase due to the thin thermal boundary layer (large temperature gradient) and large thermal

conductivity. In fact, the interface temperature is not uniform and varies with time since the spatial

and temporal varying evaporation flux. The results predicted by the quasi-steady model under the

same evaporating conditions are not set as a comparison, since the time-varying and non-uniform

droplet temperature. Although the evaporation rate has some fluctuations, a phase shift is observed

between the evaporation rate and the droplet oscillation. This can also be understood as the result of

a different evaporation flux over the droplet surface, as described in the last section 5.1.3.2. But the

peak of the evaporation rate is behind the maximum prolate shape. The evaporation rate in a prolate

shape is evidently higher than that in an oblate shape, which is strongly different from the results under

quasi-steady assumptions for a small droplet deformation.

Figure 36: Spatial distribution of evaporation flux over the droplet surface within one period by FS3D
simulations (left), compared with the results by the analytical model under quasi-steady assumptions
(right).

85



Yueqiao, Hu

Table 8: Different locations at surface

� � � � � � � � � �

polar angel \ 0� 20� 30� 40� 50� 60� 65� 70� 75� 90�

Figure 37: Temporal evolution of non-dimensional evaporation flux at different surface locations, from
� „\ = 0�” to � „\ = 90�”, by FS3D simulations.
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Figure 36 compares the spatial distribution of non-dimensional evaporation flux =̂4E = =4E „ ⁄"
4c'2 ”�1 over

the droplet surface at various [ within one period predicted by FS3D with that by the analytical model

under quasi-steady assumptions. Under quasi-steady assumptions, the non-dimensional evaporation

flux is =̂4E.@B = „'2^�”1�4 by Eqn. 5.2 and it depends on the surface curvature (droplet shape). A

prolate droplet has the highest =̂4E at the poles, while an oblate one has the highest at the equator. But

the simulation results for an oscillating droplet show strongly different characteristics. The evaporation

flux is higher at the equator and the poles, regardless of the droplet shapes. Different surface locations

are listed in Tab. 8. The temporal evolution of the evaporation flux at these locations is shown in

Figure 37. At different locations, the evaporation flux reaches the peak at different times. The data at

the poles � and equator � have more fluctuations due to the large movement and fast variation of the

curvature there. In the region near the poles, such as locations �, �, the flux achieves the peak for a

maximum oblate shape and has the minimum for a maximum prolate shape. While in the region near

the equator, such as locations �, �, the flux reaches the peak for a maximum prolate shape and has the

minimum for a maximum oblate shape. This transition occurs at location �. This characteristic is

strongly different from the results by the analytical model under quasi-steady assumptions, reported

in Figure 38. The flux reaches the peak for a maximum prolate shape from � to � , where the droplet

surface curvature is larger in a prolate shape. The flux achieves the peak for a maximum oblate shape

from � to �, where an oblate droplet has a larger surface curvature.

Figure 38: Temporal evolution of non-dimensional evaporation flux by the analytical model under quasi-
steady assumptions, at different surface locations.
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The evaporation rates predicted by FS3D (Figure 34) and by the analytical/numerical model in Section

5.1 (Figure 18) are on the same scale. In FS3D, the thermal physical properties are estimated locally

at each moment. The energy equation is solved, and temperature variation is considered. Thus, the

surface temperature decreases as the droplet evaporates. Then, the decreasing saturated vapour mass

fraction at the surface leads to a sinking evaporation rate. However, in the analytical/numerical model

in Section 5.1, the surface temperature is assumed to be constant. Thus, the evaporation rate in Figure

18 does not goes down. Due to the spatially non-uniform evaporation flux, the local heat flux varies

with location in FS3D. The droplet surface temperature is therefore non-uniform, which then affects

droplet evaporation. Local surface temperature and evaporation flux are coupled, which may lead

to the different evaporation flux profiles in FS3D and the analytical/numerical model (Figure 15 and

Figure 36). The different flux profiles lead to different phase shifts between the evaporation rate and

droplet oscillation. In the analytical/numerical model, we assumed that the droplet temperature is

fixed and has only a slight effect on the evaporation behaviour. But the evaporation flux and surface

temperature are coupled, it may be one part of further work.
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Chapter 6. Conclusions and Outlook

Droplet evaporation under largely different conditions, such as non-spherical shapes, droplet pairs/ar-

rays, suspended/sessile droplets, non-uniform temperature, multicomponents, and so on, has been

investigated over more than one century. However, in the past work on droplet evaporation, the steady

mass/heat transfer through the interface is always assumed (quasi-steady assumptions), and the droplet

shape is usually assumed to be fixed, whether the droplet is prolate, spherical, or oblate. The evolution

of the interface is often assumed to be much slower than the heat/mass diffusion through the interface.

For an oscillating droplet, the possible effect of a moving interface has to be taken into account, and

the quasi-steady assumption is released, which is investigated in the present work. The main task is

to study the effect of the moving interface on the droplet evaporation characteristics. An analytical

method is suitable for the present task, as it simplifies the secondary factors and focuses on what

we are interested in. An in-house numerical code FS3D (Free Surface 3D), shared by the ITLR of

University Stuttgart, and developed for DNS (direct numerical simulation) of multiphase flows, offers

more details and another viewpoint on our research.

An analytical droplet oscillation model is first introduced. Two basic assumptions hold: a spheroidal

droplet and potential flows. The assumed shape of spheroidal droplets provides great convenience in

employing the prolate/spherical/oblate coordinate systems, which can be summarized as a generalized

spheroidal coordinate system „k, [, i” in a unified way. Therefore, it is very suitable for a droplet

oscillating in a spheroidal shape. The droplet shape and this generalized spheroidal coordinate

system are completely described by a time-varying deformation parameter, which can be numerically

evaluated from a non-linear ODE describing the droplet energy conservation equation. In this time-

varying generalized spheroidal coordinate system, the moving interface between the droplet and gas

can be simply described at k = 1, i.e. the moving boundary problem is transformed to a fixed

boundary one. The assumption of potential flow allows to derive the velocity field by solving a

Laplace equation for the velocity potential, instead of solving the momentum equation. Solving the

Laplace equation in this generalized spheroidal coordinate system, the velocity field in both phases can

be given analytically. The simulation results for an oscillating droplet by the in-house code FS3D are

used as a comparison to better show how these assumptions in the analytical model possibly deviate

from the real situation. Inside the droplet, the velocity field obtained by the analytical model coincides

very well with that from the simulations by FS3D. From the simulation results, in the gaseous phase, a

vortex is observed where the droplet surface is almost still during the oscillation. This vortex is strong

89



Yueqiao, Hu

for a spherical droplet when the velocity is fast, and weak when the droplet approaches a maximum

extended shape.

Besides the Laplace equation for the velocity potential, the species conservation equation in the gaseous

phase is solved. The generalized spheroidal coordinate system is still employed. The present work

mainly analyses the effect of a moving interface on the evaporation characteristics. Thus, additional

simplifications have been made temporarily. The temperature distribution over the surface is assumed

to be fixed and uniform, and the temperature dependence of the physical properties is therefore ignored.

Gas density is assumed to be constant at each location, even though the vapour mass fraction varies

spatially. The normal velocities within the two phases are discontinuous due to the evaporation. The

evaporation flux is calculated in a diffusion form through the jump conditions. The instantaneous

evaporation rate is evaluated by integration of the evaporation flux over the surface. The mass loss

within one period can be obtained by integrating the evaporation rate over one period. Since the

species conservation equation and the Laplace equation are coupled, they are numerically solved by a

computational loop, using the General Form of PDE in COMSOL Multiphysics.

The results from the analytical model under quasi-steady assumptions are taken as a reference, by which

the effect of a moving interface on the evaporation characteristics is better shown. The evaporation

flux for an oscillating droplet has a similar tendency to that from the quasi-steady model, but is

quantitatively different. The difference depends on both time and location. This difference leads to

a phase shift between the evaporation rate and droplet oscillation. Under quasi-steady assumptions,

the evaporation rate reaches the maximum values when the droplet has a maximal extended shape,

and has a minimum for a spherical shape. But, for an oscillating droplet, the peak of the evaporation

rate is ahead of the maximal extended shape (maximum prolate or oblate shape). The minimum of

the evaporation rate is also ahead of the spherical droplet shape. The initial droplet deformation has

an effect on the phase shift between the evaporation rate and droplet oscillation. Under the same

evaporating conditions, the phase shift becomes larger as the initial droplet deformation increases,

whether the droplet is prolate or oblate. The evaporating conditions also have an effect on the phase

shift. A droplet of high temperature has a larger phase shift than one of low temperature. Under

quasi-steady conditions, the minimum of the evaporation rate is attained for a spherical droplet. The

peak of the evaporation rate corresponds to the maximum prolate/oblate shape. A prolate droplet has

a higher evaporation rate than an oblate one with the same surface area. For an oscillating droplet, the

minimum of the evaporation rate is always lower than the value under quasi-steady conditions. The

maximum evaporation rate in a prolate shape is higher than that in an oblate shape when the initial

aspect ratio is small. While the initial aspect ratio is over a threshold, the maximum evaporation rate
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in a prolate shape is lower than that in an oblate shape. The mass loss is investigated by integration

of the evaporation rate over one period. For small initial droplet deformation, the mass loss of an

oscillating droplet is close to that under quasi-steady conditions. For a large initial droplet deformation,

an oscillating droplet has a higher mass loss than a droplet under quasi-steady conditions, and this

difference becomes larger when increasing the oscillation amplitude.

The evaporation of an oscillating droplet is also numerically investigated by DNS (direct numerical

simulation) with the numerical code FS3D. No assumptions are made, and the effect of temperature

is taken into account. The evaporation flux by FS3D is different from that by the quasi-steady model,

which is proportional to the fourth root of the local Gauss curvature. Regardless of the droplet shape,

the outcomes of these simulations show a higher evaporation flux at the poles and the equator, and

the evaporation flux depends on both time and location. It is also observed a phase shift between

the evaporation rate and droplet oscillation. In these simulations, the evaporation rate continuously

decreases with time, which can be attributed to the fast decrease in the droplet surface temperature

due to the high value of the latent heat. The decrease in the surface temperature leads to a lower

saturated vapour mass fraction at the interface. The effect of the decrease in the droplet radius can be

ignored over only a few periods. The temperature dependence of the physical properties and saturated

vapour mass fraction at the interface is not taken into account in the previous analytical/numerical

evaporation model for an oscillating droplet. Therefore, it needs to be careful when comparing the

evaporation rates by FS3D and the previous analytical/numerical model, but they are still on the same

scale.

Outlook

Starting from an analytical droplet oscillation model, combined with the droplet evaporation, an

analytical/numerical evaporation model for an oscillating droplet is proposed in this thesis. Many

assumptions have been made temporarily, since our main focus is the effect of the moving interface

on the droplet evaporation. But these assumptions may also have a crucial effect on the droplet

evaporation. The varying droplet surface temperature should be taken into account in further work,

due to the sensible temperature dependence of the saturated vapour mass fraction at the interface.

This process can become very complex when the heat transfer is considered, since the evaporation

rate, the droplet surface temperature, and the velocity field are coupled. The energy and species

equations in the gaseous phase have a similar expression, but with different boundary conditions at

the interface. And this would allow us to model the temperature variation in the gaseous phase using

the same analytical/numerical model. The temperature equation inside the droplet can also be solved

91



Yueqiao, Hu

numerically. If identical normal liquid interface velocity and normal interface velocity are assumed

due to the large density ratio of liquid and gas, the velocity field inside the droplet is decoupled from the

evaporation, and its analytical solution is already known. In extreme conditions, e.g., when isothermal

lines and streamlines coincide, the analytical solution of the temperature field inside the droplet may

be possible. In the case of a water droplet in air, the thermal conductivity of the liquid is much larger

than that of the gas, while the temperature diffusivity of the liquid is much lower than that of the gas. A

thin thermal boundary layer inside the droplet is expected, compared to the gaseous phase. Due to the

large thermal conductivity of the liquid and the thin thermal boundary layer inside the droplet, it may

be assumed that the heat flux inside the droplet is dominant and the droplet surface temperature can

be determined only by the temperature equation inside the droplet with a boundary condition, which

considers the latent heat due to evaporation. The effect of the ignored vortex in the gaseous phase due

to the assumption of potential flow on the droplet evaporation can be discussed further. This vortex is

strong for a spherical shape and weak when the droplet is extended. An expression for this vortex may

need to be analysed in further work. The simulations can be performed over a wide range of density

and viscosity ratios as well as oscillation frequencies. For example, when replacing the gaseous phase

with the same density and viscosity as the liquid, whether this vortex can still be observed. Through

enough simulations, the vortex strength and penetration distance of the vortex may be summarized.
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Appendix A

A.1 Harmonic Solutions of the Laplace Equation in a Spherical Coordinate

System

We consider the Laplace equation of a scalar 5 in a spherical coordinate system „A, \, i”:

r2 5 = 0

r2 5 =
1
A2
m

mA

(
A2 m 5

mA

)
‚ 1
A2B8=„\”

m

m\

(
B8=„\” m 5

m\

)
‚ 1
A2B8=2„\”

m2 5

mi2 (A.1)

By separation of variables, 5 has the form:

5 „A, \, i” = '„A”Θ„\”Φ„i” (A.2)

Substituting into Laplace equation and separating variables lead to three ordinary differential equations:

1
'

m

mA

(
A2 m'

mA

)
= ; „; ‚ 1”,

„1 � 2>B2„\”” 32Θ

32>B2„\”
� 22>B„\” 3Θ

32>B„\” ‚
(
; „; ‚ 1” � <2

1 � 2>B2„\”

)
Θ = 0, (A.3)

1
Φ

32Φ

3i2 = �<
2.

Here ; is a non-negative integer and < takes the integer values j< j � ;. The radial equation '„A”

yields the following:

'„A” = �A ; ‚ �A�„;‚1” . (A.4)

The azimuthal equation Φ„i” admits the general solution:

Φ„i” = �14
8<i ‚ �24

�8<i. (A.5)

The polar equation Θ„\” is the associated Legendre equation, and one of its solutions is %<
;
„2>B„\””,

the associated Legendre functions of the first kind. The associated Legendre functions of the second

kind &<
;
„2>B„\””, as a solution of the equation for Θ„\”, are singular at 2>B„\” = �1 (refer to

Appendix A.2). The regular solution reads:

Θ„\” = %<; „2>B„\”” (A.6)

Combining the radial, polar and azimuthal equation yields the general solution of 5 :

5 „A, \, i” =
1∑
;=0

;∑
<=�;

(
�<; A

; ‚ �<; A
�„;‚1”

)
%<; „2>B„\””4

8<i (A.7)

The coefficients �<
;

and �<
;

are determined from boundary conditions.
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A.2 Legendre’s Equation and Associated Legendre’s Equation

The solutions of Legendre’s equation

„1 � I2”D00 � 2ID0 ‚ a„a ‚ 1”D = 0 (A.8)

with real G or complex variable I, are known as Legendre’s functions, %a Legendre functions of degree

a of the first kind and&a Legendre functions of degree a of the second kind [111,122,124]. Therefore,

the general solution of Legendre’s equation is a linear combination of both kinds:

D = 21%a ‚ 22&a (A.9)

In general, %a and &a can be given in different forms. In many physical applications, the degree a

takes non-negative integers. Legendre functions of the second kind &a are singular at 1. Legendre

functions of the first kind %a of non-integer degree a are also unbounded in the interval »�1, 1…, but

%a of integer degree a are bounded in this interval. So to obtain a solution, which is bounded in this

interval, the degree must be an integer value ;. For degree of integer ;, %; = %�;�1 is satisfied, so ;

only takes non-negative integer values [99, 124]. In the following, the solution for the non-negative

integer ; is discussed. %; of non-negative integer degree ; with suitable standardization (%; „1” = 1) is

also called Legendre polynomials.

For a real variable G 2 „�1, 1”, %; „G” read:

%; „G” = „�1”; 1
2; ;!

3;

3G;

(
1 � G2

) ;
(A.10)

as Rodrigues’ formula. It can also be given by a hypergeometric series, which is also available for

arbitrary degrees [111, 122, 124]. The first several terms for %; „G” are:

%0„G” = 1, %1„G” = G,

%2„G” =
1
2
„3G2 � 1”, %3„G” =

1
2
„5G3 � 3G”, (A.11)

%4„G” =
1
8
„35G4 � 30G2 ‚ 3”, %5„G” =

1
8
„63G5 � 70G3 ‚ 15G”

%; „G” is also valid for G = �1 and even for finite G. An important property is %; „G” = %; „�G” for even

; and �%; „G” = %; „�G” for odd ;. The Legendre function of the second kind &; „G” are given by a

recurrence relation:

&0„G” =
1
2
;=

(
1 ‚ G
1 � G

)
, &1„G” =

1
2
G;=

(
1 ‚ G
1 � G

)
� 1

&2„G” =
„3G2 � 1”

4
;=

(
1 ‚ G
1 � G

)
� 3

2
G (A.12)

„; ‚ 1”&;‚1„G” = „2; ‚ 1”G&; „G” � ;&;�1„G”
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It can also be written as a hypergeometric series. To note that &; „G” is singular at G = �1. We have

�&0„G” = &0„�G” and &1„G” = &1„�G”. Therefore, &= „G” is even for odd ; and odd for even ;.

The independent variable may be a complex number I. For a complex variable I, we have

%; „I” =
1

2; ;!
3;

3I;

(
I2 � 1

) ;
(A.13)

(or we can replace G with I in Eqn.(A.11)) to obtain Legendre polynomial %; „I”:

%0„I” = 1, %1„I” = I,

%2„I” =
1
2
„3I2 � 1”, %3„I” =

1
2
„5I3 � 3I”, (A.14)

%4„I” =
1
8
„35I4 � 30I2 ‚ 3”, %5„I” =

1
8
„63I5 � 70I3 ‚ 15I”

which holds for arbitrary I in the complex plane with a cut along „�1,�1… (0A6„I ‚ 1” < c). &; „I”

has a slightly different form:

&0„I” =
1
2
;=

(
I ‚ 1
I � 1

)
, &1„I” =

1
2
I;=

(
I ‚ 1
I � 1

)
� 1

&2„I” =
„3I2 � 1”

4
;=

(
I ‚ 1
I � 1

)
� 3

2
I (A.15)

„; ‚ 1”&;‚1„I” = „2; ‚ 1”I&; „I” � ;&;�1„I”

which holds for I in the complex plane with a cut along „�1, 1… (0A6„I � 1” < c). The derivative

&
0

2„I” reads:

&
0

2„I” =
3I
2
;=

(
I ‚ 1
I � 1

)
� 3I2 � 1

2„I2 � 1”
� 3

2
(A.16)

The associated Legendre’s equation has the form [111, 122, 124]:

„1 � I2”D00 � 2ID0 ‚
[
a„a ‚ 1” � <2

1 � I2

]
D = 0 (A.17)

In many applications, a is non-negative integer ; and < is integer j< j � ;. The solutions are

the associated Legendre functions of the first kind %<
;

(associated Legendre polynomials) and the

associated Legendre functions of the second kind &<
;

. They can also be given in different forms, one

convenient way is:

%<; „G” = „�1”<‚;
(
1 � G2)<�2

2==!
3<‚;

3G<‚;

(
1 � G2

) ;
= „�1”<

(
1 � G2

)<�2 3<

3G<
%; „G” (A.18)

&<; „G” = „�1”<
(
1 � G2

)<�2 3<

3G<
&; „G” (A.19)

for a real variable G in „�1, 1”. < takes integer values, since in many applications the physical problem

is periodic of 2c in the circumferential direction. When < > ;, the order of the derivative is over the
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highest order of %; . At G = �1, %<
;

is regular and &<
;

is singular. For a complex variable I, %<
;
„I”

and &<
;
„I” are given:

%<; „I” =
(
I2 � 1

)<�2
2==!

3<‚;

3I<‚;

(
G2 � 1

) ;
=

(
I2 � 1

)<�2 3<

3I<
%; „I” (A.20)

&<; „I” =
(
I2 � 1

)<�2 3<

3I<
&; „I” (A.21)

The associated Legendre functions of the first kind %<
;

are regular in the interval »�1, 1…, they are

mutually orthogonal in this interval:∫ 1

�1
%<; „G”%

<
= „G”3G = 0, 8 5 ; ≠ =. (A.22)

and ∫ 1

�1
%<; „G”%

<
; „G”3G =

2
2; ‚ 1

„; ‚ <”!
„; � <”! (A.23)

When < = 0, it reduces to the mutual orthogonality of the Legendre functions of the first kind

Figure 39: A spheroidal droplet shape of aspect ratio Y = 0.54 (left) and Y = 2 (right), and its approxima-
tion truncated in the modes ; = 2, ; = 4, and ; = 6.
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%; „G”. If a droplet suffers the infinitesimal displacements, its radius can be expanded by the normal

mode technique. The coefficients in each term can be obtained by using this property. Suppose

that a rotational symmetric droplet „< = 0” of equivalent radius ' has the surface A „\” = ' ‚∑1
;=0�;%; „2>B„\””. Applying the mutual orthogonality of %; „G”:∫ 1

�1

1∑
;=0
„�;%; „2>B„\””” %= „2>B„\””3 „2>B„\””

=

∫ 1

�1
�=%= „2>B„\””%= „2>B„\””3 „2>B„\”” = �=

2
2= ‚ 1

�= =
2= ‚ 1

2

∫ 1

�1
„A „\” � '”%= „2>B„\””3 „2>B„\”” (A.24)

The coefficients in each term are derived. A spheroidal droplet shape and its approximation in different

modes are shown in Fig. 39. The droplet shape in a higher mode ; = 4, 6 agrees better with the

original spheroidal shape, but with more calculations.

A.3 The Scale Factors of a Generalized Spheroidal Coordinate System

The generalized spheroidal D 9 = „k, [, i” coordinate system is defined by the Cartesian coordinates

G 9 = „G, H, I”:

G =
'

„1 ‚ (”1�3

√
1 ‚ (k2

k

√
1 � [22>B„i”

H =
'

„1 ‚ (”1�3

√
1 ‚ (k2

k

√
1 � [2B8=„i” (A.25)

I =
'

„1 ‚ (”1�3
1
k
[

The scale factor ℎk , ℎ[, ℎi can be calculated from the metric tensor components 6 9 : = 𝒈 𝒋 �𝒈𝒌 [99,125],

in which 𝒈 𝒋 =
mG:

mD 9
𝒆𝒌 is the covariant vector basis. As the coordinate system is orthogonal, 6 9 : is nil

for 9 ≠ : . 6 9 9 is calculated as 6 9 9 =
∑3
:=1

mG:

mD 9
mG:

mD 9
with:

mG:
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=
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� '
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√
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p
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√
1 � [22>B„i”
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1
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(A.26)

Then the scale factors are obtained by ℎ 9 =
p
6 9 9 :

ℎk =
'

„1 ‚ (”1�3

√
1 ‚ ([2k2

k2
√

1 ‚ (k2
, ℎ[ =

'

„1 ‚ (”1�3

√
1 ‚ ([2k2

k
√

1 � [2
, ℎi =

'

„1 ‚ (”1�3

√
1 ‚ (k2

√
1 � [2

k

(A.27)
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Then we also have:

,k =
ℎ[ℎi

ℎk
=

'

„1 ‚ (”1�3
„1 ‚ (k2”, ,[ =

ℎkℎi

ℎ[
=

'

„1 ‚ (”1�3
1 � [2

k2

,i =
ℎkℎ[

ℎi
=

'

„1 ‚ (”1�3
1 ‚ ([2k2

k2„1 ‚ (k2” „1 � [2”
, 61�2 = ℎkℎ[ℎi =

'3

1 ‚ (
1 ‚ ([2k2

k4 (A.28)

If we define this generalized coordinate system D 9 = „q, [, i” with q = 1
k

:

G =
'

„1 ‚ (”1�3
√
q2 ‚ (

√
1 � [22>B„i”

H =
'

„1 ‚ (”1�3
√
q2 ‚ (

√
1 � [2B8=„i” (A.29)

I =
'

„1 ‚ (”1�3
q[

The scale factors can be obtained in the same way. 6 9 9 is calculated by
∑3
:=1
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So the scale factors ℎ 9 =
p
6 9 9 are derived:

ℎq =
'

„1 ‚ (”1�3

√
q2 ‚ ([2√
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√
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√
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(A.31)

and we obtain:

,q =
ℎ[ℎi

ℎq
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2 ‚ ([2” (A.32)
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A.4 The Surface Area of a Spheroid in a Generalized Spheroidal Coordinate

System

In the generalized coordinate system „q, [, i”, the surface element of a spheroid at q = 1 is 3� =

ℎ[ℎi3[3i. The surface area of this spheroid �B?ℎ4A>83 is evaluated by the integration over the surface:

�B?ℎ4A>83 =

∫
mΩ

3� =

∫ 2c

i=0

∫ 1

[=�1
ℎ[ℎi3[3i

q=1
= 4c

∫ 1

[=0

'2

„1 ‚ (”2�3
√

1 ‚ ([2
p

1 ‚ (3[ (A.33)

= 2c
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(A.34)

In fact, two expressions for ( < 0 and ( > 0 are equivalent. The surface area of an oblate spheroid

„( > 0” can also be calculated by using the expression for ( < 0. In reverse, the surface area of a

prolate spheroid „( < 0” can be obtained by the expression for ( > 0.

A.5 The Normal Interface Velocity in a Generalized Spheroidal System

From Eqn. 3.59, A2

02
A
‚ I2

02
I
= 1 is satisfied, with 0A =

'

„1‚(”1�3

p
1‚(k2

k
and 0I =

'

„1‚(”1�3
1
k

. Let

5 = A2

02
A
‚ I2

02
I
� 1, the unit normal of the interface reads:

= =
r 5
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with the positive direction towards the gaseous phase.

The interface velocity + is:

+ = „+A , +I” =
(
3A

3C

����
k=1

,
3I

3C

����
k=1

)
=

(√
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(A.36)

Then, the normal interface velocity += reads:

+= = + � = =
„1 � 3[2”'

6
√

1 ‚ ([2„1 ‚ (”5�6
(C ‚
„1 ‚ (”1�6√

1 ‚ ([2
'C (A.37)
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A.6 Gas Velocity for an Oscillating Droplet in Potential Flows

The gas velocity „D�,k , D�,[” can be obtained as the gradient of the velocity potentialΦ� (Eqn.(4.20)).

For spherical shapes ( = 0, the gas velocity „D�,k , D�,[” reads:

D�,k = �
1
ℎk

mΦ�

mk
=

�'(C
3„1 ‚ (”4�3

√
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√
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For spheroidal shapes „( ≠ 0”, the gas velocity „D�,k , D�,[” reads:
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with a notation:
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From Appendix A.2, we have &2„ 1
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According to the relation:
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functions � „k, (” and  „k, (” read:
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and

 „k, (” =



� k
4

3
, ( = 0

&2„ 1
k
p
�(
”

&
0
2„

1p
�(
”
k
p
�( =



(
3

2k
p
�(
� k
p
�(

2

)
20C0=ℎ„k

p
�(” � 3

3p
�(

20C0=ℎ„
p
�(” � 3‚(

1‚( � 3
, ( < 0(

3
2k
p
(
‚ k
p
(

2

)
20A2C0=„k

p
(” � 3

3p
(
20A2C0=„

p
(” � 3‚(

1‚( � 3
, ( > 0

(A.48)

A.7 The Coordinate Transformation Matrix

The coordinate transformation matrix between the Cartesian (A, I) and generalized spheroidal (k, [)

coordinate system can be obtained as the following:

3k = kA3A ‚ kI3I

3[ = [A3A ‚ [I3I

(A.49)

3A = Ak3k ‚ A[3[

3I = Ik3k ‚ I[3[

With a notation - = »A, I…) and . = »k, […) , the transformation matrix � and � read (refer to Section

3.6):
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� is the inverse matrix of �:
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A.8 Evaporation Flux and Evaporation Rate under Quasi-steady Assumptions

From the relation k2 = 1
Z2 j( j , the steady vapour distribution j„k” in the generalized spheroidal

coordinate system „k, [, i” by Eqn.(5.11) can be obtained from Eqn.(5.1). The evaporation flux =4E.@B
under quasi-steady conditions can also be calculated by Eqn.(5.9) from a steady vapour distribution.

The evaporation flux has a positive direction away from the droplet surface into the gaseous phase,

which is in the opposite direction of k. So the normal gradient of the vapour mass fraction at the

surface is r=j = � 1
ℎk

mj

mk

���
k=1

, ℎk is the scale factor.

For a prolate droplet ( < 0, from Eqn.(5.11) we have:
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Thus, the evaporation flux =4E.@B under quasi-steady conditions reads:
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Similarly, for a spherical droplet ( = 0, we have:
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For an oblate droplet ( > 0, we obtain:

mj

mk
=

(k

2
√
(k2„1 ‚ (k2”

„1 � j”;=
(

1�j1
1�jB

)
0C0=ℎ

( p
(

1‚
p

1‚(

)
=4E.@B = d��

„1 ‚ (”1�3
'

p
(

2
√

1 ‚ ([2
p

1 ‚ (

;=

(
1�j1
1�jB

)
0C0=ℎ

( p
(

1‚
p

1‚(

) (A.56)

The Eqn.(5.12) is derived. The evaporation rate ⁄"@B under quasi-steady conditions can also be

calculated by Eqn.(5.10) from the evaporation flux =4E.@B:

⁄"@B =

∫ 1

[=0
4c

'2

„1 ‚ (”2�3
√

1 ‚ ([2
p

1 ‚ (=4E.@B3[ (A.57)

Substituting =4E.@B for varied (, the integrand is independent of [. Eqn.(5.13) is obtained.

A.9 The Apparent Velocity

The apparent velocity +� is defined as »ℎkkC , ℎ[[C…. Considering the transformation between cylin-

drical [A, I, C] and the generalized [k, [, g] spheroidal coordinate system (C = '2
0
�
g), and applying the

total derivative, we have:

3k = kA3A ‚ kI3I ‚ kC3C

3[ = [A3A ‚ [I3I ‚ [C3C

3g = gA3A ‚ gI3I ‚ gC3C

(A.58)

3A = Ak3k ‚ A[3[ ‚ Ag3g

3I = Ik3k ‚ I[3[ ‚ Ig3g

3C = Ck3k ‚ C[3[ ‚ Cg3g

in a matrix notation:

. = �3-

- = �3. (A.59)
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with - = »A, I, C…) , . = »k, [, g…) , and:
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We have �� = �, � is the unit matrix. kC and [C are calculated by:
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Recalling C = '2
0
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g, A = 0
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k
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„1‚(”1�3 , kC and [C are obtained (note

that the equivalent radius '„C” and deformation parameter („C” are time-varying when considering an

oscillating and evaporating droplet):
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Then +� = »ℎkkC , ℎ[[C… is derived (refer to Appendix A.3):
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The divergence of the apparent velocity r+� reads:
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modeling by the distillation curve model: accounting for kerosene fuel and elevated pressures,

International journal of heat and mass transfer 46 (23) (2003) 4403–4412.

[94] O. Reynolds, Papers on Mechanical and Physical Subjects: 1881-1900, Vol. 2, The University

Press, 1901.

113



Yueqiao, Hu

[95] J. C. Slattery, Advanced transport phenomena, Cambridge University Press, 1999.

[96] L. G. Leal, Advanced transport phenomena: fluid mechanics and convective transport processes,

Vol. 7, Cambridge University Press, 2007.

[97] A. Fick, Ueber Diffusion, Annalen der physik 170 (1) (1855) 59–86.

[98] C. Curtiss, Symmetric gaseous diffusion coefficients, Journal of Chemical Physics 49 (7) (1968)

2917–2919.

[99] G. E. Cossali, S. Tonini, Drop Heating and Evaporation: Analytical Solutions in Curvilinear

Coordinate Systems, Springer, 2021.

[100] D. T. Greenwood, Principles of dynamics, Vol. 21, Prentice-Hall Englewood Cliffs, NJ, 1988.

[101] C. Truesdell, R. Toupin, The classical field theories, Springer, 1960.

[102] F. Irgens, Continuum mechanics, Springer Science & Business Media, 2008.

[103] F. Mandl, Statistical physics, John Wiley & Sons, 1991.

[104] G. Sidebotham, G. Sidebotham, Heat transfer modes: Conduction, convection, and radiation,

Heat transfer modeling: An inductive approach (2015) 61–93.

[105] S. R. De Groot, P. Mazur, Non-equilibrium thermodynamics, Courier Corporation, 2013.

[106] P. Hein, Untersuchungen über den kritischen Zustand, Zeitschrift für Physikalische Chemie

86 (1) (1914) 385–426.

[107] J. W. Gibbs, The Collected Works of J. Willard Gibbs: Thermodynamics, Vol. 1, Longmans,

Green and Company, 1928.

[108] A. F. Mills, Mass transfer, Prentice Hall (2001).

[109] J. Schlottke, E. Duelger, B. Weigand, A vof-based 3d numerical investigation of evaporating,

deformed droplets, Progress in Computational Fluid Dynamics, An International Journal 9 (6-7)

(2009) 426–435.

[110] S. Sazhin, Droplets and sprays, Vol. 345, Springer, 2014.

[111] N. N. Lebedev, Special Functions and Their Applications, Prentice-Hall, 1965.

[112] L. L. V. Helms, et al., Potential theory, Springer, 2009.

114



References

[113] P. Moon, D. E. Spencer, Field theory handbook: including coordinate systems, differential

equations and their solutions, Springer, 2012.

[114] S. Chandrasekhar, Hydrodynamic and hydromagnetic stability, Courier Corporation, 2013.

[115] M. Rieber, Numerische Modellierung der Dynamik freier Grenzflachen in Zweiphasenstro-

mungen, Ph.D. thesis, University of Stuttgart (2004).

[116] K. Eisenschmidt, M. Ertl, H. Gomaa, C. Kieffer-Roth, C. Meister, P. Rauschenberger, M. Reitzle,

K. Schlottke, B. Weigand, Direct numerical simulations for multiphase flows: An overview of

the multiphase code fs3d, Applied Mathematics and Computation 272 (2016) 508–517.

[117] C. W. Hirt, B. D. Nichols, Volume of fluid (vof) method for the dynamics of free boundaries,

Journal of computational physics 39 (1) (1981) 201–225.

[118] W. J. Rider, D. B. Kothe, Reconstructing volume tracking, Journal of computational physics

141 (2) (1998) 112–152.

[119] M. Rieber, A. Frohn, A numerical study on the mechanism of splashing, International Journal

of Heat and Fluid Flow 20 (5) (1999) 455–461.

[120] M. Rieber, F. Graf, M. Hase, N. Roth, B. Weigand, Numerical simulation of moving spherical

and strongly deformed droplets, in: Proceedings ILASS-Europe, Vol. 2000, 2000.

[121] J. Reutzsch, C. Kieffer-Roth, B. Weigand, A consistent method for direct numerical simulation

of droplet evaporation, Journal of Computational Physics 413 (2020) 109455.

[122] F. W. Olver, NIST handbook of mathematical functions hardback and CD-ROM, Cambridge

University Press, 2010.

[123] J. Reutzsch, Direct numerical simulations of phase change processes using a volume-of-fluid

method, Ph.D. thesis, University of Stuttgart (2022).

[124] M. Abramowitz, I. A. Stegun, Handbook of mathematical functions: with formulas, graphs,

and mathematical tables, Vol. 55, Courier Corporation, 1965.
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