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On the other hand, if a SLD impacts onto a frozen ice layer, then nucleation occurs immediately followed by the 

three stages of freezing. So the nucleation delay will determine to what extent the drop remains liquid after impact 

and, given the superimposed flow over the surface, for instance over the leading edge of a wing, the liquid may 

distribute over a wider area of the surface. This then determines how much ice accretes where, but remains a 

highly stochastic process, not easily amendable to prediction (Schremb et al., 2017). 

Of particular interest is the deposited mass of the liquid drop, since a portion may splash and be re-emitted, to 

possibly impact further downstream. A portion may also flow away from the point of impact; thus, the 

hydrodynamics of drop impact play an important role in determining the drop spreading (Gloerfeld et al., 2021). In 

addition, the liquid properties, in particular the viscosity, may change significantly when in contact with the 

substrate and this will also influence the hydrodynamics. Despite these complexities, much progress has been 

made over recent years and the fundamental studies on single drop impact dynamics and thermodynamics have 

been augmented by large-scale tests in various icing wind tunnels.  

 

Icing arising from ice crystals 

While the prediction of trajectory and capture efficiency of 

ice particles is similar to that of liquid drops, two additional 

factors must be considered with ice crystal icing. For one, 

ICI occurs primarily on heated surfaces (Villedieu et al., 

2019, Löwe et al., 2016). Second, the impact of a dry ice 

crystal onto a dry surface is different from that of a wetted 

ice crystal onto a dry surface or a wetted/dry ice crystal onto 

a wetted surface. The presence of liquid at the instance of 

impact can greatly influence the ‘sticking efficiency’, i.e. the 

probability that accretion will commence. For this reason, it 

is necessary to consider the possibility of an ice crystal 

beginning to melt before the instance of impact, for instance 

due to heating in an engine intake (Kintea et al., 2015). 

This involves evaluating the heat transfer to the ice 

crystal in the flow environment of the engine.  Thus, the 

ratio of liquid water content (LWC) to total water content 

(TWC) will influence the icing severity, as pointed out by Currie et al. (2013). Too little water content will not be 

sufficient to lead to adhesion of the particle to the surface. Too much water content or too little ice will not cool the 

substrate sufficiently below the melting temperature to lead to an adhesion at the substrate ice interface. 

Approximate limits of LWC/TWC for ice accretion to occur are shown in Figure 2. 

Once an ice crystal impacts a substrate, it may shatter into smaller crystals and these then can again impact the 

heated surface, usually at much lower velocities and then the probability of partial melting and adhesion greatly 

increases. For this reason, an essential ingredient in modelling ICI is the fragmentation of ice crystals upon 

impact. Two typical video sequences of an ice crystal impact resulting in fragmentation is shown in Figure 

2Figure 3 and modelling details can be found in Hauk et al. (2015), Reitter et al. (2022) and Roisman and Tropea 

(2015). 

 

Figure 3: Major fragmentation mode impact of non-spherical (aq) and spherical Particle (b). Timestep 

beween single frames is 14.9 µs. (Hauk et al. (2015) 

Figure 2: Icing severity as a function of 

LWC/TWC. Adapted from Currie et al. (2013). 
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ICI occurs only when the warm substrate on which the ice crystals impact 

is cooled down sufficiently such that the interface between substrate and 

ice layer is below the melting temperature. Hence, the problem is a 

classic conjugate heat transfer problem, in which the heat capacity of, and 

the heat flux in and out of the substrate must also be accounted for 

(Schremb et al., 2017). The sequence of ice accretion is therefore as 

follows. Initially the ice crystals impact a warm surface and may or may 

not adhere, depending on the LWC (Figure 2). With increasing ice 

accretion however, the warm surface starts to cool down, since the heat 

flux is from the substrate to the ice layer. Eventually the interface 

between the substrate and the ice layer reaches freezing temperature 

and the ice layer is strongly attached to the surface. However, as the ice 

layer builds up, the underlying surface is increasing insulated from the 

cold ambient flow and the interface temperature raises above the melting 

temperature, resulting in a liquid layer between the substrate and the ice 

layer. At some extent of melting at the interface, the ice layer can then 

shed from the surface, depending on the surface shape, the accreted ice 

shape and the forces exerted by shear or pressure drag on the ice layer. 

The entire sequence then repeats, starting again with a warm surface. 

Such an ice layer build up is pictured in Figure 4. 

Using a simplified heat transfer model. Kintea et al. 

(2014, 2016) were able the predict the shedding 

frequency of an ice layer as measured by Currie et al. 

(2013). Such a shedding sequence is pictured in 

Figure 5 in terms of the ice layer thickness. 

 

Summary and outlook 

This brief survey highlights the numerous fundamental 

physical phenomena which must be understood in 

order to reliably model and simulate the accretion of 

ice from liquid drops and/or ice crystals impacting 

onto aircraft components. The development of 

suitable models relies heavily on generic experiments, 

for one to recognize possible model formulations and 

second, to serve as validation data for subsequent 

implementation of the models into prediction codes.  

A large number of co-workers must be acknowledged 

in this report, in particular Dr.-Ing. A. Criscione, M. 

Gloerfeld M.Sc., Dr.-Ing. Tobias Hauk, Prof. S. Jakirlic, Dr.-Ing. D. Kintea, Prof. I.V. Roisman and Dr.-Ing. M. 

Schremb. Furthermore, the financial support of the Deutsche Forschungsgemeinschaft (SFB/TRR 75) and the 

European Union through the projects HAIC, ICE-GENESIS and MUSIC-haic is acknowledged. 
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Introduction 

The abstract focuses on the most recent results obtained mainly after publication of [1,2]. These include modelling 

of puffing/micro-explosion in multi-component composite droplets, arrays of two and three droplets, and the 

results of our development of the shift model considering the effects of the shift of the location of water sub-

droplet from the centre of the fuel droplet.  

Multi-component composite droplets 

A model of puffing/micro-explosion of multi-component composite water/fuel droplets, developed in [3], uses the 

same assumptions as the model described in [4] except that the effects of the multi-component nature of the fuel 

were considered. As in [4], it was assumed that a water sub-droplet is in the centre of a spherical fuel droplet. 

Assuming that the liquid diffusion coefficient is constant for all species at each time step, the component diffusion 

equation inside the droplets was solved analytically. In this solution it was considered that fuel components do not 

penetrate water. Raoult's law was used at the surface of the fuel droplet. The relative diffusion of individual 

species in the gas phase was not considered. The analytical solution to the component diffusion equation in the 

liquid phase was incorporated into the numerical code alongside the previously obtained analytical solution for the 

distribution of temperature inside the droplets. Both solutions were used at each time step of the calculation. 

 

Strings of two and three closely spaced droplets 

The results of experimental and theoretical investigation of the mutual effects of two and three composite 

fuel/water droplets, one behind the other, on their puffing/micro-explosion are presented and discussed in [5,6]. 

The case of two closely spaced composite rapeseed oil/water droplets in tandem was considered in [5], while [6] 

was focused on three Diesel fuel/water droplets. In both cases, the effect of interaction between droplets was 

taken into account via modifications to the Nusselt (Nu) and Sherwood (Sh) numbers for these droplets. The 

focus of [6] was not only on finding the time to puffing/micro-explosion, but also on the investigation of time 

evolution of temperature at the fuel-water interface before the development of puffing/micro-explosion. 

 

Shift model 

At pointed out in [7] the model developed in [4] and generalised in several later papers summarised in the 

previous sections has several important weaknesses. (1) the verification of the model was limited by the 

development of two separate numerical codes, using Wolfram Mathematica v 12.1 and Matlab R2020a, in which 

the analytical solution to the heat transfer equation in a composite droplet was implemented. Although these 

codes predicted the same results, both results could be wrong if there are issues with the analytical solution. (2) 

the sensitivity of the results to the shifting of the water sub-droplet location away from the centre of the fuel droplet 

was not investigated. (3)  no quantitative estimates of the effect of this shift on predicted and observed times to 

puffing/micro-explosion were made. All these three issues were addressed by the authors of [7]. The predictions 

of the model described in [4] were verified based on their comparison with the predictions of a numerical code for 

solving the same heat transfer problem in the fuel-water droplet in which the analytical solution to the heat 

transfer equation in a fuel-water droplet is replaced with its numerical solution. The latter code was generalised to 

consider a shift of the water sub-droplet away from the centre of the fuel droplet. This generalisation (called the 
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Shift Model (SM)) was based on the numerical solution to the heat transfer equation in a fuel-water droplet. The 

heat transfer equation in this case was rewritten in the cylindrical coordinate system (r, ϑ, z), with the z-axis being 

the line joining the centre of the fuel droplet to that of the water sub-droplet. The main simplifying assumption 

used in the SM is that the surface temperature of the fuel droplet is uniform although it can change with time. The 

non-uniform spatial distribution of the heat flux at the droplet surface is required to maintain a uniform temperature 

at the fuel droplet surface.  
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Introduction 

The development of techniques to measure the thickness and the temperature of a liquid film is an interesting 

topic for many two-phase flow studies. Various methods based on different physical principles have been 

proposed in the literature depending on the range of thickness investigated, fluid properties, wall material, and 

interface properties, many of them are able to measure the two properties by independent techniques or 

instruments [1, 2], more rarely by the same instrument [3]. We present here an original technique aimed at 

measuring the temperature and the thickness of a film, by a unique thermographic imaging device with a relatively 

simple set-up. 

 

Methods 

The novel technique is based on non-invasive optical, infrared measurement, and is named Twin Background 

Subtraction (TBS). The technique allows the simultaneous measurement of the temperature and of the thickness 

of a thin film optically accessible through two infrared transparent sapphire windows. The maximum thickness 

measurable depends on the attenuation coefficient of the fluid for the particular IR wavelengths investigated [4]. In 

the tested set-up, water is used as fluid, and a mid-wave IR camera (Flir Titanium 3.6-5.1µm) is used to obtains 

two different images. Each image is composed partially by the emission from the investigated film, and partially by 

a different background whose emission is attenuated by the same film positioned in-between the background and 

the camera. The signal S received by the IR camera is usually proportional to the surface temperature fourth 

power of an opaque body, leading to a measured temperature TM. In the present configuration, the following 

simplified equations can be used to quantify and manipulate the received signal as a function of the film and 

windows temperatures TF and TW and of the used background temperatures TB1 or TB2, leading to two different 

signals S1 and S2. Note that the IR camera software would report directly two measured temperatures TM1 and 

TM2.  �ܵଵ = �ଵ �ܶଵ4 ∙ ����ଶ + �� �ܶ4 ∙ ���� + �� �ܶ4 ∙ �� + �� �ܶ4 = �ܶଵ4ܵଶ = �ଶ �ܶଶ4 ∙ ����ଶ + �� �ܶ4 ∙ ���� + �� �ܶ4 ∙ �� + �� �ܶ4 = �ܶଶ4   

Some simplifications and assumption are used.  

The film temperature is constant along its thickness, or an equivalent average is used. 

Reflections are neglected, so that for both film and windows the transmission and emission coefficients are equal 

(τ=ε). Each signal S1 or S2, is composed by: the emission from the corresponding background attenuated by the 

passag through the film and both sapphire windows (these terms will be named B1 and B2), the emission from the 

back window attenuated by the film and the front window, the emission from the film attenuated by the front 

window, and the emission from the front window. Each emission is expressed as a function of the emitter 

temperature and emissivity coefficient ε, The background temperature is imposed, its emissivity is chosen as 

close as possible to 1; both windows reach quite rapidly the film temperature, that is also imposed; the window 

attenuation, and therefore emissivity, can be easily measured. 

As a first approximation, Beer-Lambert law correlating the film transmissivity with its thickness LF is written with an 

average linear attenuation coefficient bF fitted in the used wavelength range film thickness LF and expected 

temperature. More complex expressions may be used with more terms, to better fit the real attenuation dependent 

on the wavelength. �� = �� = ���(−�� ⋅ ��)    

With the aforementioned hypotheses and simplifications, the solution of the system of equations gives the film 

temperature TF and the film transmissivity τF ; the latter, thanks to Beer-Lambert law, is used to estimate the film 

thickness. �ଵ = �ଵ �ܶଵ4 ∙ ����ଶ         �ଶ = �ଶ �ܶଶ4 ∙ ����ଶ  
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��� =  
−ଵ�� ∙ �� �మ−�భ�మ−�భ  ∙ ଵ��మ�ܶ4 =  

�భ−�భ∙����మ����+��(ଵ+����)

      

The first equation solving LF shows that the emission terms from the film and the windows are cleared away when 

subtracting the two signals, so that the signal difference (S2-S1) is equal to the background difference (B2-B1), 

attenuated by the film and the windows, independently from the film emission. So the measured background 

difference attenuation gives directly the film thickness, like it happens in usual attenuation based measurement 

techniques not disturbed by film emission. 

Note that the signal expression S contains two unknowns, TF and τF (or LF), and to solve for them two different 

equations are necessary. In the present discussion, the different equaltions are obtained by using two background 

temperature TB, but a difference may be obtained as well by changing another parameter, like exploiting the 

different emission and attenuation in two different bandwidths characterized by sufficiently different attenuation 

coefficients bF, while keeping the same background. 

 

Experimental set-up 

An experimental set-up was developed to test the TBS technique. The scheme is reported in the exploded view of 

Figure 1. The IR camera is on the left. The film to be measured, represented in green, has the shape of a square 

wedge, and is formed by the water contained between two square sapphire windows 40*40mm
2
, here depicted in 

grey and shown slightly separated. The two backgrounds beyond the film can be easily translated on a 

transversal rail to switch them; they consist of commercial cold plates, black painted, with two circuits feeding 

them with water at the chosen temperatures TB1 and TB2, represented by the blue and red colours. Figure 2 shows 

the details of the sapphire window support; one window can be slightly tilted to change the top thickness of the 

wedge shaped film included. The two sapphire windows resulted to be slightly convex, so the wedge shows a 

slightly concavity of about 40 µm; the film thickness can range between 0 to 500 µm. A fluid circuit provides the 

film water at the chosen temperature TF.  

 

 
Figure 1. Scheme of the TBS set-up 

 
Figure 2. The window support. 

 

 
Figure 3. The TBS set-up with the fluid circuits 

 
Figure 4. The real window support. 

 

Position of 

IR camera 

TB1 TFilm TB2 
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All the fluid circuits can be cooled or heated at the chosen temperatures by a system of Peltier cells; the fluid 

temperatures are also measured after each device to control the temperature values and stability. The 

experiments were performed keeping the film temperature at a constant value between 15 to 50°C, with the two 

backgrounds at constant temperatures TB1=15°C and TB2=45°C.  

 

Results and Discussion 

The results from three test are reported as examples in figures 5 to 7. Each figure reports the result as 3D plots of 

the measured thickness and temperature as functions of the XY coordinates, corresponding to the 40*40 mm
2
 

window visualized with a resolution of 100*100 pixel
2
. 

Figure 5 shows the results for TF=15°C, with 100 µm of distance on one edge of the windows, the minimum is 

reached where the two windows get in contact due to their convexity. Around the contact region, where the film is 

very thin, both temperature and thickness results show high variation, or impossible results, due to the 

experimental errors leading to null denominator or negative logarithm arguments. Where the film is thicker than 

10÷20 µm, the measured thickness and temperatures gives more realistic results.  

Figure 6 shows the results for TF=25°C, and parallel windows, with 100 µm of distance on the edges, and about 

60 µm at the concavity. In this case all measurements are corresponding to the reality, showing good accuracy 

and very fine precision. 

Figure 7 shows the results for TF=45°C, with the wedge changing from 100 to 500 µm of distance. The thickness 

results are accurate up to 300 µm, then the attenuation is too high and noise dominates, due most probably to the 

too low bit resolution of the IR images, together with the reduced relative accuracy. On the contrary the 

temperature measures are nearly perfect, since the film becomes so thick that can be considered fully opaque, 

the residual signals from the background become negligible. 

 

 

Figure 5. Measured thickness and temperature distribution, wedge range 0-100 µm, TF=15°C 

 

 

Figure 6. Measured thickness and temperature distribution, wedge range 60-100 µm, TF=25°C 

 

9



Twin Background Subtraction: a Simultaneous Thermographic Measure of Thickness and Temperature of a Liquid Film 

 

Figure 7. Measured thickness and temperature distribution, wedge range 100-500 µm, TF=45°C 

 

Future development of the technique are aiming at measuring simultaneously the temperature and thickness of 

the liquid film around a vapour bubble in a capillary tube. The simultaneity of the two images is obtained as shown 

in figure 8 with a single camera thanks to the use of a mirror and to the symmetry of the system. 

 
Figure 8. Set-up for measurements of the liquid layer around a bubble in a capillary tube. 

 

The technique can be adapted with different configurations. The use of two cameras allows the simultaneous view 

of the same target from two inclinations, or from opposite sides. A patterned background with spots or lines at 

different temperatures, or emissivity, allows the use of a single image. The film laying on a mirror surface would 

double the active thickness increasing the accuracy for thin films. Fast IR led may be used to illuminate differently 

the background. The principle used may be extended to two components fluids to measure the concentration of 

one component in the form of solution or dispersions. 

 

Conclusion 

A novel technique named TBS, Twin Background Subtraction, has been proposed and successfully tested. It is 

able to measure the temperature and thickness of an IR semi-transparent film in the range of thickness where the 

film shows an attenuation that is not negligible nor too close to total, in the used infra-red bandwidth. When tested 

with water the technique shows promising accuracy in the range of 10-300µm, with a precision that could make it 

complementary to traditional optic techniques more suited for thicker films. 

The technique can be exploited with different configurations, and is promising for the study of optically thin films, 

both solid or liquid, like in multiphase flows involving film evaporation or condensation. 
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Introduction 

Surfactant laden droplets may spread faster on a substrate and, subsequently, retract (spontaneously reversing 

the drop’s direction) [1-8]. We hypothesize that this Marmur-Lelah type retraction can be explained using a de 

Gennes-type triple line fluctuation expression [9-12] that is modified to represent our anisotropic surfactant 

adsorption. This explanation requires that the retraction originates inner to the triple line (not at the triple line itself). 

As a result of retraction emanating from a location inner to the triple line, a rim is formed as the drop retracts, as 

shown in Fig. 1. The formation of this rim, as well as its behavior should be dependent on the concentration of 

surfactant in the drop. Furthermore, these should be more prominent at low surfactant concentrations, hence this 

study investigates low surfactant concentrations on the spreading-retraction system. 

 

Figure 1. Representation of rim formation upon retraction via a shadow image of a drop. In this case, the drop is a tetradecane 

oil drop with octadecylamine as the surfactant. The solid substrate is mica. In the figure, we have some key quantities: �� is the 

final base radius at the end of spreading, �� is the critical radius from which retraction commences, and ∆� = �� − �� is the 

eventual width of the rim upon retraction. We will see how ∆� depends on concentration in the discussion section. 

 

Materials and methods 

Octadecylamine (ODA) (Sigma, Israel, Purity ≥ ͻͻ%) was added to tetradecane (TD) (Sigma, Israel, Purity ≥ ͻͻ%) 

and mixed at room temperature. Several ODA concentrations were tested, while here we report representative 

results for the cases of Ͳ.͸ ݉ܯ and ͳ.ʹ ݉ܯ. Mica surfaces (S&J Trading Inc., USA) were cleaved in a laminar flow 

hood cabinet with a HEPA filter. Droplets of Ͷ �ܮ of the ODA/TD solution were dispensed on the freshly cleaved 

mica surfaces inside the laminar hood and the spreading and retracting processes were observes using a Nikon 1 

J5 digital camera equipped with 1 Nikkor VR 30-110 lens and two stacked Movo EXT- NM47 autofocus extension 

tubes. The footage was processed with Adobe Premiere Pro CC 2020 software. 

The spreading angle for the ODA/TD system is considered to be �௦� = ͺ°, although the system never quite reaches 

this angle before retraction [8,10]. The post-retraction contact angle is ��� = ͵ͻ°. The surfactant adsorption is that 

of monolayer adsorption [13]. We measured the surface tension of the ODA/TD solution at ��� = ʹ͸ ௠�௠2 which is 

equal to that of pure TD, showing that ODA is not active at the liquid-vapor interface. However, we will show that it 

is active at the solid-vapor interface and is in fact what drives retraction. 

 

Results and discussion 

While retraction of ODA/TD at high surfactant concentration may sometimes be isotropic, in the case of low 

concentrations none of the dozens of experiments we ran were isotropic. Figs. 2 and 3 demonstrate this fact, as 

well as demonstrating the formation of a rim at low concentrations. It should be noted that this is a non-volatile 

system, so unlike some previous studies which found that evaporation causes retraction [14] we show that it is not 

necessary. 

We now explain why this happens. Upon the end of the spreading phase, the drop is still while fluctuations occur 

near the triple line. To cause retraction, a fluctuation must expose enough of a lower surface-energy region of the 

substrate such that it is energetically favorable for a further inward intrusion to take place. Based on a criterion 

originally posed by de Gennes [9], we obtain that [15] 
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∆���� ∆�2 > ͳͲ���  ሺͳሻ 

Where ∆� is the difference between the solid-vapor surface energy of the bare substrate and that of the substrate 

after the adsorption of the surfactant on it. It should be noted that ∆� is not only time-dependent but also depends 

on the radial position due to the initial spreading of the drop. Additionally, ∆� is the inward progression of the 

fluctuation, and ��� is the thermal energy. In other words, we require a large enough surface energy difference 

with a critical intrusion that goes deep enough in order to cause retraction. 

At higher surfactant concentrations, ∆� is much higher and therefore the intrusion does not need to be very deep 

in order to cause retraction. Therefore, in such cases retraction occurs virtually from the triple line itself (or rather, 

at a point extremely close to it) and therefore a visible rim is not observed.  

On the other hand, at low surfactant concentrations, an intrusion must go relatively deep in order to cause retraction 

due to the fact that ∆� is not as large. Therefore, in these cases we obtain a visible rim which becomes wider as 

surfactant concentration decreases. This is seen in Figs. 2 and 3, where the Ͳ.͸ ݉ܯ ODA/TD drop had a 

significantly wider rim than the ͳ.ʹ ݉ܯ drop. 

 

Figure 2. Experimental results of ODA/TD for a Ͷ �ܮ drop with ͳ.ʹ ݉ܯ ODA concentration. Ambient conditions are ʹ͵ °� and ͷͲ% relative humidity. 

 

 

Figure 3. Experimental results of ODA/TD for a Ͷ �ܮ drop with Ͳ.͸ ݉ܯ ODA concentration. Ambient conditions are ʹ͵ °� and ͷͲ% relative humidity. 

 

As can be seen in the above figures, the lower surfactant concentration developed a wider rim. In addition, we also 

see a qualitative difference in the behavior of the rim between the two cases. At the ͳ.ʹ ݉ܯ concentration, the rim 

stays behind and eventually breaks up into smaller droplets, while at Ͳ.͸ ݉ܯ the rim gets sucked back into the 

retracting drop. This difference can be explained by a simple balance of the force on the rim due to the Laplace 

pressure difference between it and the bulk drop against surface viscous drag forces. In other words, as the rim 

gets wider the Laplace pressure difference dominates the drag forces while for thinner rims the drag force is too 

high such that the rim stays behind and eventually breaks up into droplets. 
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Finally, by observing the frames corresponding to the spreading phase in Figs. 2 and 3, a plot of the base radius 

against time can be built. This plot serves to corroborate Tanner’s law of spreading [16], which can be stated as ��� = ቆ ���ቇ௡
  ሺʹሻ 

Where � is the base radius, �� is the final/maximal base radius, � is time and �� is the time at which spreading 

ends. Now, as shown in Fig. 4 we find a good for Tanner’s law with ݊ ≈ Ͳ.ͳ for both concentrations. 

 

Figure 4. Validation of Tanner’s law, where across both concentrations a log-log plot of the base radius against time provides a 

slope of ݊ ≈ Ͳ.ͳ. 

 

Note that in the above figure, we use the dimensionless parameters �̃ = ��� , � = ௧௧�. 

Ultimately, in this work we have demonstrated the formation of a rim at low surfactant concentrations and have 
particularly demonstrated this due to the retraction of a non-volatile droplet. We provide a theory which explains 
the size and behavior of the rim depending on the surfactant concentration, as well as experimental evidence for 
this theory. Finally, we corroborate Tanner’s law of spreading for the spreading phase. 

 

Nomenclature �� Final/maximal spreading radius �� Critical radius from which retraction occurs ∆� Rim width/critical intrusion depth for retraction �௦� Equilibrium spreading contact angle ��� Equilibrium retraction contact angle ��� Liquid-vapor surface tension ∆� 
Solid-vapor surface energy difference between initial (bare) substrate and substrate 
upon adsorption of surfactant ��� Thermal energy � Base radius (depends on time) � Time �� Final time of spreading 
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Introduction 

One of the major challenges to the efficient utilization of HPC systems is load balance, i.e. the even distribution of 

the application workload across the processor units. Temporal changes in the workload at runtime, in particular, 

necessitate a dynamic load balancing approach. In general, these workload variations can on the one hand be 

inherent to the numerical scheme, as with adaptive spatial grids or local time stepping techniques. On the other 

hand, they may arise from coupling different physical models to describe multiscale problems like particulate flows 

or direct hybrid aeroaccoustics. 

The present report is based on our previous work in [1] and proposes a dynamic load balancing approach for 

space-filling curves (SFCs), with application to multiphase flow simulations using the Level-Set Ghost-Fluid 

method. The Level-Set Ghost-Fluid method was first suggested by Fedkiv et al. [2] and has since been improved 

by many authors, recently by Jöns et al. [3] for a high-order framework. As sharp-interface method, it regards the 

two phases as immiscible fluids which are separated by an interface   of zero thickness. The location of the 

interface is given by the root of the level-set function     , from which geometrical quantities like the interface 

normal   and the curvature   can directly be inferred. The motion of the interface is described by the transport 

equation          . (1) 

with the transport velocity  . The latter emerges from the two-phase Riemann problem and is extrapolated from 

the interface into the volume by solving the Hamilton-Jacobi equation [4]                      (2) 

Here, the superscript indicates the velocity component along dimension        , and   denotes the pseudo time. 

Since the signed-distance property of the level-set function is not preserved by the transport equation (1), it needs 

to be restored regularly by solving the additional Hamilton-Jacobi equation [5]                        (3) 

As the information of the level-set field is only of interest near the interface, the preceding three equations are 

only solved in its close vicinity, termed narrow band [6]. In consequence, the computational domain   can be 

decomposed into three intersecting sets of grid cells [1]: the bulk elements         that discretize the Euler 

equations, the narrow band elements           in which additionally the three level-set equations (1)-(3) are 

solved, and the elements containing the phase interface,       , subject to the calculation of the curvature and 

the two-phase Riemann problem. The computational costs of a singular grid cell rises in the listed order of these 

subsets. In parallelized computations, this cost hierarchy naturally implies an uneven workload distribution, which 

additionally varies in time due to the interface dynamics. 

 

Dynamic Load Balancing 

The outlined framework operates on unstructured, curved grids. Hence, also Cartesian grids as the ones shown 

below are internally represented as an unstructured mesh. For the domain decomposition, it employs a Hilbert 

space-filling curve (SFC). In terms of dynamic load balancing, SFCs conveniently reduce the  -dimensional 

partitioning problem to one dimension by translating the spatial workload distribution of   grid cells into a task 

chain of positive weights    with        . Partitioning algorithms for SFCs seek to decompose this task chain 

into   consecutive segments such that the bottleneck value, i.e. the maximum workload among all   processors, 

is minimized. Formally, the bottleneck value is defined as                 (4) 

with the processor (or partition) workload 
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         (5) 

and    denoting the index of the last task assigned to processor  . Given the weight vector           of the 

current workload distribution, the partitioning algorithm thus determines the sequence of optimal separator indices               . An ideal partitioning would only have identical processor workloads, resulting in the so-

called ideal bottleneck 

         
   (6) 

Comparing the actual bottleneck to this value permits to assess the quality of the partitioning, which can be 

expressed in terms of the imbalance                             (7) 

In order to determine the current workload distribution, the proposed load balancing scheme performs element-

local wall time measurements, which exploit the introduced distinction of three element types. The wall time 

measurements account for the fact that the costs of these element types depend on the specific simulation setup, 

for example through the chosen numerical flux function, the discretization of the bulk and level-set equations, and 

the frequency of invoking the extrapolation and reinitialization procedures, (2) and (3) respectively. From an 

implementational perspective, the introduced subsets,      ,     and    define three element masks that are 

passed to the bulk and level-set operators. The masks allow to infer the element-local wall times from distributing 

the operator costs evenly among the masked elements. These element wall times can then readily be used as 

weights   . The suggested approach results in a minimally intrusive code instrumentation with negligible runtime 

overhead, and avoids any empirical weighting factors. 

In practice, the element wall times are measured every  th time step, where          needs to be adjusted to 

the dynamics of the workload variations in the considered setup. Upon exceeding a threshold,      , the 

evaluated imbalance triggers the actual repartitioning and the subsequent redistribution of the grid cells among 

the processors. Figure 1 illustrates the working principle of the outlined load balancing scheme for a two-

dimensional droplet resting in a quiescent gas, based on a representative grid resolution and solver setup. 

Figure 1. Domain decomposition for      processors for a two-dimensional droplet resting in quiescent gas: Dimensionless 

element wall times (left), processor imbalances before (middle) and after repartitioning (right), with a overall workload imbalance 

of         and        , respectively (adopted from [1]). 

 

Results and Discussion 

In order to assess the performance gain achieved through the presented load balancing scheme, we compare the 

strong scaling behavior of balanced and unbalanced simulations. The investigated test case essentially extends 

the setup of Figure 1 to three dimensions, where stationary physics allow us to isolate the effect of the 

repartitioning. We use two different grid resolutions, corresponding to a discretization of 50 and 100 DOFs per 

diameter, and a problem size of 16.7M and 134M DOFs in total, respectively. All runs were performed on the HPE 

Apollo System HAWK at the High Performance Center Stuttgart and cover a range of up to 131072 processors. 

The system is equipped with 5632 compute nodes, each with two 64-core AMD EPYC 7742 CPUs and 256GB 
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RAM, and deploys the InfiniBand HDR200 interconnect with a bandwith of 200GBit/s for the internode 

communication. As a performance metric, we analyze the performance index    , which measures the wall time 

required by a single core to advance one DOF for one stage of the RK time integration scheme                                                          (8) 

Additionally, we evaluate the parallel efficiency  , which relates the obtained     to that of a single compute node                      (9) 

Figure 2 shows a speed-up of up to factor 10 for the balanced simulations, while reaching a parallel efficiency of  

86% on average, compared to 29% for the unbalanced simulations. 

 
Figure 2. Strong scaling behavior for a three-dimensional droplet resting in quiescent gas. 

 

The reported performance gain also carries over to more complex and realistic scenarios that feature dynamic 

workload variations. As an example, we revisited the shock-drop interaction studied by Jöns et al. [3] and Winter 

et al. [7]. Specifically, we considered the Rayleigh-Taylor piercing (RTP) regime where aerodynamic forces are 

relatively small compared to surface tension forces, resulting in the characteristic bag breakup. For details on the 

setup and the physics, the reader is referred to the cited work. In this simulation, the dynamic load balancing 

scheme provided an overall runtime reduction of 87% and 92% for 2D and 3D setup, respectively. 

 

Finally, we shift the focus on the partitioning algorithm itself. Various algorithms have been proposed over the 

years, but comprehensive comparisons are rare, especially with real simulation data and today's large processor 

counts. We investigated established heuristics as well as recently published algorithms, using the element 

weights of the above shock-drop interaction as input data. Our primary quality metric was the load balance               (9) 

with     indicating the optimal workload distribution. This definition accounts for the fact that the ideal 

bottleneck    is usually not feasible due to the discrete nature of the element weights. The lowest feasible 

bottleneck, by contrast, is referred to as optimal bottleneck      and can often be achieved with more than one 

partitioning. Algorithms that always return an optimal partitioning are called exact, opposed to heuristics. 

One of the earliest inexact algorithms is the popular H2 heuristic by Miguet and Pierson [8], which for each 

partition independently determines the separator index closest to the ideal one, and is thus fast and parallelizable. 

The heuristic used by the presented multiphase framework was adopted from the PICLas framework [9] and 

incorporates this idea into a probing-based algorithm, that tries to find a partitioning with   smaller than an 

iteratively adjusted limit. Among the exact algorithms is the recently published version of exact bisection by Lieber 

and Nagel [10], termed ExactBS+PI. We also include their HIER algorithm in our comparison, which combines H2 

and ExactBS+PI in a hierarchical, parallelizable ansatz to efficiently provide near-exact partitionings. Moreover, 

we take into account the heuristic by Niemöller et al. [11], that incrementally minimizes the imbalance by shifting 

the partition separators individually with the aim of controlling the task migration. 

Task migration itself is defined as the relative share of tasks that the partitioning algorithms assigns to a different 

processor than before                     (10) 
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Since for the simulation, this migration implies exchanging element data via communication operations,    

indicates the induced cost of the repartitioning.  

Figure 3. Strong scaling behavior of load balance   and task migration    for various partitioning algorithms, using the 

workload distribution of the 2D simulation of a shock-drop interaction simulation in [1] as input data. 

 

Figure 3 depicts the strong scaling behavior of both metrics,   and   , for the aforementioned partitioning 

algorithms. The two upper plots compare the algorithm of Niemöller et al. [11] to H2 and ExactBS+PI. As 

expected, ExactBS+PI reaches the optimal load balance,    , but also causes the highest task migration. To 

reduce the task migration, the algorithm incorporates a parameter that penalizes shifts of the partition separators. 

Increasing this penalty factor indeed reduces   , however at the expense of  . The HIER algorithm as well offers 

a free parameter that controls the influence of H2 versus ExactBS+PI, which is reflected by the above scaling 

curves. The currently employed heuristic [9] usually outperforms H2 in terms of   and    at similarly fast 

execution times (not shown). While in the present case, ExactBS+PI proves to be the most suitable algorithm, this 

choice generally remains a trade-off between fast execution times and high-quality partitionings. 
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Introduction 

Droplet impact on dry, structured surfaces is ubiquitous in technological applications, e.g., in spray painting, self-

cleaning surfaces or cooling of micro-electronic devices. These applications also depend on the wetting behavior 

of the surface. Spray painting requires a high wettability of the surface to achieve an even distribution of the paint, 

while self-cleaning surfaces repel liquids due to their very low surface wettability. The performance of micro-

electronic devices strongly depends on the efficient control of the emerging thermal loads. The most promising 

cooling technology for this task is the surface engineering-enhanced spray cooling [1]. Here, the targeted 

engineering of surface wettability and structure can increase the efficiency of the spray cooling. However, the 

physical mechanisms involved are quite complex and therefore no clear design principles are available. Thus to 

improve spray cooling efficiency and to meet the different demands of the other technologies, a better understanding 

of the complex interplay between surfaces structure and wettability is needed. 

To achieve this, a simplified test case is defined in which a single droplet impacts onto a stand-alone cubic pillar 

with varying surface wettability. To begin with, we performed a combined numerical/experimental study of the impact 

process on a cubic pillar with an edge length of 1 mm, whose surface satisfied full wetting conditions [2]. The study 

showed a very good agreement between the droplet impact morphologies and unraveled the process of air 

entrapment underneath the droplet, which can lead to bubble formation. The latter would reduce the heat transfer 

capability of the pillar surface strongly. In a second step, we extended the drop impact investigation by varying the 

edge length of the cubic pillar between 1 mm and 2.4 mm as well as its surface wettability (fully wetting, partly 

wetting, and hydrophobic). The obtained results are summarized in the following. 

 

Experimental Parameters and Multi-Perspective Experimental Facility 

The droplet impact process is visualized with a multi-perspective experimental facility [3]. It records the droplet 

impact process from three time-synchronous perspectives simultaneously, namely top, side and bottom view (see 

Fig. 1). The top and side view employ the classical diffuse backlight imaging or shadowgraphy technique. Note that, 

the top view is recorded at an angle of 13.4° to avoid obstructing the droplets’ falling trajectory. The bottom view 

uses the total internal reflection method [4, 5] that allows to distinguish dry and wetted surface areas and thus to 

track the liquid-solid contact area (see Fig 1). Figure 1a,e show the fourth perspective, which records a three-

dimensional impression of the impact scenery. In Foltyn et al. [3] detailed information on the facility and the post-

processing procedures can be found. The image acquisition is triggered when the falling droplet passes a laser light 

barrier. Liquid accumulation and regular dripping off at the tip of a tilted needle generates the droplets. Their 

diameter varies between 2 mm (isopropanol) and 2.4 mm (distilled water) depending on the chosen fluid. The 

impact velocities of 1.5 m/s and 2.4 m/s are achieved by adjusting the droplets falling height. Hence, the 

investigated parameter variation also includes multiple droplet diameters, impact velocities and two fluids, namely 

distilled water and isopropanol. The surface specimen, i.e. the cubic pillars, are made of acrylic glass. The wetting 

behavior of the surface specimen was manipulated using plasma activation to achieve a high surface wettability 

and contact angles of � ≈ 0° and plasma polymerization to get a reduced surface wettability at contact angles of � ≈ 70°. The investigation encompasses in total 65 experiments. Here, only the results for droplet impacts close to 

the pillar center are considered, while off-center impacts are excluded. 

 

Results and Discussion 

In a first step, we discuss the effect of pillar size and wettability on the impact morphology. If the pillar edge length 

is much smaller than the diameter of the impacting droplet, ground spreading occurs. This is characterized by the 

droplet liquid flowing around the pillar, enclosing it and finally spreading out along the surrounding substrate, as 

shown in Figure 1b-d. The spreading is uniform in all directions, which leads to a circular shape of the liquid lamella. 

The bottom view, employing the total internal reflection method, confirms the liquid spreading along the solid 

substrate. At first sight, this would be a preferable spreading condition for a cooling process. However, during the 

spreading of the liquid, air is entrapped at the pillar side faces and corners [4]. Subsequently, air bubbles form, 
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which are completely separated from the pillar sides. How these air bubbles might affect a cooling process needs 

to be further investigated. If the droplet diameter is in the same order or larger than the pillar edge length, the impact 

morphology changes completely. Shortly after impact, the droplet starts to spread on top of the pillar surface and 

continues to spread in mid-air beyond the edge of the pillars’ top surface. This is shown in Figure 1e-g. This behavior 

is confirmed by the bottom view image in Figure 1h that shows a wetted pillar top, while the surface around the 

pillar stays completely dry. Only at a later time, the liquid lamella sinks down along the pillar side faces due to gravity 

and impacts onto the surrounding surface. Thereby, the lamella stretches across the pillar edges and ruptures. We 

call this impact morphology umbrella spreading. The shape of the lamella observed during umbrella spreading also 

differs significantly from the one observed during ground spreading. It exhibits a rectangular shape, with the lamella 

corners azimuthally rotated by 45° with respect to the pillar corners. Juarez et al. [6] observed the same behavior 

for droplet impacts onto posts with cross-sectional polygon geometries. The size of their posts was in the order of 

the droplet diameter and impact conditions were similar to ours. Subsequent to the breakup of the lamella rim, they 

observed the formation of liquid filaments, whose number corresponds to the number of corners of the polygon-

shaped post. In our experiments, we also observe the formation of filaments, but on the solid surface around the 

pillar not in mid-air. Therefore, the filament formation is strongly affect by the surface wettability, while the transition 

from ground to umbrella spreading is triggered by the ratio of pillar to droplet size. Filament formation is more 

pronounced for reduced wetting conditions (� ≈ 70°), where the filaments are still visible after the end of the 

spreading process. On the contrary, for full wetting conditions (� ≈ 0°) a dissolving of the filaments is observed. 

The presented results give some new insights into the impact behavior of droplets onto free standing cubic surface 

structures, but we are still at the beginning of our investigation and the understanding of the complex impact 

dynamics involved. 
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Figure 1. Images captured with the multi-perspective experimental facility. The upper row shows ground spreading at � = 4 ms 
(pillar size: 1 mm; droplet size: 2.4 mm, droplet velocity: 2.4 m/s) from a) spatial view, b) side view, c) top view and d) bottom 
view perspective. The lower row depicts umbrella spreading at � = 3.6 ms (pillar size: 2.4 mm; droplet size: 2.4 mm, droplet 
velocity: 2.4 m/s) from e) spatial view, f) side view, g) top view and h) bottom view perspective. Subfigure i) shows the droplet 
impact problem schematically. 
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Introduction 

In most spray impact scenarios in technical applications, many droplets impact obliquely on the wetted wall. The 

macroscopic result shows different crown shapes on both sides of the impact point. On the downstream side the 

crown is bent outwards and thin. In contrast on the upstream side, the crown is bent inwards at early times  (� = ݐ �� < ʹ). This can be seen in Figure 1, which shows the interface at the symmetry plane for the dimensionless 

times � = ͳ and � = ʹ, respectively and has also been observed in literature [1-3]. 

The mechanisms behind early crown formation during oblique drop impact are not yet fully understood, especially 

on the upstream side, and have now been investigated more detailed with the use of highly resolved Direct 

Numerical Simulations. 

 

   
Figure 1. Interface at the symmetry plane at an oblique droplet impact. The droplet impacts from the left and contacts the wall 

film at position ܺ/� = Ͳ. Upstream refers to negative x-position, whereas downstream refers to positive x-position. 

Dimensionless time � =  �� ݐ
= ͳ on the left, � =  �� ݐ

= ʹ on the right. 

 

Numerical Setup 

The direct numerical program package Free Surface 3D (FS3D) solves the incompressible Navier-Stokes equations 

for multi-phase flows using a volume-of-fluid method (VOF), [4]. To reduce computational cost, the symmetry of the 

problem was exploit and only a half of the geometry was simulated. The domain is shown in Figure 2. The red 

cuboid marks the area of grid refinement consisting of cubic cells, which grow gradually outwards. The grid consists 

of 2.7 Billion cells with a resolution of 350 cells/D within the refinement.  

The material properties of Hexadecane and air were used for the liquid and ambient gas, respectively. The droplet 

has a diameter of � = ʹ.Ͷ �� impacting at an angle of � = ͸Ͳ° with a velocity of � =  The dimensionless .ݏ/� ͵.͵

wall film thickness is � = ℎ/� = Ͳ.Ͷ. The commonly used dimensionless parameters Weber number and Ohnesorge 

number are ܹ� = ��2�/� = ͹ͷͲ and �ℎ = �/√��� = Ͳ.Ͳͳͷ, respectively. Furthermore, the dimensionless length ܺ/�, the dimensionless velocity ̃ݑ = � and the dimensionless time �/|ݑ| =  .are used in the following �/� ݐ

 

       
Figure 2. Sketch of the computational domain showing the initial condition and coordinate system. 

 

 

 

� = ૚. ૙ � = ૛. ૙ 
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Figure 3 compares the interface at the dimensionless time � = Ͳ.͵͵ at the upstream side for three different grid 

resolutions. The depth of the notch is approximately the same for the two highest resolutions, but increases in 

thickness with higher resolution. The detachment of a secondary droplet is only captured by the two highest 

resolutions. It can be said, that full grid convergence is not reached and exact quantities are not reliably resolved. 

However, the general shape and the phenomenon are qualitatively resolved with 350 cells/D. 

 

 
Figure 3. Interface at different resolutions, upstream side. 

 

Results and Discussion 

Figure 4 displays the development of the interface and the velocity field in the symmetry plane. On the left side, a 

zoom to the lamella formation on the upstream side is shown, and on the right to the downstream side. 

On the downstream side the process of formation of the lamella is very similar to that at a normal impact. First, at � = Ͳ.Ͳͺ, there is a high acceleration of a small mass of fluid outwards, which forms the initial lamella. In the 

subsequent time steps more mass is accelerated to the side and feeds into the horizontally growing lamella, see � = Ͳ.ͳͻ and � = Ͳ.͵͵. This process continues and the velocity vector at the start of the lamella, and also the 

direction of the lamella, turns more upwards with increasing time, see � = Ͳ.ͷͲ. The oblique impact promotes the 

ejection of the lamella and crown formation on the downstream side, as also stated by [2] and [3]. 

 

Looking at the upstream side the process starts very similar with a high acceleration of a small mass of wall film 

fluid escaping to the side, � = Ͳ.Ͳͺ, even though the velocities are little lower. However, shortly after, when the drop 

penetrates further into the wall film (� = Ͳ.ͳͻ), the fluid of the drop is not able to follow the strong deflection 

necessary to continue feeding into the initial lamella anymore because of the horizontal velocity component in the 

drop. The fluid is still deflected sideward and upwards, but with a larger radius of deflection. This process continues 

and ambient air, which is dragged by the impacting drop, penetrates into the wall film and forms a notch, see � =Ͳ.͵͵. At this time one secondary droplet detaches from the initial lamella formed at � = Ͳ.Ͳͺ. This initial lamella 

recedes back into the new thick lamella which is formed by the notch and the upwards deflected fluid, see � = Ͳ.͵͵ 

and � = Ͳ.ͷͲ. At the upstream side of the drop impact the ejection of a lamella is inhibited. Nevertheless, a crown 

is formed from a different mechanism leading to a thicker and lower crown bending inwards. 

 

 

Future Work 

One subject still open for future work is the influence of the impact angle �. This will definitely change the mechanism 

of lamella ejection. The impact angle � has to fall below a critical angle �� in order for the described mechanism to 

occur. This �� could be determined and investigated in future. Another question is how the formation of the lamella 

changes in azimuthal direction �. Also, here there could be a critical azimuth angle �� where the lamella formation 

changes from one mechanism to the other.  
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Figure 4. Development of the interface and velocity field on both sides of the impact point at the symmetry plane. Zoom on 

upstream side (left) and downstream side (right). Same scale for the dimensionless velocity ̃ݑ =   for all dimensionless �/|ݑ|

times � =  .�/� ݐ

 

Nomenclature 

D initial droplet diameter [m] 

h initial wall film thickness [m] 

Oh Ohnesorge number [-] 

t time [s] 

U initial droplet velocity [m/s] 

u  velocity vector [m/s]  ̃ݑ dimensionless velocity [-] 

We Weber number [-] �  impact angle [°] �  dimensionless wall film thickness [-] � dynamic viscosity [kg/(m s)] �  density [kg/m³] �  surface tension [N/m] � dimensionless time [-] 
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Introduction 

The contact angle of a liquid on a surface plays an important role in many applications where liquid flows interact 

with solids. While rough estimates often suffice, precise knowledge of the interface behavior is required in others. 

Recently, advances in computing power and numerical methods have made it possible to predict many small-

scale and medium-scale phenomena featuring multiphase flows. The methods used, however, often only feature 

a crude implementation of the contact angle. To verify contact angle models, precise data on the spreading 

behavior of liquids on surfaces is required. 

Thus, in this work, the dynamic contact angles of droplets deposited onto smooth surfaces are measured. 

  

Methods 

Diffuse backlight imaging/shadowgraphy was used to generate images of droplets spreading on smooth Poly-

methylacrylate (PMMA) surfaces. Two different experimental setups were used. A DataPhysics Optical Contour 

Analysis (OCA) device was modified to obtain medium framerate measurements. The low framerate camera was 

substituted for a KronTech Chronos 1.4 camera. Videos were recorded at 1,057 frames per second with a 

resolution of 1280 x 1024 pixel². 

A second setup was used to obtain measurements at a higher 

framerate of 20,000 frames per second at a resolution of  

1024 x 672 pixel² using a Photron SA-X2 camera. 

 

For the evaluation of the contact angles, the MATLAB library of  

Nis [1] was used. After image processing, the code was used to 

evaluate the medium framerate cases, using the reflection of the 

droplet at the surface to fit the baseline. In the high framerate 

cases, no reflection was visible. Thus, the baseline points were 

manually selected from a single image in each experiment. In both 

cases, the polynomial fitting method was used to determine the 

contour of the droplet in the vicinity of the surface. The MATLAB 

code determines the contact angle as the angle at the intersection 

point between the fitted curve and the baseline. 

The fluids investigated in this study were pure distilled water, 

isopropanol (>99 %) and various polymethylsiloxane silicone oils 

with different viscosities. These were used to study the effect of the 

viscosity independent of other fluid parameters. The properties of the 

liquids are stated in table 1. 

 

 

 

High-speed camera             Optics                  Needle and surface              Diffuser and LED 

Figure 1. Schematic showing the experimental setups 

Figure 2. Curve fits for the apparent 
contact angle 
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Results 

The results show that even in cases that feature an asymptotic behavior early in the development of the apparent 

contact angle, an overshoot of the contact angle can occur. In some cases, the timing of this overshoot is shifted 

with respect to other experiments. This is most likely due to the minor differences in the needle location during the 

detachment process. 

While all experiments using B10 show strongly damped behavior the contact angle of water on PMMA is a weakly 

damped oscillation, resulting from a combination of a high contact angle of water on PMMA, the high surface 

tension and low viscosity of water. Notably, the regular oscillation does not start before approximately 0.01 s into 

the process. This time is the time it takes for the droplet to spread while at later times the location of the three-

phase contact line stays relatively fixed on the surface. 

 

Outlook 

In the future, methods to generate non-oscillating, but free-falling droplets at very low impact velocities need to be 

found to make it possible to consistently achieve the same pre-impact conditions. This would greatly increase the 

comparability between experiments, especially between high- and low-framerate measurements. Additionally, as 

soon as our in-house code FS3D features a stable implementation of a contact angle model, the results of 

experiments like those presented in this study have to be compared to the computational calculations. 
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Introduction 

The importance of the problem of modelling droplet evaporation is well known and has been widely discussed 

[1,2]. A rigorous approach to this problem based on the solution to the heat and mass transfer equations inside 

and outside droplets, taking into account arbitrary droplet shape and the contributions of other droplets in the 

system, is out of the question for realistic engineering applications [1,2]. This approach would be unrealistic and 

unnecessary for the analysis of real-life sprays, that include millions of droplets, which has stimulated the 

development of many simplified models of the relevant processes.  

 

The most widely used such model is the one developed by Fuchs and Spalding and later refined by Abramzon 

and Sirignano [2]. This model, widely known as the Abramzon and Sirignano model, however, is based on a 

number of assumptions the applicability of which to realistic sprays is not at first obvious (see the detailed 

analysis of this model in [2]). Perhaps the most important of these assumptions is the assumption that the density 

of the mixture of vapour and ambient air does not depend on the distance from the droplet surface.  

 

The authors of [3] developed a model without using this assumption. Although the model described in [3] does not 

lead to an explicit formula for the evaporation rate, as in the case of the Abramzon and Sirignano model, the 

suggested algorithm for finding this evaporation rate is much simpler than the one which would be required if a 

rigorous model were used. This simplicity was achieved by retaining only the leading term in the asymptotic 

expansion of the equation for the vapour mass fraction. The reasons for doing this, however, were not fully 

investigated and justified. The aim of this abstract, which summarises the results presented in [4], is to revisit the 

model developed in [3] using much more rigorous mathematical analysis of the problem based on the tools 

developed for the asymptotical analysis of the underlying equations [5]. 

 

Analysis 

The analysis is based on steady-state mass, momentum and energy balance equations for the vapour and air 

mixture surrounding a droplet. The previously obtained solution to these equations was based on the assumption 

that the parameter ε (proportional to the squared  ratio of the diffusion coefficient and droplet radius) is equal to 

zero.  The analysis presented in the paper is based on the method of integral manifolds and it allowed us to 

present the droplet evaporation rate as the sum of the evaporation rate predicted by the model based on the 

assumption that ε =0 and the correction proportional to ε.  
 

Applications 

The correction proportional to ε is shown to be particularly important in the case of small water and methanol 

droplets (diameters less than  5 μm) evaporating in air at low pressure (0.1 atm.). In this case, this correction 

could reach 35% of the original evaporation rate.  In the case of evaporation of relatively large droplets (with radii 

more than 10 μm) in air at atmospheric and higher pressures this corrections is shown to be small (less than 10-3 

of the evaporation rate predicted by the model based on the assumption that ε =0). This supports the results 

presented in [3]. 
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Introduction 

The poster presented at the 2022-DIPSI workshop reports about a model for drop heating and evaporation based 

on the analytical solution to the species conservation equations using the Stefan-Maxwell constitutive equations. 

The model can be applied to any drop shape, requiring only the existence of the solution of the Laplace equation 

with uniform Dirichlet boundary conditions on the boundaries of the gas domain. This model, reported in detail in 

[1], extends the one presented in [2], valid for ellipsoidal drops, to generally shaped liquid drops and drop 

structures. 

 

Material and methods 

The model reported in [1] and discussed here is based on an analytical solution to the Stefan-Maxwell (SM) 

equations for a generally shaped evaporating drop, generalising previous solutions for one dimensional cases to 

the case of multi-dimensional vapour fields. Constant properties and quasi-steadiness are assumed while 

convection, other than that due to Stefan flow, is neglected. In Stefan-Maxwell formulation 

 
( ) ( ) ( ) ( ) ( )( )

0

1np p k k p

k pk

y y
cD=

= −d N N     (1) 

(where p=0 stands for the non-evaporating gas species and p>0 for each of the evaporating species) the fluxes 

N
(p)

 are implicitly dependent on the diffusional forces d
(p)

, differently from the generalised Fick's law or the 

effective diffusivity formulations. The advantage of the SM formulation for this particular problem relies on the fact 

that the binary diffusion coefficients, Dpk, for dilute gases mixture are practically independent of mixture 

composition [3] and this allows the analytical solution of the species conservation equations in a relatively simple 

way.  

The method is based on the solution of the following problem 
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that can be solved by numerical methods of relatively simple implementation. In (3) and (4), y
(p)

 is the molar 

fraction of component p in the gas mixture, 
ref

pq
pq

D

D
γ =  where Dref is a reference dummy value for the diffusion 

coefficients, which has no influence on the final results, and the quantities
( )

( )p
p

ev
ref

C
m̂

cD
= , proportional to the 

constants C
(p)

, can be interpreted as non-dimensional form of the evaporation rates of each species. The latter 

can be promptly obtained from the relation (see [1] for further details and nomenclature for the meaning of other 

symbols)  

( ) ( ) ( )p p p
ev ref ev n

S

ˆm Mm cD m dS= ∇ Φ                             (5) 

It is noteworthy that the method allows solving also the steady state energy equation to yield the gas mixture 

temperature field in explicit form and the sensible heat rate exchanged between the drop and the ambient gas 

mixture as  
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Results and Discussion 

The above described analytical approach can be used to model the heating and evaporation of multi-component 

drops of virtually any shape. In particular, for all those cases where an analytical solution of equation (2) is 

available, the above reported way to calculate the evaporation rates is fully analytical.  

The analytic form of Φ can be found in all those orthogonal curvilinear systems where the Laplace equation is 

separable, like spherical, prolate and oblate spheroidal, ellipsoidal, bispherical and toroidal coordinate systems 

(see [4] for details). Each of these special coordinate systems are used when modelling particular drop shapes 

(like spheroidal drops in spheroidal coordinates or sessile drops in toroidal coordinates) or drop dispositions (like 

pair of drops, even of different size, in bispherical coordinates). This yields many particular results related to the 

spatial distribution of the temperature and vapour concentrations fields, as for example the fact that all the species 

evaporation rates are proportional to the fourth root of the local Gaussian curvature for prolate and oblate 

spheroidal and triaxial ellipsoidal drop shapes (see [2]). However, some important results are independent of the 

drop shape. The ansatz 
( ) ( )p p

jjN C= ∇ Φ , which holds for any drop shape, was checked by implementing the 

numerical solution to of the conservation equations in COMSOL© and tested for various geometries, like those 

reported in figure 1 (to notice the case with four drops which does not admit any known analytical solution of 

equation (2)). One consequence of the ansatz is that there exists a unique dependence of the molar fractions of 

each component on the value of the function Φ. Figure 2 shows the results for the geometries of Figure 1, 

confirming this finding. Another general result, which can be derived from the above sketched theoretical 

approach, is that the ratios between the evaporation rates of each component are independent of the drop shape, 

although the absolute values depend on it. The mentioned ratios can actually be numerically found by only solving 

the transcendent equation (1), with no need to cope with the differential problem.  

Furthermore, it can be observed that the relationships yielding the evaporation rates and the sensible heat rate 

(see equation 6) can be split into a part that depends on the boundary conditions (drop and gas temperature and 

drop composition) and the thermophysical properties of the gas mixture, and in another part (the integral 

n
S

dS∇ Φ ), which is the same for both rates and it depends only on the drop shape.     

The effect of choosing the SM equation as constitutive equation instead of the simpler, but approximate, effective 

diffusivity formulation, has been tested by comparing the maximum percentage relative difference between the 

evaporation rate predicted by the Stefan-Maxwell based model and that predicted by the effective diffusivity 

based model, ∆%mev. The values are plotted in Figure 3 as function of the parameter 
( ) ( )1

10 10 20D D Dδ = + , 

that is the ratio between the diffusion coefficient of the lighter component into the ambient gas and the sum of 

both the diffusion coefficients of each species present in the liquid phase, for 105 bi-component mixtures of 
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alkanes (from C6H14 to C20H42). The maximum discrepancies between the two approaches are of the order of 

26%, and occur when the diffusivities of the two species in air have values close to each other. This analysis also 

shows that when the liquid mixture is almost single-component (i.e. one of the components strongly prevails on 

the other in the liquid mixture) and when the gas mixture is dilute (i.e. vapour concentrations in air at the drop 

surface is much smaller than 1), the two approaches yield close predictions, while in the other cases the 

predictions may be consistently different. 

 

                                 drop pair                                                     4 drops                                                  sessile drop   

 

Figure 1. Drop shapes and structures used to test the model outcomes by numerical solving the species conservation equations 

using COMSOL ©. 

                                 drop pair                                                     4 drops                                                  sessile drop   

 

Figure 2. Molar fractions y(p)
 versus the values of the auxiliary function Φ over all the domain for two-components drops with the 

drop shape and configurations reported in figure 1. 

 

 

Figure 3. Percentage difference of the evaporation rate predicted by the present model and that predicted by the effective 

diffusivity approach as a function of ( ) ( )1

10 10 20D D Dδ = +  for 105 two-component liquid mixtures of 15 n-alkanes (from C6H14 to 

C20H42) for gas temperature of 1000K and three different drop temperatures (Teb is the boiling temperature of the lighter 

component). 
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Nomenclature 

c  molar density [kmol m
-3

] 

cp,ref  specific heat of gas mixture at reference temperature [J kg
-1

 K
-1

] 

Dref, Dpk  diffusion coefficients [m
2
 s

-1
] 

Mm  molar mass [kg kmol
-1

] 

kref  gas mixture conductivity at reference temperature [W m
-1

 K
-1

] 

Q  sensible heat rate [W] 

T  temperature [K] 
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Introduction 

SOX production by naval engines is a sensible environmental problem, hence it has been addressed by 

international regulations (Annex VI of MARPOL [1]). The regulation provides for the reduction of sulphur in the 

fuel up to a content equal to 5% by mass, meanwhile the actual SOX emissions have to be controlled by external 

device like wet scrubbers. 

This paper describes a numerical model to simulate SO2 absorption phenomenon into a water droplet in a “wet 

scrubbing” process in dynamic conditions. 

 

Material and methods 

Two different numerical model to describe absorption phenomena of sulphur dioxide from water droplet into 

scrubbing tower were implemented. In both the case study is a single water droplet, totally hit by exhaust gas of 

typical marine engine, once in repose condition (fix approach, with stationary drop, constant droplet temperature, 

constant droplet volume) and the other one in variable condition (variable approach, with free fall down droplet, 

increasing droplet temperature, decreasing droplet volume). 

Due to problematic chemical reactions between seawater and SO2 for the alkalines content, freshwater droplet 

was examined and a simplified chemical model was used. The most important reaction which was considered is: 

[2] 

������� + 	���
� ⇌ 	�������

 + 	����

�   (1) 

which highlights the reaction between freshwater and sulphur dioxide, producing the bisulphite ion. 

In both cases one – dimensional approach was supposed so only radial variation of SO2 concentration can be 

considered not considering, obviously, the Hill vortex.  

The analysis has been implemented for spray working with droplets in the range from 0.5 x 10
-3

 m to 2.0 x 10
-3

 m 

(with step of 0.5 x 10
-3

 m), with 500 K, 650 K and 750 K exhaust gases temperatures and with SO2 concentration 

varying from 620 ppm to 920 ppm (with step of 100 ppm and supposing itself constant during the 3.2 seconds of 

each data processing) 

The trend of ratio between mean concentration SO2 and its concentration of saturation on the droplet surface has 

been evaluated. The analysis has been carried out for a monodisperse two phase fluid. 

 

Results and Discussion 

Taking into account the physical and chemical mechanisms, respectively mass diffusion (Henry law) and kinetic 

equations, their influence on absorption phenomenon has been analysed. The behaviour due to the interaction 

between water droplets and SOX shows an absorption slow down. This is due to the limitation of the SO2 incoming 

on the droplet surface. Furthermore the mass evaporation of the droplets increases the mean SO2 concentration 

slowing down the inlet of the SO2 on the droplet surface (Figure 1).  

Both, the internal diffusivity and the chemical reaction (1), permit to the new SO2 molecules to go inside the water 

droplet. The production of the bisulphite ion involves the decreasing of the sulphur dioxide, because the diffusivity 

mechanism can be considered slower than the chemical reaction. 

The SO2 concentration is higher for the droplet with smaller diameter, so these reach a possible saturation 

condition faster than the others. The droplets about 0.5 x 10
-3

 m of diameter can be considered inadequate for the 

culling of the SO2 due to the rapid evaporation and the consequent transport with flue gases.  

By numerical results it was deduced that a single drop with a smaller diameter tends to accumulate less quantity 

of sulphur dioxide, but this isn't an interesting outcome for practical use since into the scrubbing tower there isn't 

only a droplet. Therefore for each evaluation, a mass of water into the wet scrubber equal to a mass of a single 

water droplet with diameter 2.0 x 10
-3

 m was supposed in order to compare the absorption for each spray with 

different diameter. So for diameters 1.0 x 10
-3

 m and 1.5 x 10
-3

 m the Ni number of droplet to reaches the mass of 

water droplet with 2.0 x 10
-3

 m diameter was calculated, resulting that for the firsts were necessary 8 droplets and 

for the seconds 2.37 droplets. 

The computation shows that the droplets with the smaller diameter were able to absorb more sulphur dioxide than 

the others with the same mass because surface-volume ratio is higher, arriving at 3.42 x 10
-4 

g approximately for 
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the 8 droplets with diameter 1.0 x 10

droplet with diameter 2.0 x 10
-3

 m a

concentration equal to 620 ppm and 

 

Figure 1. Comparison between fix (left

t=3.2 s o

Figure 2. Global SO2 mass e

Trends in Figure 2 are a bit curved d

absorbed than computation with low

time, at the temperature of 500 K (typ

water droplets with diameter 1.0 x 10

Exhaust gases SO2 concentration ha

Cg = 920 ppm (non-recurring value) 

was 5.52 x 10
-4

 g, while from droplet

 

Nomenclature 

Cg SO2 concentration in exhau

dp,st starting droplet diameter [m

t time [s] 

Tg exhaust gases temperature

Ni number of droplets with dia

m diameter 

[g
]

er spray systems for DIPSI 2022 
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