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Abstract—Type 1 diabetes (T1Ds) is a chronic disease char-
acterized by the absence of insulin production, causing high
blood glucose (BG) levels. Although exogenous insulin therapy
helps control glucose, its effectiveness is limited by patient-
specific variability, particularly the circadian rhythm of insulin
sensitivity. This work investigates periodic glycemic trajectories
(basal trajectories) as stabilizable targets for model predictive
control (MPC). Two stable control formulations are proposed:
one using basal trajectories as terminal constraints, and another
introducing auxiliary trajectories to expand the domain of attrac-
tion. Preclinical in silico tests under varying insulin sensitivity
patterns demonstrate the benefits of explicitly incorporating
circadian variability into the controller design.

Index Terms—Artificial pancreas (APs), circadian variability,
model predictive control (MPC), periodic time-varying systems,
stability, trajectory tracking.

I. INTRODUCTION

AMONG different types of diabetes, type 1 diabetes
(T1Ds) is a condition characterized by a complete loss
of insulin secretion from pancreatic S cells, leading to elevated
blood glucose (BG) levels in both basal and postprandial
states [1]. To address this issue, exogenous insulin delivery
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has been proposed as a strategy to regulate BG levels to a
normoglycemia range, being administered in both open-loop
(OL) and closed-loop (CL) settings [2], [3]. While promising
results have been achieved across both in silico and in vivo
scenarios, with CL strategies showing significant potential,
T1D patients are affected by diverse sources of intraday
and interday variability of physiological parameters (e.g.,
insulin sensitivity, glucose effectiveness, time-to-peak insulin
concentration) related to weight gain, physical activity, stress,
illness, and pregnancy, among others [4], [5]. Depending on
the circumstances, such variabilities can lead to a decreased
insulin-glucose ratio (I/G), an increased I/G, or an undefined
cycle of changes [6]. For instance, a decreased I/G may result
from factors such as oral glucose consumption (in meals with
specific macronutrient compositions) [7], increased hepatic
glucose production during morning periods (the dawn phe-
nomenon) [8], or decreased insulin sensitivity during illness
and mental stress [9]. Conversely, an increased I/G could
occur due to factors such as augmented insulin sensitivity
during physical activity intervals [10]. For example, it has been
reported that muscular contraction during physical activity
promotes the translocation of the insulin-sensitive glucose
transporter GLUT4, resembling enhanced insulin action (or
increased insulin sensitivity) [11].

A. Circadian Variability of Insulin Sensitivity

Circadian rhythms in insulin sensitivity (S;) have been
identified in both healthy individuals and people with T1D.
Using the oral glucose minimal model (OGMM), studies
show that while healthy subjects typically have higher insulin
sensitivity at breakfast than later in the day [12], T1D patients
display a more irregular pattern with variability about three
times greater [13]. Seven daily insulin sensitivity classes have
been identified, with most showing reduced sensitivity at
breakfast [14]. Although hormone levels did not significantly
differ among classes, altered neuroendocrine sleep patterns in
T1D patients—such as elevated nighttime ACTH, cortisol, and
growth hormone—may contribute to this variability and reflect
disruptions in the circadian system.

Considering this mode of variability, several circadian mod-
els of S; have been proposed in the literature. Most of them
rely on periodic assumptions of variability, such as Fabietti’s
(sinusoidal) model [15], Toffanin’s (piecewise) model [16],
and Mansell’s (variable-basis) model [5]. Furthermore, based
on the daily S; classes, time-varying changes in parameters
such as V,,, and k,3 have been implemented in the UVA/Padua
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T1D simulator [17]. Recently, [18] introduced a data-driven
model with a periodic parameter related to S;(¢) variability.

B. Periodic Control of TID System

Various control strategies have been developed to account
for the natural periodicity of the system. Some approaches
[19] use time-varying references based on daily physiological
profiles. For example, periodic BG targets have been proposed,
increasing nighttime targets to reduce hyperglycemia risk.
Other works [20], [21] adopt a daily periodic state and input
references derived from glucose setpoints and typical insulin
profiles. Under repetitive assumptions, iterative learning con-
trol (ILC) [22] and model predictive control (MPC) [23]
frameworks have been applied to optimize glucose trajec-
tories. Periodic concepts have also been used to improve
functional insulin therapy (FIT). Run-to-run (R2R) algorithms
adjust basal insulin and carbohydrate-to-insulin ratio (CR)
throughout the day to maximize time in range or minimize
glucose deviations [2]. Additional strategies include circadian-
modulated insulin on board constraints [16], diurnal insulin
delivery constraints [19], and adaptive models to address
intraday variability. In particular, Gaussian process regression
with quasi-periodic kernels has been proposed to capture
cyclic insulin sensitivity variations [24]. Although many works
consider the repetitive nature of T1D models—especially cir-
cadian §'; variability—the explicit incorporation of periodicity
into model parameters remains largely unexplored. Specifi-
cally, existing approaches do not: 1) characterize reachable
targets under this variability, nor 2) explicitly account for
time-varying S; within the prediction horizon, relying instead
on time-invariant models. This limits the ability to optimize
bolus and basal dosing according to forecast insulin sensitivity
transitions. In this context, the main objective of this work is
to design a periodic MPC, based on [25], that incorporates
admissible targets to explicitly address periodic variability.

C. Main Contributions

This article extends the ideas in [26] by providing a formal
analysis of basal trajectories as a reachable set within the
framework of linear periodic time-varying (LPTV) systems.
Since Ruan’s model [27] is a linearization of the OGMM
around an equilibrium point, its behavior is generalized here
to time-varying operation through linearization around a basal
trajectory. The main contributions are as follows.

1) Basal trajectories as a reachable set: Formalization of
basal trajectories as a reachable set for the T1D sys-
tem under insulin sensitivity variability. Although the
focus is on periodic S; changes, the framework can be
extended to other periodic physiological variations (e.g.,
menstrual cycles or irregular sleep patterns).

2) MPC formulations using basal trajectories as targets as
follows.

1) A trajectory-tracking (regulation) MPC with a prede-
fined basal trajectory as target.

2) A formulation based on intermediate auxiliary (arti-
ficial) trajectories as prestabilizable target sets.

3) Parameter Estimation Methodology: A parameter esti-
mation algorithm based on multiple independent models,
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Fig. 1. Schematic representation of BG regulation under circadian variations
of the insulin sensitivity. The architecture involves the two main controller
strategies: dual-stage (B7C — MPCr7) and single-stage (MPCrTT)
approaches. Supplementary modules: RGM, IMM, Observer, and ISEM.

combined with a training strategy that maximizes val-
idation fit while enforcing physiologically plausible
parameters.

4) In Silico Validation: Comprehensive validation in a
cohort of 10 UVA/Padua virtual patients, incorporating
circadian §; variability identified in [14]. To address
plant-model mismatch, mitigation strategies based on
circadian-shaped glucose references are included. In par-
ticular, the MPC formulation with intermediate auxiliary
trajectories is highlighted for its ability to preserve
recursive feasibility under abrupt reference changes.

A schematic overview (Fig. 1) presents the proposed archi-
tecture, including dual-stage and single-stage MPC for basal
tracking, along with a reference generator module (RGM),
insulin management module (IMM), state observer, and insulin
sensitivity estimation module (ISEM). The design follows the
modular approach in [28].

D. Notation

R and I denote the set of real and integer numbers,
respectively. RY ;. (R(,,) represents the set of vectors x,
of dimension n, which componentwise fulfill ¢ < x < b
(a < x < b), and their components are real numbers. In the
same vein, Ij,p (Ip) is the set of all integers k such that
a<k<b(a<k<b).

Given a set X C R*, P(X) denotes the power set of X
(i.e., the set of all subsets of X). For the sake of clarity, x(-) :
Ryap) = Ry 4 denotes the continuous-time functions, that go
from 7 € [a, b] to vectors in Rf, ;. Similarly, X : Ijap) = R{, 4
denotes the discrete-time sequences, that go from k € [a, b]
to vectors in Ry ;. e, X = {x(a),x(a + 1),...,x(b)} with
c < x(k) <d, for all k € [a, b]. diag(a) is the n x n diagonal
matrix with diagonal elements equal to the vector a € R". I, is
the n— dimensional identity matrix. The quadratic norm with
respect to a positive definite matrix Q = Q7 is denoted by

||x||2Q = xTQx.

II. PHYSIOLOGICAL MODEL OF BG-INSULIN ACTION

In this section, we briefly describe the physiological model
to be used for computing the basal trajectories as well as
for computing the meal-based bolus by the MPC formulation
(feedforward control action). As shown in supplementary



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

ABUIN et al.: BASAL TRAJECTORY-BASED FRAMEWORK FOR HANDLING CIRCADIAN VARIATIONS 3

material (SM), Section S1, this model is an extension of the
OGMM model when it is linearized around periodic trajec-
tories, under the assumptions that: 1) the insulin-dependent
consumption is independent of the BG level and 2) the
plasmatic insulin is in equilibrium with the insulin in the
remote compartment. This is a control-relevant model, as it
allows a simplified representation of the BG-insulin system
while remaining identifiable from measured signals (i.e., BG,
insulin delivery, and carbohydrate intake). Furthermore, this
model allows us a long-term BG prediction, since it accounts
for the basal conditions of the glucose-insulin model (periods
larger than the postprandial interval). Under this scheme, let
us consider the following affine continuous-time, time-varying,
state space model to describe the glucose-insulin subsystem
under intraday variations of S,

O =AOxO+Bu@®)+BzO+E@®, x0)=xy (1)

where x(7) = [x1(¢) x(t) x3()]7 denotes the model state, with
x1 = G being the BG concentration [mg/dL], x, being the
insulin delivery rate in plasma [U/min] and x3 being the insulin
delivery rate in the subcutaneous compartment [U/min], and
u(r) denotes the exogenous insulin infusion rate [U/min]. Vari-
able z is a state representing the meal absorption subsystem,
which is in turn described by the following subsystem:

;) =Az@®+ Br@, z(0) =z )

where z(¢) = [z1(f) z2(#)]7, with z; being the rate of carbohy-
drate absorption from the gut [g/min] and z, being the glucose
delivery rate from the stomach [g/min], and r(¢) is the rate of
carbohydrate (CHO) intake [g/min].

Based on [27] and considering the analysis detailed in the
SM, Section S1, the model matrices are given by

-0, -6, (r) 0 7] 0 0
A= 0 -5 & |, B.=|0][, B,:[L]
L0 0 -5 @ o5
_Ho(t) _930 11
En=| 0 |, B.=|00], Azz[ F _91}
L0 L 00 2

where 6, is the glucose effectiveness [min~'] (i.e., stimulating
glucose uptake by peripheral tissues and suppressing hepatic
glucose release), 6,(¢) is the time-varying insulin sensitivity
[mg/(dL-U)] (i.e., it measures the ability of insulin to enhance
the disappearance of glucose from plasma both by inhibiting
glucose production and by stimulating glucose utilization
in insulin-dependent tissues), and 65 is the raising factor
[mg/(dL-g)] (change in BG concentration per unit of time when
1 g of CHO is absorbed), being the rate of glucose appearance
in plasma R,(#) = 63x4(t) [mg/(dL-min)]. Moreover, 6y(t)
is the endogenous glucose production extrapolated at zero
glucose levels, EGPy [mg/(dL-min)]. It can be seen that
Oo(1) = 01x1,5(1) + 02(D)x2,5(1) + X1,5(£), where x; ,(¢) and x3 5(7)
are the patient basal glucose and insulin trajectory around
which the linear model is obtained (see equation S7 in SM,
Section S1). The insulin absorption kinetics is expressed by 6,
(time-to-maximum effective insulin concentration)[min] while
the time constant related to the meal absorption subsystem

is represented by 65 (or time-of-maximum appearance rate of
glucose in the gut) [min]. The outputs of subsystem (1) are
given by G(#) = Cx(¢), where C; = [1 0 0] (glycemia to
be controlled), and I0B(t) = Cyx(t) where C, = [0 04 64]
(insulin on board, to be constrained for safety reasons) [29].
On the other hand, due to the physiological plausibility of the
parameters, 6 := [0y, 61,...,0s]7 is constrained to lie in Rio.

Assumption 1: The insulin sensitivity 6:(-) : Rjpe) —
Rig,,,,.00,] 15 assumed to be 63(t) := 0, + 6,(¢), t > 0, where
6, > 0 is a constant nominal value, and 6,(f) is a periodic
one, accounting for the insulin sensitivity variations due to
circadian rhythms: 6,(f) = 6,(t + T), for all ¢ > 0, being T
the circadian cycle equal to 24 h (or 1440 min). Furthermore,
6,(t) > 0 for all ¢ > 0.

Because of the reported interday variability of the circadian
pattern of S;(f) [14], it could be modeled as a periodic
or quasiperiodic stochastic process [24], [30]. However, for
simplicity, it is treated here as a parameter with a peri-
odic profile. The time-varying parameters 6,(-) and 6y(-) are
assumed to be periodic, without specifying a time-dependent
parametric form. This means the formulation only requires
periodic time variability, which may result from solutions
of oscillatory differential equations, periodic dynamics in a
linear parameter-varying (LPV) framework, periodic piecewise
switching signals, or other structured periodic behaviors.

A. FIT Tools

As it was previously discussed, the model can be related
to FIT tools. For instance, under the assumption 6, 0,
the CR CR = 6,/0;, the insulin sensitivity factor CF = 6,
[31], [32]. However, if the insulin sensitivity is a time-varying
parameter, 6,(¢), then the expression of the mentioned tools
should be reformulated considering the time variability of 6,(¢)
over the analysis window. For instance, from [31], we can
see that: CF(1) = [;' — xi(dt = — [ (D% (1)dt, with
X(¢) the insulin administration associated with an impulse of
amplitude Uy = 1-8(t — 7). Note that X;(t) := x;(t) — xp,;(t)
(i = 1,2,3), being x,;(f) basal component. Then by the
mean value theorem of integrals, the mentioned expression
results: CF(ig) = 6(t.) [;' %2(0)dt = 6a(t.), with 1. € [to,11]
and #; > 64. The same analysis can be done for CR(%).
For the sake of simplicity, we approximate the mentioned
tools by the mean value of the parameters over an analysis
window T,,. Specifically, we define CF(t) = MA(6,(i)) and
CR(t) = MA(6,(i)/63), with t — T,,/2 <i <t + T,/2) and
MA(-) a moving-average filter operator evaluated over T,.
This yields accurate local approximations, as the parameter
variability remains relatively constant over the mentioned
window. However, the formulation is flexible to the routine
used to estimate the mentioned tools (e.g., [2, Sec. II]).

Q

B. State and Input Constraints

The input and states of subsystem (1) are assumed to be
constrained in the sets ¢/ and X(-), respectively. Set U, on the
one hand, accounts for the positivity and the maximal infusion
dose of the insulin pump, and it is given by

U := R[O,um,u] (3)
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with u,,,, = 15 [U] (i.e., maximum infusion dose of insulin
pumps). Given that - for safety reasons - IOB(t) = 04(xx(t) +
x3(t)) should have different maximum values for different
periods of the day (e.g., circadian cycle of insulin sensitivity,
increased risk of overnight hypoglycemia events due to a
blunted sympathoadrenal response to falling BG concentration
[33]), and subsystem (1) is time-variant, the state constraints
set X is defined as a time-variant set. The idea is to consider
the state constraint set X'(-) : Rjp,.) = P(R") given by

X (@) :={x e R" | Xppin L CX < Xpax ()}, 21 @)
with C = [Cy, CZ]T’ Xmin = [Gh_vpm O]T’ and X (1) =
[Gryper, IOB(1)]". The bounds for x; are given by Gy =
60 and Gpypr = 300 [mg/dL]. On the other hand,
the upper bound for the insulin on board is given by
I0B(t) = 10B,(1) + 10B,,(t; ty, CHOo, CR(tp)), where IOB(t)
is the component associated with fasting (basal) conditions
and mpp(t; to, CHOy, CR(1y)) is the time-varying component
accounting for insulin delivery over the postprandial period
(PP).! The basal component I0B,(1) is defined to guarantee a
minimum safety glucose level in fasting conditions. In particu-
lar, under the assumption of a minimal basal value of Gy, =
70 [mg/dL], I0B,(1) is computed as I0B,(1) = 04(x2 pmin(t) +
X3 p.min(1)), where (x2.p min(t), X3 pmin(t)) denotes the insulin-
state trajectory pair corresponding to the output reference
Gy min- The postprandial component IO_Bpp(t; to, CHO,, CR(10))
captures the transient increase in admissible insulin on board
after a meal-related event CHO, at f,, which can be set in terms
of the nonstandard constraint defined in [29]. Consequently,
under the assumption of a carb-counting model, the constraint
can be configured by setting: 1) Uy = CHOy,/CR(ty) the carb
factor at 79 and 2) AT s the time interval for additional dosage
(for details, see Lemma 1 [29]).

ITI. BASAL (FASTING) CONDITIONS

Basal conditions correspond to fasting, i.e., no meal intake
(r(t) = 0, z(t) = 0). In this case, subsystem (1) describes the
full dynamics. The behavior depends on the profile of 6,(z).
Although several insulin sensitivity profiles exist, we restrict
the analysis to the one in [15]

6, (t) = 6 (1 + A.sin(n1/12 + P,))

and assume 6y(f) = 6. This assumption is plausible if the
model is linearized around a periodic trajectory with x; ;(¢) = 0
and xp2(?) o< 1/6,(¢). Here, two cases are analyzed as follows.

Nominal Case (Constant 6,): If 6,(f) = 6,, the subsystem
admits an equilibrium set of pairs (xy, uy) satisfying

00 - 92us T
Xo=| T e Us|
1

Considering input and state constraints, the admissible equi-
librium states form the set X, with corresponding inputs ;.

'Notice that if only basal conditions are contemplated, then the state
constraint set X' (¢) is periodic, with period T (i.e. X(f) = X(t + T)).
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Fig. 2. Equilibrium set X (blue line), basal equilibrium state x; (green point,
nominal case with G, = 110 [mg/dL]), and basal state trajectory x(f) (red
periodic trajectory, periodic case with G, = 110 [mg/dL]) for subsystem (1).
The yellow planes represent the bounds for G = x; (i.e., Ghypo and Ghyper)-

Among these equilibria, we define the nominal basal equi-
librium (x3, up) by fixing the glucose level to a desired basal
value G, (typically 110 mg/dL). Then
_ 6o 6,Gp
= 5

Periodic Time-Varying Case: If 6,(t) is periodic, the classical
notion of equilibrium no longer applies, since no constant
input can keep the state fixed.

However, because 6,(¢) is periodic and 6; # 0, there exists a
unique periodic state trajectory for a periodic input, provided
x(0) = x(T).

We can therefore define the set of feasible T'-periodic tra-
jectories that satisfy the dynamics, constraints, and periodicity
condition x(-) : Rjp.«) = R" as

Xr () :={x() | @) =A@ x(®) + Bu()
+ Ex(t) e X, (1), u(t) € Ur (1)
x()=x@t+T) V8

X = [Gpoupup] s wp

where Ur(:) = {u(-) | u@®) € old,u(t) = u(lt + T)} and
X,(t) denotes a contracted version of the state constraint set,
parameterized by the contraction factor o € [0, 1), so that
Xr(t) c X(¢), thereby ensuring controllability to the peri-
odic trajectories [34]. Among these trajectories, and assuming
feasibility, one particular solution keeps glucose constant at
xp1(t) = Gy, while the other states evolve periodically with
0:(1)

G,
6y — Gb9|
xp (1) = } 0 (1) _ . &)
o — Gpth (60 — Gy1) 046> (1)
6 (1) & (1)

with up(f) = xp3(t) + O4%p3(?). Fig. 2 shows a schematic plot
of x,(t) (red trajectory).

This trajectory is only one possible periodic basal solution
(the one that keeps glucose fixed at G,). More generally, one
can formulate a problem to determine basal state and input
trajectories such that x;(f) tracks, subject to constraints, a



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

ABUIN et al.: BASAL TRAJECTORY-BASED FRAMEWORK FOR HANDLING CIRCADIAN VARIATIONS 5

desired periodic glucose reference G}/ (1) while satistying all
constraints.

Definition 1 (Basal State and Input Trajectories): Consider
subsystem (1), constrained by X'() and I/, and a given periodic
BG reference G/ () : Rioeo) = RiGyyp.Grupel» With period T
(.e., G;ef @) = G;ef (t + T), for > 0). A basal state and input
trajectories are given by the periodic state trajectory x,(-) :
Rio,) = R”, with x,(r) € X(), and the corresponding input
up(-) : Ripy = U that minimizes ||Cyx,(r) — Glrff(t)H, for
t>0.

According to the later definition, x,(-) and u(-) should
be periodic, with period T, (i.e., xp(¢) = x(t + T) and
up(t) = up(t + T), for t > 0). So, the basal state and
input trajectories can be obtained by solving the following
basal trajectory computation (BT C) problem, over the interval
te[0,7T]

min

T 2
 mis / Hc.x,, (1) -G} (T)H dr
ip(). X () Jo N
st. u,(t)eocld, x@) € X, (1)
ij 1 =A@)x, (1) + Bu, (1) + E
X (0) = %, (T) (6)

where S > 0 is a positive scalar. Under the assumption of: 1)
convexity of the state and input constraints and 2) existence
and uniqueness of the solution (mapping), the later problem is
strictly convex; so there is a unique solution denoted as 122(-) :
Rior) = U and X)() : Ryor) — R”, with x,(t) € X,(1). The
basal state and input trajectories, u(-) and x,(-), are then given
by the concatenation of ﬁg(-) and X,(-) over all the positive
times.

Theorem 1: The BTC problem is strictly convex in the
input and states if: 1) the input and state constraint sets are
convex and 2) the mapping operator between the state-input
trajectory and the output trajectory is injective (unique).

Proof: Let us consider a fixed initial condition, xy € X7 (%),
and a pair of control sequences, iy, (-), ity 2(-) € Ur(-), such that
there exists a pair of feasible solutions X (-), Xp2(-) € Xr(:)
related to the LPTV system (1). From the convexity of
Ur (), let uy(-) be given by uy() = Aitp,1(-) + (I — Diapa(:).
Then, from the linearity of the LPTV, it follows that X,(-) =
AXp () + (1 = A)Xp2() is also a solution of the LPTV, with
X1() € Xr(9) (due to the convexity of the state constraint
set). Consequently, substituting the latter expression into the
functional J(u;(})) := fOT IC 1 X(T) — G,rff(r)llgdr, it follows
that J(ua(-)) < AJ(ip (1) + (1 — A)J(#po()) assuming that
ip1(-) # upo(-) are mapped into different output trajectories
Ci1Xp1(-) and CiXpa(-), respectively. Finally, from 2), this
implies that there exists an injective (unique) operator M :
(X, itp) — C1 X, being the proof concluded.

Remark 1 (Injective operator): Concerning the existence
of a unique mapping between the output and state-input
trajectories, left-invertibility conditions for linear systems in
both continuous- and discrete-time settings are discussed in
[35]. Regarding the latter, based on sampled version of G,’ff
over 1-period (e.g., Ty = T/T, € I) and considering the lifted
expression of the LPTV system (1) over the same period
(e.g., A=10...0A..;0...0 Ar,—1...A1Ap] [36]), it can be
inferred that there exists a unique related periodic state-input

trajectory (X(), up(1)) if M := [[(I = A) — B];[C D]] is a full-
rank matrix (i.e., rank(M) = Tq4(n, + ny)).

A. Stability Analysis of Basal Trajectory

Although the basal trajectories were introduced as admis-
sible T-periodic solutions of the T1D system, their stability
properties have not yet been addressed. Even if they can be
stabilized through CL control, understanding their behavior
in open loop (as in FIT therapy) is essential, especially under
external disturbances such as meals or physical activity. There-
fore, we now analyze their stability under different control
laws.

Consider subsystem (1) written in deviation variables

X (1) = Ay (1) X (1) + Byii (1)

where x(1) = x(t) — x,(¢) and ii(t) = u(t) — u,(t). The behavior
of the system under the considered control laws is illustrated
in Fig. 3.

For the OL case, u(t) = u(t), the subsystem is asymptot-
ically stable (the eigenvalues of the monodromy matrix lie
inside the unit disk; see SM, Section S2). Hence, for any
initial condition xo # x,(fy), the state converges to the basal
trajectory. This is confirmed by the strict decrease of the
Lyapunov function V(z, x) = X' P(t)%.

When CL strategies are applied, the system is also driven
to the basal trajectory. In the unconstrained case, u(f) =
kpLQr(x, 1) (periodic LQR), convergence is significantly faster.
However, state and input constraints may be violated (e.g., the
IOB constraint during the initial transient).

Remark 2: (Basal trajectories and reference reachability)
Although the previous analysis was conducted for a con-
stant (and reachable) reference, in practice, due to safety
requirements or patient-specific conditions [19], [20], [21], the
prescribed periodic reference may not belong to the solution
space of the constrained LPTV system and is therefore not
reachable in the strict sense. The B7C nevertheless admits
a unique admissible periodic state—input trajectory for any
such reference (Theorem 1). Thus, the corresponding basal
state—input trajectory constitutes an admissible control target
independently of strict reference reachability. Basal trajectories
corresponding to reachable and unreachable references under
CL conditions are presented in SM, SectionS3.

IV. MPC FOR TRACKING PERIODIC TRAJECTORIES

In this section, a trajectory MPC controller devoted to track
the basal state and input trajectories is presented, which is
based on concepts introduced in [25] and [32]. The state
predictions are based on a discrete-time pulsatile system
(DTPS), obtained by a discretization of subsystems (1) and
(2), with the corresponding discrete-time model detailed in
SM, Section S4. Furthermore, the input and state constraints
must be satisfied at any time. The states x and z are assumed
to be estimated by an output disturbance observer (ODO)
as the one presented in [32]. Moreover, for the announced
(or partially-announced) meal case, it is assumed that the
estimated carb-counting at a given time k, CHO(k) [g], is
consumed during a sampling interval T, so the rate of oral
ingested carbohydrates announced to the controller is specified
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Fig. 3. Blood glucose control at fasting conditions under different control
laws: wup(red), kpror (green) and kypc (blue). Panels (a)-(e) show G(r),
I0B(t) and its upper constraint, u, 6»(¢), and V(z, x), respectively. Although
the basal trajectory is an asymptotically stable target under all control laws,
as corroborated by the strict decrease of V(t,x) in panel (e), kpLgr is not
admissible for the constrained system. Panels (b) and (c) show that this control
law produces IOB trajectories and control inputs that exceed the prescribed
limits. For visualization purposes, V(f, x) was normalized by its initial value
V(to, xp). Blood glucose reference: G;;ef (1) = 120 mg/dL. Assumed input
bound: umax = 2U.

by the sequence £(k) = {#}Y;!, with 7 = # = CHO(k)/T,

[g/min] for i = 0 and 73 = O for i € [2,N — 1]. On the
other hand, for the nonfully announced (NA) case (for details,
see Section VI), although #(k) = 0, it is assumed that the
postprandial component of the IOB constraint is set with a
predefined carb counting at the meal time (e.g., CHOy = 70 g
in Section II-B).

The general control problem can be defined as follows.

A. Control Problem Statement

Definition 2 (Control Problem: Basal Trajectory Tracking):
Consider the DTPS, constrained by X' (k) and I/, and a desired
basal reference for the BG G,/ : Ijpw — R(Gy 0 Giyperls
with period T,, which is a sampled version of G,”(-), in
Definition 1, and T, is now the period in sampling times
(Ty; = T/T; € I). Then, given the estimated states X and
Zz and the meal announcement 7, at the current time k, the
control problem consists in steering the system to the basal
state and input trajectory,” denoted as X,(-) : Ijpw) — R”,
with x,(k) € X(k), and u,(-) : [jo0) — U, which minimize
IC1xp(k) = Gy (o, for all k > 0.

To address the control problem, the following MPC
schemes—based on trajectory tracking strategies—are pro-
posed. As will be shown throughout this section, in the
first approach, the basal trajectory is precomputed offline by
solving a planning problem, whereas in the second approach,
it is optimized online through the use of intermediate auxiliary
trajectories.

B. Basal Trajectory Tracking, Dual-Stage Approach

Given G;ef(k), over the period [0, 7,], we solve first the
BTC problem, B’TC(GZef ), to obtain u, and x,

. ref. ~ =
min Vtraj (Gh ,Ub,Xb)

up,Xp

2That can be seen as a sampled version of xp(-) and u(-), Definition 1.
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s.t. i (j) e oU,xp (j) € Xy (k4 )
X (j+ 1) = Fo(k+ j, % ()), 5 (j),0,0)
O =Fk+Ty-1,%T;-1),u(T;-1),0,0)
J€lory )

with U, X (k) given by (3) and (4), respectively, and V,,,; given
by

Ty-1 )
Viai (G1730,%) = Y |13 (- G ()]
J=0
with § > 0 being an appropriate positive penalty.

The solution of problem BTC(G;" ) is given by x)(-) :
Lor, — R, with X)) € X,(), and @)(") : Loz, — oU,
which satisfies )(0) = ¥)(T,) and @)(0) = i)(T,), respectively.
Note that if Glrf}? (k) is reachable over the period [0, 7], then
Vira j(Gzef ;), X)) = 0, since in such case, the BG reference
can be followed by means of a feasible insulin trajectory, and
following a feasible state trajectory, over [0, T4]. Otherwise,
Vira j(G;ef ;a),x?) > 0, but given that the latter optimization
problem is strictly convex (Theorem 1), the solutions 1'12 and
)"(2 are unique. ,

Once 1"12 and Xg are obtained from BTC(GZef ), the basal
state and input trajectories,’ u, and x, are obtained by con-
catenating @) and X) over all the positive discrete times, in
such a way that u,(k) = up(k + T4) and xp(k) = xp(k + Ty),
respectively, for all k£ > 0.

Consider now the estimated states X, z, and the carb count-
ing, 7, at the current time k. Then, the MPC’s trajectory
tracking problem, MPCr1(%,2,t,u,,Xp, k), to be solved at
each time %, is given by

min Vtrack (52’ 25 f.’ Uy, Xp, k’ u)
u
st. x(0)=2x z(0)=2

x(+ D =Felk+j,x(),u(f),.z(), 7 ()
2+ D =F(z().7()

u(eld, x(HeXk+)
x(N) = xp (N)
J€Ton-1 (8)

where N < T, is the control horizon and Vi, is given by
N-1
Virack (8.2, 8, X5, k) = > [lx () = x5 (k + IR
Jj=0
+ Nl () = up k + DI

with Q > 0 and R > 0 being positive definite penalty matrices.
In problem MPCr1(X,Z, T, up, Xp, k), X, 2, 0p, Xp, T are param-
eters, while u : Ijpn; — U is the optimization variable.
Once problem MPCs s is solved, the optimal solution is
denoted u’, with an associated state sequence x’. Following
the receding horizon control (RHC) policy, only the first
optimal input/dose, u°(0), is applied to the patient, time goes
from k to k + 1, and the whole problem MPCs is solved
again. It can be shown that the control scheme derived from the

3Note that ﬁg and i2 are defined over [0, 7] while the basal state and input
trajectories, X, and uy, are defined over [[0, o0).
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application of MPCr - provided that Problem B7C has a
unique solution—steers the system feasibly to uy, X, as k— oo.

The control law which results from this optimization prob-
lem is ky(X,Z, T, up, Xp, k). Notice that it is time varying due
to the time dependence of the model as well as the state
constraints. Regarding the latter, although the postprandial
component of the IOB constraint can be understood as an
event-based constraint [29], considering the time variability
of CR(ky), its time dependence is straightforward.

The domain of attraction of the formulation is defined
by Xy(k) = {xlx(j + 1) = Fx(j, x(j), u(j), (), F()), x(j) €
Xk + j),u(j) € U,x(N) = xp(N), x(0) = x, j € Ijon-17}, With
k > ko (considering a meal-event that arises at kj). Although
reaching a basal trajectory at the end of the control horizon
imposes a fasting condition, which is strictly infeasible for the
perturbed case, a sufficiently large control horizon could be
considered so that the system reaches a pseudo-equilibrium
condition. From an implementation standpoint, N = 1265
resulted in a plausible option (i.e., three times the settling
time of the meal subsystem, #; = 465). On the other hand, for
shorter prediction horizons, a control invariant set could be
employed as a terminal constraint to preserve the feasibility
of the optimization problem. A related approach can be found
in [37]. Furthermore, by incorporating intermediate auxiliary
trajectories (see Section IV-C), the controller’s tracking capa-
bilities can be extended.

C. Basal Trajectory Tracking, Single-Stage Approach

Now, based on the use of intermediate auxiliary (or artifi-
cial) trajectories, originally introduced in [25], the core idea is
to merge both BT7C and MPCy problems, in a single one,
denoted by MPCpr7. Given %, 2, £, and G;ff , at the current
time k, the cost function of the problem to be solved at k is
given by

PPN ref . o A A AL
VN (x’ Z, I, Gb Sk;u, umxa) = Virack (8,2, 50,04, %)

+ Vzmj (Gzef, k; U, Xa)

where
N-1
Virack (5,2 B 0,00, X,) 1= Y [l () = x4 (DI
j=0
+llu () = ta (DIl

is a term designed to steer the system to the artificial trajectory
variables u, : Ijor,) — olUd, X4 : Lo, — R, with x,(-) €
Xy(), in the transient regime, and

Tl]—l

ref . ref . 2
Viai (637 swarx) = Y [ €1 () = Gtk + )|
=0

is a term devoted to steer the state artificial trajectory to the
desired basal reference G,

The optimization problem M7PCs1(X, %, F, G;ef ,k) to be
solved by the MPC is then given by

min  Vy (3%, 2T, Glrff Jkyu, g, xa>
u,u,,X,
st. x(0)=2x z(0)=2

Phase portrait

Fig. 4. Convergence of the auxiliary trajectories X, (dashed lines) to the
optimal reachable trajectory x’bEf (solid line), following a meal disturbance
and starting from the initial condition x(0).

x(j+1D=Felk+j,x(),u().z(). 7))
2+ D =F (), 7())

u(eld, x(j)eXk+)
x(N) = x, (N)
J €Ton-1]

X (j+1) = Fylk+ j, x4 (j), ua (j),0)

u, () € old,  x4(j) € Xo (k+ j)

X 0)=F,(k+Ts-1,x,Tyg-1),u,(Ty-1),0)

J € Loz~ ©)

Notice that this approach is convenient to: 1) allow changes
in G,’ff profile, that are instantaneously accounted for in
the single optimization problem (i.e., terminal constraint of
(9) does not depend on a precomputed basal trajectory) and
2) enlarge the domain of attraction of the controller (i.e., by
introducing auxiliary reachable trajectories as a decision vari-
able rather than a particular one). As it will be discussed later,
this formulation allows a reduction of the controller horizon
(preserving the feasibility of the optimization problem). This
property is relevant for models with short prediction horizons
(e.g., 25 [min], in [19]).

For this formulation, the control law is expressed by
kn(%, 2, F, G;ef ,k). In comparison with the dual-stage formu-
lation, it does not depend on a precomputed basal trajectory
(Xp, up), being computed online each time the controller is
executed. Concerning the domain of attraction is Xy(k) :=
{xlx(j + 1) = Fu(j, x(), u()), 20, 7)), x(j) € X(k + ), u()) €
U, x(N) = x4(N), x(0) = x, j € Tjon-17}, where it can be antici-
pated that it does not depend on a particular trajectory, being
extended to the set of admissible trajectories (x,(-) € X,(-)).

Fig. 4 shows the phase portrait corresponding to the sinu-
soidal variability pattern in 6,(¢). The optimal basal trajectory
is depicted with a solid line, while the auxiliary intermediate
trajectories, computed online at different time instants fol-
lowing a meal disturbance, are shown with dashed lines. As
observed, these auxiliary trajectories progressively converge
toward the basal trajectory, confirming the attractivity result
of Theorem 2.

Theorem 2: Assume that the DPTS operates under fasting
conditions (f = 0) and that standard observability and con-
trollability conditions hold. Then, the DPTS controlled by the
proposed control law u(k) = «ky(&,2, T, G;ef ,k) is recursively
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feasible and the basal state and input trajectory (Xp,up) is
attractive with a domain of attraction Xy(k), i.e., the CL
system converges to a neighborhood of xy, for all xy € Xy (0).

Proof: Recursive feasibility follows from the existence of
a control-invariant terminal set and the construction of a
shifted feasible input sequence. Attractivity by showing that
the optimal value function decreases along the CL trajectories.
The complete proof is provided in the SM, Section S5.

Remark 3 (Ratio Between Planning and Tracking Weights):
From the analysis of the output-related component Vj(-) of
the cost function Vy(-), it follows that V3 = Ay,i®goiN +
Aymng T,;, where Aym]2 and Aymz2 denote the mean-square
values of the tracking and planning deviation variables, respec-
tively. Geometrically, this expression defines an elliptical level
curve in the (Ay,,Ay.n) plane, weighted by the diagonal
matrix M := diag(gx1N,ST;). Consequently, by setting gy, =
SKr, with Ky = T4/N, the level curves become isotropic,
yielding equal contributions to the cost from the tracking
and planning deviation terms, independently of the horizon
lengths. The resulting values of Ay,,; and Ay, are ultimately
determined by the system dynamics and the active constraints.
Assumption: Q := diag(qy,, qx,» 4x;), With gy, > gx,, qx,, being
qx,»qx, the weights related to the insulin states.

V. PARAMETER ESTIMATION STRATEGY

Although the presented analysis assumed the time-varying
parameters were known, in practice, they may need to be
estimated (see the ISEM, Fig. 1). The time-varying insulin-
sensitivity profile is obtained through a batch identification
procedure using data collected over multiple days, yielding
a 24-h periodic function that can be updated when new data
become available. Consequently, to estimate model parame-
ters 6,(¢) and 6y(r) under circadian rhythms of the insulin
sensitivity, we proposed a regularized least squares (RLS)
strategy under the assumption that the mentioned parame-
ters are periodic. Moreover, since the subsystem (1) is not
structurally identifiable when both 6,(f) and 8y(f) are time-
varying (see Remark 4), we assume that 6y(f) is known
(reduced uncertainty) during the identification routine. Under
this assumption, the structural identifiability property is recov-
ered. The physiological interpretation of this modeling choice,
as well as possible alternatives, is discussed in Remark 5.
Consequently, the identification routine resumes with the fol-
lowing iterative algorithm (hybrid system identification, T,
independent models) [38], [39]

Naay
O (i) = arg rg(iigl 2}: (v = 1)’
=

+[om -6 g, [em-6] 0
where i € [0,1,...,T; — 1], with y;; is the measured BG
and $; ; the estimated BG at i—time during j—day. Under the
assumption of an Euler discretization of model (1), $;; =
¢ 0@, with ¢i; = [y;(i — 1,x;0 — 1),x4;G — 1),11"
and ©@G) = [(1 = T,0)),-T0:(i — 1),T,03,Ts6o(i — D]T.
Furthermore, ®) = [(1 — T,69), —T,65(i — 1), T,69, T,65(i — D]”
and Z@,, = dzag(y, n,v,7y), with n an hyperparameter and y is
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a fixed constant. Since, for this particular case, we assume
a reduced uncertainty for the remaining set of parameters
(61, 65,6p(-)), we constrained the hyperparameter y > n for
all cases. As a consequence, if we define (I)iT [q) ; N{Im]
and YiT = [yi1,Yi2,- - > YiNg, |, the optimal solutlon of (10) is
given by: @(i) = Ai‘l [(I)iTY[ —&-'Z(j)fi&),,'] with A; = [(IDiT(D[ + Eé}i].

Remark 4 (Structural Identifiability): Let us consider the
BGe-insulin action system, x;(¢) = —6,x;(t) — O2(t)x2(¢) + 6p(2),
with x;(#) measured output and x,(¢) controlled input. By direct
comparison Xilg(t) = X |0(t) we obtain that: xl(t)[él - 0] +
Xz(t)[92(t) — 6:(0] + [Bo() — 6o(1)] = 0 (1). Assuming that
6, = 01 is known. Then, from the (1), it follows: Go(t)
x| Hz(t) — 6,(®)] + 6p(¢). Let us define g(7) := xz(t)[Gg(t) -
6,(1)], we see that: 1) if g(r) = 0 — 8y(r) = 6y(1) (i.e., the
estimated parameter converges to the system ones) while 2) if
g(t) # 0 — By(r) = g(r) + 6o(r) (i.e., the estimated parameter
does not converge to the system ones). Since both 1) and 2) are
solutions of (1), we conclude that the system is not structurally
identifiable.

Remark 5 (Physiological Plausibility of 6y): Although 6 is
assumed known to recover structural identifiability, this mod-
eling choice is further supported by the use of physiologically
plausible a priori parameter values over intervals of low and
high insulin sensitivity S;, as detailed in Section V-A. The
plausibility of the assumed 6y(#) can be further assessed by
comparing a basal insulin trajectory, x»,(?), (e.g., extracted as
a slowly varying component of x(f) consistent with basal
insulin action) with its reconstructed counterpart, X,(f) =
(Bo(t) — Hle)/ég(t; 1), obtained for the estimated R m (n
regularization hyperparameter). Alternatively, the assumption
of known 6y could be relaxed by constraining the degrees of
freedom of both 6, and 6, through finite-dimensional periodic
parameterizations, thereby restricting the class of temporal
variability that can be captured.

A. Priori Values of Parameters

Concerning the a priori values of parameters, since the
time-invariant (LTI) version of subsystems (1) and (2) is
structurally identifiable [32], they were estimated for fixed
insulin sensitivity levels. Particularly, considering the intraday
variability of §; detailed in [14], with S,(r) € [S ?,S ﬁ] and
St = aS" (@ = 0.4) [40], a set of model parameters were
estimated for each value of the insulin sensitivity, denoted
by 6, = {0!,6l}, i € Ijps. For this purpose, the parameter
estimation algorithm presented in [32] (see Section 2.5 for
details) was employed. The complete procedure and estimated
values are reported in SM, Section VI.

Finally, to generate the a priori sequences (#9(7) and 6)(1))
following the intraday variability of S,(f), the estimated
parameters during interval of constant S; were interpolated
by the insulin sensitivity multiplication factor, ks;(¢) € [1, ]
[40], which for a S} to a S” transition is given by

ks () =1+ QT_I(l —tanh (B( — 1) — AT))

(11)
with t, >t > 1, AT =t, — t; and B8 = 5/(cAT) (c = 0.2).
Consequently, 69(t) = (1 — A@)6, + A8}, being A(r) =

(ksi(t) — 1)/(a — 1). Although this interpolation may induce
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increased model mismatch during intervals of S, variation,
its physiological plausibility can be examined through a basal
reconstruction analysis (SM, Section S6-D). It is important
to note that, in clinical practice, the S;(f) profile could be
classified via a batch postprandial estimation procedure (SM,
Section S6-C).

B. Hyperparameter Setting

To estimate the optimal value of the hyperparameter, 7, a
k-fold cross-validation methodology was employed, where the
dataset D = {y;;, ¢;;}, generated as described in Remark 6,
was partitioned in k = L/T,; parts of equal size (L = NguyTy).
Consequently, for each n and at the p — th run, with p =
1,2,...,k, the @(i) = @(i; —p) was calibrated [RLS problem
(10)] based on the training data Dr,_, (i.e., training on k — 1
parts, excluding the pth fold). In contrast, for model validation,
the following performance metrics were computed on the
validation set Dy;),.

1) Validation fit

k
1
FITy () = 2 3 FITy; ()
j=1

S iy~ i)’

Sr i -39)°

FITV,j(n)=100 1-

with §; = 1/(T)) Y04 vije
2) Relative rate of change index

k
: 1 .
Oy () = 5——— ) 62;()
0, (0) k ; i
Tu-1 X
bry ) =D (62 (i) — 85, )

i=1

k
6, (0) = % > (02,0, - 88,)° .
j=1

The FITy(n) quantifies model prediction accuracy. The
6(n) was formulated to extract the high-frequency compo-
nents of the estimated parameters through a derivative-based
filtering approach, enabling a quantitative comparison between
the estimated 65, j(-) and the baseline 9(2), j(-).

From Fig. 5, we can see the validation fit FITy(n) and
the relative plausibility index &,.(7) as 1 varies over the
test grid. On the other hand, Fig. 6 reports the median
and interquartile range of the estimated insulin sensitivity
parameter 0,(f) across a cohort of ten adult subjects: 1) the
case without regularization [Fig. 6(a)] and 2) the case with
the optimal (grid-based) regularization value 7° [Fig. 6(b)]. To
determine 7° (promoting plausible estimations), we considered
the following criterion: select 1 such that FITy is maximized,
constrained to 6, < 6,,,. Here, the term optimal denotes
the best-performing value within the tested grid, rather than
a continuous optimum. For all patients, the threshold was set
to 92,,,;1 = 1/100, which corresponds to a 100-fold reduction
in high-frequency content. For details on the criteria used to
determine this threshold, refer to SM, Section S7.

100

FITy(n)

10

Fig. 5. Performance metrics from the RLS identification. (a) Validation fit,
FITy() and (b) relative rate of change of index, 6,,(;), both as functions
of the regularization hyperparameter ;. Curves report the median (solid line)
with shaded regions indicating the interquartile range (25th—75th percentiles)
across the ten adult subjects. The vertical dotted line indicates the selected
grid-based value 7°.

(a)

0 50 100 150 200 250 300

0 50 100 150 200 250 300
t [samples]

Fig. 6. Estimated periodic time-varying parameters from the RLS identi-
fication. (a) Insulin sensitivity 6,(¢;0) without regularization and (b) insulin
sensitivity 6,(z; n°) with the selected grid-based regularization hyperparameter.
(a) Estimated time-varying parameter exhibits a nonphysiological profile, e.g.,
sharp transitions during the low-to-high insulin sensitivity phase. This issue is
mitigated in (b), where a more physiologically plausible pattern is promoted,
closer to the a prior profile 6'3([). Curves report the median (solid line) with
shaded regions indicating the interquartile range (25th—75th percentiles) across
the ten adult subjects.

Remark 6 (Data Set): As explained in SM, Section S1,
the time-varying model is derived by linearizing the OGMM
around a given BG—insulin trajectory. As a result, it captures
the system’s behavior locally around that trajectory. When
used by the MPC controller, the model’s predictions are
therefore valid only within the region where the model was
identified. For consistency with the (conservative) LTI case,
the dataset used for model identification was generated by
operating the simulator in the vicinity of the normoglycemic
trajectory.

VI. SIMULATION RESULTS

The performance of the proposed MPC formulations is
evaluated through the commercially available UVA/Padua
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simulator (T1DMS2013, Academic Version) with a virtual
cohort of ten patients. Sensitivity insulin variations are added,
acting on V,,, and k3 [17], according to a smoothed variation
of the nominal profile kg, [as described in (11)]. Although
different classes of §; daily patterns have been classified
[14], in the following section, it will be assumed that the
adult cohort belongs to Class 7 (sequence: S, S, S"). This
assumption was made in the spirit of study clarity.

To assess the performance of the proposed strategies, a
14-day scenario was employed. Three nominal meals per
day were considered: breakfast (60 g CHO, at 7:00), lunch
(60 g CHO, at 12:00), and dinner (80 g CHO, at 18:00),
each subject to random variations in mealtimes (10 min) and
meal size (£20%). Thus, the average total daily carbohydrate
intake provided was 60 + 60 + 80 = 200 g. Meal events were
classified into three categories: perfectly announced (PA)—the
meal event is accurately estimated both in amount and timing;
NA-the meal event is partially estimated, with only the timing
known and the amount unreported; and uncertainly announced
(UA)-the meal event is estimated with uncertainty regarding
both the amount and timing. Concerning the UA case, it
was emulated by considering a meal amount uncertainty
of +30% (uniform distribution) and a meal time delay of
+5 min (Bernoulli distribution).

The two controller formulations -presented in Section V-
were assessed in the following scenarios.

1) Scenario A: The main purpose of this scenario was
to evaluate the controller formulations under LTI and
LPTV models. Meal events were either PA or NA, allow-
ing for a comparison of the feedforward and feedback
responses of the strategies, respectively.

2) Scenario B: The main purpose of this scenario was to
compare the domain of attraction of the formulations.
The control horizon was reduced by half. The meal
conditions were the same as in Scenario A.

3) Scenario C: The main purpose of this scenario was to
analyze the performance under different profiles of G;Ef ,
considering: 1) a mismatch in the insulin sensitivity
pattern (AS;) and 2) UA meals.

The following indices were considered for performance
evaluation [41]: mean glucose G), glycemic variability (CV),
percentage of time in range 70-180 mg/dL (T'IR), percentage
of time in (tight) range 70-140 mg/dL (T'IRt), percentage of
time above 180 and 250 mg/dL (T AR and T AR2, respectively),
and percentage of time below 70 and 54 mg/dL (TBR and
TBR2, respectively). For each metric, the median and the
interquartile range (IQR: [25th, 75th]) over the specific pool
of patients were reported. PPs are defined as a 4-h interval
from meal ingestion, while night periods (NPs) are estab-
lished from 0:00-6:00 h. For comparison issues, the statistical
significance was evaluated through the Wilcoxon signed-rank
test (significance level 5%). Moreover, the safety (reduction
of hypoglycemia) and efficacy (attenuation of hyperglycemia)
of the proposals were quantitatively evaluated using the con-
trol variability grid analysis (CVGA). This tool provides a
simultaneous visual and numerical assessment of the overall
quality of glycemic control, where a single point (case study)
represents the couple of 2.5 and 97.5 percentiles of BG
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Fig. 7. BG control employing the B7C — MPCy formulation, under
nominal LTI (red) and LPTV (blue) settings. BG, IOB, and the insulin
modulation factor Kg; are shown in terms of median (solid lines) surrounded
by colored regions representing the [25th, 75th] percentiles. N: night period,
PP: postprandial period. Case: PA meals.

values reached by a virtual patient during a single day. The
number of infeasibility episodes for each patient over the
simulation interval (#/E) is computed by #/E = Y, IE;,
being /E; the infeasibility index (for further details about
1E}, refer to SM, Section S8). Note that, since state and input
constraints are softened through slack variables (see below),
infeasible episodes are primarily associated with violations of
the terminal constraint under a finite prediction horizon.

A. Controller Configuration

The controller customization relies mainly on individualized
glucose-insulin models, with time-varying parameters (6>(?)),
identified as described in Section V. The sampling time is
set to Ty, = 5 [min]. For the scenarios, A and C, the control
horizon was set to N = 1205/T in order to ensure that meals
are fully absorbed at the end of the control horizon (it was
assumed 05 = 30 min, for all patients). The tracking cost is
set with R = 1 and Q = diag(qx,,qx,» 4x;), With g, = SoKr,
qx, = 1 and g,, = 1. The planning cost is set to S = 1005,
with Sy = 103. To preserve feasibility under plant-model
mismatch conditions, soft constraints are incorporated through
quadratic slack penalties. The complete tuning procedure and
implementation details are reported in the SM, Section S10.

B. Scenario A. CL Control Under Nominal and
Time-Varying Prediction Models

In this first scenario, we assessed the controllers when
the LPTV vs LTI prediction models are employed. From
Fig. 7 (feedforward case), we see that for the LPTV case,
the hyperglycemia is counteracted in accordance with the day-
period. For instance, over intervals of low insulin sensitivity
(meals at breakfast and lunch time), the IOB is augmented in
comparison with the LTI case, decreasing the hyperglycemic
excursion. These results are validated from Table I, where
for the LPTV case, there was a significant reduction of TAR
(3.4 versus 12.39, p < 0.05). Furthermore, the TIRt and TIR
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TABLE I - N pp [[pP | PP N PP [—=BTc = MPCs,
OUTCOME METRICS FOR THE (DUAL-STAGE) BT7C - MPCrr = MPCerr
FORMULATION, UNDER NOMINAL LTI AND LPTV CONFIGURA- Eflgﬂ-]-:)--é- AR 1 13"15"]\\- ----A------
TIONS. AN ASTERISK INDICATES STATISTICAL SIGNIFICANCE =y o7
(p=VALUE < 0.05) WITH RESPECT TO THE LTI SETTING. g P——-J w Yy \W
PA: PERFECTLY ANNOUNCED MEALS, NA: NONFULLY Sﬂt _____ TTTRETTIE ST T TETFTTIR T

ANNOUNCED. (OVERALL)

PA NA
TPV T TPV T
G (mg/dL]  122.17[120.18,123 34 133.35[130.81,136.87] | 133.82[128.64,137.48] % 145.16[141.43,153.33]
CcV (%] 23.08[19.9527.62]  24.65[22.2827.05] | 3193[27.0437.69]  30.41[27.50,35.50]
TIR[%]  9634191.5497.691*  87.61[82.169325] | 80.26[77.31,8595]  72.45[66.69.79.01]
TIRt (%]  7693(76.00.80.94]%  6422(60.99,66.71] | 66.82[64.22,70.73]%  5436[51.66,58.67]
TAR [%] 349[2.31,7.811* 12.39[5.68,16.92] 17.61[12.2522.03]  25.95[20.0632.74]
TAR2[%]  0.00[0.00,0.00] 0.00[0.00,0.00] 0.99[0.002.99] 0.89[0.00,2.78]
TBR (%] 0.33[0.00,0.62] 0.56[0.00,1.66] 1.32(0.33,1.98] 0.89[0.57.2.20]
TBR2 (%] 0.00[0.00,0.00] 0.00[0.00,0.05] 0.042[0.000.14] 0.00[0.00,0.16]
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Fig. 8. BG control employing the B7C — MPCry formulation, under
nominal LTI (red) and LPTV (blue) settings. The same legend as Fig. 7. Case:
NA meals.

were incremented considerably, without severe hypoglycemic
episodes. Notice that both TBR and T BR2 values are within
the ADA acceptable ranges (i.e., TBR < 5% and T BR2 < 1%)
[41]. Moreover, from a fasting scenario analysis, it was noted
that an anticipatory (instead of reactive) delivery of insulin for
the LPTV case (SM, Section S11-A).

On the other hand, when the meal amount is NA, the con-
troller formulation with the LPTV prediction model manifests
the same behavior. Particularly, when an increase in blood-
glucose levels is detected, the controller counteracts this in a
fully feedback way. Furthermore, in comparison with the LTI
formulation, an elevated insulin dosage is observed over the
intervals of low S! (IOB curve, Fig. 8). Even though overall
metrics are incremented with respect to the PA case (e.g., due
to the unpredictability of the disturbance, Table I), a similar
pattern of enhanced performance is detected relative to the
LTI configuration. Finally, for this configuration, an increase
in both TBR and TBR?2 is reported, which can be attributed
to eventual insulin accumulation during the PP. As a result,
when insulin sensitivity increases from a low (S ﬁ) to a high
(87 level, the risk of a hypoglycemic episode rises due to the
ongoing insulin action during this transition.

Although the reported results were obtained for the dual-
stage formulation B7C — MPCr, no statistically significant
differences were noted with respect to the single-stage
MPCprr approach, in terms of glycemic performance, which
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Fig. 9. BG control employing the MPCpr7 (blue) and BTC — MPCrr
(red). The same legend as Fig. 7. Case: PA meals.

TABLE 11

OUTCOME METRICS OF THE MPCpr7 VERSUS BTC-MPCr1
WHEN THE CONTROL HORIZON IS DECREMENTED. AN ASTER-
ISK INDICATES STATISTICAL SIGNIFICANCE (p-VALUE < 0.05)
WITH RESPECT TO THE B7C-MPCr7 CONFIGURATION.

PA: PERFECTLY ANNOUNCED MEALS. NA: NONFULLY
ANNOUNCED MEALS. (OVERALL)

PA NA

Metric MPCs77 BTC-MPCr1 MPCs77 BTC-MPCr1
G [mg/dL]  123.92[121.06,126.76] 131.78[122.81,137.65] | 135.23[129.66,140.32] 138.61[127.88,146.41]
CV [%] 23.03[19.4326.89]  24.45[22.91,28.43] 31.54[26.88,36.66]  30.68[27.02,35.50]
TIR [%] 94.63[90.26,97.18]  87.29[82.11,93.99] 80.57(76.19,87.07]  78.95[72.92,85.40]
TIR, [%] 7638[74.68,81.111"  66.93[55.67,74.14] 65.38[63.00,72.67]  63.90[54.92,68.55]
TAR [%] 5.20[2.82,9.54] 12.36[4.11,17.64] 18.37[11.93,23.81]  20.40[10.90,27.08]
TAR2 (%]  0.00[0.00,0.00] 0.00[0.00,0.00] 0.88[0.00,2.83] 0.63[0.09,2.94]
TBR [%] 0.11[0.00,0.42] 0.56[0.00,1.89] 0.63[0.00,1.87] 1.07[0.00,3.60]
TBR2[%]  0.00[0.00,0.00] 0.00[0.00,0.17] 0.00[0.00,0.00]* 0.10[0.00,0.86]
#IE 0[0,151* 5520[4355,7365] 0[0,0]* 3625[1565,4740]

is a consistent outcome with the employment of a long
prediction horizon. Regarding computational burden, statisti-
cally significant differences in solving times were observed
at the population level. For instance, under the LPTV pre-
diction model with NA meals, the average computation times
(approximately 0.8 s for the single-stage MPCp77 and 0.3 s
for the BTC — MPCyr) remained well below the 5-min
sampling time, confirming real-time implementability of both
formulations.

C. Scenario B. Assessment of the Domain of Attraction

In this scenario, the main objective was to contrast the
domain of attraction of each formulation. To highlight their
differences, we compared both configurations when the control
horizon is decremented. Note that, upon the occurrence of
an infeasibility event, the system is managed by the IMM
module (see SM, Section S8). As we can anticipate, since
the B7C — MPCr+ has a reduced domain of attraction,
the number of #/E is considerably increased in contrast to
MPCrr1 (5520 versus 0, p < 0.05, Table II). Moreover,
from Fig. 9 and Table II, a better performance is denoted
by the MPCp+ formulation, which can be related to the
optimality of the overall control law.

On the other hand, from Table II, we notice that the number
of #IFE is reduced in the NA case relative to the PA case (e.g.,
3625 versus 5520 for the BTC — MPCrs configuration).
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This can be explained by the fact that the rate of glucose
appearance, R,(f) = 03x4(1), is not propagated over the control
horizon in the NA formulation. Consequently, the set of states
that can be steered to the basal trajectory—while satisfying
state and input constraints—is enlarged. On the other hand, in
the PA case, since the disturbance is forecast over the control
horizon, in many instances. Is not possible to find an insulin
delivery sequence such that the predicted trajectory reaches
the terminal condition in an admissible manner. This results
in an increased number of infeasibility episodes (/Ey).

D. Scenario C. Comparing Constant Versus Time-Varying
References Gfef ()

Finally, in this scenario, we evaluated the controller perfor-
mance when different output references are employed. As it
was previously mentioned, to strengthen the BG control, we
added sources of uncertainty related to: 1) insulin sensitivity
and 2) meal announcement. Since the meal announcement
error represents an important source of uncertainty (with a
risk priority number, RPN:* 70 [6]), we contemplated the
effect of this failure mode. Furthermore, it is critical to note
that only the MPCpir case was considered, since as it was
described in Section IV-C and experimentally validated in
Section VI-C, it has an increased domain of attraction. From
the artificial pancreas’s (APs) point of view, this implies that
the net control law remains optimal over an extended region
of the constrained state space.

Throughout the scenario, the following output references
were considered G;"'( = 110, G;(1) = Gy 1;0),
Gy 0 = G2, G0 = G (1;4). Moreover, an
adaptive setting was included, defined as G;ef S(tty) =
fac(t; to)GZef (t;2) with fac(t;ty) a time-dependent factor
which depends on the meal event (time f). It is defined by
fac(t;to) = (k1 — (k1 — 1)/(0pp))(t — to) Tor t — 15 € [0, pp],
with k; = 1.5 and §pp = 4 h (duration of postprandial interval).
From a physiological standpoint, fac(t; tp) addresses the time-
scale mismatch between meal absorption and insulin action
(64 > 0s), reducing premature insulin over-delivery and late
hypoglycemia risk.

From Fig. 10, a reduction in hypoglycemic excursions
is observed as G,Zef increases. Moreover, the hypoglycemic
risk decreases with larger 7 values, which can be attributed
to a reduction in basal insulin over-delivery as the refer-
ence becomes more anticipatory. Consequently, if a transition
between S and S! (or vice versa) is inaccurately predicted, the
CL system exhibits improved robustness over the associated
uncertainty window.

From Fig. 11, it can be seen that under the event-based
configuration Glrff . the operating points shift from region
C to region B. This behavior reflects the gradual reduction
in insulin dosage as the BG reference is increased. Notably,
this strategy prevents the initial accumulation of insulin by
guiding the system toward a safer basal trajectory. In other

4The Risk Priority Number, RPN, quantifies the combined effect of the
appearance characteristics, likelihood of occurrence and the severity of a
particular failure mode (e.g., occlusion of the infusion device, miscalibration
of CGM sensor, irregular sleeping patterns).
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Fig. 10. Comparison of the BG control under different settings of the output
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lines) surrounded by [25th, 75th] percentiles (colored regions) of the average
daily glycemia of each patient. Right panel: CVGA plot during a 14-day
scenario. Each point represents the combination of the 2.5 and 97.5 percentiles
reached by a virtual patient during a single day. Case: insulin sensitivity
uncertainty (AS;) and PA meals.
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Fig. 11. Comparison of the BG control when the adaptive reference
[G;ef '5(t; to)] is added to the formulation. Left panel: CGM profiles are shown
in terms of the median (solid lines) surrounded by [25th,75th] percentiles
(colored regions) of the average daily glycemia of each patient. Right panel:
CVGA plot during a 14-day scenario. Each point represents the combination
of the 2.5 and 97.5 percentiles reached by a virtual patient during a single
day. Case: insulin sensitivity uncertainty (AS;) and UA meals.

words, insulin delivery is initially reduced and subsequently
increased during the PP, thereby limiting insulin over-delivery
in the early phase (e.g., in response to overestimated meals).
According to Table III, although the TIR is significantly
reduced (82.075 versus 98.090, p < 0.005), the improvements
in TBR and T BR, are significant.

VII. DISCUSSION
This work analyzed the use of basal trajectories as reachable
targets for both OL and CL T1D control. Two MPC-based
controllers for tracking periodic trajectories were designed and
evaluated in a cohort of ten virtual adult patients, using basal
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TABLE III

OUTCOME METRICS WHEN THE ADAPTIVE REFERENCE IS ADDED TO THE
FORMULATION. AN ASTERISK INDICATES STATISTICAL SIGNIFICANCE
(p—VALUE < 0.05) WITH RESPECT TO THE G,’ff’l SETTING. CASE:
INSULIN SENSITIVITY UNCERTAINTY (AS;) AND UA
MEALS. (OVERALL)

orelob Greli T
G [mg/dL] 154.54[148.05,166.90] % 121.50[119.59,123.56]
CV (%] 22.45[21.80,23.00] 24.00[21.37,27.40]
TIR [%] 82.075(73.56,84.26] 95.09[91.98,96.46]
TIRt (%] 38.91[29.57,42.941* 76.239[75.29,79.73]
TAR [%] 17.92(15.74, 26.44]* 4.099[3.45,7.20]
TAR2 (%] 1.82[1.42,5.23]* 0.00(0.00,0.00]
TBR (%] 0.00[0.00,0.00]* 1.03(0.43,1.34]
TBR2 [%] 0.00[0.00,0.00* 0.03[0.00,0.35]

periodic trajectories as targets. Key properties relevant to the
APs are summarized below.

1) Recursive Feasibility:

For initial states within the domain of attraction, both
formulations ensure recursive feasibility. The basal trajectory
defines an invariant set for the periodic constrained system.
The single-stage formulation enlarges the domain of attraction
because the artificial basal trajectory is optimized online. If
plant-model mismatch or unannounced meals drive the system
outside this domain, an IMM module switches to standard
FIT therapy to safely restore feasibility. The larger domain
of attraction of the single-stage approach was experimentally
validated.

2) Stability:

Basal trajectories were shown to be optimal reachable
periodic solutions under circadian insulin sensitivity (S;) vari-
ations, with asymptotic stability in both OL and CL settings.
Under nominal conditions (or fully absorbed meals), the
constrained controller ensures convergence to the basal trajec-
tory. For finite horizons, meal effects motivate analysis under
an input-to-state stability (ISS) framework. With parametric
uncertainty, convergence to a single basal trajectory would be
replaced by convergence to a tube of trajectories.

3) Performance:

Using an LPTV prediction model improves postprandial
insulin dosing by accounting for current and forecast S, vari-
ations. Anticipating low-to-high SI transitions reduces insulin
delivery over the horizon. Although the IMM module man-
ages infeasibility, its nonoptimal action degrades overall AP
performance. The MPCp7 formulation showed improved
performance, especially for shorter horizons. Personalizing
output references according to expected S; profiles reduced
hypoglycemia, particularly when anticipation over uncertainty
transitions was included. Since MPCgr7 allows abrupt ref-
erence updates while preserving feasibility, references could
be adapted dynamically using auxiliary signals (e.g., glucose
rate of change or model residuals). Finally, as glucagon was
not included, excessive insulin could compromise trajectory
tracking; this can be mitigated through a properly designed
insulin-on-board (IOB) constraint.

Beyond these control-theoretic properties, additional aspects
are discussed to position the approach within the literature and
assess its clinical relevance.

4) Positioning With Respect to Other Control Strategies:

Unlike approaches that impose daily structure through time-
varying references, constraints, or adaptive control schemes
[19], [21], [22], the proposed method explicitly embeds intra-
day insulin sensitivity variability within the predictive model
using an LPTV formulation. Glucose regulation is posed as
a reachable basal-trajectory tracking problem, enabling joint
optimization of basal and bolus insulin delivery over the full
day (see SM, Table S3).

5) Clinical Implications and Future Validation:

While in silico results suggest advantages of explicitly
modeling intraday insulin sensitivity variability, they do not
establish clinical efficacy. Rather, they demonstrate feasi-
bility and internal consistency under controlled conditions.
Clinical translation requires patient classification and model
individualization to provide reliable prior parameters for
time-varying identification. Here, classification—based on
postprandial batch estimation and grouping into representa-
tive insulin sensitivity regimes (see SM, Section S6-C)—is
treated as an enabling component of the LPTV framework
rather than as a standalone objective. Key challenges for
in vivo validation include additional sources of intrapatient
variability, patient—-model mismatch, and the need for robust
risk-mitigation strategies. Addressing these issues is a crucial
direction for future research.
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