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Abstract
Constructing an index-tracking portfolio involves closely replicating the performance of a
benchmark index while minimizing deviations from it. In this paper, we propose a novel
enhanced index tracking model that combines a quantile-regression-based deviation mea-
sure with linear second-order stochastic dominance (SSD) constraints. The objective is to
control the tail risk of the tracking error while guaranteeing an enhancement of the portfolio
return distribution relative to the benchmark. The proposed formulation leads to a linear
optimization problem that remains computationally tractable under realistic portfolio con-
straints. The model is empirically evaluated using real-world data to assess the contribution
of SSD constraints and to compare its performance with that of classical quantile regression.
The empirical results show that both models outperform the benchmark index. However,
when the investable universe is restricted through preselection, the proposed model delivers
significant improvements in risk-return performance and tail-risk control.
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1 Introduction

1

The Efficient Market Hypothesis (EMH) posits that asset prices fully and rapidly reflect
all publicly available information, implying that systematic excess returns cannot be earned
using such information alone; see (Malkiel & Fama, 1970). This view provides the theoret-
ical foundation for passive investment strategies aimed at replicating the market portfolio.
However, the presence of market frictions, such as transaction costs, liquidity constraints,
and behavioral biases, suggests that price adjustments may be imperfect and time-varying.
Market efficiency may therefore fail to hold uniformly over time, leaving scope for persis-
tent inefficiencies and motivating investment strategies that seek modest improvements over
pure passive replication (Cochrane, 2008; Lo & MacKinlay, 1988). Within this perspective,
portfolio management strategies are commonly classified as passive or active, depending on
whether they aim to replicate a benchmark or deliberately deviate from it to generate excess
returns (Treynor & Black, 1973). Quantitative passive strategies are typically implemented
through index tracking models, whose objective is to replicate benchmark returns as closely
as possible. Early formulations, such as Treynor and Black (1973); Rudd (1980), cast index
tracking as the minimization of the variance of the difference between portfolio and bench-
mark returns, commonly referred to as the tracking error (TE). This framework was later
extended within a mean-variance setting to incorporate expected excess returns (Roll, 1992),
marking an initial step toward Enhanced Index Tracking (EIT) strategies, which lie between
purely passive and fully active portfolio management. These models provide a flexible and
computationally tractable foundation for benchmark-relative portfolio construction.

A key practical aspect of index tracking is the sensitivity of performance to transaction
costs, particularly when benchmarks include illiquid securities or constituents with small
weights. Replicating such indices may require frequent rebalancing, resulting in substantial
trading costs and highlighting the trade-off between tracking accuracy and turnover. While
early formulations account for proportional transaction costs (Connor & Leland, 1995; Rudd,
1980), they typically do not explicitly control turnover or portfolio sparsity. Consequently, the
explicit modeling of transaction costs and implementability constraints has become central
in realistic tracking formulations.

Modern enhanced index tracking models are predominantly formulated as discrete
stochastic optimization problems. This framework allows transaction costs and portfolio con-
straints to be incorporated explicitly under various objective functions. Early contributions to
this literature include Worzel et al. (1994), who introduced an asymmetric risk measure later
adopted in subsequent studies, Consiglio and Zenios (2001) and Jobst and Zenios (2003),
for international and corporate bond portfolios respectively. These early studies laid the
groundwork for subsequent contributions, such as Beasley et al. (2003) and Dose and Cin-
cotti (2005). In these models, tracking error is treated as a discrete random variable, and
the objective typically minimizes a deviation measure, possibly augmented with enhance-
ment constraints aimed at achieving average excess returns relative to the benchmark. More
generally, a tracking portfolio is considered enhanced when its return distribution exhibits
improved downside characteristics, such as better left-tail behavior or controlled dispersion
within a predefined tolerance range (Valle et al., 2017).

1 This paper is scheduled to appear in a special issue of theAnnals ofOperationsResearch in honor of Professor
John Mulvey of Princeton University for his many and lasting contributions to the field of operations research,
particularly in optimization methods and modeling applications in business and government settings.
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Recent research approaches this general framework fromdifferent angles.Deviation-based
models, including quantile-based formulations, allow investors to focus explicitly on extreme
outcomes of the tracking error distribution and to penalize downside deviations asymmetri-
cally. In contrast, stochastic dominance-based enhancementmodels provide distribution-wide
guarantees by ensuring that portfolio returns dominate those of the benchmark for broad
classes of risk-averse investors. These two strands of the literature have largely evolved sep-
arately. Deviation-based tracking models offer asymmetric, tail-focused control but do not
ensure dominance of the entire return distribution. Conversely, stochastic dominance-based
models impose ex ante distribution-wide guarantees but may be overly restrictive, poten-
tially leading to infeasibility or excessive conservatism under realistic portfolio constraints.
Existing approaches therefore do not jointly address tail-risk control and distribution-wide
enhancement within a unified and tractable index tracking framework.

The contribution of this paper is to bridge this gap. We propose a novel enhanced index
tracking model that combines a quantile-regression-based tracking objective with linear
second-order stochastic dominance (SSD) constraints. The resulting formulation integrates
asymmetric tail-risk control with distribution-wide dominance guarantees in a single linear
optimization framework.

To position our contribution within the literature, we next review deviation-based tracking
models and stochastic dominance-based enhancement approaches, referring to Silva and
Almeida Filho (2023) for a recent survey of the tracking error literature.

1.1 Literature review

Deviationmeasures quantify discrepancies between portfolio and benchmark returns and typ-
ically define the objective function of index tracking models. Different deviation measures
correspond to distinct notions of tracking risk and lead to different mathematical formu-
lations and portfolio characteristics. Early contributions relied on the variance of tracking
error, resulting in quadratic optimization problems within the mean-variance framework
(Roll, 1992; Rudd, 1980; Treynor & Black, 1973). Although analytically convenient, vari-
ance penalizes positive and negative deviations symmetrically and assigns zero incremental
penalty to portfolios that systematically underperform the benchmark by a constant amount.
These properties may be undesirable in enhanced tracking contexts, where downside devia-
tions are of primary concern.

To overcome these limitations, alternative symmetric measures such as mean absolute
deviation, maximum deviation, and median absolute deviation have been proposed (Beasley
et al., 2003; Rudolf et al., 1999; Worzel et al., 1994). A key advantage is that these mea-
sures admit linear programming reformulations, facilitating the inclusion of transaction costs
and cardinality constraints (Consiglio & Zenios, 2001; Mansini et al., 2003). Nevertheless,
they remain symmetric by construction. Semi-deviation measures and lower partial moments
introduce asymmetry by penalizing only one side of the tracking error distribution. In the
context of index tracking, downside semi-deviation measures focus exclusively on under-
performance relative to the benchmark, thereby introducing an asymmetric treatment of
tracking risk (Gaivoronski et al., 2005; Sant’Anna et al., 2022). While more conservative
than symmetric measures, these approaches remain expectation-based and may not ade-
quately isolate extreme tail events. Tail-oriented measures address this limitation directly.
ConditionalValue-at-Risk (CVaR) at confidence level τ , introduced byRockafellar andUrya-
sev (2002), measures the expected loss conditional on the worst 1− τ fraction of outcomes.
In the context of index tracking, the loss variable typically corresponds to underperformance
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relative to the benchmark, and CVaR explicitly targets severe underperformance (see Jobst et
al. (2006); Sehgal and Mehra (2019, 2023); Guastaroba et al. (2020) and references therein).
Another advantage of CVaR is its convexity in the portfolio weights; under discrete prob-
ability measures, it admits an equivalent linear programming reformulation, facilitating the
incorporation of turnover and integer constraints. Closely related, quantile regression (QR),
introduced by Koenker and Bassett (1978), provides a flexible asymmetric deviation measure
that targets specific quantiles of the tracking error distribution. In index tracking, quantile-
based loss functions allow asymmetric control of under and overperformance while retaining
linear programming tractability (Mezali & Beasley, 2013; Sehgal & Mehra, 2023).

The relationship between deviation measures, risk measures, and investor preferences has
been formalized in the risk quadrangle framework of Rockafellar and Uryasev (2013), which
links risk, deviation, error, and regret measures. Within this perspective, quantile-based devi-
ation measures emerge as theoretically consistent tools for enhanced index tracking. Recent
developments include penalized asymmetric deviation models (Torri et al., 2024), which
control dispersion while limiting deviations from benchmark weights to mitigate estimation
risk and turnover. Alternative performance criteria have also been explored. For example,
Guastaroba et al. (2016) propose a mixed-integer linear model maximizing the Omega ratio
Keating and Shadwick (2002), andBruni et al. (2014) develop a bi-objective linear framework
balancing excess return and risk.

The use of information from the entire distribution of tracking errors has motivated a
strand of the literature that proposes portfolio enhancement strategies based on second-order
stochastic dominance (SSD) constraints. Stochastic dominance is a concept from decision
theory that provides criteria for ranking the distributions of random variables.2 In particular,
second-order stochastic dominance characterizes the preferences of risk-averse decision-
makers by establishing a preference ordering over distributions: one distribution dominates
another if it yields higher expected utility for all increasing and concave utility functions. This
criterion captures a preference for distributions that reduce downside risk without sacrificing
expected performance, which is consistent with the notion of enhanced tracking portfolios
widely adopted in the literature. An early proposal to incorporate SSD constraints in an
index tracking framework is due to Roman et al. (2013), who construct portfolios whose
return distributions second-order stochastically dominate that of the benchmark. Their for-
mulation relies on a finite-sample approximation that renders both the objective function and
the SSD constraints linear in the portfolio weights, resulting in a multi-objective linear opti-
mization problem solved via the cutting-plane algorithm developed by Fábián et al. (2011).
Despite their appealing economic interpretation, stochastic dominance constraints may be
overly restrictive and can lead to infeasible optimization problems. To address this issue,
several authors propose relaxed or partial dominance conditions (Bruni et al., 2014; Sharma
et al., 2017). More recent studies incorporate insights from behavioral finance into stochastic
optimization models. In particular, Mitra et al. (2018) enhance index tracking by integrating
market sentiment indicators into SSD-constrained formulations, thereby aligning portfolio
construction more closely with investor behavior.

1.2 Contribution

The main contribution of this paper is the development of a unified enhanced index tracking
framework that integrates asymmetric tail-risk control with distribution-wide stochastic dom-
inance constraints. Specifically, we combine a quantile-regression-based tracking objective

2 See, for instance, Levy (1992) for a comprehensive discussion and historical perspective.
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with linear second-order stochastic dominance (SSD) constraints within a single optimization
model. The quantile-based objective enables explicit control of downside tracking risk, while
SSD constraints ensure that the portfolio return distribution dominates that of the benchmark
for risk-averse investors. The resulting formulation can be expressed as a linear program
and remains tractable under realistic portfolio constraints, including proportional transaction
costs and turnover limits. To the best of our knowledge, this is the first linear index track-
ing framework that integrates a quantile-regression objective with linear SSD constraints in
a unified and computationally tractable model. An extensive out-of-sample analysis shows
that the proposed approach closely replicates benchmark performance while delivering sta-
tistically and economically significant improvements in tail-sensitive risk-return measures,
particularly when the investable universe is restricted through preselection.

The remainder of the paper is organized as follows. Section 2 introduces the index tracking
portfolio optimization problem. Section 2.1 presents the quantile regression objective used for
tail-risk control, while Section 2.2 describes the SSD constraints and their implementation.
Section 3 reports and analyzes the empirical results. Finally, Section 4 concludes and outlines
directions for future research.

2 Model formulation

In this section, we introduce the optimization model for the index tracking problem. After
presenting the model framework and the class of optimization problems to which it belongs,
we devote specific subsections to explaining the choice of the deviation measure and the
SSD constraints. Let r = [r1, . . . , rI ]� denote the random vector of I asset returns between
two dates t and t + 1, and let y be the corresponding benchmark return, both defined on a
probability space (�,F,P). The vector β = [β1, . . . , βI ]� ∈ R

I represents the portfolio
weights chosen at time t . We assume that at each rebalancing date, the investor starts from a

pre-existing portfolio with weights β(0) =
[
β

(0)
1 , . . . , β

(0)
I

]�
and adjusts positions to obtain

β. In this setting r�β represents the return realized over [t, t + 1] by the tracking portfolio
formed at time t ; the tracking error of portfolio β is defined as ε = y − r�β. With this
convention, positive values of ε correspond to portfolio underperformance relative to the
benchmark, while negative values indicate excess returns.

The investor seeks a portfolio whose tracking error ε is tightly concentrated around zero in
the purely passive case. In enhanced tracking, the objective is instead to apply an asymmetric
penalty that discourages underperformance (ε > 0) while permitting moderate overperfor-
mance ( ε < 0). More generally, such objectives can be formalized as the minimization of a
functional D [ε] , which represents a deviation measure3 of the random variable ε. We will
return in the next section to the precise definition of the functional form of D[ε] used in this
work, contextualizing this choice within the existing class of deviation measures tailored
to enhanced index tracking applications, as it is fundamental in shaping the characteris-
tics of the tracking error model. A second design goal, which is specific to the enhanced
index tracking approach, is to impose an additional profit target. A common approach is
to impose a minimum expected excess return K ∗, which is formalized through the con-
straint E

[
r�β − y

] ≥ K ∗, where K ∗ denotes a pre-specified target level of expected excess
return. This condition requires the replicating portfolio to deliver at least K ∗ on average. This
expectation constraint provides a parsimonious, linear way to target positive average over-

3 For an axiomatic definition of deviation measures, see, for instance, Stoyanov et al. (2008).
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performance while preserving tractability, without explicitly controlling extreme deviations.
Distributional improvement in the sense of risk-averse preferences is instead enforced by the
SSD constraints discussed in the next section.

In order to take into account transaction costs and to reflect real-world portfolio restrictions
on the investor’s decision, such as budget constraints, bounds on individual asset weights, and
limits on portfolio turnover, the investor’s choice is subject to a set of constraints reflecting
transaction costs, budget feasibility, and turnover limits. In this work we assume transac-
tion costs to be deterministic and proportional to the total value of traded positions, with a
constant rate α applied uniformly across assets for each transaction. The total cost is added
as linear penalties in the objective function, and does not enter the deviation measure or
the enhancement constraint. This modeling choice treats transaction costs as implementa-
tion frictions, while preserving tractability. By introducing non-negative variables ω+

i ≥ 0
and ω−

i ≥ 0, representing, respectively, increases and decreases in the weight of asset i ,

the total transaction cost is computed as α
∑I

i=1(ω
+
i + ω−

i ), subject to the linear relations

ω+
i − ω−

i = βi − β
(0)
i , for i = 1, . . . , I . In addition, portfolio turnover is controlled by

imposing an upper bound on total rebalancing activity,
∑I

i=1
ω+
i +ω−

i
2 ≤ θ, where θ repre-

sents a maximum admissible turnover level. The variables ω+
i and ω−

i are collected in the
vectors ω+ = [ω+

1 , . . . , ω+
I ] and ω− = [ω−

1 , . . . , ω−
I ], respectively.

The index tracking problemwith enhancement, transaction costs, and turnover constraints
can thus be formulated as

min
β,ω+,ω− D[ε] + α

I∑
i=1

(ω+
i + ω−

i ), (1)

s.t.
I∑

i=1

βi = 1, (2)

E

[
r�β − y

]
≥ K ∗, (3)

ω+
i − ω−

i = βi − β
(0)
i , i = 1, . . . , I , (4)

I∑
i=1

ω+
i + ω−

i

2
≤ θ, (5)

0 ≤ βi ≤ 1, i = 1, . . . , I , (6)

ω+
i , ω−

i ≥ 0, i = 1, . . . , I . (7)

where constraint (2) ensures full investment of available capital, while constraint (3) enforces
the minimum enhancement requirement. Bounds in (6) restrict individual asset exposures to
lie within the interval [0, 1]. Problem (1)–(7) is a stochastic optimization model with linear
constraints that defines a common structural framework for enhanced index tracking models.
Its computational tractability depends on the specific form of the functional D and on the
joint probability measure of the random variables r1, . . . , rI , y.

In empirical applications, the return distribution at time t is unknown and must be inferred
from observed data. Although multidimensional return distributions may be specified using
parametric or semi-parametric models, the resulting optimization problems typically involve
numerical integration,which quickly becomes intractable in high dimensions. For this reason,
a common assumption in the tracking error literature is to adopt a data-driven approach, in
which the underlying probability space is defined through the empirical probability measure
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constructed from the available sample of returns. Let R ∈ R
N×I denote the matrix of asset

returns observed over the previous N periods, and let Y ∈ R
N denote the corresponding

vector of benchmark returns. The empirical dataset is thus represented by the matrix [R, Y],
whose j-th row (R j , Y j ) corresponds to the j-th joint observation. The empirical probability
measure induced by this dataset is defined as P̂ = 1

N

∑N
j=1 δ(R j ,Y j ), where δ(R j ,Y j ) denotes

the Dirac measure concentrated at (R j , Y j ). This measure is used throughout the remainder
of the paper to evaluate expectations and deviation measures. Under this empirical measure,
all expectations and deviation measures reduce to finite sums over the observed scenarios,
yielding a deterministic optimization problem. Formally, this corresponds to a sample aver-
age approximation of the original stochastic optimization problem, whereby the underlying
probability measure is replaced by its empirical counterpart.

2.1 Quantile-based deviationmeasure for tracking error

In this section we describe theQuantile Regression (QR), which will be used as the deviation
measure D in the tracking problem (1)–(7). Consider an integrable random variable X and
define the function f , called quantile loss, by

f (ξ ; X , τ ) = τ E
[
(X − ξ)+

] + (1 − τ)E
[
(X − ξ)−

]
, (8)

where (x)+ = max{x, 0} and (x)− = max{−x, 0}, ξ ∈ R is a deterministic parameter,
and τ ∈ [0, 1]. The function f (ξ ; X , τ ) is a weighted sum of the expected positive and
negative deviations of X from the level ξ . The parameter τ controls the asymmetry between
the penalties assigned to positive and negative deviations of X from ξ : larger values of τ place
greater weight on positive deviations (X − ξ)+, while smaller values emphasize negative
deviations (X − ξ)−. A key property of f (ξ ; X , τ ) is that its set of minimizers coincides
with the set of τ -quantiles of X , that is,

argmin
ξ∈R f (ξ ; X , τ ) = qτ (X), (9)

where qτ (X) := inf {x : FX (x) ≥ τ } and FX denotes the cumulative distribution function
of X . Moreover, the objective itself provides a dispersion measure that penalizes positive
and negative deviations asymmetrically. The mapping ξ �→ f (ξ ; X , τ ) is convex on R

and therefore admits at least one minimizer. This follows directly from the convexity of
ξ �→ (X − ξ)+ and ξ �→ (X − ξ)− and the linearity of the expectation operator. If X is
discrete with N possible realizations {x j }Nj=1 with equal probability masses, then (8) reduces
to the deterministic problem

f (ξ ; X , τ ) = 1

N

N∑
j=1

[
τ (x j − ξ)+ + (1 − τ) (x j − ξ)−

]
, (10)

which canbe linearizedby introducing auxiliary variablesu j = (x j−ξ)+ andν j = (x j−ξ)−,
yielding the linear program

min
ξ,u,ν

1

N

N∑
j=1

[
τu j + (1 − τ)ν j

]

s.t. x j − ξ = u j − ν j , j = 1, . . . , N ,

u j ≥ 0, ν j ≥ 0, j = 1, . . . , N .

(11)
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This formulation yields a deterministic linear optimization problem that can be efficiently
solved using standard linear programming techniques.

Applying this formulation to the empirical tracking error vector, the loss function can be
written as

τ E
[
(Y − Rβ − ξ)+

] + (1 − τ)E
[
(Y − Rβ − ξ)−

]
, (12)

which depends on the vector of portfolio weights β. With this convention, positive values of
the tracking error indicate portfolio underperformance relative to the benchmark, while nega-
tive values correspond to excess returns. Consequently, larger values of τ penalize benchmark
underperformance more strongly. The resulting minimization problem

min
β, ξ, u, ν

1

N

N∑
j=1

(
τu j + (1 − τ)ν j

)

s.t. Y j − R jβ − u j + ν j − ξ = 0, j = 1, . . . , N ,

u j ≥ 0, ν j ≥ 0, j = 1, . . . , N ,

(13)

is equivalent to estimating (β0,β) in a linear τ -quantile regression model of the form Y =
β01 + Rβ, where β0 = ξ and 1 denotes the N -dimensional vector of ones, as introduced
in Koenker and Bassett (1978). In other words, the goal is to determine the intercept β0 and
slope vector β such that β01+Rβ provides an estimate of the conditional τ -quantile function
of y given r. Problem (1)–(7) can now be reformulated as the following linear model:

min
β,ξ, u, ν,ω+,ω−

1

N

N∑
j=1

[
τu j + (1 − τ) ν j

] + α

I∑
i=1

(
ω+
i + ω−

i

)
,

s.t.
I∑

i=1

βi = 1,

Y j − R jβ − u j + ν j − ξ = 0 j = 1, . . . , N ,

1

N

N∑
j=1

[
R jβ − Y j

] ≥ K ∗,

ω+
i − ω−

i = βi − β
(0)
i , i = 1, . . . , I ,

I∑
i=1

ω+
i + ω−

i

2
≤ θ,

0 ≤ βi ≤ ub, i = 1, . . . , I ,

ω+
i , ω−

i ≥ 0, i = 1, . . . , I .

u j ≥ 0, ν j ≥ 0, j = 1, . . . , N ,

(14)

2.2 Stochastic dominance constraints for enhancement

In addition to controlling tracking error risk through a quantile-based deviation measure,
enhanced index strategies aim to improve the distributional properties of portfolio returns
relative to the benchmark. Stochastic dominance is a fundamental concept in decision the-
ory and economics (Levy, 1992), which provides a natural framework to formalize such
enhancement objectives, as it allows portfolios to be compared on the basis of their entire
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return distributions rather than through scalar performance measures. In portfolio theory,
stochastic dominance has been widely analyzed (Dentcheva & Ruszczyński, 2006; Ortobelli
Lozza et al., 2013; Post & Kopa, 2017), and it has also been applied to index-tracking set-
tings (Bruni et al., 2014; Roman et al., 2013). In particular, first-order stochastic dominance
(FSD) captures preferences of all non-satiable decision makers, while second-order stochas-
tic dominance (SSD) characterizes preferences of all non-satiable and risk-averse decision
makers. Because enhanced index strategies are typically designed for risk-averse investors in
a benchmark-relative setting, SSD represents a particularly appropriate criterion for defining
enhancement relative to a benchmark.

Formally, given two random variables X and Z with cumulative distribution functions FX

and FZ , X is said to first-order stochastically dominate Z , denoted X 	(1) Z , if

FX (z) ≤ FZ (z), ∀z ∈ R. (15)

while X is said to second-order stochastically dominate Z , denoted X 	(2) Z , if

∫ z

−∞
FX (u) du ≤

∫ z

−∞
FZ (u) du, ∀z ∈ R. (16)

Equivalently, X 	(2) Z if and only if E[u(X)] ≥ E[u(Z)] for all non-decreasing concave
utility functions u(·) for which the expectations are finite. In particular, since the linear utility
u(x) = x is non-decreasing and concave, SSD implies E[X ] ≥ E[Z ], so that an improve-
ment in expected return is a necessary condition for second-order stochastic dominance. This
characterization establishes a direct link between SSD and risk aversion. In the context of
enhanced index tracking, stochastic dominance is imposed in a benchmark-relative sense:
the return distribution of the tracking portfolio is required to dominate that of the bench-
mark index. Throughout this section, dominance relations therefore compare the portfolio
return r�β to the benchmark return y, so that second-order stochastic dominance formalizes
enhancement as a preference for the tracking portfolio over the benchmark for all risk-averse
investors.

Under the empirical probability measure introduced in the previous subsection, stochas-
tic dominance relations between the empirical return vectors Rβ and the vector Y of the
benchmark’s returns can be expressed through linear constraints. Assuming equiprobable
scenarios under the empirical measure induced by the data matrix [R, Y], the first- and
second-order stochastic dominance relations admit equivalent linear (mixed-integer for FSD,
linear for SSD) formulations (Kopa, 2010; Kuosmanen, 2004). The empirical FSD condition
Rβ 	(1) Y holds if and only if there exists a permutation matrix P = {pk,c} ∈ {0, 1}N×N ,
where k and c represent row and columns respectively, such that

Rβ ≥ PY,

N∑
k=1

pk,c = 1,
N∑

c=1

pk,c = 1, pk,c ∈ {0, 1}, (17)

where Rβ and Y denote the vectors of empirical portfolio and benchmark returns and where
inequalities between vectors are understood component wise. Similarly, the empirical SSD
condition Rβ 	(2) Y holds if and only if there exists a doubly stochastic matrix M =
{mk,c} ∈ [0, 1]N×N satisfying the following component wise inequality
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Rβ ≥ MY,

N∑
k=1

mk,c = 1,
N∑

c=1

mk,c = 1, 0 ≤ mk,c ≤ 1. (18)

The above characterization holds under equiprobable scenarios and is independent of the
ordering of empirical returns due to the permutation-invariant nature of the doubly stochas-
tic representation (Kopa, 2010). The SSD formulation replaces the binary constraints of
FSD with continuous ones, resulting in a linear and computationally more tractable model.
Stochastic dominance constraints can now be integrated into the QR-based index tracking
problem to enforce enhancement relative to the benchmark. In particular, SSD constraints
ensure that the return distribution of the tracking portfolio dominates that of the benchmark
for all risk-averse investors. The enhanced index tracking problem with the quantile loss
objective function and first-order stochastic dominance (FSD) constraints leads to a mixed-
integer linear program, due to the presence of binary variables in the permutation matrix P.
By contrast, replacing FSDwith second-order stochastic dominance (SSD) constraints yields
a purely linear optimization problem, although the number of constraints grows quadratically
with the sample size N . In addition to their higher computational burden, FSD constraints
are typically highly restrictive and may significantly reduce the feasible region, potentially
leading to infeasibility in empirical applications. SSD constraints, on the other hand, pro-
vide a less restrictive dominance criterion that is consistent with risk-averse preferences and
lead to a linear optimization problem. For these reasons, and in line with the preferences of
risk-averse investors, the empirical analysis in the next section focuses on the SSD-based
formulation, which offers a practical and economically meaningful framework for enhance-
ment in index tracking. The resulting enhanced index tracking model can be formulated as
the following linear optimization problem:

min
β,ξ, u, ν,ω+,ω−,M

1

N

N∑
j=1

[
τu j + (1 − τ) ν j

] + α

I∑
i=1

(
ω+
i + ω−

i

)
,

s.t.
I∑

i=1

βi = 1,

Y j − R jβ − u j + ν j − ξ = 0, j = 1, . . . , N ,

1

N

N∑
j=1

[
R jβ − Y j

] ≥ K ∗,

ω+
i − ω−

i = βi − β
(0)
i , i = 1, . . . , I ,

I∑
i=1

ω+
i + ω−

i

2
≤ θ,

Rβ ≥ MY,

N∑
k=1

mk,c = 1,
N∑

c=1

mk,c = 1,

0 ≤ mk,c ≤ 1, k, c = 1, . . . , N ,

0 ≤ βi ≤ 1, i = 1, . . . , I ,

ω+
i , ω−

i ≥ 0, i = 1, . . . , I .

u j ≥ 0, ν j ≥ 0, j = 1, . . . , N ,

(19)
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3 Empirical application

In this section, we analyze optimal portfolios constructed using the proposed enhanced track-
ing error model. We solve the associated optimization problem under different parameter
configurations over an investible universe composed by the constituents of an index. Our
objective is to assess how the resulting optimal strategies differ from those obtained by
removing the enhancement defined by constraints (3), (18). We also compare the results with
those obtained from a minimum-CVaR (Min-CVaR) model. Model parameters are chosen to
preserve the tractability of the optimization problem: although all constraints are linear, the
computational complexity of the problem grows quadratically with the length of the calibra-
tion window (N ) and linearly with the number of assets (I ), where the former determines
the dimension of the permutation matrix, while the latter increases the number of linear con-
straints. The enhancement parameter plays a significant role in reducing the feasible set of the
optimization problem and therefore requires careful calibration to avoid making the problem
overly restrictive or infeasible. Results are evaluated out-of-sample using a rolling-window
approach, which determines the time shift between the calibration and testing datasets. The
numerical computations are performed using MATLAB 2024b and MOSEK optimization
toolbox, on an Intel Core i5-1235U processor (12M Cache, up to 4.40 GHz).

3.1 Data and experiment setup

To evaluate the model, we focus on the main U.S. equity index. Accordingly, we construct
a dataset of adjusted daily closing prices for the Standard&Poor 500 (S&P500) constituents
spanning from January 1, 2004, to December 31, 2023. The dataset comprises 4,995 obser-
vations for a total of 978 assets4. For the empirical analysis, the S&P500 index serves as the
benchmark. We adopt a rolling-window backtesting procedure with monthly rebalancing (21
trading days). Specifically, at each rebalancing date t (every 21 trading days), we estimate the
model using the most recent N daily observations and solve the corresponding optimization
problem to obtain portfolio weightswt . The portfolio is held constant until the next rebalanc-
ing date. Out-of-sample performance is evaluated using the daily realized returns generated
during each holding period, yielding a daily out-of-sample return series for each strategy and
parameter configuration. The maximum portfolio turnover parameter is set to θ = 0.25, and
the proportional constant for transaction costs is set to 2 basis points for each transaction,
which implies 4 basis points for a round-trip trade (α = 0.0002).

We pay particular attention to the choice of the calibration window length. If the window
is too short, the stochastic dominance constraints may overly restrict the feasible set, leading
to frequent infeasibility. Conversely, increasing the window length substantially raises the
number of constraints in the optimization problem, resulting in a significant increase in com-
putational burden. Based on this trade-off, we set the calibration window to 500 observations.
To evaluate the robustness of our results to this specification choice, we additionally report
findings based on an alternative calibration window in Appendix A. Overall, these additional
tests yield evidence that is fully consistent with our main findings. The rebalancing frequency
is instead fixed at 21 trading days in order to maintain a consistent tracking objective; varying
this frequency would shift the model toward a different tactical perspective and is therefore
beyond the scope of the present analysis.

4 The analysis is based on the historical time series of all securities that were index’s constituents at any time
during the sample period, including those that subsequently exited the index.
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The enhancement parameter is set to K ∗ = 0.0005, corresponding to aminimum expected
daily excess return of 5 basis points. This value should be interpreted as a calibration device
controlling the tightness of the enhancement mechanism, rather than as a realistic overper-
formance target at an annual horizon. In the rare cases in which the optimization problem
is infeasible, we carry forward the previous period’s portfolio weights; these cases occur
in less than 1% of rebalancing dates. Since the model is calibrated using daily returns, the
constraint is imposed at the daily frequency and serves to control the strength of the enhance-
ment mechanism rather than to reflect an expected annual overperformance. We evaluate the
model at multiple quantile levels (τ = 0.05, 0.5, 0.95), covering both asymmetric penal-
ization (τ = 0.05, 0.95) and the symmetric median case (τ = 0.5). Since ε = y − r�β

is positive under benchmark underperformance, larger values of τ penalize underperfor-
mance more heavily, whereas smaller values emphasize overperformance. Strategies are
evaluated using a set of standard statistics computed from the distribution of daily out-of-
sample returns. These measures are classified into risk measures and reward-risk (RR) ratios.
The exact definitions of all statistics, together with brief explanations and relevant references,
are reported in Appendix B. Risk is assessed through complementary measures capturing
different dimensions of downside exposure. In particular, we consider the Value at Risk at the
95% level (VaR0.95), the Conditional Value at Risk at the same level (CVaR0.95) and theMax-
imum Drawdown (MDD), which is instead used to quantify the most severe cumulative loss
observed over the evaluation period. Reward-risk ratios summarize expected performance
relative to risk by measuring the excess return achieved per unit of risk. The main differ-
ences among these ratios arise from the specific risk measure employed in the denominator.
Accordingly, the Sharpe Ratio (SR) is based on total return volatility, theMean-to-CVaR ratio
at the 95% level (MtC0.95) relies on CVaR0.95, and the Sortino–Satchell Ratio (SSR) uses the
lower semi-deviation. By construction, the SSR emphasizes downside risk and is therefore
particularly informative when negative returns are of primary concern. Jensen’s alpha (JA)
measures the abnormal return of a strategy after adjusting for systematic risk and is defined
as the intercept of a regression of the strategy’s excess returns on benchmark excess returns
within the Capital Asset Pricing Model (CAPM) framework. Positive values of JA indicate
risk-adjusted overperformance, whereas negative values indicate underperformance. Closely
related, the Information Ratio (IR) evaluates the excess return generated per unit of tracking
error and can be interpreted as the Sharpe ratio computed on out-of-sample active returns.
Unlike the Sharpe Ratio, which reflects total portfolio volatility, the IR focuses exclusively on
benchmark-relative risk. Finally, we report the average portfolio Turnover (AvgTO), defined
as the sample mean of the out-of-sample optimal portfolio turnover at each rebalancing date.

To evaluate the effect of combining the quantile loss objectivewith second-order stochastic
dominance (SSD) constraints and the enhancement mechanism, we compare the full model
with a relaxed version that excludes both the SSD constraints and the enhancement con-
straint (3). In addition, given the close relationship between the quantile loss objective and
the minimization of CVaRτ , we also consider a benchmark model based on CVaRτ mini-
mization under portfolio constraints, but without any enhancement mechanism. In summary,
we compare the following optimization strategies:

• The proposed quantile regression model with enhancement and second-order stochastic
dominance constraints (hereafter QR-SSDτ );

• The quantile regression model without any enhancement constraints (hereafter QRτ );
• The Min-CVaR index-tracking model without enhancement (hereafter Min-CVaRτ )

As an additional analysis, we investigate the sensitivity of the optimal strategies to the size
of the investible universe. In addition to the full dataset, we apply preselection procedures
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to restrict the portfolio universe to 200 and 400 assets. Following the evidence in Qu et al.
(2017), which suggests that the most attractive assets tend to belong to high-return, low-risk
subsets, stocks are preselected based on their past SR. This approach allows us to reduce
portfolio cardinality while preserving computational tractability. As a robustness check with
respect to the choice of the preselection criterion, we also consider alternative rankings based
on theMtC ratio and the IR. The resulting portfolios exhibit qualitatively similar performance
patterns. Results for the 500-day moving window are reported in Appendix C, while those
for the alternative 250- and 125-day windows are presented in Appendix A.

An alternative approach would be to introduce explicit cardinality constraints or penal-
ization terms directly into the objective function. However, these modifications would
substantially increase the complexity of the optimization problem. For instance,while a lasso-
type penalization could preserve linearity, it is ineffective in the absence of short-selling.
Other regularization schemes, such as ridge penalties or explicit cardinality constraints,
would instead lead to a nonlinear optimization formulation. For these reasons, we adopt
a preselection-based approach to control portfolio cardinality while preserving tractability.

3.2 Empirical results

The upper panel of Figure 1 shows that, when the full investment universe is considered,
portfolio concentration, measured by the normalized Herfindahl-Hirschman Index (HH I ∗),
exhibits a general upward trend. This effect is also evident in the top panel of Figure 2, which
highlights over time a decline in the number of assets of the out-of-sample optimal portfolios5.
In the full-universe case, the QR-SSD strategy tends to display higher concentration levels
than the competing strategies over almost the entire out-of-sample period. From an analysis
of the feasibility of this parameter setting, we notice that second-order stochastic dominance
constraints, turnover and enhancement constraints do not pose substantial feasibility issues.
When focusing attention on the optimal strategies obtained using a pre-selection method
based on the SR, diversification is lower than in the full-universe case, as shown in the
bottom panel of Figure 1, and it appears broadly similar across strategies within each period.

An increase in concentration is observed during the 2009 financial crisis, especially for
the preselection cases with 200 and 400 assets, which exhibit a sharp increase in the HH I ∗,
likely due to limited diversification opportunities during that period. The portfolio constructed
from the full asset universe benefits from broader diversification, which helps mitigate con-
centration effects during the crisis. By contrast, when the investible universe is restricted,
diversification potential is reduced, leading to the observed sharp decrease in cardinality in
2009-2010.

By contrast, restricting the investible universe reduces diversification opportunities and
accelerates the decline in portfolio cardinality (see Figure 2).

Main statistics for the series of out-of-sample returns of optimal strategies and the index
are reported in Table 12 in Appendix D. We report, the mean (μ), standard deviation (σ ),
skewness (γ ), kurtosis (κ) and theα-percentiles qα withα ∈ [1%, 5%, 50%, 95%, 99%]. The
ex-post optimal portfolio returns exhibit negative skewness and large kurtosis. However the
returns of all optimal portfolios exhibit higher mean values and greater skewness compared
to the benchmark portfolios.

Table 1 summarizes the performance measures and ratios for the three different strategies
applied at the entire investible universe. The proposed QR-SSD models outperform the
benchmark acrossmost indicators. The only exception concerns VaR, which is slightly higher

5 Figure 2 reports the number of assets with portfolio weights greater than or equal to 10−6.
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Fig. 1 Time series evolution of the normalized Herfindahl-Hirschman Index (HHI*) for the optimal portfolios
evaluated out-of-sample. The top panel refers to the entire investment universe, while the bottom panels are
based on a preselection of 200 and 400 assets, respectively

Fig. 2 Time series evolution of the cardinality of the out-of-sample optimal portfolios. The top panel considers
the entire investment universe, while the bottom panels are based on a preselection of 200 and 400 assets,
respectively
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in the no-preselection case. Table 2 summarizes instead the performance measures applied at
the preselected investible universe. As the investment universe reduces, from the full universe
to the best 200 assets, the IR decreases, indicating a lower ability to generate excess return per
unit of active risk relative to the benchmark. In contrast, the SSR and SR increase, suggesting
a stronger ability to generate risk-adjusted returns, whether focusing solely on downside risk
(SSR) or total volatility (SR). This pattern is consistent with the nature of the preselection
procedure. Selecting assets with the highest Sharpe ratios tends to retain securities with
stronger standalone performance. This will improve the absolute risk-return profile of the
portfolios, while reducing their ability to generate benchmark-relative overperformance.

As the size of the investment universe decreases, the risk measures, VaR, CVaR andMDD
tend to decline6.

This effect is largely driven by the preselection procedure, which retains assets with
the highest Sharpe ratios and therefore concentrates the investment universe on securities
with stronger historical risk-return characteristics. Although restricting the universe reduces
diversification opportunities, the risk–return filtering introduced by the preselection step
appears to dominate this effect, resulting in lower tail losses and smaller drawdowns.

In particular, the QR-SSD portfolios exhibit a notable reduction in MDD when moving
from the full universe to the 200-asset universe, suggesting that the preselection step con-
tributes to improved downside resilience. For example, for τ = 0.95, the QR-SSD portfolio
exhibits a reduction in MDD from approximately 54% in the full universe to about 45%
when the universe is restricted to 200 assets. Finally, we observe a turnover reduction as the
investible universe increases, which may indicate that stronger diversification yields more
stable strategies, requiring fewer rebalancing operations and consequently leading to lower
trading costs.

Table 3 reports the differences in performance indicators across the three models consid-
ered: the QR-SSD, the QR, and the Min-CVaR model. These differences are subsequently
tested for statistical significance with respect to CVaR, MtC, the SR, the IR, and the SSR, for
each pair of portfolios (coupled by equal value of τ ): QR-SSDversus theMin-CVaRportfolio,
QR-SSD versus QR and QR versus Min-CVaR. To test the null hypothesis CVaR j=CVaRi

versus the alternative CVaR j <CVaRi and MtC j = MtCi versus MtC j >MtCi with
j ∈ {QR-SSD,QR}, i ∈ {QR,Min-CVaR} and i �= j .

Specifically, inference on CVaR and the MtC ratio relies on the test proposed by Lotfi et
al. (2025), which employs block bootstrapping to estimate the sampling distribution of CVaR
and MtC differences and computes p-values using their derived asymptotic null distribution.
Differences in Sharpe ratios are tested using the robust procedure of Ledoit andWolf (2008),
which is based on a studentized block bootstrap designed to accommodate serial dependence
and non-normal returns. Finally, for the Sortino and Information ratios, we adopt the nonpara-
metric bootstrap test of Aboy and Magadia (2021), which constructs confidence intervals for
performance differences without imposing distributional assumptions. In all cases, inference
is implemented via block bootstrap resampling with replacement using 5,000 replications,
preserving time alignment to account for serial dependence and addressing heteroskedastic-
ity through block resampling of returns. The block length is set equal to two, chosen on the
basis of the low serial correlation observed in daily active returns from the inspection of the

6 We also examine two sub-periods, namely the Global Financial Crisis (2007-2010) and the COVID-19
pandemic (2020-2021), to assess the ability of the QR-SSDmodel to control tail risk duringmarket downturns.
During the COVID-19 period, the QR-SSD model exhibits slightly superior performance relative to the other
models, whereas the evidence is less pronounced during the Global Financial Crisis. Nevertheless, requiring
enhancement during crisis periods does not appear to compromise tail-risk control. Results for these periods
are available upon request.
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Table 3 The table reports pairwise differences in performance indicators between the models listed in the first
column. For the Sharpe, Information, and Sortino–Satchell ratios, the null hypothesis is that the difference
equals zero against the two-sided alternative of a nonzero difference. For CVaR and MtC, the null hypothesis
is that the difference equals zero against the one-sided alternative that the first model outperforms the second.
Significance levels: *** p < 0.01, ** p < 0.05, * p < 0.10. All values are reported ×10−2

(×10−2) �CVaR0.95 �MtC0.95 �SR �IR �SSR

200 assets preselection

QR-SSD vs
Min-CVaR
τ = 0.95

-0.014 0.129*** 0.299*** 1.168*** 0.010***

QR-SSD vs
Min-CVaR
τ = 0.50

-0.044 0.132** 0.314** 1.097** 0.009**

QR-SSD vs
Min-CVaR
τ = 0.05

-0.085** 0.149** 0.355* 1.102 0.011*

QR-SSD vs QR
τ = 0.95

-0.066 0.094 0.229 0.740 0.007

QR-SSD vs QR
τ = 0.50

-0.004 0.106** 0.251*** 0.914** 0.008***

QR-SSD vs QR
τ = 0.05

-0.024 0.130** 0.299** 1.292* 0.010*

QR vs Min-CVaR
τ = 0.95

0.052 0.035 0.070 0.428 0.003

QR vs Min-CVaR
τ = 0.50

-0.040 0.026 0.062 0.183 0.001

QR vs Min-CVaR
τ = 0.05

-0.061 0.020 0.056 -0.190 0.001

400 assets preselection

QR-SSD vs
Min-CVaR
τ = 0.95

-0.001 0.223*** 0.533*** 2.413*** 0.017***

QR-SSD vs
Min-CVaR
τ = 0.50

0.012 0.137** 0.335* 1.072 0.010

QR-SSD vs
Min-CVaR
τ = 0.05

-0.080 0.127* 0.320* 1.081 0.008

QR-SSD vs QR
τ = 0.95

-0.042 0.124* 0.300* 0.849 0.009

QR-SSD vs QR
τ = 0.50

0.025 0.090 0.223 0.429 0.007

QR-SSD vs QR
τ = 0.05

0.005 0.164** 0.401** 1.735* 0.013**

QR vs Min-CVaR
τ = 0.95

0.041 0.099** 0.233* 1.563** 0.009*

QR vs Min-CVaR
τ = 0.50

-0.013 0.047* 0.112* 0.643 0.003

QR vs Min-CVaR
τ = 0.05

-0.085** 0.037 -0.081 -0.653 -0.006
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Table 3 continued

(×10−2) �CVaR0.95 �MtC0.95 �SR �IR �SSR

No preselection

QR-SSD vs
Min-CVaR
τ = 0.95

-0.026 0.242*** 0.594*** 1.665 0.018**

QR-SSD vs
Min-CVaR
τ = 0.50

-0.026 0.230*** 0.569*** 1.225 0.018**

QR-SSD vs
Min-CVaR
τ = 0.05

-0.018 0.224*** 0.559*** 0.610 0.017***

QR-SSD vs QR
τ = 0.95

-0.023 0.238*** 0.580*** 1.289 0.018***

QR-SSD vs QR
τ = 0.50

-0.021 0.248*** 0.610*** 1.500 0.020***

QR-SSD vs QR
τ = 0.05

-0.026 0.262*** 0.649*** 1.728 0.021***

QR vs Min-CVaR
τ = 0.95

-0.003 0.004 0.014 0.376 0.000

QR vs Min-CVaR
τ = 0.50

-0.005 -0.019 -0.041 -0.275 -0.002

QR vs Min-CVaR
τ = 0.05

0.007 -0.038 -0.090* -1.118* -0.003

autocorrelogram of out-of-sample returns. Statistical significance is assessed by computing
confidence intervals for the differences in the selected ratios and rejecting the null hypothesis
whenever the interval excludes zero.

Differences in CVaR are generally not statistically different from zero, indicating that
QR-SSDmodels do not significantly improve CVaR compared to other strategies. This result
is not unexpected, given the similarity of the objective functions. The primary objective of the
analysis is to assess whether the SSD constraints contribute to enhanced overall performance,
rather than merely improving the CVaR metric itself. Overall, the differences in MtC, SR,
IR, and SSR between the QR-SSD and Min-CVaR strategies are positive and statistically
significant for τ = 0.95, where the focus is on penalizing deviations below the benchmark
in a manner consistent with the enhancement constraint.

This indicates that, for τ = 0.95,QR-SSDmodels tend to generate portfolioswith superior
financial characteristics across all investible universes.

For τ = 0.5 and τ = 0.05, the statistical significance of the performance differences
increases with the size of the investible universe.

Comparing QR-SSD and QR, we find that the differences are generally positive and
statistically significant, when the full investment universe is considered. This suggests that
the inclusion of SSD constraints and the enhancement condition improves the portfolio’s risk
profile, with the improvement being particularly pronounced when no preselection of assets
is applied. When the full investment universe is considered, the opportunity set is broader
and the SSD constraints operate over a richer cross-section of assets. In contrast, when the
universe is preselected or restricted, the feasible set is already narrower and portfolios tend to
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be more concentrated. Finally, QR and Min-CVaR exhibit comparable performance, as both
effectively control tail risk without delivering incremental enhancement.

4 Conclusions

This paper presents a linear quantile regression model with second-order stochastic dom-
inance (SSD) constraints. The linear formulation requires building permutation matrices
and constraints that grow quadratically with the calibration window, which forces a trade-
off between informational richness and computational feasibility. The QR-SSD framework
offers a transparent, linear, and implementable tool to incorporate stochastic dominance
preferences into portfolio construction. The approach is designed for managers who seek to
penalize downside deviations while pursuing excess returns relative to the benchmark. The
inclusion of a turnover constraint further enhances operational realism by limiting excessive
rebalancing and the associated trading costs. We perform an extensive empirical assessment
to test the impact on traditional performance measures on out-of-sample returns. Our key
empirical findings can be summarized as follows:

• The QR-SSD model tends to generate portfolios with higher Sharpe and Sortino ratios
and systematically higher MtC compared to Min-CVaR and the classical QR;

• These positive differences are generally statistically significant in the out-of-sample tests
and across different investible universe sizes;

• Improvements are more pronounced in the MtC ratio than in CVaR reductions, which
suggests that QR-SSD enhances the return-tail risk trade-off rather than merely reducing
extreme losses;

• The preselection procedure improves the absolute risk-return profile of the portfolios,
leading to lower tail risk and smaller maximum drawdowns, at the cost of a reduction in
the information ratio, reflecting a reduction in active management opportunities.

In conclusion, the proposed approach provides a practical and effective framework to embed
stochastic dominance preferences into linear portfolio optimization.

Disclaimer

The opinions, analyses, and methodologies described in this article do not necessarily reflect
those of the asset management company with which one of the author is affiliated. The
methodology presented should not be construed as being used, endorsed, or promoted by the
company for investment management purposes or any other operational purposes.

Appendix A Alternative time windows

To evaluate the robustness of our results, we report findings based on an alternative calibration
windows (125 and 250 days) and preselection strategies (SR, MtC and IF) in Tables 4, 5, 6,
7, 8, 9.
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Appendix B Performancemeasures

We describe the performance measures used to assess the out-of-sample behavior of the
optimal strategies. Let r denote a real-valued random variable representing portfolio returns,
defined on a probability space (�,F,P), with mean μ := E[r ] and variance σ 2 := E[(r −
μ)2]. Benchmark returns are represented by the random variable y. Let k ∈ R denote a fixed
target return and let r f denote the (deterministic) risk-free rate.

• VaRτ (L): The Value-at-Risk at confidence level τ is defined as the τ -quantile of the loss
variable L = −r :

VaRτ (L) := inf {� ∈ R : P(L ≤ �) ≥ τ } .

• CVaRτ (L): TheConditionalValue-at-Risk at confidence level τ is defined as the expected
loss conditional on losses exceeding VaRτ (L) and admits the equivalent representation

CVaRτ (L) := min
ξ∈R

{
ξ + 1

1 − τ
E

[
(L − ξ)+

]}
,

Higher values of VaRτ (L) and CVaRτ (L) therefore indicate larger downside risk.

• D− (r; k) : Downside deviation of returns relative to a target level k:

D− (r; k) =
√
E

[
(r − k)2 I{r<k}

]
,

which corresponds to the square root of the lower partial moment of order two. In our
analysis, we set k = 0.

• Sharpe Ratio (SR):

SR = μ − r f
σ

.

• Sortino Ratio (SSR):

SSR = μ − r f
D− (r; k) .

• Information Ratio (IR):

I R = μ − μy

σr−y
,

where μy := E[y] and σr−y denotes the standard deviation of the tracking error r − y.

• Mean-to-CVaR Ratio (MtCτ ):

MtCτ = μ − r f
CVaRτ (L)

.

• Maximum Drawdown (MDD): Let
{
r (out)
t

}T

t=1
denote the realized daily out-of-sample

return series over the evaluation period, and the associated cumulative wealth process is
defined as:

Wt :=
t∏

s=1

(1 + r (out)
s )
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The absolute maximum drawdown used in this work is then defined as

MDD = max
t∈{1,...,T }

maxs≤t Ws − Wt

maxs≤t Ws
.

• Average Turnover (AvgTO): Portfolio turnover at date t is defined as

T Ot = 1

2

I∑
j=1

∣∣β j,t − β j,t−1
∣∣ ,

where I is the number of assets and β j,t denotes the portfolio weight of asset j at time t .
TheAverage Turnover (AvgTO) is computed as themean turnover over the out-of-sample
horizon:

AvgTO = 1

T

T∑
t=1

T Ot .

• Jensen’s Alpha (JA):Measures the abnormal return of a portfolio relative to a benchmark
after adjusting for systematic risk:

J A = μ − [
r f + βp

(
μy − r f

)]
,

where βp is the portfolio beta with respect to the benchmark.

• Normalized Herfindahl–Hirschman Index (HHI∗): A measure of portfolio concentra-
tion:

HH I ∗ = HH I − 1
I

1 − 1
I

, HH I =
I∑

j=1

β2
j .

Lower values of HH I ∗ indicate greater diversification, while higher values correspond
to more concentrated portfolios.

Appendix C Alternative preselections

In Table 10, 11 we report the results for the 500-days calibration windowwith two alternative
preselections: IR and MtC respectively.
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Appendix D Statistics

Table 12 The table reports the main daily summary statistics of the benchmark and the out-of-sample returns
of the optimal portfolios. Specifically, μ denotes the mean return, σ the standard deviation, γ the skewness,
κ the kurtosis, and qα the α-quantile. All values are reported ×10−2

(×10−2) μ σ γ κ q1 q5 q50 q95 q99
S&P500 0.028 1.256 -0.518 15.401 -3.679 -1.904 0.069 1.687 3.341

200 Assets

QR-SSDτ=0.95 0.048 1.207 -0.210 15.321 -3.530 -1.812 0.074 1.676 3.153

QR-SSDτ=0.50 0.047 1.208 -0.230 14.961 -3.455 -1.824 0.071 1.684 3.128

QR-SSDτ=0.05 0.046 1.207 -0.262 14.644 -3.501 -1.821 0.073 1.675 3.086

QRτ=0.95 0.046 1.234 -0.244 16.730 -3.563 -1.836 0.077 1.679 3.180

QRτ=0.50 0.044 1.207 -0.290 15.487 -3.478 -1.815 0.077 1.670 3.118

QRτ=0.05 0.043 1.211 -0.340 14.441 -3.540 -1.847 0.078 1.686 3.159

Min-
CVaRτ=0.95

0.044 1.208 -0.265 15.530 -3.466 -1.818 0.072 1.670 3.154

Min-
CVaRτ=0.50

0.044 1.223 -0.249 16.079 -3.509 -1.815 0.080 1.673 3.176

Min-
CVaRτ=0.05

0.043 1.238 -0.441 16.682 -3.630 -1.858 0.074 1.686 3.197

400 Assets

QR-SSDτ=0.95 0.044 1.216 -0.311 15.064 -3.525 -1.852 0.074 1.674 3.119

QR-SSDτ=0.50 0.043 1.216 -0.301 15.118 -3.487 -1.858 0.069 1.681 3.150

QR-SSDτ=0.05 0.044 1.215 -0.315 15.046 -3.486 -1.848 0.075 1.675 3.122

QRτ=0.95 0.041 1.231 -0.216 16.113 -3.529 -1.827 0.066 1.693 3.259

QRτ=0.50 0.040 1.207 -0.275 15.192 -3.476 -1.811 0.064 1.675 3.189

QRτ=0.05 0.039 1.212 -0.337 15.574 -3.441 -1.847 0.065 1.678 3.140

Min-
CVaRτ=0.95

0.037 1.211 -0.320 15.770 -3.581 -1.832 0.059 1.680 3.126

Min-
CVaRτ=0.50

0.039 1.211 -0.299 15.898 -3.448 -1.805 0.067 1.679 3.158

Min-
CVaRτ=0.05

0.041 1.251 -0.227 17.008 -3.645 -1.820 0.065 1.690 3.271

All Assets

QR-SSDτ=0.95 0.045 1.263 -0.250 15.057 -3.653 -1.911 0.073 1.719 3.329

QR-SSDτ=0.50 0.045 1.261 -0.241 15.039 -3.652 -1.921 0.079 1.700 3.339

QR-SSDτ=0.05 0.045 1.259 -0.246 14.870 -3.672 -1.916 0.077 1.711 3.363

QRτ=0.95 0.038 1.271 -0.204 15.944 -3.660 -1.881 0.065 1.709 3.452

QRτ=0.50 0.037 1.269 -0.222 15.888 -3.649 -1.873 0.066 1.704 3.461

QRτ=0.05 0.037 1.271 -0.207 16.010 -3.696 -1.879 0.062 1.720 3.455
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Table 12 continued

(×10−2) μ σ γ κ q1 q5 q50 q95 q99
S&P500 0.028 1.256 -0.518 15.401 -3.679 -1.904 0.069 1.687 3.341

Min-
CVaRτ=0.95

0.038 1.273 -0.202 16.212 -3.659 -1.882 0.066 1.703 3.489

Min-
CVaRτ=0.50

0.038 1.272 -0.200 16.113 -3.671 -1.876 0.064 1.711 3.467

Min-
CVaRτ=0.05

0.038 1.270 -0.201 16.121 -3.658 -1.877 0.061 1.726 3.450
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