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Introduction

Motivation

Control has accompanied human beings throughout their entire history. Perhaps control has not always

been considered a discipline, but its concepts have influenced science and the entire body of knowledge

for millennia. It is claimed, for example, that before 2000 B.C. the control of irrigation systems was

a well known art in Mesopotamia [43]. Later, Romans unwittingly used concepts from control theory

in the design of their aqueducts, with the aim of keeping the water level constant. In his monograph

“Politics”, Chapter 3, Book 1, Aristotle writes:

“...if every instrument could accomplish its own work, obeying or anticipating the will of others...if

the shuttle weaved and the pick touched the lyre without a hand to guide them, chief workmen would

not need servants, nor masters slaves.”

This last sentence not only explicates what the goal of control theory is, i.e. automatizing processes,

but also provides a political clarification of this goal, namely letting all human beings gain in liberty,

freedom, and quality of life. Many years later, in 1788, James Watt equipped his steam engine with a

mechanical feedback governor that is by many considered to be the first known proportional controller

to ever be implemented. The operation of governors was first theoretically described by James Clerk

Maxwell, with his earliest writing dating back to 1868 [43]. Nonetheless, it was only in the 1920s and

1930s that control theory gained interest, coming to be an important research field during World War

II. The war itself highlighted that many mathematical models employed for control reasons were not

accurate enough. Humans had long known that nearly all physical systems exhibit nonlinearities, but

despite this, classical control theory (often concerning linear systems) had until then been considered

sufficient for the design of effective controllers. Consequently, the interest in nonlinear control rose,

leading many to consider 1960 as the beginning year of the modern era of nonlinear control [11, 60].

In the same year, the first International Federation of Automatic Control (IFAC) congress was held in

Moscow. Also in 1960 Kalman and Beltram published [62], where Lyapunov’s analysis method of

dynamic system stability, which dates back to the XIXth century, was first employed in the control

context, for both linear and nonlinear systems.

We could go on listing achievements in the field of nonlinear system control over the past decades,

but we will simply state that nonlinear control has become progressively more important over time,

as the complexity of the systems to be controlled has increased, making it necessary to consider

nonlinearities and model uncertainties to ensure the effectiveness of the applied control techniques.
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The characteristics that a control technique should ideally have to control a complex nonlinear system

include:

• It should be able to effectively control the system even with little information about its dynamics.

• It should ensure closed-loop stability, also when the system is perturbed.

• It should act safely, i.e. the closed-loop system under the employed control law should verify

(possible) safety constraints.

• The operation of the system should be guaranteed also in case of setpoint changes.

• The controller itself should be simple to design and implement.

The last is obviously a utopian description of what a modern control technique should be like.

Nonetheless, control theorists are striving to create new solutions that possess as many of the features

mentioned in the last list as possible.

Among the control methods that the scientific and industrial communities find most promising there is

Model Predictive Control (MPC) [22], a feedback optimization-based control method that employs a

model of the system under control to make predictions about its state evolution and computes a control

sequence that minimizes a performance index while ensuring that the closed-loop system verifies input

and state constraints. Further details about MPC can be found in Chapter 1. However, MPC only

complies with some of the points mentioned above. As a matter of fact, having a prediction model of

the system (and hopefully an accurate one) requires having a lot of information about the system itself.

Moreover, even though the idea behind MPC is intuitive, its design and implementation can become

troublesome. Indeed, the good operation of an MPC depends on some stability-related ingredients,

called terminal ingredients, whose computation is challenging for some families of nonlinear systems,

consequently limiting the set of systems that can be controlled by an MPC in practice. Last but not

least, robustness to perturbations and the ability of MPC to enable the closed-loop system to track

changing setpoints are issues that are often addressed separately in the case of nonlinear systems,

although it would be desirable to find a unique solution to both issues.

This book addresses some of the aforementioned issues. A robust MPC for tracking changing setpoints

for perturbed nonlinear systems is first presented, followed by an MPC for regulation to a fixed setpoint

that enables the control of perturbed nonlinear systems for which the design of a standard MPC would

be challenging, if not impossible. Finally, the problem of knowing a mathematical model of the system

is also addressed, providing a novel MPC based on Gaussian Processes (GP), which just requires the

availability of data about the operation of the plant under control. Consistently with the latter scenario,
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how predictive controllers based on GPs can be used for the control of biomedical systems is also

shown, giving an example of the control of the glucose levels in diabetic subjects.

Finally yet importantly, this book provides an intuitive yet theoretically sound introduction to the

usage of MPC for the control of nonlinear systems. Such an introduction can prove useful in itself and

may also facilitate the understanding of the predictive controllers that constitute the theoretical and

applicative contributions. For this reason, readers are advised to read the document from beginning

to end, following the chosen chapter order, as it will ease the overall understanding of the manuscript.

Contributions and outline

The remainder of the book is organized as follows:

• Chapter 1 reviews several families of MPC schemes for nonlinear systems. In detail, both

the problems of regulating a system to a fixed setpoint and tracking changing setpoints are

addressed. Finally, an overview of robust MPC schemes for perturbed nonlinear systems is

provided.

• Part I covers the theoretical contributions.

– Chapter 2 presents a robust MPC for tracking changing setpoints for perturbed nonlinear

systems, proves its stabilizing capabilities and shows its practical effectiveness on two

simulated case studies.

– Chapter 3 describes a robust contraction-based MPC for the regulation of perturbed

nonlinear systems for which the computation of standard terminal ingredients is difficult,

proving also its stabilizing capabilities. The method is finally validated in simulation on

two different systems.

– Chapter 4 introduces a robust contractive MPC for the regulation of perturbed nonlinear

systems that are modeled by means of GPs, showing under what conditions such method

inherits the stabilizing capabilities of the contraction-based MPC presented in Chapter 3

and validating the controller on a simulated case study.

• Part II covers the applicative contributions.

– Chapter 5 presents a GP-based zone MPC for the regulation of the subcutaneous glucose

level of Type 1 Diabetes Mellitus (T1DM) subjects, validating the proposed controller on

the in-silico subjects provided by the FDA-approved UVA/Padova simulator.

3
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• Chapter 6 draws some conclusions.

• Appendices A-C review the mathematical background of stability analysis, list the main prop-

erties of Gaussian distributions and describe the uncertain quadruple-tank system that is used

to test the control performances of some of the controllers presented in this book.

4



Chapter 1. Model Predictive Control

MPC is an advanced optimization-based control method that has gained increasing prominence in both

academia and industry. Its operation is as follows: considering a discrete-time system, at each time

instant (i) a finite-horizon open-loop optimal control problem is solved, (ii) the first element of the

optimal control sequence is applied to the system, and (iii) the loop is eventually closed by reading the

new state of the system and solving a new finite-horizon open-loop optimal control problem starting

from the new system state, in a receding-horizon fashion. The recent success of MPC over standard

control techniques, e.g. PID controllers, can be attributed to the following reasons:

1. The underlying idea is intuitive. Indeed, the usage of a mathematical model of the system to

make predictions over a finite time horizon, the choice of a control sequence that minimizes a

performance-related objective function, and the closing of the loop by applying just the first part

of the optimal control sequence, followed by the repetition of the same process starting from

the new system state, remind us of the way human beings often take decisions. Chess players,

for example, usually decide their moves by making predictions about the outcome they can get

over a finite time horizon, and repeat the same decision-making process every time the opponent

makes a new move, aware of the fact that the previously conceived sequence of moves might be

suboptimal in the new chessboard configuration. The same happens when humans drive a car:

they optimize the sequence of actions to be taken within a finite time to achieve a goal, and keep

on updating such sequence based on the changing environmental conditions.

2. It can control a wide variety of systems. As far as a mathematical model of the system to be

controlled is available, systems with relevant time delays, non-minimum phase systems, linear

and nonlinear systems, as well as coupled multivariable systems can be effectively controlled

by MPC.

3. It can handle constraints. Constraints are a fundamental part of many control problems, as they

represent, among others, actuator saturation levels, limits on the control action gradient, safety

conditions to be met, or bounds within which the employed system model is mathematically

sound. As the MPC operation is based on the repeated solution of an optimization problem,

constraints on the system states, inputs and outputs can be simply added to the optimal control

problem to be solved at each time instant.
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4. It benefits from the availability of any information. Differently from other control techniques,

the knowledge of measurable disturbances, future reference values and possible bounded un-

certainties can be leveraged to improve the control performances and ensure the closed-loop

verification of the constraints.

The first articles to treat the main concepts about MPC date back to the 1960s, e.g. [82] and [117],

which respectively deal with linear and nonlinear systems, but it was only in the late 1970s that MPC

started to become popular in control engineering [22, 55]. In particular, MPC started to gain interest in

the area of process control, whose slowness was compatible with the time it took to the technological

resources of the time to solve optimization problems like those inherent in MPC. The academia became

interested in the stability properties of MPC only later, with the first works investigating the stability

properties of linear and nonlinear MPC dating back to the 1980s and early 1990s [18, 24, 47].

Today’s stability theory of MPC is mainly based on the employment of the so-called terminal ingredi-

ents, namely ingredients of the optimal control problem related to the state predicted at the end of the

prediction horizon, i.e. the terminal state, that are employed to guarantee closed-loop stability. The

MPC schemes employing stability-related terminal ingredients can be mostly divided in two groups:

• MPC schemes with terminal equality constraint, namely a constraint that imposes the terminal

state to be equal to the reference;

• MPC schemes whose objective function comprises a particular component related only to the

terminal state, i.e. the terminal cost function, and an inequality constraint that imposes the

terminal state to belong to a region with particular properties, i.e. the terminal region.

These concepts trace back to the 1990s. Indeed, comprehensive studies about the stability of MPC

schemes employing terminal ingredients consistent with those of today trace back to those years,

e.g. [103], which investigates the stability of MPC schemes with terminal equality constraint for

continuous-time systems, or [25, 32], which treat the stability of schemes that employ a terminal cost

function and a terminal inequality constraint. During the 1990s and the 2000s, schemes with either

no terminal ingredients or reduced terminal ingredients were also presented, e.g. [6, 54, 85].

Up to this point, MPC schemes have been listed that aim at solving regulation problems, namely

control problems in which the goal is to stabilize the system state at an equilibrium 𝑥𝑠. Nevertheless,

this is not the only kind of control problem that can be solved by employing an MPC. In fact, at least

five contexts can be identified, among many others, in which MPC has been successfully used:

• Regulation, that has already been described.
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• Tracking of changing setpoints, namely the regulation to equilibrium setpoints that can abruptly

change over time.

• Path following, which is the problem of following a predefined and known path.

• Trajectory tracking, that is similar to path following, but imposes time constraints, i.e. the path

to follow is time-parameterized.

• Zone control, namely the regulation to a zone, when a fixed setpoint is not available or mean-

ingful.

Given that this book mainly treats robust nonlinear MPC schemes for regulation and for tracking

changing setpoints, the remainder of this chapter only investigates the stability theory related to such

formulations, eventually providing also insight into robust MPC schemes, not covered so far.

1.1 MPC for regulation

We consider a nonlinear time-invariant discrete-time system described by the equation

𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘), 𝑢(𝑘)) , (1.1)

where 𝑥 ∈ R𝑛 is the system state, here considered to be known and accessible, and 𝑢 ∈ R𝑚 is the

system input. The system state and input are subject to hard constraints, namely

𝑥(𝑘) ∈ X ⊂ R𝑛, 𝑢(𝑘) ∈ U ⊂ R𝑚,∀𝑘 ≥ 0. (1.2)

In regulation problems, the aim is to steer the system state to an equilibrium 𝑥𝑠 = 𝑓 (𝑥𝑠, 𝑢𝑠). Never-

theless, without loss of generality, the remainder of the current section considers the case in which

the reference is the origin, which requires the equilibrium 0 = 𝑓 (0, 0) to exist. In the following,

we investigate how to design different MPC formulations to accomplish such goal and present all

the assumptions under which each scheme is able to ensure closed-loop stability. First, a generic

formulation of the optimization problem that has to be solved at each instant 𝑘 ≥ 0 is provided, here

denoted as 𝑃𝑁𝑝
(𝑥(𝑘)):

7
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min
u(𝑘)

𝑉𝑁𝑝
(𝑥(𝑘), u(𝑘)) :=

𝑁𝑝−1∑︁
𝑗=0

ℓ (𝑥( 𝑗 |𝑘), 𝑢( 𝑗 |𝑘)) +𝑉 𝑓
(
𝑥(𝑁𝑝 |𝑘)

)
(1.3a)

subject to 𝑥(0|𝑘) = 𝑥(𝑘), (1.3b)

𝑥( 𝑗 |𝑘) = 𝑓 (𝑥( 𝑗 − 1|𝑘), 𝑢( 𝑗 − 1|𝑘)) ,∀ 𝑗 ∈ [1, 𝑁𝑝], (1.3c)

𝑥( 𝑗 |𝑘) ∈ X,∀ 𝑗 ∈ [0, 𝑁𝑝], (1.3d)

𝑢( 𝑗 |𝑘) ∈ U,∀ 𝑗 ∈ [0, 𝑁𝑝 − 1], (1.3e)

𝑥(𝑁𝑝 |𝑘) ∈ X𝑓 . (1.3f)

In detail:

• u(𝑘) :=
{
𝑢(0|𝑘), . . . , 𝑢(𝑁𝑝 − 1|𝑘)

}
is the control sequence to be optimized;

• 𝑥( 𝑗 |𝑘) := 𝜙 ( 𝑗 ; 𝑥(𝑘), u(𝑘));

• 𝑁𝑝 ∈ N \ {0} is the prediction horizon;

• (1.3a) is the cost function that represents the control goal, and its main ingredients are the stage

cost function ℓ(·, ·) and the (possible) terminal cost function 𝑉 𝑓 (·);

• (1.3b) imposes the initial condition 𝑥(0|𝑘) to be equal to the current state 𝑥(𝑘);

• (1.3c) imposes the predictions 𝑥( 𝑗 |𝑘) to be consistent with the system dynamics, defined by the

function 𝑓 (·, ·);

• (1.3d) and (1.3e) impose the state predictions 𝑥( 𝑗 |𝑘) and the chosen control actions 𝑢( 𝑗 |𝑘) to

verify the state and input constraints;

• (1.3f) is the stability-related terminal constraint that can be imposed on the terminal state

𝑥(𝑁𝑝 |𝑘).

The optimal control sequence resulting from the solution of 𝑃𝑁𝑝
(𝑥(𝑘)) is hereafter denoted as

u∗(𝑥(𝑘)), or u∗(𝑘) for brevity, where u∗(𝑘)=
{
𝑢∗(0|𝑘), . . . , 𝑢∗(𝑁𝑝−1|𝑘)

}
, while the optimal value of

the cost function given by u∗(𝑘) is 𝑉∗
𝑁𝑝

(𝑥(𝑘)) := 𝑉𝑁𝑝
(𝑥(𝑘), u∗(𝑘)). The control law implied by this

MPC scheme is defined as 𝜅𝑁𝑝
(𝑥) := 𝑢∗(0|𝑘).

In the remainder of this section, we discuss under what conditions four different regulation MPC

schemes can guarantee closed-loop stability. In detail, we analyze (i) the MPC for regulation with
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terminal inequality constraint and terminal cost function, (ii) the MPC for regulation with terminal

equality constraint, (iii) the MPC for regulation with terminal cost function and without terminal

constraint, and finally (iv) the MPC for regulation without terminal ingredients.

Before delving into the details of all these schemes, we first provide some basic assumptions that are

needed to ensure that the optimal control problem (1.3) has a solution.

Assumption 1.1: Continuity of the system dynamics and the cost function

The functions 𝑓 : X × U → X, ℓ : X × U → R≥0 and 𝑉 𝑓 : X𝑓 → R≥0 are continuous.

Moreover, 𝑓 (0, 0) = 0, ℓ(0, 0) = 0 and 𝑉 𝑓 (0) = 0.

Assumption 1.2: Properties of the constraint sets

The sets X and U are closed sets that contain the origin.

Assumptions 1.1 and 1.2 are necessary but not sufficient conditions for the feasibility of 𝑃𝑁𝑝
(𝑥(𝑘)).

Missing conditions are provided in the next subsections, as they change depending on the MPC

formulation.

1.1.1 MPC for regulation with terminal inequality constraint and terminal cost function

Before analyzing how the inclusion of a terminal inequality constraint and a terminal cost function

can ensure closed-loop stability, let us briefly explain the method that is usually employed in the

literature to prove the stability of a closed-loop system under a generic MPC scheme. First, given

the receding horizon principle, that is solving an optimal control problem, applying the first element

of the resulting control sequence, and repeating the loop starting from the new state of the system, it

becomes clear that a critical point of this process resides in each beginning of a new cycle. Indeed,

before ensuring that the closed-loop system state stabilizes at the desired equilibrium, we would like

to be sure that, starting from an initial condition 𝑥(0) ∈ X that makes 𝑃𝑁𝑝
(𝑥(0)) feasible, 𝑃𝑁𝑝

(𝑥(𝑘))

remains feasible ∀𝑘 > 0. This property is called recursive feasibility and is a fundamental property

that has to be guaranteed by design.

Secondly, given that standard stability analysis methods, like the analysis of the eigenvalues of the

closed-loop system, cannot be exploited in the analysis of the stability of a closed-loop system under

an MPC, the MPC literature usually recurs to Lyapunov stability theory, whose details can be found

in the Appendix A.4. From a practical point of view, what we do is proving that the optimal cost

𝑉∗
𝑁𝑝

(·) is a Lyapunov function, namely that there exist two K∞ (or K) functions 𝛼1(·) and 𝛼2(·) and

a continuous, positive definite (PD) function 𝛼3(·) such that, for any state 𝑥 ∈ X that makes 𝑃𝑁𝑝
(𝑥)

9
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feasible, verify the following conditions:

𝑉∗
𝑁𝑝

(𝑥) ≥ 𝛼1(∥𝑥∥)

𝑉∗
𝑁𝑝

(𝑥) ≤ 𝛼2(∥𝑥∥)

𝑉∗
𝑁𝑝

( 𝑓 (𝑥, 𝜅𝑁𝑝
(𝑥))) −𝑉∗

𝑁𝑝
(𝑥) ≤ −𝛼3(∥𝑥∥).

The function families K∞ and K (together with KL and PD) are comparison function families. As

these are widely used in the proofs of stability of MPC, their properties are provided in the Appendix

A.1.

In the following, we therefore provide the conditions under which the inclusion of a terminal inequality

constraint and a terminal cost function in the MPC optimal control problem ensure recursive feasibility

and that 𝑉∗
𝑁𝑝

(·) is a Lyapunov function.

The next assumptions are needed to ensure that the function 𝑉∗
𝑁𝑝

(·) is a Lyapunov function.

Assumption 1.3: Terminal ingredient properties

The terminal constraint set X𝑓 is compact and contains the origin. Moreover, there exists a

locally stabilizing control law 𝜅 𝑓 (·) such that 𝜅 𝑓 (𝑥) ∈ U ∀𝑥 ∈ X𝑓 and

𝑓
(
𝑥, 𝜅 𝑓 (𝑥)

)
∈ X𝑓 ,

𝑉 𝑓
(
𝑓
(
𝑥, 𝜅 𝑓 (𝑥)

) )
−𝑉 𝑓 (𝑥) ≤ −ℓ

(
𝑥, 𝜅 𝑓 (𝑥)

)
.

Assumption 1.4: Stage cost function and terminal cost function bounds

There exist K∞ functions 𝛼ℓ (·) and 𝛼 𝑓 (·) that verify the following conditions:

ℓ(𝑥, 𝑢) ≥ 𝛼ℓ (∥𝑥∥),∀(𝑥, 𝑢) ∈ X ×U,

𝑉 𝑓 (𝑥) ≤ 𝛼 𝑓 (∥𝑥∥),∀𝑥 ∈ X𝑓 .

Assumption 1.4 poses non-restrictive conditions on the choice of the stage cost function ℓ(·, ·) and

the terminal cost function𝑉 𝑓 (·). Indeed, the majority of the MPC implementations employs quadratic

stage and terminal cost functions. The compactness of X𝑓 required by Assumption 1.3, together with

Assumptions 1.1 and 1.2, ensures that 𝑃𝑁𝑝
(𝑥(𝑘)) has a solution (we refer to [126, Proposition 2.4] for

further details). However, the other conditions posed by Assumption 1.3 are harder to verify, as they

require X𝑓 to be a positively invariant set for the closed-loop system under the local control law 𝜅 𝑓 (·)

and 𝑉 𝑓 (·) to be a control Lyapunov function (CLF) in X𝑓 . While these conditions are easily verified
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for controllable linear systems, designing such ingredients can become challenging, if not impossible,

for some nonlinear systems.

We now introduce the theorem that explicates how Assumptions 1.2-1.4 ensure recursive feasibility

and that the origin is asymptotically stable for the closed-loop system under an MPC with terminal

inequality constraint and terminal cost function.

Theorem 1.1: Stability of the MPC with terminal inequality constraint and terminal cost

function

Under Assumptions 1.1-1.4, the MPC for regulation with terminal inequality constraint and

terminal cost function is recursively feasible and the origin is asymptotically stable for the

closed-loop system.

Proof. We need to prove that 𝑉∗
𝑁𝑝

(·) is a Lyapunov function. In order to do so, we first prove that

𝑉∗
𝑁𝑝

(·) has a lower bound 𝛼1(·) and an upper bound 𝛼2(·), and then prove the descent property of

𝑉∗
𝑁𝑝

(·) and the recursive feasibility of this MPC scheme.

Lower and upper bounds for 𝑉∗
𝑁𝑝

(·). The lower bound for 𝑉∗
𝑁𝑝

(·) is immediately found. Indeed,

defining the region of feasible states X𝑁𝑝
⊆ X, i.e. the region of attraction of the MPC, we have that

𝑉∗
𝑁𝑝

(𝑥) ≥ ℓ(𝑥, 𝑢) for any 𝑥 ∈ X𝑁𝑝
. Moreover, Assumption 1.4 ensures that a function 𝛼ℓ (·) ∈ K∞

exists, such that ℓ(𝑥, 𝑢) ≥ 𝛼ℓ (∥𝑥∥) for any 𝑥 ∈ X𝑁𝑝
. Therefore, 𝑉∗

𝑁𝑝
(𝑥) ≥ 𝛼ℓ (∥𝑥∥) ∀𝑥 ∈ X𝑁𝑝

. The

proof of the existence of an upper bound 𝛼2(·) ∈ K∞ is provided in [126, Propositions 2.15-2.18]. In

particular, Proposition 2.18 proves that, for any 𝑥 ∈ X𝑓 ,𝑉∗
𝑁𝑝

(𝑥) ≤ 𝑉 𝑓 (𝑥), while Proposition 2.16 proves

that such local bound implies the existence of a function 𝛼2(·) ∈ K∞ such that 𝑉∗
𝑁𝑝

(𝑥) ≤ 𝛼2(∥𝑥∥)

∀𝑥 ∈ X𝑁𝑝
.

Descent property of 𝑉∗
𝑁𝑝

(·) and recursive feasibility. Consider a feasible state 𝑥(𝑘) ∈ X𝑁𝑝
and

the optimal control sequence u∗(𝑘) =
{
𝑢∗(0|𝑘), . . . , 𝑢∗(𝑁𝑝 − 1|𝑘)

}
resulting from the solution of

𝑃𝑁𝑝
(𝑥(𝑘)). We define the resulting optimal state sequence as

x̂∗(𝑘) :=
{
𝑥∗(0|𝑘), 𝑥∗(1|𝑘), . . . , 𝑥∗(𝑁𝑝 |𝑘)

}
.

Note that 𝑥∗(0|𝑘) = 𝑥(𝑘) and that 𝑥(𝑘 + 1) = 𝑓

(
𝑥(𝑘), 𝜅𝑁𝑝

(𝑥(𝑘))
)
= 𝑥∗(1|𝑘). We now need to show

that 𝑃𝑁𝑝
(𝑥(𝑘 + 1)) is feasible and that there exists 𝛼3(·) ∈ PD such that𝑉∗

𝑁𝑝
(𝑥(𝑘 +1)) −𝑉∗

𝑁𝑝
(𝑥(𝑘)) ≤

−𝛼3(∥𝑥∥). In order to do so, given that 𝑉∗
𝑁𝑝

(𝑥(𝑘 + 1)) cannot be computed before actually solving

𝑃𝑁𝑝
(𝑥(𝑘 + 1)), we choose a feasible control sequence

u+(𝑘 + 1) :=
{
𝑢∗(1|𝑘), . . . , 𝑢∗(𝑁𝑝 − 1|𝑘), 𝜅 𝑓

(
𝑥∗(𝑁𝑝 |𝑘)

)}
11
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as candidate solution to 𝑃𝑁𝑝
(𝑥(𝑘 + 1)), and exploit it to prove recursive feasibility and the desired

descent property.

Recursive feasibility is easily proved by noting that the candidate state sequence x̂+(𝑘 + 1) is given by

x̂+(𝑘 + 1) =
{
𝑥∗(1|𝑘), . . . , 𝑥∗(𝑁𝑝 |𝑘), 𝑓

(
𝑥∗(𝑁𝑝 |𝑘), 𝜅 𝑓

(
𝑥∗(𝑁𝑝 |𝑘)

) )}
.

Therefore, given that 𝑥∗(1|𝑘), . . . , 𝑥∗(𝑁𝑝 |𝑘) come from the solution of 𝑃𝑁𝑝
(𝑥(𝑘)), they verify the

state constraints. Moreover, provided that 𝑥∗(𝑁𝑝 |𝑘) ∈ X𝑓 , and given that the local control law 𝜅 𝑓 (·) is

feasible in X𝑓 , we have that 𝑓 (𝑥∗(𝑁𝑝 |𝑘), 𝜅 𝑓
(
𝑥∗(𝑁𝑝 |𝑘)

)
) ∈ X𝑓 due to Assumption 1.3, consequently

proving that all the constraints of 𝑃𝑁𝑝
(𝑥(𝑘 + 1)) are verified.

We now prove that there exists a function 𝛼3(·) ∈ PD such that𝑉𝑁𝑝
(𝑥(𝑘+1), u+(𝑘+1))−𝑉∗

𝑁𝑝
(𝑥(𝑘)) ≤

−𝛼3(∥𝑥∥). We start by explicating the terms that compose such subtraction, i.e.

𝑉𝑁𝑝
(𝑥(𝑘 + 1),u+(𝑘 + 1)) −𝑉∗

𝑁𝑝
(𝑥(𝑘)) =

𝑁𝑝−1∑︁
𝑗=1

ℓ (𝑥∗( 𝑗 |𝑘), 𝑢∗( 𝑗 |𝑘))

+ ℓ
(
𝑥∗(𝑁𝑝 |𝑘), 𝜅 𝑓

(
𝑥∗(𝑁𝑝 |𝑘)

) )
+𝑉 𝑓

(
𝑓
(
𝑥∗(𝑁𝑝 |𝑘), 𝜅 𝑓

(
𝑥∗(𝑁𝑝 |𝑘)

) ) )
−
𝑁𝑝−1∑︁
𝑗=0

ℓ (𝑥∗( 𝑗 |𝑘), 𝑢∗( 𝑗 |𝑘)) −𝑉 𝑓
(
𝑥∗(𝑁𝑝 |𝑘)

)
= ℓ

(
𝑥∗(𝑁𝑝 |𝑘), 𝜅 𝑓

(
𝑥∗(𝑁𝑝 |𝑘)

) )
+𝑉 𝑓

(
𝑓
(
𝑥∗(𝑁𝑝 |𝑘), 𝜅 𝑓

(
𝑥∗(𝑁𝑝 |𝑘)

) ) )
− ℓ (𝑥∗(0|𝑘), 𝑢∗(0|𝑘)) −𝑉 𝑓

(
𝑥∗(𝑁𝑝 |𝑘)

)
.

Provided that 𝑥∗(0|𝑘) = 𝑥(𝑘) and that

𝑉 𝑓
(
𝑓
(
𝑥∗(𝑁𝑝 |𝑘), 𝜅 𝑓

(
𝑥∗(𝑁𝑝 |𝑘)

) ) )
−𝑉 𝑓

(
𝑥∗(𝑁𝑝 |𝑘)

)
≤ −ℓ

(
𝑥∗(𝑁𝑝 |𝑘), 𝜅 𝑓

(
𝑥∗(𝑁𝑝 |𝑘)

) )
due to Assumption 1.3, we finally get that

𝑉𝑁𝑝

(
𝑥(𝑘 + 1), u+(𝑘 + 1)

)
−𝑉∗

𝑁𝑝
(𝑥(𝑘)) ≤ −ℓ (𝑥(𝑘), 𝑢∗(0|𝑘)) .

Since ℓ (𝑥(𝑘), 𝑢∗(0|𝑘)) ≥ 𝛼ℓ (∥𝑥(𝑘)∥) thanks to Assumption 1.4, the last inequality becomes

𝑉𝑁𝑝

(
𝑥(𝑘 + 1), u+(𝑘 + 1)

)
−𝑉∗

𝑁𝑝
(𝑥(𝑘)) ≤ −𝛼ℓ (∥𝑥(𝑘)∥).

Due to optimality, we have that 𝑉∗
𝑁𝑝

(𝑥(𝑘 + 1)) ≤ 𝑉𝑁𝑝
(𝑥(𝑘 + 1), u+(𝑘 + 1)), leading to

𝑉∗
𝑁𝑝

(𝑥(𝑘 + 1)) −𝑉∗
𝑁𝑝

(𝑥(𝑘)) ≤ −𝛼ℓ (∥𝑥(𝑘)∥),

which confirms that 𝑉∗
𝑁𝑝

(·) is a Lyapunov function defined in X𝑁𝑝
. As affirmed in the Appendix

A.4, the existence of a Lyapunov function defined in X𝑁𝑝
is a sufficient condition for the asymptotic

stability of the origin for the closed-loop system. ■
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The MPC scheme presented in this subsection is often referred to as quasi-infinite horizon Model

Predictive Control (QIH-MPC) [55], as the employment of an approximation of the infinite horizon

optimal value function 𝑉∞(·) as terminal cost function 𝑉 𝑓 (·) allows one to use the MPC with terminal

inequality constraint and terminal cost function as an approximation to the infinite horizon constrained

optimal controller.

It is important to note that the feasibility of a QIH-MPC requires the terminal set X𝑓 to be reachable in

𝑁𝑝 steps from the current state 𝑥(𝑘). However, if such terminal set is small or the system is particularly

complex, such condition might require to employ a large prediction horizon 𝑁𝑝, thus increasing the

computational burden of the MPC. In such cases, a possible solution is that of replacing the optimal

control problem (1.3) with the following one:

min
u(𝑘)

𝑉𝑁𝑝
(𝑥(𝑘), u(𝑘)) :=

𝑁𝑐−1∑︁
𝑗=0

ℓ (𝑥( 𝑗 |𝑘), 𝑢( 𝑗 |𝑘)) +
𝑁𝑝−1∑︁
𝑗=𝑁𝑐

ℓ(𝑥( 𝑗 |𝑘), 𝜅 𝑓 (𝑥( 𝑗 |𝑘)))

+𝑉 𝑓
(
𝑥(𝑁𝑝 |𝑘)

) (1.7a)

subject to 𝑥(0|𝑘) = 𝑥(𝑘), (1.7b)

𝑥( 𝑗 |𝑘) = 𝑓 (𝑥( 𝑗 − 1|𝑘), 𝑢( 𝑗 − 1|𝑘)) ,∀ 𝑗 ∈ [1, 𝑁𝑐], (1.7c)

𝑥( 𝑗 |𝑘) = 𝑓
(
𝑥( 𝑗 − 1|𝑘), 𝜅 𝑓 (𝑥( 𝑗 − 1|𝑘))

)
,∀ 𝑗 ∈ [𝑁𝑐 + 1, 𝑁𝑝], (1.7d)

𝑥( 𝑗 |𝑘) ∈ X,∀ 𝑗 ∈ [0, 𝑁𝑝], (1.7e)

𝑢( 𝑗 |𝑘) ∈ U,∀ 𝑗 ∈ [0, 𝑁𝑝 − 1], (1.7f)

𝜅 𝑓 (𝑥( 𝑗 |𝑘)) ∈ U,∀ 𝑗 ∈ [𝑁𝑐, 𝑁𝑝 − 1], (1.7g)

𝑥(𝑁𝑝 |𝑘) ∈ X𝑓 . (1.7h)

In this formulation, a control horizon 𝑁𝑐 < 𝑁𝑝 is considered, therefore optimizing the cost function

value with respect to the shorter control sequence u(𝑘) := {𝑢(0|𝑘), . . . , 𝑢(𝑁𝑐 − 1|𝑘)} and relying on

the control law 𝜅 𝑓 (·) to make the predictions within the window [𝑁𝑐, 𝑁𝑝] and reach the terminal setX𝑓

after 𝑁𝑝 steps. If a control law 𝜅 𝑓 (·) verifying (1.7g) by design can be computed, the optimal control

problem formulated in (1.7) can enlarge the domain of attraction of the MPC without prohibitively

increasing its computational burden, as proved in [95].

Nevertheless, for both the formulations (1.3) and (1.7), the computation of a terminal cost function

𝑉 𝑓 (·), a terminal region X𝑓 and a local control law 𝜅 𝑓 (·) that verify Assumption 1.3 can be challenging

for some systems. Indeed, the local control law 𝜅 𝑓 (·) is often chosen to be a linear controller designed

to make the linearization of the original system at the origin asymptotically stable, while the terminal

cost function is chosen as a quadratic function whose weight matrix comes from the solution of a linear
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matrix inequality (LMI) or is the solution to the algebraic Riccati equation (ARE), still based on a local

linearization of the system. However, if the (𝐴, 𝐵) couple obtained from the local linearization of the

system is not fully controllable and the uncontrollable states of the linearization are not asymptotically

stable, such techniques for computing the terminal ingredients cannot be employed. In those cases,

under some further assumptions, MPC schemes with terminal equality constraint can be a valid

alternative.

Remark 1.1
Examples of algorithms for the computation of the aforementioned terminal ingredients can be

found in [25] for continuous-time systems and in [79] for discrete-time systems. In particular,

a simplified formulation of the method from [79] is given next.

Computation of the terminal ingredients of an MPC for the regulation of nonlinear systems

In the following, we assume to deal with a discrete-time time-invariant nonlinear system described

by the state equation 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘), 𝑢(𝑘)) and that is subject to the following state and input

constraints:

𝑥(𝑘) ∈ X, 𝑢(𝑘) ∈ U, ∀𝑘 ≥ 0.

Without loss of generality, we consider the problem of controlling the system state to the origin.

In standard MPC formulations, recursive feasibility and closed-loop stability are ensured by imposing

that the state predicted at the end of the prediction horizon belongs to an invariant set X𝑓 ⊆ X, where a

local feasible and stabilizing control law 𝑢 = 𝜅 𝑓 (𝑥) is supposed to exist [126]. Hereafter, the dynamics

of the system under 𝜅 𝑓 (𝑥) is referred to as 𝑥(𝑘 + 1) = 𝑓𝑐𝑙 (𝑥) := 𝑓
(
𝑥, 𝜅 𝑓 (𝑥)

)
. Moreover, a terminal

cost function𝑉 𝑓 (𝑥) is added to the cost function of the optimization problem to be solved, which must

be positive definite and such that

𝑉 𝑓 ( 𝑓𝑐𝑙 (𝑥)) −𝑉 𝑓 (𝑥) ≤ −ℓ(𝑥, 𝜅 𝑓 (𝑥)), ∀𝑥 ∈ X𝑓 , (1.8)

where ℓ(𝑥, 𝑢) is the stage cost function employed in the MPC.

As often done in the literature, we assume to have a quadratic stage cost function ℓ(𝑥, 𝑢) = 𝑥⊤𝑄𝑥+𝑢⊤𝑅𝑢,

to employ a quadratic terminal cost function 𝑉 𝑓 (𝑥) = 𝑥⊤𝑃𝑥, with 𝑃 symmetric and positive definite,

and a local linear controller 𝜅 𝑓 (𝑥) = 𝐾𝑥. We also assume to build the terminal set X𝑓 as a sublevel

set of the terminal cost function 𝑉 𝑓 (𝑥), i.e. X𝑓 := {𝑥 : 𝑥⊤𝑃𝑥 ≤ 𝜌}, for some 𝜌 > 0.
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Remark 1.2
In MPC schemes for the regulation of nonlinear systems that employ both a terminal cost

function and a terminal inequality constraint, it is common to employ sublevel sets of the

terminal cost function 𝑉 𝑓 (·) as terminal sets. Indeed, given that 𝑉 𝑓 (·) is required to be a CLF,

any of its sublevel sets {𝑥 : 𝑉 𝑓 (𝑥) ≤ 𝜌}, with 𝜌 > 0, is a positively invariant set. Therefore,

it is sufficient to find the maximum value of 𝜌 for which the control law 𝜅 𝑓 (·) is feasible for all

𝑥 ∈ {𝑥 : 𝑉 𝑓 (𝑥) ≤ 𝜌}.

Assuming to have a controllable couple (𝐴, 𝐵) given by the linearization of the system at the origin,

and defining the linearization error as 𝑒(𝑥) = 𝑓𝑐𝑙 (𝑥) − 𝐴𝐾𝑥, where 𝐴𝐾 = 𝐴 + 𝐵𝐾 , the condition (1.8)

rewrites as

(𝐴𝐾𝑥 + 𝑒(𝑥))⊤ 𝑃 (𝐴𝐾𝑥 + 𝑒(𝑥)) − 𝑥⊤𝑃𝑥 ≤ −𝑥⊤
(
𝑄 + 𝐾⊤𝑃𝐾

)
𝑥,

or, equivalently,

𝑥⊤
(
𝐴⊤𝐾𝑃𝐴𝐾 − 𝑃 +𝑄 + 𝐾⊤𝑃𝐾

)
𝑥 + 𝑒(𝑥)⊤𝑃𝑒(𝑥) + 2𝑥⊤𝐴⊤𝐾𝑃𝑒(𝑥) ≤ 0, (1.9)

which must hold true for all 𝑥 ∈ X𝑓 .

Assuming that the contribution of the linearization error is bounded, as done in [79], i.e.

𝑒(𝑥)⊤𝑃𝑒(𝑥) + 2𝑥⊤𝐴⊤𝐾𝑃𝑒(𝑥) ≤ 𝜅𝑥⊤𝑃𝑥, ∀𝑥 ∈ X𝑓 , (1.10)

for some 𝜅 ∈ (0, 1), condition (1.9) can be replaced by the matrix inequality

𝐴⊤𝐾𝑃𝐴𝐾 − (1 − 𝜅)𝑃 +𝑄 + 𝐾⊤𝑃𝐾 ≤ 0. (1.11)

Finally, by using the Schur complement and the substitution of variables 𝑆 = 𝑃−1 and 𝑂 = 𝐾𝑃−1,

(1.11) can be rewritten as an LMI:

(1 − 𝜅)𝑆 (𝐴𝑆 + 𝐵𝑂)⊤ 𝑆 𝑂⊤

𝐴𝑆 + 𝐵𝑂 𝑆 0 0

𝑆 0 𝑄−1 0

𝑂 0 0 𝑅−1


≥ 0. (1.12)

For details about the usage of LMIs in control theory, we refer to [20].

1.1.2 MPC for regulation with terminal equality constraint

The optimal control problem formulated in (1.3) is still consistent with the regulation MPC scheme

with terminal equality constraint. It is sufficient to define the terminal ingredients as follows:

X𝑓 = {0},

15



Marco Polver

𝑉 𝑓 (𝑥) = 0.

As you can see, the terminal region degenerates to a point, which has an impact on the conditions that

have to be met to enable the implementation of an MPC scheme with terminal equality constraint that

guarantees recursive feasibility and stability of the closed loop. Moreover, setting the terminal cost

function as the zero function is sensible. Indeed, the value taken by 𝑉 𝑓 (𝑥) is always zero when the

optimal control problem 𝑃𝑁𝑝
(𝑥) is feasible, as its feasibility requires the terminal equality constraint

to be verified.

Now, let us analyze the assumptions under which the previously discussed QIH-MPC was guaranteed

to be recursively feasible and to stabilize the closed-loop system, looking for conditions that might be

inconsistent with the currently investigated scheme with terminal equality constraint. Note that, by

choosing 𝜅 𝑓 (𝑥) = 0, all the conditions of Assumptions 1.3 and 1.4 are met also in the current case,

therefore allowing us to reuse such assumptions also to prove the recursive feasibility and stability of

the MPC with terminal equality constraint, hereafter abbreviated as TEC-MPC.

Hence, before introducing the theorem that confirms such properties, we analyze the proof of Theorem

1.1 to understand whether the aforementioned theorem can be reused in the currently discussed context.

We note that, with the aforementioned choice of defining 𝜅 𝑓 (𝑥) = 0, Assumptions 1.2-1.4 are enough

to prove the existence of a lower bound for 𝑉∗
𝑁𝑝

(·), the descent property of 𝑉∗
𝑁𝑝

(·) and the recursive

feasibility of 𝑃𝑁𝑝
(·). Nonetheless, these assumptions are insufficient to prove the existence of an

upper bound for 𝑉∗
𝑁𝑝

(·) in X𝑁𝑝
. As a consequence, we need to make a further assumption.

Assumption 1.5: Weak controllability

A function 𝛼(·) ∈ K∞ exists, such that

𝑉∗
𝑁𝑝

(𝑥) ≤ 𝛼(∥𝑥∥) ∀𝑥 ∈ X𝑁𝑝
.

Let us discuss the meaning of Assumption 1.5, as its impact on the MPC design process is non-

negligible. This assumption is limiting the operation of a TEC-MPC to all those states that can be

steered to the origin in 𝑁𝑝 steps and requires the cost of such movement to be bounded from above by

a K∞ function. While the second consequence is exactly what we wanted to obtain to close the proof

of stability of the TEC-MPC, the first consequence is a clear limitation of the currently discussed

scheme. As a matter of fact, the result of these considerations can be summarized in the following

two statements:
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• In order for a TEC-MPC to have the same region of attraction X𝑁𝑝
of a QIH-MPC, it is necessary

to impose a longer prediction horizon.

• In case of stabilizable but not controllable systems, a TEC-MPC cannot be correctly imple-

mented.

Remark 1.3
It is necessary to further discuss the last point of the previous bullet list. In particular, we want

to justify the possible inconsistencies between the here-presented theoretical concepts and the

results that one could get in practice when implementing a TEC-MPC. In fact, while it is true

that a stabilizable but uncontrollable system cannot get exactly to the origin in a finite number

of steps, a practical implementation of a TEC-MPC might still result to be feasible. This is

simply due to the fact that the available solvers evaluate equality constraints with a certain

tolerance.

Yet, the last bullet list should not suggest that MPC schemes with terminal equality constraint are rarely

used. In fact, they constitute a practical choice whenever the design of a QIH-MPC is troublesome.

Now that Assumption 1.5 has been formulated and discussed in detail, we are ready to introduce the

theorem that proves the recursive feasibility and the stabilizing properties of the TEC-MPC.

Theorem 1.2: Stability of the MPC with terminal equality constraint

Under Assumptions 1.1-1.5, the MPC for regulation with terminal equality constraint is recur-

sively feasible and the origin is asymptotically stable for the closed-loop system.

Proof. The same arguments used to prove the existence of a lower bound function for 𝑉∗
𝑁𝑝

(·), the

descent property of 𝑉∗
𝑁𝑝

(·) and the recursive feasibility of the controller can be taken from the Proof

of Theorem 1.1. The upper bound function is provided by Assumption 1.5, by which we have that

𝑉∗
𝑁𝑝

(𝑥) ≤ 𝛼(∥𝑥∥) ∀𝑥 ∈ X𝑁𝑝
.

As a consequence, it can be stated that the MPC for regulation with terminal equality constraint is

recursively feasible and the origin is asymptotically stable for the closed-loop system. ■

1.1.3 MPC for regulation with terminal cost function and without terminal constraint

In the last two subsections, we treated two valid and very common MPC schemes and showed both

their advantages and drawbacks. Nonetheless, we analyzed such formulations only from a “control

theorist’s point of view”, therefore focusing on the properties that a system must have to allow for the
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correct design of an MPC. Therefore, the main issues related to the MPC schemes presented in the

previous subsections can be shortened in the following list:

• A QIH-MPC is particularly hard to design when the linearization of the system at the origin is

not fully controllable.

• A TEC-MPC cannot be correctly implemented if the system is not controllable to the origin in

a finite number of steps.

However, in the real world the challenges related to the design and implementation of an MPC are not

limited to the properties of the system to be controlled. In fact, differently from the 1970s, MPC is

nowadays increasingly used for the control of processes with relatively fast dynamics, which require to

compute the control actions to be applied with high frequency. Consequently, even with the advanced

technological resources of today, it is crucial to investigate MPC formulations that require solving

simple optimization problems.

Among the actions that can be taken to reduce the time that is needed to solve the optimal control

problem inherent in MPC, we surely find (i) the employment of short prediction horizons, and (ii) a

thoughtful selection of the solver to be used to solve the optimization problem. Yet, in some contexts it

is possible to work on another factor that greatly influences the complexity of an optimization problem,

i.e. the constraints. Indeed, as explained at the beginning of Section 1.1, two of the main ingredients of

a constrained optimal control problem are the hard state constraint set X and the hard input constraint

set U. However, while the input constraints are practically always present, as they represent actuator

saturation levels or resource limits, it is not unlikely to find optimal control problems without state

constraints. As a consequence, in these cases the only constraints on the state predictions are the

stability-related terminal constraints, be they implemented as equality or inequality constraints. In

the following, we show under what conditions it is possible to drop such constraints, still keeping the

recursive feasibility and the stabilizing capabilities of the MPC. For further details about this topic,

we refer to [85].

First, the currently analyzed context is formulated in a mathematical way, so as to confirm the

consistency of the here-explained MPC scheme with the optimal control problem formulated in (1.3).

In particular,

X𝑓 = X,

while the choice of the terminal cost function 𝑉 𝑓 (·) is discussed later.

We are now ready to present the theoretical concepts about the MPC for regulation with terminal cost

function and without terminal constraint. In the following, for reasons that will become clear later
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in the text, we make use of a function 𝐹 : X → R≥0, which is then used to build the terminal cost

function 𝑉 𝑓 (·). The conditions that this function has to meet are listed in the following assumption.

Assumption 1.6: Locally stabilizing control law and CLF sublevel set invariance

There exists a locally stabilizing control law 𝜅 𝑓 (·), a function 𝐹 (·) and a set Ω such that:

• 𝐹 (𝑥) is a CLF that verifies 𝛼3(∥𝑥∥) ≤ 𝐹 (𝑥) ≤ 𝛼4(∥𝑥∥), where 𝛼3(·), 𝛼4(·) ∈ K;

• the set Ω is defined as Ω := {𝑥 ∈ R𝑛 : 𝐹 (𝑥) ≤ 𝜌}, with 𝜌 > 0;

• the control law 𝜅 𝑓 (·) is feasible for any 𝑥 ∈ Ω and is such that 𝐹
(
𝑓
(
𝑥, 𝜅 𝑓 (𝑥)

) )
− 𝐹 (𝑥) ≤

−ℓ
(
𝑥, 𝜅 𝑓 (𝑥)

)
.

Assumption 1.6 and 1.3 are similar, but it is important to note the following differences:

• Assumption 1.3 directly poses conditions on the terminal ingredients that have to be employed

in a QIH-MPC. On the contrary, Assumption 1.6 poses conditions on a set Ω that is not used in

a terminal inequality constraint, and requires 𝐹 (·) to meet some conditions even though, as will

be seen later, in the context of the currently treated MPC it is not always true that𝑉 𝑓 (𝑥) = 𝐹 (𝑥).

• While Assumption 1.3 does not impose the terminal region X𝑓 to have a particular shape,

Assumption 1.6 imposes Ω to be a sublevel set of 𝐹 (·).

We now make a further assumption on the stage cost function ℓ(·, ·).

Assumption 1.7: Stage cost function infimum outside Ω

There exist a function 𝛼ℓ (·) ∈ K and a constant 𝑑 > 0 such that:

1. ℓ(𝑥, 𝑢) ≥ 𝛼ℓ (∥𝑥∥) ∀𝑢 ∈ U;

2. ℓ(𝑥, 𝑢) > 𝑑, ∀𝑥 ∉ Ω and ∀𝑢 ∈ U.

Note that Assumption 1.7 is absolutely non-restrictive. De facto, it requires ℓ(·, ·) to be lower-bounded

exactly like in Assumption 1.4, but without posing conditions on the terminal cost function. Moreover,

given the lower bound 𝛼ℓ (·) and given that the origin is in the interior of Ω by Assumption 1.6, a

constant 𝑑 > 0 verifying Assumption 1.7 surely exists.

The constant 𝑑 is used in the next theorem not only to prove the stabilizing capability of the MPC with

terminal cost function and without terminal constraint, but also to provide the analytical formulation

of a positively invariant set for the closed-loop system.
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Theorem 1.3: Stability of the MPC with terminal cost function and without terminal

constraint

Under Assumptions 1.1, 1.2, 1.6 and 1.7, the MPC defined in (1.3), with 𝑁𝑝 ≥ 1, X𝑓 = X and

𝑉 𝑓 (·) = 𝐹 (·) is recursively feasible and the origin is asymptotically stable for the closed-loop

system starting from any initial state in

X̂𝑁𝑝
:=

{
𝑥 ∈ R𝑛 : 𝑉∗

𝑁𝑝
(𝑥) ≤ ℓ

(
𝑥, 𝜅𝑁𝑝

(𝑥)
)
+ (𝑁𝑝 − 1) · 𝑑 + 𝜌

}
.

Proof. The proof is provided in [85]. ■

Additionally, [85] presents further results that show how the domain of attraction of the MPC with

terminal cost function and without terminal constraint can be enlarged by employing a terminal cost

function 𝑉 𝑓 (·) = 𝜒𝐹 (·), with 𝜒 > 1.

As anticipated earlier in this subsection, an MPC without terminal constraint can prove useful to

reduce the computational burden of the optimization problem 𝑃𝑁𝑝
(·). Nevertheless, going back to

a control theorist’s perspective, it still requires to compute (offline) a terminal region Ω and a CLF

𝐹 (·) that maintain the main properties of the terminal ingredients introduced in Section 1.1.1. For

this reason, while the implementation of an MPC with terminal cost function and without terminal

constraint can provide the aforementioned computational advantages, the same limits of a QIH-MPC

are kept. In particular, we refer to the fact that, if the linearization of the system at the origin is not

fully controllable, the computation of Ω and 𝐹 (·) can still get challenging, if not impossible.

For this reason, in the next subsection we investigate an MPC scheme that makes use of no terminal

ingredients.

1.1.4 MPC for regulation without terminal ingredients

In the following, we briefly summarize the conditions under which an MPC without terminal ingredi-

ents can still be proved to be recursively feasible and to stabilize the closed-loop system, similarly as

done in [73]. In particular, details about such MPC formulation can be found in [55, Chapter 6].

First, as done also for the previously introduced schemes, we provide a mathematical definition of the

terminal ingredients that makes the here-presented MPC consistent with (1.3). In detail, we have that

X𝑓 = X,

𝑉 𝑓 (𝑥) = 0.

20



Model Predictive Control

The intuition behind this scheme comes from practical experience. Indeed, every MPC designer

is aware of the fact that, by choosing a sufficiently large prediction horizon 𝑁𝑝, an MPC without

terminal ingredients is often able to stabilize the closed-loop system. Nonetheless, it is crucial to

understand the conditions that a system must meet to allow for the implementation of such an MPC

and to quantitatively evaluate when a prediction horizon is “sufficiently large”.

The main assumption that has to be made is the following.

Assumption 1.8: Asymptotic controllability

There exist functions 𝛼𝑁𝑝
(·) ∈ K∞ such that, for each 𝑁𝑝 ≥ 1 and for every 𝑥 ∈ X, the following

inequality holds:

𝑉∗
𝑁𝑝

(𝑥) ≤ 𝛼𝑁𝑝
( inf
𝑢∈U

ℓ(𝑥, 𝑢)).

Assumption 1.8 ensures that, for any state 𝑥 ∈ X, an open-loop trajectory that asymptotically steers

the system state to the origin exists.

We now present the theorem that proves the stabilizing capabilities of MPC formulations without

terminal ingredients.

Theorem 1.4: Stability of the MPC for regulation without terminal ingredients

Under Assumptions 1.1, 1.2, 1.4 and 1.8, there exists a constant 𝑁0 > 0 such that, for any

prediction horizon 𝑁𝑝 > 𝑁0, the MPC defined in (1.3), with X𝑓 = X and 𝑉 𝑓 (·) = 0, is

recursively feasible and the origin is asymptotically stable for the closed-loop system starting

from any initial state in X.

Proof. The proof is provided in [55, Chapter 6]. ■

In the context of this book, we are not interested in delving into the details of how the constant 𝑁0 is

computed. We refer the reader to [55, Chapter 6] for such details.

By looking at Theorem 1.4, a difference that stands out compared to the theorems presented earlier

is that the domain of attraction is ensured to correspond to the entire state constraint set X. This

comes from the fact that Assumption 1.8 is quite stricter than the assumptions presented earlier, as

its conditions are required to hold for all the states 𝑥 ∈ X. Moreover, finding K∞ functions 𝛼𝑁𝑝
(·)

verifying Assumption 1.8 can be hard. This is why the result introduced in the current subsection is

of great importance, but allows us to conclude that, if possible, it is preferable to opt for the previously

introduced MPC schemes, which might render the optimization problem to be solved more complex,

but are based on assumptions that are easier to verify.
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1.2 MPC for tracking changing setpoints

In Section 1.1 we presented different state-of-the-art MPC schemes for regulation, analyzed under what

conditions they can stabilize the closed-loop system, and discussed their advantages and drawbacks.

Now, a different control problem is considered, i.e. the problem of tracking changing setpoints.

Before introducing the MPC schemes for tracking changing setpoints that inspired the works introduced

in this book, the context in which an MPC of this kind can prove useful is first examined. The control

of complex processes is usually carried out by means of a multi-layer control structure [138]. This

hierarchical structure is usually composed of the following elements:

• On the lowest level, we find the process to be controlled, with all its actuators and sensors.

• Immediately above, we find the low-level controllers that have to deal with the regulation of

the process, acting directly on its actuators. This task is usually accomplished by standard

controllers, e.g. Proportional-Integral-Derivative (PID) controllers, or by using Programmable

Logic Controllers (PLC).

• The upper level is usually filled by more advanced multivariable controllers, e.g. MPC, which

provide the needed references to the controllers of the lower level in order to keep the system at

the desired operating point. Nonetheless, given that today’s technological resources allow for

the solution of complex optimization problems in a short time, it may happen that this and the

lower level are merged and a single MPC is used to directly command the actuators.

• On the next level we find the real-time optimizer (RTO), which is responsible for finding

the best operating point that meets the desired economic and performance conditions and

the management requirements, ensuring that the found operating point is consistent with the

properties of the system model used inside the lower-level MPC. The target operating point is

usually given in the form of an output reference 𝑦𝑡 .

• On the top, we find the information management system (IMS), which groups data coming from

managers and from the company information technology (IT) systems to provide the information

that is needed by the RTO to select the desired operating point of the process.

A schematic view of this hierarchical structure can be seen in Figure 1. In this context, whenever

some conditions change, e.g. the cost of energy, the availability of resources, the production goal,

etc., the RTO is expected to provide a new target 𝑦𝑡 to the underlying MPC. Therefore, a question

that arises is whether the MPC schemes for regulation presented in Section 1.2 can still provide the
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controller(s) (MPC)

RTO
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Managers IT Systems

Figure 1: Hierarchical control structure where MPC is often employed.

previously mentioned stability guarantees and keep recursive feasibility. Unfortunately, the answer to

this question is negative, leading to the reference signal not being tracked correctly by the closed-loop

system [13, 110, 128]. In fact:

• A terminal region X𝑓 (or a positively invariant set Ω), a terminal cost function 𝑉 𝑓 (·) and a local

control law 𝜅 𝑓 (·) that verify all the needed conditions for a certain setpoint, might not verify the

same conditions for a different setpoint. One might be tempted to just translate the set X𝑓 (or

Ω) and center it in the new reference point, and reuse the same terminal cost function 𝑉 𝑓 (·) and

the same local control law 𝜅 𝑓 (·). However, 𝜅 𝑓 (·) might not be feasible in the new region, 𝑉 𝑓 (·)

might not behave as a local CLF and X𝑓 (or Ω) might lose its invariance property. Moreover,

given the new position of X𝑓 (or Ω), the previously chosen prediction horizon is not guaranteed

to be sufficiently large to allow for the terminal region to be reached within 𝑁𝑝 steps. As a

result, neither recursive feasibility nor stability of the closed-loop system can be ensured.

• In the case of regulation TEC-MPC schemes, a prediction horizon that ensures recursive fea-

sibility and stability for a certain reference point, might prove insufficient for a new setpoint.

Therefore, neither with such schemes the recursive feasibility and the stability of the closed-loop

system can be guaranteed when the setpoint changes.

The last considerations have led the scientific community to study new solutions that could deal with

changing setpoints without losing the stabilizing properties of a common MPC for regulation. A first
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solution to this issue can be found in dual-mode controllers, e.g. [26], which operate as regulators in

the neighborhood of the desired equilibrium, recovering feasibility whenever the setpoint is changed.

Another possible solution is given by MPC schemes that guarantee local stability and asymptotic

tracking of constant references, like in [94]. Another family of controllers that generated interest in

this context is provided by reference governors, e.g. [8, 13, 48], two-layer controllers that work as

follows: (i) the upper-level filter takes the real reference as input and, based on the knowledge of the

lower-level controller and of the system to be controlled, generates a modified (artificial) reference

that maintains the feasibility and stabilizing capabilities of the lower-level controller, then (ii) the

lower-level controller, designed as an unconstrained control law, is responsible for the stabilization of

the artificial reference.

Nonetheless, today’s state-of-the-art solutions for dealing with nonlinear systems and changing set-

points are often inspired by the MPC schemes introduced in [44, 84, 86] for the control of linear

systems. An interesting survey about nonlinear MPC schemes for tracking changing setpoints is given

in [77]. In particular, we would like to mention the methods proposed in [16, 28, 46, 90, 132]. The

intuition behind these schemes is simple; given that the issues that a changing setpoint can provide are

mainly due to inconsistencies between the setpoint and the system constraints, the terminal ingredients

losing their properties and the prediction horizon being insufficiently large, one could act as follows:

• A set of feasible setpoints is pre-selected offline and terminal ingredients verifying the conditions

explained in Section 1.2 for the entire set of feasible setpoints are designed.

• An artificial reference that belongs to the set of feasible setpoints is added to the optimal control

problem to be solved as a decision variable, consequently letting the MPC select a fictitious

setpoint that makes the optimization problem feasible.

• The cost function of the MPC is designed to penalize both the tracking error with respect to the

artificial reference and the deviation between such artificial reference and the real setpoint. In

particular, the latter requires the addition of an offset cost function.

Even from this qualitative description, it is possible to understand that an MPC designed in this way

always keeps its feasibility property. Indeed, the controller is always given the freedom to choose an

artificial reference that is close to the current system state. Another nice property of such schemes is

that the feasibility of the MPC is maintained also when the real setpoint is infeasible, as the controller

can still choose an artificial reference that is consistent with the system constraints. What this brief

description cannot clarify is whether these MPC formulations guarantee the closed-loop stability
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of the system. In particular, we would like the closed-loop system state to stabilize at the feasible

equilibrium that is the closest (with respect to some norm) to the real reference 𝑦𝑡 . The aim of the

following subsections is to formally provide the conditions under which this property is guaranteed. In

detail, we focus on the tracking MPC schemes for nonlinear systems presented in [90], which inspired

part of the contributions of this dissertation. Before going into the theoretical details of such methods,

the control problem to be solved is formulated in a formal way below.

We consider a nonlinear time-invariant discrete-time system described by the equations

𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘), 𝑢(𝑘)) ,

𝑦(𝑘) = ℎ (𝑥(𝑘), 𝑢(𝑘)) ,
(1.13)

where 𝑥 ∈ R𝑛 is the system state, 𝑢 ∈ R𝑚 is the system input, and 𝑦 ∈ R𝑝 is the system output. The

system state and input are subject to hard constraints, namely

𝑥(𝑘) ∈ X ⊂ R𝑛, 𝑢(𝑘) ∈ U ⊂ R𝑚,∀𝑘 ≥ 0. (1.14)

The equilibria of the system are such that

𝑥𝑠 = 𝑓 (𝑥𝑠, 𝑢𝑠) , (1.15a)

𝑦𝑠 = ℎ (𝑥𝑠, 𝑢𝑠) . (1.15b)

Before proceeding, a more concise notation for the constraints defined in (1.14) is introduced. Defining

the set Z := X ×U ⊂ R𝑛 × R𝑚, the constraints (1.14) rewrite as

(𝑥(𝑘), 𝑢(𝑘)) ∈ Z, ∀𝑘 ≥ 0.

Moreover, some assumptions that are shared by all the MPC for tracking schemes that are explained

next are provided below.

Assumption 1.9: Continuity of the state and output functions

The state and output functions 𝑓 (·, ·) and ℎ(·, ·) are continuous at any equilibrium point.

Assumption 1.10: Properties of the constraint sets

The sets X and U are closed and their interior is non-empty.

In particular, Assumption 1.10 ensures that also the setZ is closed and has a non-empty interior. While

Assumptions 1.9 and 1.10 recall Assumptions 1.1 and 1.2, which were provided at the beginning of

Section 1.1 and were employed to prove the stabilizing capabilities of several regulation MPC schemes,

25



Marco Polver

the tracking context requires us to make some further assumptions. In particular, given that tracking

problems usually require to find and stabilize the equilibrium (𝑥𝑡 , 𝑢𝑡) related to a certain output

reference 𝑦𝑡 , we must avoid any ambiguity and limit ourselves to the control of systems for which it is

impossible to find different equilibria providing the same output. Before formalizing this assumption,

let us define some sets that will be used later in the text.

As anticipated earlier, tracking MPC schemes require to build a priori a set of feasible setpoints. For

reasons that will be cleared later on, the equilibrium points corresponding to the feasible setpoints are

desired to be points with inactive constraints, namely they should belong to the set

Ẑ := {𝑧 ∈ Z : 𝑧 + 𝛿𝑧 ∈ Z, ∀𝛿𝑧 s.t. ∥𝛿𝑧∥ ≤ 𝜖} , (1.16)

where 𝜖 > 0 can be arbitrarily small, therefore allowing the points in Ẑ to be arbitrarily close to the

boundaries of Z. Then, the set of equilibrium states and inputs with inactive constraints is given by

Z𝑠 :=
{
(𝑥, 𝑢) ∈ Ẑ : 𝑥 = 𝑓 (𝑥, 𝑢)

}
, (1.17)

and the corresponding outputs belong to the set

Y𝑠 := {𝑦 = ℎ(𝑥, 𝑢) : (𝑥, 𝑢) ∈ Z𝑠} . (1.18)

Now that the aforementioned sets have been defined, we can formalize the anticipated assumption on

the output function ℎ(·, ·).

Assumption 1.11: Properties of the output function

The output function ℎ(·, ·) is such that, for any given 𝑦𝑠, there exists a unique equilibrium point

(𝑥𝑠, 𝑢𝑠) such that 𝑥𝑠 = 𝑓 (𝑥𝑠, 𝑢𝑠) and 𝑦𝑠 = ℎ(𝑥𝑠, 𝑢𝑠). Furthermore, there exist a locally Lipschitz

function 𝑔𝑥 : Y𝑠 → R𝑛 and a continuous function 𝑔𝑢 : Y𝑠 → R𝑚 such that

𝑥𝑠 = 𝑔𝑥 (𝑦𝑠), 𝑢𝑠 = 𝑔𝑢 (𝑦𝑠). (1.19)

Remark 1.4
A wide family of systems that verify Assumption 1.11 is that of systems described by functions

𝑓 (·, ·) and ℎ(·, ·) that are continuously differentiable and whose Jacobian matrix
(𝐴(𝑥𝑠, 𝑢𝑠) − 𝐼𝑛) 𝐵(𝑥𝑠, 𝑢𝑠)

𝐶 (𝑥𝑠, 𝑢𝑠) 𝐷 (𝑥𝑠, 𝑢𝑠)

 ,
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where

𝐴(𝑥𝑠, 𝑢𝑠) =
𝜕 𝑓 (𝑥, 𝑢)
𝜕𝑥

(𝑥𝑠, 𝑢𝑠), 𝐵(𝑥𝑠, 𝑢𝑠) =
𝜕 𝑓 (𝑥, 𝑢)
𝜕𝑢

(𝑥𝑠, 𝑢𝑠),

𝐶 (𝑥𝑠, 𝑢𝑠) =
𝜕ℎ(𝑥, 𝑢)
𝜕𝑥

(𝑥𝑠, 𝑢𝑠), 𝐷 (𝑥𝑠, 𝑢𝑠) =
𝜕ℎ(𝑥, 𝑢)
𝜕𝑢

(𝑥𝑠, 𝑢𝑠),

is non-singular for all (𝑥𝑠, 𝑢𝑠) ∈ Z𝑠.

We are now ready to provide a generic formulation of the optimal control problem that has to be solved

at each instant 𝑘 ≥ 0, here denoted as 𝑃𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡) and considered to have control and prediction

horizons such that 𝑁𝑐 < 𝑁𝑝:

min
(u(𝑘),𝑦𝑠 (𝑘))

𝑉𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡 , u(𝑘), 𝑦𝑠 (𝑘)) :=

𝑁𝑐−1∑︁
𝑗=0

ℓ (𝑥( 𝑗 |𝑘) − 𝑥𝑠 (𝑘), 𝑢( 𝑗 |𝑘) − 𝑢𝑠 (𝑘))

+
𝑁𝑝−1∑︁
𝑗=𝑁𝑐

ℓ
(
𝑥( 𝑗 |𝑘)−𝑥𝑠 (𝑘), 𝜅 𝑓 (𝑥( 𝑗 |𝑘), 𝑦𝑠 (𝑘))−𝑢𝑠 (𝑘)

)
+𝑉 𝑓

(
𝑥(𝑁𝑝 |𝑘) − 𝑥𝑠 (𝑘), 𝑦𝑠 (𝑘)

)
+𝑉𝑂 (𝑦𝑠 (𝑘) − 𝑦𝑡)

(1.20a)

subject to :

𝑥(0|𝑘) = 𝑥(𝑘), (1.20b)

𝑥( 𝑗 |𝑘) = 𝑓 (𝑥( 𝑗 − 1|𝑘), 𝑢( 𝑗 − 1|𝑘)) ,∀ 𝑗 ∈ [1, 𝑁𝑐], (1.20c)

𝑥( 𝑗 |𝑘) = 𝑓
(
𝑥( 𝑗 − 1|𝑘), 𝜅 𝑓 (𝑥( 𝑗 − 1|𝑘), 𝑦𝑠 (𝑘))

)
,∀ 𝑗 ∈ [𝑁𝑐 + 1, 𝑁𝑝], (1.20d)

(𝑥( 𝑗 |𝑘), 𝑢( 𝑗 |𝑘)) ∈ Z,∀ 𝑗 ∈ [0, 𝑁𝑐 − 1], (1.20e)(
𝑥( 𝑗 |𝑘), 𝜅 𝑓 (𝑥( 𝑗 |𝑘), 𝑦𝑠 (𝑘))

)
∈ Z,∀ 𝑗 ∈ [𝑁𝑐, 𝑁𝑝 − 1], (1.20f)

𝑥𝑠 (𝑘) = 𝑔𝑥 (𝑦𝑠 (𝑘)), 𝑢𝑠 (𝑘) = 𝑔𝑢 (𝑦𝑠 (𝑘)), (1.20g)(
𝑥(𝑁𝑝 |𝑘), 𝑦𝑠 (𝑘)

)
∈ T . (1.20h)

In detail:

• u(𝑘) := {𝑢(0|𝑘), . . . , 𝑢(𝑁𝑐 − 1|𝑘)} is the control sequence to be optimized, together with the

artificial reference 𝑦𝑠 (𝑘);

• 𝜅 𝑓 (·, ·) is a local control law whose properties will be clarified later;

• 𝑁𝑝 ∈ N \ {0} is the prediction horizon and 𝑁𝑐 ∈ {1, . . . , 𝑁𝑝} is the control horizon;
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• (1.20a) is the cost function that represents the control goal, and its main ingredients are the

stage cost function ℓ(·, ·), the (possible) terminal cost function𝑉 𝑓 (·) and the offset cost function

𝑉𝑂 (·);

• (1.20b) imposes the initial condition 𝑥(0|𝑘) to be equal to the current state 𝑥(𝑘);

• (1.20c) and (1.20d) impose the predictions 𝑥( 𝑗 |𝑘) to be consistent with the system dynamics,

defined by the function 𝑓 (·, ·);

• (1.20e) and (1.20f) impose the state predictions 𝑥( 𝑗 |𝑘) and the chosen control actions 𝑢( 𝑗 |𝑘) to

verify the state and input constraints;

• (1.20g) explicates the relationship between the value taken by the artificial reference 𝑦𝑠 (𝑘) and

the corresponding equilibrium point (𝑥𝑠 (𝑘), 𝑢𝑠 (𝑘));

• (1.20h) is the terminal constraint for tracking to be imposed on the terminal state 𝑥(𝑁𝑝 |𝑘) and

the artificial reference 𝑦𝑠 (𝑘) for stability reasons.

The optimal control sequence resulting from the solution of 𝑃𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡) is hereafter denoted as

(u0(𝑥(𝑘), 𝑦𝑡), 𝑦0
𝑠 (𝑥(𝑘), 𝑦𝑡)), or (u0(𝑘), 𝑦0

𝑠 (𝑘)) for brevity, where

u0(𝑘) =
{
𝑢0(0|𝑘), . . . , 𝑢0(𝑁𝑐 − 1|𝑘)

}
,

while the optimal value of the cost function given by (u0(𝑘), 𝑦0
𝑠 (𝑘)) is 𝑉0

𝑁𝑝
(𝑥(𝑘), 𝑦𝑡) :=

𝑉𝑁𝑝
(𝑥(𝑘), 𝑦𝑡 , u0(𝑘), 𝑦0

𝑠 (𝑘)). The control law implied by this MPC scheme is defined as

𝜅𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡) := 𝑢0(0|𝑘).

Problem (1.20) shows some differences with respect to (1.3). In detail, 𝑉0
𝑁𝑐 ,𝑁𝑝

(𝑥, 𝑦𝑡) is also a function

of 𝑦𝑡 . This is obvious, as the optimal solution to 𝑃𝑁𝑐 ,𝑁𝑝
(𝑥, 𝑦𝑡) has to depend on the current reference

𝑦𝑡 . Nevertheless, 𝑦𝑡 only appears in the cost function (1.20a), while the constraints (1.20b)-(1.20h)

do not depend on 𝑦𝑡 . For this reason, there surely exists a region of attraction X𝑁𝑐 ,𝑁𝑝
⊆ R𝑛 where

𝑃𝑁𝑐 ,𝑁𝑝
(𝑥, 𝑦𝑡) is feasible for all 𝑦𝑡 ∈ R𝑝. The control law 𝜅 𝑓 (·, 𝑦𝑠) plays a similar role to the local

control law 𝜅 𝑓 (·) considered for the computation of the terminal ingredients of a standard MPC for

regulation, but is considered to be a function of both the state 𝑥 and the artificial reference 𝑦𝑠. One

aspect of the notation that the reader may have noticed is that we are now using 0 as a superscript

when referring to optimal values obtained by solving 𝑃𝑁𝑐 ,𝑁𝑝
(𝑥, 𝑦𝑡), while in Section 1.1 we used the

character *. To understand the motivation of this change it is necessary to anticipate some concepts.

Indeed, in tracking MPC schemes with artificial references there is a difference between the best

admissible steady output 𝑦∗𝑠 and the artificial steady output 𝑦0
𝑠 that is selected at each instant 𝑘 by the
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MPC itself. Moreover, the closed-loop stability proofs exploit Lyapunov functions whose argument

is 𝑥(𝑘) − 𝑥0
𝑠 (𝑘), namely the deviation of the current state from the artificial steady state chosen by

the MPC, and then show how such Lyapunov functions can also prove the convergence to the best

admissible steady state 𝑥∗𝑠 .

Next, we provide the conditions under which MPC schemes for tracking with different terminal

ingredients ensure recursive feasibility and stability of the best admissible equilibrium. In detail, (i)

we first discuss the MPC for tracking with terminal inequality constraint and terminal cost function,

(ii) then we introduce the MPC for tracking with terminal equality constraint, and (iii) finally we

present the MPC for tracking without terminal constraint and with terminal cost function.

1.2.1 MPC for tracking changing setpoints with terminal inequality constraint and terminal

cost function

Similarly to what was done in Section 1.1.1, we here analyze the conditions that an MPC for tracking

with terminal inequality constraint and terminal cost function must meet to ensure the stability of

the closed-loop system. However, given that the terminal constraint set T used in (1.20h) defines a

constraint on both the terminal state and the artificial reference 𝑦𝑠, such set is first discussed below.

In [90], T is referred to as invariant set for tracking, the definition of which is given next.

Definition 1.1: Invariant set for tracking

Given a constraint set Z, a set of feasible setpoints Y𝑡 ⊆ Y𝑠 and a local control law 𝜅 𝑓 (𝑥, 𝑦𝑠),

a set T ⊂ R𝑛 × R𝑝 is an admissible invariant set for tracking for system (1.13) if, for all

(𝑥, 𝑦𝑠) ∈ T , the local control law 𝜅 𝑓 (𝑥, 𝑦𝑠) is feasible and
(
𝑓
(
𝑥, 𝜅 𝑓 (𝑥, 𝑦𝑠)

)
, 𝑦𝑠

)
∈ T .

For a better understanding of what an invariant set for tracking is, considering an augmented system

whose state 𝑥𝑎 is given by (𝑥, 𝑦𝑠), the dynamics of this system can be assumed to write as
𝑥(𝑘 + 1) = 𝑓

(
𝑥(𝑘), 𝜅 𝑓 (𝑥(𝑘), 𝑦𝑠 (𝑘))

)
𝑦𝑠 (𝑘 + 1) = 𝑦𝑠 (𝑘)

Then, T is nothing but a positively invariant set for the augmented system, i.e. a set of initial states

𝑥 and references 𝑦𝑠 such that, considering the reference 𝑦𝑠 to be constant, provide an admissible

evolution of the closed-loop system under the local control law 𝜅 𝑓 (𝑥, 𝑦𝑠).

We can now list the assumptions that the terminal ingredients and the cost function must verify to

guarantee recursive feasibility and closed-loop stability.
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Assumption 1.12: Terminal ingredient properties

The control law 𝜅 𝑓 (·, ·), the terminal cost function𝑉 𝑓 (·, ·) and the set T must fulfill the following

conditions:

1. The set T is an invariant set for tracking for the system 𝑥(𝑘 +1) = 𝑓
(
𝑥(𝑘), 𝜅 𝑓 (𝑥(𝑘), 𝑦𝑠)

)
.

2. The control law 𝜅 𝑓 (𝑥(𝑘), 𝑦𝑠) is continuous at (𝑥𝑠, 𝑦𝑠) for all 𝑦𝑠 ∈ Y𝑡 and such that the

equilibrium (𝑥𝑠, 𝑢𝑠), with 𝑥𝑠 = 𝑔𝑥 (𝑦𝑠) and 𝑢𝑠 = 𝑔𝑢 (𝑦𝑠), is asymptotically stable for the

system 𝑥(𝑘 + 1) = 𝑓
(
𝑥(𝑘), 𝜅 𝑓 (𝑥(𝑘), 𝑦𝑠)

)
, for all (𝑥, 𝑦𝑠) ∈ T .

3. The terminal cost function 𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) is a CLF for the system 𝑥(𝑘 + 1) =

𝑓
(
𝑥(𝑘), 𝜅 𝑓 (𝑥(𝑘), 𝑦𝑠)

)
in T , i.e.

𝑉 𝑓
(
𝑓
(
𝑥, 𝜅 𝑓 (𝑥, 𝑦𝑠)

)
−𝑥𝑠, 𝑦𝑠

)
−𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) ≤−ℓ

(
𝑥 − 𝑥𝑠, 𝜅 𝑓 (𝑥, 𝑦𝑠) − 𝑢𝑠

)
.

Assumption 1.13: Stage cost function and terminal cost function bounds

There exist a K∞ function 𝛼ℓ (·) and real constants 𝑏 > 0 and 𝜎 > 1 that verify the following

conditions:

ℓ(𝑥, 𝑢) ≥ 𝛼ℓ (∥𝑥∥), ∀(𝑥, 𝑢) ∈ R𝑛 × R𝑚,

𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) ≤ 𝑏∥𝑥 − 𝑥𝑠∥𝜎, ∀(𝑥, 𝑦𝑠) ∈ T .

Assumption 1.12 represents a tracking version of Assumption 1.3, which lists the properties that the

terminal ingredients of an MPC for regulation must have. The main difference resides in the fact

that such conditions are required to be met for any output reference in a pre-defined set Y𝑡 , which

translates in the need of designing a control law 𝜅 𝑓 (·, ·) that stabilizes any equilibrium point defined

by the feasible setpoints in Y𝑡 . Assumption 1.13 is instead similar to Assumption 1.4. As a matter of

fact, the only notable difference is that Assumption 1.13 imposes the upper bound of𝑉 𝑓 (·, ·) to belong

to the family of power functions with power exponent greater than 1. This is stricter than requiring

𝑉 𝑓 (·, ·) to be upper-bounded by any K∞ function, yet it is compatible with the design choices that are

usually made in the MPC design process, as the terminal cost function is often designed as a quadratic

function.

As anticipated earlier, tracking MPC schemes require to add an offset cost function to the usual MPC

cost function, and also to pre-select the set Y𝑡 of feasible setpoints. For these reasons, the next

assumption provides the conditions that such offset cost function and feasible setpoint set must fulfill.
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Assumption 1.14: Properties of the offset cost function and the feasible setpoint set

The feasible setpoint set Y𝑡 and the offset cost function 𝑉𝑂 (·) are such that:

1. Y𝑡 is a convex subset of Y𝑠.

2. 𝑉𝑂 : R𝑝 → R≥0 is a sub-differentiable convex positive definite function with a unique

minimizer 𝑦∗𝑠 = arg min𝑦𝑠∈Y𝑡
𝑉𝑂 (𝑦𝑠 − 𝑦𝑡).

3. There exists a function 𝛼𝑂 (·) ∈ K∞ such that

𝑉𝑂 (𝑦𝑠 − 𝑦𝑡) −𝑉𝑂 (𝑦∗𝑠 − 𝑦𝑡) ≥ 𝛼𝑂 (∥𝑦𝑠 − 𝑦∗𝑠 ∥) ∀𝑦𝑠 ∈ Y𝑡 .

Assumption 1.14 is not particularly restrictive. Indeed, if the set Y𝑠 is convex, the feasible setpoint set

can be directly set as Y𝑡 = Y𝑠. Moreover, the conditions on 𝑉𝑂 (·) can be easily met by employing a

norm function as offset cost function.

The next theorem ensures the recursive feasibility and stabilizing capabilities of the MPC for tracking

with terminal inequality constraint and terminal cost function.

Theorem 1.5: Stability of the MPC for tracking with terminal inequality constraint and

terminal cost function

Under Assumptions 1.9-1.14 and considering a constant setpoint 𝑦𝑡 ∈ R𝑝, the MPC for tracking

with terminal inequality constraint and terminal cost function is recursively feasible, the closed-

loop system is stable, fulfills the constraints ∀𝑘 ≥ 0, and converges to an equilibrium point such

that:

1. if 𝑦𝑡 ∈ Y𝑡 , then lim𝑘→∞ ∥𝑦(𝑘) − 𝑦𝑡 ∥ = 0;

2. if 𝑦𝑡 ∉ Y𝑡 , then lim𝑘→∞ ∥𝑦(𝑘) − 𝑦∗𝑠 ∥ = 0, where 𝑦∗𝑠 = arg min𝑦𝑠∈Y𝑡
𝑉𝑂 (𝑦𝑠 − 𝑦𝑡).

Proof. The proof is provided in [90, Proof of Theorem 1] and here briefly sketched.

Starting from a state 𝑥(𝑘) such that 𝑃𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡) is feasible and the optimal solution is given by

(u0(𝑘), 𝑦0
𝑠 (𝑘)), a feasible solution to 𝑃𝑁𝑐 ,𝑁𝑝

(𝑥(𝑘 +1), 𝑦𝑡) is given by the couple (u+(𝑘 +1), 𝑦+𝑠 (𝑘 +1)),

where 𝑦+𝑠 (𝑘+1) = 𝑦0
𝑠 (𝑘) and u+(𝑘+1) := {𝑢0(1|𝑘), . . . , 𝑢0(𝑁𝑐−1|𝑘), 𝜅 𝑓 (𝑥0(𝑁𝑐 |𝑘), 𝑦0

𝑠 (𝑘))}, therefore

proving recursive stability.

The asymptotic stability of the best admissible equilibrium (𝑥∗𝑠 , 𝑢∗𝑠) is proved by showing that the

function𝑊 (𝑥, 𝑦𝑡) := 𝑉0
𝑁𝑐 ,𝑁𝑝

(𝑥, 𝑦𝑡) −𝑉𝑂 (𝑦∗𝑠 − 𝑦𝑡) is a Lyapunov function for the closed-loop system in a

neighborhood of the equilibrium point. Therefore, a lower and an upper bound are found for𝑊 (𝑥, 𝑦𝑡)
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using standard arguments, while the descent property of 𝑊 (𝑥, 𝑦𝑡) is proved in a different way than

usual. Indeed, it is found that𝑊 (𝑥(𝑘 + 1), 𝑦𝑡) −𝑊 (𝑥(𝑘), 𝑦𝑡) ≤ −𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 ∥), which only proves

that 𝑥0
𝑠 is an asymptotically stable equilibrium, as 𝑥∗𝑠 does not appear in the inequality. Nonetheless,

such descent property leads to

lim
𝑘→∞

∥𝑥(𝑘) − 𝑥0
𝑠 (𝑥(𝑘), 𝑦𝑡)∥ = 0,

which is proved to imply

lim
𝑘→∞

∥𝑥(𝑘) − 𝑥∗𝑠 ∥ = 0,

meaning that the closed-loop system converges to best admissible steady-state 𝑥∗𝑠 . ■

The result shown in Theorem 1.5 is important and is based on assumptions that are not much different

from those that ensure the stabilizing capability of a regulation QIH-MPC. However, the similarities

between the assumptions of such schemes causes the here-presented MPC for tracking to inherit also

the disadvantages of the previously treated QIH-MPC. Consequently, if the system is controllable but

makes the computation of the terminal ingredients difficult, one could consider to opt for an MPC for

tracking with terminal equality constraint.

1.2.2 MPC for tracking changing setpoints with terminal equality constraint

Designing an MPC for tracking changing setpoints with terminal equality constraint is equivalent to

employing the MPC defined in (1.20) and setting the terminal ingredients as

T = {𝑔𝑥 (𝑦𝑠)} × Y𝑡 ,

𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) = 0.

Such terminal ingredients read as follows: the artificial reference 𝑦𝑠 is still allowed to take values

in Y𝑡 , while the terminal state is imposed to be exactly equal to 𝑥𝑠 = 𝑔𝑥 (𝑦𝑠). Moreover, given that

defining a locally stabilizing control law 𝜅 𝑓 (·, ·) is quite unusual in MPC schemes with terminal

equality constraint, as it should guarantee to reach the desired equilibrium in a finite number of steps,

it is convenient to set 𝑁𝑐 = 𝑁𝑝.

Even though the tracking context is different from the regulation one, the correct usage of a terminal

equality constraint still requires a controllability assumption, which is formalized next.
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Assumption 1.15: Controllability of the system

The function 𝑓 (𝑥, 𝑢) is differentiable at any equilibrium point (𝑥𝑠, 𝑢𝑠) ∈ Z𝑠 and the cou-

ple (𝐴(𝑥𝑠, 𝑢𝑠), 𝐵(𝑥𝑠, 𝑢𝑠)) obtained by linearizing the model is controllable ∀(𝑥𝑠, 𝑢𝑠) ∈ Z𝑠.

Furthermore, there exist real constants 𝜖, 𝑏 > 0 and 𝜎 > 1 such that

𝑁𝑝−1∑︁
𝑗=0

ℓ (𝑥( 𝑗 |𝑘) − 𝑥𝑠, 𝑢( 𝑗 |𝑘) − 𝑢𝑠) ≤ 𝑏∥𝑥 − 𝑥𝑠∥𝜎

is verified for any feasible solution (u, 𝑦𝑠) of 𝑃𝑁𝑝
(𝑥, 𝑦𝑡) such that ∥𝑥 − 𝑥𝑠∥ ≤ 𝜖 and ∥𝑢( 𝑗 |𝑘) −

𝑢𝑠∥ ≤ 𝜖 .

The conditions of Assumption 1.15 are met, for example, if the stage cost function is quadratic and

the linearized model at each equilibrium point is controllable.

We are now ready to introduce the theorem that ensures the recursive feasibility and the stabilizing

capabilities of the MPC for tracking with terminal equality constraint.

Theorem 1.6: Stability of the MPC for tracking with terminal equality constraint

Under Assumptions 1.9, 1.10, 1.11, 1.14 and 1.15, and considering a constant setpoint 𝑦𝑡 ∈ R𝑝,

the MPC for tracking with terminal equality constraint with 𝑁𝑐 = 𝑁𝑝 ≥ 𝑛 is recursively feasible,

the closed-loop system is stable, fulfills the constraints ∀𝑘 ≥ 0, and converges to an equilibrium

point such that:

1. if 𝑦𝑡 ∈ Y𝑡 , then lim𝑘→∞ ∥𝑦(𝑘) − 𝑦𝑡 ∥ = 0;

2. if 𝑦𝑡 ∉ Y𝑡 , then lim𝑘→∞ ∥𝑦(𝑘) − 𝑦∗𝑠 ∥ = 0, where 𝑦∗𝑠 = arg min𝑦𝑠∈Y𝑡
𝑉𝑂 (𝑦𝑠 − 𝑦𝑡).

Proof. The proof is provided in [90, Proof of Theorem 2]. However, consistently with standard MPC

theory, the proof mainly aims at exploiting Assumption 1.15 to prove that an upper bound for the

function 𝑊 (𝑥, 𝑦𝑡) defined in the Proof of Theorem 1.5 exists also in the terminal equality constraint

setup. Recursive feasibility, as well as the descent property of 𝑊 (𝑥, 𝑦𝑡) and the existence of a lower

bound, are proved by following the same arguments of the Proof of Theorem 1.5. ■

1.2.3 MPC for tracking changing setpoints with terminal cost function and without terminal

constraint

In cases in which the computation of a terminal cost function 𝑉 𝑓 (·, ·) that behaves as a CLF and a

control law 𝜅 𝑓 (·, ·) stabilizing all the desired equilibria is possible, but it is sensible not to impose a
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terminal constraint, an alternative to the MPC for tracking with terminal equality constraint is given

by MPC schemes for tracking with terminal cost function and without terminal constraint. In this

context, the same optimal control problem in (1.20) can be solved by defining T as

T = X ×Y𝑡 .

Therefore, the terminal state is just required to verify the state constraints and the artificial reference

𝑦𝑠 is still allowed to take all the possible values in Y𝑡 .

Consistently with the theory presented in Section 1.1.3, which inspired the MPC explained in the

current subsection, we make the next assumptions.

Assumption 1.16: Locally stabilizing control law and CLF sublevel set invariance

There exist a control law 𝜅 𝑓 (·, ·), a function 𝐹 (·, ·) and a set Ω that fulfill the following

conditions:

1. The set Ω :=
{
(𝑥, 𝑦𝑠) : 𝑉 𝑓 (𝑥 − 𝑔𝑥 (𝑦𝑠), 𝑦𝑠) ≤ 𝜌, 𝑦𝑠 ∈ Y𝑡

}
, with 𝜌 > 0, is an invariant set

for tracking for the system 𝑥(𝑘 + 1) = 𝑓
(
𝑥(𝑘), 𝜅 𝑓 (𝑥(𝑘), 𝑦𝑠)

)
.

2. The control law 𝜅 𝑓 (𝑥(𝑘), 𝑦𝑠) is continuous at (𝑥𝑠, 𝑦𝑠) for all 𝑦𝑠 ∈ Y𝑡 and such that the

equilibrium (𝑥𝑠, 𝑢𝑠), with 𝑥𝑠 = 𝑔𝑥 (𝑦𝑠) and 𝑢𝑠 = 𝑔𝑢 (𝑦𝑠), is asymptotically stable for the

system 𝑥(𝑘 + 1) = 𝑓
(
𝑥(𝑘), 𝜅 𝑓 (𝑥(𝑘), 𝑦𝑠)

)
, for all (𝑥, 𝑦𝑠) ∈ Ω.

3. The function 𝐹 (𝑥 − 𝑥𝑠, 𝑦𝑠) is a CLF for the system 𝑥(𝑘 + 1) = 𝑓
(
𝑥(𝑘), 𝜅 𝑓 (𝑥(𝑘), 𝑦𝑠)

)
in

Ω, i.e.

𝐹
(
𝑓
(
𝑥, 𝜅 𝑓 (𝑥, 𝑦𝑠)

)
− 𝑥𝑠, 𝑦𝑠

)
− 𝐹 (𝑥 − 𝑥𝑠, 𝑦𝑠) ≤ −ℓ

(
𝑥 − 𝑥𝑠, 𝜅 𝑓 (𝑥, 𝑦𝑠) − 𝑢𝑠

)
.

Assumption 1.17: Stage cost function infimum outside Ω

There exists a constant 𝑑 > 0 such that for any 𝑦𝑠 ∈ Y𝑡 we have that ℓ(𝑥−𝑔𝑥 (𝑦𝑠), 𝑢−𝑔𝑢 (𝑦𝑠)) > 𝑑,

∀𝑥 ∉ Ω and ∀𝑢 ∈ U.

In particular, Assumption 1.16 is equivalent to Assumption 1.12, but does not require the CLF 𝐹 (·, ·)

and the invariant set for tracking Ω to be used as terminal cost function and terminal set.

Given the knowledge of Ω, 𝜌 and 𝑑, we can now present the theorem that ensures recursive feasibility

and the stabilizing capabilities of the MPC for tracking with terminal cost function and without

terminal constraint.
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Theorem 1.7: Stability of the MPC for tracking with terminal cost function and without

terminal constraint

Under Assumptions 1.9, 1.10, 1.11, 1.14, 1.16 and 1.17, considering a constant setpoint 𝑦𝑡 ∈ R𝑝

and employing a terminal cost function 𝑉 𝑓 (·, ·) = 𝜒𝐹 (·, ·), with 𝜒 ≥ 1, for any initial condition

𝑥 ∈
{
𝑥 : 𝑉0

𝑁𝑐 ,𝑁𝑝
(𝑥, 𝑦𝑡) −𝑉𝑂 (𝑦∗𝑠 − 𝑦𝑡) ≤ 𝑁𝑝𝑑 + 𝜒𝜌

}
, the MPC for tracking with terminal cost

function and without terminal constraint is recursively feasible, the closed-loop system is stable,

fulfills the constraints ∀𝑘 ≥ 0, and converges to an equilibrium point such that:

1. if 𝑦𝑡 ∈ Y𝑡 , then lim𝑘→∞ ∥𝑦(𝑘) − 𝑦𝑡 ∥ = 0;

2. if 𝑦𝑡 ∉ Y𝑡 , then lim𝑘→∞ ∥𝑦(𝑘) − 𝑦∗𝑠 ∥ = 0, where 𝑦∗𝑠 = arg min𝑦𝑠∈Y𝑡
𝑉𝑂 (𝑦𝑠 − 𝑦𝑡).

Proof. The proof is provided in [90, Proof of Theorem 2]. ■

1.3 Robust MPC

Sections 1.1 and 1.2 treat MPC schemes that accomplish two different control goals, i.e. the regulation

to a feasible equilibrium of the system and the tracking of a changing (and potentially infeasible)

setpoint. As we have seen, the difference in the aim of such MPC formulations results in a different

structure of the optimal control problem to be solved. Nonetheless, the MPC schemes that we have

analyzed share an important underlying hypothesis: there are no mismatches between the system

equations and the model used to make predictions, and there are no external disturbances acting on

the system. This hypothesis has a huge impact on the structure of the optimal control problem to be

solved and on the feasibility and stability properties of the MPC. In particular:

• Imposing that the state predictions verify the constraints is sufficient to ensure that the closed-

loop system state also verifies the constraints.

• Proving recursive feasibility is relatively simple. Indeed, given a certain time instant 𝑘 , an initial

condition 𝑥(𝑘), a feasible control sequence obtained from the solution to an MPC (be it a regu-

lation or tracking MPC) u(𝑘), and the predicted state trajectory x̂(𝑘) =
{
𝑥(1|𝑘), . . . , 𝑥(𝑁𝑝 |𝑘)

}
,

we have that 𝑥(𝑘 + 1) = 𝑥(1|𝑘). This equality is fundamental, as it allows us to easily find a

candidate feasible control sequence u+(𝑘 + 1) for the solution of the optimal control problem at

time 𝑘 + 1.
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• It is possible to prove that the closed-loop system is asymptotically stable, i.e. that the optimal

cost function of the MPC is a Lyapunov function. Specifically, it is not hard to prove the descent

property of such function.

A question that arises is what happens when such hypothesis is false, considering that in reality it is

practically impossible to have no model mismatches and disturbances. Before continuing this discus-

sion, a linguistic simplification is made. Indeed, with a little abuse of language, model mismatches

and external disturbances are referred to as “perturbations”.

A mathematical formulation of the problem is provided below. Considering a time-invariant discrete-

time system described by the equation

𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘), 𝑢(𝑘), 𝑤(𝑘)) , (1.21)

where 𝑥 ∈ R𝑛 is the system state, 𝑢 ∈ R𝑚 is the system input, and 𝑤 ∈ W ⊆ R𝑟 is the perturbation

acting on the system. The system state and input are subject to hard constraints, namely

𝑥(𝑘) ∈ X ⊂ R𝑛, 𝑢(𝑘) ∈ U ⊂ R𝑚,∀𝑘 ≥ 0. (1.22)

Hence, can a standard MPC deal with the perturbation 𝑤 ∈ W, or is it necessary to act differently?

It depends. If W is unbounded there is no possibility for an MPC (and for any other control law) to

ensure constraint satisfaction for all the possible perturbation realizations. In such cases, it is common

to ensure constraint satisfaction with a certain probability. This is the field of stochastic MPC, which

we do not address. For details about generic stochastic MPC schemes, we refer to [126, Section 3.7],

[71, Part 3] and [121], while an example of stochastic MPC for tracking (for linear systems) is given

in [41]. Another common case is that of a bounded perturbation set W. In this case, as pointed out

in [126, Section 3.2] and [111], if the perturbations are sufficiently small, a standard MPC maintains

its recursive feasibility in a subset of the nominal region of attraction. However, asymptotic stability

cannot be ensured. This is obvious, as the presence of perturbations preclude any controller from

steering the system state to an exact point. The best we can do is guaranteeing that the effect of

bounded perturbations on the system state is bounded, a condition that allows us to prove that the

closed-loop system state converges to a small neighborhood of the desired equilibrium. This is the

fundamental concept behind input-to-state stability, briefly summarized in the Appendix A.5 and for

which we refer to [87].

Nevertheless, analyzing the inherent robustness of standard MPC schemes often turns out to be less

convenient than directly synthesizing an MPC that is robust by design. Indeed, the perturbation bounds

are usually not chosen, but are given by the context. Consequently, we are often more interested in
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designing predictive controllers that are robust with respect to perturbations that meet pre-determined

bounds than in analyzing the inherent robustness of a standard MPC and checking that the found

robustness limits are consistent with the pre-determined perturbation bounds. This is why the robust

MPC research strand was born.

Before introducing the main robust MPC formulations, let us address some concepts that will prove

useful for their understanding. It is well known that, when there are no perturbations on the system

to be controlled, open-loop control and feedback control provide the same performances. Feedback

controllers become much more sensible in the presence of perturbations, as these can be counteracted

whenever the loop is closed. This idea can also be leveraged inside MPC. The MPC setups shown in

Sections 1.1 and 1.2 belong to the wider family of open-loop MPC, as they optimize over a sequence

of control actions. As we will see, most robust MPC formulations belong to the family of feedback

MPC, namely they aim at finding a sequence of control laws that minimizes a performance index.

Minimizing over a sequence of control laws is beneficial from a control perspective, as it allows the

MPC to significantly reduce the effect of perturbations on the closed-loop performances. However,

an optimal control problem involving a sequence of control laws as decision variable is an infinite-

dimensional problem, which cannot be solved. Thus, it is necessary to give up optimality in favor of

the solvability of the problem, enforcing the sequence of control laws to belong to a smaller family of

parameterized laws, and allowing the MPC to optimize over their parameters [126, Section 3.1].

Remark 1.5
A common parameterized feedback control law that is used in feedback MPC schemes is given

by linear controllers of the kind

𝑢 = 𝐾 (𝑥 − 𝑥𝑠) + 𝑣,

where 𝐾 is the feedback gain, 𝑥𝑠 is the equilibrium to be stabilized and 𝑣 is a decision variable.

The gain 𝐾 is usually designed to make the linearization of the system at 𝑥𝑠 asymptotically

stable.

We are now ready to introduce the two main approaches that are used to build a robust MPC, namely

min-max MPC and tube-based MPC.

Min-max MPC schemes ensure robustness by computing the sequence of control laws (or control ac-

tions) that minimizes the worst-case performance index, i.e. the performance index is maximized with

respect to the perturbation sequence and minimized with respect to the control sequence. Furthermore,

the control sequence is chosen to verify the problem constraints under all the possible perturbation

realizations. We refer to [120] for an overview of the stabilizing capabilities of min-max MPC schemes
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for nonlinear systems. Examples of min-max regulation setups for both linear and nonlinear systems

can be found in [1, 14, 39, 40, 65, 70, 80, 91, 141].

While minimizing the worst-case performance index is desirable, it also results in a relevant increase

in the computational burden of the MPC. For this reason, different formulations, i.e. tube-based, have

been designed to ensure robustness while keeping the typical computational complexity of a standard

MPC. Tube-based MPC schemes can also be implemented in an open-loop or feedback fashion, but

get rid of the main drawback of min-max formulations by minimizing the performance index related

to the nominal case, i.e. without perturbations, and ensure that the constraints are satisfied in closed

loop by including in the optimal control problem a sequence of tightened constraints that take into

account all the possible deviations from the nominal trajectory, which are given by the perturbations

and the propagation of their effect over the entire prediction horizon. Among the available tube-based

MPC schemes for regulation, we find formulations that are based on conservative tubes that are pre-

computed offline, as [27, 104, 105, 145], and other predictive controllers that exploit a parameterized

version of the tubes that allows them to be added as decision variables in the optimization problem

that has to be solved online, as in [76, 92, 122, 123, 124]. Effective robust tube-based tracking MPC

schemes were proposed for the control of linear systems subject to additive perturbations in [45, 88],

while a solution for nonlinear affine systems was presented in [146] for tracking changing setpoints in

case of slowly varying perturbations.

In the next subsection, we focus on a robust tube-based MPC for the regulation of nonlinear systems

that was presented in [89], given that it forms the basis of much of the theoretical contributions of this

book.

1.3.1 A robust tube-based MPC for the regulation of nonlinear systems

Consistently with the context of [89], we assume that we want to stabilize the origin, which requires

the equilibrium 0 = 𝑓 (0, 0, 0) to exist, and we consider the perturbation set to be a ball, i.e.

W = {𝑤 ∈ R𝑟 : ∥𝑤∥ ≤ 𝑤̄} .

Next, we discuss the concepts that are needed for the understanding of the here-explained MPC,

formulate the optimal control problem to be solved, and provide the assumptions under which this

formulation guarantees input-to-state stability of the origin for the closed-loop system.

Before proceeding, as done also in Section 1.2, the set Z := X×U is defined, such that the constraints

(1.22) rewrite as

(𝑥(𝑘), 𝑢(𝑘)) ∈ Z, ∀𝑘 ≥ 0. (1.23)
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Following the same order used in Sections 1.1 and 1.2, we first make some assumptions about the

continuity of the state function 𝑓 (·, ·, ·) and the properties of the constraint sets.

Assumption 1.18: Uniform continuity of the state function

The state function 𝑓 (·, ·, ·) is uniformly continuous with respect to all its arguments in the set

Z ×W, i.e. there exist functions 𝜎𝑥 (·), 𝜎𝑢 (·), 𝜎𝑤 (·) ∈ K such that

∥ 𝑓 (𝑥, 𝑢, 𝑤) − 𝑓 (𝑥, 𝑢̌, 𝑤̌)∥ ≤ 𝜎𝑥 (∥𝑥 − 𝑥∥) + 𝜎𝑢 (∥𝑢 − 𝑢̌∥) + 𝜎𝑤 (∥𝑤 − 𝑤̌∥) ,

for all (𝑥, 𝑢, 𝑤) and (𝑥, 𝑢̌, 𝑤̌) in Z ×W.

Assumption 1.19: Properties of the constraint sets

The sets X and U are closed and contain the origin in their interior.

Assumption 1.19 ensures that also the set Z is closed and includes the origin in its interior, while

Assumption 1.18 is a continuity assumption that is stricter than those employed in the previously

addressed MPC schemes, but it is necessary to enable the design of the employed tightened constraints.

The MPC presented in [89] is designed in a feedback fashion. Consequently, it is considered to

minimize an objective function with respect to a sequence of parameterized control laws. In particular,

we consider to employ a family of control laws that is given by

𝑢(𝑘) = 𝜋 (𝑥(𝑘), 𝑣(𝑘)) , (1.24)

and that is considered to be uniformly continuous in its domain. Given that 𝑣(𝑘) ∈ R𝑠 plays the role

of a controlled input and is the new decision variable, the constraints (1.23) can be reformulated as

(𝑥(𝑘), 𝑣(𝑘)) ∈ Z𝜋, ∀𝑘 ≥ 0,

where Z𝜋 is defined as

Z𝜋 := {(𝑥, 𝑣) ∈ R𝑛 × R𝑠 : (𝑥, 𝜋(𝑥, 𝑣)) ∈ Z} .

Furthermore, we introduce a novel notation to denote the state trajectories of the closed-loop system

under the control law 𝜋(·, ·). In detail, with 𝜙𝜋 ( 𝑗 ; 𝑥, v,w) we denote the solution of system (1.21) at

the time instant 𝑗 given the initial condition 𝑥(0) = 𝑥, the feedback policy 𝜋(𝑥, 𝑣), where 𝑣 comes

from the sequence v, and the perturbation sequence w.

The next two assumptions define set sequences that are employed in the computation of the tubes of

the MPC presented in [89] and that are needed to ensure its recursive feasibility.
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Assumption 1.20: Bounds on the effect of the initial condition on the state trajectory

There exists a sequence of sets {F ( 𝑗)} 𝑗≥0 such that:

• F (0) := {𝑥 ∈ R𝑛 : ∥𝑥∥ ≤ 𝜎𝑤 (𝑤̄)};

• ∀ 𝑗 > 0, the sets F ( 𝑗) ensure that, for all the feasible (𝑥, v) and for every 𝑥 such that

𝑥 − 𝑥 ∈ F (0), the condition

𝜙𝜋 ( 𝑗 ; 𝑥, v, 0) ∈ 𝜙𝜋 ( 𝑗 ; 𝑥, v, 0) ⊕ F ( 𝑗)

is verified.

Assumption 1.21: Bounds on the effect of the perturbations on the state trajectory

There exists a sequence of sets {R( 𝑗)} 𝑗≥0 such that, defining R(0) := {0}, it verifies the

following conditions:

• for all the feasible (𝑥, v) and ∀ 𝑗 > 0, the sets R( 𝑗) ensure that

𝜙𝜋 ( 𝑗 ; 𝑥, v,w) ∈ 𝜙𝜋 ( 𝑗 ; 𝑥, v, 0) ⊕ R( 𝑗), ∀w ∈ W 𝑗 ;

• F ( 𝑗) ⊕ R( 𝑗) ⊆ R( 𝑗 + 1), ∀ 𝑗 ≥ 0.

The sequence {F ( 𝑗)} 𝑗≥0 defined in Assumption 1.20 bounds the gap between two state trajectories

obtained by starting at close initial conditions and employing the same control sequence v, while the

sequence {R( 𝑗)} 𝑗≥0 defined in Assumption 1.21 bounds the gap between a perturbation-free state

trajectory and all the possible perturbed trajectories. A schematic view of the sequences {F ( 𝑗)} 𝑗≥0 and

{R( 𝑗)} 𝑗≥0 is given in Figure 2. Moreover, as will become clear later in the text, the second condition

of Assumption 1.21 is a monotonicity assumption that is essential to prove recursive feasibility. [89,

Lemma 3] proves that Assumption 1.18 is sufficient to ensure that the conditions of Assumptions 1.20

and 1.21 are verified and provides a method for computing the sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0

based on the uniform continuity of the state function 𝑓 (·, ·, ·).

As anticipated earlier, the sequence of tightened constraints is built based on the aforementioned

sequences. In detail, provided a prediction horizon 𝑁𝑝, the sequence of tightened constraints

{Z𝜋 ( 𝑗)} 𝑗∈[0,𝑁𝑝] is such that

Z𝜋 ( 𝑗) := Z𝜋 ⊖ (R( 𝑗) × {0}) .
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(a) Graphic example that shows how the sequence
{F ( 𝑗)} 𝑗≥0 bounds the gap between nominal trajec-
tories obtained starting from close initial conditions.

(b) Graphic example that shows how the sequence
{R( 𝑗)} 𝑗≥0 bounds the gap between nominal trajec-
tories and perturbed trajectories obtained starting
from the same initial condition.

Figure 2: Graphical description of the sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0.

We now have all the ingredients that are needed to present the optimal control problem 𝑃𝑁𝑝
(𝑥(𝑘))

that has to be solved ∀𝑘 ≥ 0:

min
v(𝑘)

𝑉𝑁𝑝
(𝑥(𝑘), v(𝑘)) :=

𝑁𝑝−1∑︁
𝑗=0

ℓ (𝑥( 𝑗 |𝑘), 𝑣( 𝑗 |𝑘)) +𝑉 𝑓
(
𝑥(𝑁𝑝 |𝑘)

)
(1.25a)

subject to :

𝑥(0|𝑘) = 𝑥(𝑘), (1.25b)

𝑥( 𝑗 |𝑘) = 𝑓 (𝑥( 𝑗 − 1|𝑘), 𝜋 (𝑥( 𝑗 − 1|𝑘), 𝑣( 𝑗 − 1|𝑘)) , 0) ,∀ 𝑗 ∈ [1, 𝑁𝑝], (1.25c)

(𝑥( 𝑗 |𝑘), 𝑣( 𝑗 |𝑘)) ∈ Z𝜋 ( 𝑗),∀ 𝑗 ∈ [0, 𝑁𝑝 − 1], (1.25d)

𝑥(𝑁𝑝 |𝑘) ∈ X𝑓 . (1.25e)

In detail, the main differences with respect to the standard regulation MPC optimal control problem

(1.3) are the following:

• the cost function (1.25a) is minimized with respect to the sequence v(𝑘), i.e. a sequence of

parameters that define the control laws 𝜋(·, ·);

• the state and input constraints (1.25d) are tightened and change along the prediction horizon.

The optimal control sequence resulting from the solution of 𝑃𝑁𝑝
(𝑥(𝑘)) is hereafter denoted as

v∗(𝑥(𝑘)), or v∗(𝑘) for brevity, where v∗(𝑘) =
{
𝑣∗(0|𝑘), . . . , 𝑣∗(𝑁𝑝 − 1|𝑘)

}
, while the optimal value

of the cost function given by v∗(𝑘) is 𝑉∗
𝑁𝑝

(𝑥(𝑘)) := 𝑉𝑁𝑝
(𝑥(𝑘), v∗(𝑘)). The control law implied by

this MPC scheme is defined as 𝜅𝑁𝑝
(𝑥(𝑘)) := 𝜋(𝑥(𝑘), 𝑣∗(0|𝑘)).

We now turn our attention to the terminal ingredients and the cost function, which have to meet the

conditions defined in the following assumptions.
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Assumption 1.22: Terminal ingredient properties

There exist an input 𝑣 𝑓 ∈ R𝑠, and two sets Ω,X𝑓 ⊂ X such that:

1. Ω and X𝑓 are positively invariant sets for the nominal system 𝑥(𝑘 + 1) =

𝑓
(
𝑥(𝑘), 𝜋(𝑥(𝑘), 𝑣 𝑓 ), 0

)
;

2. Ω × {𝑣 𝑓 } ⊆ Z𝜋 (𝑁𝑝 − 1);

3. X𝑓 × {𝑣 𝑓 } ⊆ Z𝜋 (𝑁𝑝);

4. X𝑓 ⊕ F (𝑁𝑝 − 1) ⊆ Ω;

5. 𝑓
(
𝑥, 𝜋(𝑥, 𝑣 𝑓 ), 0

)
∈ X𝑓 , for all 𝑥 ∈ Ω.

Moreover, the terminal cost function 𝑉 𝑓 (·) is a CLF in Ω, such that

𝑉 𝑓
(
𝑓 (𝑥, 𝜋(𝑥, 𝑣 𝑓 ), 0)

)
−𝑉 𝑓 (𝑥) ≤ −ℓ(𝑥, 𝑣 𝑓 ), ∀𝑥 ∈ Ω.

Assumption 1.23: Stage cost function and terminal cost function bounds

The stage cost function ℓ(·, ·) and the terminal cost function 𝑉 𝑓 (·) verify the next conditions:

1. There exists a function 𝛼ℓ (·) ∈ K such that ℓ(𝑥, 𝑣) ≥ 𝛼ℓ (∥𝑥∥), ∀(𝑥, 𝑣) ∈ Z𝜋.

2. The stage cost function ℓ(·, ·) is uniformly continuous in Z𝜋. Therefore, there exist

functions 𝜎ℓ,𝑥 (·), 𝜎ℓ,𝑣 (·) ∈ K such that

|ℓ(𝑥, 𝑣) − ℓ(𝑥, 𝑣̌) | ≤ 𝜎ℓ,𝑥 (∥𝑥 − 𝑥∥) + 𝜎ℓ,𝑣 (∥𝑣 − 𝑣̌∥),∀(𝑥, 𝑣), (𝑥, 𝑣̌) ∈ Z𝜋 .

3. There exists a function 𝛼 𝑓 (·) ∈ K such that 𝑉 𝑓 (𝑥) ≤ 𝛼 𝑓 (∥𝑥∥), ∀𝑥 ∈ Ω.

4. The terminal cost function 𝑉 𝑓 (·) is uniformly continuous in Ω. Therefore, there exists a

function 𝜎 𝑓 (·) ∈ K such that

|𝑉 𝑓 (𝑥) −𝑉 𝑓 (𝑥) | ≤ 𝜎 𝑓 (∥𝑥 − 𝑥∥),∀𝑥, 𝑥 ∈ Ω.

Assumption 1.22 poses conditions on the terminal ingredients that are stricter than those listed in

Sections 1.1 and 1.2. In detail, it requires the set Ω to be a contractive invariant set. Indeed, it is

explicitly required that, for all the states 𝑥 ∈ Ω, the local control law 𝜋(𝑥, 𝑣 𝑓 ) is able to bring the

system state to the set X𝑓 , which is contained in Ω. The consequence of this is that the set Ω is a

robust positively invariant set (RPI), the definition of which is provided in the Appendix A.1, for the
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system 𝑥(𝑘 + 1) = 𝑓
(
𝑥(𝑘), 𝜋

(
𝑥(𝑘), 𝑣 𝑓

)
, 0

)
+ 𝑒, where 𝑒 ∈ F (𝑁𝑝 − 1). This is a needed condition

to ensure the recursive feasibility and the stabilizing capabilities of the method. Assumption 1.23,

instead, poses conditions on the ingredients of the cost function that are similar to the standard ones,

as the only difference is that the usual continuity condition on ℓ(·, ·) and𝑉 𝑓 (·) is replaced by a uniform

continuity assumption.

Next, we present the theorem that ensures the recursive feasibility of the analyzed tube-based MPC

for regulation and the input-to-state stability of the closed-loop system.

Theorem 1.8: Stability of the tube-based MPC for the regulation of nonlinear systems

Under Assumptions 1.18-1.23, the tube-based MPC for the regulation of nonlinear systems is

recursively feasible and the origin is input-to-state stable (ISS) for the closed-loop system.

Proof. We need to prove that the optimal cost function 𝑉∗
𝑁𝑝

(·) is an ISS-Lyapunov function, the

definition of which is provided in the Appendix A.4. In order to do so, we first prove that 𝑉∗
𝑁𝑝

(·)

admits two K functions as lower bound and upper bound, and then prove the descent property of

𝑉∗
𝑁𝑝

(·) and the recursive feasibility of the presented tube-based MPC scheme.

Lower and upper bounds for 𝑉∗
𝑁𝑝

(·). The existence of the two bounding functions is proved like

in the Proof of Theorem 1.1. Given that the region of attraction is such that X𝑁𝑝
⊆ X, 𝑉∗

𝑁𝑝
(𝑥) ≥

ℓ(𝑥, 𝑣) ≥ 𝛼ℓ (∥𝑥∥), ∀𝑥 ∈ X𝑁𝑝
due to Assumption 1.23. Then, due to standard arguments in the MPC

theory, the upper bound on 𝑉 𝑓 (·) in Ω given by Assumption 1.23 ensures that there exists a function

𝛼2(·) ∈ K such that 𝑉∗
𝑁𝑝

(𝑥) ≤ 𝛼2(∥𝑥∥),∀𝑥 ∈ X𝑁𝑝
.

Descent property of 𝑉∗
𝑁𝑝

(·) and recursive feasibility. Consider a feasible state 𝑥(𝑘) ∈ X𝑁𝑝
and

the optimal control sequence v∗(𝑘) =
{
𝑣∗(0|𝑘), . . . , 𝑣∗(𝑁𝑝 − 1|𝑘)

}
resulting from the solution of

𝑃𝑁𝑝
(𝑥(𝑘)), that is the control sequence leading to 𝑉∗

𝑁𝑝
(𝑥(𝑘)). We define the resulting optimal state

sequence as

x̂∗(𝑘) :=
{
𝑥∗(0|𝑘), 𝑥∗(1|𝑘), . . . , 𝑥∗(𝑁𝑝 |𝑘)

}
.

Consider the uncertain state 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘), 𝜋 (𝑥(𝑘), 𝑣∗(0|𝑘)) , 𝑤(𝑘)). To prove recursive feasi-

bility and the descent property of 𝑉∗
𝑁𝑝

(·), we make use of a candidate solution to 𝑃𝑁𝑝
(𝑥(𝑘 + 1)) that

is given by

v+(𝑘 + 1) :=
{
𝑣∗(1|𝑘), . . . , 𝑣∗(𝑁𝑝 − 1|𝑘), 𝑣 𝑓

}
.

The perturbation 𝑤(𝑘) acting on the system causes the uncertain state 𝑥(𝑘 + 1) to differ from 𝑥∗(1|𝑘).

However, because of the uniform continuity of the state function 𝑓 (·, ·, ·), we have that

∥𝑥(𝑘 + 1) − 𝑥(1|𝑘)∥ ≤ 𝜎𝑤 (∥𝑤(𝑘)∥) ≤ 𝜎𝑤 (𝑤̄),
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which means that 𝑥(𝑘 + 1) ∈ 𝑥(1|𝑘) ⊕ F (0) due to Assumption 1.20. However, because of the

feasibility of 𝑃𝑁𝑝
(𝑥(𝑘)), (𝑥(1|𝑘), 𝑣∗(1|𝑘)) ∈ Z𝜋 (1) = Z𝜋 ⊖ (R(1) × {0}). This, together with the

fact that F (0) ⊕ R(0) ⊆ R(1), allows us to conclude that

(𝑥(𝑘 + 1), 𝑣∗(1|𝑘)) ∈ Z𝜋 ⊖ (R(1) × {0}) ⊕ (R(1) × {0}) ⊖ (R(0) × {0}) ⊆ Z𝜋,

which proves that 𝑥(𝑘 + 1) verifies the state constraints. Moreover, since the condition 𝑥(𝑘 + 1) ∈

𝑥(1|𝑘) ⊕ F (0) is verified, ∀ 𝑗 ∈ [0, 𝑁𝑝 − 1], we obtain that

𝜙𝜋
(
𝑗 ; 𝑥(𝑘 + 1), v+(𝑘 + 1), 0

)
∈ 𝜙𝜋 ( 𝑗 + 1; 𝑥(𝑘), v∗(𝑘), 0) ⊕ F ( 𝑗). (1.26)

However, due to the feasibility of 𝑃𝑁𝑝
(𝑥(𝑘)), the optimal state trajectory x̂∗(𝑘) is such that

(𝜙𝜋 ( 𝑗 ; 𝑥(𝑘), v∗(𝑘), 0) , 𝑣∗( 𝑗 |𝑘)) ∈ Z𝜋 ( 𝑗), ∀ 𝑗 ∈ [0, 𝑁𝑝 − 1]

and

𝜙𝜋
(
𝑁𝑝; 𝑥(𝑘), v∗(𝑘), 0

)
∈ X𝑓 .

Therefore, considering that 𝑣+( 𝑗 − 1|𝑘 + 1) = 𝑣∗( 𝑗 |𝑘) for all 𝑗 ∈ [1, 𝑁𝑝 − 1] and recalling that

F ( 𝑗) ⊕ R( 𝑗) ⊆ R( 𝑗 + 1) by Assumption 1.21, (1.26) implies that, ∀ 𝑗 ∈ [1, 𝑁𝑝 − 1](
𝜙𝜋

(
𝑗 ; 𝑥(𝑘 + 1), v+(𝑘 + 1), 0

)
, 𝑣+( 𝑗 |𝑘 + 1)

)
∈ Z𝜋 ( 𝑗 + 1) ⊕ (F ( 𝑗) × {0})

⊆ Z𝜋 ⊖ (R( 𝑗 + 1) × {0}) ⊕ (R( 𝑗 + 1) × {0}) ⊖ (R( 𝑗) × {0})

⊆ Z𝜋 ( 𝑗).

(1.27)

Moreover, since 𝑥∗(𝑁𝑝 |𝑘) = 𝜙𝜋 (𝑁𝑝; 𝑥(𝑘), v∗(𝑘), 0) ∈ X𝑓 , and provided that Assumption 1.22 ensures

that the condition X𝑓 ⊕ F (𝑁𝑝 − 1) ⊆ Ω is met, we get that 𝜙𝜋 (𝑁𝑝 − 1; 𝑥(𝑘 + 1), v+(𝑘 + 1), 0) ∈ Ω.

However, the input 𝑣 𝑓 , which is the last element of the candidate sequence v+(𝑘 + 1), makes the set Ω

contractive. In particular, always due to Assumption 1.22, it ensures that 𝜙𝜋 (𝑁𝑝; 𝑥(𝑘+1), v+(𝑘+1), 0) ∈

X𝑓 . This finding, together with (1.27), proves that the candidate sequence v+(𝑘+1) is a feasible solution

of 𝑃𝑁𝑝
(𝑥(𝑘 + 1)), i.e. the presented MPC is recursively feasible.

To prove the descent property of𝑉∗
𝑁𝑝

(·), analyzing Δ𝑉𝑁𝑝
:= 𝑉𝑁𝑝

(𝑥(𝑘 + 1), v+(𝑘 + 1)) −𝑉∗
𝑁𝑝

(𝑥(𝑘)) and

defining 𝑥+( 𝑗 |𝑘 + 1) := 𝜙𝜋 ( 𝑗 ; 𝑥(𝑘 + 1), v+(𝑘 + 1), 0), Δ𝑉𝑁𝑝
can be expressed as

Δ𝑉𝑁𝑝
=

𝑁𝑝−1∑︁
𝑗=1

[
ℓ(𝑥+( 𝑗 − 1|𝑘 + 1), 𝑣+( 𝑗 − 1|𝑘 + 1)) − ℓ(𝑥∗( 𝑗 |𝑘), 𝑣∗( 𝑗 |𝑘))

]
− ℓ(𝑥(𝑘), 𝑣∗(0|𝑘)) + ℓ(𝑥+(𝑁𝑝 − 1|𝑘 + 1), 𝑣 𝑓 )

+𝑉 𝑓
(
𝑥+(𝑁𝑝 |𝑘 + 1)

)
−𝑉 𝑓

(
𝑥∗(𝑁𝑝 |𝑘)

)
.

(1.28)
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Recall that the state function, the stage cost function and the terminal cost function are uniformly

continuous thanks to Assumptions 1.18 and 1.23. Hence,

ℓ(𝑥+( 𝑗 − 1|𝑘 + 1), 𝑣+( 𝑗 − 1|𝑘 + 1)) − ℓ(𝑥∗( 𝑗 |𝑘), 𝑣∗( 𝑗 |𝑘))

≤ |ℓ(𝑥+( 𝑗 − 1|𝑘 + 1), 𝑣+( 𝑗 − 1|𝑘 + 1)) − ℓ(𝑥∗( 𝑗 |𝑘), 𝑣∗( 𝑗 |𝑘)) |

≤ 𝜎ℓ,𝑥 ◦ 𝜎 𝑗−1
𝑥 ◦ 𝜎𝑤 (∥𝑤(𝑘)∥).

(1.29)

Furthermore,

𝑉 𝑓
(
𝑥+(𝑁𝑝 |𝑘 + 1)

)
−𝑉 𝑓

(
𝑥∗(𝑁𝑝 |𝑘)

)
= 𝑉 𝑓

(
𝑥+(𝑁𝑝 |𝑘 + 1)

)
−𝑉 𝑓

(
𝑥+(𝑁𝑝 − 1|𝑘 + 1)

)
+𝑉 𝑓

(
𝑥+(𝑁𝑝 − 1|𝑘 + 1)

)
−𝑉 𝑓

(
𝑥∗(𝑁𝑝 |𝑘)

)
≤ 𝑉 𝑓

(
𝑥+(𝑁𝑝 |𝑘 + 1)

)
−𝑉 𝑓

(
𝑥+(𝑁𝑝 − 1|𝑘 + 1)

)
+ |𝑉 𝑓

(
𝑥+(𝑁𝑝 − 1|𝑘 + 1)

)
−𝑉 𝑓

(
𝑥∗(𝑁𝑝 |𝑘)

)
|

≤ 𝑉 𝑓
(
𝑥+(𝑁𝑝 |𝑘 + 1)

)
−𝑉 𝑓

(
𝑥+(𝑁𝑝 − 1|𝑘 + 1)

)
+ 𝜎 𝑓 ◦ 𝜎

𝑁𝑝−1
𝑥 ◦ 𝜎𝑤 (∥𝑤(𝑘)∥).

(1.30)

However, since 𝑥+(𝑁𝑝 − 1|𝑘 + 1) has already been proved to stay in the contractive invariant set Ω,

and given that 𝑉 𝑓 (·) is a CLF defined in Ω due to Assumption 1.22, we get that

𝑉 𝑓
(
𝑥+(𝑁𝑝 |𝑘 + 1)

)
−𝑉 𝑓

(
𝑥+(𝑁𝑝 − 1|𝑘 + 1)

)
≤ −ℓ(𝑥+(𝑁𝑝 − 1|𝑘 + 1), 𝑣 𝑓 ). (1.31)

Putting together the results obtained in (1.29), (1.30) and (1.31), and recalling that ℓ(𝑥, 𝑣) ≥ 𝛼ℓ (∥𝑥∥)

due to Assumption 1.23, we can rewrite (1.28) as

Δ𝑉𝑁𝑝
≤
𝑁𝑝−1∑︁
𝑗=1

𝜎ℓ,𝑥 ◦ 𝜎 𝑗−1
𝑥 ◦ 𝜎𝑤 (∥𝑤(𝑘)∥) − ℓ(𝑥(𝑘), 𝑣∗(0|𝑘)) + 𝜎 𝑓 ◦ 𝜎

𝑁𝑝−1
𝑥 ◦ 𝜎𝑤 (∥𝑤(𝑘)∥)

≤ −𝛼ℓ (∥𝑥(𝑘)∥) +
𝑁𝑝−1∑︁
𝑗=1

𝜎ℓ,𝑥 ◦ 𝜎 𝑗−1
𝑥 ◦ 𝜎𝑤 (∥𝑤(𝑘)∥)

+ 𝜎 𝑓 ◦ 𝜎
𝑁𝑝−1
𝑥 ◦ 𝜎𝑤 (∥𝑤(𝑘)∥).

(1.32)

Employing a function 𝜆(·) ∈ K such that 𝜆(∥𝑤∥) ≥ ∑𝑁𝑝−1
𝑗=1 𝜎ℓ,𝑥 ◦ 𝜎 𝑗−1

𝑥 ◦ 𝜎𝑤 (∥𝑤∥) + +𝜎 𝑓 ◦ 𝜎
𝑁𝑝−1
𝑥 ◦

𝜎𝑤 (∥𝑤∥), (1.32) rewrites as

Δ𝑉𝑁𝑝
≤ −𝛼ℓ (∥𝑥(𝑘)∥) + 𝜆(∥𝑤(𝑘)∥). (1.33)

Given that 𝑉𝑁𝑝
(𝑥(𝑘 + 1), v+(𝑘 + 1)) is not necessarily optimal, (1.33) implies that

𝑉∗
𝑁𝑝

(𝑥(𝑘 + 1)) −𝑉∗
𝑁𝑝

(𝑥(𝑘)) ≤ Δ𝑉𝑁𝑝
≤ −𝛼ℓ (∥𝑥(𝑘)∥) + 𝜆(∥𝑤(𝑘)∥),

which proves that 𝑉∗
𝑁𝑝

(·) is an ISS-Lyapunov function. Thus, the origin is ISS for the closed-loop

system under the described tube-based MPC for regulation. ■
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Comparing the Proof of Theorem 1.8 and the Proof of Theorem 1.1, it is straightforward to realize

what the main difficulty is in proving the stability of a robust MPC. Both the proofs assume to

consider a candidate solution for 𝑃𝑁𝑝
(𝑥(𝑘 +1)) that is almost identical to the optimal control sequence

obtained by solving 𝑃𝑁𝑝
(𝑥(𝑘)), the only difference residing in the first element of the sequence being

dropped and an element consistent with the terminal ingredient conditions being added at the end.

Then, it is proved that such candidate solution is feasible and ensures the desired descent property of

𝑉∗
𝑁𝑝

(·). Nevertheless, in the perturbation-free case such candidate solution provides a predicted state

trajectory x̂+(𝑘 + 1) that, with the exception of the terminal state, perfectly coincides with the optimal

state trajectory that was obtained at time 𝑘 , i.e. x̂∗(𝑘). This is not true in the perturbed case, due to

the perturbation acting on the feedback state, that is the initial condition of the new prediction. That

is the reason why it is necessary to make further assumptions on the dynamics of the system and the

employed cost function, as we would like to ensure that the gap between such trajectories is bounded

and that the impact of such gap on the optimal cost function 𝑉∗
𝑁𝑝

(·) is also limited. In this way, it

becomes possible to resort to an input-to-state stability proof, which requires the nominal system to

be asymptotically stable and the effect of the perturbations acting on the system to be bounded.
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Chapter 2. Robust MPC for tracking changing setpoints for

perturbed nonlinear systems

2.1 Introduction

In Section 1.2 we addressed several MPC formulations for nonlinear systems that aim at tracking

changing setpoints. In particular, we discussed the schemes presented in [90], which differ from each

other for the way the terminal ingredients are designed and implemented. Nevertheless, such schemes

assume to have no model mismatches and no external disturbances, while it would be desirable to have

tracking MPC schemes for nonlinear systems that are designed to be robust with respect to bounded

perturbations.

As anticipated in Section 1.3, some robust tracking MPC schemes were proposed for the control of

linear systems subject to additive perturbations, e.g. [45, 88], while the design of robust tracking

MPC schemes for nonlinear systems is still an active subject of investigation. Interesting results were

obtained in [146] for the restricted family of nonlinear affine systems and slowly varying perturbations

and in [31] for nonlinear systems that are subject to bounded additive perturbations.

In this chapter, we present a robust MPC for tracking changing setpoints for the control of a wide

family of nonlinear systems and that is proved to be recursively feasible and to ensure the input-to-

state stability of the closed-loop system, only requiring the perturbations acting on the system to be

bounded. The method is then validated in simulation. The robust MPC for tracking belongs to the

family of tube-based feedback MPC schemes, as it minimizes the objective function related to the

nominal evolution of the system state and exploits a parameterized family of control laws to reduce

the effect of the perturbations on the state predictions. This approach was inspired by [90] and makes

assumptions on the continuity of the system state and output functions and the objective function

that are similar (though not equal) to those made in [89] to ensure the input-to-state stability of the

closed-loop system under a tube-based MPC for regulation. Moreover, stability of the closed-loop

system is proved following a rigorous process inspired by [74], where a nonlinear MPC for tracking

periodic signals is introduced. However, while [74] assumes to have no perturbations and to employ

quadratic stage cost, terminal cost, and offset cost functions, in this chapter we provide a proof of

input-to-state stability for perturbed systems, considering a wider family of cost functions. The results

presented in this chapter were published in [116].
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2.2 Problem formulation

We consider a nonlinear time-invariant discrete-time system described by the equations

𝑥(𝑘 + 1) = 𝑓
(
𝑥(𝑘), 𝑢(𝑘), 𝑤(𝑘)

)
,

𝑦(𝑘) = ℎ
(
𝑥(𝑘), 𝑢(𝑘)

)
,

(2.1)

where 𝑥(𝑘) ∈ R𝑛 is the system state, 𝑢(𝑘) ∈ R𝑚 is the controlled input, 𝑦(𝑘) ∈ R𝑝 is the system

output, and 𝑤(𝑘) ∈ W ⊂ R𝑟 is an unknown but bounded perturbation that lies in a known hypercube

W := {𝑤 : |𝑤𝑖 | ≤ 𝑤̄𝑖, ∀𝑖 ∈ [1, 𝑟]}. The system state 𝑥 is assumed to be measured at each sampling

instant 𝑘 ≥ 0.

The system is subject to hard state and input constraints, namely

(𝑥(𝑘), 𝑢(𝑘)) ∈ Z := X ×U, ∀𝑘 ≥ 0. (2.2)

All the equilibrium points of the nominal system (𝑥𝑠, 𝑢𝑠, 𝑦𝑠) are such that

𝑥𝑠 = 𝑓 (𝑥𝑠, 𝑢𝑠, 0), (2.3a)

𝑦𝑠 = ℎ(𝑥𝑠, 𝑢𝑠). (2.3b)

Coherently with the previous chapters, a continuity assumption for the functions 𝑓 (·, ·, ·) and ℎ(·, ·)

is provided, as well as the conditions that the constraint sets X and U have to fulfill to allow for the

implementation of the here-presented tube-based MPC for tracking for nonlinear systems.

Assumption 2.1: Continuity of the state and output functions

The output function ℎ(·, ·) is continuous at any equilibrium point. The state function 𝑓 (·, ·, ·)

is such that each component 𝑓𝑖 (·, ·, ·), ∀𝑖 ∈ [1, 𝑛], is component-wise uniformly continuous.

Consequently, there exist functions 𝜎𝑥,𝑖𝑎 (·), 𝜎𝑢,𝑖𝑏 (·), 𝜎𝑤,𝑖𝑐 (·) ∈ K such that, for all 𝑖 ∈ [1, 𝑛],

| 𝑓𝑖 (𝑥, 𝑢, 𝑤) − 𝑓𝑖 (𝑥, 𝑢̌, 𝑤̌) | ≤
𝑛∑︁
𝑎=1

𝜎𝑥,𝑖𝑎 (𝑥𝑎 − 𝑥𝑎) +
𝑚∑︁
𝑏=1

𝜎𝑢,𝑖𝑏 ( |𝑢𝑏 − 𝑢̌𝑏 |)

+
𝑟∑︁
𝑐=1

𝜎𝑤,𝑖𝑐 ( |𝑤𝑐 − 𝑤̌𝑐 |) ,
(2.4)

for all (𝑥, 𝑢, 𝑤) and (𝑥, 𝑢̌, 𝑤̌) in Z ×W.

Assumption 2.2: Properties of the constraint sets

The sets X and U are closed and their interior is non-empty.

Assumption 2.2 is identical to Assumption 1.10, which was needed to prove the stability of a standard

MPC for tracking. On the contrary, Assumption 2.1 is inspired by Assumption 1.18, which required
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the state function of a nonlinear perturbed system to be uniformly continuous, in order to enable the

proof of input-to-state stability of a tube-based MPC for regulation. However, in this case we require

a finer property, i.e. each component of 𝑓 (·, ·, ·) has to be component-wise uniformly continuous, as

this allows one to get less conservative tubes.

Remark 2.1
A particular case of component-wise uniformly continuous functions is that of component-wise

Lipschitz continuous functions, which is a wide family of functions.

Indeed, in the common case in which the constraint set Z is compact, Lipschitz continuity is a

condition that is easy to verify. Moreover, as proved in [102], Lipschitz continuity implies also

component-wise Lipschitz continuity.

An algorithm for the computation of the component-wise Lipschit constants of a system of this

kind is provided in Section 2.7.2.

Exactly as in Section 1.2, also the robust MPC for tracking presented in this chapter needs to know a

set of feasible setpoints. In order to build it, we first define the restricted constraint set

Ẑ := {𝑧 : 𝑧 + 𝛿𝑧 ∈ Z, ∀𝛿𝑧 s.t. ∥𝛿𝑧∥ ≤ 𝜖} , (2.5)

where 𝜖 > 0 can be arbitrarily small. The set (2.5) defines the feasible points (𝑥, 𝑢) with inactive

constraints. The sets defining the equilibrium points where the constraints are not active, which are

supposed to be non-empty, are therefore defined as

Z𝑠 :=
{
(𝑥, 𝑢) ∈ Ẑ : 𝑥 = 𝑓 (𝑥, 𝑢, 0)

}
, (2.6a)

Y𝑠 := {𝑦 = ℎ(𝑥, 𝑢) : (𝑥, 𝑢) ∈ Z𝑠} . (2.6b)

The conditions that the output function ℎ(·, ·) and the set Y𝑠 have to undergo to allow for the correct

design of the here-presented MPC are the same listed in Assumption 1.11 for a non-robust MPC for

tracking. We report them in the next assumption for the sake of completeness.

Assumption 2.3: Properties of the output function

The system output is such that each steady output 𝑦𝑠 uniquely defines an equilibrium point

(𝑥𝑠, 𝑢𝑠). Moreover, there exist a locally Lipschitz continuous function 𝑔𝑥 : Y𝑠 → R𝑛 and a

continuous function 𝑔𝑢 : Y𝑠 → R𝑚 such that

𝑥𝑠 = 𝑔𝑥 (𝑦𝑠), 𝑢𝑠 = 𝑔𝑢 (𝑦𝑠). (2.7)
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Remark 2.2
A sufficient condition for Assumption 2.3 to be verified, very similar to the condition given in

Remark 1.4 for a non-robust MPC for tracking, is that the functions 𝑓 (𝑥, 𝑢, 0) and ℎ(𝑥, 𝑢) are

continuously differentiable and that the Jacobian matrix
(𝐴(𝑥𝑠, 𝑢𝑠) − 𝐼𝑛) 𝐵(𝑥𝑠, 𝑢𝑠)

𝐶 (𝑥𝑠, 𝑢𝑠) 𝐷 (𝑥𝑠, 𝑢𝑠)

 ,
where

𝐴(𝑥𝑠, 𝑢𝑠) =
𝜕 𝑓 (𝑥, 𝑢, 0)

𝜕𝑥
(𝑥𝑠, 𝑢𝑠), 𝐵(𝑥𝑠, 𝑢𝑠) =

𝜕 𝑓 (𝑥, 𝑢, 0)
𝜕𝑢

(𝑥𝑠, 𝑢𝑠),

𝐶 (𝑥𝑠, 𝑢𝑠) =
𝜕ℎ(𝑥, 𝑢)
𝜕𝑥

(𝑥𝑠, 𝑢𝑠), 𝐷 (𝑥𝑠, 𝑢𝑠) =
𝜕ℎ(𝑥, 𝑢)
𝜕𝑢

(𝑥𝑠, 𝑢𝑠),

is non-singular for all (𝑥𝑠, 𝑢𝑠) ∈ Z𝑠.

The aim of the remainder of the chapter is to design a state-feedback tube-based MPC for tracking

based on nominal predictions that is able to stabilize the closed-loop system and to steer its output

to a bounded set containing the admissible steady output that is the closest to the actual setpoint 𝑦𝑡 .

Furthermore, this property must hold even when the setpoint 𝑦𝑡 is changed to a new constant value,

i.e. 𝑦𝑡 is a piece-wise constant reference signal.

2.3 Equilibrium-dependent feedback policies

The here-proposed MPC belongs to the family of feedback tube-based MPC schemes, and the size

of its tubes depends on the functions 𝜎𝑥,𝑖𝑎 (·) and 𝜎𝑤,𝑖𝑐 (·), in particular on the rate at which these

functions grow. For this reason, consistently with the rationale of feedback MPC, we exploit a family

of pre-stabilizing feedback policies

𝑢(𝑘) = 𝜋(𝑦𝑠, 𝑥(𝑘), 𝑣(𝑘)), (2.8)

where 𝑣(𝑘) ∈ R𝑠, with the aim of decreasing the growth rate of𝜎𝑥,𝑖𝑎 (·) and𝜎𝑤,𝑖𝑐 (·), therefore reducing

also the effect of uncertainty propagation. Nonetheless, in order to keep the component-wise uniform

continuity of the closed-loop system under the feedback policies 𝜋(𝑦𝑠, 𝑥, 𝑣), these have to fulfill a

uniform continuity assumption.
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Assumption 2.4: Continuity of the feedback policies and existence of a continuous function

𝑔𝑣 : Y𝑠 → R𝑠

The feedback policies 𝜋(𝑦𝑠, 𝑥, 𝑣) are uniformly continuous with respect to 𝑥 and 𝑣. Furthermore,

for each equilibrium point, there exists a unique 𝑣𝑠 such that 𝑢𝑠 = 𝜋(𝑦𝑠, 𝑥𝑠, 𝑣𝑠). There also

exists a continuous function 𝑔𝑣 : Y𝑠 → R𝑠, such that 𝑣𝑠 = 𝑔𝑣 (𝑦𝑠).

Remark 2.3
It is important to note that the policies 𝜋(𝑦𝑠, 𝑥, 𝑣) are not required to be uniformly continuous

with respect to 𝑦𝑠. For this reason, it is possible to design different policies for different

equilibria or groups of equilibria.

Within this feedback framework, the task of the MPC becomes that of finding the optimal value for 𝑦𝑠

and 𝑣(𝑘). For this reason, we redefine the constraint sets Z and Ẑ as

Z𝜋 := {(𝑥, 𝑣) : ∃𝑦𝑠 ∈ Y𝑠 s.t. (𝑥, 𝜋 (𝑦𝑠, 𝑥, 𝑣)) ∈ Z} , (2.9)

and

Ẑ𝜋 := {(𝑥, 𝑣) : (𝑥, 𝑣) + 𝛿𝑧 ∈ Z𝜋, ∀𝛿𝑧 s.t. ∥𝛿𝑧∥ ≤ 𝜖} . (2.10)

The new sets of the admissible steady states and outputs are obtained as projections of the following

set:

E𝜋,𝑠 :=
{
(𝑥, 𝑣, 𝑦) : (𝑥, 𝑣) ∈ Ẑ𝜋, 𝑥 = 𝑓 (𝑥, 𝜋 (𝑦, 𝑥, 𝑣) , 0) , 𝑦 = ℎ (𝑥, 𝜋 (𝑦, 𝑥, 𝑣))

}
.

In particular,

Z𝜋,𝑠 :=
{
(𝑥, 𝑣) : ∃(𝑥, 𝑣, 𝑦) ∈ E𝜋,𝑠

}
, (2.11)

and

Y𝜋,𝑠 :=
{
𝑦 : ∃(𝑥, 𝑣, 𝑦) ∈ E𝜋,𝑠

}
. (2.12)

The previously defined sets play an essential role in the design of the proposed robust MPC for tracking.

2.4 Nominal model predictive control for tracking

As for the nonlinear tracking MPC formulations introduced in Section 1.2, i.e. [44, 45, 74, 86, 88,

90, 146], the here-proposed MPC is given the ability to steer the system output to a set containing the

admissible steady output that is the closest to the real setpoint 𝑦𝑡 , and to keep its feasibility properties

also when 𝑦𝑡 changes. This is done by adding an artificial setpoint 𝑦𝑠 as an extra decision variable, by
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designing a cost function that includes a term 𝑉𝑂 (𝑦𝑠 − 𝑦𝑡), which penalizes the deviation between the

artificial reference and the actual setpoint, and by designing an invariant set for tracking to be used

as terminal constraint. Next, the fundamental ingredients of the optimization problem that has to be

solved at each sampling instant are presented and explained.

For given state 𝑥 and setpoint 𝑦𝑡 , considering the general case where the control and prediction horizons

𝑁𝑐 and 𝑁𝑝 are different, the cost function of the proposed MPC is defined as

𝑉𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡 , v(𝑘), 𝑦𝑠 (𝑘)) :=

𝑁𝑐−1∑︁
𝑗=0

ℓ
(
𝑥( 𝑗 |𝑘) − 𝑥𝑠 (𝑘), 𝑣( 𝑗 |𝑘) − 𝑣𝑠 (𝑘)

)
+
𝑁𝑝−1∑︁
𝑗=𝑁𝑐

ℓ
(
𝑥( 𝑗 |𝑘) − 𝑥𝑠 (𝑘), 𝑣 𝑓 (𝑦𝑠 (𝑘)) − 𝑣𝑠 (𝑘)

)
+𝑉 𝑓

(
𝑥(𝑁𝑝 |𝑘) − 𝑥𝑠 (𝑘), 𝑦𝑠 (𝑘)

)
+𝑉𝑂 (𝑦𝑠 (𝑘) − 𝑦𝑡)

(2.13)

where v(𝑘) := {𝑣(0|𝑘), . . . , 𝑣(𝑁𝑐 − 1|𝑘)} is the sequence of control inputs to be optimized, 𝑣 𝑓 (𝑦𝑠 (𝑘))

is an input such that 𝑢 = 𝜋
(
𝑦𝑠 (𝑘), 𝑥, 𝑣 𝑓 (𝑦𝑠 (𝑘))

)
, and whose properties will be explained later in

the text, 𝑦𝑠 (𝑘) is the artificial reference, such that 𝑥𝑠 (𝑘) = 𝑔𝑥 (𝑦𝑠 (𝑘)), 𝑢𝑠 (𝑘) = 𝑔𝑢 (𝑦𝑠 (𝑘)), and

𝑣𝑠 (𝑘) = 𝑔𝑣 (𝑦𝑠 (𝑘)), while 𝑥( 𝑗 |𝑘), for 𝑗 = 1, . . . , 𝑁𝑝, are nominal state predictions, i.e.

𝑥( 𝑗 + 1|𝑘) = 𝑓 (𝑥( 𝑗 |𝑘), 𝜋 (𝑦𝑠 (𝑘), 𝑥( 𝑗 |𝑘), 𝑣( 𝑗 |𝑘)) , 0) .

The stage cost function ℓ(𝑥 − 𝑥𝑠, 𝑣 − 𝑣𝑠) and the terminal cost function 𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) penalize the

tracking error with respect to the artificial reference 𝑦𝑠, while 𝑉𝑂 (𝑦𝑠 − 𝑦𝑡) penalizes the distance

between the artificial reference 𝑦𝑠 and the actual setpoint 𝑦𝑡 .

The optimization problem 𝑃𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡) that is solved at each sampling instant by the here-proposed

MPC is the following:

min
(v(𝑘),𝑦𝑠 (𝑘))

𝑉𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡 , v(𝑘), 𝑦𝑠 (𝑘)) (2.14a)

subject to :

𝑥(0|𝑘) = 𝑥(𝑘), (2.14b)

𝑥( 𝑗 + 1|𝑘) = 𝑓 (𝑥( 𝑗 |𝑘), 𝜋 (𝑦𝑠 (𝑘), 𝑥( 𝑗 |𝑘), 𝑣( 𝑗 |𝑘)) , 0) ,∀ 𝑗 ∈ [0, 𝑁𝑐 − 1] (2.14c)(
𝑥( 𝑗 |𝑘), 𝑣( 𝑗 |𝑘)

)
∈ Z𝜋 ( 𝑗), ∀ 𝑗 ∈ [0, 𝑁𝑐 − 1] (2.14d)

𝑥( 𝑗 + 1|𝑘) = 𝑓
(
𝑥( 𝑗 |𝑘), 𝜋

(
𝑦𝑠 (𝑘), 𝑥( 𝑗 |𝑘), 𝑣 𝑓 (𝑦𝑠 (𝑘))

)
, 0

)
,∀ 𝑗 ∈ [𝑁𝑐, 𝑁𝑝 − 1] (2.14e)(

𝑥( 𝑗 |𝑘), 𝑣 𝑓 (𝑦𝑠 (𝑘))
)
∈ Z𝜋 ( 𝑗), ∀ 𝑗 ∈ [𝑁𝑐, 𝑁𝑝 − 1] (2.14f)

𝑥𝑠 (𝑘) = 𝑔𝑥 (𝑦𝑠 (𝑘)), 𝑣𝑠 (𝑘) = 𝑔𝑣 (𝑦𝑠 (𝑘)), (2.14g)(
𝑥(𝑁𝑝 |𝑘), 𝑦𝑠 (𝑘)

)
∈ T , (2.14h)
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where the set sequence {Z𝜋 ( 𝑗)}≥0 and the the terminal constraint set T , which shares properties with

both the invariant sets for tracking explained in Definition 1.1 and the RPIs addressed in Definition

A.3, will be defined later in the text. The optimal solution to this optimization problem and the

optimal cost function are denoted as
(
v0(𝑥(𝑘), 𝑦𝑡), 𝑦0

𝑠 (𝑥(𝑘), 𝑦𝑡)
)
, or (v0(𝑘), 𝑦0

𝑠 (𝑘)) for brevity, and

𝑉0
𝑁𝑐 ,𝑁𝑝

(𝑥(𝑘), 𝑦𝑡), respectively. Considering the receding horizon policy, the control law provided by

the proposed MPC is defined as

𝜅𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡) := 𝜋

(
𝑦0
𝑠 (𝑘), 𝑥(𝑘), 𝑣0(0|𝑘)

)
,

where 𝑣0(0|𝑘) is the first element of v0(𝑥(𝑘), 𝑦𝑡). Note that, consistently with the tracking schemes

presented in Section 1.2, an extended terminal constraint is imposed on both the terminal state

𝑥(𝑁𝑝 |𝑘) and the artificial reference 𝑦𝑠, and that none of the constraints involved in 𝑃𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡)

depends on the actual setpoint 𝑦𝑡 , which leads to the existence of a region of attraction X𝑁𝑐 ,𝑁𝑝
where

𝑃𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡) is feasible for all 𝑦𝑡 ∈ R𝑝.

2.5 Robust design of the controller

The robustness of the MPC for tracking is ensured by imposing that the nominal system trajectory

stays inside the set sequence {Z𝜋 ( 𝑗)} 𝑗≥0 of tightened constraints [87, 89]. Before explaining in detail

how to compute such sequence, we introduce the following notation: with 𝜙𝜋 ( 𝑗 ; 𝑥, 𝑦𝑠, v,w) we denote

the solution of system (2.1) at sampling time 𝑗 given the initial state 𝑥, the feedback policy 𝜋(𝑦𝑠, 𝑥, 𝑣),

where 𝑣 comes from the sequence v, and the uncertainty signal w.

The computation of {Z𝜋 ( 𝑗)} 𝑗≥0 requires the existence of the set sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0,

whose properties are outlined in the following two assumptions, that are an adaptation of Assumptions

1.20 and 1.21 to the tracking context and to component-wise uniformly continuous systems.

Assumption 2.5: Bounds on the effect of the initial condition on the state trajectory

The sequence {F ( 𝑗)} 𝑗≥0 is such that:

• F (0) := {𝑥 ∈ R𝑛 : |𝑥𝑖 | ≤
∑𝑟
𝑎=1 𝜎𝑤,𝑖𝑎 (𝑤̄𝑎),∀𝑖 ∈ [1, 𝑛]};

• ∀ 𝑗 > 0, the sets F ( 𝑗) ensure that, for all 𝑦𝑠 ∈ Y𝜋,𝑠, for every feasible (𝑥, v), and for every

𝑥 such that 𝑥 − 𝑥 ∈ F (0), the condition

𝜙𝜋
(
𝑗 ; 𝑥, 𝑦𝑠, v, 0

)
∈ 𝜙𝜋

(
𝑗 ; 𝑥, 𝑦𝑠, v, 0

)
⊕ F ( 𝑗)

is verified.
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Assumption 2.6: Bounds on the effect of the perturbations on the state trajectory

The set sequence {R( 𝑗)} 𝑗≥0 is such that, defining R(0) := {0}, it ensures that for all 𝑦𝑠 ∈ Y𝜋,𝑠:

1. for every feasible (𝑥, v), the sets R( 𝑗), for 𝑗 > 0, are such that

𝜙𝜋 ( 𝑗 ; 𝑥, 𝑦𝑠, v,w) ∈ 𝜙𝜋 ( 𝑗 ; 𝑥, 𝑦𝑠, v, 0) ⊕ R( 𝑗) ∀w ∈ W 𝑗 ;

2. F ( 𝑗) ⊕ R( 𝑗) ⊆ R( 𝑗 + 1), ∀ 𝑗 ≥ 0.

Even though the sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 defined by Assumptions 2.5 and 2.6 have to

undergo stronger conditions than those defined in Section 1.3 for a tube-based MPC for regulation,

as such conditions have to be met for all 𝑦𝑠 ∈ Y𝜋,𝑠, their meaning is exactly the same. Therefore, the

existence of {F ( 𝑗)} 𝑗≥0 ensures that, starting from close initial conditions, the distance between two

different trajectories is bounded, while {R( 𝑗)} 𝑗≥0 bounds the distance between the nominal trajectories

computed by the MPC and the possible trajectories of the perturbed system.

Remark 2.4
Note that the conditions of the sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 are required to hold for

all the feedback policies 𝜋(𝑦𝑠, 𝑥, 𝑣). From a practical point of view, it is possible to compute

a different pair of sequences {F (𝑦𝑠, 𝑗)} 𝑗≥0 and {R(𝑦𝑠, 𝑗)} 𝑗≥0 for each 𝑦𝑠 ∈ Y𝜋,𝑠 and finally

compute {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 as

F ( 𝑗) = ∪𝑦𝑠∈Y𝑡
F (𝑦𝑠, 𝑗), ∀ 𝑗 ≥ 0,

and

R( 𝑗) = ∪𝑦𝑠∈Y𝑡
R(𝑦𝑠, 𝑗), ∀ 𝑗 ≥ 0.

A method to compute these sequences in the particular case of component-wise Lipschitz

continuous systems is reported in Section 2.7.3.

Given the sequence {R( 𝑗)} 𝑗≥0, the tightened constraint set sequence {Z𝜋 ( 𝑗)} 𝑗≥0 is defined as

Z𝜋 ( 𝑗) := Z𝜋 ⊖ (R( 𝑗) × {0}) . (2.15)

Now that the tightened constraints introduced in the control problem 𝑃𝑁𝑐 ,𝑁𝑝
(·, ·) have been defined,

the set of feasible setpoints Y𝑡 is introduced as

Y𝑡 :=
{
𝑦𝑠 ∈ Y𝜋,𝑠 :

(
𝑔𝑥 (𝑦𝑠), 𝑔𝑣 (𝑦𝑠)

)
∈ Z𝜋 (𝑁𝑝)

}
. (2.16)
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2.6 Recursive feasibility and convergence to a neighborhood of the best admis-

sible steady output

In order to prove recursive feasibility of 𝑃𝑁𝑐 ,𝑁𝑝
(·, ·), closed-loop stability, and convergence of the

closed-loop system output to a neighborhood of the best admissible setpoint, the stage cost function,

the terminal ingredients and the offset cost function must verify some conditions, which are listed in

the following assumptions, before presenting the main result of this chapter.

In order to ensure the recursive feasibility of 𝑃𝑁𝑐 ,𝑁𝑝
(·, ·), the terminal ingredients T and 𝑉 𝑓 (·) must

satisfy the following assumption.

Assumption 2.7: Terminal ingredient properties

The inputs 𝑣 𝑓 (𝑦𝑠) ∈ R𝑠, the set T :=
( ⋃

𝑦𝑠∈Y𝑡
X𝑓 (𝑦𝑠)

)
× Y𝑡 and the sets Ω(𝑦𝑠) are such that:

1. Ω(𝑦𝑠) and X𝑓 (𝑦𝑠) are positively invariant sets for the nominal system 𝑥(𝑘 + 1) =

𝑓
(
𝑥(𝑘), 𝜋

(
𝑦𝑠, 𝑥(𝑘), 𝑣 𝑓 (𝑦𝑠)

)
, 0

)
;

2. Ω(𝑦𝑠) × {𝑣 𝑓 (𝑦𝑠)} ⊆ Z𝜋 (𝑁𝑝 − 1);

3. X𝑓 (𝑦𝑠) × {𝑣 𝑓 (𝑦𝑠)} ⊆ Z𝜋 (𝑁𝑝);

4. X𝑓 (𝑦𝑠) ⊕ F (𝑁𝑝 − 1) ⊆ Ω(𝑦𝑠);

5. 𝑓
(
𝑥, 𝜋

(
𝑦𝑠, 𝑥, 𝑣 𝑓 (𝑦𝑠)

)
, 0

)
∈ X𝑓 (𝑦𝑠), for all 𝑥 ∈ Ω(𝑦𝑠).

Moreover, the terminal cost function 𝑉 𝑓 (·, ·) is a CLF such that, for all 𝑦𝑠 ∈ Y𝑡 and for all

𝑥 ∈ Ω(𝑦𝑠), it ensures

𝑉 𝑓
(
𝑓
(
𝑥, 𝜋

(
𝑦𝑠, 𝑥, 𝑣 𝑓 (𝑦𝑠)

)
, 0

)
− 𝑥𝑠, 𝑦𝑠

)
−𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) ≤ −ℓ

(
𝑥 − 𝑥𝑠, 𝑣 𝑓 (𝑦𝑠) − 𝑣𝑠

)
.

The conditions given by Assumption 2.7 ensure that the set T is a robust invariant set for tracking,

the definition of which is provided hereafter.

Definition 2.1: Robust invariant set for tracking

For a given set of constraints Z𝜋, a set of feasible setpoints Y𝑡 ⊆ Y𝜋,𝑠, and a local control law

𝑣 = 𝜅(𝑥, 𝑦𝑠), a set T ⊂ R𝑛 × R𝑠 is an (admissible) robust invariant set for tracking for the

system 𝑥+ = 𝑓 (𝑥, 𝜋(𝑦𝑠, 𝑥, 𝑣), 𝑤) if, for all (𝑥, 𝑦𝑠) ∈ T , we have that (𝑥, 𝜅(𝑥, 𝑦𝑠)) ∈ Z𝜋, 𝑦𝑠 ∈ Y𝑡 ,

and ( 𝑓 (𝑥, 𝜋(𝑦𝑠, 𝑥, 𝜅(𝑥, 𝑦𝑠)), 𝑤), 𝑦𝑠) ∈ T , ∀𝑤 ∈ W.
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In detail, the robustness of T , which is used as terminal inequality constraint on both the terminal state

𝑥(𝑁𝑝 |𝑘) and the artificial reference 𝑦𝑠, is with respect to the terminal state. Indeed, the sets Ω(𝑦𝑠) are

required to be robustly invariant for the system 𝑥(𝑘 + 1) = 𝑓
(
𝑥(𝑘), 𝜋(𝑦𝑠, 𝑥(𝑘), 𝑣 𝑓 (𝑦𝑠)), 0

)
+ 𝑒, where

𝑒 ∈ F (𝑁𝑝 − 1), while Y𝑡 , i.e. the set of feasible setpoints, is required to fulfill the typical conditions

of a standard invariant set for tracking. Assumption 2.7 also requires to design control inputs 𝑣 𝑓 (𝑦𝑠)

that are able to locally asymptotically stabilize the system to any steady state contained in Z𝜋,𝑠.

Next, we state the conditions that the cost function must verify to enable the proof of recursive

feasibility and input-to-state stability of the closed-loop system.

Assumption 2.8: Stage cost function and terminal cost function bounds

The stage cost function ℓ(·, ·) and the terminal cost function 𝑉 𝑓 (·, ·) meet the next conditions:

1. There exists a function 𝛼ℓ (·) ∈ K∞ such that ℓ(𝑥, 𝑣) ≥ 𝛼ℓ (∥𝑥∥) for all (𝑥, 𝑣) ∈ R𝑛 × R𝑠.

The stage cost function ℓ(·, ·) is uniformly continuous in Z𝜋. Therefore, there exist

functions 𝜎ℓ,𝑥 (·), 𝜎ℓ,𝑣 (·) ∈ K such that

|ℓ(𝑥, 𝑣) − ℓ(𝑥, 𝑣̌) | ≤ 𝜎ℓ,𝑥 (∥𝑥 − 𝑥∥) + 𝜎ℓ,𝑣 (∥𝑣 − 𝑣̌∥),∀(𝑥, 𝑣), (𝑥, 𝑣̌) ∈ Z𝜋 .

2. There exists a quadratic function 𝛼 𝑓 (∥𝑥∥) := 𝛼̄ 𝑓 ∥𝑥∥2 such that 𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) ≤ 𝛼̄ 𝑓 ∥𝑥 −

𝑥𝑠∥2 for all 𝑦𝑠 ∈ Y𝑡 and for all 𝑥 ∈ Ω(𝑦𝑠).

3. The terminal cost function 𝑉 𝑓 (·, ·) is uniformly continuous with respect to its first argu-

ment, namely there exists a function 𝜎 𝑓 (·) ∈ K such that

|𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) −𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) | ≤ 𝜎 𝑓 (∥𝑥 − 𝑥∥) .

Remark 2.5
The function 𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) is not required to be continuous with respect to 𝑦𝑠. This allows

the designer to choose different terminal cost functions for different equilibria or groups of

equilibria. Nonetheless, Assumption 2.8 requires the functions 𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) to share an upper

bound and a function 𝜎 𝑓 (·) defining a common uniform continuity property. Of course, when

it is possible, a simple way to verify such conditions is to use a unique terminal cost function

for all the feasible setpoints 𝑦𝑠 ∈ Y𝑡 .

Several algorithms for the combined design of the pre-stabilizing control laws 𝜋(·, ·, ·), the

terminal cost functions 𝑉 𝑓 (·, ·) and the robust invariant set for tracking T are provided in

Section 2.7.1.
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In order to ensure that the closed-loop system output converges to a neighborhood of the best admissible

steady output, it is fundamental that the offset function 𝑉𝑂 (·) and the set Y𝑡 verify the following

conditions.

Assumption 2.9: Properties of the offset cost function and the feasible setpoint set

1. The set of feasible setpoints Y𝑡 is a convex and bounded subset of Y𝜋,𝑠.

2. The offset cost function 𝑉𝑂 : R𝑝 → R is a convex positive definite function such that the

minimizer

𝑦∗𝑠 = arg min
𝑦𝑠∈Y𝑡

𝑉𝑂 (𝑦𝑠 − 𝑦𝑡) (2.17)

is unique. Moreover, there exists a K∞ function 𝛼𝑂 (·) such that

𝑉𝑂 (𝑦𝑠 − 𝑦𝑡) −𝑉𝑂 (𝑦∗𝑠 − 𝑦𝑡) ≥ 𝛼𝑂 (∥𝑦𝑠 − 𝑦∗𝑠 ∥) ∀𝑦𝑠 ∈ Y𝑡 .

Remark 2.6
Assumption 2.9 resembles Assumption 1.14, but requires an additional condition that is more

restrictive, that is the boundedness of the set Y𝑡 . This can be obtained by either having an output

function ℎ(·, ·) that is bounded in Z, or by accepting to let the MPC steer the closed-loop output

to setpoints belonging to a bounded set Y𝑡 even when Y𝑠 has no bounds. In case of a compact

constraint set Z, Y𝑠 is bounded, therefore allowing the designer to choose Y𝑡 = Y𝑠 if Y𝑠 is also

convex.

Assumption 2.9 implies that, given the boundedness of Y𝑡 , there exists 𝑉𝑂,max > 0 such that 𝑉𝑂 (𝑦𝑠 −

𝑦̌𝑠) ≤ 𝑉𝑂,max for any 𝑦𝑠, 𝑦̌𝑠 ∈ Y𝑡 .

For reasons that will become more clear later in the text, in order to prove the input-to-state stability of

the closed-loop system, it is necessary to make a further (non-restrictive) assumption on the function

𝛼𝑂 (·). For the sake of simplicity, the next assumption makes use of the set S, which is defined as

S := {∥𝑦𝑠 − 𝑦̌𝑠∥ : 𝑦𝑠, 𝑦̌𝑠 ∈ Y𝑡} .

Note that, due to the boundedness of Y𝑡 , S ⊂ R is a bounded interval of real numbers, in detail

S ≡ [0, sup ∥𝑦𝑠 − 𝑦̌𝑠∥], with 𝑦𝑠, 𝑦̌𝑠 ∈ Y𝑡 .
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Assumption 2.10: Joint conditions on 𝑉 𝑓 (·, ·) and 𝑉𝑂 (·)

Given the Lipschitz constant 𝐿𝑔, for which ∥𝑥𝑠 − 𝑥𝑠∥ ≤ 𝐿𝑔∥𝑦𝑠 − 𝑦̌𝑠∥, the functions 𝑉 𝑓 (·, ·) and

𝑉𝑂 (·) are such that

𝔟1 := inf

{
𝛼𝑂 (𝑠)

4𝛼̄ 𝑓 𝐿2
𝑔𝑠

2
: 𝑠 ∈ S \ {0}

}
> 0,

and

𝔟2 := inf

{
𝛼𝑂 (𝑠2) − 𝛼𝑂 (𝑠1)

4𝛼̄ 𝑓 𝐿2
𝑔𝑠

2
2 − 4𝛼̄ 𝑓 𝐿2

𝑔𝑠
2
1

: 𝑠1, 𝑠2 ∈ S, 𝑠2 > 𝑠1

}
> 0.

Remark 2.7
Thanks to the boundedness of S, Assumption 2.10 is not particularly restrictive, as it can easily

be verified by choosing an offset function 𝑉𝑂 (·) such that, for 𝑠 → 0+, 𝛼𝑂 (𝑠) goes to 0 at most

as rapidly as 𝑠2.

Examples of functions that verify the last conditions are quadratic functions and polynomials

of degree equal to or lower than 2.

In the following, we analyze how the aforementioned assumptions are sufficient to ensure the recursive

feasibility and the stabilizing capabilities of the robust MPC for tracking for perturbed nonlinear

systems. Given that the proof of stability of the closed loop is complex, we first address recursive

feasibility in Lemma 2.1.

Lemma 2.1: Recursive feasibility of the robust MPC for tracking for nonlinear systems

Consider the system 𝑥(𝑘 + 1) = 𝑓
(
𝑥(𝑘), 𝜋(𝑦𝑠, 𝑥(𝑘), 𝑣(𝑘)), 𝑤(𝑘)

)
and the set sequence{

Z𝜋 ( 𝑗)
}
𝑗≥0, based on

{
R( 𝑗)

}
𝑗≥0 and

{
F ( 𝑗)

}
𝑗≥0, which satisfy Assumptions 2.5 and 2.6.

Let the triplet
(
𝑣 𝑓 (𝑦0

𝑠 ),Ω(𝑦0
𝑠 ),T

)
fulfill Assumption 2.7. Consider now a feasible state

𝑥(𝑘) ∈ X𝑁𝑐 ,𝑁𝑝
and the optimal solution

(
v0(𝑘), 𝑦0

𝑠 (𝑘)
)

to the problem 𝑃𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡). Let

𝑥(𝑘 +1) be the next uncertain state and define a candidate artificial reference 𝑦+𝑠 (𝑘 +1) = 𝑦0
𝑠 (𝑘)

and a sequence of inputs v+(𝑘+1) := {𝑣+(0|𝑘+1), . . . , 𝑣+(𝑁𝑐−1|𝑘+1)} = {𝑣0(1|𝑘), . . . , 𝑣0(𝑁𝑐−

1|𝑘), 𝑣 𝑓 (𝑦+𝑠 (𝑘 + 1))}. Then the following properties hold:

1.
(
𝜙𝜋 ( 𝑗 ; 𝑦+𝑠 (𝑘 + 1), 𝑥(𝑘 + 1), v+(𝑘 + 1), 0), 𝑣+( 𝑗 |𝑘 + 1)

)
∈ Z𝜋 ( 𝑗),

2.
(
𝜙𝜋 (𝑁𝑝; 𝑦+𝑠 (𝑘 + 1), 𝑥(𝑘 + 1), v+(𝑘 + 1), 0), 𝑦+𝑠 (𝑘 + 1)

)
∈ T .
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Proof. First statement: Since 𝜙𝜋 ( 𝑗 ; 𝑦+𝑠 (𝑘+1), 𝑥(𝑘+1), v+(𝑘+1), 0)−𝜙𝜋 ( 𝑗+1; 𝑦0
𝑠 (𝑘), 𝑥(𝑘), v0(𝑘), 0) ∈

F ( 𝑗), we have that

𝜙𝜋 ( 𝑗 ; 𝑦+𝑠 (𝑘 + 1), 𝑥(𝑘 + 1), v+(𝑘 + 1), 0) ∈ 𝜙𝜋 ( 𝑗 + 1; 𝑦0
𝑠 (𝑘), 𝑥(𝑘), v0(𝑘), 0) ⊕ F ( 𝑗)

⊆ 𝜙𝜋 ( 𝑗 + 1; 𝑦0
𝑠 (𝑘), 𝑥(𝑘), v0(𝑘), 0) ⊕ R( 𝑗 + 1) ⊖ R( 𝑗).

Since
(
𝜙𝜋 ( 𝑗 + 1; 𝑦0

𝑠 (𝑘), 𝑥(𝑘), v0(𝑘), 0), 𝑣0( 𝑗 + 1|𝑘)
)
∈ Z𝜋 ( 𝑗 + 1), we have that(

𝜙𝜋 ( 𝑗 ; 𝑦+𝑠 (𝑘 + 1), 𝑥(𝑘 + 1), v+(𝑘 + 1), 0), 𝑣0( 𝑗 + 1|𝑘)
)
∈

(
Z𝜋 ( 𝑗 + 1)

⊕
(
R( 𝑗 + 1) × {0}

)
⊖

(
R( 𝑗) × {0}

) )
.

By definition,

Z𝜋 ( 𝑗 + 1) ⊕
(
R( 𝑗 + 1) × {0}

)
⊆ Z𝜋

and 𝑣0( 𝑗 + 1|𝑘) = 𝑣+( 𝑗 |𝑘), which implies that

(
𝜙𝜋 ( 𝑗 ; 𝑦+𝑠 (𝑘 + 1),𝑥(𝑘 + 1), v+(𝑘 + 1), 0), 𝑣+( 𝑗 |𝑘 + 1)

)
∈ Z𝜋 ⊖

(
R( 𝑗) × {0}

)
⊆ Z𝜋 ( 𝑗).

Second statement: The feasibility of the solution
(
v0(𝑘), 𝑦0

𝑠 (𝑘)
)

implies that(
𝜙𝜋 (𝑁𝑝; 𝑦0

𝑠 (𝑘), 𝑥(𝑘), v0(𝑘), 0), 𝑦0
𝑠 (𝑘)

)
∈ T .

In particular, 𝜙𝜋 (𝑁𝑝; 𝑦0
𝑠 (𝑘), 𝑥(𝑘), v0(𝑘), 0) ∈ X𝑓 (𝑦0

𝑠 (𝑘)) and 𝑦0
𝑠 (𝑘) ∈ Y𝜋,𝑠. On the other hand, from

the definition of set F (𝑁𝑝 − 1), we have that

𝜙𝜋 (𝑁𝑝 − 1; 𝑦+𝑠 (𝑘 + 1), 𝑥(𝑘 + 1), v+(𝑘 + 1), 0) ∈ 𝜙𝜋 (𝑁𝑝; 𝑦0
𝑠 (𝑘), 𝑥(𝑘), v0(𝑘), 0)

⊕ F (𝑁𝑝 − 1).

Then

𝜙𝜋 (𝑁𝑝 − 1; 𝑦+𝑠 (𝑘 + 1), 𝑥(𝑘 + 1), v+(𝑘 + 1), 0) ∈ X𝑓 (𝑦+𝑠 (𝑘 + 1)) ⊕ F (𝑁𝑝 − 1).

Since 𝑦+𝑠 (𝑘 + 1) = 𝑦0
𝑠 (𝑘), X𝑓 (𝑦+𝑠 (𝑘 + 1)) = X𝑓 (𝑦0

𝑠 (𝑘)) and 𝑦+𝑠 (𝑘 + 1) ∈ Y𝜋,𝑠, that is
(
𝜙𝜋 (𝑁𝑝; 𝑦+𝑠 (𝑘 +

1), 𝑥(𝑘 + 1), v+(𝑘 + 1), 0), 𝑦+𝑠 (𝑘 + 1)
)
∈ T . ■

The following theorem ensures the input-to-state stability of the closed-loop system controlled by the

proposed robust MPC for tracking and convergence of the system output to a neighborhood of the best

admissible steady output.

61



Marco Polver

Theorem 2.1: Stability of the tube-based MPC for tracking for perturbed nonlinear sys-

tems

Suppose that Assumptions 2.1-2.10 hold, and consider a given constant setpoint 𝑦𝑡 . Then for any

feasible initial state 𝑥 ∈ X𝑁𝑐 ,𝑁𝑝
, the system controlled by 𝜅𝑁𝑐 ,𝑁𝑝

(𝑥, 𝑦𝑡) fulfills the constraints

throughout the time, the equilibrium 𝑥∗𝑠 = 𝑔𝑥 (𝑦∗𝑠) is input-to-state stable for the closed-loop

system, whose output converges to a bounded set containing the best admissible steady output

𝑦∗𝑠 .

Proof. This proof is divided in two parts. First, the recursive feasibility of 𝑃𝑁𝑐 ,𝑁𝑝
(·, ·) is proved. In

the second part, the input-to-state stability of 𝑥∗𝑠 and the convergence to a neighborhood of the best

admissible steady output 𝑦∗𝑠 are proved.

Recursive feasibility: the proof of recursive feasibility is given in Lemma 2.1.

Input-to-state stability and convergence: Let (𝑥∗𝑠 , 𝑢∗𝑠) be the equilibrium point given by 𝑥∗𝑠 = 𝑔𝑥 (𝑦∗𝑠)

and 𝑢∗𝑠 = 𝑔𝑢 (𝑦∗𝑠). The goal is to show that the closed-loop system is ISS and converges to a

neighborhood of the best feasible steady output 𝑦∗𝑠 . To this end, we first show that the function

𝑊 (𝑥(𝑘), 𝑦𝑡) := 𝑉0
𝑁𝑐 ,𝑁𝑝

(𝑥(𝑘), 𝑦𝑡) −𝑉𝑂 (𝑦∗𝑠 − 𝑦𝑡)

nominally decreases in X𝑁𝑐 ,𝑁𝑝
with respect to the equilibrium (𝑥0

𝑠 (𝑘), 𝑢0
𝑠 (𝑘)), and then prove

that the same happens also with respect to the optimal couple (𝑥∗𝑠 , 𝑢∗𝑠). Defining 𝑥0( 𝑗 |𝑘) =

𝜙𝜋 ( 𝑗 ; 𝑦0
𝑠 (𝑘), 𝑥(𝑘), v0(𝑘), 0) and 𝑥+( 𝑗 |𝑘 + 1) = 𝜙𝜋 ( 𝑗 ; 𝑦+𝑠 (𝑘 + 1), 𝑥(𝑘 + 1), v+(𝑘 + 1), 0), then

𝑉𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘 + 1), 𝑦𝑡 , v+(𝑘 + 1), 𝑦+𝑠 (𝑘 + 1))

=

𝑁𝑐−1∑︁
𝑗=0

ℓ
(
𝑥+( 𝑗 |𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑣+( 𝑗 |𝑘 + 1) − 𝑣+𝑠 (𝑘 + 1)

)
+
𝑁𝑝−1∑︁
𝑗=𝑁𝑐

ℓ
(
𝑥+( 𝑗 |𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑣 𝑓 (𝑦+𝑠 (𝑘 + 1)) − 𝑣+𝑠 (𝑘 + 1)

)
+𝑉 𝑓

(
𝑥+(𝑁𝑝 |𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑦+𝑠 (𝑘 + 1)

)
+𝑉𝑂 (𝑦+𝑠 (𝑘 + 1) − 𝑦𝑡).

From the component-wise uniform continuity of the model, we have that, for all 𝑖 ∈ [1, 𝑛],

|𝑥+𝑖 (0|𝑘 + 1) − 𝑥0
𝑖 (1|𝑘) | ≤

𝑟∑︁
𝑎=1

𝜎𝑤,𝑖𝑎 (𝑤𝑎 (𝑘)) =: 𝑐𝑖,0(𝑤(𝑘)).

In the same way,

|𝑥+𝑖 (1|𝑘 + 1) − 𝑥0
𝑖 (2|𝑘) | ≤

𝑛∑︁
𝑏=1

𝜎𝑥,𝑖𝑏

(
𝑟∑︁
𝑎=1

𝜎𝑤,𝑏𝑎 (𝑤𝑎 (𝑘))
)

=

𝑛∑︁
𝑏=1

𝜎𝑥,𝑖𝑏 (𝑐𝑏,0(𝑤(𝑘))) =: 𝑐𝑖,1(𝑤(𝑘)).
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Generalizing for all 𝑗 > 0,

|𝑥+𝑖 ( 𝑗 |𝑘 + 1) − 𝑥0
𝑖 ( 𝑗 + 1|𝑘) | ≤

𝑛∑︁
𝑏=1

𝜎𝑥,𝑖𝑏
(
𝑐𝑏, 𝑗−1(𝑤(𝑘))

)
=: 𝑐𝑖, 𝑗 (𝑤(𝑘)).

Then, considering the uniform continuity of the stage cost function ℓ(·, ·) and the uniform continuity

of the terminal cost 𝑉 𝑓 (·, 𝑦𝑠) with respect to 𝑥, we obtain:

𝑊 (𝑥(𝑘 + 1), 𝑦𝑡) −𝑊 (𝑥(𝑘), 𝑦𝑡) = 𝑉0
𝑁𝑐 ,𝑁𝑝

(𝑥(𝑘 + 1), 𝑦𝑡) −𝑉0
𝑁𝑐 ,𝑁𝑝

(𝑥(𝑘), 𝑦𝑡)

≤ 𝑉𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘 + 1), 𝑦𝑡 , v+(𝑘 + 1), 𝑦+𝑠 (𝑘 + 1)) −𝑉0

𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡)

=

𝑁𝑐−2∑︁
𝑗=0

[
ℓ
(
𝑥+( 𝑗 |𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑣+( 𝑗 |𝑘 + 1) − 𝑣+𝑠 (𝑘 + 1)

)
− ℓ

(
𝑥0( 𝑗 + 1|𝑘) − 𝑥0

𝑠 (𝑘), 𝑣0( 𝑗 + 1|𝑘) − 𝑣0
𝑠 (𝑘)

) ]
+

𝑁𝑝−2∑︁
𝑗=𝑁𝑐−1

[
ℓ
(
𝑥+( 𝑗 |𝑘) − 𝑥+𝑠 (𝑘 + 1), 𝑣 𝑓 (𝑦+𝑠 (𝑘 + 1)) − 𝑣+𝑠 (𝑘 + 1)

)
− ℓ

(
𝑥0( 𝑗 + 1|𝑘) − 𝑥0

𝑠 (𝑘), 𝑣 𝑓 (𝑦0
𝑠 (𝑘)) − 𝑣0

𝑠 (𝑘)
) ]

− ℓ
(
𝑥(𝑘) − 𝑥0

𝑠 (𝑘), 𝑣0(0|𝑘) − 𝑣0
𝑠 (𝑘)

)
+𝑉 𝑓

(
𝑥+(𝑁𝑝 |𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑦+𝑠 (𝑘 + 1)

)
−𝑉 𝑓

(
𝑥0(𝑁𝑝 |𝑘) − 𝑥0

𝑠 (𝑘), 𝑦0
𝑠 (𝑘)

)
+ ℓ

(
𝑥+(𝑁𝑝 − 1|𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑣 𝑓 (𝑦+𝑠 (𝑘 + 1)) − 𝑣+𝑠 (𝑘 + 1)

)
.

Analyzing the stage cost function, we find that

ℓ
(
𝑥+( 𝑗 |𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑣+( 𝑗 |𝑘 + 1) − 𝑣+𝑠 (𝑘 + 1)

)
− ℓ

(
𝑥0( 𝑗 + 1|𝑘) − 𝑥0

𝑠 (𝑘), 𝑣0( 𝑗 + 1|𝑘) − 𝑣0
𝑠 (𝑘)

)
≤ 𝜎ℓ,𝑥

(
∥ [𝑐1, 𝑗 (𝑤(𝑘)) . . . 𝑐𝑛, 𝑗 (𝑤(𝑘))]⊤∥

)
.

Defining 𝑟 𝑗 (𝑤) := ∥ [𝑐1, 𝑗 (𝑤) . . . 𝑐𝑛, 𝑗 (𝑤)]⊤∥, the last inequality becomes

ℓ
(
𝑥+( 𝑗 |𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑣+( 𝑗 |𝑘 + 1) − 𝑣+𝑠 (𝑘 + 1)

)
− ℓ

(
𝑥0( 𝑗 + 1|𝑘) − 𝑥0

𝑠 (𝑘), 𝑣0( 𝑗 + 1|𝑘) − 𝑣0
𝑠 (𝑘)

)
≤ 𝜎ℓ,𝑥 ◦ 𝑟 𝑗 (𝑤(𝑘)).

Moreover, analyzing the terminal cost we get that

𝑉 𝑓
(
𝑥+(𝑁𝑝 − 1|𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑦+𝑠 (𝑘 + 1)

)
−𝑉 𝑓

(
𝑥0(𝑁𝑝 |𝑘) − 𝑥0

𝑠 (𝑘), 𝑦0
𝑠 (𝑘)

)
≤ 𝜎 𝑓 ◦ 𝑟𝑁𝑝−1(𝑤(𝑘)).
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Due to the choice 𝑦+𝑠 (𝑘 + 1) = 𝑦0
𝑠 (𝑘), which implies 𝑥+𝑠 (𝑘 + 1) = 𝑥0

𝑠 (𝑘), and given that

𝑉 𝑓
(
𝑥+(𝑁𝑝 |𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑦+𝑠 (𝑘 + 1)

)
−𝑉 𝑓

(
𝑥0(𝑁𝑝 |𝑘) − 𝑥0

𝑠 (𝑘), 𝑦0
𝑠 (𝑘)

)
= 𝑉 𝑓

(
𝑥+(𝑁𝑝 |𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑦+𝑠 (𝑘 + 1)

)
−𝑉 𝑓

(
𝑥+(𝑁𝑝 − 1|𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑦+𝑠 (𝑘 + 1)

)
+𝑉 𝑓

(
𝑥+(𝑁𝑝 − 1|𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑦+𝑠 (𝑘 + 1)

)
−𝑉 𝑓

(
𝑥0(𝑁𝑝 |𝑘) − 𝑥0

𝑠 (𝑘), 𝑦0
𝑠 (𝑘)

)
,

we get

Δ𝑊 := 𝑊 (𝑥(𝑘 + 1), 𝑦𝑡) −𝑊 (𝑥(𝑘), 𝑦𝑡) ≤
𝑁𝑝−2∑︁
𝑗=0

𝜎ℓ,𝑥 ◦ 𝑟 𝑗 (𝑤(𝑘)) + 𝜎 𝑓 ◦ 𝑟𝑁𝑝−1(𝑤(𝑘))

− ℓ
(
𝑥(𝑘) − 𝑥0

𝑠 (𝑘), 𝑣0(0|𝑘) − 𝑣0
𝑠 (𝑘)

)
+ ℓ

(
𝑥+(𝑁𝑝 − 1|𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑣 𝑓 (𝑦+𝑠 (𝑘 + 1)) − 𝑣+𝑠 (𝑘 + 1)

)
+𝑉 𝑓

(
𝑥+(𝑁𝑝 |𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑦+𝑠 (𝑘 + 1)

)
−𝑉 𝑓

(
𝑥+(𝑁𝑝 − 1|𝑘 + 1) − 𝑥0

𝑠 + (𝑘 + 1), 𝑦+𝑠 (𝑘 + 1)
)
.

Thanks to Assumption 2.7, we have that

𝑉 𝑓 (𝑥+(𝑁𝑝 |𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑦+𝑠 (𝑘 + 1))

−𝑉 𝑓 (𝑥+(𝑁𝑝 − 1|𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑦+𝑠 (𝑘 + 1))

≤ −ℓ
(
𝑥+(𝑁𝑝 − 1|𝑘 + 1) − 𝑥+𝑠 (𝑘 + 1), 𝑣 𝑓 (𝑦+𝑠 (𝑘 + 1)) − 𝑣+𝑠 (𝑘 + 1)

)
in Ω(𝑦+𝑠 (𝑘 + 1)), and hence, given that the functions 𝑟 𝑗 (𝑤) are vector norms, there exists a K function

𝜆1(·) such that

Δ𝑊 ≤ −ℓ
(
𝑥(𝑘) − 𝑥0

𝑠 (𝑘), 𝑣0(0|𝑘) − 𝑣0
𝑠 (𝑘)

)
+ 𝜆1(∥𝑤(𝑘)∥).

Given that ℓ(𝑥, 𝑣) ≥ 𝛼ℓ (∥𝑥∥), the last finding results in

Δ𝑊 ≤ −𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥) + 𝜆1(∥𝑤(𝑘)∥). (2.18)

To prove the convergence of the system output to the steady output 𝑦∗𝑠 , we first need to prove input-to-

state stability of the equilibrium 𝑥∗𝑠 . In order for this to be true, 𝑊 (·, 𝑦𝑡) has to be an ISS-Lyapunov

function with respect to this equilibrium point.

We start by looking for a K∞ function that bounds 𝑊 (𝑥(𝑘), 𝑦𝑡) from below. From the definition of

the function𝑊 (·, 𝑦𝑡), and due to Assumptions 2.8 and 2.9, we have that

𝑊 (𝑥(𝑘), 𝑦𝑡) ≥ ℓ
(
𝑥(𝑘) − 𝑥0

𝑠 (𝑘), 𝑣0(0|𝑘) − 𝑣0
𝑠 (𝑘)

)
+𝑉𝑂 (𝑦0

𝑠 (𝑘) − 𝑦𝑡) −𝑉𝑂 (𝑦∗𝑠 − 𝑦𝑡)

≥ 𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥) + 𝛼𝑂 (∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥).

64



Robust MPC for tracking changing setpoints

Because of the Lipschitz continuity of 𝑔𝑥 (·), for which ∥𝑥0
𝑠 (𝑘) − 𝑥∗𝑠 ∥ ≤ 𝐿𝑔∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥, we have that

𝑊 (𝑥(𝑘), 𝑦𝑡) ≥ 𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥) + 𝛼𝑂

(
1
𝐿𝑔

∥𝑥0
𝑠 (𝑘) − 𝑥∗𝑠 ∥

)
.

Provided that 𝛼ℓ (·, ·) and 𝛼𝑂 (·) are K∞ functions, the function 𝛼ℓ𝑂 (·) := min{𝛼ℓ (·, ·), 𝛼𝑂 (·)} is also

a K∞ function and, thanks to standard properties of K∞ functions, allows us to prove that

𝑊 (𝑥(𝑘), 𝑦𝑡) ≥ 𝛼ℓ𝑂 (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥) + 𝛼ℓ𝑂

(
1
𝐿𝑔

∥𝑥0
𝑠 (𝑘) − 𝑥∗𝑠 ∥

)
≥ 𝛼ℓ𝑂

(
1
2
∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥ +
1

2𝐿𝑔
∥𝑥0
𝑠 (𝑘) − 𝑥∗𝑠 ∥

)
≥ 𝛼ℓ𝑂

(
min

{
1
2
,

1
2𝐿𝑔

}
∥𝑥(𝑘) − 𝑥∗𝑠 ∥

)
.

Defining 𝛼(·) as a K∞ function such that 𝛼(∥𝑥∥) ≤ 𝛼ℓ𝑂

(
min

{
1
2 ,

1
2𝐿𝑔

}
∥𝑥∥

)
for all 𝑥 ∈ R𝑛, we finally

get that

𝑊 (𝑥(𝑘), 𝑦𝑡) ≥ 𝛼(∥𝑥(𝑘) − 𝑥∗𝑠 ∥). (2.19)

The upper bound of𝑊 (𝑥(𝑘), 𝑦𝑡) can be obtained thanks to Assumption 2.7, which implies 𝑉 𝑓 (𝑥(𝑘) −

𝑥∗𝑠 , 𝑦
∗
𝑠) ≤ 𝛼 𝑓 (∥𝑥(𝑘) − 𝑥∗𝑠 ∥) in Ω(𝑦∗𝑠). This, together with Z being a closed set, implies that there exists

a K∞ function 𝛼̄(·) such that

𝑊 (𝑥(𝑘), 𝑦𝑡) ≤ 𝛼̄(∥𝑥(𝑘) − 𝑥∗𝑠 ∥) (2.20)

for all 𝑥(𝑘) ∈ X𝑁𝑐 ,𝑁𝑝
.

In order to prove the nominal descent property of𝑊 (·, 𝑦𝑡) with respect to 𝑥∗𝑠 , which is needed to prove

that 𝑊 (·, 𝑦𝑡) is an ISS-Lyapunov function, we analyze two different cases. The logic behind the two

cases is the following, and is inspired by [74]: first, we want to prove that, if the tracking error is

big, the nominal descent property of 𝑊 (·, 𝑦𝑡) with respect to 𝑥0
𝑠 (𝑘) implies that 𝑊 (·, 𝑦𝑡) nominally

decreases also with respect to 𝑥∗𝑠 ; then, we want to prove that, if at instant 𝑘 the tracking error is

small and 𝑦0
𝑠 (𝑘) ≠ 𝑦∗𝑠 , namely the closed-loop system state is close to the equilibrium 𝑥0

𝑠 (𝑘), at time

instant 𝑘 + 1 it is always possible to find a feasible candidate solution (ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) such that

𝑉𝑂 ( 𝑦̃𝑠 (𝑘 + 1) − 𝑦𝑡) < 𝑉𝑂 (𝑦0
𝑠 (𝑘) − 𝑦𝑡), and the decrease in 𝑉𝑂 (·) also ensures the nominal descent of

𝑊 (·, 𝑦𝑡) with respect to 𝑥∗𝑠 .

The threshold that is used to formally discern the two cases is the following: given a constant

𝛾 > 0, which will be specified later, having a large tracking error means that 𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥) ≥

𝛾𝛼𝑂 (∥𝑦0
𝑠 (𝑘) − 𝑦∗𝑠 ∥) (case 1), while having a small tracking error results in 𝛼ℓ (∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥) ≤

𝛾𝛼𝑂 (∥𝑦0
𝑠 (𝑘) − 𝑦∗𝑠 ∥) (case 2). The two cases are analyzed below.
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Case 1: Provided that

𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥) ≥ 𝛾𝛼𝑂 (∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥), (2.21)

(2.18) and the Lipschitz continuity of 𝑔𝑥 (·) imply

Δ𝑊 ≤ 𝜆1(∥𝑤(𝑘)∥) − 𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥)

= 𝜆1(∥𝑤(𝑘)∥) −
1
2
𝛼ℓ (∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥) −
1
2
𝛼ℓ (∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥)

≤ 𝜆1(∥𝑤(𝑘)∥) −
1
2

[
𝛼ℓ (∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥) + 𝛾𝛼𝑂 (∥𝑦0
𝑠 (𝑘) − 𝑦∗𝑠 ∥)

]
≤ 𝜆1(∥𝑤(𝑘)∥) −

1
2

[
𝛼ℓ (∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥) + 𝛾𝛼𝑂
(

1
𝐿𝑔

∥𝑥0
𝑠 (𝑘) − 𝑥∗𝑠 ∥

) ]
≤ 𝜆1(∥𝑤(𝑘)∥) −

1
2

min{1, 𝛾}
[
𝛼ℓ (∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥) + 𝛼𝑂
(

1
𝐿𝑔

∥𝑥0
𝑠 (𝑘) − 𝑥∗𝑠 ∥

) ]
.

Using the functions 𝛼ℓ𝑂 (·) and 𝛼(·) defined earlier, we get

Δ𝑊 ≤ 𝜆1(∥𝑤(𝑘)∥) −
1
2

min{1, 𝛾}
[
𝛼ℓ𝑂 (∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥) + 𝛼ℓ𝑂
(

1
𝐿𝑔

∥𝑥0
𝑠 (𝑘) − 𝑥∗𝑠 ∥

) ]
≤ 𝜆1(∥𝑤(𝑘)∥) −

1
2

min{1, 𝛾}𝛼ℓ𝑂

(
1
2
∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥ +
1

2𝐿𝑔
∥𝑥0
𝑠 (𝑘) − 𝑥∗𝑠 ∥

)
≤ 𝜆1(∥𝑤(𝑘)∥) −

1
2

min{1, 𝛾} · 𝛼ℓ𝑂
(
min

{
1
2
,

1
2𝐿𝑔

}
∥𝑥(𝑘) − 𝑥∗𝑠 ∥

)
≤ 𝜆1(∥𝑤(𝑘)∥) −

1
2

min{1, 𝛾}𝛼(∥𝑥(𝑘) − 𝑥∗𝑠 ∥).

(2.22)

Case 2: Assume

𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥) ≤ 𝛾𝛼𝑂 (∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥). (2.23)

The proof of the nominal descent of𝑊 (·, 𝑦𝑡) in this case is divided into five steps:

1. We first prove that, by choosing a small enough 𝛾, (2.23) implies that 𝑥(𝑘) ∈ X𝑓 (𝑦0
𝑠 (𝑘)); in

particular, 𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥) ≤ 𝜖𝑥 , where 𝜖𝑥 > 0 is a real constant, whose meaning will be

clarified later.

2. We prove that, given a state 𝑥(𝑘) such that 𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥) ≤ 𝜖𝑥 , the following nominal

state 𝑥0(1|𝑘) is such that 𝛼ℓ (∥𝑥0(1|𝑘) − 𝑥0
𝑠 (𝑘)∥) ≤ 𝜖𝑥/2.

3. We prove that a candidate artificial reference 𝑦̃𝑠 (𝑘+1) such that𝑉𝑂 ( 𝑦̃𝑠 (𝑘+1)−𝑦𝑡) < 𝑉𝑂 (𝑦0
𝑠 (𝑘)−

𝑦𝑡) would be feasible for the following nominal state 𝑥0(1|𝑘).

4. We prove that the candidate artificial reference 𝑦̃𝑠 (𝑘 + 1) makes the function 𝑊 (·, 𝑦𝑡) decrease

in the perturbation-free case.
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5. We prove that the gap 𝑊 (𝑥(𝑘 + 1)) −𝑊 (𝑥0(1|𝑘)), where 𝑥(𝑘 + 1) is the uncertain following

state, is bounded from above by a K function 𝜆2 : W → R≥0, which allows us to state that

𝑊 (·, 𝑦𝑡) is an ISS-Lyapunov function.

Let us first discuss the role of the constant 𝜖𝑥 . Assuming to have terminal regions X𝑓 (𝑦𝑠) such that

{𝑥𝑠} ⊂ X𝑓 (𝑦𝑠), namely the sets X𝑓 (𝑦𝑠) contain more than one point, there surely exists a constant

𝜖𝑥 > 0 such that the condition 𝛼ℓ (∥𝑥 − 𝑥𝑠∥) ≤ 𝜖𝑥 implies 𝑥 ∈ X𝑓 (𝑦𝑠), for all 𝑦𝑠 ∈ Y𝑡 .

Moreover, provided that 𝛼ℓ (∥𝑥 − 𝑥𝑠∥) ≤ 𝜖𝑥 implies 𝑥 ∈ X𝑓 (𝑦𝑠), we also have that, for all 𝑥 that verify

this condition, the couple
(
v, 𝑦𝑠

)
, with v := {𝑣 𝑓 (𝑦𝑠), . . . , 𝑣 𝑓 (𝑦𝑠)}, is a feasible solution and the next

inequality holds true:

𝑉0
𝑁𝑐 ,𝑁𝑝

(𝑥, 𝑦𝑡) ≤ 𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) +𝑉𝑂 (𝑦𝑠 − 𝑦𝑡)

≤ 𝛼 𝑓 (∥𝑥 − 𝑥𝑠∥) +𝑉𝑂 (𝑦𝑠 − 𝑦𝑡).
(2.24)

Provided that the set Y𝑡 is bounded, there exists a real constant 𝛼𝑂,max > 0 such that 𝛼𝑂 (∥𝑦1 − 𝑦2∥) ≤

𝛼𝑂,max for any 𝑦1, 𝑦2 ∈ Y𝑡 . Therefore, by choosing 𝛾 ≤ 𝛾1 := 𝜖𝑥
𝛼𝑂,max

, we get that

𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥) ≤ 𝛾𝛼𝑂,max ≤ 𝜖𝑥 .

Now, given the optimal solution (v0(𝑘), 𝑦0
𝑠 (𝑘)), we use the previously defined notation 𝑥0( 𝑗 |𝑘) =

𝜙𝜋 ( 𝑗 ; 𝑦0
𝑠 (𝑘), 𝑥(𝑘), v0(𝑘), 0) and focus on the following nominal state 𝑥0(1|𝑘). Specifically, we note

that (2.23) and (2.24) imply

𝛼ℓ (∥𝑥0(1|𝑘) − 𝑥0
𝑠 (𝑘)∥) ≤ ℓ

(
𝑥0(1|𝑘) − 𝑥0

𝑠 (𝑘), 𝑣0(1|𝑘) − 𝑣0
𝑠 (𝑘)

)
≤ 𝛼 𝑓 (∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥).

Since𝛼ℓ (∥𝑥(𝑘)−𝑥0
𝑠 (𝑘)∥) ≤ 𝛾𝛼𝑂,max and𝛼ℓ (·) is aK∞ function, it also holds true that ∥𝑥(𝑘)−𝑥0

𝑠 (𝑘)∥ ≤

𝛼−1
ℓ
(𝛾𝛼𝑂,max), which implies that

𝛼ℓ (∥𝑥0(1|𝑘) − 𝑥0
𝑠 (𝑘)∥) ≤ 𝛼 𝑓 (∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥)

≤ 𝛼 𝑓 ◦ 𝛼−1
ℓ (𝛾𝛼𝑂,max).

For 𝛾 ≤ 𝛾2 :=
𝛼ℓ◦𝛼−1

𝑓
(𝜖𝑥/2)

𝛼𝑂,max
, we have that 𝛼ℓ (∥𝑥0(1|𝑘) − 𝑥0

𝑠 (𝑘)∥) ≤ 𝜖𝑥/2. This means that the

nominal state 𝑥0(1|𝑘) is inside the interior of
{
𝑥 : 𝛼ℓ (∥𝑥 − 𝑥0

𝑠 ∥) ≤ 𝜖𝑥
}
, which would make the problem

𝑃𝑁𝑐 ,𝑁𝑝
(𝑥0(1|𝑘), 𝑦𝑡) feasible, as 𝑥0(1|𝑘) ∈ X𝑓 (𝑦0

𝑠 (𝑘)) and the terminal control input 𝑣 𝑓 (𝑦0
𝑠 (𝑘)) is

feasible.

We now look for a better candidate solution. In detail, we seek a candidate 𝑦̃𝑠 (𝑘 + 1) such that

𝑉𝑂 ( 𝑦̃𝑠 (𝑘 + 1) − 𝑦𝑡) < 𝑉𝑂 (𝑦+𝑠 (𝑘 + 1) − 𝑦𝑡), recalling that 𝑦+𝑠 (𝑘 + 1) ≡ 𝑦0
𝑠 (𝑘).
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Exploiting the convexity of 𝑉𝑂 (·), there exists a new candidate 𝑦̃𝑠 (𝑘 + 1) ∈ Y𝑡 such that

𝑦̃𝑠 (𝑘 + 1) := 𝛽𝑦0
𝑠 (𝑘) + (1 − 𝛽)𝑦∗𝑠 , 𝛽 ∈ [0, 1] . (2.25)

Equation (2.25) can be rewritten as

𝑦̃𝑠 (𝑘 + 1) − 𝑦0
𝑠 (𝑘) = (1 − 𝛽) (𝑦∗𝑠 − 𝑦0

𝑠 (𝑘)).

Due to this new candidate solution, the offset cost satisfies

𝑉𝑂 ( 𝑦̃𝑠 (𝑘 + 1) − 𝑦𝑡) −𝑉𝑂 (𝑦0
𝑠 (𝑘) − 𝑦𝑡) = 𝑉𝑂

(
𝛽(𝑦0

𝑠 (𝑘) − 𝑦𝑡) + (1 − 𝛽) (𝑦∗𝑠 − 𝑦𝑡)
)

−𝑉𝑂 (𝑦0
𝑠 (𝑘) − 𝑦𝑡).

(2.26)

Given the convexity of 𝑉𝑂 (·), (2.26) becomes

𝑉𝑂 ( 𝑦̃𝑠 (𝑘 + 1) − 𝑦𝑡) −𝑉𝑂 (𝑦0
𝑠 (𝑘) − 𝑦𝑡) ≤ 𝛽𝑉𝑂

(
𝑦0
𝑠 (𝑘) − 𝑦𝑡

)
+ (1 − 𝛽)𝑉𝑂

(
𝑦∗𝑠 − 𝑦𝑡

)
−𝑉𝑂 (𝑦0

𝑠 (𝑘) − 𝑦𝑡)

= −(1 − 𝛽)
[
𝑉𝑂

(
𝑦0
𝑠 (𝑘) − 𝑦𝑡

)
−𝑉𝑂

(
𝑦∗𝑠 − 𝑦𝑡

) ]
≤ −(1 − 𝛽)𝛼𝑂 (∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥),

(2.27)

which, for 𝛽 ∈ [0, 1), proves that 𝑦̃𝑠 (𝑘 + 1) is such that 𝑉𝑂 ( 𝑦̃𝑠 (𝑘 + 1) − 𝑦𝑡) < 𝑉𝑂 (𝑦0
𝑠 (𝑘) − 𝑦𝑡). We now

need to find a lower bound 𝛽1 such that, for all 𝛽 ≥ 𝛽1, the new candidate 𝑦̃𝑠 (𝑘 + 1) ensures also that

𝛼ℓ (∥𝑥0(1|𝑘) − 𝑥𝑠 (𝑘 + 1)∥) ≤ 𝜖𝑥 . In order to find 𝛽1, we start by stating that, because of the Lipschitz

continuity of 𝑔𝑥 (·),

𝛼ℓ
(
∥𝑥0(1|𝑘) − 𝑥𝑠 (𝑘 + 1)∥

)
≤ 𝛼ℓ

(
∥𝑥0(1|𝑘) − 𝑥0

𝑠 (𝑘)∥ + ∥𝑥0
𝑠 (𝑘) − 𝑥𝑠 (𝑘 + 1)∥

)
≤ 𝛼ℓ

(
∥𝑥0(1|𝑘) − 𝑥0

𝑠 (𝑘)∥ + 𝐿𝑔∥𝑦0
𝑠 (𝑘) − 𝑦̃𝑠 (𝑘 + 1)∥

)
= 𝛼ℓ

(
∥𝑥0(1|𝑘) − 𝑥0

𝑠 (𝑘)∥ + 𝐿𝑔 (1 − 𝛽)∥𝑦0
𝑠 (𝑘) − 𝑦∗𝑠 ∥

)
≤ 𝛼ℓ

(
𝛼−1
ℓ (𝜖𝑥/2) + 𝐿𝑔 (1 − 𝛽)∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥
)
.

(2.28)

Recall that 𝛼𝑂 (∥𝑦0
𝑠 (𝑘) − 𝑦∗𝑠 ∥) ≤ 𝛼𝑂,max, which implies ∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥ ≤ 𝛼−1
𝑂
(𝛼𝑂,max). For this reason,

(2.28) can be rewritten as

𝛼ℓ
(
∥𝑥0(1|𝑘) − 𝑥𝑠 (𝑘 + 1)∥

)
≤ 𝛼ℓ

(
𝛼−1
ℓ (𝜖𝑥/2) + 𝐿𝑔 (1 − 𝛽)𝛼−1

𝑂 (𝛼𝑂,max)
)
.

Therefore, for 𝛽 ≥ 𝛽1 := 1 − 𝛼−1
ℓ

(𝜖𝑥)−𝛼−1
ℓ

(𝜖𝑥/2)
𝐿𝑔 ·𝛼−1

𝑂
(𝛼𝑂,max)

, 𝛼ℓ (∥𝑥0(1|𝑘) − 𝑥𝑠 (𝑘 + 1)∥) ≤ 𝜖𝑥 , which ensures that:

1. 𝑥0(1|𝑘) ∈ X𝑓 ( 𝑦̃𝑠 (𝑘 + 1)), guaranteeing that there exists a candidate control sequence ṽ(𝑘 + 1)

such that the couple (ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) is a feasible solution to 𝑃𝑁𝑐 ,𝑁𝑝
(𝑥0(1|𝑘), 𝑦𝑡); indeed,

ṽ(𝑘 + 1) := {𝑣 𝑓 ( 𝑦̃𝑠 (𝑘 + 1)), . . . , 𝑣 𝑓 ( 𝑦̃𝑠 (𝑘 + 1))} is a feasible control sequence.
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2. The optimal control sequence ṽ(𝑘 + 1) is such that

𝑉0
𝑁𝑐 ,𝑁𝑝

(𝑥0(1|𝑘), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) −𝑉𝑂 ( 𝑦̃𝑠 (𝑘 + 1) − 𝑦𝑡)

≤ 𝛼 𝑓 (∥𝑥0(1|𝑘) − 𝑥𝑠 (𝑘 + 1)∥).

Due to 𝛼ℓ (∥𝑥0(1|𝑘) − 𝑥𝑠 (𝑘 + 1)∥) ≤ 𝜖𝑥 and to the Lipschitz continuity of 𝑔𝑥 (·), we have that

𝑉𝑁𝑐 ,𝑁𝑝
(𝑥0(1|𝑘), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) −𝑉𝑂 ( 𝑦̃𝑠 − 𝑦𝑡)

≤ 𝛼 𝑓 (∥𝑥0(1|𝑘) − 𝑥𝑠 (𝑘 + 1)∥)

≤ 𝛼 𝑓
(
∥𝑥0(1|𝑘) − 𝑥0

𝑠 (𝑘)∥ + ∥𝑥0
𝑠 (𝑘) − 𝑥𝑠 (𝑘 + 1)∥

)
≤ 𝛼 𝑓

(
∥𝑥0(1|𝑘) − 𝑥0

𝑠 (𝑘)∥ + 𝐿𝑔∥𝑦0
𝑠 (𝑘) − 𝑦̃𝑠 (𝑘 + 1)∥

)
= 𝛼 𝑓

(
∥𝑥0(1|𝑘) − 𝑥0

𝑠 (𝑘)∥ + 𝐿𝑔 (1 − 𝛽)∥𝑦0
𝑠 (𝑘) − 𝑦∗𝑠 ∥

)
.

(2.29)

To analyze 𝑊 (𝑥(𝑘 + 1), 𝑦𝑡) −𝑊 (𝑥(𝑘), 𝑦𝑡) = 𝑉0
𝑁𝑐 ,𝑁𝑝

(𝑥(𝑘 + 1), 𝑦𝑡) − 𝑉0
𝑁𝑐 ,𝑁𝑝

(𝑥(𝑘), 𝑦𝑡), where 𝑥(𝑘 + 1)

is the following uncertain state, we note that

𝑉0
𝑁𝑐 ,𝑁𝑝

(𝑥(𝑘 + 1), 𝑦𝑡) −𝑉0
𝑁𝑐 ,𝑁𝑝

(𝑥(𝑘), 𝑦𝑡)

≤ 𝑉𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘 + 1), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) −𝑉0

𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡)

≤ 𝑉𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘 + 1), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) −𝑉𝑁𝑐 ,𝑁𝑝

(𝑥0(1|𝑘), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1))

+𝑉𝑁𝑐 ,𝑁𝑝
(𝑥0(1|𝑘), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) −𝑉0

𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡).

We analyze this difference in two steps: (i) first, we analyze the nominal descent of𝑊 (·, 𝑦𝑡), which is

provided by the term 𝑉𝑁𝑐 ,𝑁𝑝
(𝑥0(1|𝑘), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) − 𝑉0

𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡), (ii) then we analyze

the contribution of the perturbation 𝑤(𝑘), which is provided by 𝑉𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘 + 1), 𝑦𝑡 ; ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 +

1)) −𝑉𝑁𝑐 ,𝑁𝑝
(𝑥0(1|𝑘), 𝑦𝑡 ; ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)).

Analyzing 𝑉𝑁𝑐 ,𝑁𝑝
(𝑥0(1|𝑘), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) −𝑉0

𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡):

𝑉𝑁𝑐 ,𝑁𝑝
(𝑥0(1|𝑘), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) −𝑉0

𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡)

≤ 𝛼 𝑓 (∥𝑥0(1|𝑘) − 𝑥𝑠 (𝑘 + 1)∥) − 𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥)

+𝑉𝑂 ( 𝑦̃𝑠 (𝑘 + 1) − 𝑦𝑡) −𝑉𝑂 (𝑦0
𝑠 (𝑘) − 𝑦𝑡).

(2.30)

Equations (2.27) and (2.29) imply that (2.30) becomes

𝑉𝑁𝑐 ,𝑁𝑝
(𝑥0(1|𝑘), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) −𝑉0

𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡)

≤ 𝛼 𝑓
(
∥𝑥0(1|𝑘) − 𝑥0

𝑠 (𝑘)∥ + 𝐿𝑔 (1 − 𝛽)∥𝑦0
𝑠 (𝑘) − 𝑦∗𝑠 ∥

)
− 𝛼ℓ (∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥) − (1 − 𝛽)𝛼𝑂 (∥𝑦0
𝑠 (𝑘) − 𝑦∗𝑠 ∥)

≤ 𝛼 𝑓
(
2∥𝑥0(1|𝑘) − 𝑥0

𝑠 (𝑘)∥
)
+ 𝛼 𝑓

(
2𝐿𝑔 (1 − 𝛽)∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥
)

− (1 − 𝛽)𝛼𝑂 (∥𝑦0
𝑠 (𝑘) − 𝑦∗𝑠 ∥) − 𝛼ℓ (∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥).

(2.31)
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Recalling that 𝛼 𝑓 (∥𝑥∥) = 𝛼̄ 𝑓 · ∥𝑥∥2, (2.31) rewrites as

𝑉𝑁𝑐 ,𝑁𝑝
(𝑥0(1|𝑘), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) −𝑉0

𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡) ≤ 4𝛼̄ 𝑓 ∥𝑥0(1|𝑘) − 𝑥0

𝑠 (𝑘)∥2

+ 4𝛼̄ 𝑓 · 𝐿2
𝑔 (1 − 𝛽)2∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥2

− (1 − 𝛽)𝛼𝑂 (∥𝑦0
𝑠 (𝑘) − 𝑦∗𝑠 ∥)

− 𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥).

(2.32)

Defining the function 𝑔 : R × S → R as

𝑔(𝛽, 𝑠) := (1 − 𝛽)𝛼𝑂 (𝑠) − 4𝛼̄ 𝑓 𝐿2
𝑔 (1 − 𝛽)2𝑠2,

such that (2.32) becomes

𝑉𝑁𝑐 ,𝑁𝑝
(𝑥0(1|𝑘), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) −𝑉0

𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡)

≤ 4𝛼̄ 𝑓 ∥𝑥0(1|𝑘) − 𝑥0
𝑠 (𝑘)∥2 − 𝑔(𝛽, ∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥) − 𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥).

(2.33)

In order to prove the nominal descent property of 𝑊 (·, 𝑦𝑡), we must ensure that there exists a K∞

function 𝛼𝛽 (·) such that 𝑔(𝛽, ∥𝑦0
𝑠 (𝑘) − 𝑦∗𝑠 ∥) ≥ 𝛼𝛽 (∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥). Thanks to Assumption 2.10, in order

for these conditions to hold true, it is sufficient to choose 𝛽 ∈ (𝛽2, 1), where 𝛽2 := 1 − min{𝔟1, 𝔟2}.

Since both 𝔟1 and 𝔟2 are assumed to be positive, the interval (𝛽2, 1) is guaranteed to be non-empty.

This is shown at the end of the current proof.

Given the function 𝛼𝛽 (·), (2.33) can be rewritten as

𝑉𝑁𝑐 ,𝑁𝑝
(𝑥0(1|𝑘), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) −𝑉0

𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡)

≤ 4𝛼̄ 𝑓 ∥𝑥0(1|𝑘) − 𝑥0
𝑠 (𝑘)∥2 − 𝛼𝛽 (∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥) − 𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥)

≤ 4𝛼̄ 𝑓 ∥𝑥0(1|𝑘) − 𝑥0
𝑠 (𝑘)∥2 − 1

2
𝛼𝛽 (∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥)

− 1
2
𝛼𝛽 (∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥) − 𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥).

(2.34)

We now analyze (2.34) in two steps:

1. we first prove that it is always possible to choose 𝛾 ≤ 𝛾3, where 𝛾3 will be defined later, such

that 4𝛼̄ 𝑓 ∥𝑥0(1|𝑘) − 𝑥0
𝑠 (𝑘)∥2 − 1

2𝛼𝛽 (∥𝑦
0
𝑠 (𝑘) − 𝑦∗𝑠 ∥) ≤ 0;

2. we then prove that the term 1
2𝛼𝛽 (∥𝑦

0
𝑠 (𝑘) − 𝑦∗𝑠 ∥) + 𝛼ℓ (∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥) can be lower-bounded by

a K∞ function 𝛼2(∥𝑥(𝑘) − 𝑥∗𝑠 ∥), which is then used to prove that 𝑊 (·, 𝑦𝑡) is an ISS-Lyapunov

function.

Starting from the first point, recall that 𝛼ℓ (∥𝑥0(1|𝑘) − 𝑥0
𝑠 (𝑘)∥) ≤ 𝛼̄ 𝑓 ∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥2 and also that

𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥) ≤ 𝛾𝛼𝑂 (∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥). Due to these inequalities, we get

∥𝑥0(1|𝑘) − 𝑥0
𝑠 (𝑘)∥ ≤ 𝛼−1

ℓ

(
𝛼̄ 𝑓 ·

[
𝛼−1
ℓ

(
𝛾𝛼𝑂 (∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥)
) ]2

)
,
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and, as a consequence, 4𝛼̄ 𝑓 ∥𝑥0(1|𝑘) − 𝑥0
𝑠 (𝑘)∥2 − 1

2𝛼𝛽 (∥𝑦
0
𝑠 (𝑘) − 𝑦∗𝑠 ∥) ≤ 0 for 𝛾 ≤ 𝛾3, where 𝛾3 is

defined as

𝛾3 :=
𝛼ℓ

(√︂
1
𝛼̄ 𝑓

· 𝛼ℓ
(√︃

1
8𝛼̄ 𝑓
𝛼𝛽 (∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥)
))

𝛼𝑂 (∥𝑦0
𝑠 (𝑘) − 𝑦∗𝑠 ∥)

.

Consequently, for 𝛾 ≤ 𝛾3, and considering the Lipschitz continuity of 𝑔𝑥 (·), (2.34) can be rewritten as

𝑉𝑁𝑐 ,𝑁𝑝
(𝑥0(1|𝑘), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) −𝑉0

𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡)

≤ −1
2
𝛼𝛽 (∥𝑦0

𝑠 (𝑘) − 𝑦∗𝑠 ∥) − 𝛼ℓ (∥𝑥(𝑘) − 𝑥0
𝑠 (𝑘)∥)

≤ −1
2
𝛼𝛽 (

1
𝐿𝑔

∥𝑥0
𝑠 (𝑘) − 𝑥∗𝑠 ∥) − 𝛼ℓ (∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥).

(2.35)

We now exploit a K∞ function

𝛼𝛽ℓ (∥𝑥∥) := min
{

1
2
𝛼𝛽

(
1
𝐿𝑔

∥𝑥∥
)
, 𝛼ℓ (∥𝑥∥)

}
to further develop (2.35) as

𝑉𝑁𝑐 ,𝑁𝑝
(𝑥0(1|𝑘), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) −𝑉0

𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡)

≤ −𝛼𝛽ℓ (∥𝑥0
𝑠 (𝑘) − 𝑥∗𝑠 ∥) − 𝛼𝛽ℓ (∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥)

≤ −𝛼𝛽ℓ
(
1
2
∥𝑥0
𝑠 (𝑘) − 𝑥∗𝑠 ∥ +

1
2
∥𝑥(𝑘) − 𝑥0

𝑠 (𝑘)∥
)

≤ −𝛼𝛽ℓ
(
1
2
∥𝑥(𝑘) − 𝑥∗𝑠 ∥

)
.

Exploiting a K∞ function 𝛼2(∥𝑥∥) ≤ 𝛼𝛽ℓ
(

1
2 ∥𝑥∥

)
, we finally obtain

𝑉𝑁𝑐 ,𝑁𝑝
(𝑥0(1|𝑘), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) −𝑉0

𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡) ≤ −𝛼2

(
∥𝑥(𝑘) − 𝑥∗𝑠 ∥

)
, (2.36)

which proves the nominal descent of𝑊 (·, 𝑦𝑡). We now need to analyze 𝑉𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘 + 1), 𝑦𝑡 , ṽ(𝑘 + 1),

𝑦̃𝑠 (𝑘 +1)) −𝑉𝑁𝑐 ,𝑁𝑝
(𝑥0(1|𝑘), 𝑦𝑡 , ṽ(𝑘 +1), 𝑦̃𝑠 (𝑘 +1)), namely the contribution of the perturbation 𝑤(𝑘).

First, we prove that the (ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) is a feasible solution for 𝑃𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘 + 1), 𝑦𝑡). As

𝑥0(1|𝑘) ∈ X𝑓 ( 𝑦̃𝑠 (𝑘 +1)) and ṽ(𝑘 +1) = {𝑣 𝑓 ( 𝑦̃𝑠 (𝑘 +1)), . . . , 𝑣 𝑓 ( 𝑦̃𝑠 (𝑘 +1))}, we have that 𝜙𝜋 ( 𝑗 ; 𝑦̃𝑠 (𝑘 +

1), 𝑥0(1|𝑘), ṽ(𝑘 + 1), 0) ∈ X𝑓 ( 𝑦̃𝑠 (𝑘 + 1)), for all 𝑗 = 1, . . . , 𝑁𝑝. Therefore, given the definition of the

set sequence {F ( 𝑗)} 𝑗≥0, we have that 𝜙𝜋 ( 𝑗 ; 𝑦̃𝑠 (𝑘 + 1), 𝑥(𝑘 + 1), ṽ(𝑘 + 1), 0) ∈ X𝑓 ( 𝑦̃𝑠 (𝑘 + 1)) ⊕ F ( 𝑗).

The monotonicity property of the sequence {R( 𝑗)} 𝑗≥0, which is used to build the restricted constraints

Z𝜋 ( 𝑗), guarantees that (X𝑓 ( 𝑦̃𝑠 (𝑘 + 1)) ⊕ F ( 𝑗) × {0}) ⊆ Z𝜋 ( 𝑗), for all 𝑗 = 1, . . . , 𝑁𝑝. Moreover,

given that X𝑓 ( 𝑦̃𝑠 (𝑘 + 1)) ⊕ F (𝑁𝑝 − 1) ⊆ Ω( 𝑦̃𝑠 (𝑘 + 1)), it also holds true that 𝜙𝜋 (𝑁𝑝; 𝑦̃𝑠 (𝑘 + 1), 𝑥(𝑘 +

1), ṽ(𝑘 +1), 0) ∈ X𝑓 ( 𝑦̃𝑠), which proves that the constraints are verified and the last prediction, together

with 𝑦̃𝑠 (𝑘 + 1), is inside the robust invariant set for tracking T .
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Analyzing 𝑉𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘 + 1), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) −𝑉𝑁𝑐 ,𝑁𝑝

(𝑥0(1|𝑘), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)), defining

𝑥+( 𝑗 |𝑘 + 1) := 𝜙𝜋 ( 𝑗 ; 𝑦̃𝑠 (𝑘 + 1), 𝑥(𝑘 + 1), ṽ(𝑘 + 1), 0) and 𝑥+𝑛 ( 𝑗 |𝑘 + 1) := 𝜙𝜋 ( 𝑗 ; 𝑦̃𝑠 (𝑘 + 1), 𝑥0(1|𝑘),

ṽ(𝑘 + 1), 0), then

𝑉𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘 + 1), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1)) −𝑉𝑁𝑐 ,𝑁𝑝

(𝑥0(1|𝑘), 𝑦𝑡 , ṽ(𝑘 + 1), 𝑦̃𝑠 (𝑘 + 1))

≤
𝑁𝑝−1∑︁
𝑗=0

𝜎ℓ,𝑥
(
∥𝑥+( 𝑗 |𝑘 + 1) − 𝑥+𝑛 ( 𝑗 |𝑘 + 1)∥

)
+ 𝜎 𝑓

(
∥𝑥+(𝑁𝑝 |𝑘 + 1) − 𝑥+𝑛 (𝑁𝑝 |𝑘 + 1)∥

)
≤
𝑁𝑝−1∑︁
𝑗=0

𝜎ℓ,𝑥 ◦ 𝑟 𝑗 (𝑤(𝑘)) + 𝜎 𝑓 ◦ 𝑟𝑁𝑝
(𝑤(𝑘)).

Using a K function 𝜆2(∥𝑤∥) ≥ ∑𝑁𝑝−1
𝑗=0 𝜎ℓ,𝑥 ◦ 𝑟 𝑗 (𝑤) + 𝜎 𝑓 ◦ 𝑟𝑁𝑝

(𝑤) in W, the last result and (2.36)

prove that

Δ𝑊 ≤ −𝛼2(∥𝑥(𝑘) − 𝑥∗𝑠 ∥) + 𝜆2(∥𝑤(𝑘)∥). (2.37)

Defining the K function 𝜆(∥𝑤∥) := max{𝜆1(∥𝑤∥), 𝜆2(∥𝑤∥)} and the K∞ function 𝛼(·) :=

min
{
𝛼(·), 𝛼2(·)

}
, with 𝛾 = min {𝛾1, 𝛾2, 𝛾3}, (2.22) and (2.37) result in

Δ𝑊 ≤ 𝜆(∥𝑤(𝑘)∥) − 𝛼(∥𝑥(𝑘) − 𝑥∗𝑠 ∥),

which proves that𝑊 (·, 𝑦𝑡) is an ISS-Lyapunov function with respect to 𝑥∗𝑠 , and that 𝑥∗𝑠 is input-to-state

stable for the closed-loop system.

Input-to-state stability of 𝑥∗𝑠 and boundedness of W imply that, for any 𝑥(0) ∈ X𝑁𝑐 ,𝑁𝑝
and for any

perturbation signal w ∈ W 𝑗 , there exist a K function 𝛾𝑎 (·) and a constant 𝛿 > 0 such that

lim
𝑘→∞

sup ∥𝑥(𝑘) − 𝑥∗𝑠 ∥ ≤ 𝛾𝑎
(

lim
𝑘→∞

∥𝑤(𝑘)∥
)
≤ 𝛿,

which proves that the closed-loop system state 𝑥 converges to the set 𝑥∗𝑠 ⊕ {𝑥 : ∥𝑥∥ ≤ 𝛿}. Given the

uniform continuity of the control law 𝜋(𝑦𝑠, 𝑥, 𝑣) with respect to (𝑥, 𝑣), and the continuity of the output

function ℎ(𝑥, 𝑢) in all its arguments, this last finding implies that also the system output 𝑦 converges

to a bounded set containing 𝑦∗𝑠 , the best admissible steady output, which ends the proof. ■

Remark 2.8
For large values of 𝑤(𝑘) it might still happen that the optimal artificial reference at instant 𝑘

is exactly 𝑦∗𝑠 and temporarily changes to a value 𝑦0
𝑠 (𝑘 + 1) ≠ 𝑦∗𝑠 at instant 𝑘 + 1. Given that

the feedback policies 𝜋(𝑦𝑠, 𝑥, 𝑣) are not required to be uniformly continuous with respect to 𝑦𝑠,

this consideration implies that the set where the system output converges is bounded but might
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be non-connected. Choosing control laws 𝜋(𝑦𝑠, 𝑥, 𝑣) that are uniformly continuous also with

respect to 𝑦𝑠 would ensure that the set where the system output converges is also connected.

2.6.1 Proof of the existence of the K∞ function 𝛼𝛽 (·)

We want to prove that it is always possible to choose a feasible 𝛽 ∈ (max{𝛽1, 𝛽2}, 1) such that the

function 𝑔(𝛽, 𝑠) can be lower-bounded by a K∞ function 𝛼𝛽 (𝑠). In order for this to be true, it must

hold true that, for 𝛽 ∈ (max{𝛽1, 𝛽2}, 1), 𝑔(𝛽, 0) = 0, 𝑔(𝛽, 𝑠) > 0 for all 𝑠 > 0, and 𝑔(𝛽, 𝑠1) < 𝑔(𝛽, 𝑠2)

if 𝑠1 < 𝑠2.

The first condition is easily proved by noting that in 𝑠 = 0, 𝑠2 = 0 and 𝛼𝑂 (𝑠) = 0. Since 0 < 𝛽 < 1,

the second condition rewrites as

𝛼𝑂 (𝑠) − (1 − 𝛽)4𝛼̄ 𝑓 𝐿2
𝑔𝑠2 > 0, ∀𝑠 > 0.

This condition is verified if 𝛽 is such that 𝛽 > 1 − 𝛼𝑂 (𝑠)
4𝛼̄ 𝑓 𝐿

2
𝑔𝑠

2 . Given that 𝛽 > 1 − 𝔟1, this condition is

verified for all 𝑠 ∈ S \ {0}.

Since 0 < 𝛽 < 1, the third condition requires to check that, for 𝑠2 > 𝑠1,

𝛼𝑂 (𝑠1) − (1 − 𝛽)4𝛼̄ 𝑓 𝐿2
𝑔𝑠

2
1 − 𝛼𝑂 (𝑠2) + (1 − 𝛽)4𝛼̄ 𝑓 𝐿2

𝑔𝑠
2
2 < 0,

which reduces to

𝛽 > 1 − 𝛼𝑂 (𝑠2) − 𝛼𝑂 (𝑠1)
4𝛼̄ 𝑓 𝑠2

2 − 4𝛼̄ 𝑓 𝑠2
1
.

As 𝛽 > 1 − 𝔟2, also this condition is verified for all 𝑠1, 𝑠2 ∈ S such that 𝑠2 > 𝑠1. In order to prove

that 𝑔(𝛽, 𝑠) is lower-bounded by a K∞ function, we must also ensure that 𝑔(𝛽, 𝑠) → ∞ for 𝑠 → ∞.

However, as S is an interval, an extension of 𝑔(𝛽, 𝑠) can be chosen to grow arbitrarily fast for 𝑠 ∈ R\S.

As a consequence, there exists a K∞ function 𝛼𝛽 (·) such that 𝑔(𝛽, 𝑠) ≥ 𝛼𝛽 (𝑠).

2.7 Supporting algorithms for the design of the controller

The computation of all the ingredients of the proposed MPC is not trivial and has to be carried out

iteratively. This is because there is a strong interdependence between all the ingredients that does not

allow us to build a simple sequence of steps to be followed. Indeed, to give an example, the computation

of the terminal ingredients requires to know F (𝑁𝑝 − 1), but the computation of F (𝑁𝑝 − 1) requires to

know the control laws 𝜋(·, ·, ·), that should be designed together with the terminal ingredients, given

that 𝑉 𝑓 (·, ·) must behave as a CLF under the control law 𝜋(𝑦𝑠, 𝑥, 𝑣 𝑓 (𝑦𝑠)). Therefore, in the following

we provide several algorithms that are needed to compute some of the ingredients and give some
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remarks that are needed to support the designer in the most critical steps. In any case, we suggest to

follow this simplified process:

1. Design the pre-stabilizing control laws 𝜋(·, ·, ·) and the terminal ingredients using a candidate

Y𝑡 set.

2. Compute the sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 related to the designed laws 𝜋(·, ·, ·).

3. Based on the found set sequences, choose a prediction horizon 𝑁𝑝 verifying all the assumptions

and check that the terminal ingredients and the setY𝑡 computed at point 1 verify the assumptions,

too. If not, go back to point 1.

2.7.1 Computation of the pre-stabilizing control laws and the terminal ingredients

In this subsection, we briefly discuss different approaches that can be employed to design the pre-

stabilizing control laws and the terminal ingredients of our robust tracking MPC for nonlinear systems.

In particular, we mention four different approaches that require both the stage cost and terminal cost

functions to be quadratic and the pre-stabilizing control laws to be linear, then we discuss in detail two

of them:

1. If the system and the input constraints are such that feedback linearization techniques can be

employed, design 𝜋(·, ·, ·) including one term that feedback-linearizes the system and one term

that is a simple LQ regulator. Then, design the weight matrix 𝑃 to be employed in the terminal

cost so as to verify the CLF condition.

2. If the nonlinear system under control can be described with an exact quasi-LPV realization

based on some scheduling parameters 𝜉 (𝑡), then control laws 𝜋(·, ·, ·) and terminal ingredients(
𝑉 𝑓 (·, ·),T

)
verifying the assumptions can be designed following LMI-based methods like those

used in [75, 108].

3. Design the pre-stabilizing control laws and the terminal ingredients with LMI methods that

resemble those that are exploited in the case of linear systems, as in [79]. This method is briefly

introduced later in the text.

4. Locally approximate the nonlinear system to a Linear Time-Varying (LTV) system and design

both the pre-stabilizing control laws and the terminal ingredients using concepts from [142, 143].

Also this method is introduced later in the text.
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Computation method based on LTI approximation

This method is based on the same LMIs presented in (1.12), therefore we here focus on the steps to be

followed to build the needed LMIs.

We suppose to employ a quadratic stage cost function and a quadratic terminal cost function, and

assume the set Y𝑡 to be available. We aim at finding an admissible robust invariant set for tracking

T =

(⋃
𝑦𝑠∈Y𝑡

X𝑓 (𝑦𝑠)
)
× Y𝑡 .

A process that can be followed is this:

1. Divide the set Y𝑡 into a sensible number of subsets Y𝑡, 𝑗 .

2. For each subset Y𝑡, 𝑗 :

a) Get a reasonable number of samples 𝑦𝑠 ∈ Y𝑡, 𝑗 .

b) Solve a system of LMIs where each LMI is structured as in (1.12) and employs the

matrices 𝐴 and 𝐵 obtained by linearizing the nominal system model in (𝑥𝑠, 𝑢𝑠), where

𝑥𝑠 = 𝑔𝑥 (𝑦𝑠) and 𝑢𝑠 = 𝑔𝑢 (𝑦𝑠). In this way, the feedback policies can be set as 𝜋(𝑦𝑠, 𝑥, 𝑣) =

𝐾 (Y𝑡, 𝑗 ) · (𝑥 − 𝑥𝑠) + 𝑣 and a weight matrix 𝑃(Y𝑡, 𝑗 ) satisfying (1.9) ∀𝑦𝑠 ∈ Y𝑡, 𝑗 is obtained.

Consequently, due to the choice of such linear controllers, 𝑣 𝑓 (𝑦𝑠) = 0, ∀𝑦𝑠 ∈ Y𝑡, 𝑗 .

c) Find the values 𝜔(𝑦𝑠) > 0 such that the sets Ω(𝑦𝑠) = {𝑥 : 𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) ≤ 𝜔(𝑦𝑠)} verify

(1.10) and Ω(𝑦𝑠) × {𝑣 𝑓 (𝑦𝑠)} ∈ Z𝜋 (𝑁𝑝 − 1).

d) Find the largest values 𝜌(𝑦𝑠) > 0 such that the sets X𝑓 (𝑦𝑠) = {𝑥 : 𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) ≤ 𝜌(𝑦𝑠)}

meet the conditions X𝑓 (𝑦𝑠) ⊆ Ω(𝑦𝑠) ⊖ F (𝑁𝑝 − 1) and X𝑓 (𝑦𝑠) × {𝑣 𝑓 (𝑦𝑠)} ∈ Z𝜋 (𝑁𝑝).

e) Check that for all 𝑥 ∈ Ω(𝑦𝑠), 𝑓 (𝑥, 𝜋(𝑦𝑠, 𝑥, 𝑣 𝑓 (𝑦𝑠), 0)) ∈ X𝑓 (𝑦𝑠).

Remark 2.9
Finding control laws 𝜋(𝑦𝑠, 𝑥, 𝑣) = 𝐾 (Y𝑡, 𝑗 ) · (𝑥 − 𝑥𝑠) + 𝑣 that make the sets Ω(𝑦𝑠) sufficiently

contracting, namely that are able to bring any state 𝑥 ∈ Ω(𝑦𝑠) to X𝑓 (𝑦𝑠) in one step, is

challenging. This is particularly true when the set F (𝑁𝑝−1) is large. Therefore, the theoretical

results of this chapter are sound, but are employable in practice only when the perturbation set

W is small.

Computation method based on LTV approximation

The method proposed next for the computation of the control laws 𝜋(𝑦𝑠, 𝑥, 𝑣) and the terminal

ingredients of the robust MPC for tracking is a slightly modified version of the method presented
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in [90, Appendix B], and based on [142, 143], for the computation of the terminal ingredients of a

non-robust MPC for tracking. In particular, we consider the case of quadratic stage cost and terminal

cost functions, for the sake of simplicity.

The basic idea behind the method proposed in [90, Appendix B] can be summed up in the following

steps:

• The chosen set of admissible setpoints Y𝑡 is divided into smaller subsets Y𝑠𝑖 .

• Given 𝑛𝑖 samples 𝑦𝑠 𝑗 ∈ Y𝑠𝑖 , within the regions given by (𝑥𝑠 𝑗 , 𝑣𝑠 𝑗 ) such that 𝑥𝑠 𝑗 = 𝑔𝑥 (𝑦𝑠 𝑗 ) and

𝑣𝑠 𝑗 = 𝑔𝑣 (𝑦𝑠 𝑗 ), for all 𝑗 ∈ [1, 𝑛𝑖], the nonlinear system is approximated as an LTV system, i.e.

𝑓 (𝑥, 𝑢) = 𝑓 (𝑥𝑠 (𝑦𝑠), 𝑢𝑠 (𝑦𝑠))

+
𝑛𝑖∑︁
𝑗=1
𝜆 𝑗

[
𝐴𝑖, 𝑗 (𝑥 − 𝑔𝑥 (𝑦𝑠)) + 𝐵𝑖, 𝑗 (𝑢 − 𝑔𝑢 (𝑦𝑠))

]
,

where [𝐴𝑖, 𝑗 , 𝐵𝑖, 𝑗 ] ∈ {[𝐴𝑖,1, 𝐵𝑖,1], . . . , [𝐴𝑖,𝑛𝑖 , 𝐵𝑖,𝑛𝑖 ]}, 𝜆 𝑗 ∈ [0, 1], and
∑𝑛𝑖
𝑗=1 𝜆 𝑗 = 1.

• Matrices 𝐾𝑖 and 𝑃𝑖 verifying the Lyapunov inequality

𝐴⊤𝐾,𝑖, 𝑗𝑃𝑖𝐴𝐾,𝑖, 𝑗 − 𝑃𝑖 ≤ −𝑄 − 𝐾⊤
𝑖 𝑅𝐾𝑖, ∀ 𝑗 ,

where 𝐴𝐾,𝑖, 𝑗 = 𝐴𝑖, 𝑗 + 𝐵𝑖, 𝑗𝐾𝑖, are found by solving LMIs.

• Invariant sets Ω𝑖 based on the control laws 𝜅(𝑥, 𝑦𝑠) = 𝐾𝑖 (𝑥 − 𝑔𝑥 (𝑦𝑠)) + 𝑔𝑣 (𝑦𝑠) are built for each

subset Y𝑠𝑖 .

• An invariant set for tracking is obtained as

Γ =
⋃
𝑖

Γ𝑖, Γ𝑖 =
{
(𝑥, 𝑦𝑠) : 𝑥 ∈ 𝑔𝑥 (𝑦𝑠) ⊕ Ω𝑖, 𝑦𝑠 ∈ Y𝑠𝑖

}
.

In the robust context of the current work, two modifications to this method are made:

1. We set the pre-stabilizing control laws as 𝜋(𝑦𝑠, 𝑥, 𝑣) = 𝐾𝑖 (𝑥−𝑔𝑥 (𝑦𝑠)) + 𝑣, ∀𝑦𝑠 ∈ Y𝑠𝑖 and employ

𝑣 𝑓 (𝑦𝑠) = 𝑔𝑣 (𝑦𝑠) as terminal control inputs.

2. Given that we need to find regions Ω(𝑦𝑠) and X𝑓 (𝑦𝑠) such that 𝑓
(
𝑥, 𝜋(𝑦𝑠, 𝑥, 𝑣 𝑓 (𝑦𝑠)), 0

)
∈

X𝑓 (𝑦𝑠), for all 𝑥 ∈ Ω(𝑦𝑠), we require the found matrices 𝐾𝑖 and 𝑃𝑖 to cause the contraction of

the terminal cost on the nominal system, i.e.

𝐴⊤𝐾,𝑖, 𝑗𝑃𝑖𝐴𝐾,𝑖, 𝑗 ≤ 𝜁𝑃𝑖,

with 𝜁 ∈ (0, 1). Then, for all 𝑦𝑠 ∈ Y𝑠𝑖 and for all 𝑥 ∈ Ω(𝑦𝑠), it is verified that

𝑓
(
𝑥, 𝜋

(
𝑦𝑠, 𝑥, 𝑣 𝑓 (𝑦𝑠)

)
, 0

)
∈ X𝑓 (𝑦𝑠). If the last condition is not satisfied, we try again with

a new contraction factor 𝜁 .
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2.7.2 Computation of the constants 𝐿𝑥,𝑖𝑎, 𝐿𝑣,𝑖𝑏 and 𝐿𝑤,𝑖𝑐 for component-wise Lipschitz contin-

uous systems

In this subsection, a method to compute constants 𝐿𝑥,𝑖𝑎, 𝐿𝑣,𝑖𝑏 and 𝐿𝑤,𝑖𝑐 for component-wise Lipschitz

continuous systems is presented such that, for all 𝑖 ∈ [1, 𝑛],

| 𝑓𝑖 (𝑥, 𝜋(𝑦𝑠, 𝑥, 𝑣), 𝑤) − 𝑓𝑖 (𝑥, 𝜋(𝑦𝑠, 𝑥, 𝑣̌), 𝑤̌) | ≤
𝑛∑︁
𝑎=1

𝐿𝑥,𝑖𝑎 |𝑥𝑎 − 𝑥𝑎 | +
𝑚∑︁
𝑏=1

𝐿𝑣,𝑖𝑏 |𝑣𝑏 − 𝑣̌𝑏 |

+
𝑟∑︁
𝑐=1

𝐿𝑤,𝑖𝑐 |𝑤𝑐 − 𝑤̌𝑐 |.
(2.38)

is verified.

For each 𝑖 ∈ [1, 𝑛], provided a candidate tuple (𝐿𝑥,𝑖1, . . . , 𝐿𝑥,𝑖𝑛, 𝐿𝑣,𝑖1, . . . , 𝐿𝑣,𝑖𝑚, 𝐿𝑤,𝑖1, . . . , 𝐿𝑤,𝑖𝑟),

solve the optimization problem

max
(𝑥,𝑣,𝑤),(𝑥,𝑣̌,𝑤̌),𝑦𝑠

𝑒𝑖 := | 𝑓𝑖 (𝑥, 𝜋(𝑦𝑠, 𝑥, 𝑣), 𝑤) − 𝑓𝑖 (𝑥, 𝜋(𝑦𝑠, 𝑥, 𝑣̌), 𝑤̌) |

−
𝑛∑︁
𝑎=1

𝐿𝑥,𝑖𝑎 |𝑥𝑎 − 𝑥𝑎 | −
𝑚∑︁
𝑏=1

𝐿𝑣,𝑖𝑏 |𝑣𝑏 − 𝑣̌𝑏 | −
𝑟∑︁
𝑐=1

𝐿𝑤,𝑖𝑐 |𝑤𝑐 − 𝑤̌𝑐 |

s.t. :

(𝑥, 𝜋(𝑦𝑠, 𝑥, 𝑣), 𝑤), (𝑥, 𝜋(𝑦𝑠, 𝑥, 𝑣̌), 𝑤̌) ∈ Z ×W,

𝑦𝑠 ∈ Y𝑡 .

If 𝑒𝑖 ≤ 0, then the candidate tuple verifies (2.38). Otherwise, choose a different candidate tuple and

solve the previous optimization problem again.

Remark 2.10
Given that it is important to find small component-wise Lipschitz constants, we suggest to start

from large values for all of them, so as to verify (2.38), and then start gradually decreasing the

value of each constant till the condition 𝑒𝑖 ≤ 0 is lost.

2.7.3 Computation of F ( 𝑗) and R( 𝑗)

In this subsection, a method to compute the sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 for component-wise

Lipschitz systems is presented, namely systems such that there exist non-negative constants 𝐿𝑥,𝑖𝑎,

𝐿𝑣,𝑖𝑏, and 𝐿𝑤,𝑖𝑐 that verify inequality (2.38).

In the component-wise Lipschitz case, the previously introduced functions 𝑐𝑖, 𝑗 (𝑤) can be redefined

as follows. For all 𝑖 = 1, . . . , 𝑛, define 𝑐𝑖,0(𝑤) :=
∑𝑟
𝑐=1 𝐿𝑤,𝑖𝑐 · |𝑤𝑐 |. Then, for 𝑗 > 0, 𝑐𝑖, 𝑗 (𝑤) :=∑𝑛

𝑎=1 𝐿𝑥,𝑖𝑎 · 𝑐𝑎, 𝑗−1(𝑤).
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Since {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 have to take into account all the possible realizations of 𝑤 ∈ W, we

consider the worst case, i.e. a realization 𝑤̆ such that |𝑤̆𝑖 | = 𝑤̄𝑖, for all 𝑖 ∈ [1, 𝑟]. Therefore, for all

𝑗 ≥ 0, F ( 𝑗) can be obtained as

F ( 𝑗) =
{
𝑥 ∈ R𝑛 : |𝑥𝑖 | ≤ 𝑐𝑖, 𝑗 (𝑤̆), ∀𝑖 ∈ [1, 𝑛]

}
. (2.39)

Now we introduce the functions 𝑑𝑖, 𝑗 (·) :=
∑ 𝑗−1
𝑘=0 𝑐𝑖,𝑘 (·), which can be used to compute R( 𝑗) as

R( 𝑗) =
{
𝑥 ∈ R𝑛 : |𝑥𝑖 | ≤ 𝑑𝑖, 𝑗 (𝑤̆), ∀𝑖 ∈ [1, 𝑛]

}
. (2.40)

Next, we present the lemma thanks to which the defined sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 ensure

that Assumptions 2.5 and 2.6 are verified.

Lemma 2.2: Consistency of the sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 with Assumptions 2.5

and 2.6
Given a system that verifies (2.38), the set sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 computed as

in (2.39) and (2.40) verify all the conditions of Assumptions 2.5 and 2.6.

Proof. This proof follows similar arguments as in [89] and [102].

Sequence {F ( 𝑗)} 𝑗≥0: Given that in the component-wise Lipschitz case, 𝜎𝑤,𝑖𝑎 (𝑤𝑎) = 𝐿𝑤,𝑖𝑎 · |𝑤𝑎 |,

defining

F (0) =
{
𝑥 ∈ R𝑛 : |𝑥𝑖 | ≤

𝑟∑︁
𝑎=1

𝐿𝑤,𝑖𝑎 |𝑤̄𝑎 |,∀𝑖 ∈ [1, 𝑛]
}

is consistent with the definition of F (0) given in Assumption 2.5. Analyzing the gap between two

nominal trajectories obtained starting from two initial conditions 𝑥, 𝑥 such that 𝑥 − 𝑥 ∈ F (0) and

employing a feasible control sequence v, it can be noted that, for all 𝑖 ∈ [1, 𝑛],

|𝜙𝜋,𝑖 (1; 𝑥, 𝑦𝑠, v, 0) − 𝜙𝜋,𝑖 (1; 𝑥, 𝑦𝑠, v, 0) | ≤
𝑛∑︁
𝑎=1

𝐿𝑥,𝑖𝑎 |𝑥𝑎 − 𝑥𝑎 |

≤
𝑛∑︁
𝑎=1

𝐿𝑥,𝑖𝑎𝑐𝑎,0(𝑤̆) = 𝑐𝑖,1(𝑤̆),

which proves that 𝜙𝜋 (1; 𝑥, 𝑦𝑠, v, 0) ∈ 𝜙𝜋 (1; 𝑥, 𝑦𝑠, v, 0) ⊕ F (1).

We now analyze what happens for 𝑗 = 2, i.e.

|𝜙𝜋,𝑖 (2; 𝑥, 𝑦𝑠, v, 0) − 𝜙𝜋,𝑖 (2; 𝑥, 𝑦𝑠, v, 0) |

≤
𝑛∑︁
𝑎=1

𝐿𝑥,𝑖𝑎 |𝜙𝜋,𝑎 (1; 𝑥, 𝑦𝑠, v, 0) − 𝜙𝜋,𝑎 (1; 𝑥, 𝑦𝑠, v, 0) |

≤
𝑛∑︁
𝑎=1

𝐿𝑥,𝑖𝑎𝑐𝑎,1(𝑤̆) = 𝑐𝑖,2(𝑤̆),
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which proves that 𝜙𝜋 (2; 𝑥, 𝑦𝑠, v, 0) ∈ 𝜙𝜋 (2; 𝑥, 𝑦𝑠, v, 0) ⊕ F (2).

Generalizing for all 𝑗 > 1, we get that

|𝜙𝜋,𝑖 ( 𝑗 ; 𝑥, 𝑦𝑠, v, 0) − 𝜙𝜋,𝑖 ( 𝑗 ; 𝑥, 𝑦𝑠, v, 0) |

≤
𝑛∑︁
𝑎=1

𝐿𝑥,𝑖𝑎 |𝜙𝜋,𝑎 ( 𝑗 − 1; 𝑥, 𝑦𝑠, v, 0) − 𝜙𝜋,𝑎 ( 𝑗 − 1; 𝑥, 𝑦𝑠, v, 0) |

≤
𝑛∑︁
𝑎=1

𝐿𝑥,𝑖𝑎𝑐𝑎, 𝑗−1(𝑤̆) = 𝑐𝑖, 𝑗 (𝑤̆),

allowing us to conclude that the sequence {F ( 𝑗)} 𝑗≥0 verifies all the conditions of Assumption 2.5.

Sequence {R( 𝑗)} 𝑗≥0: Analyzing the gap between a perturbation-free trajectory and a perturbed

trajectory obtained starting from the same initial condition 𝑥 and employing the same feasible control

sequence v, it can be noted that, for all 𝑖 ∈ [1, 𝑛],

|𝜙𝜋,𝑖 (1; 𝑥, 𝑦𝑠, v,w) − 𝜙𝜋,𝑖 (1; 𝑥, 𝑦𝑠, v, 0) | ≤
𝑟∑︁
𝑎=1

𝐿𝑤,𝑖𝑎 |𝑤̄𝑎 |

= 𝑐𝑖,0(𝑤̆) = 𝑑𝑖,1(𝑤̆),

which proves that 𝜙𝜋 (1; 𝑥, 𝑦𝑠, v,w) ∈ 𝜙𝜋 (1; 𝑥, 𝑦𝑠, v, 0) ⊕ R(1). Then we analyze the gap after 2 steps,

namely

|𝜙𝜋,𝑖 (2; 𝑥, 𝑦𝑠, v,w) − 𝜙𝜋,𝑖 (2; 𝑥, 𝑦𝑠, v, 0) | ≤
𝑟∑︁
𝑎=1

𝐿𝑤,𝑖𝑎 |𝑤̄𝑎 |

+
𝑛∑︁
𝑏=1

𝐿𝑥,𝑖𝑏 |𝜙𝜋,𝑏 (1; 𝑥, 𝑦𝑠, v,w) − 𝜙𝜋,𝑏 (1; 𝑥, 𝑦𝑠, v, 0) |

≤ 𝑐𝑖,0(𝑤̆) +
𝑛∑︁
𝑏=1

𝐿𝑥,𝑖𝑏𝑐𝑏,0(𝑤̆)

= 𝑐𝑖,0(𝑤̆) + 𝑐𝑖,1(𝑤̆) = 𝑑𝑖,2(𝑤̆),

which proves that 𝜙𝜋 (2; 𝑥, 𝑦𝑠, v,w) ∈ 𝜙𝜋 (2; 𝑥, 𝑦𝑠, v, 0) ⊕ R(2). Finally, generalizing ∀ 𝑗 > 1,

|𝜙𝜋,𝑖 ( 𝑗 ; 𝑥, 𝑦𝑠, v,w) − 𝜙𝜋,𝑖 ( 𝑗 ; 𝑥, 𝑦𝑠, v, 0) | ≤
𝑟∑︁
𝑎=1

𝐿𝑤,𝑖𝑎 |𝑤̄𝑎 |

+
𝑛∑︁
𝑏=1

𝐿𝑥,𝑖𝑏 |𝜙𝜋,𝑏 ( 𝑗 − 1; 𝑥, 𝑦𝑠, v,w) − 𝜙𝜋,𝑏 ( 𝑗 − 1; 𝑥, 𝑦𝑠, v, 0) |

≤
𝑗−1∑︁
𝑘=0

𝑐𝑖,𝑘 (𝑤̆) = 𝑑𝑖, 𝑗 (𝑤̆),

which allows us to state that the first condition of Assumption 2.6 is verified. We now turn our attention

to the monotonicity of the sequence {R( 𝑗)} 𝑗≥0. Note that, as the sets R( 𝑗) and F ( 𝑗) are box-shaped,

we get that

R( 𝑗) ⊕ F ( 𝑗) =
{
𝑥 ∈ R𝑛 : |𝑥𝑖 | ≤ 𝑐𝑖, 𝑗 (𝑤̆) + 𝑑𝑖, 𝑗 (𝑤̆),∀𝑖 ∈ [1, 𝑛]

}
,
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but 𝑐𝑖, 𝑗 (𝑤̆) + 𝑑𝑖, 𝑗 (𝑤̆) = 𝑑𝑖, 𝑗+1(𝑤̆). Consequently, R( 𝑗) ⊕ F ( 𝑗) = R( 𝑗 + 1). ■

Remark 2.11
We would like to point out that the choice of showing a method to compute the sequences

{F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 that relies on component-wise Lipschitz constants does not lead to

any loss of generality for the theory presented in the previous sections. In general, for many

subfamilies of component-wise uniformly continuous systems, it is possible to compute the

sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 by means of toolboxes like CORA, which was presented

in [7].

2.8 Case studies

In this section, the here-proposed controller is tested on two different systems, a nonlinear mass-

spring-damper and a quadruple-tank system. In particular, these two examples show how a thoughtful

design of the pre-stabilizing control laws can ease the design of the MPC in certain situations and two

different algorithms for the design of the terminal ingredients are used.

2.8.1 Control of an uncertain nonlinear mass-spring-damper system

In this subsection, the here-proposed controller is tested on a mass-spring-damper system inspired by

[96]. In particular, a carriage of mass 𝑀 moves on a plane and is attached to the wall by means of

a spring with nonlinear elasticity 𝑘 that is given by 𝑘 = 𝑘0𝑒
−|𝑥1 |, where 𝑥1 [m] is the displacement

of the carriage from the equilibrium position that is related to a null external force, i.e. 𝐹ext = 0N.

Furthermore, the damping factor ℎ𝑑 of the damper is considered to be uncertain, i.e. ℎ𝑑 = ℎ̄𝑑 + Δℎ𝑑 .

The carriage displacement is assumed to be the output of the system, whose state is supposed to be

fully accessible. The continuous-time state-space model of the system is

¤𝑥1(𝑡) = 𝑥2(𝑡),

¤𝑥2(𝑡) = − 𝑘0
𝑀
𝑒−|𝑥1 (𝑡) |𝑥1(𝑡) −

ℎ̄𝑑 + Δℎ𝑑

𝑀
𝑥2(𝑡) +

𝐹ext(𝑡)
𝑀

,

𝑦(𝑡) = 𝑥1(𝑡),

(2.41)

where the external force 𝐹ext(𝑡) is the controlled input. The parameters of the system are 𝑀 = 1kg,

𝑘0 = 0.33, and ℎ̄𝑑 = 1.1. The damping factor uncertainty is considered to be bounded and such that

Δℎ𝑑 ∈ [−0.125, 0.125].
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For simulation purposes, a forward Euler discretization of (2.41) is considered, using a sampling time

𝑇𝑠 = 0.4s. The resulting discrete-time system is provided in (2.42).

𝑥1(𝑘 + 1) = 𝑥1(𝑘) + 𝑇𝑠𝑥2(𝑘)

𝑥2(𝑘 + 1) = 𝑥2(𝑘) − 𝑇𝑠
𝑘0
𝑀
𝑒−|𝑥1 (𝑘) |𝑥1(𝑘) − 𝑇𝑠

ℎ̄𝑑 + Δℎ𝑑

𝑀
𝑥2(𝑘) + 𝑇𝑠

𝐹ext(𝑘)
𝑀

,

𝑦(𝑘) = 𝑥1(𝑘).

(2.42)

The control goal is to design a controller that allows the closed-loop system to track a piece-wise

constant output reference signal that takes values 2.6m, −1m, 3.8m, and 0m, considering that the state

and input constraints

−1.5m ≤ 𝑥1(𝑘) ≤ 4.5m

−1.5m/s ≤ 𝑥1(𝑘) ≤ 1.5m/s

−3.5N ≤ 𝐹ext(𝑘) ≤ 3.5N

have to be verified for all 𝑘 ≥ 0, and for every possible damping uncertainty value Δℎ𝑑 ∈

[−0.125, 0.125]. The initial condition of the system state is the equilibrium 𝑥(0) = [0, 0]⊤.

To track the previously defined output reference signal, the first approach proposed in Section 2.7.1

is exploited to get the pre-stabilizing control law 𝜋(𝑦𝑠, 𝑥(𝑘), 𝑣(𝑘)) = 𝑘0𝑒
−|𝑥1 (𝑘) |𝑥1(𝑘) + 𝐾LQ(𝑥(𝑘) −

𝑔𝑥 (𝑦𝑠)) + 𝑣(𝑘), where

𝐾LQ =

[
−1.5837 −1.6823

]
is the LQR that minimizes the infinite-horizon quadratic cost given by the weighting terms 𝑄 = 10𝐼2
and 𝑅 = 1. The usage of 𝜋(𝑦𝑠, 𝑥(𝑘), 𝑣(𝑘)) turns the closed-loop discrete-time system into a linear

system described by the following equations:

𝑥1(𝑘 + 1) = 𝑥1(𝑘) + 𝑇𝑠𝑥2(𝑘)

𝑥2(𝑘 + 1) = 𝑥2(𝑘) − 𝑇𝑠
ℎ̄𝑑 + Δℎ𝑑

𝑀
𝑥2(𝑘) + 𝑇𝑠

𝐾LQ(𝑥 − 𝑔𝑥 (𝑦𝑠))
𝑀

+ 𝑇𝑠
𝑣(𝑘)
𝑀

,

𝑦(𝑘) = 𝑥1(𝑘).

Defining the uncertainty signal 𝑤(𝑘) := Δℎ𝑑𝑥2(𝑘), where Δℎ𝑑 ∈ [−0.125, 0.125] and 𝑥2(𝑘) ∈

[−1.5, 1.5]m/s, the closed-loop state equations rewrite as

𝑥1(𝑘 + 1) = 𝑥1(𝑘) + 𝑇𝑠𝑥2(𝑘)

𝑥2(𝑘 + 1) = 𝑥2(𝑘) − 𝑇𝑠
ℎ̄𝑑

𝑀
𝑥2(𝑘) + 𝑇𝑠

𝐾LQ(𝑥 − 𝑔𝑥 (𝑦𝑠))
𝑀

+ 𝑇𝑠
𝑣(𝑘)
𝑀

+ 𝑇𝑠
𝑤(𝑘)
𝑀

,

𝑦(𝑘) = 𝑥1(𝑘),

(2.43)

where 𝑤(𝑘) ∈ W := [−0.1875, 0.1875].
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𝐿𝑥,11 𝐿𝑥,12 𝐿𝑣,11 𝐿𝑤,11 𝐿𝑥,21 𝐿𝑥,22 𝐿𝑣,21 𝐿𝑤,21
1 0.4 0 0 0.6335 0.1129 0.4 0.4

Table 1: Component-wise Lipschitz constants of the system.

F ( 𝑗) R( 𝑗)
𝑗 𝑥1,F ( 𝑗) 𝑥2,F ( 𝑗) 𝑥1,R( 𝑗) 𝑥2,R( 𝑗)
0 0 0.0750 0 0
1 0.0300 0.0085 0 0.0750
2 0.0334 0.0200 0.0300 0.0835
3 0.0414 0.0234 0.0634 0.1034
4 0.0507 0.0289 0.1048 0.1268
5 0.0623 0.0354 0.1555 0.1557
6 0.0764 0.0434 0.2178 0.1911
7 0.0938 0.0533 0.2942 0.2345
8 0.1151 0.0655 0.3880 0.2879

Table 2: Description of the sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 that were obtained by means of the
algorithm shown in Section 2.7.3.

The linearity of the closed-loop system with respect to 𝑥(𝑘), 𝑣(𝑘), and 𝑤(𝑘) implies that the state

equations (2.43) are component-wise Lipschitz continuous, namely there exist constants 𝐿𝑥,𝑖𝑎, 𝐿𝑣,𝑖𝑎,

and 𝐿𝑤,𝑖𝑎 that verify the inequality (2.38). The found component-wise Lipschitz constants are reported

in Table 1. We now turn our attention to the set sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0. As the computed

sets are box-shaped, i.e.

F ( 𝑗) = {𝑥 ∈ R3 : |𝑥𝑖 | ≤ 𝑥𝑖,F ( 𝑗) ,∀𝑖 ∈ {1, 2}}

and

R( 𝑗) = {𝑥 ∈ R3 : |𝑥𝑖 | ≤ 𝑥𝑖,R( 𝑗) ,∀𝑖 ∈ {1, 2}},

we provide the computed 𝑥𝑖,F ( 𝑗) and 𝑥𝑖,R( 𝑗) in Table 2.

In the context of this work, 𝑣(𝑘) is computed by the robust MPC for tracking by solving

𝑃𝑁𝑐 ,𝑁𝑝
(𝑥(𝑘), 𝑦𝑡), with 𝑁𝑐 = 𝑁𝑝 = 8. A quadratic stage cost function ℓ(𝑥 − 𝑥𝑠, 𝑣 − 𝑣𝑠) =

(𝑥 − 𝑥𝑠)⊤𝑄(𝑥 − 𝑥𝑠) + (𝑣 − 𝑣𝑠)⊤𝑅(𝑣 − 𝑣𝑠) is chosen, where 𝑄 = 10𝐼2 and 𝑅 = 1. The terminal

cost function is chosen as 𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) = (𝑥 − 𝑥𝑠)⊤𝑃(𝑥 − 𝑥𝑠), where 𝑃 is designed to verify all the

conditions of Assumption 2.7, considering the local stabilizing input 𝑣 𝑓 (𝑦𝑠) = 𝑣𝑠. In detail, we have

that

𝑃 =


43.9220 15.7860

15.7860 18.6697

 .
The employed offset cost function is𝑉𝑂 (𝑦𝑠−𝑦𝑡) = 𝑆 |𝑦𝑠−𝑦𝑦 |, with 𝑆 = 103, which verifies Assumptions

2.9 and 2.10.
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The sequences {F ( 𝑗)} 𝑗≥0, {R( 𝑗)} 𝑗≥0, and {Z𝜋 ( 𝑗)} 𝑗≥0 are computed for all 𝑗 = 0, . . . , 𝑁𝑝 following

the algorithm described in Section 2.7.3, and the foundZ𝜋 (𝑁𝑝) is exploited to setY𝑡 = [−0.42, 3.42]m.

A robust invariant set for tracking T verifying all the conditions of Assumptions 2.7 is found as

T =
{
𝑥 : 𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) ≤ 𝜌(𝑦𝑠)

}
× Y𝑡 ,

where

𝜌(𝑦𝑠) :=


14.35, 𝑦𝑠 ∈ [−0.4, 3.4]

13.06, 𝑦𝑠 ∈ [−0.42,−0.4) ∪ (3.4, 3.42]

The projections of T and Z𝜋 (𝑁𝑝) on the state dimensions are shown in Figure 3. The operation of

-1 0 1 2 3 4

-1

-0.5

0

0.5

1

Figure 3: X 𝑓 (𝑦𝑠) for 𝑦𝑠 ∈ [−0.59, 3.59]m and projection of Z𝜋 (𝑁𝑝) on the state dimensions. It is possible
to see that, as expected, the smaller sublevel sets X 𝑓 (𝑦𝑠) are obtained for equilibria that are close to the
boundaries of Z𝜋 (𝑁𝑝).

the closed-loop system is simulated in 10 different scenarios, which correspond to different values of

the damping uncertainty, i.e.

Δℎ𝑑 ∈ { − 0.125,−0.0972,−0.0694,−0.0417,−0.0139,

0.0139, 0.0417, 0.0694, 0.0972, 0.125}.

The simulation time is always equal to 32s. The obtained state and input trajectories are shown in

Figure 4, and prove how the here-proposed robust MPC for tracking is able to ensure input-to-state

stability and constraint satisfaction of the closed-loop system, and to steer the system output to a

neighborhood of the best admissible steady output, even in case of abruptly changing and infeasible

setpoints.
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2.8.2 Control of an uncertain quadruple-tank system

In the following, the here-proposed controller is tested on the quadruple-tank system with uncertain

parameters presented in the Appendix C. In detail, considering a sampling time 𝑇𝑠 = 15s, the system

under control is its fourth-order Runge Kutta discretization.

For the sake of clarity, recall that:

• ℎ1, ℎ2, ℎ3, ℎ4 [m] are the water levels in the four tanks, which constitute the state of the system;

• 𝑞𝑎, 𝑞𝑏 [m3/h] are the flows of the two pumps of the system and are the system inputs;

• 𝛾𝑎, 𝛾𝑏 [/] are the parameters that define how the two three-way valves operate;

• 𝑎1, 𝑎2, 𝑎3, 𝑎4 [m2] are the sections of the tank holes, which determine the discharge speed of

the four tanks;

• 𝑆 [m2] is the cross-section of all the tanks;

• 𝑔 = 9.81 [m/s2] is the standard acceleration of gravity.

The output of the system is 𝑦(𝑡) = (ℎ1(𝑡), ℎ2(𝑡)). In the context of our work, we consider the

parameters 𝛾𝑎, 𝛾𝑏 to be uncertain, namely

𝛾𝑎 = 𝛾̄𝑎 + 𝑤1, (2.44a)

𝛾𝑏 = 𝛾̄𝑏 + 𝑤2, (2.44b)

where 𝛾̄𝑎 = 0.3 and 𝛾̄𝑏 = 0.4 are the nominal values of the parameters 𝛾𝑎 and 𝛾𝑏, while 𝑤1 and 𝑤2

describe the uncertainties of such parameters and are supposed to be bounded. In detail,

|𝑤1 | ≤ 𝑤̄1 = 0.005, (2.45a)

|𝑤2 | ≤ 𝑤̄2 = 0.005. (2.45b)

The system inputs and states have to verify the following constraints:

ℎ𝑖,min ≤ ℎ𝑖 ≤ ℎ𝑖,max, 𝑖 ∈ [1, 4], (2.46a)

𝑞 𝑗 ,min ≤ 𝑞 𝑗 ≤ 𝑞 𝑗 ,max, 𝑗 ∈ {𝑎, 𝑏}. (2.46b)

The input and state bounds are reported in the Appendix C. The control goal is to track a piece-

wise constant reference signal, starting from the initial condition (ℎ1(0), ℎ2(0), ℎ3(0), ℎ4(0)) =

(0.2837, 0.2943, 0.2168, 0.2864)m.
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𝑎
𝐿𝑥,𝑖𝑎 1 2 3 4

1 0.9388 0.0250 0.1375 0.0500
2 0.0850 0.9388 0.0795 0.1600
3 0.1225 0.0145 0.8375 0.0750𝑖

4 0.0125 0.0600 0.0600 0.8500

Table 3: Values of the constants 𝐿𝑥,𝑖𝑎 of the nonholonomic system.

In the following, we revert to a more generic notation and define the states and inputs of the discretized

system as 𝑥(𝑘) = (𝑥1(𝑘), 𝑥2(𝑘), 𝑥3(𝑘), 𝑥4(𝑘)) := (ℎ1(𝑘 · 𝑇𝑠), ℎ2(𝑘 · 𝑇𝑠), ℎ3(𝑘 · 𝑇𝑠), ℎ4(𝑘 · 𝑇𝑠)) and

𝑢(𝑘) = (𝑢1(𝑘), 𝑢2(𝑘)) := (𝑞𝑎 (𝑘 · 𝑇𝑠), 𝑞𝑎 (𝑘 · 𝑇𝑠)). Moreover, we define the sets X, U and W as sets

such that 𝑥(𝑘) ∈ X, 𝑢(𝑘) ∈ U and 𝑤(𝑘) := (𝑤1(𝑘 ·𝑇𝑠), 𝑤2(𝑘 ·𝑇𝑠)) ∈ W imply the verification of the

constraints (2.45) and (2.46). To reach the previously stated control goal, we employ a control law

𝜋

(
𝑦0
𝑠 (𝑘), 𝑥(𝑘), 𝑣0(0|𝑘)

)
= 𝐾 (𝑥(𝑘) − 𝑔𝑥 (𝑦0

𝑠 (𝑘))) + 𝑣0(0|𝑘), (2.47)

where 𝑦0
𝑠 (𝑘) and 𝑣0(0|𝑘) are obtained by solving 𝑃𝑁𝑝

(𝑥(𝑘), 𝑦𝑡), with 𝑁𝑝 = 4, employing a quadratic

stage cost function ℓ(𝑥 − 𝑥𝑠, 𝑣 − 𝑣𝑠) =
(
𝑥 − 𝑥𝑠

)⊤
𝑄

(
𝑥 − 𝑥𝑠

)
+

(
𝑣 − 𝑣𝑠

)⊤
𝑅
(
𝑣 − 𝑣𝑠

)
, a quadratic terminal

cost function 𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) = (𝑥 − 𝑥𝑠)⊤𝑃(𝑥 − 𝑥𝑠), and a quadratic offset cost function 𝑉𝑂 (𝑦𝑠 − 𝑦𝑡) =

(𝑦𝑠 − 𝑦𝑡)⊤𝑇 (𝑦𝑠 − 𝑦𝑡). In detail, 𝑄 = diag(5, 2.5, 1, 1), 𝑅 = 0.01𝐼2 and 𝑇 = 104𝐼2.

The matrices 𝐾 and 𝑃 are obtained using the LTV approximation method presented in Section 2.7.1.

The obtained matrices are:

𝐾 =


−0.2117 −1.0663 1.0632 −2.2400

−2.9453 0.3358 −2.9568 1.5166

 ,

𝑃 =



23.7301 −4.6424 10.2060 −8.5938

−4.6425 8.8324 −4.7139 3.8709

10.2060 −4.7139 12.6887 −7.8934

−8.5938 3.8709 −7.8934 9.4075


.

Given that X, U and W are compact and that the system under control is Lipschitz in X ×U ×W,

the system equations are also component-wise Lipschitz continuous in such set. Therefore, we

first compute the component-wise Lipschitz continuity constants of the discretized system and then

compute the sequences {F ( 𝑗)}≥0 and {R( 𝑗)}≥0 following the algorithms presented in Section 2.7.

The found component-wise Lipschitz constants are reported in Tables 3, 4 and 5.

Furthermore, as the computed sets F ( 𝑗) and R( 𝑗) are box-shaped, i.e.

F ( 𝑗) = {𝑥 ∈ R4 : |𝑥𝑖 | ≤ 𝑥𝑖,F ( 𝑗) ,∀𝑖 ∈ [1, 4]}
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𝑏
𝐿𝑣,𝑖𝑏 1 2

1 0.0225 0.0250
2 0.0500 0.0350
3 0.0100 0.1700𝑖

4 0.1500 0.0100

Table 4: Values of the constants 𝐿𝑣,𝑖𝑏 of the nonholonomic system.

𝑐
𝐿𝑤,𝑖𝑐 1 2

1 0.2400 0.0125
2 0.0088 0.2638
3 0.00006 0.2675𝑖

4 0.2450 0.0125

Table 5: Values of the constants 𝐿𝑤,𝑖𝑐 of the nonholonomic system.

𝑗 0 1 2 3 4
𝑥1,F ( 𝑗) 0.0019 0.0022 0.0025 0.0028 0.0032
𝑥2,F ( 𝑗) 0.0020 0.0025 0.0031 0.0036 0.0041
𝑥3,F ( 𝑗) 0.0020 0.0021 0.0022 0.0023 0.0025F ( 𝑗)

𝑥4,F ( 𝑗) 0.0019 0.0019 0.0020 0.0020 0.0021
𝑥1,R( 𝑗) 0 0.0019 0.0041 0.0066 0.0094
𝑥2,R( 𝑗) 0 0.0020 0.0046 0.0076 0.0112
𝑥3,R( 𝑗) 0 0.0020 0.0041 0.0063 0.0086R( 𝑗)

𝑥4,R( 𝑗) 0 0.0019 0.0038 0.0058 0.0078

Table 6: Description of the sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0.

and

R( 𝑗) = {𝑥 ∈ R4 : |𝑥𝑖 | ≤ 𝑥𝑖,R( 𝑗) ,∀𝑖 ∈ [1, 4]},

we provide the computed 𝑥𝑖,F ( 𝑗) and 𝑥𝑖,R( 𝑗) in Table 6.

The chosen bounded subset Y𝑡 of feasible setpoints with inactive constraints is provided in Figure 5,

while a robust invariant set for tracking T verifying all the conditions of Assumption 2.7 is found as

T =
{
𝑥 : 𝑉 𝑓 (𝑥 − 𝑥𝑠, 𝑦𝑠) ≤ 𝜌

}
× Y𝑡 ,

where 𝜌 = 0.1273.

We run 100 simulations with different values for 𝑤1 and 𝑤2. In detail, we test all the combinations

that are obtained by using values for 𝑤1 and 𝑤2 in

{−0.00500,−0.00390,−0.00280,−0.00170,−0.00055, 0.00055, 0.0017, 0.00280, 0.00390, 0.00500} ,

to cover the entire set W. The simulation time is always equal to 100min and the reference 𝑦𝑡 is

considered to take the values defined in Table 7.
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Start time [s] 𝑦𝑡 [m]
0 (1.10, 1.10)

1500 (0.35, 0.35)
3000 (0.60, 0.75)
4500 (0.90, 0.75)

Table 7: Values of 𝑦𝑡 .

The obtained state and input trajectories are shown in Figures 6 and 7 respectively, and prove how

the here-proposed robust MPC for tracking is able to ensure input-to-state stability and constraint

satisfaction of the closed-loop system, and to steer the system output to a neighborhood of the best

admissible steady output, even in case of abruptly changing and infeasible setpoints.

2.9 Conclusion

In this chapter, we presented a tube-based MPC for tracking for nonlinear systems that are subject to

bounded perturbations and whose state function components are component-wise uniformly contin-

uous. The tracking capabilities of the MPC are ensured by the addition of an artificial reference as

decision variable and an offset cost function, as often done in modern tracking MPC schemes. We

investigated the conditions that the system under control, the cost function and the set of feasible

setpoints have to meet to ensure the input-to-state stability of the closed-loop system and the recursive

feasibility of the MPC. The closed-loop system output is ensured to converge to a bounded set contain-

ing the best admissible steady output by design. As the proposed method requires the computation of

pre-stabilizing control laws, set sequences that bound the effect of the perturbations on the predictions

and a robust invariant set for tracking, some tips and algorithms for their computation were provided.

The method was tested on two perturbed nonlinear systems, which proved the robust MPC to be

effective also in practice. Nonetheless, we are aware of some limitations of the proposed method. In

particular, the conditions that the required robust invariant set for tracking has to satisfy are strict,

thus limiting the usage of the robust MPC for tracking to systems with small perturbations. Moreover,

even though the MPC is proved to stabilize the closed-loop system under a component-wise uniform

continuity assumption over the state function, a practical method to compute the set sequences bound-

ing the effect of the perturbations was provided only for systems whose state function components are

component-wise Lipschitz continuous.
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Figure 4: State and input trajectories of the closed-loop mass-spring-damper system under different Δℎ𝑑
values. Note how the state constraints are verified both when the real reference lies inside the set Y𝑡 of
feasible setpoints and when it lies outside, regardless of the employed Δℎ𝑑 value. In particular, when the
reference does not belong to Y𝑡 , the best admissible steady output is reached, as highlighted by the first
plot.
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Figure 5: Y𝑡 and projection of Z𝜋 (4) on the first two state dimensions of the uncertain quadruple-tank
example.

89



Marco Polver

Figure 6: Trajectories of the water levels in the four tanks obtained in 100 different scenarios. The
constraints are always verified, and the output of the system (in this case the first two states) converges to
a neighborhood of the best admissible steady output.
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Figure 7: Input trajectories obtained in 100 different scenarios on the quadruple-tank system. As
expected, also the input values always verify the constraints.
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Chapter 3. Robust contraction-based model predictive control

for nonlinear systems

3.1 Introduction

Chapter 2 treated a tube-based MPC for tracking for perturbed nonlinear systems and listed the

conditions under which such method is recursively feasible and makes the closed-loop system ISS,

ensuring also the convergence to a bounded set containing the best admissible steady output. In this

chapter, we take a step back, returning to the subject of MPC schemes for regulation. As pointed out

several times in Chapter 1, the main challenges that one has to face during the design of an MPC for

the regulation of nonlinear systems are:

• the computation of the stability-related terminal ingredients;

• ensuring robustness with respect to known bounded perturbations.

Such issues get even more difficult to face in the case of MPC schemes for tracking changing setpoints,

as they require to design (following a tube-based rationale) tightened constraints and terminal ingre-

dients that guarantee recursive feasibility and closed-loop stability regardless of the current setpoint.

This is why the contribution of the work presented in Chapter 2 is mainly related to just one of the

two issues, namely robustness, as we rely on standard MPC theory for the computation of the terminal

ingredients.

In this chapter, though limiting ourselves to the regulation case, we want to be more ambitious. Indeed,

we want to provide a method that ensures robustness and that is able to ensure input-to-state (practical)

stability of the closed-loop system employing terminal ingredients that must undergo milder conditions

compared to those repeatedly exhibited up to this point. In particular, we focus on perturbed nonlinear

systems that cannot be nominally controlled to the desired equilibrium within a finite number of steps,

thus precluding the implementation of a TEC-MPC, and for which the computation of a terminal cost

function that behaves as a CLF is difficult, e.g. systems whose linearization at the desired equilibrium

is not fully controllable, hence making the design of a QIH-MPC tedious. An additional goal is that of

ensuring recursive feasibility and closed-loop stability under conditions that are easier to verify than

those shown in Section 1.1.4.

To do so, we rely on contractivity, a nice property of stabilizable systems that is addressed next,

inspired by [4, 5]. The resulting MPC is proved to be recursively feasible and to ensure the input-to-
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state stability of the closed-loop system. The method is then validated in simulation on two different

systems: (i) a perturbed nonholonomic system whose linearization is not fully controllable, and (ii) a

perturbed quadruple-tank system.

The results presented in this chapter are available as the preprint [114].

3.2 Contractivity of stabilizable systems

We here provide a definition of stabilizability for generic nonlinear time-invariant discrete-time systems

of the form

𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘), 𝑢(𝑘)) , (3.1)

where 𝑥(𝑘) ∈ R𝑛 is the system state and 𝑢(𝑘) ∈ R𝑚 is the system input. The following definition is a

discrete-time adaptation of the stabilizability definition provided in [4, Chapter 4].

Definition 3.1: Stabilizability

Given the system (3.1), if there exists a control law 𝑢(𝑘) = 𝜅 (𝑥(𝑘)) such that the closed-loop

system 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘), 𝜅 (𝑥(𝑘))) admits 𝑥 = 0 as globally asymptotically stable (GAS)

equilibrium with some continuous Lyapunov function 𝑉 (𝑥), i.e.

𝑉 ( 𝑓 (𝑥, 𝜅 (𝑥))) −𝑉 (𝑥) ≤ −𝛼𝑉 (𝑥) , (3.2)

where 𝛼𝑉 (·) is a positive definite function of the state, then the system (3.1) is stabilizable.

The last definition simply states that a system is said to be stabilizable if there exists at least one control

law that renders the origin a GAS equilibrium. It is not necessary to know the control law 𝜅(·) and

the related Lyapunov function 𝑉 (·).

The connection between stabilizability and contractivity is explained in [4, Proposition 4.1] and here

reported for the sake of completeness.

Proposition 3.1: Contractivity of stabilizable systems

If system (3.1) is stabilizable, then for all the compact subsets Xsub ⊂ R𝑛 and for all the positive

definite functions Γ(·), there exist a contraction factor 𝛾 ∈ (0, 1) and a finite 𝑁𝑝 ∈ N \ {0} such

that, for all 𝑥 ∈ Xsub, the condition

min
u(𝑘)

min
𝑞∈{1,...,𝑁𝑝}

Γ (𝜙 (𝑞; 𝑥, u(𝑘))) ≤ 𝛾Γ(𝑥), (3.3)

where u(𝑘) := {𝑢(0|𝑘), . . . , 𝑢(𝑞 − 1|𝑘)}, is verified.
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As will become clear in the following sections, this connection between stabilizability and contractivity

can turn out to be useful in the design of predictive controllers with short prediction horizons and

without terminal constraints.

3.3 Problem formulation

We consider a perturbed nonlinear discrete-time time-invariant system described by the equation

𝑥(𝑘 + 1) = 𝑓
(
𝑥(𝑘), 𝑢(𝑘), 𝑤(𝑘)

) (3.4)

where 𝑥(𝑘) ∈ R𝑛 is the system state, 𝑢(𝑘) ∈ R𝑚 is the controlled input, and 𝑤(𝑘) ∈ W ⊂ R𝑟 is an

unknown but bounded perturbation that lies in a known hypercubeW := {𝑤 : |𝑤𝑖 | ≤ 𝑤̄𝑖, ∀𝑖 ∈ [1, 𝑟]}.

The system state 𝑥 is assumed to be measured at each sampling instant 𝑘 ≥ 0.

The system is subject to hard state and input constraints, namely

𝑥(𝑘) ∈ X, 𝑢(𝑘) ∈ U, ∀𝑘 ≥ 0. (3.5)

Next, the needed continuity assumption for 𝑓 (·, ·, ·) and the conditions that the sets X and U must

meet to ensure the recursive feasibility and stability of the proposed robust contraction-based MPC

are provided.

Assumption 3.1: Continuity of the state function

The state function 𝑓 (·, ·, ·) is such that each component 𝑓𝑖 (·, ·, ·), ∀𝑖 ∈ [1, 𝑛], is component-wise

uniformly continuous. Consequently, there exist functions 𝜎𝑥,𝑖𝑎 (·), 𝜎𝑢,𝑖𝑏 (·), 𝜎𝑤,𝑖𝑐 (·) ∈ K such

that, for all 𝑖 ∈ [1, 𝑛],

| 𝑓𝑖 (𝑥, 𝑢, 𝑤) − 𝑓𝑖 (𝑥, 𝑢̌, 𝑤̌) | ≤
𝑛∑︁
𝑎=1

𝜎𝑥,𝑖𝑎 (𝑥𝑎 − 𝑥𝑎) +
𝑚∑︁
𝑏=1

𝜎𝑢,𝑖𝑏 ( |𝑢𝑏 − 𝑢̌𝑏 |)

+
𝑟∑︁
𝑐=1

𝜎𝑤,𝑖𝑐 ( |𝑤𝑐 − 𝑤̌𝑐 |) ,
(3.6)

for all (𝑥, 𝑢, 𝑤) and (𝑥, 𝑢̌, 𝑤̌) in X ×U ×W.

Assumption 3.2: Properties of the constraint sets

The sets X and U are compact and their interior is non-empty.

Assumption 3.1 poses conditions on the state function that are identical to those posed by Assumption

2.1 for our robust tracking MPC for nonlinear systems. However, Assumption 3.2 is stronger than the
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assumptions on the constraint sets that have been presented up to this point, as it requires the sets X

and U to be compact, i.e. closed and bounded.

In the previous chapters, different MPC formulations were addressed keeping the same conceptual

order when discussing the assumptions that are needed to prove their feasibility and stability proper-

ties. Given that the theoretical framework that is used to prove the properties of the here-proposed

contraction-based MPC differs consistently from the framework that was used in the previous chapters,

the succession of assumptions that follows deviates from the previous ones.

Given that the robust MPC for regulation discussed here is based on the contractivity of the system,

we provide a contractivity assumption.

Assumption 3.3: Contractivity of the nominal system

There exist a positive definite function Γ(𝑥), a contraction factor 𝛾 ∈ (0, 1), and a prediction

horizon 𝑁𝑝 ∈ N \ {0} such that, for all the initial conditions 𝑥 ∈ X, there exists a control

sequence u ∈ U𝑁𝑝 that verifies:

Γ(𝑥, u, 𝑁𝑝) :=
𝑁𝑝

min
𝑗=1

Γ (𝜙( 𝑗 ; 𝑥, u, 0)) ≤ 𝛾Γ(𝑥). (3.7)

Moreover, the contractive function Γ(𝑥) is uniformly continuous in X, i.e. there exists a K

function 𝜎Γ (·) such that

|Γ(𝑥) − Γ(𝑥) | ≤ 𝜎Γ (∥𝑥 − 𝑥∥) , ∀𝑥, 𝑥 ∈ X. (3.8)

Finally, the function Γ(·) is upper-bounded by a K∞ function 𝛼Γ (·), such that

Γ(𝑥) ≤ 𝛼Γ (∥𝑥∥), ∀𝑥 ∈ X. (3.9)

Henceforward, the minimizer of (3.7) over an horizon of length 𝑁𝑝 and given the initial condition 𝑥

is denoted 𝑗opt(𝑥, u, 𝑁𝑝).

Note that Assumption 3.3 does not require all the trajectories providing the best contraction factor to

lie inside X, which was instead the case of [5]. This is because [5] requires the exact knowledge of

the compact set that ensures the desired contraction, which coincides with the domain of attraction

of their contraction-based MPC. As the computation of such set is challenging, we do not require to

analytically find the region of attraction of the MPC and we rely on recursive feasibility to ensure that,

if the initial condition renders the optimal control problem feasible, feasibility will be guaranteed also

afterwards.
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Remark 3.1
The choice of the contractive function Γ(·) and the computation of 𝛾 can be carried out in

different ways. In the case study presented in [5], an analytical way of finding 𝛾 for a given

contractive function and a particular system is reported. However, also other methods can be

considered, as the one we propose in Section 3.7.

The aim is to design an MPC that can drive the system state to an equilibrium 𝑥𝑠 = 𝑓 (𝑥𝑠, 𝑢𝑠, 0).

Without loss of generality, in the next sections the system state is regulated to the origin.

In the next sections, the further properties that the system under control must have to enable the robust

design of the contraction-based MPC are first addressed. Then, two formulations of the proposed

MPC are presented, proving the stability and feasibility properties of both.

3.4 Robust design of the controller

The MPC belongs to the family of open-loop tube-based predictive controllers, hence its recursive

feasibility is guaranteed by imposing that the nominal system trajectory stays inside a sequence of

tightened constraints [87, 89], and no feedback control laws are exploited to reduce the effect of the

perturbations on the state predictions.

Remark 3.2
It is still possible to employ the theoretical concepts introduced in this chapter in the feedback

MPC framework. The main difference in such case is that a contractive function Γ(·) should

be found for the nominal closed-loop system under the chosen feedback control law. Then, the

presented contraction-based MPC should be modified in order to have the free parameters of

the chosen control law as decision variables.

The computation of the needed tightened constraints requires the existence of the sequences {F ( 𝑗)} 𝑗≥0

and {R( 𝑗)} 𝑗≥0, whose properties are outlined in the following two assumptions.

Assumption 3.4: Bounds on the effect of the initial condition on the state trajectory

The sequence {F ( 𝑗)} 𝑗≥0 is such that:

• F (0) := {𝑥 ∈ R𝑛 : |𝑥𝑖 | ≤
∑𝑟
𝑎=1 𝜎𝑤,𝑖𝑎 (𝑤̄𝑎),∀𝑖 ∈ [1, 𝑛]};

97



Marco Polver

• ∀ 𝑗 > 0, the sets F ( 𝑗) ensure that, for every feasible (𝑥, u), and for every 𝑥 such that

𝑥 − 𝑥 ∈ F (0), the condition

𝜙
(
𝑗 ; 𝑥, u, 0

)
∈ 𝜙

(
𝑗 ; 𝑥, u, 0

)
⊕ F ( 𝑗)

is verified.

Assumption 3.5: Bounds on the effect of the perturbations on the state trajectory

The set sequence {R( 𝑗)} 𝑗≥0 is such that, defining R(0) := {0}, it verifies the following condi-

tions:

1. for every feasible (𝑥, u), the sets R( 𝑗), for 𝑗 > 0, ensure 𝜙 ( 𝑗 ; 𝑥, u,w) ∈

𝜙 ( 𝑗 ; 𝑥, u, 0) ⊕ R( 𝑗) ∀w ∈ W 𝑗 ;

2. the set X ⊖ R(𝑁𝑝) is non-empty and contains the origin;

3. F ( 𝑗) ⊕ R( 𝑗) ⊆ R( 𝑗 + 1), ∀ 𝑗 ≥ 0.

The sequence {F ( 𝑗)} 𝑗≥0 bounds the gap between the perturbation-free state trajectories obtained with

the same control sequence starting from close enough states 𝑥 and 𝑥, while the sequence {R( 𝑗)} 𝑗≥0

bounds the gap between the perturbed and the perturbation-free trajectories obtained starting from a

common state 𝑥 and applying the same control sequence. Thus, Assumptions 3.4 and 3.5 play the

same role of Assumptions 2.5 and 2.6, that were introduced in Chapter 2 to guarantee the robustness

of our robust MPC for tracking.

Another ingredient that is needed to ensure the stability of the closed-loop system under the MPC is

the existence of an RPI that verifies the conditions listed in the following assumption.

Assumption 3.6: Existence of an RPI

There exists a set Ω ⊆ X that verifies the following conditions simultaneously:

1. for all 𝑥 ∈ Ω, ∃𝑢 ∈ U such that 𝑓 (𝑥, 𝑢, 𝑤) ∈ Ω, for any 𝑤 ∈ W;

2. Ω ⊆ Q (X ⊖ R(1)) for the nominal system 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘), 𝑢(𝑘), 0), where

Q (X ⊖ R(1)) denotes the one-step controllable set to X ⊖ R(1);

3. Ω ⊖ R(1) is non-empty and contains the origin.

98



Robust contraction-based MPC

Remark 3.3
Standard MPC schemes require terminal ingredients that meet several conditions simultane-

ously. In detail, it is necessary to find a positively invariant set (or an RPI in the robust case)

generated by a certain control law 𝜅 𝑓 (·), which must also be stabilizing and cause the terminal

cost function 𝑉 𝑓 (·) to be a CLF for the closed-loop system.

Assumption 3.6 still requires to compute an RPI, but this does not have to be related to a

particular (stabilizing) control law. Moreover, it is not required to design a CLF.

3.5 Nominal robust contraction-based MPC for regulation

Now that all the conditions that the system under control has to verify to enable the implementation

of our controller have been explained, we are ready to introduce the robust contraction-based MPC,

explain its design parameters and prove its stability and feasibility properties.

The control objective is assumed to be expressed by means of a stage cost function ℓ(𝑥, 𝑢). Considering

a generic prediction horizon 𝑞 starting from a time instant 𝑘 , the total cost related to the control objective

is given by

𝐽
(
𝑥(𝑘), u(𝑘), 𝑞(𝑘)

)
:=

𝑞(𝑘)−1∑︁
𝑗=0

ℓ(𝑥( 𝑗 |𝑘), 𝑢( 𝑗 |𝑘)), (3.10)

where u(𝑘) := {𝑢(0|𝑘), . . . , 𝑢(𝑞(𝑘) − 1|𝑘)} and 𝑥( 𝑗 |𝑘) denotes the nominal 𝑗-step-ahead state pre-

diction computed starting from the initial condition 𝑥(𝑘), namely 𝑥( 𝑗 |𝑘) := 𝜙( 𝑗 ; 𝑥(𝑘), u(𝑘), 0). The

stage cost function is required to fulfill the conditions listed in the next assumption.

Assumption 3.7: Stage cost function properties

There exist a constant ℓ̄ > 0 and a K function 𝛼ℓ (·) such that

∀(𝑥, 𝑢) ∈ X ×U, 0 ≤ ℓ(𝑥, 𝑢) ≤ ℓ̄, (3.11)

and ℓ(𝑥, 𝑢) ≥ 𝛼ℓ (∥𝑥∥), ∀𝑢 ∈ U.

Moreover, the stage cost function ℓ(𝑥, 𝑢) is uniformly continuous with respect to all its argu-

ments; therefore, there exist K functions 𝜎ℓ,𝑥 (·) and 𝜎ℓ,𝑢 (·) such that, ∀𝑥, 𝑥 ∈ X, 𝑢, 𝑢̌ ∈ U:

|ℓ(𝑥, 𝑢) − ℓ(𝑥, 𝑢̌) | ≤ 𝜎ℓ,𝑥 (∥𝑥 − 𝑥∥) + 𝜎ℓ,𝑢 (∥𝑢 − 𝑢̌∥) . (3.12)

The optimization problem 𝑃𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘)) that has to be solved at each MPC step is

min
(u(𝑘),𝑞(𝑘))

𝑉𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘), u(𝑘), 𝑞(𝑘)) := 𝜃 (𝑘) ·𝐽 (𝑥(𝑘), u(𝑘), 𝑞(𝑘))+𝜉 ·Γ (𝑥(𝑘), u(𝑘), 𝑞(𝑘))
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subject to :

𝑥(0|𝑘) = 𝑥(𝑘), (3.13a)

𝑥( 𝑗 |𝑘) = 𝑓 (𝑥( 𝑗 − 1|𝑘), 𝑢( 𝑗 − 1|𝑘), 0) , ∀ 𝑗 ∈ [1, 𝑞(𝑘)], (3.13b)

𝑥( 𝑗 |𝑘) ∈ X ⊖ R( 𝑗), ∀ 𝑗 ∈ [0, 𝑞(𝑘)], (3.13c)

(u(𝑘), 𝑞(𝑘)) ∈ U𝑞(𝑘) ×
{
1, . . . , 𝑁𝑝

}
(3.13d)

where:

• u(𝑘) := {𝑢(0|𝑘), . . . , 𝑢(𝑞(𝑘) − 1|𝑘)};

• 𝑞(𝑘) is the prediction horizon of the controller, here considered as a decision variable that can

take values in [1, 𝑁𝑝];

• 𝜃 (𝑘) is an internal state of the MPC controller and is needed to guarantee the stability properties

of the closed-loop system and the dynamics of which is defined later.

If multiple solutions providing the same cost exist, the one having the smallest 𝑞 is kept. The optimal

solutions of 𝑃𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘)) are denoted u∗(𝑥(𝑘), 𝜃 (𝑘)) and 𝑞∗(𝑥(𝑘), 𝜃 (𝑘)) (or u∗(𝑘) and 𝑞∗(𝑘) for

brevity) and the corresponding values Γ, 𝐽, 𝑉𝑁𝑝
and 𝑗opt are:

Γ∗(𝑥(𝑘), 𝜃 (𝑘)) := Γ(𝑥(𝑘), u∗(𝑘), 𝑞∗(𝑘)),

𝐽∗(𝑥(𝑘), 𝜃 (𝑘)) := 𝐽 (𝑥(𝑘), u∗(𝑘), 𝑞∗(𝑘)),

𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) := 𝑉𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘), u∗(𝑘), 𝑞∗(𝑘)),

𝑗∗(𝑥(𝑘), 𝜃 (𝑘)) := 𝑗opt(𝑥(𝑘), u∗(𝑘), 𝑞∗(𝑘)).

We also define x̂∗(𝑘) := {𝑥∗(0|𝑘), . . . , 𝑥∗(𝑞∗(𝑘) |𝑘)} as the nominal state sequence provided by the

optimal control sequence u∗(𝑥(𝑘), 𝜃 (𝑘)), i.e. 𝑥∗( 𝑗 |𝑘) = 𝜙( 𝑗 ; 𝑥(𝑘), u∗(𝑘), 0). The control law of the

proposed MPC is the following: 𝜅𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘)) := 𝑢∗(0|𝑘), where 𝑢∗(0|𝑘) is the first element of the

optimal control sequence u∗(𝑘) obtained by solving 𝑃𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘)).

The initial condition of the controller state 𝜃 is set to 𝜃 (0) = max{𝜖, 𝜈Γ(𝑥(0))}, where 𝜖 > 0 and

𝜈 ∈ (0, 1) are design parameters, and is updated at every time instant 𝑘 by using the following policy:

𝜃 (𝑘) = 𝑓𝜃 (𝑥(𝑘), 𝜃 (𝑘 − 1)) :=


𝜃 (𝑘 − 1), Γ (𝑥(𝑘)) > 𝜃 (𝑘 − 1)

max{𝜖, 𝜈Γ (𝑥(𝑘))}, otherwise
(3.14)
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Next, we want to prove that the equilibrium 𝑥 = 0 is input-to-state practically stable (ISpS) for the

closed-loop system under our robust contraction-based MPC. In order to do so, we demonstrate

that 𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) is an ISpS-Lyapunov function. The first step in this direction is proving that

𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) is upper-bounded by a positive definite function of 𝑥(𝑘), as proved by Lemma 3.2,

which is based on the result of Lemma 3.1.

Lemma 3.1: Generic upper bound on the cost function value

If Assumptions 3.1-3.7 are satisfied, then for all the feasible initial conditions 𝑥(𝑘) ∈ X, we

have that

𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) ≤ 𝜃 (𝑘)𝑁𝑝 ℓ̄ + 𝜉𝛾Γ (𝑥(𝑘)) , (3.15)

and the minimum value of the map Γ(·) is obtained at the end of the trajectory, that is

𝑗∗ (𝑥(𝑘), 𝜃 (𝑘)) = 𝑞∗ (𝑥(𝑘), 𝜃 (𝑘)) , (3.16)

where 𝑗∗ is the horizon providing the maximum contraction.

Proof. Given that 𝑃𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘)) is feasible, the stage cost is surely lower than 𝑁𝑝 ℓ̄ thanks to

Assumption 3.7, while Γ
(
𝑥(𝑘), u(𝑘), 𝑁𝑝

)
≤ 𝛾Γ

(
𝑥(𝑘)

)
as a result of Assumption 3.3. This proves

(3.15).

Concerning (3.16), it can be proved by contradiction. Suppose 𝑗∗
(
𝑥(𝑘), 𝜃 (𝑘)

)
< 𝑞∗

(
𝑥(𝑘), 𝜃 (𝑘)

)
; then,

the candidate solution
(
u𝑐 (𝑘), 𝑞𝑐 (𝑘)

)
:=

({
𝑢∗(0|𝑘), . . . , 𝑢∗( 𝑗∗ − 1|𝑘)

}
, 𝑗∗

(
𝑥(𝑘), 𝜃 (𝑘)

) )
, together with

the related state trajectory x̂𝑐 (𝑘) := {𝑥𝑐 (0|𝑘), . . . , 𝑥𝑐 (𝑞𝑐 |𝑘)}, where 𝑥𝑐 ( 𝑗 |𝑘) := 𝜙( 𝑗 ; 𝑥(𝑘), u𝑐 (𝑘), 0),

would correspond to a cost function value satisfying

𝑉𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘), u𝑐 (𝑘), 𝑞𝑐 (𝑘)) = 𝜃 (𝑘) ·

𝑞𝑐 (𝑘)−1∑︁
𝑗=0

ℓ (𝑥𝑐 ( 𝑗 |𝑘), 𝑢𝑐 ( 𝑗 |𝑘)) + 𝜉
𝑞𝑐 (𝑘)
min
𝑗=1

Γ (𝑥𝑐 ( 𝑗 |𝑘)) .

Considering that

𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) = 𝜃 (𝑘) ·
𝑞∗ (𝑘)−1∑︁
𝑗=0

ℓ (𝑥∗( 𝑗 |𝑘), 𝑢∗( 𝑗 |𝑘)) + 𝜉
𝑞∗ (𝑘)
min
𝑗=1

Γ (𝑥∗( 𝑗 |𝑘)) ,

by optimality it holds that

0 ≤ 𝑉𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘), u𝑐 (𝑘), 𝑞𝑐 (𝑘)) −𝑉∗

𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘))

= 𝜃 (𝑘) ·
𝑞𝑐 (𝑘)−1∑︁
𝑗=0

ℓ (𝑥𝑐 ( 𝑗 |𝑘), 𝑢𝑐 ( 𝑗 |𝑘)) + 𝜉
𝑞𝑐 (𝑘)
min
𝑗=1

Γ (𝑥𝑐 ( 𝑗 |𝑘))

− 𝜃 (𝑘) ·
𝑞∗ (𝑘)−1∑︁
𝑗=0

ℓ (𝑥∗( 𝑗 |𝑘), 𝑢∗( 𝑗 |𝑘)) − 𝜉
𝑞∗ (𝑘)
min
𝑗=1

Γ (𝑥∗( 𝑗 |𝑘)) .

(3.17)
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Provided that the instant of maximum contraction is 𝑗∗ ≡ 𝑞𝑐 (𝑘), we get that

𝑞𝑐 (𝑘)
min
𝑗=1

Γ (𝑥𝑐 ( 𝑗 |𝑘)) =
𝑞∗ (𝑘)
min
𝑗=1

Γ (𝑥∗( 𝑗 |𝑘)) .

Therefore, (3.17) reduces to

0 ≤ 𝑉𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘), u𝑐 (𝑘), 𝑞𝑐 (𝑘)) −𝑉∗

𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘))

= −𝜃 (𝑘) ·
𝑞∗ (𝑘)−1∑︁
𝑗=𝑞𝑐 (𝑘)

ℓ (𝑥∗( 𝑗 |𝑘), 𝑢∗( 𝑗 |𝑘)) ≤ 0,

which implies
𝑞∗ (𝑘)−1∑︁
𝑗=𝑞𝑐 (𝑘)

ℓ (𝑥∗( 𝑗 |𝑘), 𝑢∗( 𝑗 |𝑘)) = 0,

meaning that the desired equilibrium is reached after 𝑞𝑐 (𝑘) prediction steps. This contradicts the

optimality of 𝑞∗(𝑘). ■

Lemma 3.2: Existence of an upper-bounding function for the cost function

Under Assumptions 3.1-3.7, given a feasible initial condition 𝑥(𝑘) ∈ X, if the following condi-

tions hold simultaneously:

1. 𝜃 (𝑘) = 𝑓𝜃 (𝑥(𝑘), 𝜃 (𝑘 − 1)),

2. 𝜉 ≥ 2𝑁𝑝 ℓ̄/(1 − 𝛾),

then the optimal solution to 𝑃𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘)) satisfies the inequality

𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) ≤
[
1 + 𝛾

2

]
𝜉Γ (𝑥(𝑘)) + 𝜖𝑁𝑝 ℓ̄. (3.18)

Proof. The conditions of Lemma 3.1 are satisfied. Therefore,

𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) ≤ 𝜃 (𝑘)𝑁𝑝 ℓ̄ + 𝜉𝛾Γ (𝑥(𝑘)) .

To continue the proof, given that the update law 𝑓𝜃 (𝑥(𝑘), 𝜃 (𝑘 − 1)) ensures that Γ (𝑥(𝑘)) > 𝜃 (𝑘) for

all 𝑥 ∈ X such that Γ(𝑥) > 𝜖 , we need to discern two cases:

Case Γ (𝑥(𝑘)) > 𝜃 (𝑘): Given that also Γ (𝑥(𝑘)) > 𝜃 (𝑘) is satisfied, we get that

𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) ≤ (𝑁𝑝 ℓ̄ + 𝜉𝛾)Γ (𝑥(𝑘)) .

Using the assumption 𝜉 ≥ 2𝑁𝑝 ℓ̄/(1 − 𝛾), we obtain

𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) ≤
[
𝛾 + 1

2

]
𝜉Γ (𝑥(𝑘)) . (3.19)

102



Robust contraction-based MPC

Case Γ (𝑥(𝑘)) ≤ 𝜃 (𝑘) = 𝜖: Given that 𝜃 (𝑘) = 𝜖 , (3.15) rewrites as

𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) ≤ 𝜖𝑁𝑝 ℓ̄ + 𝛾𝜉Γ (𝑥(𝑘)) . (3.20)

Unifying (3.19) and (3.20), we obtain

𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) ≤ 𝜖𝑁𝑝 ℓ̄ + 𝜉 max
{
𝛾,
𝛾 + 1

2

}
Γ (𝑥(𝑘))

≤ 𝜖𝑁𝑝 ℓ̄ + 𝜉
[
𝛾 + 1

2

]
Γ (𝑥(𝑘)) ,

which ends the proof. ■

Next, we prove the nominal descent property of 𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) and the boundedness of its increase

due to the uncertainty 𝑤(𝑘), discerning the cases where 𝑞∗(𝑥(𝑘), 𝜃 (𝑘)) > 1 (Lemma 3.3) and

𝑞∗(𝑥(𝑘), 𝜃 (𝑘)) = 1 (Lemma 3.4).

Lemma 3.3: Recursive feasibility and cost descent for 𝑞∗ > 1

Given a feasible initial condition 𝑥(𝑘) ∈ X, under Assumptions 3.1-3.7, if the following

conditions hold simultaneously:

1. 𝑞∗ (𝑥(𝑘), 𝜃 (𝑘)) > 1,

2. 𝜃 (𝑘) = 𝑓𝜃
(
𝑥(𝑘), 𝜃 (𝑘 − 1)

)
,

then 𝑃𝑁𝑝
(𝑥(𝑘 + 1), 𝜃 (𝑘 + 1)) is feasible, and there exists a K function 𝜆1(·) such that

𝑉𝑁𝑝

(
𝑥(𝑘 + 1), 𝜃 (𝑘 + 1), u+(𝑘 + 1), 𝑞+(𝑘 + 1)

)
−𝑉∗

𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘))

≤ −𝜃 (𝑘)𝛼ℓ (∥𝑥(𝑘)∥) + (𝜃 (𝑘) + 𝜉) 𝜆1 (∥𝑤(𝑘)∥) ,
(3.21)

where 𝑞+(𝑘 + 1) := 𝑞∗(𝑘) − 1 and u+(𝑘 + 1) :=
{
𝑢∗(1|𝑘), . . . , 𝑢∗(𝑞∗(𝑘) − 1|𝑘)

}
.

Proof. Recursive feasibility: Given that 𝑞∗(𝑘) > 1, |𝑥𝑖 (𝑘 + 1) − 𝑥∗
𝑖
(1|𝑘) | ≤ 𝑤̄𝑖, ∀𝑖 ∈ [1, 𝑛], that

𝑢+( 𝑗 − 1|𝑘 + 1) = 𝑢∗( 𝑗 |𝑘), and that Assumptions 3.4 and 3.5 hold, we get that, ∀ 𝑗 ∈ [1, 𝑞+(𝑘 + 1)],

𝜙
(
𝑗 ; 𝑥(𝑘 + 1), u+(𝑘 + 1), 0

)
∈ 𝜙

(
𝑗 ; 𝑥∗(1|𝑘), u+(𝑘 + 1), 0

)
⊕ F ( 𝑗)

⊆ 𝜙
(
𝑗 ; 𝑥∗(1|𝑘), u+(𝑘 + 1), 0

)
⊕ R( 𝑗 + 1) ⊖ R( 𝑗).

As 𝜙 ( 𝑗 ; 𝑥∗(1|𝑘), u+(𝑘 + 1), 0) ∈ X ⊖ R( 𝑗 + 1), we eventually obtain that

𝜙
(
𝑗 ; 𝑥(𝑘 + 1), u+(𝑘 + 1), 0

)
∈ 𝜙

(
𝑗 ; 𝑥∗(1|𝑘), u+(𝑘 + 1), 0

)
⊕ R( 𝑗 + 1) ⊖ R( 𝑗)

⊆ (X ⊖ R( 𝑗 + 1)) ⊕ R( 𝑗 + 1) ⊖ R( 𝑗)

⊆ X ⊖ R( 𝑗),
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which proves that the couple (u+(𝑘 + 1), 𝑞+(𝑘 + 1)) is feasible.

Cost descent: The cost related to the admissible pair (u+(𝑘 + 1), 𝑞+(𝑘 + 1)) is given by

𝑉𝑁𝑝

(
𝑥(𝑘 + 1), 𝜃 (𝑘 + 1), u+(𝑘 + 1), 𝑞+(𝑘 + 1)

)
= 𝜃 (𝑘 + 1) ·

𝑞+ (𝑘+1)−1∑︁
𝑗=0

ℓ
(
𝑥+( 𝑗 |𝑘 + 1), 𝑢+( 𝑗 |𝑘 + 1)

)
+ 𝜉Γ

(
𝑥(𝑘 + 1), u+(𝑘 + 1), 𝑞+(𝑘 + 1)

)
.

Since Γ (𝑥(𝑘 + 1), u+(𝑘 + 1), 𝑞+(𝑘 + 1)) ≤ Γ (𝑥+( 𝑗 |𝑘 + 1)) for all 𝑗 ∈ [1, 𝑞+(𝑘 + 1)], we get:

𝑉𝑁𝑝

(
𝑥(𝑘 + 1), 𝜃 (𝑘 + 1), u+(𝑘 + 1), 𝑞+(𝑘 + 1)

)
≤ 𝜃 (𝑘 + 1) ·

𝑞+ (𝑘+1)−1∑︁
𝑗=0

ℓ
(
𝑥+( 𝑗 |𝑘 + 1), 𝑢+( 𝑗 |𝑘 + 1)

)
+ 𝜉Γ

(
𝑥+(𝑞+ |𝑘 + 1)

)
.

Evaluating 𝑉𝑁𝑝
(𝑥(𝑘 + 1), 𝜃 (𝑘 + 1), u+(𝑘 + 1), 𝑞+(𝑘 + 1)) − 𝑉∗

𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘)). Taking into ac-

count that, in virtue of Lemma 3.2, 𝑞∗(𝑥(𝑘), 𝜃 (𝑘)) = 𝑗∗(𝑥(𝑘), 𝜃 (𝑘)), we also have that

Γ (𝑥(𝑘), u∗(𝑘), 𝑞∗(𝑘)) = Γ (𝑥∗(𝑞∗(𝑘) |𝑘)), therefore:

𝑉𝑁𝑝

(
𝑥(𝑘 + 1), 𝜃 (𝑘 + 1), u+(𝑘 + 1), 𝑞+(𝑘 + 1)

)
−𝑉∗

𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘))

≤ 𝜃 (𝑘 + 1) ·
𝑞+ (𝑘+1)−1∑︁

𝑗=0
ℓ
(
𝑥+( 𝑗 |𝑘 + 1), 𝑢+( 𝑗 |𝑘 + 1)

)
+ 𝜉Γ

(
𝑥+(𝑞+(𝑘 + 1) |𝑘 + 1)

)
− 𝜃 (𝑘) ·

𝑞∗ (𝑘)−1∑︁
𝑗=0

ℓ (𝑥∗( 𝑗 |𝑘), 𝑢∗( 𝑗 |𝑘)) − 𝜉Γ (𝑥∗(𝑞∗(𝑘) |𝑘)) .

Since 𝜃 (𝑘 + 1) = 𝑓𝜃 (𝑥(𝑘 + 1), 𝜃 (𝑘)) and 𝜃 (𝑘) > 0, we have that 𝜃 (𝑘 + 1) ≤ 𝜃 (𝑘); for this reason, we

obtain

𝑉𝑁𝑝

(
𝑥(𝑘 + 1), 𝜃 (𝑘 + 1), u+(𝑘 + 1), 𝑞+(𝑘 + 1)

)
−𝑉∗

𝑁𝑝

(
𝑥(𝑘), 𝜃 (𝑘)

)
≤ 𝜃 (𝑘) ·

𝑞+ (𝑘+1)−1∑︁
𝑗=0

ℓ
(
𝑥+( 𝑗 |𝑘 + 1), 𝑢+( 𝑗 |𝑘 + 1)

)
+ 𝜉Γ

(
𝑥+(𝑞+(𝑘 + 1) |𝑘 + 1)

)
− 𝜃 (𝑘) ·

𝑞∗ (𝑘)−1∑︁
𝑗=0

ℓ (𝑥∗( 𝑗 |𝑘), 𝑢∗( 𝑗 |𝑘)) − 𝜉Γ (𝑥∗(𝑞∗(𝑘) |𝑘))

= −𝜃 (𝑘)ℓ (𝑥(𝑘), 𝑢∗(𝑘)) + 𝜉
[
Γ

(
𝑥+(𝑞+(𝑘 + 1) |𝑘 + 1)

)
− Γ (𝑥∗(𝑞∗(𝑘) |𝑘))

]
+ 𝜃 (𝑘) ·

𝑞∗ (𝑘)−1∑︁
𝑗=1

[
ℓ
(
𝑥+( 𝑗 − 1|𝑘 + 1), 𝑢+( 𝑗 − 1|𝑘 + 1)

)
− ℓ

(
𝑥∗( 𝑗 |𝑘), 𝑢∗( 𝑗 |𝑘)

) ]
.
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Because of Assumptions 3.3 and 3.7, and due to the fact that 𝑢+( 𝑗 − 1|𝑘 + 1) ≡ 𝑢∗( 𝑗 |𝑘), the last

inequality becomes

𝑉𝑁𝑝

(
𝑥(𝑘 + 1), 𝜃 (𝑘 + 1), u+, 𝑞+

)
−𝑉∗

𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘))

≤ −𝜃 (𝑘)𝛼ℓ (∥𝑥(𝑘)∥) + 𝜉𝜎Γ

(

𝑥+(𝑞∗ − 1|𝑘 + 1) − 𝑥∗(𝑞∗ |𝑘)


)

+ 𝜃 (𝑘) ·
𝑞∗−1∑︁
𝑗=1

𝜎ℓ,𝑥
(

𝑥+( 𝑗 − 1|𝑘 + 1) − 𝑥∗( 𝑗 |𝑘)



) .
Analyzing the term ∥𝑥+( 𝑗 − 1|𝑘 + 1) − 𝑥∗( 𝑗 |𝑘)∥. In particular, note that

∥𝑥+( 𝑗 − 1|𝑘 + 1) − 𝑥∗( 𝑗 |𝑘)∥ =











𝑥+1 ( 𝑗 − 1|𝑘 + 1) − 𝑥∗1( 𝑗 |𝑘)

...

𝑥+𝑛 ( 𝑗 − 1|𝑘 + 1) − 𝑥∗𝑛 ( 𝑗 |𝑘)










 .
From the component-wise uniform continuity of the model, we have that, for all 𝑖 ∈ [1, 𝑛],

|𝑥+𝑖 (0|𝑘 + 1) − 𝑥∗𝑖 (1|𝑘) | ≤
𝑟∑︁
𝑎=1

𝜎𝑤,𝑖𝑎 (𝑤𝑎 (𝑘)) =: 𝑐𝑖,0(𝑤(𝑘)).

In the same way,

|𝑥+𝑖 (1|𝑘 + 1) − 𝑥∗𝑖 (2|𝑘) | ≤
𝑛∑︁
𝑏=1

𝜎𝑥,𝑖𝑏

(
𝑟∑︁
𝑎=1

𝜎𝑤,𝑏𝑎 (𝑤𝑎 (𝑘))
)

=

𝑛∑︁
𝑏=1

𝜎𝑥,𝑖𝑏 (𝑐𝑏,0(𝑤(𝑘))) =: 𝑐𝑖,1(𝑤(𝑘)).

Generalizing for all 𝑗 > 0,

|𝑥+𝑖 ( 𝑗 |𝑘 + 1) − 𝑥∗𝑖 ( 𝑗 + 1|𝑘) | ≤
𝑛∑︁
𝑏=1

𝜎𝑥,𝑖𝑏
(
𝑐𝑏, 𝑗−1(𝑤(𝑘))

)
=: 𝑐𝑖, 𝑗 (𝑤(𝑘)).

Therefore,

∥𝑥+( 𝑗 |𝑘 + 1) − 𝑥∗( 𝑗 + 1|𝑘)∥ ≤











𝑐1, 𝑗 (𝑤(𝑘))

...

𝑐𝑛, 𝑗 (𝑤(𝑘))










 =: 𝑟 𝑗 (𝑤(𝑘)). (3.22)

Note that the functions 𝑟 𝑗 (𝑤(𝑘)) are positive definite, strictly increasing with respect to ∥𝑤(𝑘)∥, and

they tend to infinity for ∥𝑤(𝑘)∥ → ∞; for this reason, it can be concluded that they are K∞ functions.

Consequently, we obtain

𝑉𝑁𝑝

(
𝑥(𝑘 + 1), 𝜃 (𝑘 + 1), u+(𝑘 + 1), 𝑞+(𝑘 + 1)

)
−𝑉∗

𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘))

≤ −𝜃 (𝑘)𝛼ℓ (∥𝑥(𝑘)∥) + 𝜉𝜎Γ

(
𝑟𝑞∗ (𝑘)−1 (𝑤(𝑘))

)
+ 𝜃 (𝑘) ·

𝑞∗ (𝑘)−1∑︁
𝑗=1

𝜎ℓ,𝑥
(
𝑟 𝑗−1 (𝑤(𝑘))

)
.

Provided that there exists a K function 𝜆1(·) such that the following conditions hold simultaneously:
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1. 𝜆1(∥𝑤∥) ≥
∑𝑞∗ (𝑘)−1
𝑗=1 𝜎ℓ,𝑥

(
𝑟 𝑗−1 (𝑤)

)
,

2. 𝜆1(∥𝑤∥) ≥ 𝜎Γ

(
𝑟𝑞∗ (𝑘)−1 (𝑤)

)
,

the last inequality becomes

𝑉𝑁𝑝

(
𝑥(𝑘 + 1), 𝜃 (𝑘 + 1), u+(𝑘 + 1), 𝑞+(𝑘 + 1)

)
−𝑉∗

𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘))

≤ −𝜃 (𝑘)𝛼ℓ (∥𝑥(𝑘)∥) + (𝜃 (𝑘) + 𝜉) 𝜆1 (∥𝑤(𝑘)∥) .

■

Before introducing the next lemma, we define 𝜔 > 0 as a constant such that {𝑥 : Γ(𝑥) ≤ 𝜔} ⊆

Ω ⊖ R(1).

Lemma 3.4: Recursive feasibility and cost descent for 𝑞∗ = 1

Under Assumptions 3.1-3.7, given a feasible initial condition 𝑥(𝑘) ∈ X, if the following condi-

tions hold simultaneously:

1. 𝑞∗ (𝑥(𝑘), 𝜃 (𝑘)) = 1,

2. 𝜃 (𝑘) = 𝑓𝜃
(
𝑥(𝑘), 𝜃 (𝑘 − 1)

)
,

3. 𝜉 ≥ 2𝑁𝑝 ℓ̄/(1 − 𝛾),

4. 𝛾 ≤ 𝜔
Γmax

, where Γmax := max𝑥∈X Γ(𝑥),

then 𝑃𝑁𝑝
(𝑥(𝑘 + 1), 𝜃 (𝑘 + 1)) is feasible, and there exists a K function 𝜆2(·) such that the

following inequality holds true:

𝑉∗
𝑁𝑝

(𝑥(𝑘 + 1), 𝜃 (𝑘 + 1)) −𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) ≤ −𝜃 (𝑘)𝛼ℓ (∥𝑥(𝑘)∥)

+ 𝜆2 (∥𝑤(𝑘)∥) + 𝜖𝑁𝑝 ℓ̄.
(3.23)

Proof. Recursive feasibility: Given that 𝑞∗ = 1, we have that

Γ(𝑥∗(1|𝑘)) ≤ 𝛾Γ(𝑥(𝑘)) ≤ 𝜔Γ(𝑥(𝑘))
Γmax

≤ 𝜔.

Therefore, 𝑥∗(1|𝑘) ∈ Ω ⊖ R(1), which implies 𝑥(𝑘 + 1) ∈ 𝑥∗(1|𝑘) ⊕ R(1) ⊂ Ω.

Since, thanks to Assumption 3.6, Ω ⊆ Q (X ⊖ R(1)) for the nominal system, there exists 𝑢+(0|𝑘+1) ∈

U that is able to drive the nominal system state to X ⊖ R(1). Therefore, a feasible solution to

𝑃𝑁𝑝
(𝑥(𝑘 + 1), 𝜃 (𝑘 + 1)) is (𝑞+(𝑘 + 1), u+(𝑘 + 1)) = (1, {𝑢+(0|𝑘 + 1)}).
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Cost descent: Since 𝑞∗(𝑘) = 1 and by virtue of the receding horizon implementation, we have

𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) = 𝜃 (𝑘)ℓ (𝑥(𝑘), 𝑢∗(𝑘)) + 𝜉Γ (𝑥∗(1|𝑘))

≥ 𝜃 (𝑘)𝛼ℓ (∥𝑥(𝑘)∥) + 𝜉Γ (𝑥∗(1|𝑘)) .

Since the conditions of Lemma 3.2 are satisfied at time instant 𝑘 + 1, we have

𝑉∗
𝑁𝑝

(𝑥(𝑘 + 1), 𝜃 (𝑘 + 1)) ≤
[
1 + 𝛾

2

]
𝜉Γ (𝑥(𝑘 + 1)) + 𝜖𝑁𝑝 ℓ̄

< 𝜉Γ (𝑥(𝑘 + 1)) + 𝜖𝑁𝑝 ℓ̄.

Putting together the last two inequalities, we get

𝑉∗
𝑁𝑝

(𝑥(𝑘 + 1), 𝜃 (𝑘 + 1)) −𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) ≤ 𝜉Γ (𝑥(𝑘 + 1)) − 𝜃 (𝑘)𝛼ℓ (∥𝑥(𝑘)∥)

− 𝜉Γ (𝑥∗(1|𝑘)) + 𝜖𝑁𝑝 ℓ̄.

Due to the uniform continuity of Γ(·) over X, this becomes:

𝑉∗
𝑁𝑝

(𝑥(𝑘 + 1), 𝜃 (𝑘 + 1)) −𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) ≤ −𝜃 (𝑘)𝛼ℓ (∥𝑥(𝑘)∥)

+ 𝜉𝜎Γ (∥𝑥(𝑘 + 1) − 𝑥∗(1|𝑘)∥) + 𝜖𝑁𝑝 ℓ̄.

Given that, as stated in the proof of Lemma 3.3, ∥𝑥(𝑘 + 1) − 𝑥∗(1|𝑘)∥ ≤ 𝑟0(𝑤(𝑘)), we obtain

𝑉∗
𝑁𝑝

(𝑥(𝑘 + 1), 𝜃 (𝑘 + 1)) −𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) ≤ −𝜃 (𝑘)𝛼ℓ (∥𝑥(𝑘)∥)

+ 𝜉𝜎Γ (𝑟0 (𝑤(𝑘))) + 𝜖𝑁𝑝 ℓ̄.

We now exploit a K function 𝜆2(·) such that 𝜆2(∥𝑤∥) ≥ 𝜉𝜎Γ (𝑟0 (𝑤)) to obtain the final inequality:

𝑉∗
𝑁𝑝

(𝑥(𝑘 + 1), 𝜃 (𝑘 + 1)) −𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) ≤ −𝜃 (𝑘)𝛼ℓ (∥𝑥(𝑘)∥)

+ 𝜆2 (∥𝑤(𝑘)∥) + 𝜖𝑁𝑝 ℓ̄.

■

We are now ready to present the main theorem of the work, which proves input-to-state practical

stability of the closed loop and recursive feasibility of the robust contraction-based MPC.

Theorem 3.1: Stability of the robust contraction-based MPC for the regulation of nonlin-

ear systems

Under Assumptions 3.1-3.7, if the following conditions hold simultaneously:

1. 𝜉 ≥ 2𝑁𝑝 ℓ̄/(1 − 𝛾),

2. 𝜃 (𝑘) = 𝑓𝜃 (𝑥(𝑘), 𝜃 (𝑘 − 1)),
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3. 𝛾 ≤ 𝜔
Γmax

,

then, given a feasible initial condition 𝑥 ∈ X, 𝑃𝑁𝑝
(𝑥, 𝜃) is recursively feasible and the equilib-

rium 𝑥 = 0 is ISpS for the closed-loop system.

Proof. : The proof is divided in two parts; we first prove recursive feasibility and then prove input-to-

state practical stability.

Recursive feasibility: Lemmas 3.3 and 3.4, prove recursive feasibility for all 𝑞∗(𝑘) ∈ [1, 𝑁𝑝].

Input-to-state stability: Lemma 3.2 proves that

𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) ≤ 𝜉Γ(𝑥(𝑘)) ≤ 𝜉𝛼Γ (∥𝑥∥) + 𝜖𝑁𝑝 ℓ̄,

and, due to the structure of the cost function, we have that

𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) ≥ 𝜃 (𝑘)ℓ(𝑥, 𝑢) ≥ 𝜃 (𝑘)𝛼ℓ (∥𝑥(𝑘)∥) ≥ 𝜖𝛼ℓ (∥𝑥(𝑘)∥),

as 𝜃 (𝑘) ≥ 𝜖 .

In the following, we prove that 𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) has the nominal descent property of typical

ISpS-Lyapunov functions, and that the possible rises in its value due to the uncertainty 𝑤(𝑘)

are bounded. To this end, note that, starting from a feasible initial condition 𝑥(0) and impos-

ing 𝜃 (0) = max{𝜖, 𝜈Γ (𝑥(0))}, employing the update rule 𝜃 (𝑘) = 𝑓𝜃 (𝑥(𝑘), 𝜃 (𝑘 − 1)) and setting

𝜉 ≥ 2𝑁𝑝 ℓ̄/(1 − 𝛾) ensure that, under Assumptions 3.3-3.6, all the conditions of Lemmas 3.3 and 3.4

are met.

Lemma 3.3 states that, if 𝑞∗(𝑘) > 1, then the following inequality holds:

𝑉𝑁𝑝

(
𝑥(𝑘 + 1), 𝜃 (𝑘 + 1), u+(𝑘 + 1), 𝑞+(𝑘 + 1)

)
−𝑉∗

𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘))

≤ −𝜃 (𝑘)𝛼ℓ (∥𝑥(𝑘)∥) + (𝜃 (𝑘) + 𝜉) 𝜆1 (∥𝑤(𝑘)∥) ,

where 𝑞+(𝑘 + 1) := 𝑞∗(𝑘) − 1, u+(𝑘 + 1) :=
{
𝑢∗(1|𝑘), . . . , 𝑢∗(𝑞∗(𝑘) − 1|𝑘)

}
and 𝜆1(·) is a K function.

Because of the suboptimality of 𝑉𝑁𝑝

(
𝑥(𝑘 + 1), 𝜃 (𝑘 + 1), u+(𝑘 + 1), 𝑞+(𝑘 + 1)

)
, it also holds true that

𝑉∗
𝑁𝑝

(𝑥(𝑘 + 1), 𝜃 (𝑘 + 1)) −𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) ≤ −𝜃 (𝑘)𝛼ℓ (∥𝑥(𝑘)∥)

+ (𝜃 (𝑘) + 𝜉) 𝜆1 (∥𝑤(𝑘)∥) .
(3.24)

Lemma 3.4 states that, if 𝑞∗(𝑘) = 1, then

𝑉∗
𝑁𝑝

(𝑥(𝑘 + 1), 𝜃 (𝑘 + 1)) −𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) ≤ −𝜃 (𝑘)𝛼ℓ (∥𝑥(𝑘)∥)

+ 𝜆2 (∥𝑤(𝑘)∥) + 𝜖𝑁𝑝 ℓ̄.
(3.25)
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In order to combine (3.24) and (3.25), we make the following consideration. Given that 𝜃 (0) =

max{𝜖, Γ(𝑥(0))} and 𝜃 (𝑘) = 𝑓𝜃 (𝑥(𝑘), 𝜃 (𝑘 − 1)), we have that 𝜃 (𝑘) ≤ 𝜃 (0). For this reason,

(𝜃 (𝑘) + 𝜉) 𝜆1 (∥𝑤(𝑘)∥) ≤ (𝜃 (0) + 𝜉) 𝜆1 (∥𝑤(𝑘)∥) .

We now employ a K function 𝜆(·) such that 𝜆(∥𝑤∥) ≥ (𝜃 (0) + 𝜉) · 𝜆1(∥𝑤∥) and 𝜆(∥𝑤∥) ≥ 𝜆2(∥𝑤∥),

so as to obtain that, for 𝑞∗(𝑘) ≥ 1,

𝑉∗
𝑁𝑝

(𝑥(𝑘 + 1), 𝜃 (𝑘 + 1)) −𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) ≤ −𝜃 (𝑘)𝛼ℓ (∥𝑥(𝑘)∥)

+ 𝜆 (∥𝑤(𝑘)∥) + 𝜖𝑁𝑝 ℓ̄.
(3.26)

Given that 𝜃 (𝑘) > 0 for all 𝑘 ≥ 0, (3.26), together with the lower and upper bounds of𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)),

proves that 𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) is a time-varying ISpS-Lyapunov function, whose variability over time

is given by 𝜃 (𝑘). The existence of a time-varying ISpS-Lyapunov function allows us to state that the

equilibrium 𝑥 = 0 is ISpS for the closed-loop system. ■

Remark 3.4
It is important to note that the input-to-state practical stability property ensured by Theorem

3.1 is very close to input-to-state stability. Indeed, 𝑉∗
𝑁𝑝

(·, ·) is an ISpS-Lyapunov function

because in its upper bound function and in its descent inequality some positive constant terms

appear, but these constant terms all depend on 𝜖 , which can be arbitrarily set to very small

values. Therefore, setting 𝜖 to values that are close to zero, 𝑉∗
𝑁𝑝

(·, ·) practically behaves as an

ISS-Lyapunov function.

3.6 A robust contraction-based MPC formulation without integer decision

variables

The MPC formulation introduced in (3.13) involves the integer variable 𝑞, which could make the

resolution of the problem computationally demanding. In this section, an alternative two-stage

algorithm without integer decision variables is introduced.

The two steps of the newly proposed algorithm are the following:
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1. First, the following fixed-horizon problem is solved:

min
u(𝑘)

Γ(𝑥(𝑘), u(𝑘), 𝑁𝑝)

s.t. 𝑥(0|𝑘) = 𝑥(𝑘),

𝑥( 𝑗 |𝑘) = 𝑓 (𝑥( 𝑗 − 1|𝑘), 𝑢( 𝑗 − 1|𝑘), 0) ,∀ 𝑗 ∈ [1, 𝑁𝑝],

𝑥( 𝑗 |𝑘) ∈ X ⊖ R( 𝑗), ∀ 𝑗 ∈ [0, 𝑁𝑝],

u(𝑘) ∈ U𝑁𝑝

(3.27)

and the instant 𝑗𝑁𝑝
∈ [1, 𝑁𝑝] when the maximum contraction occurs is memorized.

2. A second optimization problem with prediction horizon equal to 𝑗𝑁𝑝
is solved to get the desired

optimal control sequence:

min
u(𝑘)

𝑉𝑁𝑝

(
𝑥(𝑘), 𝜃 (𝑘), u(𝑘), 𝑗𝑁𝑝

)
s.t. 𝑥(0|𝑘) = 𝑥(𝑘),

𝑥( 𝑗 |𝑘) = 𝑓 (𝑥( 𝑗 − 1|𝑘), 𝑢( 𝑗 − 1|𝑘), 0) ,∀ 𝑗 ∈ [1, 𝑗𝑁𝑝
],

𝑥( 𝑗 |𝑘) ∈ X ⊖ R( 𝑗), ∀ 𝑗 ∈ [0, 𝑗𝑁𝑝
],

u(𝑘) ∈ U 𝑗𝑁𝑝 .

(3.28)

Remark 3.5
In order to limit the increment in the computational cost provided by this formulation, the first

𝑗𝑁𝑝
elements of the solution of problem (3.27) could be used as feasible initial solution for

problem (3.28).

This formulation inherits all the stability and robustness properties of the one introduced before, as

proved by the next theorem.

Theorem 3.2: Stability of the two-stage formulation of the robust contraction-based MPC

for the regulation of nonlinear systems

If the following conditions hold:

1. Assumptions 3.1-3.7 are satisfied;

2. the penalty 𝜉 involved in the second optimization problem satisfies 𝜉 ≥ 2𝑁𝑝 ℓ̄/(1 − 𝛾);

3. the rule 𝜃 (𝑘) = 𝑓𝜃 (𝑥(𝑘), 𝜃 (𝑘 − 1)) is used to update the value of 𝜃,

4. 𝛾 ≤ 𝜔
Γmax

,
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then, given a feasible initial condition 𝑥 ∈ X, the 2-stage version of 𝑃𝑁𝑝
(𝑥, 𝜃) is recursively

feasible and the equilibrium 𝑥 = 0 is ISpS for the closed-loop system.

Proof. At each decision instant 𝑘 , the first stage of the algorithm computes the prediction horizon

𝑞∗(𝑘) that corresponds to the maximum contraction instant, and the control sequence that leads to

such contraction remains available for the second stage. For this reason, every candidate sequence

that gives the maximum contraction in the two-stage formulation also verifies all the conditions of

Theorem 3.1, which implies that the equilibrium 𝑥 = 0 is ISpS for the closed-loop system also under

the two-stage formulation of the robust contraction-based MPC. ■

Remark 3.6
It is important to note that the two-stage formulation of the MPC proposed in this chapter can

provide sub-optimal solutions. Nonetheless, in contexts where computational complexity is

more important than optimality, the two-stage formulation represents the best choice.

3.7 Supporting algorithms for the design of the controller

In the current section, useful suggestions and algorithms for the computation of the ingredients of the

robust contraction-based MPC are provided.

In case the system under control were component-wise Lipschitz continuous, the computation of the

component-wise Lipschitz constants can be carried out relying on the method proposed in Section

2.7.2, with the only differences residing in the fact that the optimization problem to be solved does not

have 𝑦𝑠 as a decision variable and does not consider any pre-stabilizing control laws 𝜋(·, ·, ·). Once

the constants are computed, the sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 can be computed as in Section

2.7.3.

Nonetheless, differently from the MPC presented in Chapter 2, the currently analyzed robust

contraction-based MPC requires also to choose a candidate contractive function and to find the

contraction factor 𝛾 and the maximum prediction horizon 𝑁𝑝. A method for designing all these

ingredients is provided next.

3.7.1 Choice of the contractive function and computation of the maximum prediction horizon

While from a theoretical point of view the choice of the best contractive function candidate is still a

subject to be investigated, what we intuitively suggest to do is to choose a positive definite function

that could maximize the volume of the sublevel set {Γ(𝑥) ≤ 𝜔}, which must lie inside the set
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Ω ⊖ R(1) ≡ X ⊖ R(1). The intuition behind this idea is that by maximizing the volume of such

set we could potentially obtain large values of 𝜔, and consequently get a larger upper bound for the

contraction factor 𝛾 within the horizon [1, 𝑁∗
𝑝], where 𝑁∗

𝑝 is the maximum prediction horizon value

that the designer is willing to accept.

Remark 3.7
The last consideration does not need to be true in every situation. In fact, given that the upper

bound of 𝛾 is computed as 𝜔/Γmax, where Γmax is the maximum value that is taken by Γ(𝑥)

in X, the shape and the volume of the sets X and Ω have to be taken into account to choose

a suitable contractive function Γ(𝑥). In addition, as the contractivity of a candidate function

depends also on the dynamics of the system, it might also happen that the candidate function

Γ(𝑥) maximizing the volume of {Γ(𝑥) ≤ 𝜔} actually results in a smaller upper bound for 𝛾,

due to the dynamics of the system not favouring the descent of Γ(𝑥).

In any case, should a contractive function Γ(𝑥) lead to an unsatisfying contraction factor 𝛾

within the horizon [1, 𝑁∗
𝑝], it is always possible to use a state constraint set X̂ ⊂ X that

can be shaped to reduce the value of Γmax. This would reduce the space where the system

state is allowed to move, but would keep the stabilizing properties of the here-proposed robust

contraction-based MPC.

After choosing a candidate contractive function, the real contraction factor 𝛾 can be computed as

follows:

1. a grid of points in X is created;

2. for each 𝑁̂𝑝 ∈ [1, 𝑁∗
𝑝] and for each sample 𝑥 ∈ X, the punctual contraction factor 𝛾(𝑁̂𝑝, 𝑥) is

computed by solving the following optimization problem:

min
u

Γ
(
𝑥(𝑁̂𝑝)

)
/Γ (𝑥(0))

s.t. 𝑥(0) = 𝑥,

𝑥( 𝑗) = 𝑓 (𝑥( 𝑗 − 1), 𝑢( 𝑗 − 1), 0) ,∀ 𝑗 ∈ [1, 𝑁̂𝑝],

u ∈ U 𝑁̂𝑝

3. for each 𝑁̂𝑝 ∈ [1, 𝑁∗
𝑝], the respective contraction factor 𝛾(𝑁̂𝑝) is computed as

𝛾(𝑁̂𝑝) = max
𝑥∈X

𝛾(𝑁̂𝑝, 𝑥);
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4. the maximum prediction horizon of the MPC is chosen as

𝑁𝑝 = min
𝑁̂𝑝∈[1,𝑁∗

𝑝]
𝑁̂𝑝 s.t.𝛾(𝑁̂𝑝) ≤ 𝜔/Γmax;

5. the final contraction factor is set as 𝛾 = 𝛾(𝑁𝑝).

Remark 3.8
Note that the optimization problem that is solved for each prediction horizon and for each

sample 𝑥 does not impose the predicted states to belong to the set X. This is because the

theory presented in this chapter does not require such condition to hold, as it ensures recursive

feasibility starting from a feasible initial condition and does not try to give an analytical

formulation of the feasibility set. Of course, this means that it is possible to find a contraction

factor 𝛾 verifying all the conditions listed in the previous sections and have no initial conditions

that make the robust contraction-based MPC feasible.

3.8 Case studies

In order to validate the robust contraction-based MPC, we employ it to regulate two different systems

and check its effectiveness. In particular, the aims of the following case studies are two: (i) proving

how the MPC can control systems for which common methodologies for designing the terminal

ingredients are ineffective, and (ii) proving how the MPC can also be implemented starting from

terminal ingredients that are designed following standard state-of-the-art techniques.

In detail, we first control a perturbed nonholonomic system, and then control an uncertain quadruple-

tank system.

3.8.1 Control of a perturbed nonholonomic system

We here consider a modified version of the illustrative example provided in [5]. In detail, the aim is

to control the following perturbed discrete-time nonholonomic system to the origin starting from the

initial condition 𝑥(0) = (−4, 10, 4):

𝑥1(𝑘 + 1) = 𝑥1(𝑘) + (1 + 𝑤(𝑘)) 𝑢1(𝑘), (3.29a)

𝑥2(𝑘 + 1) = 𝑥2(𝑘) + 𝑢2(𝑘), (3.29b)

𝑥3(𝑘 + 1) = 𝑥3(𝑘) + 𝑥1(𝑘)𝑢2(𝑘). (3.29c)

In detail, 𝑥 := (𝑥1, 𝑥2, 𝑥3) ∈ R3 is the state of the system, 𝑢 := (𝑢1, 𝑢2) ∈ R2 is the input, and 𝑤

is a perturbation that is assumed to be bounded. In particular, 𝑤 ∈ W := [−0.025, 0.025]. In the

following, we often refer to this system using the generic notation 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘), 𝑢(𝑘), 𝑤(𝑘)).
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The state and the input of the system are subject to the following constraints:

𝑥(𝑘) ∈ X :=
{
𝑥 ∈ R3 : |𝑥1 | ≤ 4, |𝑥2 | ≤ 10, |𝑥3 | ≤ 10

}
, ∀𝑘 ≥ 0,

𝑢(𝑘) ∈ U :=
{
𝑢 ∈ R2 : |𝑢1 | ≤ 8, |𝑢2 | ≤ 0.5

}
, ∀𝑘 ≥ 0.

Before proceeding with the design of the robust contraction-based MPC, consider why the design of

a standard MPC equipped with a terminal cost function and a terminal inequality constraint would

be challenging. As the classical methods to design such terminal ingredients require to linearize the

nominal system, i.e. setting 𝑤 = 0, at the reference equilibrium, we proceed by linearizing the system

at the origin, obtaining the following state and input matrices:

𝐴 =


1 0 0

0 1 0

0 0 1


, 𝐵 =


1 0

0 1

0 0


.

The previous matrices clearly show that the last state of the linearized system is uncontrollable and

such that it remains constantly equal to its initial value. Therefore, it is impossible to resort to the

method presented in Section 1.1.1 for the computation of a control law 𝜅 𝑓 (·), a terminal cost function

𝑉 𝑓 (·) and a terminal region X𝑓 fulfilling all the conditions that are needed for building a recursively

feasible and stabilizing QIH-MPC.

In cases like this, one could consider to act differently and opt for a regulation TEC-MPC, which

makes it possible to ensure the stability of the closed loop also without knowing a locally stabilizing

control law and a local CLF. Nonetheless, as outlined in Section 1.1.2, in order for a TEC-MPC

to be correctly implemented the system under control must be controllable to the origin in a finite

number of steps. Moreover, implementing a tube-based MPC with terminal equality constraint is

quite unusual. In fact, ensuring the feasibility of a TEC-MPC often requires to have longer prediction

horizons, but at the same time tube-based MPCs need short prediction horizons, as the sequence of

tightened constraints that they employ to ensure robustness could lead to an empty feasible set for

longer prediction horizons.

For these reasons, the robust contraction-based MPC is here employed to show its effectiveness. In the

following, (i) the computation of the sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0, (ii) the computation of the

RPI Ω, (iii) the consequent choice of the contractive function and the maximum prediction horizon,

and (iv) the choice of the MPC settings are discussed. Finally, the simulation results are shown.
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Computation of the sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0

Before delving into the technical details behind the computation of the sequences {F ( 𝑗)} 𝑗≥0 and

{R( 𝑗)} 𝑗≥0, we first note that system (3.29) is Lipschitz in the compact set X × U × W. However,

as reported in [102], the Lipschitz continuity in a compact set implies also component-wise Lipschitz

continuity in the same set, namely there exist non-negative real constants 𝐿𝑥,𝑖𝑎, 𝐿𝑢,𝑖𝑏 and 𝐿𝑤,𝑖, where

𝑖, 𝑎 ∈ {1, 2, 3}, 𝑏 ∈ {1, 2}, such that

| 𝑓𝑖 (𝑥, 𝑢, 𝑤) − 𝑓𝑖 (𝑥, 𝑢̌, 𝑤̌) | ≤
3∑︁
𝑎=1

𝐿𝑥,𝑖𝑎 |𝑥𝑎 − 𝑥𝑎 | +
2∑︁
𝑏=1

𝐿𝑢,𝑖𝑏 |𝑢𝑏 − 𝑢̌𝑏 | + 𝐿𝑤,𝑖 |𝑤 − 𝑤̌ |. (3.30)

In particular, the values of the constants 𝐿𝑥,𝑖𝑎, 𝐿𝑢,𝑖𝑏 and 𝐿𝑤,𝑖 are respectively reported in Tables 8, 9

and 10.

𝑎
𝐿𝑥,𝑖𝑎 1 2 3

1 1 0 0
2 0 1 0𝑖

3 0.5 0 1

Table 8: Values of the constants 𝐿𝑥,𝑖𝑎 of the nonholonomic system.

𝑏
𝐿𝑢,𝑖𝑏 1 2

1 1.025 0
2 0 1𝑖

3 0 4

Table 9: Values of the constants 𝐿𝑢,𝑖𝑏 of the nonholonomic system.

𝐿𝑤,1 𝐿𝑤,2 𝐿𝑤,3
8 0 0

Table 10: Values of the constants 𝐿𝑤,𝑖 of the nonholonomic system.

Provided that component-wise Lipschitz continuity is a stronger condition than component-wise

uniform continuity, the robust contraction-based MPC can be applied to system (3.29). Moreover,

the component-wise Lipschitz continuity of the system makes it possible to exploit the algorithm

presented in Section 2.7.3 for the computation of the sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0. As the

computed sets are box-shaped, i.e.

F ( 𝑗) = {𝑥 ∈ R3 : |𝑥𝑖 | ≤ 𝑥𝑖,F ( 𝑗) ,∀𝑖 ∈ {1, 2, 3}}

and

R( 𝑗) = {𝑥 ∈ R3 : |𝑥𝑖 | ≤ 𝑥𝑖,R( 𝑗) ,∀𝑖 ∈ {1, 2, 3}},
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𝑗 0 1 2 3 4 5 6 7 8 9 10
𝑥1,F ( 𝑗) 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2
𝑥2,F ( 𝑗) 0 0 0 0 0 0 0 0 0 0 0F ( 𝑗)
𝑥3,F ( 𝑗) 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
𝑥1,R( 𝑗) 0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
𝑥2,R( 𝑗) 0 0 0 0 0 0 0 0 0 0 0R( 𝑗)
𝑥3,R( 𝑗) 0 0 0.1 0.3 0.6 1.0 1.5 2.1 2.8 3.6 4.5

Table 11: Description of the sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 that were obtained by means of the
algorithm presented in Section 2.7.3.

we provide the computed 𝑥𝑖,F ( 𝑗) and 𝑥𝑖,R( 𝑗) in Table 11.

Given that the tightened constraint sets employed in the MPC are of the kind X ⊖ R( 𝑗), it is evident

from Table 11 that the state that suffers most from the propagation of uncertainty is 𝑥3, and that a

maximum prediction horizon 𝑁𝑝 > 10 would lead to an empty feasible set.

Computation of an RPI

As clarified in Assumption 3.6, the knowledge of an RPI Ω is fundamental to guarantee the recursive

feasibility of the robust contraction-based MPC. In detail, it is needed to compute the maximum value

that the contraction factor 𝛾 can take to guarantee the recursive feasibility of the MPC when the chosen

prediction horizon is 𝑞 = 1.

In the case of system (3.29), the computation of an RPI is straightforward. Note, indeed, that for any

𝑥 ∈ X the input 𝑢 = (0, 0) is feasible and such that 𝑓 (𝑥, 𝑢, 𝑤) = 𝑥, ∀𝑤 ∈ W. Therefore, as Ω is only

required to be robustly invariant, without the need of finding a locally stabilizing control law, the last

finding is sufficient to conclude that the entire state constraint set X is an RPI, i.e. Ω ≡ X.

Choice of the contractive function and the maximum prediction horizon

The computed sequence {R( 𝑗)} 𝑗≥0 puts an upper bound on the maximum prediction horizon that we

can set. In particular, we must have that 𝑁𝑝 ≤ 10. Therefore, we must find a contractive positive

definite function Γ(𝑥) that contracts sufficiently fast to ensure that the set Ω ⊖ R(1) is reached by the

nominal system within 10 steps starting from any initial condition 𝑥 ∈ X. For this reason, the choice

of a candidate contractive function and the computation of 𝛾 and 𝑁𝑝 are carried out following the

algorithm presented in Section 3.7.1, setting 𝑁∗
𝑝 = 10 and sampling 8000 points in X.
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The found contractive function is

Γ(𝑥) = 𝑥⊤𝑃𝑥, 𝑃 =


1 0 0

0 0.167 0

0 0 0.167


. (3.31)

The employment of this contractive function results in 𝜔 = 14.44 and Γmax = 49.4. Therefore,

the upper bound of the contractivity factor is given by 𝜔/Γmax = 0.2923. Following the previously

mentioned algorithm, a maximum prediction horizon 𝑁𝑝 = 10 and a corresponding contraction factor

𝛾 = 0.2487 are obtained, which is lower than the previously computed upper bound.

Controller settings

Now that the main ingredients of the MPC have been defined, we need to choose a stage cost function

and set the parameters 𝜈, 𝜖 , 𝜉, and the initial condition of the internal controller state 𝜃 (0).

The stage cost function ℓ(𝑥, 𝑢) is chosen as a quadratic cost function ℓ(𝑥, 𝑢) = 𝑥⊤𝑄𝑥 + 𝑢⊤𝑅𝑢, where

𝑄 = 𝐼3 and 𝑅 = 0.01𝐼2, resulting in ℓ̄ = 216.6425. The parameter 𝜉 is chosen as 𝜉 = 5.7668 · 103

to verify the conditions of Theorem 3.2, while 𝜈 and 𝜖 , that are the parameters used in the update

rule for 𝜃 (𝑘), are set to 𝜈 = 0.99 and 𝜖 = 10−8. The initial condition of the internal state 𝜃 is set to

𝜃 (0) = 𝜈Γ (𝑥(0)) = 35.0183.

Simulation results

In order to emphasize the robustness of the proposed method under different perturbation realizations,

we run 100 simulations of the closed-loop system, setting the length of each simulation to 30 steps.

All the simulations start from the given initial condition and use a perturbation 𝑤 that is randomly

sampled from W at each instant 𝑘 . Our robust contraction-based MPC is implemented in its two-stage

formulation.

The trajectories of the closed-loop system state are shown in Figure 8, which gives evidence of

the stabilizing properties of the robust contraction-based MPC. Moreover, note that the state always

verifies the constraints regardless of the perturbation realizations. Also the control actions provided

by the MPC always verify the input constraints, as proved by Figure 9.

It is also interesting to analyze the evolution of the contractive function Γ(𝑥) over time, which is shown

in Figure 10. Indeed, it is possible to note how the value of such contractive function actually grows

sometimes. Nevertheless, this is not inconsistent with the theory. Our robust contraction-based MPC

requires the nominal system, i.e. without perturbations, to have such contractivity property. It should
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Figure 8: Closed-loop state trajectories under the robust contraction-based MPC. The nonholonomic
nature of the system under control is emphasized by the first portion of the trajectories of states 𝑥1 and 𝑥3,
which first deviate from the reference and only later approach it. Nonetheless, the overshoots that these
states show verify the constraints and the state of the closed-loop system stabilizes around the origin after
20 steps.

also be noted that the sublevel set {𝑥 : Γ(𝑥) ≤ 𝜔} is reached after only 4 steps on average. This is

consistent with the fact that Ω ≡ X and that the chosen contractive function maximizes the volume of

the sublevel set {𝑥 : Γ(𝑥) ≤ 𝜔}.

3.8.2 Control of an uncertain quadruple-tank system

Section 3.8.1 provides an example that shows how the robust contraction-based MPC is a good

alternative to QIH-MPC in those cases in which the computation of standard terminal ingredients

is difficult. In the following, we instead show how the here-proposed MPC can be used also when

standard terminal ingredients can be computed, and we give proof of how such ingredients can actually

be exploited during the design of the robust contraction-based MPC.
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Figure 9: Control actions provided by the robust contraction-based MPC. The utility of employing an
MPC can be observed for the control of a nonholonomic system like the one in (3.29). Indeed, the MPC
required both 𝑢1 and 𝑢2 to reach saturation, but without ever going beyond the predefined constraints.

The considered system is a forward Euler discretization of the uncertain quadruple-tank system

provided in the Appendix C, using a sampling time 𝑇𝑠 = 15s. The state of the system is composed

of the levels of the quadruple tanks, which is 𝑥 := (ℎ1, ℎ2, ℎ3, ℎ4), while the flows of the two pumps

are the controllable inputs of the system, namely 𝑢 = (𝑞𝑎, 𝑞𝑏). The parameters 𝛾𝑎 and 𝛾𝑏, which

are characteristic parameters of the two three-way valves that act on the system, are considered to be

perturbed by 𝑤1(𝑘) and 𝑤2(𝑘) respectively. In detail, 𝑤(𝑘) := (𝑤1(𝑘), 𝑤2(𝑘)) is considered to belong

to a compact set, i.e.

𝑤(𝑘) ∈ W := {𝑤 ∈ R2 : |𝑤𝑖 | ≤ 0.0325, ∀𝑖 ∈ {1, 2}}.

The parameters and the bounds on the inputs and the states are given in the Appendix C. The goal is

to control the system to the equilibrium (𝑥𝑠, 𝑢𝑠) given by 𝑥𝑠 = (0.6702, 0.6549, 0.5435, 0.5887)m and

𝑢𝑠 = (1.63, 2)m3/h. The initial condition is 𝑥(0) = (1.3533, 1.1751, 1.2228, 0.8863)m.

Given that the aim of the current subsection is to give an insight about how to adapt standard terminal

ingredients so that they can be exploited during the design of the robust contraction-based MPC, the

remainder of the subsection is organized as follows: (i) we first present the sequences {F ( 𝑗)} 𝑗≥0 and

{R( 𝑗)} 𝑗≥0, then (ii) we present the computed terminal constraints, (iii) we show how such ingredients

can be adapted for being used inside the robust contraction-based MPC, and (iv) we finally list the

chosen controller settings. At the end, we also show the results of our closed-loop simulations.
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Figure 10: Evolution of the contractive function Γ(𝑥) during the simulations. Note that, on average, the
sublevel set defined by Γ(𝑥) ≤ 𝜔 is reached after just 5 steps.

Computation of the sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0

The computation of the sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 is carried out following the method

shown in Section 2.7.3, as also the quadruple-tank system is component-wise Lipschitz continuous.

In detail, there exist non-negative real constants 𝐿𝑥,𝑖𝑎, 𝐿𝑢,𝑖𝑏 and 𝐿𝑤,𝑖𝑐, where 𝑖, 𝑎 ∈ {1, 2, 3, 4},

𝑏, 𝑐 ∈ {1, 2}, such that

| 𝑓𝑖 (𝑥, 𝑢, 𝑤) − 𝑓𝑖 (𝑥, 𝑢̌, 𝑤̌) | ≤
4∑︁
𝑎=1

𝐿𝑥,𝑖𝑎 |𝑥𝑎 − 𝑥𝑎 | +
2∑︁
𝑏=1

𝐿𝑢,𝑖𝑏 |𝑢𝑏 − 𝑢̌𝑏 |

+
2∑︁
𝑐=1

𝐿𝑤,𝑖𝑐 |𝑤𝑐 − 𝑤̌𝑐 |.
(3.32)

The values of the constants 𝐿𝑥,𝑖𝑎, 𝐿𝑢,𝑖𝑏 and 𝐿𝑤,𝑖𝑐 are respectively reported in Tables 12, 13 and 14.

𝑎
𝐿𝑥,𝑖𝑎 1 2 3 4

1 0.95 0 0.18 0
2 0 0.95 0 0.15
3 0 0 0.96 0𝑖

4 0 0 0 0.96

Table 12: Values of the constants 𝐿𝑥,𝑖𝑎 of the quadruple-tank system.
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𝑏
𝐿𝑢,𝑖𝑏 1 2

1 0.025 0
2 0 0.035
3 0 0.17𝑖

4 0.17 0

Table 13: Values of the constants 𝐿𝑢,𝑖𝑏 of the quadruple-tank system.

𝑐
𝐿𝑤,𝑖𝑐 1 2

1 0.25 0
2 0 0.275
3 0 0.275𝑖

4 0.25 0

Table 14: Values of the constants 𝐿𝑤,𝑖𝑐 of the quadruple-tank system.

Remark 3.9
One might wonder why the component-wise Lipschitz constants shown in Tables 12, 13 and 14

are different than the constants shown in Tables 3, 4 and 5, given that the system under control

is the same. This difference is actually motivated by the following three points:

• In the case study in Chapter 2, a Runge Kutta discretization of the system was considered,

while in the current example a simple forward Euler integrator is employed.

• The bounds on the uncertainty variables are different.

• In the case study in Chapter 2, the found component-wise Lipschitz constants are related

to the closed-loop system under the pre-stabilizing control laws 𝜋(·, ·, ·), while in the

current example the same constants are computed for the open-loop system.

The computed sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 are such that

F ( 𝑗) = {𝑥 ∈ R4 : |𝑥𝑖 | ≤ 𝑥𝑖,F ( 𝑗) ,∀𝑖 ∈ {1, 2, 3, 4}}

and

R( 𝑗) = {𝑥 ∈ R4 : |𝑥𝑖 | ≤ 𝑥𝑖,R( 𝑗) ,∀𝑖 ∈ {1, 2, 3, 4}}.

Therefore, as for the example in Section 3.8.1, we provide the computed 𝑥𝑖,F ( 𝑗) and 𝑥𝑖,R( 𝑗) in Table

15.
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F ( 𝑗) R( 𝑗)
𝑗

𝑥1,F ( 𝑗) 𝑥2,F ( 𝑗) 𝑥3,F ( 𝑗) 𝑥4,F ( 𝑗) 𝑥1,R( 𝑗) 𝑥2,R( 𝑗) 𝑥3,R( 𝑗) 𝑥4,R( 𝑗)
0 0.0081 0.0089 0.0089 0.0081 0 0 0 0
1 0.0093 0.0097 0.0086 0.0078 0.0081 0.0089 0.0089 0.0081
2 0.0104 0.0104 0.0082 0.0075 0.0175 0.0186 0.0175 0.0159
3 0.0114 0.0110 0.0079 0.0072 0.0279 0.0290 0.0258 0.0234
4 0.0122 0.0115 0.0076 0.0069 0.0392 0.0400 0.0337 0.0306
5 0.0130 0.0120 0.0073 0.0066 0.0514 0.0516 0.0413 0.0375
6 0.0136 0.0124 0.0070 0.0064 0.0644 0.0635 0.0485 0.0441
7 0.0142 0.0127 0.0067 0.0061 0.0781 0.0759 0.0555 0.0505
8 0.0147 0.0130 0.0064 0.0059 0.0923 0.0886 0.0623 0.0566
9 0.0151 0.0132 0.0062 0.0056 0.1070 0.1016 0.0687 0.0625
10 0.0155 0.0134 0.0059 0.0054 0.1221 0.1149 0.0749 0.0681
11 0.0158 0.0135 0.0057 0.0052 0.1376 0.1283 0.0808 0.0735
12 0.0160 0.0136 0.0055 0.0050 0.1534 0.1418 0.0865 0.0787
13 0.0162 0.0137 0.0053 0.0048 0.1695 0.1555 0.0920 0.0836
14 0.0163 0.0137 0.0050 0.0046 0.1857 0.1692 0.0973 0.0884
15 0.0164 0.0137 0.0048 0.0044 0.2020 0.1829 0.1023 0.0930
16 0.0165 0.0137 0.0047 0.0042 0.2185 0.1967 0.1072 0.0974
17 0.0165 0.0137 0.0045 0.0041 0.2350 0.2104 0.1118 0.1016

Table 15: Description of the sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 related to the quadruple-tank system
that were obtained by means of the algorithm shown in Section 2.7.3. The values for 𝑗 > 17 are not
reported because, as explained later in the text, the maximum prediction horizon of the MPC is set to
𝑁𝑝 = 17.

Computation of the terminal ingredients

In order to introduce the design of the terminal ingredients of a standard MPC with terminal cost and

terminal set, it is necessary to anticipate some design choices that are also explained later. Indeed, in

order to design such ingredients, the knowledge of the stage cost function ℓ(𝑥, 𝑢) is needed. For this

reason, we choose to employ a quadratic stage cost function

ℓ(𝑥, 𝑢) = (𝑥 − 𝑥𝑠)⊤𝑄(𝑥 − 𝑥𝑠) + (𝑢 − 𝑢𝑠)⊤𝑅(𝑢 − 𝑢𝑠),

where 𝑄 = 𝐼4 and 𝑅 = 0.01𝐼2.

Thereafter, we need to design a terminal cost function 𝑉 𝑓 (𝑥) that behaves as a CLF inside an invariant

set X𝑓 thanks to a locally stabilizing control law 𝑢 = 𝜅 𝑓 (𝑥). In order to simplify the design process, we

decide to employ a quadratic terminal cost function𝑉 𝑓 (𝑥) = (𝑥−𝑥𝑠)⊤𝑃(𝑥−𝑥𝑠), where 𝑃 is symmetric

and positive definite, to use as terminal set a sublevel set of𝑉 𝑓 (𝑥), namelyX𝑓 := {𝑥 ∈ R4 : 𝑉 𝑓 (𝑥) ≤ 𝜌}

for some 𝜌 > 0, and to employ a locally stabilizing linear controller, i.e. 𝑢 = 𝑢𝑠 + 𝐾 (𝑥 − 𝑥𝑠), for some

𝐾 . In particular, we design the terminal ingredients following the method presented in Section 1.1.1,

which is based on the linearization of the system at the desired equilibrium.
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The linearized system is described by the matrices

𝐴 =



0.9125 0 0.0767 0

0 0.8971 0 0.0673

0 0 0.9233 0

0 0 0 0.9327


, 𝐵 =



0.0208 0

0 0.0278

0 0.0417

0.0486 0


.

Provided that the couple (𝐴, 𝐵) is fully controllable, it is possible to compute 𝑃, 𝐾 , and 𝜌 as in Section

1.1.1.

Setting 𝜅 = 0.025, we get:

𝑃 =



6.0794 −0.9107 1.5580 −1.9296

−0.9107 4.9770 −2.1981 1.0145

1.5580 −2.1981 4.1999 −1.0133

−1.9296 1.0145 −1.0133 3.3115


,

𝐾 =


−1.7914 −1.6219 0.8432 −6.9335

−2.2376 −2.5948 −6.7541 0.6823

 ,
𝜌 = 0.124.

Adaptation of the terminal ingredients for usage in the robust contraction-based MPC

In order to recycle the terminal ingredients introduced earlier, the first thing to do is checking whether

the invariant set X𝑓 is also robustly invariant. Indeed, the set X𝑓 being invariant for the nominal system

does not ensure that the invariance property is kept also for all the possible perturbation realizations

𝑤 ∈ W. Here, X𝑓 is also robustly invariant, therefore Ω = X𝑓 can be set.

Moreover, note that 𝑉 𝑓 (𝑥) is positive definite by design and that the interior of the set Ω ⊖ R(1) is

non-empty. For this reason, 𝑉 𝑓 (𝑥) can be employed as contractive function, i.e. Γ(𝑥) = 𝑉 𝑓 (𝑥), and it

is ensured that there exists a 𝜔 > 0 such that {𝑥 : Γ(𝑥) ≤ 𝜔} ⊆ Ω ⊖ R(1). Here, 𝜔 = 0.074.

Proceeding with computing the upper bound on the contractivity factor 𝛾, which is computed as

𝜔/Γmax. Given that Γmax = 7.7408, the contraction factor must be such that 𝛾 ≤ 0.0096.

Remark 3.10
The found upper bound on 𝛾 clearly shows how recycling the terminal ingredients used in a

standard MPC is possible but inefficient. Indeed, imposing such a low contractivity factor is

very similar to imposing a terminal equality constraint, consequently leading to large prediction

horizons.
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The same algorithm shown in Section 3.8.1 is used to compute the lowest maximum prediction

horizon 𝑁𝑝 that ensures the needed contractivity and the corresponding 𝛾 value. The obtained results

are 𝑁𝑝 = 17 and 𝛾 = 0.0079, which verify all the conditions and ensure that the the sets X ⊖ R( 𝑗),

∀ 𝑗 ∈ [1, 𝑁𝑝], are non-empty.

Controller settings

The employed stage cost function has already been anticipated in Section 3.8.2. In order for the

parameter 𝜉 to verify all the conditions of Theorem 3.1, its value is set to 𝜉 = 73.0013, as the

maximum value of the stage cost function over the set X ×U is ℓ̄ = 2.13.

Regarding the dynamics of the internal controller state 𝜃, its update parameters 𝜈 and 𝜖 are set to

𝜈 = 0.99 and 𝜖 = 10−8, while its initial condition is set to 𝜃 (0) = 𝜈Γ (𝑥(0)) = 4.7323.

Simulation results

As also done for the example in Section 3.8.1, we run 100 simulations of the closed-loop system,

setting the length of each simulation to 50 steps, i.e. 750s. All the simulations start from the given

initial condition and use a perturbation 𝑤 that is randomly sampled from W at each instant 𝑘 . Our

robust contraction-based MPC is implemented in its two-stage formulation.

The trajectories of the system states and the control actions that are computed by the MPC at each

sampling instant are respectively shown in Figure 11 and Figure 12. The evolution of the contractive

function Γ(𝑥), which is shown in Figure 13, is totally different from the one obtained on the nonholo-

nomic system in Section 3.8.1. In particular, while also in this case Γ(𝑥) decreases over time and

approaches zero, the value 𝜔 is reached after a relatively large number of sampling instants. This is

consistent with the design process that was followed. Indeed, for the nonholonomic system in Section

3.8.1, the state constraint set X coincides with the RPI Ω and the contractive function Γ(𝑥) is designed

with the aim of guaranteeing contractivity within short horizons. In the case of the currently analyzed

quadruple-tank system, the contractivity ingredients are not designed with the same goal, therefore

guaranteeing all the stability and robustness properties ensured by the robust contraction-based MPC

in a less efficient way.

3.9 Conclusion

In this chapter, we presented a tube-based MPC for the regulation of nonlinear systems that are

subject to bounded perturbations and whose state function components are component-wise uniformly
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Figure 11: Closed-loop trajectories of the water levels in the four tanks under the robust contraction-
based MPC. Consistently with the theory presented in this chapter, the constraints are always verified
and the state stabilizes around the reference, regardless of the perturbation realizations.

continuous. In particular, the proposed method aims at stabilizing the closed-loop system and being

easily implementable also in cases in which the design of standard terminal ingredients is challenging.

In detail, the need of a terminal cost function that is a local CLF is overcome by employing as

terminal cost function a simple positive definite function, and relying on the contractivity property of

stabilizable systems to prove the input-to-state (practical) stability of the closed-loop system. Another

singular property of the MPC is that the prediction horizon is a decision variable. While the latter

feature is motivated by stability reasons, it renders the optimal control problem to be solved a mixed-

integer problem. In order to reduce the computational burden of such problem, we show how an

equivalent two-stage formulation without integer variables can provide the same results while limiting

the increase in the computational complexity. The controller was tested on two different case studies,

i.e. a perturbed nonholonomic system, for which the computation of standard terminal ingredients
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Figure 12: Control actions provided by the robust contraction-based MPC. Exactly like for the previously
addressed nonholonomic system, the MPC cleverly exploits the saturation levels of the two inputs of the
system.

would be challenging, and a perturbed quadruple-tank system, showing also how standard terminal

ingredients can be employed in this novel framework. Despite the mathematical soundness and the

practical effectiveness of our contractive MPC, we are aware of the fact that there are issues that

deserve further investigation. In particular, it would be interesting to investigate how to optimally

choose a contractive function that ensures contractivity within short horizons and how to further

limit the increase in the computational burden provided by both the mixed-integer and the two-stage

formulations of the optimal control problem.

126



Robust contraction-based MPC

Figure 13: Evolution of the contractive function Γ(𝑥) during the simulations. Differently from the
previously addressed nonholonomic system, in this case the sublevel set given by Γ(𝑥) ≤ 𝜔 is reached after
a longer time. This is due to a suboptimal choice of the contractive function Γ(·).
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Chapter 4. Robust contractive MPC based on Gaussian

Processes

4.1 Introduction

Chapter 3 addressed an MPC scheme for regulation that cleverly exploits the stabilizability of a system

and the component-wise uniform continuity of its state function to ensure recursive feasibility and

input-to-state (practical) stability of the closed-loop system thanks to the employment of terminal

ingredients that have to fulfill milder conditions than those of a standard MPC. Therefore, we can

conclude that the original goal of designing a method that could help us face both the issues discussed

at the beginning of Chapter 3, namely (i) the control of systems for which the design of standard

terminal ingredients is troublesome, while (ii) ensuring robustness with respect to known bounded

perturbations, was achieved.

There is actually a further issue that the control community is trying to solve. Indeed, up to this point

we have first addressed MPC schemes that assume to have no model mismatches and then we have

turned our attention to schemes that take into account generic perturbations acting on the system, e.g.

also mismatches between the real system and the model that is employed in the MPC optimal control

problem. Still, also in robust MPC schemes a model of the system is considered to be available.

Then, a question that arises is whether this condition is always true. The answer to this question is

not trivial. As a matter of fact, the systems to be controlled are getting more and more complex, and

the design of prediction models was reported to take up to the 80% of the MPC commissioning effort,

as outlined in [136]. This is why the control community has been investigating data-driven MPC

schemes during the last two decades. In particular, since there is ambiguity regarding the definition of

what a data-driven method is, in this chapter we refer to data-driven methods as generic methods that

do not employ first-principle models of the system to be controlled and for which data are of major

importance, i.e.:

1. methods that do not require finding any parameters of a mathematical model of the system and

directly use data to make predictions;

2. methods that do require finding parameters (or hyperparameters) of a mathematical model of the

system, but such model is not a first-principle model and requires the availability of a substantial

amount of data to be designed.
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This definition may be questionable, but it is motivated by the fact that we argue that no MPC is

truly model-free. In fact, famous methods like those introduced in [15, 29, 30], which represent a

significant breakthrough in the evolution of MPC, are based on the well known Willems’ fundamental

lemma first introduced in [144], which enables the characterization of the entire subspace of the

possible trajectories of a Linear Time-Invariant (LTI) system based on raw data. Still, even though

these methods do not require to find any parameters, they assume the linearity and time-invariance of

the system that generates the data. Consequently, an underlying structure of the model is assumed,

and due to this assumption the model can be formulated in such a way that it can be parameterized

by means of raw data. The same applies to [17], which applies the same strategy to the control of

continuously differentiable nonlinear systems. Hence, all the previously cited works belong to the first

group of data-driven methods we mentioned earlier.

The second group of data-driven methods is that of MPC schemes that make predictions by means

of black-box parametric and non-parametric methods. In particular, among the parametric machine

learning methods that have been used to learn the prediction model used in the MPC context, neural

networks (NN) play a crucial role. Indeed, some examples of MPC schemes based on NNs can be

found in [3, 66, 78]. Among the non-parametric methods that have been used to identify the MPC

prediction model, we find Gaussian Processes (GP), which have proved to be particularly suitable for

their use in MPC. This is because they employ prior information about the process to be identified

[67], they can model complex functions also with few data points, and Gaussian Process regression

(GPR) provides prediction probability distributions whose variance can be used as a measure of the

prediction uncertainty.

Several MPC formulations based on GPs (which we refer to as GP-MPC) have been proposed, and

the uncertainty measures provided by GPR have been taken into account to ensure robust feasibility

following both the theory of robust MPC, e.g. [99], which ignores the probabilistic nature of uncer-

tainties, and stochastic MPC, as [21, 23, 57, 68, 69, 83], where the stochasticity of the uncertainty

is explicitly considered in the design of the cost function and the state constraints. Nevertheless,

many works are focused on maximizing the performances and solving all the possible implementation

issues of the proposed GP-MPC schemes, without studying the stability of the closed loop from a

mathematical perspective. In [23], a stochastic GP-MPC is proposed for the control of an unmanned

quadrotor, focusing in particular on how to linearize the identified GP to get a convex optimization

problem and how to address the main issues related to the usage of active-set solvers to solve the created

optimization problem. Different ways for dealing with the problem of uncertainty propagation with

GPs are presented in [57], where also a method for translating chance constraints into deterministic
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constraints on the mean value of the predictions is proposed, and an efficient implementation of the

presented GP-MPC is shown to provide execution times that are lower than 20 [ms].

A complete investigation about the stability properties of GP-MPC schemes was proposed in [83] for

the control of linear uncertain systems, while [99] proves nominal and robust stability of nonlinear

systems that are controlled by a GP-MPC and provides an effective way of improving the used GP

by collecting new samples online. However, the GP-MPC proposed in [99] is not ensured to be

recursively feasible in case of hard state or input constraints.

Therefore, in the remainder of this chapter we first introduce GPs and discuss how they can be

employed to model dynamic systems, then we present a tube-based GP-MPC for the regulation of a

wide family of nonlinear systems whose dynamics is unknown and that uses simplified stability-related

terminal ingredients. With this aim, we recur to the MPC presented in Chapter 3 and show under

what conditions a GP modeling the system under control can be employed in such MPC scheme

without affecting its recursive feasibility and stabilizing capabilities. The method is then validated in

simulation on a continuous stirred-tank reactor (CSTR) modeled by means of GPs.

The results presented in this chapter are available as the preprint [115].

4.2 Fundamentals of Gaussian Process learning

This section addresses GPs, providing the basic concepts that are needed to understand the GP-MPC

that is treated in this chapter. For this reason, even if GPs can be used for classification problems, we

only introduce how to employ GPs to solve regression problems. For further details on GPs, we refer

the reader to [125].

4.2.1 Basics of Gaussian Processes

Before discussing GPs, we first make some considerations about multivariate Gaussian distributions,

inspired by [98], as their understanding will make the comprehension of the concepts behind GPs

easier. For this reason, let us consider a random variable 𝐴 that takes values 𝑎 and whose distribution

follows an 𝑛D-dimensional multivariate Gaussian N(𝜇, Σ), i.e. 𝐴 ∼ N(𝜇, Σ). This means that the

probability density function (PDF) of 𝐴 (evaluated in 𝑎) is such that

𝑝(𝑎) = 1√︁
(2𝜋)𝑛D det(Σ)

exp
[
(𝑎 − 𝜇)⊤Σ−1(𝑎 − 𝜇)

]
,

where 𝜇 ∈ R𝑛D is the mean vector and Σ ∈ R𝑛D×𝑛D is the covariance matrix. In particular, the

mean vector is such that 𝜇 = (E[𝐴1], . . . ,E[𝐴𝑛D ]), while each element of Σ is given by Σ𝑖, 𝑗 =

E
[
(𝐴𝑖 − 𝜇𝑖) (𝐴 𝑗 − 𝜇 𝑗 )

]
. Further analyzing Σ, we note that the elements on the diagonal, i.e. with
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𝑖 = 𝑗 , denote the variances of the elements of 𝐴, while the terms off the diagonal, namely with 𝑖 ≠ 𝑗 ,

are the covariance terms that quantify the mutual dependencies between 𝐴𝑖 and 𝐴 𝑗 . A particular case

is that of covariance matrices Σ whose elements off the diagonal are zero. In such cases, as there is no

mutual dependence between the elements of 𝐴, we get 𝑛D univariate Gaussian distributions instead

of a 𝑛D-dimensional multivariate Gaussian distribution.

A GP is a stochastic process [10] and is a generalization of the Gaussian probability distribution to

functions. Indeed, just as a Gaussian distribution is completely defined by the mean vector 𝜇 and the

covariance matrix Σ, a GP is completely defined by a mean function 𝑚(·) and a covariance function

𝑘 (·, ·). Therefore, we denote a function 𝑓 : R𝑛𝑧 → R that is a GP as

𝑓 (𝑧) ∼ GP (𝑚(𝑧), 𝑘 (𝑧, 𝑧)) ,

where 𝑧, 𝑧 ∈ R𝑛𝑧 are deterministic inputs, or regressors. The result of having a mean function and a

covariance function is that, differently from the previously defined random variable 𝑎, 𝑓 (·) does not

have a constant mean and a constant covariance matrix. In fact, the mean and the covariance of 𝑓 (·)

depend on the regressor 𝑧. Therefore, different values of 𝑧, 𝑧 ∈ R𝑛𝑧 provide different Gaussian random

variables 𝑓 (𝑧) and 𝑓 (𝑧). In particular, the covariance function 𝑘 (·, ·) is such that 𝑘 (𝑧, 𝑧) returns the

variance of 𝑓 (𝑧), while 𝑘 (𝑧, 𝑧) returns the covariance between 𝑓 (𝑧) and 𝑓 (𝑧).

The last statements are sufficient to conclude that
𝑓 (𝑧)

𝑓 (𝑧)

 ∼ N ©­«

𝑚(𝑧)

𝑚(𝑧)

 ,

𝑘 (𝑧, 𝑧) 𝑘 (𝑧, 𝑧)

𝑘 (𝑧, 𝑧) 𝑘 (𝑧, 𝑧)

ª®¬ ,
which means that the vector ( 𝑓 (𝑧), 𝑓 (𝑧)) is a two-dimensional multivariate Gaussian distribution.

However, this reasoning can be done for any finite number of regressors. This fact helps us understand

why [125] gives the following definition of what a GP is.

Definition 4.1: Gaussian Process
A GP is a collection of random variables, any finite number of which have a joint Gaussian

distribution.

4.2.2 Bayesian inference

In this subsection, we discuss how GPs can be used with a Bayesian approach to infer the Gaussian

distribution 𝑓 (𝑧∗) at a test point 𝑧∗.

As outlined in Section 4.2.1, a GP is completely defined by a mean function 𝑚(·) and a covariance

function 𝑘 (·, ·), which describe the way a function 𝑓 (·) is likely to behave in the space where it is
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defined. This is the reason why, when we model a function 𝑓 (·) with a GP, we place a prior over a

space of functions. Indeed, in the machine learning context, when a GP is used to model an unknown

function 𝑓 (·), the functions 𝑚(·) and 𝑘 (·, ·) are chosen to be consistent with the few known (or

supposed) characteristics of 𝑓 (·), e.g. mean-square continuity and differentiability, and to take into

account other possible low-complexity and inaccurate models of 𝑓 (·).

Let us explain the last concept with some examples. As confirmed also in [125], the mean function

is often chosen to be 𝑚(𝑧) = 0. This means that the designer has no prior information about how the

function 𝑓 (·) behaves on average in the space where it is defined. As we will see in the remainder

of this subsection, this is not a limiting choice, as it does not confine the posterior distribution at a

test point 𝑧∗ to have zero mean. However, in case a simplified model of 𝑓 (·) is available, it may be

sensible to employ it as the GP mean function.

Turning to the relationship between the chosen covariance function 𝑘 (·, ·) and the latent function 𝑓 (·).

To do so, a widely used covariance function [125] is considered, i.e. the squared exponential with

automatic relevance determination (SE-ARD) covariance function, defined as

𝑘 (𝑧, 𝑧) = 𝜎2
𝑓 exp

(
−1

2
(𝑧 − 𝑧)⊤Λ−1(𝑧 − 𝑧)

)
, (4.1)

where Λ = diag(𝑙21, . . . , 𝑙
2
𝑛𝑧
). We refer to the elements of the vector 𝜁 := (𝜎 𝑓 , 𝑙1, . . . , 𝑙𝑛𝑧 ) as hyperpa-

rameters and, for the moment, we consider them to be known. The SE-ARD covariance function is

infinitely differentiable. Therefore, choosing to model a function 𝑓 (·) with a GP that employs a SE-

ARD covariance function results in the modeled process being infinitely mean-square differentiable,

thus smooth.

Next, we analyze what happens when data are available. In particular, we suppose that a dataset D

composed of 𝑛D pairs (𝑧( 𝑗) , 𝑦 ( 𝑗)) of regressors and noisy measures 𝑦 ( 𝑗) = 𝑓
(
𝑧( 𝑗)

)
+ 𝜂( 𝑗) is available.

In detail, the random variables 𝜂( 𝑗) are considered to be independent and identically distributed (i.i.d.)

and such that 𝜂( 𝑗) ∼ N(0, 𝜎2
𝜂 ). Furthermore, let us define the vector y :=

(
𝑦 (1) , . . . , 𝑦 (𝑛D )

)
, the matrix

𝑍 :=
[
𝑧(1) . . . 𝑧(𝑛D )

]⊤ and the covariance matrix 𝐾 := 𝑘 (𝑍, 𝑍). Then, considering a test regressor 𝑧∗,

for which the inference of 𝑓 (𝑧∗) is desired, the joint prior distribution of y and 𝑓 (𝑧∗) is given by
y

𝑓 (𝑧∗)

 ∼ N ©­«

𝑚(𝑍)

𝑚(𝑧∗)

 ,

𝐾 + 𝜎2

𝜂 𝐼𝑛D 𝑘 (𝑍, 𝑧∗)

𝑘 (𝑧∗, 𝑍) 𝑘 (𝑧∗, 𝑧∗)

ª®¬ , (4.2)

where the covariance matrix of y is 𝐾 + 𝜎2
𝜂 𝐼𝑛D (and not just 𝐾) as the values 𝑦 ( 𝑗) are noisy measures.

To infer the posterior distribution of 𝑓 (𝑧∗), which is the goal of GPR, we need to condition (4.2)

on the available dataset D. However, as (𝑚(𝑍)⊤, 𝑚(𝑧∗)) is a Gaussian distributed random variable,
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exploiting the properties of Gaussian distributions, shown in the Appendix B, the desired conditional

distribution can be easily obtained as

𝑝
(
𝑓 (𝑧∗) |𝑧∗, 𝑍, y, 𝜁 , 𝜎𝜂

)
= N

(
𝜇(𝑧∗ |D), 𝜎2(𝑧∗ |D)

)
, (4.3)

where

𝜇(𝑧∗ |D) = 𝑚(𝑧∗) + 𝑘 (𝑧∗, 𝑍)
(
𝐾 + 𝜎2

𝜂 𝐼𝑛D

)−1
(y − 𝑚(𝑍)) , (4.4a)

𝜎2(𝑧∗ |D) = 𝑘 (𝑧∗, 𝑧∗) − 𝑘 (𝑧∗, 𝑍)
(
𝐾 + 𝜎2

𝜂 𝐼𝑛D

)−1
𝑘 (𝑍, 𝑧∗). (4.4b)

A common way to use GPs in learning problems is to exploit the posterior mean function 𝜇(·|D) as an

estimator of the true function 𝑓 (·) and the posterior variance function 𝜎2(·|D) as a function providing

measures of the uncertainty of the estimator.

4.2.3 Hyperparameter estimation

Up to this point, we assumed the hyperparameter vector (𝜁⊤, 𝜎2
𝜂 ) to be known. However, in most

cases such hyperparameters are not known a priori and have to be estimated to “fit” the latent function

at the available points (𝑧( 𝑗) , 𝑦 ( 𝑗)). In other words, the choice of the mean function 𝑚(·) and the

covariance function 𝑘 (·, ·) is carried out taking into account global properties of the latent function,

e.g. smoothness, and then the value of the hyperparameters (𝜁⊤, 𝜎2
𝜂 ) is chosen so as to match the

behavior of the latent function where we have data.

Estimating the hyperparameters is crucial, because two GPs employing the same mean and covariance

functions and different hyperparameters lead to significantly different processes. An example of this

is shown in Figure 14, where two GPs are employed to model a function 𝑓 : R → R. In such

one-dimensional case, a SE-ARD covariance function of the kind

𝑘 (𝑧, 𝑧) = 𝜎2
𝑓 exp

(
− (𝑧 − 𝑧)2

2𝑙21

)
and a zero mean function are employed. The overall variance 𝜎2

𝑓
is set to 𝜎2

𝑓
= 1, while the lengthscale

𝑙1 is first given a value of 0.2 and then a value of 2. The two plots in Figure 14 show functions that

were sampled from the two GPs.

The most common method for estimating the hyperparameters is described below. An intuitive idea is

that of picking those hyperparameter values that maximize the probability of observing the available

pairs (𝑧( 𝑗) , 𝑦 ( 𝑗)). From a mathematical point of view, this translates into the maximization of the

marginal likelihood 𝑝(y|𝑍, 𝜁, 𝜎2
𝜂 ), which is equivalent to maximizing the log-marginal likelihood

log 𝑝(y|𝑍, 𝜁, 𝜎2
𝜂 ) = −1

2
y⊤

(
𝐾 + 𝜎2

𝜂 𝐼𝑛D

)−1
y − 1

2
log

(
det

(
𝐾 + 𝜎2

𝜂 𝐼𝑛D

))
− 𝑛D

2
log(2𝜋) (4.5)

with respect to (𝜁⊤, 𝜎2
𝜂 ).
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Figure 14: Functions that were sampled from two GPs employing the same zero mean function and
the same SE-ARD covariance function, but using different lengthscales. It is possible to note how small
lengthscales result in functions that change more rapidly.

4.2.4 Sparse Gaussian Process approximations

Compared to parametric inference methods used to model complex nonlinear functions, like NNs,

training a GP requires to learn a much more limited number of (hyper)parameters. Moreover, due

to their probabilistic nature, GPs are often more interpretable than NNs. However, these advantages

come at a cost. Indeed, the computational burden of both hyperparameter estimation and inference

(GPR) can get significantly high when the number 𝑛D of training points is large. This is due to the

fact that both these operations require to invert the matrix (𝐾 +𝜎2
𝜂 𝐼𝑛D ) ∈ R𝑛D×𝑛D . Since this matrix is

dense, its inversion requires𝑂 (𝑛3
D) operations. For this reason, several sparse approximations of GPs

have been proposed. An interesting survey on such approximations is provided in [118]. Nonetheless,

we can summarize the ways GPs are approximated in three approaches:

1. Using a subset of data (SoD). Even though dropping part of the available data means wasting

information, using a reduced subset of 𝑛𝑟 < 𝑛D points obviously reduces the complexity of the

inversion of (𝐾 + 𝜎2
𝜂 𝐼𝑛𝑟 ) to 𝑂 (𝑛3

𝑟 ).

2. Using an approximation of the prior distribution, as in [131].
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3. Using an approximation of the posterior distribution, as in [139].

There is an important difference between the last two philosophies. Approximating the prior distribu-

tion means that the assumption that 𝑓 (·) ∼ GP(𝑚(·), 𝑘 (·, ·)) is broken. Therefore, the goal in such

approximations is not to distort the base GP prior excessively, while ensuring that the modified prior

results in a simplified inference step. On the contrary, approximations of the posterior distribution

keep the standard GP prior assumption and just approximate the inference step. Nonetheless, we do

not delve into the details of such approximation philosophies, as their knowledge is not necessary for

understanding the MPC presented in this chapter.

4.2.5 Gaussian Process learning in control

The setting in which learning methods are usually employed is when the mapping 𝑓 (·) is static,

and this applies also to GPs. Nevertheless, in the MPC context and other control frameworks, e.g.

reinforcement learning, as in [36, 37], GPs are used to model a dynamic system, so as to enable the

design of a controller based on the learnt model. This is because GPs can be easily adapted to the

modeling of dynamic systems described by the equations

𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘), 𝑢(𝑘)) ,

𝑦(𝑘) = ℎ (𝑥(𝑘)) ,

where 𝑥(𝑘) ∈ R𝑛 is the system state, 𝑢(𝑘) ∈ R𝑚 is the system input and 𝑦(𝑘) ∈ R𝑝 is the system

output. In detail, we mainly identify two different circumstances in which GPs are employed to model

dynamic systems:

1. The modeling of systems whose state 𝑥(𝑘) is known and accessible. In such cases, given that

the usual control goal of an MPC is to control the system state, a GP can directly model the

state function 𝑓 (·, ·), employing a regressor 𝑧(𝑘) := (𝑥(𝑘), 𝑢(𝑘)). This is the case of the works

presented in [36, 37], even though the identified GPs are inserted in a reinforcement learning

framework.

2. The modeling of systems whose state 𝑥(𝑘) is unknown, but output measures 𝑦(𝑘) are available.

In such cases, a GP cannot directly model the state function 𝑓 (·, ·). Therefore, a common way

of addressing such issue in the MPC context is to act as follows. An equivalent realigned system

is obtained by building an artificial state 𝑥(𝑘) composed of past output and input values, i.e.

𝑥(𝑘) := (𝑦(𝑘), 𝑦(𝑘 − 1), . . . , 𝑦(𝑘 − 𝑛𝑎 + 1), 𝑢(𝑘 − 1), . . . , 𝑢(𝑘 − 𝑛𝑏)), where 𝑛𝑎 and 𝑛𝑏 define
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the order of the realigned system, as proposed in [93], and then GPs can be used to model the

dynamics of such realigned system, as proposed in [67].

Regardless of whether the state of the system is known and accessible or it is artificially built by

recurring to a realigned model, the function to be learnt is a function 𝑓 : R𝑛 → R𝑛, and 𝑛 is often

such that 𝑛 > 1. Therefore, another question that we need to answer is how GPs can be used to model

vector-valued functions. This can be done in two ways, namely (i) training 𝑛 independent GPs, each

one modeling one of the functions 𝑓𝑖 (𝑥(𝑘), 𝑢(𝑘)), for all 𝑖 ∈ [1, 𝑛], as done in [99], or (ii) training only

one multiple-output GP that directly models the entire function 𝑓 (·), as in [9, 137]. An interesting

review of kernel-based methods, e.g. GPs, used to model vector-valued functions is provided in [147].

While employing several one-dimensional GPs is usually simpler, the advantage of a multiple-output

GP is that it is able to describe the coupling of the different states of the system, which is modeled by

means of the covariances between the states.

4.3 Problem formulation

We consider a nonlinear time-invariant discrete-time system of the form

𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘), 𝑢(𝑘)) + 𝜂(𝑘), (4.7)

where 𝑥(𝑘) ∈ R𝑛 is the system state, 𝑢(𝑘) ∈ R𝑚 is the system input, and 𝜂(𝑘) := (𝜂1(𝑘), . . . ,

𝜂𝑛 (𝑘)), with 𝜂𝑖 i.i.d. and such that 𝜂𝑖 (𝑘) ∼ N
(
0, 𝜎2

𝜂𝑖

)
, with variances 𝜎2

𝜂𝑖
≥ 0 and bounded supports

|𝜂𝑖 (𝑘) | ≤ 𝜂𝑖 < ∞.

Remark 4.1

Note that𝜎2
𝜂𝑖
= 0 results in 𝜂𝑖 (𝑘) = 0, ∀𝑘 ≥ 0, namely some state variables might not be affected

by additive Gaussian noise. Moreover, even if Gaussian noise is theoretically characterized

by an infinite support, from an engineering perspective it is reasonable to bound |𝜂𝑖 (𝑘) |; in

particular, the bounds 𝜂𝑖 can be chosen to be arbitrarily large depending on the safety level that

is desired.

The state function 𝑓 (𝑥, 𝑢) has an equilibrium point in (𝑥, 𝑢) = (0, 0) and is considered to be unknown,

while the state variables are assumed to be known and accessible.
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Remark 4.2
From a mathematical perspective, the MPC formulation proposed in Section 4.5 could be used

also to control systems whose state variables are not accessible, by employing a realigned model

with state 𝑥(𝑘) = (𝑦(𝑘), . . . , 𝑦(𝑘 − 𝑛𝑎), 𝑢(𝑘 − 1), . . . , 𝑢(𝑘 − 𝑛𝑏)). Nevertheless, in the context

presented here, the system is modeled by a GP; for this reason, if the system to be controlled

has an accessible low-dimensional state, it is computationally convenient to directly exploit the

known state variables.

The system is subject to hard state and input constraints, i.e.

𝑥(𝑘) ∈ X, 𝑢(𝑘) ∈ U, ∀𝑘 ≥ 0. (4.8)

Before introducing a continuity assumption on 𝑓 (𝑥, 𝑢), define the regressor 𝑧 := (𝑥, 𝑢) ∈ R𝑛 × R𝑚.

With this notation, we can redefine the state equation as 𝑥(𝑘 + 1) = 𝑓 (𝑧(𝑘)) + 𝜂(𝑘).

Next, as done also in the previous chapters, we introduce a continuity assumption on 𝑓 : R𝑛×R𝑚 → R𝑛

and define the conditions that the sets of constraints X and U must verify.

Assumption 4.1: Lipschitz continuity of the latent function

The functions 𝑓𝑖 (𝑧) are Lipschitz continuous in X ×U, with Lipschitz constants 𝐿 𝑓𝑖 , that is

| 𝑓𝑖 (𝑧) − 𝑓𝑖 (𝑧) | ≤ 𝐿 𝑓𝑖 ∥𝑧 − 𝑧∥, ∀𝑧, 𝑧 ∈ X ×U, ∀𝑖 ∈ [1, 𝑛] . (4.9)

Remark 4.3
Considering that the functions 𝑓𝑖 (𝑧) are required to be Lipschitz continuous only on a compact

set, Assumption 4.1 is not particularly restrictive.

Assumption 4.2: Properties of the constraint sets

The sets of constraints X and U are compact and contain the origin in their interior.

A dataset D containing information about several operating conditions of the system is available. In

particular, D is composed of a regressor matrix

𝑍 :=
[
𝑧(1) . . . 𝑧(𝑛D)

]⊤
and vectors x𝑖 :=

[
𝑥𝑖,(1) . . . 𝑥𝑖,(𝑛D )

]⊤
, ∀𝑖 ∈ [1, 𝑛], such that 𝑥𝑖,( 𝑗) = 𝑓𝑖 (𝑧( 𝑗)) + 𝜂𝑖,( 𝑗) , with 𝜂𝑖,( 𝑗) ∼

N(0, 𝜎2
𝜂𝑖
).

The goal is to drive the system state to the origin from a non-trivial initial condition 𝑥0 ≠ 0. In the

next sections, we present our robust contraction-based GP-MPC. In particular, (i) we first provide the
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details about the conditions that the employed GPs must verify, then (ii) we present the GP-MPC and

prove its stability and feasibility properties, and (iii) we finally introduce an alternative formulation of

the GP-MPC that simplifies the computation of the control action to be applied.

4.4 Properties of the employed GP

We assume each state function 𝑓𝑖 (𝑧) to be sampled from an independent GP(𝑚𝑖 (𝑧), 𝑘𝑖 (𝑧, 𝑧)), where

𝑚𝑖 (𝑧) and 𝑘𝑖 (𝑧, 𝑧) denote the mean and covariance functions that define 𝑓𝑖 (𝑧). For this reason, as the

functions 𝑓𝑖 (𝑧) are sampled from 𝑛 independent GPs, and given the availability of the dataset D, the

GPs are trained using the same training regressor matrix 𝑍 , but different target vectors x𝑖. Moreover,

the states 𝑥1,( 𝑗) , . . . , 𝑥𝑛,( 𝑗) are assumed to be conditionally independent given the regressor 𝑧( 𝑗) , that is

𝑝
(
𝑥𝑖1,( 𝑗) |𝑧( 𝑗) , 𝑥𝑖2,( 𝑗) , 𝑖2 ≠ 𝑖1

)
= 𝑝

(
𝑥𝑖1,( 𝑗) |𝑧( 𝑗)

)
.

By doing so, the posterior mean function 𝜇(𝑧(𝑘) |D) :=
(
𝜇1(𝑧(𝑘) |D) . . . 𝜇𝑛 (𝑧(𝑘) |D)

)
can be used

as predictor model of the estimated system state 𝑥(𝑘 + 1). In detail,

𝑥𝑖 (𝑘 + 1) = 𝑓𝑖 (𝑥(𝑘), 𝑢(𝑘)) := 𝜇𝑖 (𝑧(𝑘) |D)

= 𝑚𝑖 (𝑧(𝑘)) + 𝑘𝑖 (𝑍, 𝑧(𝑘))⊤
[
𝑘𝑖 (𝑍, 𝑍) + 𝜎2

𝜂𝑖
𝐼𝑛D

]−1 (x𝑖 − 𝑚𝑖 (𝑍)),
(4.10)

where 𝑚𝑖 (𝑍) := (𝑚𝑖 (𝑧(1)), . . . , 𝑚𝑖 (𝑧(𝑛D ))).

The estimated model 𝑓 (𝑥, 𝑢) allows us to define the prediction error as

𝑤(𝑘) =
[
𝑤1(𝑘) . . . 𝑤𝑛 (𝑘)

]⊤
:=


𝑓1(𝑥(𝑘), 𝑢(𝑘)) + 𝜂1(𝑘) − 𝑓1(𝑥(𝑘), 𝑢(𝑘))

...

𝑓𝑛 (𝑥(𝑘), 𝑢(𝑘)) + 𝜂𝑛 (𝑘) − 𝑓𝑛 (𝑥(𝑘), 𝑢(𝑘))


.

(4.11)

Thanks to the definition of 𝑤, the state equation rewrites as

𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘), 𝑢(𝑘)) + 𝑤(𝑘). (4.12)

To guarantee the consistency between (4.7) and (4.12), it is supposed that also with the new state-space

formulation 𝑓 (0, 0) = 0.

In order to guarantee the robustness of the here-proposed MPC, we make the following assumption,

which is needed to ensure that the functions 𝑓𝑖 (𝑥, 𝑢) are Lipschitz continuous.
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Assumption 4.3: Lipschitz continuity of the mean and covariance functions

The covariance functions 𝑘𝑖 (𝑧, 𝑧) used to define the 𝑛GPs are Lipschitz continuous with Lipschitz

constants 𝐿𝑘𝑖 , and the mean functions 𝑚𝑖 (𝑧) are Lipschitz continuous with Lipschitz constants

𝐿𝑚𝑖
.

Before making a contractivity assumption on the nominal system, we first show how Assumptions

4.1-4.3 ensure that the prediction error 𝑤 belongs to a bounded convex set and that there exist set

sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 verifying Assumptions 3.4 and 3.5 from Chapter 3.

Lemma 4.1: Lipschitz continuity of the model

Under Assumption 4.3, there exist Lipschitz constants 𝐿 𝑓𝑖 such that

| 𝑓𝑖 (𝑧) − 𝑓𝑖 (𝑧) | ≤ 𝐿 𝑓𝑖 ∥𝑧 − 𝑧∥, ∀𝑧, 𝑧 ∈ X ×U, ∀𝑖 ∈ [1, 𝑛] .

Proof. Theorem 3.1 in [81] proves that, using Lipschitz continuous covariance functions 𝑘𝑖 (𝑧, 𝑧)

with Lipschitz constants 𝐿𝑘𝑖 , and choosing as mean functions the zero-mean function 𝑚𝑖 (𝑧 |D) = 0,

∀𝑖 ∈ [1, 𝑛], the posterior mean functions 𝜇𝑖 (𝑧) ≡ 𝑓𝑖 (𝑧) are Lipschitz continuous in X × U with

Lipschitz constants

𝐿 𝑓𝑖 ,0 ≤ 𝐿𝑘𝑖
√
𝑛D ∥

[
𝑘𝑖 (𝑍, 𝑍) + 𝜎2

𝜂𝑖
𝐼𝑛D

]−1 x𝑖∥.

This means that, for all 𝑖 ∈ [1, 𝑛], and ∀𝑧, 𝑧 ∈ X ×U,����𝑘𝑖 (𝑍, 𝑧)⊤ [
𝑘𝑖 (𝑍, 𝑍) + 𝜎2

𝜂𝑖
𝐼𝑛D

]−1
x𝑖 − 𝑘𝑖 (𝑍, 𝑧)⊤

[
𝑘𝑖 (𝑍, 𝑍) + 𝜎2

𝜂𝑖
𝐼𝑛D

]−1
x𝑖
���� ≤ 𝐿 𝑓𝑖 ,0∥𝑧 − 𝑧∥.

Furthermore, as different covariance function Lipschitz constants 𝐿 𝑓𝑖 ,0 can be found for different target

vectors x𝑖, it is still possible to find finite Lipschitz constants for the target vectors x̃𝑖 := x𝑖 − 𝑚𝑖 (𝑍).

Moreover, given that the sum of Lipschitz continuous functions is Lipschitz continuous, also in the

case of generic Lipschitz continuous mean functions 𝑚𝑖 (𝑧), there exist constants 𝐿 𝑓𝑖 such that

|𝑚𝑖 (𝑧) + 𝑘𝑖 (𝑍, 𝑧)⊤
[
𝑘𝑖 (𝑍, 𝑍) + 𝜎2

𝜂𝑖
𝐼𝑛D

]−1
(x𝑖 − 𝑚𝑖 (𝑍))

−𝑚𝑖 (𝑧) − 𝑘𝑖 (𝑍, 𝑧)⊤
[
𝑘𝑖 (𝑍, 𝑍) + 𝜎2

𝜂𝑖
𝐼𝑛D

]−1
(x𝑖 − 𝑚𝑖 (𝑍)) |

≤ 𝐿 𝑓𝑖 ∥𝑧 − 𝑧∥.

■

Robust MPC formulations usually assume that the perturbations are bounded. The next lemma shows

that Assumptions 4.1 and 4.3 are enough to ensure that the model error 𝑤(𝑘) is bounded.
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Lemma 4.2: Boundedness of the prediction error

Under Assumptions 4.1 and 4.3, the prediction error 𝑤(𝑘) is bounded. Specifically, 𝑤(𝑘) ∈ W,

∀𝑘 ≥ 0, where W is a compact set containing the origin in its interior and is defined as

W := {𝑤 ∈ R𝑛 : |𝑤𝑖 | ≤ 𝑤̄𝑖, 𝑖 ∈ [1, 𝑛]} ,

with 𝑤̄𝑖 > 0, ∀𝑖 ∈ [1, 𝑛].

Proof. Consider the definition of the prediction error provided in (4.11), and analyze each term

𝑓𝑖 (𝑥(𝑘), 𝑢(𝑘)) + 𝜂𝑖 (𝑘) − 𝑓𝑖 (𝑥(𝑘), 𝑢(𝑘)). In particular, note that

𝑓𝑖 (𝑥(𝑘), 𝑢(𝑘)) + 𝜂𝑖 (𝑘) − 𝑓𝑖 (𝑥(𝑘), 𝑢(𝑘)) ≤ | 𝑓𝑖 (𝑥(𝑘), 𝑢(𝑘)) + 𝜂𝑖 (𝑘) − 𝑓𝑖 (𝑥(𝑘), 𝑢(𝑘)) |

≤ | 𝑓𝑖 (𝑥(𝑘), 𝑢(𝑘)) | + |𝜂𝑖 (𝑘) | + | 𝑓𝑖 (𝑥(𝑘), 𝑢(𝑘)) |.

However, |𝜂𝑖 (𝑘) | ≤ 𝜂𝑖 < ∞. Moreover, thanks to Assumptions 4.1 and 4.3, 𝑓𝑖 (𝑥, 𝑢) and 𝑓𝑖 (𝑥, 𝑢) are

Lipschitz continuous. Thus, as X and U are compact, it follows that | 𝑓𝑖 (𝑥, 𝑢) | < ∞ and | 𝑓𝑖 (𝑥, 𝑢) | <

∞ in X × U. This allows for the conclusion that, ∀𝑖 ∈ [1, 𝑛], there exists 𝑤̄𝑖 > 0 such that

| 𝑓𝑖 (𝑥(𝑘), 𝑢(𝑘)) + 𝜂𝑖 (𝑘) − 𝑓𝑖 (𝑥(𝑘), 𝑢(𝑘)) | ≤ 𝑤̄𝑖. Therefore, there also exists a compact set W defined

as

W := {𝑤 ∈ R𝑛 : |𝑤𝑖 | ≤ 𝑤̄𝑖, 𝑖 ∈ [1, 𝑛]},

such that 𝑤(𝑘) ∈ W, ∀𝑘 ≥ 0. ■

Remark 4.4
From a practical point of view, the volume of W can be reduced via an appropriate choice of

the mean and covariance functions, and the availability of data points that well represent the

behavior of the system.

Lemma 4.1 proves that the functions 𝑓𝑖 (𝑧) are Lipschitz continuous in X×U. However, as reported in

[102], Lipschitz continuity is a sufficient condition to prove also component-wise Lipschitz continuity

in X ×U. Moreover, given that 𝑤(𝑘) appears in (4.12) as an additive perturbation, we can state that

(4.12) is component-wise Lipschitz continuous in X × U × W. In detail, ∀𝑖 ∈ [1, 𝑛], there exist

non-negative real constants 𝐿𝑥,𝑖𝑎 and 𝐿𝑢,𝑖𝑏 such that

| 𝑓𝑖 (𝑥, 𝑢) + 𝑤𝑖 − 𝑓𝑖 (𝑥, 𝑢̌) − 𝑤̌𝑖 | ≤
𝑛∑︁
𝑎=1

𝐿𝑥,𝑖𝑎 |𝑥𝑎 − 𝑥𝑎 |

+
𝑚∑︁
𝑏=1

𝐿𝑢,𝑖𝑏 |𝑢𝑏 − 𝑢̌𝑏 | + |𝑤𝑖 − 𝑤̌𝑖 |.
(4.13)
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As the GP-MPC belongs to the family of tube-based MPC formulations, we now show how the

component-wise Lipschitz continuity of (4.12) implies properties that can be exploited to build the

tightened constraints and to prove recursive feasibility of the GP-MPC.

Lemma 4.3: Bounds on the effect of the initial condition on the model state trajectory

Under Assumptions 4.1 and 4.3, there exists a sequence of sets {F ( 𝑗)} 𝑗≥0 such that:

• F (0) := {𝑥 ∈ R𝑛 : |𝑥𝑖 | ≤ 𝑤̄𝑖,∀𝑖 ∈ [1, 𝑛]};

• for every (𝑥, u) ∈ X × U 𝑗 , the sets F ( 𝑗), with 𝑗 > 0, ensure that 𝜙( 𝑗 ; 𝑥, u, 0) ∈

𝜙( 𝑗 ; 𝑥, u, 0) ⊕ F ( 𝑗), for all 𝑥 such that, 𝑥 − 𝑥 ∈ F (0).

Proof. First, define the worst-case prediction error 𝑤̆ := [𝑤̄1, . . . , 𝑤̄𝑛]⊤, and define the K∞ functions

𝑐𝑖,0(·), such that 𝑐𝑖,0(𝑤̆) = 𝑤̄𝑖. In this way, the inequalities |𝑥𝑖 − 𝑥𝑖 | ≤ 𝑤̄𝑖, ∀𝑖 ∈ [1, 𝑛], can be rewritten

as |𝑥𝑖 − 𝑥𝑖 | ≤ 𝑐𝑖,0(𝑤̆).

Considering a feasible control sequence u ∈ U 𝑗 , and due to the component-wise Lipschitz continuity

of the functions 𝑓𝑖 (𝑥, 𝑢) + 𝑤, it holds that

|𝜙𝑖 (1; 𝑥, u, 0) − 𝜙𝑖 (1; 𝑥, u, 0) | ≤
𝑛∑︁
𝑎=1

𝐿𝑥,𝑖𝑎𝑤̄𝑎

=

𝑛∑︁
𝑎=1

𝐿𝑥,𝑖𝑎𝑐𝑎,0(𝑤̆) =: 𝑐𝑖,1(𝑤̆).

Proceeding with what happens after two steps, we find that

|𝜙𝑖 (2; 𝑥, u, 0) − 𝜙𝑖 (2; 𝑥, u, 0) | ≤
𝑛∑︁
𝑎=1

𝐿𝑥,𝑖𝑎 |𝜙𝑎 (1; 𝑥, u, 0) − 𝜙𝑎 (1; 𝑥, u, 0) |

=

𝑛∑︁
𝑎=1

𝐿𝑥,𝑖𝑎𝑐𝑎,1(𝑤̆) =: 𝑐𝑖,2(𝑤̆).

Therefore, generalizing for all 𝑗 > 0, we obtain that

|𝜙𝑖 ( 𝑗 ; 𝑥, u, 0) − 𝜙𝑖 ( 𝑗 ; 𝑥, u, 0) | ≤
𝑛∑︁
𝑎=1

𝐿𝑥,𝑖𝑎𝑐𝑎, 𝑗−1(𝑤̆) =: 𝑐𝑖, 𝑗 (𝑤̆).

Thus, the set sequence {F ( 𝑗)} 𝑗≥0, with

F ( 𝑗) := {𝑥 ∈ R𝑛 : |𝑥𝑖 | ≤ 𝑐𝑖, 𝑗 (𝑤̆),∀𝑖 ∈ [1, 𝑛]},

verifies the condition 𝜙( 𝑗 ; 𝑥, u, 0) ∈ 𝜙( 𝑗 ; 𝑥, u, 0) ⊕ F ( 𝑗), for all 𝑗 ≥ 0. ■
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Lemma 4.4: Bounds on the effect of the prediction error on the model state trajectory

Under Assumptions 4.1 and 4.3, there exists a sequence of sets {R( 𝑗)} 𝑗≥0, with R(0) := {0},

that verifies the following conditions simultaneously:

1. for every (𝑥, u) ∈ X ×U 𝑗 , the sets R( 𝑗), for 𝑗 > 0, ensure 𝜙( 𝑗 ; 𝑥, u,w) ∈ 𝜙( 𝑗 ; 𝑥, u, 0) ⊕

R( 𝑗);

2. F ( 𝑗) ⊕ R( 𝑗) ⊆ R( 𝑗 + 1), ∀ 𝑗 ≥ 0.

Proof. First, define the functions 𝑑𝑖,0(·) as zero functions such that 𝑑𝑖,0(𝑤) = 0, ∀𝑤 ∈ W and

∀𝑖 ∈ [1, 𝑛], and the functions 𝑑𝑖, 𝑗 (·) :=
∑ 𝑗−1
𝑘=0 𝑐𝑖,𝑘 (·), ∀ 𝑗 > 0. Then, analyzing the gap between

𝜙(1; 𝑥, u,w) and 𝜙(1; 𝑥, u, 0). In detail, we have

|𝜙(1; 𝑥, u,w) − 𝜙(1; 𝑥, u, 0) | ≤ 𝑤̄𝑖 ≡ 𝑐𝑖,0(𝑤̆) = 𝑑𝑖,1(𝑤̆).

We now analyze the gap between 𝜙(2; 𝑥, u,w) and 𝜙(2; 𝑥, u, 0):

|𝜙(2; 𝑥, u,w) − 𝜙(2; 𝑥, u, 0) | ≤ 𝑤̄𝑖 +
𝑛∑︁
𝑎=1

𝐿𝑥,𝑖𝑎𝑐𝑎,0(𝑤̆)

= 𝑐𝑖,0(𝑤̆) + 𝑐𝑖,1(𝑤̆) = 𝑑𝑖,2(𝑤̆).

Generalizing for all 𝑗 > 0, we obtain

|𝜙( 𝑗 ; 𝑥, u,w) − 𝜙( 𝑗 ; 𝑥, u, 0) | ≤
𝑗−1∑︁
𝑘=0

𝑐𝑖,𝑘 (𝑤̆) = 𝑑𝑖, 𝑗 (𝑤̆).

Therefore, the set sequence {R( 𝑗)} 𝑗≥0, where

R( 𝑗) := {𝑥 ∈ R𝑛 : |𝑥𝑖 | ≤ 𝑑𝑖, 𝑗 (𝑤̆),∀𝑖 ∈ [1, 𝑛]},

verifies the first condition of the lemma. We now need to verify that F ( 𝑗) ⊕ R( 𝑗) ⊆ R( 𝑗 + 1).

Note that, as the sets F ( 𝑗) and R( 𝑗) are both 𝑛-dimensional boxes, the sets F ( 𝑗) ⊕ R( 𝑗) can be easily

computed as

F ( 𝑗) ⊕ R( 𝑗) = {𝑥 ∈ R𝑛 : |𝑥𝑖 | ≤ 𝑐𝑖, 𝑗 (𝑤̆) + 𝑑𝑖, 𝑗 (𝑤̆),∀𝑖 ∈ [1, 𝑛]}.

As 𝑐𝑖, 𝑗 (𝑤̆) + 𝑑𝑖, 𝑗 (𝑤̆) ≡ 𝑑𝑖, 𝑗+1(𝑤̆), it follows that F ( 𝑗) ⊕ R( 𝑗) = R( 𝑗 + 1), which ends the proof. ■

The sequence {F ( 𝑗)} 𝑗≥0 bounds the gap between the perturbation-free state trajectories obtained with

the same control sequence starting from close enough states 𝑥 and 𝑥, while the sequence {R( 𝑗)} 𝑗≥0

bounds the gap between the perturbed and the perturbation-free trajectories obtained starting from a

common state 𝑥 and applying the same control sequence.
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Remark 4.5
The proofs of Lemmas 4.3 and 4.4 also provide a method to compute the set sequences {F ( 𝑗)} 𝑗≥0

and {R( 𝑗)} 𝑗≥0.

As the proof of stability of our robust GP-MPC is based on the contractivity of the nominal system,

i.e. the employed GPs, a non-restrictive contractivity assumption is necessary.

Assumption 4.4: Contractivity of the nominal system

There exist a positive definite function Γ(𝑥), a contraction factor 𝛾 ∈ (0, 1), and a prediction

horizon 𝑁𝑝 ∈ N \ {0} such that, for all the initial conditions 𝑥 ∈ X, there exists a control

sequence u ∈ U𝑁𝑝 that verifies:

Γ(𝑥, u, 𝑁𝑝) :=
𝑁𝑝

min
𝑗=1

Γ (𝜙( 𝑗 ; 𝑥, u, 0)) ≤ 𝛾Γ(𝑥). (4.14)

Moreover, the contractive function Γ(𝑥) is uniformly continuous in X, i.e. there exists a K

function 𝜎Γ (·) such that

|Γ(𝑥) − Γ(𝑥) | ≤ 𝜎Γ (∥𝑥 − 𝑥∥) , ∀𝑥, 𝑥 ∈ X, (4.15)

and is upper-bounded by a K∞ function 𝛼Γ (·), such that

Γ(𝑥) ≤ 𝛼Γ (∥𝑥∥), ∀𝑥 ∈ X. (4.16)

Finally, the set X ⊖ R(𝑁𝑝) is non-empty and contains the origin in its interior.

Henceforward, the minimizer of (4.14) over a prediction horizon of length 𝑁𝑝 is denoted 𝑗opt(𝑥, u, 𝑁𝑝).

Remark 4.6
The choice of the candidate Γ(·) and the computation of 𝛾 and 𝑁𝑝 can be carried out following

the same suggestions and algorithms shown in Section 3.7.1.

The recursive feasibility of the GP-MPC is guaranteed by the knowledge of an RPI, exactly like for

the MPC presented in Chapter 3. Therefore, we make also the following assumption.

Assumption 4.5: Existence of an RPI

There exists a set Ω ⊆ X that verifies the following conditions simultaneously:

1. for all 𝑥 ∈ Ω, ∃𝑢 ∈ U such that 𝑓 (𝑥, 𝑢) + 𝑤 ∈ Ω, for any 𝑤 ∈ W;
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2. Ω ⊆ Q (X ⊖ R(1)) for the nominal system 𝑥(𝑘+1) = 𝑓 (𝑥(𝑘), 𝑢(𝑘)), whereQ (X ⊖ R(1))

denotes the one-step controllable set to X ⊖ R(1);

3. Ω ⊖ R(1) is non-empty and contains the origin.

Remark 4.7
Assumption 4.5 requires Ω to be an admissible RPI. The computation of such set for nonlinear

systems is still a topic of discussion in the control system community; for low-dimensional

nonlinear systems, an effective graph-based method to find outer approximations of such sets is

presented in [34].

4.5 Robust contractive GP-MPC

In this subsection, the proposed GP-MPC is presented, its design parameters are explained and its

stability and feasibility properties are proved.

We begin by designing the cost function. We suppose to express the control objective by means of a

stage cost function ℓ(𝑥, 𝑢). In detail, given an initial time instant 𝑘 and a prediction horizon 𝑞(𝑘), the

total cost related to the control objective is given by

𝐽
(
𝑥(𝑘), u(𝑘), 𝑞(𝑘)

)
:=

𝑞(𝑘)−1∑︁
𝑗=0

ℓ(𝑥( 𝑗 |𝑘), 𝑢( 𝑗 |𝑘)), (4.17)

where u(𝑘) := {𝑢(0|𝑘), . . . , 𝑢(𝑞(𝑘) − 1|𝑘)} and 𝑥( 𝑗 |𝑘) denotes the nominal 𝑗-step-ahead state pre-

diction computed starting from the initial condition 𝑥(𝑘), i.e. 𝑥( 𝑗 |𝑘) := 𝜙( 𝑗 ; 𝑥(𝑘), u(𝑘), 0). The

stage cost function ℓ(𝑥, 𝑢) is also required to verify the (non-restrictive) conditions of the following

assumption.

Assumption 4.6: Stage cost function properties

There exist a constant ℓ̄ > 0 and a K function 𝛼ℓ (·) such that

∀(𝑥, 𝑢) ∈ X ×U, 0 ≤ ℓ(𝑥, 𝑢) ≤ ℓ̄, (4.18)

and 𝛼ℓ (∥𝑥∥) ≤ ℓ(𝑥, 𝑢), ∀𝑢 ∈ U.

Moreover, the stage cost function ℓ(𝑥, 𝑢) is uniformly continuous with respect to all its argu-

ments; therefore, there exist K functions 𝜎ℓ,𝑥 (·) and 𝜎ℓ,𝑢 (·) such that, ∀𝑥, 𝑥 ∈ X, 𝑢, 𝑢̌ ∈ U:

|ℓ(𝑥, 𝑢) − ℓ(𝑥, 𝑢̌) | ≤ 𝜎ℓ,𝑥 (∥𝑥 − 𝑥∥) + 𝜎ℓ,𝑢 (∥𝑢 − 𝑢̌∥) . (4.19)
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The optimization problem 𝑃𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘)) that has to be solved at each time instant 𝑘 is

min
(u(𝑘),𝑞(𝑘))

𝑉𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘), u(𝑘), 𝑞(𝑘)) :=𝜃 (𝑘) ·𝐽 (𝑥(𝑘), u(𝑘), 𝑞(𝑘))+𝜉 · Γ (𝑥(𝑘), u(𝑘), 𝑞(𝑘))

subject to :

𝑥(0|𝑘) = 𝑥(𝑘), (4.20a)

𝑥( 𝑗 |𝑘) = 𝑓 (𝑥( 𝑗 − 1|𝑘), 𝑢( 𝑗 − 1|𝑘)) , ∀ 𝑗 ∈ [1, 𝑞(𝑘)], (4.20b)

𝑥( 𝑗 |𝑘) ∈ X ⊖ R( 𝑗), ∀ 𝑗 ∈ [0, 𝑞(𝑘)], (4.20c)

(u(𝑘), 𝑞(𝑘)) ∈ U𝑞(𝑘) ×
{
1, . . . , 𝑁𝑝

}
(4.20d)

where:

• u(𝑘) := {𝑢(0|𝑘), . . . , 𝑢(𝑞(𝑘) − 1|𝑘)};

• 𝑞(𝑘) is the prediction horizon of the controller, which is a decision variable and can take values

within the range [1, 𝑁𝑝];

• 𝜃 (𝑘) is an internal state of the MPC controller, which plays the same role of the internal state

introduced in the contraction-based MPC presented in Chapter 3.

If multiple solutions providing the same cost exist, the one having the smallest 𝑞 is kept. The optimal

solutions of 𝑃𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘)) are denoted as u∗(𝑥(𝑘), 𝜃 (𝑘)) and 𝑞∗(𝑥(𝑘), 𝜃 (𝑘)), or u∗(𝑘) and 𝑞∗(𝑘)

for brevity, and the corresponding values Γ, 𝐽, 𝑉𝑁𝑝
and 𝑗opt are:

Γ∗(𝑥(𝑘), 𝜃 (𝑘)) := Γ(𝑥(𝑘), u∗(𝑘), 𝑞∗(𝑘)) (4.21)

𝐽∗(𝑥(𝑘), 𝜃 (𝑘)) := 𝐽 (𝑥(𝑘), u∗(𝑘), 𝑞∗(𝑘)) (4.22)

𝑉∗
𝑁𝑝

(𝑥(𝑘), 𝜃 (𝑘)) := 𝑉𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘), u∗(𝑘), 𝑞∗(𝑘)) (4.23)

𝑗∗(𝑥(𝑘), 𝜃 (𝑘)) := 𝑗opt(𝑥(𝑘), u∗(𝑘), 𝑞∗(𝑘)). (4.24)

We also define x̂∗(𝑘) := {𝑥∗(0|𝑘), . . . , 𝑥∗(𝑞∗(𝑘) |𝑘)} as the nominal state sequence provided by the

optimal control sequence u∗(𝑥(𝑘), 𝜃 (𝑘)), that is 𝑥∗( 𝑗 |𝑘) = 𝜙( 𝑗 ; 𝑥(𝑘), u∗(𝑘), 0). The control law

related to the GP-MPC is the following: 𝜅𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘)) := 𝑢∗(0|𝑘), where 𝑢∗(0|𝑘) is the first

element of the optimal control sequence u∗(𝑘) obtained by solving 𝑃𝑁𝑝
(𝑥(𝑘), 𝜃 (𝑘)).

The initial condition of the controller state 𝜃 is set to 𝜃 (0) = max{𝜖, Γ (𝑥(0))}, where 𝜖 > 0 and

𝜈 ∈ (0, 1) are design parameters, and is updated at every time instant 𝑘 by using the following policy:

𝜃 (𝑘) = 𝑓𝜃 (𝑥(𝑘), 𝜃 (𝑘 − 1)) :=


𝜃 (𝑘 − 1), Γ (𝑥(𝑘)) > 𝜃 (𝑘 − 1)

max{𝜖, Γ (𝑥(𝑘))}, otherwise
(4.25)
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Before continuing, we define 𝜔 > 0 as a constant such that {𝑥 : Γ(𝑥) ≤ 𝜔} ⊆ Ω ⊖ R(1).

We are now ready to introduce the theorem that proves that the origin is input-to-state practically

stable ISpS for the closed-loop system under the here-proposed GP-MPC.

Theorem 4.1: Stability of the robust contractive GP-MPC for the regulation of Lipschitz

continuous nonlinear systems

Under Assumptions 4.1-4.6, if the following conditions hold simultaneously:

1. 𝜉 ≥ 2𝑁𝑝 ℓ̄/(1 − 𝛾),

2. 𝜃 (𝑘) = 𝑓𝜃 (𝑥(𝑘), 𝜃 (𝑘 − 1)),

3. 𝛾 ≤ 𝜔
Γmax

,

then, given a feasible initial condition 𝑥 ∈ X, 𝑃𝑁𝑝
(𝑥, 𝜃) is recursively feasible and the equilib-

rium 𝑥 = 0 is ISpS for the closed-loop system.

Proof. First, note that Assumptions 4.4, 4.5 and 4.6 are respectively equivalent to Assumptions 3.3,

3.6 and 3.7 from Chapter 3. Furthermore, under Assumptions 4.1 and 4.3, all the conditions of the

Lemmas 4.2, 4.3 and 4.4 are verified. Therefore, we get that the set W is bounded and the sequences

{F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0 exist. The last assumption that Chapter 3 makes about the system under

control is that its state equations are component-wise uniformly continuous. Given that component-

wise Lipschitz continuity is a stronger condition, and provided that the conditions on 𝜉, 𝜃 (𝑘) and 𝛾 are

identical to those employed in Chapter 3, all the conditions of Theorem 3.1 from Chapter 3 are verified.

As a consequence, the origin is ISpS for the closed-loop system under our robust contraction-based

GP-MPC. ■

4.6 A contractive GP-MPC formulation with two optimization problems

The MPC formulation introduced in (4.20) involves the integer variable 𝑞, which could make the

resolution of the problem computationally demanding. In this section, an alternative two-stage

algorithm without integer decision variables is introduced.

The two steps of the newly proposed algorithm are the following:
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1. First, a fixed-horizon problem is solved:

min
u(𝑘)

Γ(𝑥(𝑘), u(𝑘), 𝑁𝑝)

s.t. 𝑥(0|𝑘) = 𝑥(𝑘),

𝑥( 𝑗 |𝑘) = 𝑓 (𝑥( 𝑗 − 1|𝑘), 𝑢( 𝑗 − 1|𝑘)) ,∀ 𝑗 ∈ [1, 𝑁𝑝],

𝑥( 𝑗 |𝑘) ∈ X ⊖ R( 𝑗), ∀ 𝑗 ∈ [0, 𝑁𝑝],

u(𝑘) ∈ U𝑁𝑝

(4.26)

and the instant 𝑗𝑁𝑝
∈ [1, 𝑁𝑝] of maximum contraction is memorized.

2. A second fixed-horizon optimization problem with prediction horizon equal to 𝑗𝑁𝑝
is solved to

get the desired optimal control sequence:

min
u(𝑘)

𝑉𝑁𝑝

(
𝑥(𝑘), 𝜃 (𝑘), u(𝑘), 𝑗𝑁𝑝

)
s.t. 𝑥(0|𝑘) = 𝑥(𝑘),

𝑥( 𝑗 |𝑘) = 𝑓 (𝑥( 𝑗 − 1|𝑘), 𝑢( 𝑗 − 1|𝑘)) ,∀ 𝑗 ∈ [1, 𝑗𝑁𝑝
],

𝑥( 𝑗 |𝑘) ∈ X ⊖ R( 𝑗), ∀ 𝑗 ∈ [0, 𝑗𝑁𝑝
],

u(𝑘) ∈ U 𝑗𝑁𝑝 .

(4.27)

Remark 4.8
The computational cost of this two-stage formulation can be limited by using the first 𝑗𝑁𝑝

elements of the solution to (4.26) as initial candidate solution to problem (4.27), as proposed

also in Chapter 3.

This formulation inherits all the stability and robustness properties of the one introduced before, as

proved by the next theorem.

Theorem 4.2: Stability of the two-stage formulation of the robust contractive GP-MPC for

the regulation of Lipschitz continuous nonlinear systems

If the following conditions hold:

1. Assumptions 4.1-4.6 are satisfied;

2. the penalty 𝜉 involved in the second optimization problem satisfies 𝜉 ≥ 2𝑁𝑝 ℓ̄/(1 − 𝛾);

3. the rule 𝜃 (𝑘) = 𝑓𝜃 (𝑥(𝑘), 𝜃 (𝑘 − 1)) is used to update the value of 𝜃,

4. 𝛾 ≤ 𝜔
Γmax

,
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then, given a feasible initial condition 𝑥 ∈ X, the 2-stage version of 𝑃𝑁𝑝
(𝑥, 𝜃) is recursively

feasible and the equilibrium 𝑥 = 0 is ISpS for the closed-loop system.

Proof. Theorem 3.2 in Chapter 3 proves that the two-stage formulation of our robust contraction-

based MPC keeps the same stability and recursive feasibility properties of the all-in-one formulation,

provided that the same conditions on the system under control and the design parameters are verified.

Given that also the conditions of Theorem 4.2 are identical to those listed in Theorem 4.1, we can state

that the origin is ISpS for the closed-loop system also under the two-stage formulation of our robust

contraction-based GP-MPC. ■

4.7 Case study

In order to validate the proposed method, the designed contractive GP-MPC and a standard nonlinear

MPC are implemented to control a continuous stirred-tank reactor (CSTR) whose state is subject to

additive Gaussian noise, the details of which are given in the next subsection, and their performances

are compared. In particular, their operation is simulated 50 times over a simulation horizon of 30

minutes, which is equal to 60 time steps, given that the sampling time of the system is set to 𝑇𝑠 = 30

[s].

4.7.1 System description and control problem definition

In a CSTR, a reactant A is converted into a product B. The base model of the reaction is given by the

following differential equations:

𝑑𝐶𝐴 (𝑡)
𝑑𝑡

=
𝑞0
𝑉

(
𝐶𝐴 𝑓 − 𝐶𝐴 (𝑡)

)
− 𝑘0 exp

(
− 𝐸

𝑅𝑇 (𝑡)

)
𝐶𝐴 (𝑡), (4.28a)

𝑑𝑇 (𝑡)
𝑑𝑡

=
𝑞0
𝑉

(
𝑇 𝑓 − 𝑇 (𝑡)

)
− Δ𝐻𝑟 𝑘0

𝜌𝐶𝑝
exp

(
− 𝐸

𝑅𝑇 (𝑡)

)
𝐶𝐴 (𝑡) +

𝑈𝐴

𝑉𝜌𝐶𝑝

(
𝑇𝑐 (𝑡) − 𝑇 (𝑡)

)
, (4.28b)

𝑑𝑇𝑐 (𝑡)
𝑑𝑡

=
𝑇𝑟 (𝑡) − 𝑇𝑐 (𝑡)

𝜏𝑐
, (4.28c)

where 𝐶𝐴 [mol l−1] is the concentration of the reactant, 𝑇𝑟 [K] is the reference of the coolant temper-

ature, 𝑇 [K] is the temperature of the tank and 𝑇𝑐 [K] is the temperature of the coolant. The input of

the system is the reference of the coolant temperature (𝑢 = 𝑇𝑟). The model parameters are shown in

Table 16.

For simulation purposes, the system (4.28) is discretized using a fifth-order Runge-Kutta method

with sampling time equal to 𝑇𝑠, and i.i.d. Gaussian noise is added to emulate the effect of unknown
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Parameter Definition Value
𝑞0 Input flow of the reactive 10 l/min
𝑉 Liquid volume in the tank 150 l
𝑘0 Frequency constant 6 × 1010min−1

𝐸/𝑅 Arrhenius constant 9750 K
−Δ𝐻𝑟 Enthalpy of the reaction 10000 J mol−1

𝑈𝐴 Heat transfer coefficient 70000 J min−1K−1

𝜌 Density 1100 gl−1

𝐶𝑝 Specific heat 0.3 Jg−1K−1

𝜏𝑐 Time constant 1.5 min
𝐶𝐴 𝑓 𝐶𝐴 in the input flow 1 mol l−1

𝑇 𝑓 Temperature (input flow) 370 K

Table 16: CSTR parameters.

dynamics on the evolution of 𝐶𝐴 and 𝑇 . In detail,
𝐶𝐴

𝑇

𝑇𝑐


(𝑘 + 1) = RK5

©­­­­«

𝐶𝐴

𝑇

𝑇𝑐


(𝑘 · 𝑇𝑠), 𝑇𝑠

ª®®®®¬
+


𝜂1(𝑘)

𝜂2(𝑘)

0


(4.29)

where RK5( [𝐶𝐴, 𝑇, 𝑇𝑐]⊤(𝑘 · 𝑇𝑠), 𝑇𝑠) denotes the solution provided by the fifth-order Runge-Kutta

method starting from the initial condition [𝐶𝐴, 𝑇, 𝑇𝑐]⊤(𝑘 · 𝑇𝑠) and integrating over the time-span

[𝑘 · 𝑇𝑠, (𝑘 + 1) · 𝑇𝑠], 𝜂1(𝑘) ∼ N (0, 0.0032) with |𝜂1(𝑘) | ≤ 0.012, and 𝜂2(𝑘) ∼ N (0, 0.052) with

|𝜂2(𝑘) | ≤ 0.2.

The system input and state variables are subject to hard constraints; in particular, the reference of the

coolant temperature 𝑇𝑟 , which is the input of the system, must verify 𝑇𝑟 (𝑘) ∈ [335, 372]K, ∀𝑘 ≥ 0,

while the states 𝐶𝐴 and 𝑇 must verify 𝐶𝐴 (𝑘) ∈ [0.2, 0.8053]mol/l and 𝑇 (𝑘) ∈ [335, 372]K, ∀𝑘 ≥ 0.

The objective is to steer the system state from the initial condition(
𝐶𝐴 (0), 𝑇 (0), 𝑇𝑐 (0)

)
= (0.778, 338.850, 337)

to the equilibrium point (0.439, 357.43, 356), verifying the state and input constraints.

4.7.2 Contractive GP-MPC design

The contractive GP-MPC is implemented in its two-stage formulation and is designed assuming to

have access only to the state variables 𝐶𝐴 and 𝑇 ; therefore, we define the state and input of the system

as 𝑥 = (𝑥1, 𝑥2) := (𝐶𝐴, 𝑇) and 𝑢 = 𝑇𝑟 . For this reason, using the same notation as in Section 4.3, we

define the regressor 𝑧 = (𝑥, 𝑢).
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Remark 4.9
We assume to know and have access to only two state variables of the system to simulate the

realistic case in which the here-proposed controller is supposed to stabilize a system having

incomplete knowledge about its state variables.

In order to implement the contractive GP-MPC, it is first necessary to collect the dataset that is then

used to fit the GPs for 𝑥1 and 𝑥2, and to find the perturbation set W ⊂ R2. This dataset is generated

by applying a sequence of chirp signals with different frequencies, amplitudes and centers. The input

and state trajectories of the data collection phase are shown in Figure 15. Then, all the variables are

normalized to stay in the range [0, 1]. For this reason, the state and input constraint sets are defined as

X := [0, 1] × [0, 1], U := [0, 1] .

The final dataset is then shuffled and split in a training set, composed of around the 70% of the data

entries, that is then used to train the two GPs, and a validation set with all the remaining data entries,

which is used to compute W.

Defining the state equations of the real system as 𝑥1(𝑘 + 1) = 𝑓1(𝑧(𝑘)) + 𝜂1(𝑘) and 𝑥2(𝑘 + 1) =

𝑓2(𝑧(𝑘))+𝜂2(𝑘), 𝑓1(·) and 𝑓2(·) are assumed to be respectively sampled from GP(𝑚1(𝑧), 𝑘1(𝑧, 𝑧)) and

GP(𝑚2(𝑧), 𝑘2(𝑧, 𝑧)), where the prior mean functions are set as constant-mean functions 𝑚1(𝑧) = 𝑚1

and 𝑚2(𝑧) = 𝑚2, with 𝑚1, 𝑚2 ∈ R, while the two covariance functions are chosen as SE-ARD, i.e.

𝑘𝑖 (𝑧, 𝑧) = 𝜎2
𝑖, 𝑓 · exp

(
−1

2

3∑︁
𝑘=1

𝑧𝑘 − 𝑧𝑘
𝑙2
𝑖,𝑘

)
, ∀𝑖 ∈ {1, 2}.

The hyperparameter values {𝑚1, 𝜎1, 𝑓 , 𝑙1,1, 𝑙1,2, 𝑙1,3, 𝜎𝜂1} and {𝑚2, 𝜎2, 𝑓 , 𝑙2,1, 𝑙2,2, 𝑙2,3, 𝜎𝜂2} are found via

maximization of the log marginal likelihood on a subset of the available dataset, which is composed

of 83 data entries selected by maximizing their relative distance. The final hyperparameter values are

reported in Table 17.

𝑚1 𝜎1, 𝑓 𝑙1,1 𝑙1,2 𝑙1,3 𝜎𝜂1

−0.1959 1.2587 2.6573 3.8371 367.7207 0.0049
𝑚2 𝜎2, 𝑓 𝑙2,1 𝑙2,2 𝑙2,3 𝜎𝜂2

0.3860 1.2140 27.3806 2.4554 8.0650 0.0164

Table 17: Hyperparameters of the GPs used to model 𝑓1(𝑥, 𝑢) and 𝑓2(𝑥, 𝑢).

The found hyperparameters and the selected subset of the training data, which we denote by D, are

then used to compute W. In particular, as W := {𝑤 ∈ R2 : |𝑤𝑖 | ≤ 𝑤̄𝑖,∀𝑖 ∈ {1, 2}}, the computation

of W translates into finding 𝑤̄1 and 𝑤̄2, which are computed as the maximum absolute prediction error
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Figure 15: Input and state trajectories during the data collection phase. The choice of employing chirp
input signals instead of the widely used pseudo-random signals is motivated by the fact that the latter
tend to provide more information about the dynamics of the system around the equilibrium points, while
chirp signals tend to provide information also about non-equilibrium points [101].

of the two estimated GPs on the validation set. The obtained values are 𝑤̄1 = 0.0214 and 𝑤̄2 = 0.0515,

which have to be considered as normalized values, given that 𝑥 ∈ [0, 1] × [0, 1].

Because of the compactness of the sets X, U, and W, and given the choice of covariance and mean

functions that verify Assumption 4.3, the estimated models 𝑓1(·) and 𝑓2(·) are such that (4.13) holds

true. The found component-wise Lipschitz constants are shown in Table 18, and are used to compute

the set sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0, and consequently find the maximum prediction horizon

𝑁𝑝 ∈ N such that X ⊖ R(𝑁𝑝) is non-empty and contains the reference equilibrium in its interior. We

get that 𝑁𝑝 = 7 steps, which corresponds to 3.5 minutes.

As the computed sets F ( 𝑗) and R( 𝑗) are box-shaped, i.e.

F ( 𝑗) = {𝑥 ∈ R2 : |𝑥𝑖 | ≤ 𝑥𝑖,F ( 𝑗) ,∀𝑖 ∈ {1, 2}}
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and

R( 𝑗) = {𝑥 ∈ R2 : |𝑥𝑖 | ≤ 𝑥𝑖,R( 𝑗) ,∀𝑖 ∈ {1, 2}},

we provide the computed 𝑥𝑖,F ( 𝑗) and 𝑥𝑖,R( 𝑗) in Table 19.

𝐿𝑥,11 𝐿𝑥,12 𝐿𝑢,11 𝐿𝑥,21 𝐿𝑥,22 𝐿𝑢,21
0.970 0.210 0.008 0.130 0.915 0.230

Table 18: Component-wise Lipschitz constants of the estimated GPs.

The sets X, U, and W are also used to compute an estimate of the needed robust controlled invariant

set Ω, whose knowledge is necessary to find the maximum value of the contraction factor 𝛾 that

verifies all the conditions of Theorem 4.2. In detail, the graph-based method proposed in [34] is used

to compute an outer approximation of Ω, which turns out to be identical to X, i.e. Ω ≡ X.

The chosen candidate contractive function is Γ(𝑥) := ∥𝑥−𝑥𝑠∥2, where 𝑥𝑠 is composed of the normalized

values of the concentration and temperature references. The maximum value of Γ(𝑥) over X is

Γmax = 0.7336, while the found value for 𝜔 is 𝜔 = 0.1418. Consequently, in order for all the

conditions of Theorem 4.2 to hold true, we check that the found contraction factor is such that

𝛾 ≤ 𝜔/Γmax = 0.1919. We follow the method proposed in Section 3.7.1 to find the real contraction

factor, which is found to be 𝛾 = 0.1403 < 0.1919.

Given that the chosen stage cost function is ℓ(𝑥, 𝑢) := (𝑥 − 𝑥𝑠)⊤𝑄(𝑥 − 𝑥𝑠) + (𝑢 − 𝑢𝑠)⊤𝑅(𝑢 − 𝑢𝑠), with

𝑄 = 10 · 𝐼2 and 𝑅 = 1, the maximum stage cost value is ℓ̄ = 10.3548. To be consistent with the

conditions of Theorem 4.2, the parameter 𝜉 is set to 𝜉 = 1686. The internal controller state 𝜃 is set

to the initial condition 𝜃 (0) = 𝜈Γ(𝑥(0)) = 0.56, while the parameters 𝜈 and 𝜖 are respectively set to

𝜈 = 0.99 and 𝜖 = 10−8.

The two optimization problems are solved using the interior-point algorithm of the fmincon function

provided by MATLAB, and all the simulations are run on an Intel Core™ i7-10610U @ 1.80GHz

16GB RAM machine.

F ( 𝑗) R( 𝑗)
𝑗

𝑥1,F ( 𝑗) 𝑥2,F ( 𝑗) 𝑥1,R( 𝑗) 𝑥2,R( 𝑗)
0 0.0214 0.0214 0 0
1 0.0257 0.0220 0.0214 0.0214
2 0.0300 0.0232 0.0470 0.0434
3 0.0345 0.0247 0.0770 0.0665
4 0.0392 0.0267 0.1115 0.0913
5 0.0443 0.0292 0.1507 0.1180
6 0.0499 0.0320 0.1951 0.1472
7 0.0559 0.0353 0.2449 0.1792

Table 19: Description of the computed sequences {F ( 𝑗)} 𝑗≥0 and {R( 𝑗)} 𝑗≥0.
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4.7.3 Results

The state and input trajectories obtained with the implemented GP-MPC are compared to those

obtained by means of a standard discrete-time MPC based on a noise-less version of the model (4.29),

which is assumed to have access to the entire state of the system, with quadratic stage cost function,

terminal equality constraint and prediction horizon 𝑁𝑝 = 15. The obtained state and input trajectories

are respectively shown in Figures 16 and 17, which highlight how the mean trajectories obtained by

means of the contractive GP-MPC and a standard MPC are very close, the main difference residing in

a greater aggressiveness of the GP-MPC when the system state is far from the reference.

Figure 16: State trajectories obtained by means of the contractive GP-MPC and a standard MPC. The
bold lines represent the mean of the trajectories obtained with each controller. The GP-MPC results to
be a little more aggressive than a standard MPC. Nonetheless, it effectively stabilizes the closed-loop state
around the reference.
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Figure 17: Input trajectories obtained by means of the contractive GP-MPC and a standard MPC. The
bold lines represent the mean of the trajectories obtained with each controller. While the input trajectory
provided by the standard MPC is more regular, the input trajectory provided by the GP-MPC gets quite
noisy when the closed-loop system state is close to the reference. However, the constraints are always
verified.

Remark 4.10
The standard discrete-time MPC that is implemented to provide a benchmark for the GP-MPC

includes also a terminal equality constraint. The prediction horizon is chosen as 𝑁 = 15 to

avoid possible infeasibility issues.

The closed-loop performances provided by the two controllers are also compared by computing the

infinite-horizon costs
∑∞
𝑘=0 ℓ(𝑥(𝑘) − 𝑥𝑠, 𝑢(𝑘) − 𝑢𝑠) obtained for each simulation, under both the GP-

MPC and the standard MPC. The stage cost function that is used to compute such infinite-horizon

cost is the same employed in the GP-MPC, therefore considering only the state variables 𝐶𝐴 and 𝑇 ,

and normalizing all the state and input variables to stay in the range [0, 1]. The minimum, maximum,

and mean costs obtained by employing the GP-MPC and a standard MPC are shown in Table 20, and
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prove how the performances given by the GP-MPC are comparable to those provided by a standard

MPC, though showing a larger variability.

Min. cost Max. cost Mean cost
GP-MPC 30.6723 33.4139 31.9987

MPC 28.8202 31.5737 30.3968

Table 20: Performances of the closed-loop system under the GP-MPC and a standard MPC.

Given that the contractive GP-MPC also optimizes the prediction horizon, it is interesting to analyze

how this evolves over time and how its choice affects the time spent for the solution of the two

optimization problems. Both the execution times and the optimal prediction horizons are shown in

Figure 18. As expected, when the system state is far from the reference, the contractive GP-MPC

often chooses longer prediction horizons, resulting also in longer execution times; when the system

state is close to the reference, the chosen prediction horizon varies consistently, though showing a

smaller mean value and therefore leading to execution times that are smaller on average. During all

the simulations, the total execution time, i.e. the sum of the time spent for the solution of both the

involved optimization problems, is smaller than the chosen sampling time.

4.8 Conclusion

In this chapter, we presented a tube-based contractive MPC for the regulation of nonlinear systems

that are modeled by GPs. In detail, the aim was to show under what conditions a nonlinear system

modeled by GPs can be controlled by the robust contraction-based MPC presented in Chapter 3,

therefore ensuring the same recursive feasibility and stabilizing properties. The resulting GP-MPC

was tested on a CSTR modeled by GPs and was found to be effective in practice, providing control

performances similar to those of a standard nonlinear MPC. Although our controller proved effective

and the assumptions on which it is based are reasonable from an engineering point of view, it would

be interesting to investigate how to switch to a stochastic framework, allowing the information given

by the posterior distributions to be exploited.
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Figure 18: Execution times of the first optimization problem 𝑡𝑂𝑃1 and the second optimization problem
𝑡𝑂𝑃2, and optimal prediction horizons 𝑞∗ found by the contractive GP-MPC. The bold lines represent the
mean execution times of the two optimization problems and the mean of the optimal prediction horizon.
While the chosen prediction horizon is large when the closed-loop system state is far from the reference,
it gets more unpredictable as the state approaches the reference.
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Applicative contributions





Chapter 5. Artificial Pancreas under a zone MPC based on GPs

5.1 Introduction

Chapters 2, 3 and 4 presented the theoretical contributions. In particular, we dealt with three issues

that are common in several contexts in which the design of an MPC is sensible:

• ensuring the robustness of an MPC for tracking designed for the control of nonlinear systems;

• simplifying the design of the terminal ingredients of a robust MPC for the regulation of nonlinear

systems;

• using machine learning methods, like GPs, to model the system under control, still ensuring

robustness and input-to-state stability, again employing simplified stability-related terminal

ingredients.

The objectives we set ourselves during the design of the methods presented in Chapters 2, 3 and 4

were to expand the set of systems that can be controlled with an MPC and to provide formulations that

could be easier to implement, in some situations, compared to other MPC schemes that were already

available. Therefore, in line with what is often done in purely theoretical research, we strove to make

our methods as generalizable as possible.

In this chapter, we present an applicative contribution whose results were published in [113]. Unlike

the works described in the previous chapters, the result presented in the next sections does not bring

any particular theoretical contributions. The work published in [113] belongs to a family of works

that the Control Systems & Automation Lab of the University of Bergamo has carried out since 2022,

including those in [133, 134], that aim at finding new MPC-based solutions for the automatic regulation

of the blood glucose (BG) level in Type 1 Diabetes Mellitus (T1DM) subjects. In particular, [113]

presents a zone MPC based on GPs. Therefore, in the remainder of this chapter we first introduce

the problem of regulating the BG level in T1DM subjects by means of automatic insulin delivery

(AID) systems, then we return to GPs, as the way they are employed in this chapter is different than in

Chapter 4, and discuss the MPC that we designed. At the end, the method is validated in simulation.
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5.2 On the usage of GPs and MPC for automatic insulin delivery in T1DM

subjects

The BG concentration in healthy individuals is between 70 and 100[mg/dl] on an empty stomach.

When this concentration changes, the pancreas reacts to bring it back to its normal value. In particular,

when this level increases, the beta cells of the pancreas secrete insulin, while when this level decreases,

the alpha cells of the pancreas produce glucagon. This does not occur in diabetic subjects. Indeed,

T1DM is a chronic disease characterized by the irreversible destruction of the beta cells contained

in the islets of Langerhans of the pancreas [64]. Given that insulin promotes the transportation of

glucose to all cells, the absence of beta cells in T1DM subjects results in less efficient transportation

of glucose to the cells and the accumulation of glucose in the blood stream, a condition that takes the

name of hyperglycemia that can also harm some organs and tissues in the long term.

Another concern related to T1DM is given by its increasing incidence and costs on healthcare. Indeed,

in 2021 there were about 8.4 million individuals with T1DM worldwide, but these are predicted to

increase to 13.5-17.4 million by 2040, as reported in [53], with the largest increase in low-income

and lower-middle-income countries. In Italy the incidence increases by 3.6% each year [49]. Given

that T1DM patients have remarkable mean total medical costs ($18,817 per patient per year in the

US [61]), this predicted increase needs to be carefully faced by governments, as it can also threaten

the sustainability of healthcare systems, that nowadays are already facing important costs related to

diabetes (considering also Type 2 Diabetes Mellitus, which is a different disease). For example, the

direct costs of diabetes in Italy amounted to =C7.94 billion in 2010 [63]. For these reasons, it is

important to study new treatments that can both effectively regulate the BG level in diabetic patients

and reduce the costs of diabetes on healthcare systems.

The treatment of T1DM typically consists of daily injections of slow-acting insulin, which aims at

avoiding hyperglycemia events. However, the effectiveness of such a therapy highly depends on

the precision of the subjects in planning mealtimes, carbohydrate intakes, and sessions of physical

exercise; these, indeed, greatly influence BG levels. The last statement makes it easy to understand

what the second objective of any diabetes therapy is, namely to make the life of a diabetic as similar

as possible to that of a healthy person. To do so, it is necessary to reduce the effect of the variables

listed before, which is made possible by exploiting closed-loop control techniques.

Every closed-loop technique needs a sensor to measure the current value of the variable under control,

which might be influenced by external disturbances, a control algorithm to compute the right control

action that has to be provided to the system based on the value of the variable under control and a
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reference, and an actuator that concretely provides the computed control action to the system. The

Artificial Pancreas (AP) is a modern AID system that is used to treat T1DM and that is made of

components that cover all the features of a closed-loop system listed before, namely: (i) a continuous

glucose monitor (CGM), which is a tiny and non-invasive sensor that checks glucose levels through

a needle inserted under the skin every few minutes, (ii) a control algorithm that computes the right

amount of insulin to be injected based on the last CGM readings, and (iii) an insulin infusion pump

[107]. APs usually handle two different types of insulin, which are: (i) basal insulin, which is injected

throughout the entire day to keep the BG level between 70 and 180mg/dl, namely the euglycemic

range, between the meals, and (ii) insulin boluses, which are provided only at mealtimes to avoid or

limit the hyperglycemic peaks due to carbohydrate intakes.

The birth of APs has also encouraged researchers to develop algorithms for BG control in diabetic

subjects. Several controllers have been proposed and tested on real and in-silico subjects, starting

from classic controllers like PID, as in [59, 127], and moving on to more complex solutions like MPC,

e.g. [2, 19, 38, 50, 51, 52, 56, 58, 72, 130, 135, 140]. Nevertheless, MPC requires a model of the

system under control to make predictions, which makes the usage of MPC in APs challenging. On

one hand, MPC can handle constraints and both predictable and unpredictable perturbations, making

it a potentially good choice for the control of BG in T1DM subjects; on the other hand, the behavior

of the endocrine-metabolic system considerably changes between different subjects and also within

the same person over time, making it noticeably difficult to model.

For this reason, even though MPC algorithms based on first-principle models of the endocrine-

metabolic system have been proposed, control system researchers have been increasingly opting for

black-box models. Particular interest has been posed in developing MPC schemes based on NNs,

as in [12, 42]. Other works focused on the usage of other black-box models, such as models that

are based on the Lipschitz continuity of the process under control, e.g. [133, 134], or kernel-based

regression, like [106]. Among the kernel-based solutions, GPs also represent an interesting alternative

to first-principle models, for the same reasons explained in Chapter 4. GPs have been mainly exploited

inside sliding mode controllers, as in [112], reinforcement learning algorithms, see [33], and to detect

changes in the insulin sensitivity (IS) of a person, e.g. [109].

5.3 GPR for uncertain inputs

In Section 4.2 we discussed the main concepts about GPs and how they can be used to model dynamic

systems. However, despite the probabilistic nature of GPs, the reader may have noticed that such

probabilistic nature was not explicitly taken into account in the design of the MPC presented in
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Chapter 4. In fact, instead of relying on the variance of the posterior Gaussian distributions obtained

via GPR to tighten the state constraints of the defined optimal control problem, we relied on the

Lipschitz continuity of the latent function and the chosen mean and covariance functions to bound the

prediction error and the effect of uncertainty propagation.

On the contrary, the MPC presented in this chapter makes use of the posterior variances to tighten

the state constraints, thus taking into account the probabilistic nature of GPs. However, using a GP

to make open-loop predictions within a certain horizon is challenging. Let us provide an example

to explain the issues related to making multi-step-ahead predictions. Suppose we employ a GP to

model a state function 𝑓 (𝑥, 𝑢), where 𝑥 ∈ R for simplicity, and suppose we use a GP-MPC to control

the system. In particular, let us analyze what happens at time 𝑘 when the GP-MPC has to predict

a state trajectory x̂(𝑘) = {𝑥(0|𝑘), . . . , 𝑥(𝑁𝑝 |𝑘)}, based on the known initial condition 𝑥(𝑘) and a

candidate control sequence u(𝑘) = {𝑢(0|𝑘), . . . , 𝑢(𝑁𝑝 − 1|𝑘)}, taking into account the PDF of the

made predictions:

1. The first state of the trajectory is imposed to be equal to the initial condition, i.e. 𝑥(0|𝑘) = 𝑥(𝑘).

2. The one-step-ahead prediction, 𝑥(1|𝑘), is inferred by GPR based on the regressor 𝑧(𝑘) =

(𝑥(𝑘), 𝑢(𝑘)), which is deterministic. Indeed, the initial condition 𝑥(𝑘) is known and the

candidate control action 𝑢(0|𝑘) has no probability distribution. In detail, we get that 𝑥(1|𝑘) ∼

N
(
𝜇(𝑧(𝑘) |D), 𝜎2(𝑧(𝑘) |D)

)
, where 𝜇(·|D) and 𝜎2(·|D) are defined in (4.4a) and (4.4b).

3. Following the same rationale of the previous point, the predictions 𝑥( 𝑗 |𝑘), with 𝑗 ∈ [2, 𝑁𝑝],

should be computed using GPR on the regressor 𝑧( 𝑗 −1|𝑘) = (𝑥( 𝑗 −1|𝑘), 𝑢( 𝑗 −1|𝑘)). However,

the regressor 𝑧( 𝑗 − 1|𝑘) is stochastic. Therefore, it is necessary to understand how to take into

account the probabilistic nature of the regressor in the inference step.

The issue highlighted at point 2 is very common when GPs are used to simulate dynamic systems or

time series, and has different solutions, as specified in [119]. Formalizing this issue mathematically,

considering the case in which the test regressor 𝑧∗ is Gaussian distributed, i.e. 𝑧∗ ∼ N(𝜇𝑧∗ , Σ𝑧∗).

Remark 5.1
In the context of GP-MPC schemes, where GPs are employed to make state predictions within

a finite horizon with 𝑁𝑝 > 1, it is actually rare to have Gaussian distributed regressors. In fact,

apart from the one-step-ahead state prediction, which is surely Gaussian due to the fact that

it results from a standard GPR step carried out on a deterministic regressor, all the following
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state predictions are non-Gaussian. Indeed, the true posterior PDF is

𝑝
(
𝑓 (𝑧∗) |𝜇𝑧∗ , Σ𝑧∗ , 𝑍, y, 𝜁 , 𝜎𝜂

)
=

∫
𝑝

(
𝑓 (𝑧∗) |𝑧∗, 𝑍, y, 𝜁 , 𝜎𝜂

)
𝑝

(
𝑧∗ |𝜇𝑧∗ , Σ𝑧∗

)
𝑑𝑧∗, (5.1)

where 𝑝
(
𝑧∗ |𝜇𝑧∗ , Σ𝑧∗

)
is known to be Gaussian, but 𝑝

(
𝑓 (𝑧∗) |𝑧∗, 𝑍, y, 𝜁 , 𝜎𝜂

)
, defined in (4.3), is

clearly a nonlinear function. Therefore, knowing that mapping a Gaussian distribution through

a nonlinear function results in a non-Gaussian distribution, (5.1) is non-Gaussian and is not

even guaranteed to be unimodal.

Nonetheless, it will be clarified later in the text why considering a regressor 𝑧∗ ∼ N(𝜇𝑧∗ , Σ𝑧∗)

is convenient.

Given that the integral (5.1) is analytically intractable, approximate ways need to be found for com-

puting 𝑝
(
𝑓 (𝑧∗) |𝜇𝑧∗ , Σ𝑧∗ , 𝑍, y, 𝜁 , 𝜎𝜂

)
. In [119], several solutions are considered. Hereafter, the three

most meaningful solutions are described.

The first solution, that is not suggested, is to simply ignore the stochasticity of the regressor 𝑧∗,

therefore carrying out GPR on its mean vector 𝜇𝑧∗ and dropping the information provided by Σ𝑧∗ .

This, of course, results in Gaussian posterior distributions with underestimated variance. The second

solution consists in numerically approximating the integral (5.1) by a Monte-Carlo approach, namely

taking 𝑛𝑠 independent samples 𝑧∗( 𝑗) , with 𝑗 ∈ [1, 𝑛𝑠], from 𝑝
(
𝑧∗ |𝜇𝑧∗ , Σ𝑧∗

)
and computing

𝑝
(
𝑓 (𝑧∗) |𝜇𝑧∗ , Σ𝑧∗ , 𝑍, y, 𝜁 , 𝜎𝜂

)
=

∫
𝑝

(
𝑓 (𝑧∗) |𝑧∗, 𝑍, y, 𝜁 , 𝜎𝜂

)
𝑝

(
𝑧∗ |𝜇𝑧∗ , Σ𝑧∗

)
𝑑𝑧∗

≂
1
𝑛𝑠

𝑛𝑠∑︁
𝑗=1

𝑝
(
𝑓 (𝑧∗) |𝑧∗( 𝑗) , 𝑍, y, 𝜁 , 𝜎𝜂

)
.

The third solution, which is computationally more efficient than a Monte-Carlo approximation, is

limited to GPs that employ a covariance function that belongs to the family of Gaussian covariance

functions, e.g. the previously presented and widely used SE-ARD function. Indeed, with such covari-

ance functions it is possible to exactly compute the first and the second moments of the distribution

(5.1). Therefore, ignoring the real shape of such posterior distribution, one can approximate it to a

Gaussian distribution whose first and second moments match the real ones. In this way, information

is lost about the shape of the posterior distribution, but at least the computed variances tend to be

larger, therefore modeling the propagation of uncertainty. Next, we provide the new posterior mean

and variance functions 𝜇(·|𝜇𝑧∗ , Σ𝑧∗ ,D) and 𝜎2(·|𝜇𝑧∗ , Σ𝑧∗ ,D) to be used with Gaussian regressors

𝑧∗ ∼ N(𝜇𝑧∗ , Σ𝑧∗) and considering a SE-ARD covariance function:

𝜇(·|𝜇𝑧∗ , Σ𝑧∗ ,D) = 𝜐⊤𝜓, (5.2a)
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𝜎2(·|𝜇𝑧∗ , Σ𝑧∗ ,D) = 𝜎2
𝑓 − tr

(
(𝐾 + 𝜎2

𝜂 𝐼𝑛D )−1𝑄̃
)
+ 𝜐⊤𝑄̃𝜐 − 𝜐⊤𝜓, (5.2b)

where:

• 𝜐 := (𝐾 + 𝜎2
𝜂 𝐼𝑛D )−1y;

• 𝜓 ∈ R𝑛D is composed of elements 𝜓 𝑗 , for 𝑗 ∈ [1, 𝑛D] defined as

𝜓 𝑗 := 𝜎2
𝑓 det

(
Σ𝑧∗Λ

−1 + 𝐼𝑛𝑧
)−1/2

· exp
[
−1

2
(𝑧( 𝑗) − 𝜇𝑧∗)⊤(Σ𝑧∗ + Λ)−1(𝑧( 𝑗) − 𝜇𝑧∗)

]
;

• the elements of 𝑄̃ ∈ R𝑛D×𝑛D are defined as

𝑄̃𝑖, 𝑗 :=
𝑘 (𝑧(𝑖) , 𝜇𝑧∗)𝑘 (𝑧( 𝑗) , 𝜇𝑧∗)
det(2Σ𝑧∗Λ−1 + 𝐼𝑛𝑧 )1/2

· exp

[
(𝑧(𝑖 𝑗) − 𝜇𝑧∗)⊤

(
Σ𝑧∗ +

Λ

2

)−1
Σ𝑧∗Λ

−1(𝑧(𝑖 𝑗) − 𝜇𝑧∗)
]
,

where 𝑧(𝑖 𝑗) := 1
2 (𝑧(𝑖) + 𝑧( 𝑗)).

For further details on how the last equations are obtained, we refer the reader to [35].

5.4 Problem formulation

The endocrine-metabolic system is a highly complex nonlinear time-varying system. Therefore, in

order to simplify its modeling, we assume the endocrine-metabolic system of T1DM subjects, treated

with an AP providing basal insulin and insulin boluses, to be modeled by a nonlinear discrete-time

multiple-input-single-output system. The output of this system is the subcutaneous glucose level,

which (indirectly) represents the BG level and is measured by a CGM, and is considered to behave as

a Nonlinear AutoRegressive eXogenous model (NARX) of the form

𝑦(𝑘 + 1) = 𝑓 (𝑦(𝑘), . . . , 𝑦(𝑘 − 𝑛𝑎 + 1),

𝑢meal(𝑘), . . . , 𝑢meal(𝑘 − 𝑛𝑏 + 1),

𝑢bolus(𝑘), . . . , 𝑢bolus(𝑘 − 𝑛𝑐 + 1),

𝑢basal(𝑘), . . . , 𝑢basal(𝑘 − 𝑛𝑑 + 1)) + 𝜂(𝑘),

(5.3)

where 𝑘 denotes the discrete-time index, 𝑦(𝑘) ∈ R is corrupted by i.i.d. white Gaussian noise

𝜂(𝑘) ∼ N (0, 𝜎2
𝜂 ), and 𝑛𝑎, 𝑛𝑏, 𝑛𝑐, 𝑛𝑑 are the memory horizons of glucose, meals, insulin boluses and

basal insulin that are considered to build the NARX state.
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Remark 5.2
CGM sensors measure the BG level only indirectly. Indeed, they measure the concentration of

glucose in the subcutaneous tissues, which can be considered as a noisy and delayed measure

of the real BG level, as outlined in [129].

The function 𝑓 (·) is considered to be unknown and is to be modeled by means of a GP. Therefore,

supposing a dataset D is available composed of 𝑛D couples (𝑦(𝑘), 𝑧(𝑘)), where the regressor 𝑧(𝑘) is

defined as

𝑧(𝑘) :=
(
𝑦(𝑘 − 1), . . . , 𝑦(𝑘 − 𝑛𝑎),

𝑢meal(𝑘 − 1), . . . , 𝑢meal(𝑘 − 𝑛𝑏),

𝑢bolus(𝑘 − 1), . . . , 𝑢bolus(𝑘 − 𝑛𝑐),

𝑢basal(𝑘 − 1), . . . , 𝑢basal(𝑘 − 𝑛𝑑)
) (5.4)

and allows us to redefine (5.3) as

𝑦(𝑘 + 1) = 𝑓 (𝑧(𝑘)) + 𝜂(𝑘). (5.5)

While 𝑢bolus and 𝑢basal are controlled inputs, 𝑢meal is an uncontrolled input. Moreover, meals are

considered to be announced in a timely manner and without any time advance. The controlled inputs

are subject to constraints that depend on the infusion pump capabilities and the subject’s IS:

(𝑢bolus(𝑘), 𝑢basal(𝑘)) ∈ U, ∀𝑘 ≥ 0. (5.6)

The real control objective is keeping the BG level inside the euglycemic range. However, since the real

BG level is considered to be inaccessible, the final control goal becomes that of keeping the measured

subcutaneous glucose level 𝑦 to the mentioned euglycemic range, namely:

70mg/dl ≤ 𝑦(𝑘) ≤ 180mg/dl, ∀𝑘 ≥ 0. (5.7)

5.5 Model design

As stated in the previous section, historical data about the considered T1DM subject are assumed to be

available and to be exploited for the training of a GP, i.e. to determine its hyperparameters. However,

before determining such hyperparameters, it is necessary to choose the mean function 𝑚(·) and the

covariance function 𝑘 (·, ·) that characterize the GP and the memory horizons 𝑛𝑎, 𝑛𝑏, 𝑛𝑐 and 𝑛𝑑 .

Supposing the latent function 𝑓 (·) to be smooth,𝑚(𝑧) = 0 is set and a modified version of the SE-ARD

covariance function is used, namely:

𝑘 (𝑧, 𝑧) = exp
[
−1

2
(𝑧 − 𝑧)⊤Λ−1(𝑧 − 𝑧)

]
, (5.8)
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where Λ = diag(𝑙21, . . . , 𝑙
2
𝑛𝑎+𝑛𝑏+𝑛𝑐+𝑛𝑑 ) and 𝜁 = (𝑙1, . . . , 𝑙𝑛𝑎+𝑛𝑏+𝑛𝑐+𝑛𝑑 ) are the covariance hyperparame-

ters. From a practical point of view, (5.8) is equivalent to (4.1), but the hyperparameter 𝜎 𝑓 is imposed

to be 𝜎 𝑓 = 1, therefore reducing the number of hyperparameters to be estimated.

Moreover, assuming a reduction in the complexity of both the training and inference phases by

employing a SoD approximation of GPs. Therefore, another parameter that has to be chosen is the

number 𝑛𝑟 of data points to be kept. The memory horizons 𝑛𝑎, 𝑛𝑏, 𝑛𝑐 and 𝑛𝑑 and the number 𝑛𝑟 of

observations to be kept have to be chosen for each subject.

While a straightforward way of finding the optimal value of these parameters might be to train

different models on a training set and choose as the final model the one providing the maximum

marginal likelihood over a validation set, this method might bring unsatisfactory results. This is due to

the fact that a GP can fit the data well even if it misunderstands the effect that each regressor component

has on the output function. In particular, since insulin boluses are often provided at mealtimes, many

models providing good marginal likelihood values actually interpret boluses as inputs that cause an

increase in blood glucose and meals as inputs causing a decrease.

For this reason, provided that the parameters to be found belong to the set of natural numbers and can

take only a finite number of values, a better sequence of actions that can be accomplished for model

selection is the following:

1. For each combination of 𝑛𝑎, 𝑛𝑏, 𝑛𝑐, 𝑛𝑑 and 𝑛𝑟 :

a) A temporary dataset Dtemp is built considering the regressors

𝑧(𝑘) := (𝑦(𝑘 − 1), . . . , 𝑦(𝑘 − 𝑛𝑎),

𝑢meal(𝑘 − 1), . . . , 𝑢meal(𝑘 − 𝑛𝑏),

𝑢bolus(𝑘 − 1), . . . , 𝑢bolus(𝑘 − 𝑛𝑐),

𝑢basal(𝑘 − 1), . . . , 𝑢basal(𝑘 − 𝑛𝑑)),

(5.9)

where 𝑛𝑎, 𝑛𝑏, 𝑛𝑐, 𝑛𝑑 are given by the currently addressed combination.

b) To keep the same number of (𝑦(𝑘), 𝑧(𝑘)) pairs for each combination, and to reduce the

computational complexity of both the training and inference phases, a subset of Dtemp is

built by selecting the 𝑛𝑟 most informative observations. This selection is done by running

a k-means clustering algorithm with k set to 𝑛𝑟 and then keeping the observations that are

closest to the cluster centroids.

c) The hyperparameters of the GP are found by maximization of the log marginal likelihood.
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2. The 10 models providing the best marginal likelihood values over a validation set are manually

evaluated in order to choose the most consistent with the known effects of the system inputs. In

particular, a good model is expected to predict a decrease in the glucose level when the value

of the provided basal insulin is large and to predict an increase after meals, which should be

smaller when also an insulin bolus is provided at mealtime.

Remark 5.3
The aforementioned model selection process is cumbersome and theoretically less elegant than

desired. A fully automated, reliable model selection procedure would be preferable.

5.5.1 The optimization problem

The goal of the here-presented controller is to keep the measured subcutaneous glucose level of T1DM

subjects within the euglycemic range (5.7), while trying to minimize the amount of injected insulin.

At each sampling instant 𝑘 , the controller has to compute the best 𝑢basal(𝑘) and 𝑢bolus(𝑘) based on

𝑦(𝑘), a collection of past input and output values 𝑧(𝑘), where 𝑧(𝑘) has the same structure introduced

in (5.9), and 𝑢meal(𝑘).

The predictions of the blood glucose levels along the prediction horizon are carried out via GPR. At

each prediction step 𝑗 , a regressor is built such that

𝑧( 𝑗 |𝑘) := ( 𝑦̂( 𝑗 |𝑘), . . . , 𝑦̂( 𝑗 − 𝑛𝑎 + 1|𝑘),

𝑢meal( 𝑗 |𝑘), . . . , 𝑢meal( 𝑗 − 𝑛𝑏 + 1|𝑘),

𝑢bolus( 𝑗 |𝑘), . . . , 𝑢bolus( 𝑗 − 𝑛𝑐 + 1|𝑘),

𝑢basal( 𝑗 |𝑘), . . . , 𝑢basal( 𝑗 − 𝑛𝑑 + 1|𝑘)),

where:

• 𝑦̂( 𝑗 − 𝑎 |𝑘) = 𝑦(𝑘 + 𝑗 − 𝑎) for 𝑗 ≤ 𝑎;

• 𝑦̂( 𝑗 − 𝑎 |𝑘) ∼ N (𝜇𝑦( 𝑗−𝑎 |𝑘) , 𝜎2
𝑦( 𝑗−𝑎 |𝑘)), where

𝜇𝑦( 𝑗−𝑎 |𝑘) = 𝜇(𝑧( 𝑗 − 𝑎 − 1|𝑘) |𝜇𝑧( 𝑗−𝑎−1|𝑘) , Σ𝑧( 𝑗−𝑎−1|𝑘) ,D)

and

𝜎2
𝑦( 𝑗−𝑎 |𝑘)) = 𝜎

2(𝜇(𝑧( 𝑗 − 𝑎 − 1|𝑘) |𝜇𝑧( 𝑗−𝑎−1|𝑘) , Σ𝑧( 𝑗−𝑎−1|𝑘) ,D).

The regressor 𝑧( 𝑗 |𝑘) is then used to get the prediction 𝑦̂( 𝑗 + 1|𝑘), whose mean and variance are

computed as explained in Section 5.3.
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Given that hyperglycemia and hypoglycemia events, although undesirable, are possible and that the

latter are more critical than the former, the cost function and the constraints involved in the MPC are

inspired by [2]. In particular, soft constraints are provided to keep the predicted subcutaneous glucose

levels within the euglycemic range if possible, and the related slack variables are weighted inside

the cost function in such a way that makes hypoglycemia events less likely than hyperglycemia ones,

because they are more dangerous.

The soft constraints on the predicted subcutaneous glucose levels are made even safer by considering

also the standard deviation of each prediction. This comes from the fact that both predictions with

expected values that lie outside the euglycemic range and predictions with large variances can be

considered unsafe.

Moreover, the MPC belongs to the family of zone MPCs, as it brings the system output to a specified

range, or zone, instead of bringing it to a reference point. This is done by introducing a new

optimization variable 𝑦𝑎, which is imposed to stay within a desired range, and by penalizing the

distance between the predicted glucose levels and this variable in the cost function.

Along the chosen prediction horizon 𝑁𝑝, basal insulin is free to change at every prediction step. The

same does not apply to insulin boluses; a bolus can be provided only at the first prediction step and

only when 𝑢meal > 0.

The last concepts and assumptions formally translate into the following optimization problem

𝑃𝑁𝑝
(𝑦(𝑘), 𝑧(𝑘)), which has to be solved at each sampling instant 𝑘:

min
(u(𝑘),δhypo (𝑘),δhyper (𝑘),𝑦𝑎 (𝑘))

𝑁𝑝∑︁
𝑗=0

[
𝑄( 𝑦̂( 𝑗 |𝑘) − 𝑦𝑎 (𝑘))2 + 𝜏hypo𝛿hypo( 𝑗 |𝑘)2 + 𝜏hyper𝛿hyper( 𝑗 |𝑘)2

]
+
𝑁𝑝−1∑︁
𝑗=0

[
𝑅basal𝑢basal( 𝑗 |𝑘)2

]
+ 𝑅bolus𝑢bolus(0|𝑘)2

(5.10a)

s.t. 𝑦̂(0|𝑘) = 𝑦(𝑘) (5.10b)

𝑦̂( 𝑗 |𝑘) ∼ N (𝜇𝑦( 𝑗 |𝑘) , 𝜎2
𝑦( 𝑗 |𝑘)) ∀ 𝑗 ∈ [1, 𝑁𝑝] (5.10c)

0 ≤ 𝑢basal( 𝑗 |𝑘) ≤ 𝑢basal ∀ 𝑗 ∈ [0, 𝑁𝑝 − 1] (5.10d)

0 ≤ 𝑢bolus(0|𝑘) ≤ 𝑢bolus(𝑢meal(𝑘)) (5.10e)

𝑦 ≤ 𝑦𝑎 (𝑘) ≤ (𝑦 + 𝑦)/2 (5.10f)

𝛿hypo( 𝑗 |𝑘) ≥ 0, 𝛿hyper( 𝑗 |𝑘) ≥ 0 ∀ 𝑗 ∈ [0, 𝑁𝑝] (5.10g)

𝑦̂( 𝑗 |𝑘) − 𝑛𝜎𝜎𝑦( 𝑗 |𝑘) ≥ 𝑦 − 𝛿hypo( 𝑗 |𝑘) ∀ 𝑗 ∈ [0, 𝑁𝑝] (5.10h)

𝑦̂( 𝑗 |𝑘) + 𝑛𝜎𝜎𝑦( 𝑗 |𝑘) ≤ 𝑦 + 𝛿hyper( 𝑗 |𝑘) ∀ 𝑗 ∈ [0, 𝑁𝑝] (5.10i)
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where:

• 𝑦̂( 𝑗 |𝑘) are Gaussian distributions obtained by means of multi-step-ahead prediction.

• 𝑢basal is a design parameter and depends on the insulin sensitivity of the subject.

• The insulin bolus upper bound is computed as

𝑢bolus(𝑢meal(𝑘)) =


0, 𝑢meal(𝑘) = 0

𝑢bolus, 𝑢meal(𝑘) > 0

where 𝑢bolus is a design parameter.

• 𝛿hypo( 𝑗 |𝑘) and 𝛿hyper( 𝑗 |𝑘) are the slack variables related to hypoglycemia and hyperglycemia

events.

• 𝑦 = 70mg/dl and 𝑦 = 180mg/dl are the lower and upper bounds of the euglycemic range.

Note that 𝑦𝑎 is imposed to stay within the lower half of the euglycemic range [70, 125]mg/dl

instead of the entire euglycemic range [70, 180]mg/dl to recover more quickly from possible

hyperglycemia events.

• 𝑛𝜎 is a design parameter. The higher 𝑛𝜎, the more the MPC is expected to avoid uncertain

predictions.

5.6 Case study

The designed zone MPC was tested on 11 in-silico adult subjects by means of the UVA/Padova T1DM

simulator, whose details can be found in [100]. The simulations were run on a machine equipped with

an Intel® Xeon® E3-1225 CPU and 8GB of RAM. The controller was implemented in MATLAB®

and the optimization problem that is inherent in each MPC step was solved by means of the fmincon

function.

Both the data collection phase and the final simulations were carried out considering a sampling time

𝑇𝑠 = 10min. This choice is motivated by the need to guarantee that the execution time of a single MPC

step is shorter than the sampling time. In order to create GPs that really understand the dynamics

of the endocrine-metabolic system, it is necessary to create regressors that take into account output

and input values of the past 1-2 hours; for this reason choosing a shorter sampling time would lead

to the need of building regressors with larger memory horizons 𝑛𝑎, 𝑛𝑏, 𝑛𝑐 and 𝑛𝑑 , thus making the

optimization problem involved in the here proposed MPC computationally demanding.
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In both the data collection phase and the final simulations, the daily nutrition plan was the same for

all the subjects and is described in Table 21.

Time 7a.m. 10a.m. 12a.m. 3p.m. 6p.m. 10p.m.
Intake [g] 30 10 45 10 60 10

Table 21: Daily carbohydrate consumption for the in-silico subjects.

5.6.1 Data collection and model identification

In order to identify high-quality GPs for each subject, it was necessary to collect large amounts of data

about all the conditions a diabetic subject can run into. For this reason, data about each subject were

collected over a 35 days simulation with the goal of leading the subject to hyperglycemia, euglycemia

and hypoglycemia by randomly changing the basal insulin provided over the simulation time and

giving random boluses at mealtime.

Giving random values of basal insulin and boluses requires knowing an upper bound for the two,

namely the parameters 𝑢basal and 𝑢bolus introduced in (5.10). In order to find these values it was

necessary to run multiple simulations on each subject and to fix the upper bounds in order to avoid too

dangerous hypoglycemia and hyperglycemia events. The bounds that were chosen are shown in Table

22. Once the dataset D was built, the process explained in Section 3.1 was followed to determine 𝑛𝑎,

𝑛𝑏, 𝑛𝑐, 𝑛𝑑 and 𝑛𝑟 and find the best GP for each subject. In particular, in order to limit the number of

parameter combinations to be evaluated, the following assumptions were made:

𝑛𝑎 ∈ {4, 6}, (5.11a)

𝑛𝑏, 𝑛𝑐, 𝑛𝑑 ∈ [6, 12], (5.11b)

𝑛𝑟 ∈ {150, 200, 250, 300, 350, 400}. (5.11c)

The parameters of the chosen models are shown in Table 23.

5.6.2 Controller settings

The personalization of the here-proposed controller to meet the needs of the single T1DM subject is

not only guaranteed by the GP model that is fitted to the single subject’s data, but also by the possibility

Subject
Avg #1 #2 #3 #4 #5 #6 #7 #8 #9 #10

𝑢basal 180 255 260 320 190 160 350 160 240 140 230
𝑢bolus 10000 15000 12000 15000 12000 9000 27000 3000 18000 8000 20000

Table 22: Performance metrics of the closed-loop system on the 11 in-silico subjects.
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Subject
Avg #1 #2 #3 #4 #5 #6 #7 #8 #9 #10

𝑛𝑎 4 4 4 6 6 4 4 4 4 4 4
𝑛𝑏 8 6 10 10 10 6 10 10 10 10 10
𝑛𝑐 10 9 12 6 10 6 8 12 10 10 10
𝑛𝑑 6 9 10 12 8 9 8 6 12 12 12
𝑛𝑟 150 250 250 350 250 250 350 250 250 250 250

Table 23: Selected model for each subject.

Subject 𝑁𝑝 𝑄 𝑅basal 𝑅bolus 𝜏hypo 𝜏hyper 𝑛𝜎

#1, #3-10 12 100 0.5 0.1 105 104 2
#2, Avg 12 100 0.1 0.1 105 104 2

Table 24: MPC settings.

to choose different settings for the zone MPC. In particular, the parameters that can be changed to

optimize the performance of the controller on the single subject are 𝑁𝑝, 𝑄, 𝑅basal, 𝑅bolus, 𝜏hypo, 𝜏hyper

and 𝑛𝜎.

The settings that were chosen for the in-silico subjects after several trials were similar. In particular,

only 𝑅basal took different values depending on the subject. The parameters for all the subjects are

presented in Table 24.

5.6.3 Simulation results

The results of the simulations are promising; in particular, no subjects ran into severe hypoglycemia

events and, apart from Adult 7, all the other subjects experienced a limited number of hyperglycemia

events.

Before evaluating the performance of the proposed method, let us briefly discuss the metrics that can

be used to carry out such evaluation. In detail, the ideal controller should keep the glucose level of

the treated subject almost constant and close to 110mg/dl. Therefore, two metrics that can be used

to evaluate the closed-loop performance are the glucose level mean and standard deviation, as they

give insight about how close the glucose level was to the ideal level and the magnitude of its changes

over time. Other important metrics are the time spent in hypoglycemia, i.e. below 70mg/dl, and the

time spent in hyperglycemia, in particular above 180mg/dl. Two metrics are often used to measure

the time spent in euglycemia, namely the time spent in the tighter range [70,140]mg/dl, and the time

spent in the wider range [70,180]mg/dl. What changes between these two ranges is the upper bound,

as hyperglycemia is less dangerous than hypoglycemia in the short term, thus making hyperglycemia

events in the range [140,180]mg/dl not particularly relevant. The values of the described metrics for

the in-silico subjects that were treated with the MPC are reported in Tables 25 and 26. Note how
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almost all the subjects spent between the 85% and the 100% of the simulation time in euglycemic

range, the only exception being Adult 7. Furthermore, none of the subjects ran into hypoglycemia

events.

Subject Avg #1 #2 #3 #4 #5
Mean glucose [mg/dl] 141.55 140.17 134.43 130.38 131.24 119.66
Glucose SD [mg/dl] 28.13 17.78 24.67 33.61 20.48 30.17

Time in [70,140]mg/dl [%] 57.76 55.45 71.49 71.42 66.30 76.28
Time in [70,180]mg/dl [%] 89.93 96.41 94.38 93.57 98.10 93.91
Time above 180mg/dl [%] 10.07 3.59 5.62 6.43 1.90 6.09
Time below 70mg/dl [%] 0.00 0.00 0.00 0.00 0.00 0.00

Table 25: Performance metrics of the closed-loop system on the 11 in-silico subjects.

Subject #6 #7 #8 #9 #10
Mean glucose [mg/dl] 122.93 181.05 145.10 140.49 133.68
Glucose SD [mg/dl] 24.07 57.81 26.79 35.74 17.26

Time in [70,140]mg/dl [%] 80.84 33.28 56.79 59.52 63.13
Time in [70,180]mg/dl [%] 95.76 51.15 88.43 85.81 99.79
Time above 180mg/dl [%] 4.24 48.85 11.57 14.19 0.21
Time below 70mg/dl [%] 0.00 0.00 0.00 0.00 0.00

Table 26: Performance metrics of the closed-loop system on the 11 in-silico subjects.

Another important tool for the evaluation of the performance of our method is the so-called Control-

Variability Grid Analysis (CVGA) introduced in [97]. This is a graphical tool that summarizes two

important pieces of information, namely the minimum and the maximum glucose levels that were

reached in closed loop. Therefore, we would like each subject to have similar minimum and maximum

glucose levels, with the minimum being above the hypoglycemic threshold (70 or ideally 90mg/dl) and

the maximum laying below the hyperglycemic threshold, 180mg/dl, or below the severe hyperglycemic

threshold, 300mg/dl. The CVGA related to the in-silico subjects treated with the method is shown in

Figure 19 and proves the general quality of the controller, given that:

• 2 subjects never reached hypoglycemia and hyperglycemia situations (A zone);

• 2 subjects experienced some benign hyperglycemia events and approached the euglycemic range

lower bound (B zone);

• 6 subjects experienced some benign hyperglycemia events, without approaching the euglycemic

range lower bound (Upper B zone);

• One subject, in particular Adult 7, ran into some severe hyperglycemia events, but never ap-

proached hypoglycemic levels (Upper C zone).
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Figure 20 displays the evolution of the measured subcutaneous glucose level over the three-day

simulation for three representative subjects. In detail, it is possible to see how the controller was

able to keep most subjects within the euglycemic range for most of the time, responding promptly to

carbohydrate intakes with well-computed boluses, while being too conservative in the case of Adult

7, who experienced several long-lasting hyperglycemia events due to an insufficient infusion of basal

insulin and small boluses.
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#10

Figure 19: CVGA of the simulations run for the 11 adult subjects. Adult 7 was the only one reaching
noticeable hyperglycemia values, while the other subjects were treated successfully with the MPC.

In addition to achieving encouraging results, the proposed MPC always had execution times that were

consistent with the chosen sampling time. Indeed, as shown in Figure 21, only the execution time of

the controller built for adult 6 approached the sampling time, but never exceeded it.

5.7 Conclusion

In this chapter, we presented a zone MPC based on GPs for the regulation of the subcutaneous

glucose level in T1DM subjects. In particular, given the complexity of the endocrine system, GPs are
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Figure 20: Evolution of the blood glucose level in the treated in-silico patients. The plots confirm the
information provided by the previously addressed performance metrics. Indeed, none of the treated
subjects experienced hypoglycemia, while non-severe hyperglycemic events were more common.

considered to be employed for its modeling, in order to avoid the need of a first-principle model. GPR

is used to make predictions and the standard deviation of the resulting posterior distribution is used

to restrict the soft constraints imposed in the optimal control problem. The method was tested on 11

in-silico diabetic subjects, for which a sufficient amount of data were previously collected to enable

the training of the needed GPs. The obtained results confirm the good potential of GP-MPC schemes

for the regulation of the glucose level in T1DM patients. In particular, none of the treated subjects

experienced hypoglycemia, while sporadic hyperglycemic events were reported for several subjects.

Only one of the treated subjects was ineffectively treated and reached severe hyperglycemic levels.

Nonetheless, it would be interesting to study GP-MPC formulations that can update the employed

model online, in order to take into account the time-varying nature of the endocrine system, and to

elaborate a design method that does not require a stressful data collection phase and a manual model

selection.
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Figure 21: Box plots of the single MPC step execution times related to each subject. The execution time
of a single MPC step was never greater than the sampling time.

177





Chapter 6. Conclusions and future developments

This chapter summarizes the content and the contributions of this book and proposes some research

lines that could arise in the future starting from the results that are presented in this manuscript.

6.1 Summary of the contributions

This book aims at providing novel MPC formulations for the control of nonlinear systems that take

into account the perturbations acting on the system to ensure robustness and that can be designed and

implemented in contexts in which the design of standard MPC schemes would be too challenging.

Chapter 1 reviewed different MPC schemes for the control of nonlinear systems. Formulations for

the regulation of nonlinear systems to a fixed setpoint were first addressed, focusing on different

ways of formulating the stability-related terminal ingredients and commenting the advantages and

drawbacks of each formulation. Then, MPC schemes designed to ensure closed-loop stability and

recursive feasibility also in case of changing (and potentially infeasible) setpoints were analyzed.

Finally, the problem of dealing with perturbations acting on the system was addressed, explaining

how robust MPC schemes are designed to ensure input-to-state stability and recursive feasibility when

such perturbations are bounded.

Chapter 2 presented a novel tube-based MPC for tracking changing setpoints that can be applied to

a wide family of nonlinear systems. The conditions that the system under control and the employed

cost function have to verify to enable the implementation of such MPC were listed, and a proof of

recursive feasibility and input-to-state stability of the closed loop was provided. In particular, it was

shown that the closed-loop system output is ensured to converge to a bounded region containing the

best admissible steady output, also thanks to the exploitation of a robust invariant set for tracking as

constraint set on both the terminal state and the artificial reference.

Chapter 3 returned to regulation problems, focusing on the problem of designing the terminal ingredi-

ents for perturbed nonlinear systems whose linearization at the desired equilibrium point is not fully

controllable. Relying on the contractivity of a positive definite function, a property that is ensured

by the stabilizability of the system under control, it was shown how contractive functions, which are

easy to design, can replace the CLF that is usually employed in standard MPC schemes to ensure

the stability of the closed-loop system. Moreover, though the knowledge of an RPI is still required

to guarantee the recursive feasibility and the stabilizing capabilities of the robust contraction-based

MPC, it does not have to be explicitly used in a terminal constraint.
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Chapter 4 leveraged the theoretical concepts explained in Chapter 3 to show under what conditions

an unknown nonlinear system modeled by means of a GP can be effectively controlled by a robust

contraction-based MPC. In particular, a simple Lipschitz continuity assumption on both the latent

function and the employed GP mean and covariance functions and a boundedness assumption on

the Gaussian noise acting on the system were relied upon to prove that nonlinear systems modeled

by GPs can be effectively controlled by a robust contraction-based MPC. Therefore, the resulting

contractive GP-MPC inherits both the recursive feasibility and the stabilizing capability of the robust

contraction-based MPC presented in Chapter 3.

Finally, Chapter 5 examined the effectiveness of GP-MPC schemes in biomedical applications, ad-

dressing the specific problem of controlling the glucose level in T1DM subjects, a control problem

that is challenging due to the presence of uncontrolled inputs, i.e. meals, and to the complexity and

time-varying nature of the human endocrine system. Considering the employment of a common AP, a

zone MPC was designed that makes predictions about the glucose level of a certain subject by means

of a GP that is trained on previously collected data. The results were satisfying and showed that GPs

and other black-box learning methods can play an important role in future AID systems.

6.2 Limitations and future works

While the results achieved are satisfactory, the theoretical and applicative contributions of this volume

have limitations that merit further investigation.

The issues encountered during the development of the tube-based MPC for tracking changing set-

points are first addressed. While the theoretical results obtained are sound and based on meticulous

mathematical proofs, the computation of the ingredients ensuring its effectiveness is complex. Indeed:

• The theory works for any component-wise uniformly continuous system, but a practical way of

computing all the needed ingredients was provided only for the smaller family of component-

wise Lipschitz continuous systems.

• How to compute pre-stabilizing control laws 𝜋(𝑦𝑠, 𝑥, 𝑣) that can reduce the conservativeness of

the computed tubes ∀𝑦𝑠 is still a subject to be investigated.

• The employed terminal ingredients require to know the contractive sets Ω(𝑦𝑠), but finding a

family of pre-stabilizing control laws and a robust invariant set for tracking that meet all the

needed conditions is challenging. In practice, it is difficult to implement such MPC scheme

when the perturbations acting on the system are large.
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• Only a scheme employing complete terminal ingredients was provided.

These are the main reasons why further work on practical methods for computing the terminal

ingredients would be beneficial, as well as development of a version of the tube-based MPC for

tracking without a constraint on the terminal state.

Regarding the proposed robust contraction-based MPC for regulation:

• Its usage requires either to solve a mixed-integer problem or two standard nonlinear optimization

problems, thus making the implementation of such MPC scheme challenging in case of limited

technological resources.

• Even though contractivity enables the closed-loop input-to-state (practical) stability proof, it

would be desirable to have further information about how to choose a contractive function that

meets all the conditions.

For these reasons, it would be interesting to investigate how to simplify the optimization problem(s)

to be solved, and how to choose a contractive function that could enable the usage of short prediction

horizons and extend the region of attraction of the MPC. Moreover, another appealing line of research

could be that of applying contractivity to MPC schemes for tracking changing setpoints.

The robust contractive GP-MPC that was presented in Chapter 4 can surely limit the time spent

in system modeling and its stability properties are inherited by the robust contraction-based MPC.

Nonetheless:

• The choice of bounding the prediction error, which is theoretically Gaussian distributed, is

reasonable from a pure engineering point of view, but limits the mathematical soundness of the

proposed method.

• GPR provides posterior probability distributions, but the method just exploits the expected value

of such distributions and relies on the Lipschitz continuity of the model to build the tightened

constraints that guarantee robustness, hence wasting information.

Thus, it would be interesting to edit the controller so as to take into account the stochastic nature of

GPs and deal with the problem of recursive feasibility in a probabilistic way, therefore allowing for

prediction error distributions with infinite support. Finally, the employment of multiple-output GPs

could improve the quality of the trained models.

Finally, the GP-MPC designed for the regulation of the glucose level in T1DM subjects needs sub-

stantial adjustments in all its facets:
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• First of all, the time-varying nature of the endocrine system should not be ignored. Moreover,

further perturbations should be taken into account, e.g. physical exercise. All these issues

require to rethink the design of the GP and to give the MPC the possibility to update the

employed model based on new data.

• The goal of AID systems is not just that of regulating the glucose level of a diabetic subject.

In fact, it is also important to limit the quantity of insulin that has been injected and not yet

absorbed, the so-called insulin on board. The MPC does not bound this quantity and just relies

on its low aggressiveness to prevent the insulin on board from exceeding dangerous levels.

• The training of GPs in the AID context requires data that can represent all the situations a

diabetic subject can run into, which translates in the need of conducting a data collection phase

that is physically and mentally stressful for the subject.

• The designed MPC was not mathematically synthesized to ensure particular closed-loop stability

properties.

Consequently, there is much that can be done to improve the results, the soundness and the reliability

of the method.
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Appendix A

Stability theory

This appendix introduces the main concepts about the stability of discrete-time systems. In detail,

some preliminary concepts that are needed to fully understand the stability-related definitions are first

introduced, then the nominal stability of discrete-time nonlinear systems is analyzed, i.e. with no

disturbances and uncertainties, and finally the idea of input-to-state stability is introduced.

A.1 Comparison functions
Definition A.1: K, K∞, KL, and PD functions

• A function 𝛼 : R≥0 → R≥0 is a K function if:

– it is a continuous function;

– it is strictly increasing, i.e. 𝛼(𝑎) > 𝛼(𝑏) if 𝑎 > 𝑏;

– 𝛼(0) = 0.

• A function 𝛼 : R≥0 → R≥0 is a K∞ function if it is a K function and 𝛼(𝑎) → ∞ when

𝑎 → ∞.

• A function 𝛽 : R≥0 × N → R≥0 is a KL function if:

– the function 𝛽(𝑎, 𝑘) is a K function with respect to 𝑎 for all fixed 𝑘 ≥ 0;

– the function 𝛽(𝑎, 𝑘) is a decreasing function with respect to 𝑘 for all fixed 𝑎 ≥ 0,

and such that 𝛽(𝑎, 𝑘) → 0 when 𝑘 → ∞.

• A function 𝛾 : R → R≥0 is a PD (positive definite) function if 𝛾(0) = 0 and 𝛾(𝑠) > 0 for

all 𝑠 ≠ 0.

Property A.1: Main properties of K, K∞, and KL functions

Consider two K functions 𝛼1(·) and 𝛼2(·) defined in [0, 𝑎), two K∞ functions 𝛼3(·) and 𝛼4(·),

and a KL function 𝛽(·, ·). Therefore:

• the function 𝛼−1
1 (·) is a K function defined in [0, 𝛼1(𝑎));

• the function 𝛼−1
3 (·) is a K∞ function;
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• the composition of 𝛼1(·) and 𝛼2(·), 𝛼1 ◦ 𝛼2, is a K function;

• the composition of 𝛼3(·) and 𝛼4(·), 𝛼3 ◦ 𝛼4, is a K∞ function;

• the composition of a K function and a KL function, 𝛼1 ◦ 𝛽, is a KL function;

• the function 𝛼5(𝑠) := max {𝛼1(𝑠), 𝛼2(𝑠)} is a K function;

• the function 𝛼6(𝑠) := max {𝛼3(𝑠), 𝛼4(𝑠)} is a K∞ function;

• the function 𝛼7(𝑠) := 𝛼1(𝑠) + 𝛼2(𝑠) is a K function;

• the function 𝛼8(𝑠) := 𝛼3(𝑠) + 𝛼4(𝑠) is a K∞ function;

• given a K∞ function, 𝛼3(·), there exists a K∞ function 𝛼9(·) such that:

– 𝛼9(𝑠) ≤ 𝛼3(𝑠) for all 𝑠 > 0;

– the function 𝛼10(𝑠) := 𝑠 − 𝛼9(𝑠) is a K function, that is 𝛼9(𝑠) < 𝑠 for all 𝑠 > 0;

• if 𝛼3(𝑠) ≤ 𝛼4(𝑠) for all 𝑠 ≥ 0, then 𝛼−1
3 (𝑠) ≥ 𝛼−1

4 (𝑠);

• given 𝑎, 𝑏 ∈ R≥0, 𝛼1(𝑎 + 𝑏) ≤ 𝛼1(2𝑎) + 𝛼1(2𝑏);

• given a K∞ function, 𝛼3(·), there exist two K∞ functions 𝛼11(·), 𝛼12(·) such that 𝛼3(𝑟𝑠) ≤

𝛼11(𝑟)𝛼12(𝑠), for all 𝑟, 𝑠 ∈ R≥0.

A.2 Set invariance

A concept that is important to grasp when designing an MPC is that of set invariance. Indeed, sets

with invariance properties are often employed in the design of the MPC stability-related terminal

ingredients.

Definition A.2: Positively invariant set

A set Ω ⊆ R𝑛 is a positively invariant set for the autonomous system 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘)) if

∀𝑥 : 𝑥 ∈ Ω =⇒ 𝑓 (𝑥) ∈ Ω.
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Definition A.3: Robust positively invariant set (RPI)

A set Ω ⊆ R𝑛 is a robust positively invariant set for the system 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘), 𝑤(𝑘)), where

𝑤 ∈ W, if

∀𝑥 : 𝑥 ∈ Ω =⇒ 𝑓 (𝑥, 𝑤) ∈ Ω,∀𝑤 ∈ W.

A.3 Nominal stability of discrete-time nonlinear systems

We now define the main concepts about the nominal stability of a generic (continuous) discrete-time

nonlinear system at the origin.

Definition A.4: Stability

An autonomous system 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘)) is stable at the origin if, for all 𝛿 > 0, a constant

𝜖 = 𝜖 (𝛿) exists such that

∀𝑥(0) : ∥𝑥(0)∥ ≤ 𝜖 =⇒ ∥𝑥(𝑘)∥ ≤ 𝛿 ∀𝑘 ≥ 0.

Definition A.5: Attractivity

The system 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘)) is attractive on a set X if lim𝑘→∞ 𝑥(𝑘) = 0 for all 𝑥(0) ∈ X.

Mind that attractivity does not imply stability. In fact, the state of an attractive system can converge to

the origin even though constants 𝛿 > 0 and 𝜖 (𝛿) verifying the conditions that are needed for stability

do not exist.

Definition A.6: Asymptotic stability

An autonomous system 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘)) is asymptotically stable at the origin if it is stable

and there exists a constant 𝜖 > 0 such that

∀𝑥(0) : ∥𝑥(0)∥ ≤ 𝜖 =⇒ 𝑥(𝑘) → 0 for 𝑘 → ∞.

Equivalently, the system 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘)) is asymptotically stable at the origin if a KL

function 𝛽(·, ·) exists such that

∥𝑥(𝑘)∥ ≤ 𝛽(∥𝑥(0)∥, 𝑘)

for all 𝑘 ≥ 0 and all 𝑥(0) that verify ∥𝑥(0)∥ ≤ 𝜖 .

Alternatively, the 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘)) is asymptotically stable at the origin if it is stable and

attractive.

187



Marco Polver

Definition A.7: Exponential stability

An autonomous system 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘)) is exponentially stable at the origin if it is asymp-

totically stable and there exist constants 𝜖 > 0, 𝑎 > 0, and 𝜆 ∈ [0, 1) that verify

∥𝑥(𝑘)∥ ≤ 𝑎 · ∥𝑥(0)∥ · 𝜆𝑘

for all 𝑘 ≥ 0 and all 𝑥(0) such that ∥𝑥(0)∥ ≤ 𝜖 .

All the previous stability definitions are defined on a neighborhood of the origin, i.e. {𝑥 ∈ R𝑛 : ∥𝑥∥ ≤

𝜖}. In this case the system is such to be locally stable. When such properties apply for the entire state

space R𝑛, the system is such to be globally stable.

A.4 Lyapunov stability theory

The Lyapunov stability theory poses sufficient conditions to guarantee the stability of an autonomous

system, and is based on the existence of a positive definite function, called Lyapunov function,

depending on whose properties it is possible to prove stability, asymptotic stability, and exponential

stability.

Definition A.8: Lyapunov function

A function 𝑉 : R𝑛 → R≥0 associated to a system 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘)) is a Lyapunov function

in X if there exist functions 𝛼1(·), 𝛼2(·) ∈ K∞ such that the following conditions hold for any

𝑥 ∈ X:

𝛼1(∥𝑥∥) ≤ 𝑉 (𝑥) ≤ 𝛼2(∥𝑥∥)

𝑉 ( 𝑓 (𝑥)) −𝑉 (𝑥) ≤ 0.

Theorem A.1

Given an autonomous system 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘)) with an equilibrium at the origin, if there

exists an associated Lyapunov function, then the origin is a stable equilibrium of the system. If

these conditions hold in R𝑛, then the origin is globally stable.

Theorem A.2

Given an autonomous system 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘)) with an equilibrium at the origin, if there

exists an associated Lyapunov function such that 𝑉 ( 𝑓 (𝑥)) − 𝑉 (𝑥) ≤ −𝛼3(∥𝑥∥), where 𝛼3(·) is
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a PD function, then the origin is an asymptotically stable equilibrium of the system. If these

conditions hold in R𝑛, then the origin is globally asymptotically stable.

Theorem A.3

Given an autonomous system 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘)) with an equilibrium at the origin, if there

exists an associated Lyapunov function𝑉 (𝑥) and constants 𝑎 > 0, 𝑏 > 0, 𝑐 > 0 and 𝜎 ≥ 1 such

that

𝑎∥𝑥∥𝜎 ≤ 𝑉 (𝑥) ≤ 𝑏∥𝑥∥𝜎

and

𝑉 ( 𝑓 (𝑥)) −𝑉 (𝑥) ≤ −𝑐∥𝑥∥𝜎,

then the origin is an exponentially stable equilibrium of the system. If these conditions hold in

R𝑛, then the origin is globally exponentially stable.

It is also interesting to study how to apply the Lyapunov stability theory to controlled systems. We

will not delve into details of this topic, but we provide the definition of control Lyapunov function

(CLF), as it is employed in the stability proofs provided throughout the present book.

Definition A.9: Control Lyapunov function

A function 𝑉 : R𝑛 → R≥0 associated to a system 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘), 𝑢(𝑘)) is a CLF in X if

there exist functions 𝛼1(·), 𝛼2(·), 𝛼3(·) ∈ K∞ and a control law 𝜅(𝑥) defined and feasible in X

such that the following conditions hold for any 𝑥 ∈ X:

𝛼1(∥𝑥∥) ≤ 𝑉 (𝑥) ≤ 𝛼2(∥𝑥∥)

𝑉 ( 𝑓 (𝑥, 𝜅(𝑥))) −𝑉 (𝑥) ≤ −𝛼3(∥𝑥∥).

A.5 Input-to-state stability

While in the perturbation-free case it is possible to use the Lyapunov stability theory to prove the

stability of a system, the system evolution changes from what is expected when perturbations arise.

Therefore, it is desirable to prove that the effect of the aforementioned perturbations is bounded and

depends on the size of such perturbations. This is the core concept behind the idea of input-to-state

stability, whose formal definition is provided in the following.
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Definition A.10: Input-to-state stability

A system 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘), 𝑤(𝑘)) is input-to-state stable (ISS) with respect to 𝑤 if there exist

a KL function 𝛽(·, ·) and a K function 𝛼(·) such that

∥𝑥(𝑘)∥ ≤ 𝛽(∥𝑥(0)∥, 𝑘) + sup
𝑗∈[0,𝑘]

𝛼(∥𝑤( 𝑗)∥).

An extension to input-to-state stability is the so-called input-to-state practical stability, in which the

norm of the state is not considered to be bounded only by the KL function 𝛽(·, ·) and the K function

𝛼(·), but also by a constant 𝑐, as stated in the following definition.

Definition A.11: Input-to-state practical stability

A system 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘), 𝑤(𝑘)) is input-to-state practically stable (ISpS) with respect to 𝑤

if there exist a KL function 𝛽(·, ·), a K function 𝛼(·) and a constant 𝑐 > 0 such that

∥𝑥(𝑘)∥ ≤ 𝛽(∥𝑥(0)∥, 𝑘) + sup
𝑗∈[0,𝑘]

𝛼(∥𝑤( 𝑗)∥) + 𝑐.

Definition A.12: ISpS-Lyapunov function

A function𝑉 : R𝑛 → R≥0 is an ISpS-Lyapunov function for the system 𝑥(𝑘+1) = 𝑓 (𝑥(𝑘), 𝑤(𝑘)),

with respect to 𝑤, in a RPI Γ containing the origin if there exists a compact set Ω ⊆ Γ, with

{0} ∈ Ω, such that:

𝑉 (𝑥) ≥ 𝛼1(∥𝑥∥), ∀𝑥 ∈ Γ,

𝑉 (𝑥) ≤ 𝛼2(∥𝑥∥) + 𝑐1, ∀𝑥 ∈ Ω,

𝑉 ( 𝑓 (𝑥, 𝑤))−𝑉 (𝑥) ≤ −𝛼3(∥𝑥∥) + 𝛾(∥𝑤∥) + 𝑐2,∀𝑥 ∈ Γ, 𝑤 ∈ W,

where 𝛼1(·), 𝛼2(·) and 𝛼3(·) are K∞ functions, 𝛾(·) is a K function, 𝑐1 ≥ 0 and 𝑐2 ≥ 0.

If 𝑐1 = 𝑐2 = 0, then 𝑉 (𝑥) is called an ISS-Lyapunov function.

Theorem A.4

If the system 𝑥(𝑘 + 1) = 𝑓 (𝑥(𝑘), 𝑤(𝑘)) admits an IS(p)S-Lyapunov function in Γ with respect

to 𝑤, then it is IS(p)S in Γ with respect to 𝑤.
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Gaussian distribution properties

This appendix presents the main properties of Gaussian distributions, which are particularly useful for

the comprehension of Section 4.2.

Considering a random variable 𝐴 that takes values 𝑎 ∈ R𝑛D and is Gaussian distributed, i.e. 𝐴 ∼

N(𝜇, Σ), where 𝜇 is the mean vector and Σ is the covariance matrix, the probability density function

(PDF) of 𝐴 evaluated in 𝑎 is

𝑝(𝑎) :=
1√︁

(2𝜋)𝑛D det (Σ)
exp

[
(𝑎 − 𝜇)⊤Σ−1(𝑎 − 𝜇)

]
.

The joint distribution of two Gaussian random variables 𝐴 and 𝐵 evaluated in 𝑎 and 𝑏 is

𝑝(𝑎, 𝑏) = N ©­«

𝜇𝑎

𝜇𝑏

 ,

Σ𝑎𝑎 Σ𝑎𝑏

Σ𝑏𝑎 Σ𝑏𝑏

ª®¬ . (B.1)

The marginal distributions evaluated in 𝑎 and 𝑏 can be obtained from (B.1) as

𝑝(𝑎) = N(𝜇𝑎, Σ𝑎𝑎),

𝑝(𝑏) = N(𝜇𝑏, Σ𝑏𝑏),

while the conditional distribution of 𝐴 given 𝐵 = 𝑏 evaluated in 𝑎 is

𝑝(𝑎 |𝑏) = N(𝜇𝑎 + Σ𝑎𝑏Σ
−1
𝑏𝑏 (𝑏 − 𝜇𝑏), Σ𝑎𝑎 − Σ𝑎𝑏Σ

−1
𝑏𝑏Σ𝑏𝑎).
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Uncertain quadruple-tank system

The quadruple-tank system is a multivariable plant with nonlinear dynamics and both input and

state constraints that is often employed as a benchmark for the evaluation of the performances of

controllers for nonlinear systems. In this book, the quadruple-tank system is exploited to evaluate the

performances of the proposed robust MPC formulations presented in Chapters 2 and 3.

The standard continuous-time equations of the quadruple-tank system are:

𝑑ℎ1(𝑡)
𝑑𝑡

= −𝑎1
𝑆

√︁
2𝑔ℎ1(𝑡) +

𝑎3
𝑆

√︁
2𝑔ℎ3(𝑡) +

𝛾𝑎

3600𝑆
𝑞𝑎 (𝑡), (C.1a)

𝑑ℎ2(𝑡)
𝑑𝑡

= −𝑎2
𝑆

√︁
2𝑔ℎ2(𝑡) +

𝑎4
𝑆

√︁
2𝑔ℎ4(𝑡) +

𝛾𝑏

3600𝑆
𝑞𝑏 (𝑡), (C.1b)

𝑑ℎ3(𝑡)
𝑑𝑡

= −𝑎3
𝑆

√︁
2𝑔ℎ3(𝑡) +

(1 − 𝛾𝑏)
3600𝑆

𝑞𝑏 (𝑡), (C.1c)

𝑑ℎ4(𝑡)
𝑑𝑡

= −𝑎4
𝑆

√︁
2𝑔ℎ4(𝑡) +

(1 − 𝛾𝑎)
3600𝑆

𝑞𝑎 (𝑡), (C.1d)

In particular, in the present book the employed parameters, the state bounds and the input bounds are

the same as in [90] and are reported in Table 27 for the sake of completeness.

Parameter Value Description
ℎ1,max 1.36 m Maximum level of the tank 1
ℎ2,max 1.36 m Maximum level of the tank 2
ℎ3,max 1.30 m Maximum level of the tank 3
ℎ4,max 1.30 m Maximum level of the tank 4
ℎmin 0.2 m Minimum level (all tanks)
𝑞𝑎,max 3.6 m3/h Maximum flow of pump A
𝑞𝑏,max 4.0 m3/h Maximum flow of pump B
𝑞min 0 m3/h Minimum flow of pumps A and B
𝑎1 1.2938e-4 m2 Section of the hole in tank 1
𝑎2 1.5041e-4 m2 Section of the hole in tank 2
𝑎3 1.0208e-4 m2 Section of the hole in tank 3
𝑎4 9.3258e-5 m2 Section of the hole in tank 4
𝑆 0.06 m2 Cross-section of all tanks
𝛾̄𝑎 0.3 Nominal value of 𝛾𝑎
𝛾̄𝑏 0.4 Nominal value of 𝛾𝑏

Table 27: Parameters of the quadruple-tank system.
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It is important to note the importance of the parameters of the two three-way valves, 𝛾𝑎 and 𝛾𝑏. Indeed,

different combinations of values for these two parameters can lead to the quadruple-tank plant having

minimum or nonminimum phase multivariable zeros. In order to test the controllers presented in

Chapters 2 and 3 in difficult conditions, we suppose the values of such parameters to be uncertain, i.e.

𝛾𝑎 = 𝛾̄𝑎 + 𝑤1,

𝛾𝑏 = 𝛾̄𝑏 + 𝑤2,
(C.2)

where 𝛾̄𝑎 = 0.3 and 𝛾̄𝑏 = 0.4 are the nominal values of such parameters, which are chosen in order

to obtain a system with nonminimum phase multivariable zeros, while 𝑤1 and 𝑤2 represent bounded

uncertainties on the parameter values whose bounds are defined differently in each example.
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[77] J. Köhler, M. A. Müller, and F. Allgöwer. Analysis and design of model predictive control

frameworks for dynamic operation—an overview. Annual Reviews in Control, 57:100929, 2024.

ISSN 1367-5788.

[78] N. Lanzetti, Y. Z. Lian, A. Cortinovis, L. Dominguez, M. Mercangöz, and C. Jones. Recurrent
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