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 a b s t r a c t

We present a robust model predictive control (MPC) approach for safer insulin dosing in artificial 
pancreas systems. The method applies estimation-informed constraint tightening to maintain safety 
under disturbances and unmodeled dynamics. Safety margins, derived from estimator confidence, are 
enforced as tube-based tightening on state and input constraints. A zone control objective targets a 
glucose band with asymmetric weights that emphasize avoidance of low glucose. Simulation studies 
show fewer low glucose events and lower violation risk than a nominal MPC baseline, with comparable 
dosing effort. The contribution of this work is a robust zone MPC scheme that maps estimator 
uncertainty into safety margins for insulin dosing.

© 2026 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Type 1 diabetes (T1D) is a chronic autoimmune disorder char-
acterized by the near-complete destruction of pancreatic β-cells, 
leading to a loss of endogenous insulin secretion. Consequently, 
individuals with T1D require lifelong exogenous insulin adminis-
tration to maintain blood glucose (BG) within the clinically safe 
range of euglycemia (70–180 mg/dL). Sustained hyperglycemia 
(BG>180 mg/dL) contributes to long-term micro- and macrovas-
cular complications, whereas hypoglycemia (BG<70 mg/dL)
poses immediate, potentially life-threatening risk 
(Katsarou et al., 2017). Achieving tight yet safe glycemic control 
thus demands strategies that are both adaptive and robust to the 
significant variability encountered in daily life.

Closed-loop artificial pancreas (AP) systems integrate a con-
tinuous glucose monitor (CGM), an insulin pump, and a control 
algorithm to automate insulin delivery and reduce patient bur-
den. Hybrid AP designs still depend on meal announcements and 
manual boluses to manage postprandial excursions, whereas fully 
closed-loop approaches aim to eliminate such manual inputs, 
thereby simplifying therapy and enhancing autonomy. Despite 
major progress in sensor accuracy, insulin delivery technology, 
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and control design, achieving sustained, fully autonomous regu-
lation remains an open challenge. Physiological and technological 
constraints introduce delays, uncertainties, and disturbances that 
act over multiple time scales, fundamentally limiting closed-loop 
performance (Reiterer et al., 2018). In practice, digestion dynam-
ics and subcutaneous insulin absorption introduce substantial 
lags; CGM signals are affected by noise and calibration errors; and 
external factors such as unannounced meals, and/or inaccurately 
announced meals, exercise, stress, illness, and circadian modu-
lation act as large, time-varying disturbances. Moreover, inter- 
and intra-patient variability, parameter drift, model mismatch, 
and sensor artifacts further complicate both prediction and feed-
back. These realities highlight the stringent need for control al-
gorithms that explicitly account for uncertainty and constraints, 
ensuring protection against hypoglycemia without resorting to 
overly conservative insulin delivery that compromises glycemic 
regulation.

Model predictive control (MPC) has emerged as a compelling 
framework for the AP (Magni et al., 2007; Messori et al., 2018), 
as it naturally accommodates system dynamics, constraints, and 
future information through prediction. MPC can forecast BG tra-
jectories, enforce safety-relevant limits on insulin infusion and 
glucose levels, and adapt to disturbances across multiple time 
scales. In particular, Zone MPC (ZMPC) formulations, which target 
a clinically meaningful glucose band rather than a fixed set-
point, align closely with therapeutic objectives. They allow asym-
metric penalization to reflect the clinical asymmetry of risks, 
assigning stronger penalties to hypoglycemia than to mild hyper-
glycemia (Abuin et al., 2020).

Beyond nominal or zone-oriented formulations, tube-based 
robust MPC approaches address bounded disturbances and model 
mismatch by maintaining the true state within an invariant tube 
around a nominal trajectory and enforcing tightened constraints 
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

https://doi.org/10.1016/j.ifacsc.2026.100393
https://www.elsevier.com/locate/ifacsc
https://www.elsevier.com/locate/ifacsc
http://creativecommons.org/licenses/by/4.0/
mailto:nicola.licini@unibg.it
https://doi.org/10.1016/j.ifacsc.2026.100393
http://creativecommons.org/licenses/by/4.0/


N. Licini, M.A. Santos, F. Previdi et al. IFAC Journal of Systems and Control 35 (2026) 100393
to achieve robust constraint satisfaction (Mayne et al., 2005). In 
fact, with standard ingredients, tube-based MPC ensures recur-
sive feasibility and robust stability, while retaining computational 
tractability comparable to nominal MPC through precomputed 
constraint tightening.

Despite its strong theoretical appeal and widespread adoption 
in other safety-critical domains such as aerospace and process 
control (Ding et al., 2018; Mirshams & Khosrojerdi, 2016), tube-
based MPC has received limited attention in the context of glu-
cose regulation for T1D. Early work demonstrated the
feasibility of tube-based robust MPC for glucose regulation in 
simulation (Kirchsteiger & del Re, 2013), while more recent con-
tributions have investigated tube-based MPC formulations to 
enhance robustness under generic perturbations (Jia et al., 2024). 
Nevertheless, the integration of tube-based designs with AP-
specific objectives, uncertainty sources, and evaluation protocols 
remains limited.

In contrast, robustness in existing adaptive MPC strategies for 
T1D is more commonly addressed through adaptive MPC strate-
gies, such as adjusting control parameters based on meal antici-
pation (Colmegna et al., 2022), or through the use of ad hoc safety 
margins. While effective in practice, these approaches do not 
provide explicit set-based guarantees of constraint satisfaction 
under bounded uncertainty, as in tube-based MPC designs.

Motivated by these considerations, this work proposes a tube-
based ZMPC formulation tailored to the AP control. The proposed 
controller systematically propagates uncertainty through predic-
tion to enforce mathematically consistent constraint tightenings 
on both glucose and insulin trajectories. Consistently with hy-
brid AP operation, we assume that meal announcements are 
available to the controller, yet they may be substantially inaccu-
rate (i.e., under-/over-estimated), and this mismatch is explicitly 
treated as a disturbance/uncertainty. It further incorporates (i) 
offset-free state estimation, and (ii) zone-based objectives that 
prioritize hypoglycemia avoidance while enabling efficient recov-
ery from hyperglycemia. Through explicit uncertainty handling, 
rather than heuristic conservatism or user intervention, the pro-
posed design aims to preserve safety and performance in the 
dynamic, unpredictable conditions of free-living T1D. Validation 
using the FDA-accepted UVA/Padova T1D simulator (Man et al., 
2014) under misannounced meals scenarios demonstrates the 
effectiveness of the approach.

This paper is organized as follows. Section 2 introduces the 
model, estimator, and constraint sets. Section 3 presents the 
tube-based ZMPC with estimation-informed constraint tighten-
ing and offset-free. Section 4 details the simulation setup and 
results against a nominal MPC, including hypoglycemia metrics 
and dosing effort. Section 5 concludes the work.

2. Modeling, estimation, and constraints

This section presents the modeling and estimation framework 
used in the proposed approach. A discrete-time nonlinear sys-
tem with partially known exogenous inputs is represented by 
a linear affine model augmented with a disturbance state to 
capture unmodeled effects and support offset-free estimation. 
The disturbance is decomposed into a deterministic term and 
an estimation-error term. Moreover, residual process and mea-
surement noises are treated as random variables with Gaussian 
distributions, and a linear Kalman filter is used to estimate the 
state and the disturbance. The filter covariance is then converted 
into a deterministic uncertainty set at a chosen confidence level, 
which will later support constraint tightening procedures.
2

2.1. Modeling

Consider the following discrete-time nonlinear system rep-
resenting the discretization of the underlying continuous-time 
system, i.e., the T1D patient: 
xk+1 = f (xk, uk, rk),
yk = h(xk),

(1)

where xk ∈ Rnx  is the state vector, uk ∈ Rnu  is the control input, 
and yk ∈ Rny  is the measured output. The state transition map f (·)
and the measurement map h(·) are not exactly known in structure 
or parameters. Moreover, rk ∈ Rnr  denotes an uncontrolled and 
partially known exogenous input, modeled as 
rk = r̄k + δrk, (2)

where r̄k is known and δrk ∈ Rnr  is unknown but bounded.
In this work, xk ∈ R5 has components: x1 [mg/dL], blood 

glucose concentration; x2 [U/min], plasma insulin delivery rate; 
x3 [U/min], subcutaneous insulin delivery rate; x4 [g/min], gut 
glucose appearance rate; and x5 [g/min], stomach glucose delivery 
rate. The output yk coincides with x1, while the control input uk
[U/min]1 corresponds to the insulin infusion commanded by the 
controller. The exogenous input rk captures the effect of meal 
intake on glucose dynamics, with r̄k denoting the carbohydrate 
amount announced by the patient to the AP, and δrk repre-
senting the deviation between the announced and actual intake, 
accounting for possible under- and over-reporting.

For control purposes, we consider the linear affine approxima-
tion of system (1), adapted from Ruan et al. (2017), 
xk+1 = Axk + Buk + Br r̄k + E + δfk,
yk = Cxk + δhk,

(3)

where matrices A, B, Br , E, and C define the linearized and dis-
cretized dynamics. The model parameters, their identification, 
and the discretization procedure follow Abuin et al. (2020) and 
are summarized in Appendix.

The terms δfk and δhk represent lumped modeling discrepan-
cies affecting the state and output equations, respectively. They 
are defined as 
δfk = f (xk, uk, rk) −

(
Axk + Buk + Br r̄k + E

)
,

δhk = h(xk) − Cxk,
(4)

where δfk accounts for unmodeled dynamics and the difference 
between the meal rk and its announced value r̄k, while δhk cap-
tures output-related mismatches.

2.2. State estimation via Kalman filter

To account for slowly varying or constant disturbances, an 
auxiliary disturbance state dk ∈ Rnd  is introduced to capture 
steady-state biases in glucose dynamics. It enables offset-free 
control and improved state estimation, being modeled as 
dk+1 = dk, (5)

and estimated for incorporation in the control framework, corre-
sponding to the slowly varying or constant components of δfk and 
δhk.

Defining an augmented state as zk = [x⊤

k d⊤

k ]
⊤

∈ Rnx+nd , the 
system dynamics can be rewritten as 
zk+1 = Aazk + Bauk + Bar r̄k + Ea + Gawk,

yk = Cazk + vk,
(6)

1 ‘‘U’’ denotes International Units of insulin (IU), i.e., the standard activity-
based unit used in insulin pumps/pens. For reference, 1U ≈ 34.7µg ≈ 6 nmol
of human insulin; clinical dosing is defined in IU rather than mass.
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where the terms wk and vk represent residual process and mea-
surement uncertainties, and the augmented matrices are given 
by

Aa =

[
A Bd
0 I

]
, Ba =

[
B
0

]
, Bar =

[
Br
0

]
,

Ea =

[
E
0

]
, Ga =

[
I
0

]
, Ca =

[
C Dd

]
,

with I and 0 being, respectively, eye and zero matrices with 
appropriate dimensions.

The augmented system (6) is estimated by means of a linear 
Kalman filter. The process and measurement uncertainties are 
modeled as zero-mean, independent Gaussian random variables 
wk ∼ N (0, Σw) and vk ∼ N (0, Σv), with covariance matrices Σw

and Σv selected as in Abuin et al. (2020). Moreover, the initial 
state z0 is normally distributed with mean ẑ0|0 and covariance 
P0|0.

Given ẑk−1|k−1 and Pk−1|k−1, the one-step ahead Kalman filter 
prediction is computed as (Simon, 2006)
ẑk|k−1 = Aaẑk−1|k−1 + Bauk−1 + Bar r̄k−1 + Ea, (7)

Pk|k−1 = AaPk−1|k−1A⊤

a + GaΣwG⊤

a . (8)

Moreover, the arrival of measurement yk yields the update
Lk = Pk|k−1C⊤

a (CaPk|k−1C⊤

a + Σv)−1, (9)

ẑk|k = ẑk|k−1 + Lk
(
yk − Caẑk|k−1

)
, (10)

Pk|k = (I − LkCa)Pk|k−1. (11)

The filter provides, at each step, the pair ẑk|k and Pk|k, repre-
senting the minimum-variance estimate of the augmented state 
and its corresponding estimation error covariance.

2.3. Operational constraints

Safety and actuator limits are encoded as the polyhedral sets
X = {x ∈ R5

| Hxx ≤ hx}, (12)

U = {u ∈ R | Huu ≤ hu}, (13)

with

Hx =

[ 1 0 0 0 0
−1 0 0 0 0
0 θ4 θ4 0 0

]
, Hu =

[
1

−1

]
,

hx =
[
Ghyper −Ghypo IOBmax

]⊤
, hu =

[
Umax 0

]⊤
.

The parameters Ghypo and Ghyper specify the admissible range 
for x1, defining the hypo- and hyperglycemia thresholds, respec-
tively. The upper bound on insulin on board (IOB), which limits 
the residual insulin in the body from previous bolus deliveries, is 
defined as (Abuin et al., 2020)
IOBmax = 2Ubθ4 + (CHOub/CR) + τUb,

where θ4 is a model parameter describing the insulin absorp-
tion dynamics (see Appendix); Ub denotes the basal infusion re-
quired to maintain euglycemia under fasting conditions; CR is the 
carbohydrate-to-insulin ratio characterizing the patient-specific 
relationship between ingested carbohydrates and the amount 
of insulin needed for their disposal; τ  defines the admissible 
duration of basal suspension during postprandial compensation 
(i.e., under superbolus infusion mode); and CHOub represents the 
maximum expected carbohydrate intake, used to relax the IOB 
constraint during meal scenarios. It is worth highlighting that the 
state set is left unbounded in x4 and x5, reflecting their role as 
uncontrollable, meal-related states.
3

2.4. Uncertainty bounds

To derive the constraint tightening in the tube-based MPC 
formulation, a deterministic bound on the stochastic variables 
associated with the Kalman filter is required. These variables 
capture the effects of process and measurement noise and are 
enclosed within compact sets that hold with a prescribed prob-
ability level, constructed as uniformly bounded confidence sets 
(UBCS) following Joa et al. (2023). Therefore, the UBCS converts 
the probabilistic description of the uncertainties into a determin-
istic set used in the tube-based formulation to ensure constraint 
satisfaction with the desired confidence level.

Let ζk ∼ N (0, Σk) denote a zero-mean random variable with 
covariance Σk ⪰ 0, and let Σ be a uniform upper bound such 
that Σk ⪯ Σ for all k ≥ 0. A UBCS of probability level 1 − p for 
ζk is defined as the smallest compact convex set satisfying 
P(ζk ∈ Eζ

1−p) ≥ 1 − p, ∀k ≥ 0, (14)

with P(A) being the probability of event A and p ∈ (0, 1).
Such a set can be expressed in polyhedral form as 

Eζ

1−p = { ζ ∈ Rnζ : Hζ ζ ≤ hζ }, (15)

where Hζ ∈ R2nζ ×nζ  and hζ ∈ R2nζ  define the half-space 
representation of the set.

Using the eigenvector decomposition of Σ = VDV⊤, the facet 
normals are aligned with the covariance principal directions by 
setting Hζ = [V − V ]

⊤, yielding a origin-centered symmetric 
polyhedron. The offsets are defined componentwise as

[hζ ]m = Φ−1(1 − pm)
√

[Hζ ]m Σ [Hζ ]
⊤
m , m = 1, . . . , 2nζ ,

with 
∑2nζ

m=1 pm = p and pm ∈ (0, 1). Moreover, Φ(·) denotes 
the cumulative distribution function of the standard normal dis-
tribution, and, considering symmetric facets and no directional 
preference, it can be used pm = p/(2nζ ).

We associate polyhedral UBCS to bound the estimator distur-
bances, with the confidence level p acting as a tuning parameter 
that controls the size of the resulting deterministic uncertainty 
sets. Smaller values of p produce larger sets that enforce stronger 
robustness at the expense of increased conservatism in subse-
quent constraint tightening procedures, whereas larger values of 
p yield smaller sets with reduced robustness guarantees. In this 
work, we select p = 0.05, which corresponds approximately to 
a two-sigma confidence region for Gaussian disturbances. Thus, 
using the covariances Σw and Σv , we define
Ew
1−p = { w : Hww ≤ hw } and Ev

1−p = { v : Hvv ≤ hv }.

3. Tube-based ZMPC approach

We adopt a tube framework to achieve robust constraint sat-
isfaction under bounded process and measurement uncertainties. 
The implemented law is composed of a nominal law and an 
ancillary feedback, and we bound two coupled errors: (i) the devi-
ation between true and nominal trajectories (mismatch error) and 
(ii) the deviation between true and estimated states (estimation 
error). Adapting the framework proposed in Joa et al. (2023), 
robust positive invariance of these error dynamics yields time-
invariant tightenings for state and input constraints. To achieve 
steady-state accuracy under patient–model mismatch or con-
stant/slow disturbances, we incorporate offset-free ingredients 
into the controller (Dong & Angeli, 2020). The nominal optimal 
control problem coincides with the ZMPC formulation of Abuin 
et al. (2020), with the only modifications being the replacement 
of the admissible state and input sets by their tube-tightened 
counterparts and the inclusion of relaxed lower bounds con-
straints to preserve feasibility. For notational simplicity, in the 
following we omit conditioning indices, e.g., ẑ ≡ ẑ .
k k|k
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3.1. Error dynamics and dual control law

To enable constraint tightening in the tube framework with 
estimation uncertainty, we define the estimation and mismatch 
errors, êk and ēk, and derive their dynamics under the dual con-
trol law uk (Joa et al., 2023). Therefore, consider the following 
definitions:

êk = zk − ẑk, (16)

ēk = ẑk − z̄k, (17)

uk = ūk + K (ẑk − z̄k), (18)

where K  is chosen so that AK = Aa + BaK  is Schur and with z̄k
and ūk denoting the nominal augmented state and control input, 
respectively.

Combining (7) and (10), the one-step observer recursion can 
be written as 
ẑk+1 = Aaẑk + Bauk + Bar r̄k + Ea + Lk(yk − Caẑk). (19)

Moreover, the nominal dynamics can be obtained from (6) as 
z̄k+1 =Aaz̄k+Baūk+Bar r̄k+Ea. (20)

Therefore, the estimation error dynamics can be obtained sub-
tracting (19) from (6), yielding 
êk+1 = ALêk + δ̂k, (21)

with AL = Aa−LkCa and ̂δk = Gawk−Lkvk. Likewise, from Eqs. (17) 
to (20), the mismatch error dynamics results 
ēk+1 = AK ēk + δ̄k, (22)

with δ̄k = Lk(Caêk + vk).

Remark 1.  Because of the disturbance augmentation and addi-
tional uncontrollable states, a gain matrix K  rendering Aa + BaK
Schur on the whole space may not exist. In such cases, we design 
Kc on the controllable subspace so that the controllable portion 
of the system is Schur, and we use the block-augmented gain 
K = [Kc 0] in the dual law.

3.2. Robust invariant sets and constraint tightening

Following the procedure proposed in Joa et al. (2023), it is 
possible to obtain a bound Pk ⪯ PMD defined as 
PMD = A−1

a (P∞ − Σw)(A⊤

a )
−1, (23)

where P∞ is obtained by solving the Riccati equation P∞ =

Aa(P∞ − P∞C⊤
a (CaP∞C⊤

a + Σv)−1CaP∞)A⊤
a + Σw . Applying the 

Kalman gain expression (9) to this covariance upper bound yields 
the constant gain 
LMD = PMDC⊤

a (CaPMDC⊤

a + Σv)−1. (24)

Considering the estimation error dynamics and LMD, the dis-
turbance set can be defined as 
∆̂ = GaEw

1−p ⊕ (−LMD)Ev
1−p, (25)

such that ̂δk ∈ ∆̂ for all k ≥ 0 and with ⊕ denoting the Minkowski 
sum operator.

A robust positively invariant (RPI) set Ŝ for ê must satisfies 
ALŜ ⊕ ∆̂ ⊆ Ŝ. (26)

Similarly, an RPI set S̄ for ē must satisfies 
AK S̄ ⊕ ∆̄ ⊆ S̄, (27)

with ∆̄ = LMD
(
CaŜ ⊕ Ev

1−p

)
, such that δ̄k ∈ ∆̄ for all k ≥ 0. These 

conditions characterize the class of sets that guarantee invariance 

4

of the estimation and mismatch error dynamics under bounded 
disturbances.

To construct such invariant sets in a systematic and minimally 
conservative manner, consider a linear map F  and disturbance set 
W . A minimal outer RPI set Ω can be computed based on the 
recursion 
Ω0 = {0}, Ωi+1 = F Ωi ⊕ W. (28)

In practice, for the monotone sequence Ωi ⊆ Ωi+1, the recursion 
stops at the first index j such that Ωj+1 ⊆ Ωj. The resulting 
set Ω∞ = Ωj is the minimal outer RPI set (Kerrigan, 2000). 
This procedure is used here to compute invariant bounds for the 
estimation and mismatch error dynamics by selecting F  and W
according to the corresponding dynamics and disturbance sets, 
thereby supporting the construction of the sets Ŝ and S̄.

From (16) and (17), the augmented state can be decomposed 
as 
zk = z̄k + ēk + êk. (29)

Thus, if zk ∈ Z , this is enforced on the nominal component as 
z̄k ∈ Z ⊖ (S̄ ⊕ Ŝ), (30)

with ⊖ denoting the Pontryagin difference.
Then, xk ∈ X  for all ēk ∈ S̄ and êk ∈ Ŝ can be imposed as 

x̄k ∈ X̄ , (31)

where X̄ = X ⊖ ProjX (S̄ ⊕ Ŝ) with x̄k being the nominal compo-
nent of the state vector and ProjX (·) denoting the projection of 
(·) onto the state space X .

Likewise, since uk = ūk + K ēk, for all ēk ∈ S̄ the constraint 
uk ∈ U is ensured by 
ūk ∈ Ū, (32)

with Ū = U ⊖ K S̄.

3.3. Nominal ZMPC

For a prediction horizon N ∈ N, at each sampling instant k the 
nominal ZMPC computes the input sequence
ū = {ū0, ū1, . . . , ūN−1} that steers the output toward the target 
zone YTar

∈ [Y tar
min,Y

tar
max] while satisfying the operational con-

straints. The optimization is carried out in a receding-horizon 
fashion, where the Kalman filter provides the current state es-
timate x̂k used to initialize the predictions. After solving the 
problem, only the first element of the optimal sequence ū0 is 
applied, and the procedure is repeated at the next sampling 
instant. Moreover, following Abuin et al. (2020), the announced 
meal r̄k is treated as an exogenous input profile incorporated 
into the prediction model to capture the anticipated impact of 
meal intake within the prediction horizon. The cost function to 
be minimized by the MPC controller is given by
VN (x̂k, r̄k,YTar

; ū, ūa, ȳa, δhyper, δhypo) =

V d
N (x̂k, r̄k; ū, ūa, ȳa) + V s

N (Y
Tar

; δhyper, δhypo), (33)

where

V d
N (x̂k, r̄k; ū, ūa, ȳa) =

N−1∑
j=0

∥Cx̄j − ȳa∥2
Q + ∥ūj − ūa∥

2
R,

V s
N (Y

Tar
; δhyper, δhypo) = ρ̂δ2hyper + ρ̌δ2hypo,

are, respectively, dynamic and stationary costs.
The dynamic cost V d

N (·) steers the predicted trajectories to-
ward the artificial steady variables (ua, ya) through the weighting 
matrices Q ⪰ 0 and R ≻ 0, whereas the stationary term 
V s (·) penalizes deviations of y  from the target zone YTar. The 
N a
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nonnegative slack variables δhypo and δhyper represent penalties 
associated with hypoglycemia and hyperglycemia, respectively, 
and are weighted by ρ̌ and ρ̂, chosen such that ρ̂ ≪ ρ̌ to impose 
a stronger penalty on hypoglycemia and thus ensure asymmetric 
protection in the lower bound of the zone.

The nominal optimal control problem solved by the ZMPC at 
time k over the prediction horizon N is given by 

min
ū,ūa,x̄a,ȳa,

δhyper,δhypo

VN (x̂k, r̄k,YTar
; ū, ūa, ȳa, δhyper, δhypo)

s.t. x̄0 = x̂k, (34a)

x̄j+1 =Ax̄j+Būj+Br r̄j+E, j ∈ I0:N−1, (34b)

ȳj =Cx̄j, j ∈ I0:N−1, (34c)

ūj ∈ Ū, j ∈ I0:N−1, (34d)

x̄j ∈ X̄ , j ∈ I0:N−1, (34e)

x̄a =Ax̄a+Būa+E, (34f)

ȳa =Cx̄a, (34g)

(x̄a, ūa) ∈ X̄ × Ū, (34h)

x̄N = xa, (34i)

ya ∈ [Y tar
min − δhypo, Y tar

max + δhyper], (34j)

δhypo ≥ 0, δhyper ≥ 0. (34k)

In the problem ((34)), the prediction model (34b)–(34c) propa-
gates the nominal trajectories over the horizon N starting from 
the estimate x̂k as imposed by (34a). Constraints (34d)–(34e) en-
force tightened input and state limits, ensuring that all predicted 
variables remain within the feasible region under uncertainty. 
Constraints (34f)–(34h) define a feasible artificial steady triplet 
(x̄a, ūa, ȳa) consistent with the nominal model and disregarding 
the exogenous input r̄ , while (34i) imposes a relaxed terminal 
equality condition. Finally, the zone constraint (34j) ensures that 
ȳa remains within the desired target region.

3.4. Soft lower bounds for nonnegative inputs

The considered system belongs to the class of nonnegative 
systems, as physiological variables are inherently nonnegative. 
In tube-based MPC, standard tightening may exclude admissible 
near-origin equilibria, resulting in the infeasibility of the nomi-
nal problem. To the best of the authors’ knowledge, the design 
of tightening schemes that preserve such equilibria in positive 
systems remains an open problem. To address this without com-
promising robustness, the lower bounds of the insulin and IOB 
constraints are softly relaxed, while all upper bounds remain as 
defined by the tightened procedure. From a robustness stand-
point, this relaxation is justified since reducing insulin delivery 
or IOB does not compromise safety and corresponds to a cautious 
approach to preserve constraint satisfaction under uncertainty, 
whereas violating upper bounds (i.e., delivering too much insulin) 
would be unsafe.

Let sx(j) and su(j) be nonnegative slack variables introduced 
at each stage j ∈ I0:N−1 as additional decision variables to relax 
selected lower bounds, defined as
H̄xx̄j ≤ h̄x + Sxsx(j), H̄uūj ≤ h̄u + Susu(j),

where Sx and Su are selection matrices activating only the bounds 
to be softened and with H̄x, h̄x, H̄u, and h̄u defining the tightened 
sets X̄ = {H̄xx̄ ≤ h̄x} and Ū = {H̄uū ≤ h̄u}. Moreover, through the 
weights Λx, Λu ≻ 0, the cost function is augmented to penalize 
constraint violations, given by V a

N (·) = VN (·) +
∑N−1

j=0 ∥sx(j)∥2
Λx

+

∥s (j)∥2 .
u Λu
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4. Scenario and parameters

The efficacy of the proposed robust ZMPC was assessed
through in silico experiments on a cohort of 10 adult virtual 
subjects from the FDA-approved UVA/Padova metabolic simula-
tor (The Epsilon Group, 2016). For a fair comparison, the oth-
erwise identical nominal ZMPC proposed by Abuin et al. (2020) 
was evaluated in parallel. In particular, the baseline controller is 
nominal and does not explicitly account for uncertainty (hence 
it does not apply tube-based constraint tightening), whereas 
the proposed method explicitly propagates bounded uncertainty 
through a tube to enforce tightened safety constraints. Each 
subject was simulated continuously for 7 days. Controllers were 
implemented in Matlab with the CasADi framework (Andersson 
et al., 2019).

4.1. Scenario setup

To stress-test robustness, we exposed both controllers to mul-
tiple, concurrent uncertainty sources: (i) Model–plant mismatch 
induced by using a linear physiological prediction model to con-
trol the nonlinear simulator, (ii) Added intraday physiological 
variability in insulin sensitivity following the proposal in Toffanin 
et al. (2013), and (iii) Misannounced meal disturbances, i.e. for 
every meal event, the carbohydrate amount communicated to 
the controller was randomly either overestimated by 50% or 
underestimated by 50% relative to the true intake.

The daily meal plan comprised three nominal meals: 60 g at 
07:00, 60 g at 12:00, and 80 g at 18:00, with respective durations 
of 30, 30, and 40 min. To reflect more realistic eating behavior, 
the standard meal plan was subjected to random variations in 
the meal start time (±10 minutes), carbohydrate content (±20%), 
and duration (±10 minutes). The misannouncement mechanism 
operated on these meals as described above, thereby creating a 
substantial and realistic mismatch between the announced and 
actual disturbances.

The simulation environment emulated standard clinical hard-
ware. Glucose sensing was modeled after the Dexcom G5 Mobile 
CGM (Vettoretti et al., 2018), and insulin delivery used a de-
fault pump model with a maximum infusion rate of Umax =

15 U/min (MiniMed, 2018). Insulin was delivered in 1-minute 
pulses (Abuin et al., 2020), while the MPC sampling time was 
Ts =5 min.

4.2. MPC setup and performance metrics

Both the robust and the nominal controllers shared the same 
MPC settings to isolate the effect of robustness. Specifically, the 
quadratic stage cost was setted with weights Q = 1 and R =

100, and an asymmetric terminal cost targeted a glycemic zone 
in which hypoglycemia was penalized more heavily than hy-
perglycemia (i.e., ρ̂ = 106 for hyperglycemia and ρ̌ = 109

for hypoglycemia). Weights Λx = Λu = 10 have been chosen, 
in such a way that the control can easily fall below the lower 
tightened bound maintaining the safety of the application, as 
detailed in  Section 3.4. A prediction horizon of 6 h (N = 72
steps) was adopted, consistent with clinical guidance (American 
Diabetes Association, 2018). Safety constraints bounded the pre-
dicted glucose trajectory between Ghypo =60 mg/dL and Ghyper =

300 mg/dL, and a terminal constraint guided predictions toward 
the normoglycemic target range Y tar

min = 90 - Y tar
max = 120 mg/dL. 

The upper bound on IOB was limited considering the parameters 
τ =90 min, CHOub =120 g, Ub = (θ0 −θ1 ·Ghypo)/θ2, θ4, CR=θ2/θ3, 
as reported in Abuin et al. (2020).

Controller performance was quantified using standard CGM-
based metrics, summarized across subjects by the median [25th, 
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Fig. 1. Comparative glycemic profiles for the Nominal ZMPC (blue) and the Tube ZMPC (red) over a 7-day in silico simulation period. The solid lines represent 
the median glucose trajectory across the cohort of 10 virtual subjects, while the shaded areas depict the interquartile range (25th to 75th percentile), illustrating 
inter-subject variability. The horizontal green band indicates the target euglycemic range (70–180 mg/dL). The figure highlights the Tube ZMPC’s more conservative 
action in preventing excursions below the target range.
Table 1
Comparison of glycemic metrics for nominal and tube ZMPC controllers.
 Metric Nominal ZMPC Tube ZMPC  
 Ḡm [mg/dL] 132.7 [132.0–136.5] 134.7 [133.3–138.6] 
 SD [mg/dL] 35.3 [31.3–38.3] 34.3 [30.7–36.9]  
 CV [%] 27.4 [23.2–28.4] 26.0 [22.7–27.5]  
 T70–140 [%] 64.7 [60.3–65.5] 65.7 [60.4–66.4]  
 T70–180 [%] 86.1 [84.4–89.8] 87.9 [84.8–90.3]  
 T>180[%] 11.6 [9.2–14.3] 12.1 [9.3–14.5]  
 T>250 [%] 0.0 [0.0–0.0] 0.0 [0.0–0.0]  
 T<70 [%] 1.6 [0.5–2.3] 0.0 [0.0–0.9]  
 T<54 [%] 0.1 [0.0–0.3] 0.0 [0.0–0.0]  
 TDI [U] 44.9 [42.7–55.5] 44.8 [42.5–55.4]  

75th percentile]. The indices included mean glucose (Ḡm), stan-
dard deviation (SD), coefficient of variation (CV), and the percent-
ages of time in euglycemia (T70–180), tight euglycemia (T70–140), 
hyperglycemia (T>180, T>250), and hypoglycemia (T<70, T<54),
where T>250, and T<54 denotes the percentage of time with 
glucose in severe condition, hence above 250mg/dL (severe hy-
perglycemia), and below 54mg/dL (severe hypoglycemia). Total 
daily insulin (TDI) was also recorded. Overall glycemic control 
patterns were visualized via Control Variability Grid Analysis 
(CVGA) (Magni et al., 2008), providing a compact overview of 
cohort-level outcomes.

5. Results and discussion

The efficacy of the proposed robust ZMPC (Tube ZMPC) was 
benchmarked against an identical nominal ZMPC controller
through a series of in silico experiments. The comparative
glycemic performance metrics, aggregated across the cohort of 
10 virtual adult subjects, are detailed in Table  1.

Overall, both controllers maintained commendable glycemic 
control despite the persistent disturbances. The median Time in 
Range and Time in Tight Range were high and closely matched 
for both the Nominal ZMPC (86.1% and 64.7%) and the Tube ZMPC 
(87.9% and 65.7%). Variability was slightly lower with the robust 
controller (SD 34.3 [30.7–36.9] mg/dL and CV 26.0% [22.7–27.5]) 
compared with the nominal controller (SD 35.3 [31.3–38.3] mg/dL 
and CV 27.4% [23.2–28.4]). Both strategies delivered essentially 
the same median Total Daily Insulin (TDI), 44.9 [42.7–55.5] U 
for Nominal vs. 44.8 [42.5–55.4] U for Tube, suggesting that the 
enhanced safety of the robust controller did not come at the cost 
of increased insulin consumption.

The clearest difference appears in hypoglycemia avoidance. 
The Tube ZMPC reduced median Time Below Range to 0.0% 
[0.0–0.9], compared with 1.6% [0.5–2.3] for the Nominal ZMPC, 
reflecting both a lower central tendency and a tighter upper 
6

spread. Severe hypoglycemia was eliminated by the robust con-
troller with T<54 =0.0% [0.0–0.0] across the cohort, whereas the 
nominal controller showed a small but nonzero median of 0.1% 
[0.0–0.3]. These findings indicate a meaningful improvement in 
safety under Tube ZMPC without sacrificing overall control or 
insulin usage. In terms of hyperglycemia, performance remained 
closely matched. The Tube ZMPC exhibited a slightly higher mean 
glucose (134.7 vs. 132.7 mg/dL) and a marginally higher T>180
(12.1% vs. 11.6%). This is a predictable trade-off for its more 
cautious insulin dosing strategy in the face of uncertainty, which 
prioritizes the prevention of dangerous hypoglycemic events. 
Both controllers effectively prevented severe hyperglycemia, with 
T>250 = 0.0% for the entire cohort. The comparative glycemic pro-
files are visualized in Fig.  1, which illustrates the median glucose 
trajectories and inter-subject variability for both controllers in the 
overall simulation. The plot visually confirms the tight regulation 
of both strategies but highlights the Tube ZMPC’s reduced excur-
sions into the hypoglycemic range. The cohort-level CVGA in Fig. 
2 places most outcomes within clinically acceptable regions, with 
several Tube ZMPC points shifting toward improved zones rela-
tive to their nominal counterparts and no worsening into unsafe 
regions. Taken together, the Tube ZMPC improves hypoglycemia 
safety and slightly reduces variability while preserving overall 
glycemic control and insulin requirements.

Lastly, Fig.  3 illustrates the insulin control action u under 
the proposed tube-based ZMPC. The three peaks correspond to 
meal-related bolus deliveries (e.g., breakfast, lunch, and dinner), 
whereas between meals the controller approaches basal infusion, 
which can be close to zero under the adopted pulsatile delivery 
scheme. The dashed horizontal lines denote the tube-induced 
tightened input bounds; due to this tightening, the effective lower 
bound becomes strictly positive, incorrectly implying u must 
always remain above zero. As discussed in  Section 3.4, we there-
fore introduced a soft lower bound on insulin (and IOB), per-
mitting temporary, penalized violations. This relaxation preserves 
feasibility for a nonnegative physiological system and maintains 
robustness without compromising safety.

6. Conclusion

We presented a robust ZMPC strategy for AP systems that 
translates estimator uncertainty into safety margins through
tube-based constraint tightening. Using offset-free Kalman filter-
ing, covariance information is converted into uniformly bounded 
confidence sets that inform constraint tightenings on glucose and 
insulin trajectories. Practical feasibility is maintained via softened 
lower bounds on insulin infusion and IOB, enabling physiologi-
cally consistent behavior without undue conservatism. The result-
ing controller is compatible with existing MPC implementations 
and preserves computational tractability.
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Fig. 2. CVGA plot comparing the performance of the Nominal ZMPC (circles) and 
Tube ZMPC (triangles). Each point represents the glycemic excursion (minimum 
vs. maximum glucose values) for a single subject over the 7-day simulation. The 
grid is divided into zones reflecting control quality, from accurate control (Zones 
A, B) to significant risk of hypoglycemia (Zones C, D, E). The plot demonstrates a 
critical improvement with the Tube ZMPC, which successfully shifts most of the 
subjects from the risky C zone into the clinically acceptable B zone, indicating 
a marked enhancement in safety and reduction in hypoglycemic events.

Fig. 3. Control input (insulin) with tube-based constraint tightening (dashed 
bounds). Because the tightened lower bound can become positive, a soft lower 
bound is adopted so u(k) can drop below the tightened limit while penalized, 
as discussed in Section 3.4.

In silico evaluation with the FDA-accepted UVA/Padova Type 
1 Diabetes simulator showed meaningful safety improvements 
over a nominal ZMPC baseline; notably, hypoglycemia was re-
duced, and severe hypoglycemia was eliminated across the co-
hort, reflecting a lower violation risk without increasing total 
daily insulin. A slight trade-off was observed in mean glucose 
and time above range, consistent with the controller’s cautious 
dosing under uncertainty. Overall, the results demonstrate that 
incorporating estimator uncertainty into constraint management 
enhances robustness and hypoglycemia protection while main-
taining effective glycemic control. The proposed framework offers 
a principled, practical route toward safer autonomous insulin 
delivery within existing artificial pancreas systems.
7

Future works will extend the framework toward adaptive 
tube formulations that explicitly exploit meal-related uncertainty 
information, using worst-case bounds or homothetic principles to 
adjust the tube geometry in real time. Moreover, we will inves-
tigate tube-based MPC theory for nonnegative systems to ensure 
feasibility near the origin without relying on soft relaxations.
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Appendix. Control-oriented model

In this work the glucose–insulin we consider the glucose–
insulin regulation problem under exogenous inputs, i.e., meal 
announcements, and measurement noise. The model adopted in 
this work follows the proposal by Ruan et al. (2017), described as 
follows 
ẋ(t) = Acx(t) + Bc

uu(t) + Bc
r r(t) + Ec,

y(t) = Cx(t),
(A.1)

where the state vector x(t) ∈ R5×1, is defined as x(t) = [x1(t),
x2(t), x3(t), x4(t), x5(t)]T , where x1 [mg/dL] is the blood glucose 
concentration, i.e. the output y(t) to be controlled, x2 [U/min] 
is the insulin delivery rate in plasma, x3 [U/min] is the insulin 
delivery rate in the subcutaneous compartment, x4 [g/min] is the 
glucose absorption rate from the gut, and x5 [g/min] is the glucose 
delivery rate from the stomach. The inputs are u(t), i.e., the insulin 
infusion rate [U/min], and r(t), i.e., the rate of carbohydrate intake 
[g/min]. The continuous state and input matrix are defined as:

Ac
=

⎡⎢⎢⎢⎢⎢⎣
−θ1 −θ2 0 θ3 0
0 −

1
θ4

1
θ4

0 0
0 0 −

1
θ4

0 0
0 0 0 −

1
θ5

1
θ5

0 0 0 0 −
1
θ5

⎤⎥⎥⎥⎥⎥⎦ ,

Bc
u =

⎡⎢⎢⎢⎣
0
0
1
θ4
0
0

⎤⎥⎥⎥⎦, Bc
r =

⎡⎢⎢⎢⎣
0
0
0
0
1
θ5

⎤⎥⎥⎥⎦, Ec
=

⎡⎢⎢⎢⎣
θ0
0
0
0
0

⎤⎥⎥⎥⎦, C =

⎡⎢⎢⎢⎣
1
0
0
0
0

⎤⎥⎥⎥⎦
⊤

.

The parameters describing glucose–insulin dynamics are detailed 
in Table  A.1.

Discretization. To utilize the continuous-time model (A.1) 
effectively within an MPC controller, it has first been discretized 
following the approach proposed in Abuin et al. (2020): a stan-
dard zero-order hold assumption is slightly modified to a pul-
satile input scheme, in order to deal with short-duration insulin 
actions, which are safer for the subject and provide an improved 
control strategy (Song et al., 2000). The resulting discrete-time 
model, with A, Bu, Br , and E denoting the discretized counterparts 
of Ac , Bc

u, Bc
r , and Ec , respectively, corresponds to the formulation 

reported in (3) and is used for prediction and control within this 
work.
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Table A.1
Model parameters description.
 Parameter Description  
 θ0 [mg/(dL min)] Endogenous glucose production (EGP) 
 θ1 [1/min] Glucose effectiveness  
 θ2 [mg/(dL U)] Insulin sensitivity  
 θ3 [mg/(dL g)] Carbohydrate factor  
 θ4 [min] Insulin absorption time constant  
 θ5 [min] Meals absorption time constant  
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