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Robust Probabilistic Inference via a
Constrained Transport Metric (with Discussion)

Abhisek Chakraborty*, Anirban Bhattacharya*, and Debdeep Pati*

Abstract. Flexible Bayesian models are typically constructed using limits of large
parametric models with a multitude of parameters that are often difficult to inter-
pret. In this article, we offer a novel alternative by constructing an exponentially
tilted empirical likelihood carefully designed to concentrate near a parametric
family of distributions of choice with respect to a novel variant of the Wasserstein
metric, which is then combined with a prior distribution on model parameters to
obtain a robustified posterior. The proposed approach finds applications in a wide
variety of robust inference problems, where we intend to perform inference on the
parameters associated with the centering distribution in the presence of outliers.
Our proposed transport metric enjoys great computational simplicity and is in-
herently parallelizable, exploiting the Sinkhorn regularization for discrete optimal
transport problems. We demonstrate superior performance of our methodology
when compared against state-of-the-art robust Bayesian inference methods. We
also demonstrate the equivalence of our approach with a non-parametric Bayesian
formulation under a suitable asymptotic framework, thereby testifying to its flex-
ibility.

Keywords: empirical likelihood, entropy, non-parametric Bayes, robust inference,
Wasserstein metric.

1 Introduction

In most modeling exercises, our objective is limited to approximating a few key fea-
tures of the true data-generating mechanism to ensure interpretable inference. It is
often futile, if not misleading, to try to model small-scale and complicated underlying
contaminating effects. Thus, the interplay between model adequacy and robustness is
a fundamental consideration in model-based inference. Consequently, robust inferential
methods (Huber, 2011) possess an influential body of literature, that has permeated
many modern areas of research including differential privacy (Dwork and Lei, 2009;
Avella-Medina, 2021; Liu et al., 2021), algorithmic fairness (Wang et al., 2020a; Du and
Wu, 2021), noise-robust training of deep neural nets (Han et al., 2018; Wang et al.,
2020b), sequential decision making (Xu and Mannor, 2010; Chen et al., 2019), transfer
learning (Shafahi et al., 2020), quantification learning (Fiksel et al., 2021), to name
a few. Bayesian procedures, being almost exclusively model-based, inevitably fall prey
to model mis-specification and/or perturbation of the data-generating mechanism — an
issue that exacerbates as sample size increases (Miller and Dunson, 2019). Credible in-
tervals obtained from such parametric Bayesian models under model mis-specification
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may not have the desired asymptotic coverage (Kleijn and van der Vaart, 2012). Non-
parametric Bayes methods are routinely used to guard against such mis-specification,
either by enlarging the parameter space to impart flexibility or by taking their limit
to construct infinite-dimensional prior distributions (Miiller and Quintana, 2004; Kleijn
and van der Vaart, 2006; De Blasi and Walker, 2013).

Despite the success of non-parametric Bayes methods over the last few decades; see
Miiller et al. (2015) for a comprehensive review; the presence of a large number of non-
identifiable parameters can be contentious, particularly when the interest is solely on
simpler features of the population. This has led to a proliferation of pseudo-likelihood-
based approaches (Chernozhukov and Hong, 2003; Jiang and Tanner, 2008; Hooker
and Vidyashankar, 2011; Minsker et al., 2017; Griinwald and van Ommen, 2017; Miller
and Dunson, 2019) targeted towards specific parameters of interest. However, these
approaches typically lack generative model interpretations, making the calibration of
the associated dispersion or temperature parameters challenging (Holmes and Walker,
2017; Griinwald and van Ommen, 2017).

Empirical likelihood (EL; Owen (2001)), which approximates the underlying dis-
tribution with a discrete distribution supported at the observed data points, offers an
attractive alternative. Exponentially tilted Empirical Likelihood (ETEL) is a variant of
this idea that minimizes the Kullback—Leibler divergence of this discrete distribution
with the empirical distribution of the observed data subject to satisfying the estimating
equation. Both EL and ETEL obtain the induced maximum likelihood of the param-
eter of interest defined through estimating equations, by effectively profiling out the
nuisance parameters. One can import such likelihoods in a Bayesian framework (Lazar,
2003; Schennach, 2005; Chib et al., 2018, 2021). In fact, posterior credible intervals
obtained from ETEL based Bayesian procedures have the correct frequentist coverage
(Chib et al., 2021), thereby effectively circumnavigating the longstanding criticism as-
sociated with Bayesian inference under model mis-specification.

In this article, our goal is to develop a flexible Bayesian semi-parametric procedure
that centers around a postulated parametric family Fp, without explicitly modeling
aspects of the underlying data-generating mechanism that are irrelevant to us. Alterna-
tively, one may consider a non-parametric Bayes procedure (Ferguson, 1973; Teh, 2010;
Antoniak, 1974; Lavine, 1994; Verdinelli and Wasserman, 1998), where the parametric
guess Fp (with density fp) assumes the role of the base measure, with the precision
parameter controlling the extent of concentration around Fy. However, unlike these
approaches, we desire our approach to be devoid of nuisance parameters, and that the
inference is solely targeted to the parameter of interest while retaining the interpretation
of a generative probability model. In a sense, these goals are similar to that of EL (or
ETEL), where one can simply consider the estimating equation E[0log fo(X)/06] = 0
to infer about the parameter . However, such estimating equations simply enforce spe-
cific constraints on the moments of the distribution, and will not be able ensure the
vicinity of the distribution near a parametric family Fy of interest.

In pursuit of this, we propose a novel adaptation of ETEL by centering P around
Fy using a suitable distance metric D, that encapsulates a more holistic discrepancy
between the two distributions. More specifically, we restrict P within the neighborhood
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D[P, Fy] < e, for some radius € > 0. The proposed methodology is termed as D-BETEL.
In an inferential task, this framework provides a good balance between modeling flexi-
bility by adaptively tuning € and interpretability, since we have the provision to invoke a
non-parametric likelihood that concentrates around an interpretable parametric guess,
where the nuisance parameters are profiled out within the ETEL framework. Naturally,
a key ingredient in our proposal is the choice of the metric D that yields a non-trivial
distance between Fy and the empirical distribution on the observed data, and at the
same time enjoys computational simplicity and straightforward extension to multivari-
ate cases. Because Fy is potentially absolutely continuous with respect to the Lebesgue
measure and the empirical distribution on the observed data is discrete, it rules out
many standard distances, for example, Kullback-Leibler, Hellinger, total variation, 2
etc. The 2-Wasserstein metric (Villani, 2003; Panaretos and Zemel, 2019), despite some
limitations discussed later, provides a viable choice.

In ensuing applications, other than the choice of the metric, an equally important
aspect is to allow the user to select from relatively broader class of distributions Fjy.
Although having a fully flexible Fy defeats the purpose of constructing a procedure de-
void of nuisance parameters, we choose to work with elliptical mixture models (EMMs),
which offers the user a sufficiently large class to choose from. We also note that the
2-Wasserstein metric does not allow for a computationally efficient multivariate exten-
sion, even for EMMs. To this end, we propose an important special case of D-BETEL,
with a novel adaptation of the 2-Wasserstein metric by a restriction and an augmen-
tation scheme. In the restriction scheme, we assume Fy to be an EMM and adapt D
by further restricting the coupling measures to the class of EMMs, which considerably
reduce the computational cost and yet encompasses a rich class of coupling measures.
However, this renders the metric to depend only on the mean and variance-covariance
matrix of Fy, and ignores finer comparison in the tails. We address this in the augmen-
tation scheme, where we augment the coupling measure with a product of univariate
couplings. This is tantamount to adding a sum of univariate Wasserstein metrics to our
adaptation, which effectively captures tail features. Further, the restriction scheme can
exploit an entropic regularization of discrete optimal transport (Le et al., 2019; Cuturi,
2013), that remains expressive and computationally tenable even in multivariate cases.
The resulting regularized optimal transport metric for EMMs is termed as AugmeNteD
and REstricted Wasserstein metric or ANDREW, and is utilized as a convenient metric
of choice for the application section.

The rest of the article is organized as follows. Section 2 introduces the proposed
Bayesian exponentially tilted empirical likelihood framework with distributional con-
straints in complete generality, and presents a posterior computation scheme. Section 3
presents an important special case of the proposed D-BETEL methodology, incorpo-
rating the elliptical mixture model as the centering family of distribution Fy and a
principled and computationally efficient adaptation of optimal transport as the dis-
tance metric D. In Section 4, we investigate the population-level target of inference
under the distributionally constrained exponentially tilted empirical likelihood, cen-
tral to D-BETEL, and examine its robustness properties to model misspecification. In
Section 5, we demonstrate that one may view our proposed methodology as a non-
parametric Bayes approach based on asymptotic equivalence relationship between our
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framework and a hierarchical setup similar to the mixture of finite mixture models. Sec-
tion 6 presents two applications of the proposed methodology, in model based clustering
and generalized linear models. Finally, we conclude with a discussion.

2 D-BETEL: Bayesian ETEL with distributional
constraints

Let S" ':={veR": v; >0, i=1,...,n, Y ., v; = 1} be the (n — 1)-dimensional
unit simplex, and define #(v) = — >, v;logv; to be the Shannon entropy of a proba-
bility vector v € 8”71, with the standard convention 0log0 = 0. Let # = (z1,...,7,)"
denote the observed data, which are assumed to be i.i.d. samples from a probability
distribution P on X C R™. Let {Fy : § € © C R?} be a parametric family of distribu-
tions posited for the x;s. We develop a flexible Bayesian semi-parametric procedure that
centers around this parametric family, while allowing for flexible departures from it. The
proposed methodology can be extended beyond the i.i.d. setting; see Section 6.2 for an
illustration in the regression context. Our approach draws inspiration from the Bayesian
exponentially tilted empirical likelihood (Bayesian ETEL or BETEL; Schennach (2005))

for moment condition models.

Moment condition models are specified by a collection of moment conditions
Ep[g(X,9)] = 0,, where ¢ : = ¢(P) € I is the parameter of interest, g : X x ' — R"
is a vector of known functions or estimating equations (r > d), the expectation Ep is
taken with respect to the unknown generating distribution P, and 0, refers to a vec-
tor of zeros in R”. Operating under a non-parametric Bayesian framework, Schennach
(2005) proposed a flexible prior on P with an entropy-maximizing flavor. Under a spe-
cific asymptotic regime that allowed analytic marginalization of nuisance parameters
describing the generative model, the corresponding marginal posterior distribution of

1, given a random sample ¢ = (x1,...,x,)" from P, was shown to approach a limiting
distribution. This is called the BETEL posterior, given by,
mmeM (Y | T, .., @0) o< w(Y) Lvem(9), (2.1)

where the ‘likelihood” Lyiom(+) is called the exponentially tilted empirical likelihood,

Lyem(®) = [[wi(w), w*(y) = {argmax?—[(w) : Zwig(:ci,ﬂ) = o}, (2.2)

iy wesn—1

and 7(-) denotes a prior distribution on I'. Here and elsewhere, we use MCM as an
acronym for moment condition model.

The maximization problem in (2.2) admits a non-trivial closed-form solution when
the convex hull of U, g(z;, ) contains the origin, leading to Lyem (v) = [Ti, wi(v),
with

exp[A($)"g(xi, ¥)]
> j—1 expAW)Tg(x;,9)]

w} (P) = Aw) = arg min n~1> " exp[nTg(xi, v)].

i=1
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When the convex hull condition is not satisfied, mxom (¥ | 21, - - -, ) 1S set to zero. The
minimization problem defining A(t)) is convex, which leads to efficient computation of
the ETEL likelihood Lyicn, and the corresponding BETEL posterior mycy can be sam-
pled using standard Markov Chain Monte Carlo (MCMC) procedures. Chib et al. (2018)
significantly contributed towards the theoretical underpinning of BETEL for moment
condition models, proving Bernstein—von Mises (BvM) theorems and model selection
consistency results under model mis-specification. They also numerically displayed its
utility in wide-ranging econometric and statistical applications.

The feature of BETEL most relevant to our purpose is that while motivated from
a non-parametric Bayesian angle, it operationally avoids a complete probabilistic spec-
ification of the data-generating mechanism. That is, the user only needs to specify a
prior distribution on the parameter of interest . In a similar spirit, our goal is to avoid
a full non-parametric modeling of the data-generating distribution, and only place a
prior distribution on the (typically low-dimensional) parameter 6 describing the center-
ing model Fy. A direct application of the ETEL to our setup is challenging as moment
conditions describing parameters of general parametric models, especially those beyond
exponential families, can be quite cumbersome or even unavailable in an analytically
tractable form. Moreover, there is no unique way of describing a finite number of mo-
ment restrictions describing Fjy. Instead, our approach is to design a modified likelihood
by constraining a weighted empirical distribution of the observed data

Vyw,x = i wi(szl (23)
1=1

to be close to the parametric model Fy with respect to a statistical metric. Specifically,
we propose a likelihood function

n
Lpom(60) := [Jwi(0), w*(6) = {arg max H(w) : D[Fy, Vo] < 5}, (2.4)
=1 wesSn—1
where D[+, ] is an appropriate statistical distance, € > 0 is a concentration parameter

which controls fidelity to the centering model, and DCM is an acronym for distribu-
tionally constrained model. With this DCM likelihood, and a prior distribution on the
parameter 6, the corresponding posterior distribution is

70 z1,...,20) x 7(0) Lpom(6). (2.5)

We refer to our formulation in (2.4) — (2.5) as the Bayesian ETEL subject to distribu-
tional constraint (D-BETEL).

The idea of centering the distribution of the observed data around a pre-specified
parametric model is not new. In fact, the Dirichlet process prior (Ferguson, 1973; Teh,
2010) in Bayesian non-parametric is exactly designed to achieve this. Other related
approaches include Antoniak (1974); Lavine (1994); Verdinelli and Wasserman (1998).
Notably, the traditional non-parametric priors are often accompanied by a large number
of uninterpretable nuisance parameters that result in a computational overhead. On
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the contrary, D-BETEL directly arrives at a marginal posterior of the parameter of
interest in a principled manner. We show in Section 5 that the D-BETEL posterior
arises organically from a non-parametric Bayes model by marginalization of the nuisance
parameters specifying a mixing measure, which has a mixture of finite mixtures (MFM;
Miller and Harrison (2018)) interpretation. Therefore, D-BETEL inherits the flexibility
of Bayesian nonparametric models while operationally being devoid of high-dimensional
nuisance parameters.

A key ingredient in our proposal is the metric D. A basic requirement is that D (i)
returns a non-trivial distance between a discrete and a continuous distribution. For the
ensuing applications we also require that D: (ii) allows a straightforward multivariate
extension, (iii) is computationally feasible and efficient, and (iv) effectively captures
the discrepancies at the tail of the distributions. The requirement (i) itself rules out
the applicability of many popular statistical distances/divergences like the Kullback—
Leibler divergence, Hellinger distance, total variation distance, x? distance, etc. The
Cramer—von Mises metric on R satisfies (i), (iv), but its multivariate extension is not
immediate. The p-Wasserstein metric (Villani, 2003) satisfies (i), (ii), and (iv), and is
an attractive candidate. To discuss this further, we recall some relevant facts about the
p-Wasserstein metric first.

Definition 1. For p > 1, the Wasserstein space Pp(Rd) is defined as the set of prob-
ability measures i with finite moment of order p, that is, {p : [gallz|" du(z) < oo},
where || - || is the Euclidean norm on RY.

Definition 2. For pg,p1 € P,(R?), let C(po,p1) C P,(R? x RY) denote the subset of
joint probability measures (or couplings) v on RY x R with marginal distributions po
and p1, respectively. Then, the p- Wasserstein distance W, between py and py is defined
as WE(po, p1) = infuec(po.pr) Jraxre 190 = w1ll” dv(yo, y1).

If both pg = Fp and p1 = vy, belong to P,(R) with quantile functions F(;l, Ffl
respectively, we have tractable expression (Panaretos and Zemel, 2019) WPh(po,p1) =
f[0,1] [Fy'(q) — Fy ' (q)]"dq. However, such closed-form expressions beyond one dimen-
sion are unavailable. Fortunately, numerical approximations for the case p = 2 (i.e.,
the Ws metric) are ubiquitous (Taskesen et al., 2022; Cuturi, 2013; Delon and Desol-
neux, 2020), even beyond one dimension. In particular, semi-discrete optimal transport
schemes (Taskesen et al., 2022), that compute the W5 distance between a discrete and
a potentially continuous probability measure, are broadly applicable to our problem,
and approximate numerical algorithm are available in the literature (Mirebeau, 2015;
Kitagawa et al., 2017; Gerber and Maggioni, 2017). One may ensure further compu-
tational efficiency of D-BETEL, while maintaining fidelity towards required statistical
considerations, via principled adaptations of the W5 metric applicable for judiciously
chosen family of Fjy; refer to Section 3 for a special case.

Another key ingredient of the D-BETEL mechanism is the hyper-parameter € which
determines how tightly v, , sits around Fy with respect to D. Clearly, it bears similar-
ity to the concentration parameter in a Dirichlet process (Ferguson, 1973; Teh, 2010)
which dictates fidelity to the base measure. While there is substantial literature on
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tuning the concentration parameter of the Dirichlet process mixture model (Escobar
and West, 1995; Ishwaran and Zarepour, 2000; McAuliffe et al., 2006), it still remains
a notoriously difficult task. Since the nuisance parameters are effectively marginalized
out in D-BETEL, we adopt a simple predictive approach to devise a data-driven and
principled tuning scheme in Section 5. We now outline a posterior computation scheme
for sampling from the D-BETEL posterior.

Posterior computation

We sample from the D-BETEL posterior 7(0 | z1,...,2,) & w(0) Lpcm(f) via the
Metropolis—Hastings (MH) algorithm in all our examples, with carefully-designed pro-
posal schemes for the parameter of interest 6. Refer to Sections 6.1 and 6.2 for specific
instances of the sampler in model-based clustering, and generalized linear regression
exercises, respectively. Implementation of any MH algorithm requires evaluation of the
‘likelihood’” Lpcm, which we discuss below. Throughout the remainder of this section,
we assume the availability of an efficient numerical implementation of D that facilitates
the posterior sampling scheme proposed in the sequel.

We undertake a closer look at the constrained entropy maximization problem at
the core of our likelihood formulation in (2.4), and note that log [T\, w; " = logn —
Sor wilog(w;/(1/n)). For fixed 6 € ©, solving the above maximization problem in (2.4)

is equivalent to finding the probability vector (wy, ..., w,) that minimizes the Kullback—
Leibler divergence between the probabilities wy, . .., w, assigned to each sample and the
empirical probabilities 1/n,...,1/n, subject to the distance constraint D[Fy, vy, 5| < €.

Unfortunately, unlike the case for Lyiom (2.2), the optimization problem for Lponm (2.4)
does not allow a closed form solution. However, we can access augmented Lagrangian
methods (Conn et al., 1991; Birgin and Martinez, 2008) and conic solvers (Becker et al.,
2011) via the R interface (R Core Team, 2022) of constrained non-linear optimization
solvers (for example, NLopt, Johnson (2022) and CVX, Grant and Boyd (2008)). In
particular, for fixed § € © and € > 0, we can express the non-linear programming
problem in (2.4) in standard form as:

min  —H(w), subject to D[Fp, vy ] <e.
weSn—1

The associated Lagrangian function £ : R™ x R — R is defined as
L(w, \*) = —H(w) + X* D[Fy, V), (2.6)

where \* is the Lagrange multiplier, and the Lagrange dual function v : R — R takes
the form

v(N) = inf L(w, \). (2.7)

This dual formulation enables us to access off-the-shelf augmented Lagrangian based
optimization algorithms (Conn et al., 1991; Birgin and Martinez, 2008) to compute
Lpcum. This completes the description of our posterior computation scheme.
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We conclude the section by noting that utilizing off-the-shelf algorithms for semi-
discrete optimal transport towards calculating the D-ETEL likelihood can still be pro-
hibitive, since solving semi-discrete optimal transport problems are at least # P-hard
(Taskesen et al., 2022) and each evaluation of D-BETEL likelihood involves repeated
computation of D. This motivates the need for a specialized adaptation of the W5 metric
and judicious choice of the centering family of distributions Fy. To that end, the next
section is devoted to a important special case of our proposed D-BETEL methodology,
that remains computationally feasible across the ensuing applications.

3 D-BETEL with an AugmeNteD and REstricted
Wasserstein metric (ANDREW) for Elliptical Mixture
Models (EMM)

In this section, we present an important special case of the proposed D-BETEL method-
ology, introducing a principled and computationally efficient adaptation of W5 as the
distance metric D for a specific choice of the centering parametric family Fy. Specifically,
we restrict the centering family Fy to Elliptical Mixture Models (EMM), which form a
flexible family of generative models. EMMs notably include Gaussian and t location-
scale mixtures, which can approximate a broad variety of density shapes, including
multi-modality and skewness.

Given a center m € R, a positive (semi-)definite scale matrix ¥ € R%*¢ and a
generator function & : [0,00) — (0, 00), the elliptical distribution EDj,(m, %) is defined
to be the distribution with characteristic function

t — exp(it™m) h(t*St), te R (3.1)

A multivariate Gaussian distribution Ng(m, X) has characteristic function of the form
in (3.1) with h(z) = exp(—z/2) for z > 0. Elliptical distributions (Muirhead, 2005)
correspond to general non-negative functions h, and include multivariate normal and
t distributions as special examples. A discrete mixture of such elliptical distributions,
Zszl sk EDp,(my, Bx) with s = (sy,...,sx) € AK~L provides a flexible tool for sta-
tistical modeling (Cambanis et al., 1981; Holzmann et al., 2006) and probabilistic em-
bedding of complex objects (Muzellec and Cuturi, 2018; Le et al., 2019). Consequently,
such elliptical mixture models (EMM) serve as an attractive candidate for our para-
metric centering family Fy, with 8 = (s, {mk}kK:17 {Ek}kK:1) in the most general case.
In practice, one may assume additional structure by fixing K or setting ¥, = X for all
k, or posit additional structure on ¥, (such as Xy = 021,), ete.

To proceed further, we introduce some notations. Let pg, p1 € Pp(Rd) be two Gaus-
sian Mixture Models (GMMSs), denoted by
K,
2 :ZsjkN(mjkazjk); S; = (Sjl,...,SjKj)T ESKj_l, j:(),l.
k=1

In the context of this article, py corresponds to the centering distribution Fyp and p;
corresponds to vy, 5, as defined in equation (2.3), viewed as a limiting case of a GMM
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with K7 = n. The W5 distance between pg and p; does not admit a closed form ex-
pression. An interesting line of work (Delon and Desolneux, 2020; Bion-Nadal and Ta-
lay, 2019; Cuturi, 2013) has emerged that modifies the Wy metric, defined in (2), via
restricting the class of coupling measures C(pg, p1) to a carefully chosen sub-family,
which considerably reduces the computational cost and yet encompasses a rich class
of coupling measures. In particular, Delon and Desolneux (2020) defined a modified
W5 metric, denoted by MWy, by considering a restricted class of coupling measures
Camm = {C(po,p1) N GMMay K, k, }, Where

K() K1 KO Kl
GMMaq, ko, K, = {Zzﬂ'kl N, Q) = 7 >0, > Y g = 1},
k=1 1=1 k=1 1=1

denotes the collection of all (K x Ki)-component mixture of Gaussian distributions
on R??. This relaxation enables them to obtain a tractable expression for MW (po, p1).
Particularly, to the interest of the current article, we set pg = ZkK:O1 s0eN(mok, Lok ) and
pL = ZkK:ll $1k0m,, - Suppose M = ((||moxr — my|[?)) € REo*E1 denotes the quadratic
cost matrix and II = ((my;)) € R¥0*K1 denotes the weight matrix, then

Ko
MW?2 D= E || X — X/ ?= inf (M tr(Zok).
3(po,p1) o 1 X5 — X7 Hecl(gom)( >+’;80k r(Zok)

One may equip the D-BETEL methodology with the D = MW% However, MW% suffers
from two key limitations.

First, the expression involves the discrete optimal transport problem
ianeC(SO,sl)<H,M>, that requires a cubic time complexity when solved via tra-
ditional simplex or interior-point methods. Fortunately, one may circumnavigate the
computational challenge by appealing to Cuturi (2013), that proposed a entropic
restriction on C(sg, s1), that in turn introduces entropic regularization term to the
discrete optimal transport objective. This entropic regularization term make the
discrete optimal transport problem strictly convex, and ensures that one can access
linear convergence via Sinkhorn’s fixed point iterations. In a shared spirit, one may
restrict GMMag k,,x, further to GMMS, - -, by imposing the entropic restriction on
C(so, s1) as follows:

{H = ((m)) € REOEL Mg, = 50, T 1, = 81, Dk [H I sosﬂ < a},
and define a collection of couplings Camm,a = {C(po, p1) NGMMS, k., , }- Particularly,

to the interest of the current article, if py = ZkK:01 soxN(mok, Xok), pP1 = ZkK:ll $1kOmyx s
we get a computationally convenient adaptation of MW% (po, p1) as follows

vECGMM, a TeC(s0,51)

Ko
: * * . 1
MW3 . (po,p1):= _inf E,||X§—X{||°= inf <H,M>—/\—H(H)}+§ sortr(Xok),
@ k=1

where A, depends on o and H(II) = — Zk,l T log mry.
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The second key limitation of MWy(pg, p1) is that its expression relies solely on the
first and second-order moments of Fy, rendering it incapable of adequately capturing
the tail behavior. Even if we replace the GMMs by a versatile class of EMMs and restrict
the class of coupling measures C(po, p1) to Cemm,o = C(po, p1) NEMM3, k., ., then also

MW%,EMM,a(pmpl) L= inf }E,,||X5 - Xsz

ve{CEMM,a

Ko
1
= inf LMY — —HAD) | + E tr(X

Hecl(nsﬁhsl) |:< > )\(x ( ):| o k=1 20k r( Ok)

only depends on first and second-order moments, and we fail to capture the tail behavior
of Fy. For example, in Figure 1, let

Ko Ko K1

Po = ZSOktn(WOk, Yo), Pp = Z Sokty (Mow, Zox), P1 = Z 51k0m, ),
k=1 k=1 k=1

tivariate t-distributions ¢, (mok, Xox) and ¢,/ (mok, Xy,,) match for k =1,..., K. Then,
MW§7EMM7a(p0,p1) = MVV;EM\/W(106,101)7 despite the differences in the tail behaviors
of pg and p;. In Supplementary Section 5 (Chakraborty et al., 2025), we compare D-
BETEL with D = MW, and D = Wxg, proposed in the sequel, on generalized linear
regression task.

and set ' =n/m, X{, = %Z% for some m € Z* such that the variances of the mul-

n=9 n=12
™ ]
] / " /
(7] (2]
2 -~ g -
€ - - t o
] - ©
35 1 — = —
<] G o
™ |—n — /3 n/ LI |—“ — n/3 n/
1 T T T T Tl
0.0 0.3 0.6 09 0.0 0.3 0.6 09
Probability Probability

Figure 1: The plots show that MW, gmm,« fails to capture the differences in the
tail behavior of the probability distributions. Let py = ZkK=U1 Soktn(Mok, Xok), Py =
Sy souty (mo, So), pr = 34ty 1kl and set i = n/m, So, = LIV
for m € {3,4}, such that the wvariances of the multivariate t-distributions
tn(Mmok, Xok) and ty (mok, Xqy,) match for k =1,...,Kq. Then, MW§7EMM7a(p0,p1) =
MW;EMMﬂ(p{),pl), despite pg and p1 being different probability distributions. In this
plot, the two panels correspond to n € {9,12}, respectively. Since the expression of
War, proposed in the sequel, additionally involves the marginal quantiles given by
ZZ=1 fol (FO_kl (z) — Fy,! (z))Zdz, it is capable of capturing the difference in the tail due
to the different d.f. of the ¢.
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Proposed metric

In view of the discussion so far in this section, we finally describe a new and care-
fully crafted strategy based on augmentation succeeded by restriction in the space of
coupling measures that yield a transport metric that not only automatically inher-
its computational tractability of MW%ya(po,pl), and is capable of accessing improved
computational algorithms based on an entropic regularization of the discrete optimal
transport (Cuturi, 2013), but also remains expressive. In essence, our novel strategy
presents a general recipe for devising increasingly expressive transport metrics and de-
scribing a corresponding modified class of couplings, of which ANDREW introduced
next is a specific example. To that end, we augment the class of coupling measures
C(po,p1) C P,(RY x RY) into a class of coupling measures C(p, p}) C P,(R?? x R??),
and then restrict C(pf, pT) to a carefully chosen sub-class of couplings. We describe the
details below.

Definition 3. Let py,p1 € P,(RY) with p; = ZkK:J] $jkEDy(mjk, Zjk), (j = 0,1). Next,
we shall consider an augmentation followed by a restriction scheme as follows:
(a) Augmentation: Define probability distribution p} € Po(R??) as

Po - = Po @ Po, with Po = po1 ® ... pod
and po; the i-th marginal of po. Clearly, if Xo ~ po, and Xo independent of Xo is
distributed as po, then X§ = (Xo, Xo)" ~ p. Similarly, define pj. By construction we

have

C(p§,pY) = C(po,p1) ® C(Po, 1) = C(po,p1) ® { @y C(Poisp1i) }-

(b) Restriction: Suppose

KO K1 KO Kl
EMMaq, ko, x, = {Zzﬂkz EDy, (bit, Q) : Tt 2 0, > g = 1}
k=11=1 k=1 1=1

denote the collection of all (Ko x K4 )-component mizture of identifiable elliptical distri-
butions on R21. Define a subset EMMS, x, 1, of EMMag K, Kk, by imposing the entropic
restriction

Dy [IT || sosT] < o, where IT = ((my)) € R0

is the joint probability matriz of the mixture weights, and sg,s1 are the respective
marginals, that is, g, = s0,11"1x, = s1. Finally, define a collection of couplings
R*(pg, p1) C C(p5, p1) as

R(p§,p}) = Cennta ® { @1 C(poi,p1i)}. Commia = C(po,p1) NEMMS, k. k.-

Refer to Figure 2 for a schematic representation of the proposed augmentation and
restriction strategy. With these notations in place, we define ANDREW as

Wir(po, p1) = inf  E,[|X5 - X7|]% (3-2)

vER™(p§,pt)
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R*(pp.p1) = {ﬁ(pam)ﬂEMMBd(KoKI)}Qb{@il :(pai-pu)} - . ® ‘ ‘

Pp(RY x RY) Pp(RY x RY)

7(Po. P1) 7(Po, p1)
{#too.pr) 0 EAMa(oKC0 |

m(po, p1) N EMM5,(KoK1)

{ L, W(Pohpu)}

Figure 2: The augmentation and restriction scheme to construct R*(p§, py), left: con-
struction of {Cemm,a = C(po,p1) N EMMS, i g, }, right: construction of { @f_,
C(poi,p1i) } with d = 2.

To cater to our original goal of centering the D-BETEL around an EMM, we now
present a simplified form of Wag for the case when one of pg, p; is discrete.

K K
Theorem 1. Suppose po = 3 ;%) sorEDp(mok, Xok), 1 = D 4ty S1kOma,, and M =
((Ilmor — mu||?)) € REXEs be the quadratic cost matriz. Then, there exists A, de-
pending on « such that, W3R (po,p1) =

Ky d 1

. 1 _ _ 2

HeCl(nf ) (I, M) — )\—H(H)] + v E Soktr(Sok) + E / (Foit (2) = Fil(2)) "dz,
08 @ k=1 k=170

where (I, M) = tr(II" M), H(II) = =k Trilog Ty and Fﬁcl(-) is the quantile func-
tion of Xjy.

We defer the proof and a cascade of required lemmas to Supplementary Section
1, and make some remarks about ANDREW here. We recall that, in the posterior
computation scheme for D-BETEL, each evaluation of the likelihood involves several
computations of the distance D[Fy, vy o] = WaRr[Fp, Vo). Importantly, the expression
above is completely tractable and computationally feasible. The entropic regularization
term in Wag makes the discrete optimal transport problem strictly convex, and conse-
quently, it can access linear convergence via Sinkhorn’s fixed point iterations (Cuturi,
2013). Secondly, since the expression of Wxgr additionally involves the marginal quan-
tiles, it is capable of capturing the difference in the tail. We believe the flexibility and
the computational simplicity of our novel Wasserstein metric may render itself useful in
many optimal transport-based machine learning applications, beyond what we discuss
here, see the discussion section for some specific application domains.
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4 Population level target of D-ETEL

In this section, we explore the population-level target of inference under the distribu-
tionally constrained exponentially tilted empirical likelihood (D-ETEL) mechanism in
(2.4), which lies at the heart of D-BETEL, and the robustness it brings under model
misspecification. We conduct this exploration via a combination of analytical calcula-
tions and numerical simulations. Precisely characterizing the target of estimation for
D-ETEL in an analytical fashion is difficult and beyond the scope of this article. The
difficulty arises from nonlinearities in the objective function as we discuss below. Even
in the EL literature, where the objective function is comparatively simpler, such charac-
terizations are not straightforward; see Section 2.3 of Schennach (2007) for a discussion.
In this section, we fix D to be the Wasserstein metric with the squared FEuclidean norm
(Villani, 2003), denoted by Wa.

Recall that P denotes the unknown data generative model of interest. A proposed
parametric class of models {Fy : § € © C R?} aims to adequately describe P. Suppose
Fy admits a probability density function fy. Under model misspecification, that is, when
P ¢ {Fy:0c 0 C RY}, a statistical procedure targets the best approximation of P
within the proposed parametric family {Fy : § € © C R%} in an appropriate sense. For
example, under appropriate regularity conditions, the maximum likelihood estimator of
0, denoted by 6*, converges to the KL projection of P within {Fy : § € © C R%}, that
is, to

0* = arg min KL(P||Fyp) = arg min Ex . p[— log fo(X)], (4.1)
0 0

as the sample size n — oo (White, 1982). Moreover, a usual Bayesian posterior also con-
tracts around the same target parameter 0* under similar regularity conditions (Kleijn
and van der Vaart, 2006). The proposed D-BETEL procedure replaces the usual para-
metric likelihood L(#) = [}, fo(X;) with the exponentially tilted empirical likelihood
Lpem(0) = TI7_, wr(0) in (2.4), where the role of the parametric family Fp is en-
capsulated inside the weights {w}(0)}?_,. Therefore, it is natural to investigate which
population summary the D-ETEL procedure targets. We offer a characterization below,
and provide an empirical illustration of its robustness over the nearest KL point 6*.

Inspecting the dual formulation in (2.6), it becomes apparent that the population-
level target of D-ETEL can be obtained by the following two-step procedure:: (i) for a
given # € O, obtain

Qo = argénin [KL(QI| P) + A" D(Fy, Q)] (4.2)

where the minimization is over all probability measures ). The class of densities Qg
can be interpreted as an enlargement of Fy. Then, in step (ii) we set

6" = argmax Ex. p[log Qg (X)]. (4.3)
0cO

This follows since for large sample sizes, P is adequately described by the empirical
distribution of the data v(y,, . 1/n)r 4, Po takes the form of a weighted empirical dis-
tribution vy, , as in (2.3) and KL(vw 2 || v(1/n,....1/n)T %) = logn — (= Yo w;logw;).
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I:{FQZB € @}
:l{agle € @}

Figure 3: Here P denotes the unknown data generative model of interest. A proposed
parametric class of models {Fy : # € © C R?} aims to adequately describe P. The
{Qy,0 € O} should be interpreted as an enlargement of the class {Fy, 6 € ©}, obtained
via D-ETEL mechanism. This explains the robustness of the D-ETEL estimator 6,
compared to the MLE 6*, under model misspecification, i.e, when P ¢ {Fy : § € ©}.

In particular, when € — 0, or equivalently A* — oo, we recover the parametric inference
based on the family of distributions Fp. When € > 0, we can imagine {Qe7 6 € ©} to
be an enlargement of {Fy, 6 € O}, refer to Figure 3 for a visual representation. In that
case, assuming P ¢ {Fp : 0 € © C R}, D-ETEL targets (67, P := Py) such that
KL(P' ||P) is minimum and 7 lies on the boundary of {6 : D(Fp, PT) < €}.

Note that, the optimization problem in (4.2)-(4.3) does not admit a closed-form
solution even for the simplest choices of Fjy, for example, Gaussian. So, in the
context of specific examples, we resort to solving the sample version of the op-
timization problem in (4.2)-(4.3) with an adequately large sample size. Then, we
use the @ that maximizes Lpcy as a proxy for 7. In what follows, we consider
an example, where the data is generated from a mildly skewed skew-normal distri-
bution (Azzalini and Dalla Valle, 1996). This imitates a data generation scheme,
where the underlying true distribution is univariate normal in the presence of mild
contamination. The goal is to compute the target of estimation for the maxi-
mum likelihood procedure and for D-ETEL with Fy as univariate normal distribu-
tion.

Example 1 (Skew-normal distribution). Motivated by the model based cluster-
ing example in Miller and Dunson (2019); see also Cai et al. (2020a); we generate
a sample of size n = 500 from a univariate skew-normal distribution (Azzalini and
Dalla Valle, 1996) with pdf f(z) = 2¢(x)®(ax), * € R and the skewness parameter
a # 0. To model the generated data, we first consider the parametric class of mod-
els F, o2 = {N(pt,0?%),p € R,0% > 0} and compute the maximum likelihood estimate
of (u,0?). This involves calculating the best KL projection of the empirical distribu-
tion of the observed data within the parametric class F), ;2. As an alternative, we also
consider computing the D-ETEL estimate of (u, 0?) with the centering family of distri-
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Figure 4: Skew-normal distribution. We plot the density estimates fy+ corresponding
to the MLE in (4.1) and fy+ corresponding to the D-ETEL estimator in (4.3), where the
data is generated from a univariate skew normal distribution (Azzalini and Dalla Valle,
1996) and the parametric family of interest is F, 52 = {N(u,0?%),p € R,0? > 0}.
In particular, we generate a sample of size n = 500 from a univariate skew-normal
distribution with pdf f(x) = 2¢(x)®(ax), = € R, with varying values of the skew-
ness parameter « € {1,5}. The plot consider D-ETEL estimates for varying value
of ¢ € {3,3.5}. The specific values of ¢ is guided by the hyper-parameter tuning
scheme, introduced in (5.4). In particular, the considered values of ¢ correspond to
the two highest x’s in (5.4). For moderate skewness (o = 1), the MLE of (u,0?)
or 0% is (0.52,0.70), and D-ETEL estimates with ¢ = 3,3.25 are (0.34,0.45) and
(0.39,0.51), respectively. For larger skewness (o = 5), the MLE of (u,0?) or 6* is
(0.75,0.38), and D-ETEL estimates with ¢ = 3,3.25 are (0.58,0.24) and (0.63,0.28),
respectively.

butions F), ,2, based on the equation (2.4). This involves computing the best weighted
empirical distribution of the observed data within the £ neighborhood of the para-
metric class F), ;2 with respect to the metric D, as described in (4.2)-(4.3). Figure 4
plots the true skew normal density, and density estimates f(,« ,2+) corresponding to the
MLE and f(,+ s2t) corresponding to the D-ETEL estimator for varying values of €. For
moderate skewness (o = 1), the normal distributions with parameters estimated via
D-ETEL provides a satisfactory description of the data generating mechanism, com-
pared to the normal distributions with parameters estimated via maximum likelihood.
For larger skewness (o = 5), the normal distributions with parameters estimated via
D-ETEL still provides a better visual description of the data generating mechanism,
compared to the normal distributions with parameters estimated via maximum likeli-
hood.

Having formally characterized the target of estimation of the D-ETEL method, it
is instructive to examine the robustness properties of the proposed framework. For a
heuristic justification of the robustness of D-ETEL, readers are referred to the Supple-
mentary Section 2.
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5 Non-parametric Bayes interpretation of D-BETEL

Before we move on to the specific applications of D-BETEL, we shall discuss a key
feature of our proposal, that we briefly alluded to earlier, in concrete terms. In particu-
lar, we demonstrate that one may view our proposed methodology as a non-parametric
Bayes approach based on centering mixture models around a specific parametric family
by establishing an intriguing asymptotic equivalence relationship between our frame-
work and a hierarchical setup similar to the mixture of finite mixture (MFM) models
(Miller and Harrison, 2018). MFM and related non-parametric Bayesian priors (Fer-
guson, 1973; Antoniak, 1974; Pitman and Yor, 1997; Gnedin, 2009) can be recovered
as variants of the popular Gibbs-type priors (Gnedin and Pitman, 2005). Such Gibbs-
type priors are characterized by predictive distributions that are a linear combination
of the prior guess and a weighted empirical measure. The asymptotic properties of the
Gibbs-type priors are extensively studied in De Blasi et al. (2013). In the context of
the current article, the asymptotic equivalence of the proposed framework and a hi-
erarchical setup similar to the mixture of finite mixture (MFM) models enables us to
formally identify D-BETEL as a generative model — a feature illusive to many exist-
ing pseudo-likelihood-based robust Bayesian methods. In particular, we offer a concrete
probabilistic justification to D-BETEL by building a Bayesian hierarchical generative
model centered around Fy so that the marginal posterior of 6 converges in distribu-
tion to the D-BETEL posterior under a limiting environment motivated by Schennach
(2005). This result is established in Theorem 2. For notational convenience, we assume
that the data dimension m and the parameter dimension d are identical; however, this
assumption is not essential for the subsequent analysis.

In the following, we first briefly introduce a generative model for the data points
Z1,...,T, which closely mimics commonly used Bayesian nonparametric methods such
as the mixture of finite mixture of Gaussian. The description proceeds via a probabil-
ity model for the independent d-variate observations x; conditional on its own set of
ind- fG | m) for i =1,...,n. To impart flexibility,
N)

parameters 7; € R?, that is, z; | ;
the random effects 7; are independently drawn from a common mizing measure P
defined on (R4, B(R%)), where N is a positive integer involved in the description of
PW). This renders the marginal density of ; | PN) to be [ f(z; | ;) P™ (dn;), in-
dependently for i = 1,...,n. The mixing distribution P"V) is parameterized through
its associated nuisance parameters £* = (k:, b, {uh}ﬁzl), where k € N, b = (by,...,bx)
such that each by is a positive integer subject to the constraint 22:1 b, = N, and
wn = (Bhis---stna) € R? for h = 1,...,%. The details on the construction of the
mixing measure PY) is deferred to the next sub-section. Next, we induce a prior dis-
tribution on PUY) through a prior distribution on &*. To do so, we construct a joint
prior on (£*,0) hierarchically by first specifying the marginal prior on the parameter
of interest 6, and then the conditional prior of £* | 6 in terms of a 6 dependent slice
on the support of an unconditional distribution 7o n(-) for £*. In essence, £* act as
a bridge between the data and the parameter of interest 6 in the hierarchical formula-
tion. This is where our modeling departs from a typical non-parametric Bayes model,
where P(V) is the object of inference and 6 is viewed as a derived quantity from PZV).
Instead, in our framework, 6 retains its own identity and PV) is viewed as an infinite-
dimensional nuisance parameter. In other words, (P(N ), ) describes a semi-parametric



A. Chakraborty, A. Bhattacharya, and D. Pati 953

(N)

object for inference, where PV is a flexible probability measure, and 6 is the parameter

of interest.

A constrained generative mechanism

We specify the details for each of the pieces of the generative model from top down in
the sequel. First, the distribution f of the data given random effects is chosen to be an
appropriate uniform distribution. Specifically, given 7 > 0, let

d

x; | n;, PN - HUniform(m’l —r U+, i=1,..n,
1=1

n; | pWN)  p(N)

(5.1)

where n; = (9i1,...,Mi,4)", ¢ € [N]. The uniform kernel is chosen for analytic tractability
in ensuing calculations. We expect the main results to hold for more general kernels,
albeit with additional technical challenges.

Next, for any Borel set A € B(R?), define PN)(A) as PN)(A) = 22:1 Thop, (A),
where conditional on k, the mixture weights (71, ..., 7x) are constructed via normalized
counts, that is, (m1,...,7m) = (b1/N,...,bx/N). We specify distributions on the pieces
to define an unconditional distribution m n(-) for & = (k, 1, ..., g, b1, .., bk) ",

(b1,...,bx) | K ~ Multinomial(N;1/k,...,1/k)

wn |k L HY h=1,...,k k~ p(k) = Geometric(p),

(5.2)
where HY) is a suitably chosen d-dimensional “base” distribution, refer to assump-
tions in Supplementary Section for details. Given a draw of k, the k atoms {uy}7_, are
drawn independently from HWY ), and the count vector (by,...,bx) that yields the mix-
ture weights is drawn from Multinomial(N;1/k,...,1/k), instead of direct draws of the
mixture weights from a Dirichlet distribution, commonly used in the finite dimensional
version of the Dirichlet process (Ishwaran and Zarepour, 2002a,b), or in the mixture
of finite mixtures setup (Miller and Harrison, 2018). The distributional specification
Too,N for £* in (5.2) induces a mixture of finite mixtures (MFM; Miller and Harrison

(2018)) for PUY) given by PN) = S°2° p(k) [Zl;:l(bh/]\f)é#h . This completes the
construction of the mixing measure P(V).

Next, we construct a joint prior on (£*,6) by first specifying a prior distribu-
tion 7(-) on 6, and then the conditional distribution of & | € by restricting the
distribution 7o n(-) to the slice A, n(0) := {&* : D(PW) Fp) < &} defined on
the support of £*, where the metric D and the scalar ¢ > 0 are as in (2.2). Thus,
TeN(€ 1 0) X Moo N(E¥) 1a_ () (§F), that is, given a specific value of 6, only draws
from the unconditional prior 7w, n are retained for which PW) and Fy are e-close under
the metric D. The joint prior on (£*, 6) can therefore be expressed as

e N(§5,0) x m(0)me n(EF ] ). (5.3)
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Figure 5: Left panel. the pdf fo(x) corresponding to the centering distribution Fy =
0.6 x N(—1,0.5%) + 0.4 x N(1,0.52) in black and representative discrete distributions in
a D-neighborhood (with D chosen as War introduced in Section 3) of Fp in red after
kernel smoothing, Middle panel. one particular P = 22:1 oy, with k=20 in the
War-neighborhood of Fy with WgR(P, Fy) = 2.5, Right panel. histogram of a random
sample of size 100 drawn from fp(x) = [ f(z | n)P(dn) with T = 10? in equation (5.1).
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This completes our hierarchical specification. Figure 5 presents a schematic of the hier-
archical model in equations (5.1)—(5.3).

Combining the joint prior m. y(£*,6) with the generative model in (5.1), one obtains
the joint posterior distribution . n (6, &* | x1.,) of (8,&*). A fully Bayesian analysis of
the posterior of 7. n(0,&* | x1.,) entails traversing the high-dimensional parameter
space of (£*,0) to simultaneously learn (P), ). Instead, motivated by Schennach
(2005), we marginalize 7. n(6,€* | x1.,) with respect to nuisance parameters £* to
obtain the marginal posterior 7. n (6 | 1., ), that enables us to access targeted inference
on the parameter of interest #. We shall operate in an asymptotic regime motivated by
Schennach (2005), where we let the hyper parameters 7 = 7(N), p = p(N) and the base-
measure H™) to evolve with N. Under this environment, we show that the marginal
posterior me n(0 | z1.n) converges to (2.5) as N — 0.

Theorem 2. Fix the concentration parameter e > 0 and sample size n. Suppose H(N), P
and T satisfy the assumptions stated in Supplementary Section (3.1). Then the marginal
posterior we N (0 | z1.,) defined after (5.1)—(5.3) converges point-wise in 0 to the D-
BETEL posterior in equation (2.5) as N — oo,

|Te N (0| z1:0) — T(0 | 1) = 0 as N — oo.

An application of Scheffe’s theorem (Resnick, 2013) yields,

1
||7TE,N(' | xl:n) - 77(' ‘ xl:n)HTV L= § / |7T57N(9 | xl:n) — 71'(0 | xln)|d9 — 0 as N = oo.
6

Due to space limitations, a detailed description of the asymptotic framework and
the proof of the theorem are deferred to the Supplementary Section 3. We conclude the
section by presenting a scheme for the tuning of the € parameter.
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Hyper-parameter tuning

A key revelation from our presentation on the non-parametric Bayes interpretation of
D-BETEL is that the hyper-parameter £ bears clear similarity to the concentration
parameter in a Dirichlet process (Ferguson, 1973; Teh, 2010), as it determines how
tightly vy, » sits around Fp with respect to D. Since the D-BETEL formulation enjoys
concrete probabilistic interpretation, we are able to provide a principled guideline for
hyper-parameter €. To that end we recall that, given x1,...,x,, the Bayesian leave-
one-out estimate of out-of-sample predictive fit (Vehtari et al., 2016; Yao et al., 2018)
is ELPD, = Y7 log7(z; | ®_;), where 7(x; | x_;) = [m(z; | 0) m(0 | x_;) df is the
leave-one-out predictive density given the data without the i-th data point, and the cor-
responding standard error is SE[ELPD.| = \/n\/Var[log 7(z1]z_1),...,log m(zy|r_p)].
When € is too large, the distance-based restriction does not kick in and estimated
SE[ELPD,] is close to 0. So, we consider a decreasing sequence of € values, say 1, ..., €p,
such that e; > ¢; V1 <14 < j < h. A general strategy to select the sequence is to first
consider a grid over powers of 2 and then use a finer grid in the interval where ELPD,
undergoes steep change. Suppose ¢, is the largest value of € for which the distance-
based restriction is active. Then, borrowing from the idea of pseudo Bayesian model
averaging (Yao et al., 2018), our estimate of the model parameter 6 is

h
A A —ELPD,,
QMA = E Kitgi, with R; = hexp( 57,) s (54)
i=ho Zj:ho exp(—ELPD,;)

where 6; and exp(—ELPDy,) are the parameter estimate and estimated ELPD at € = ¢,
respectively. From the definition of ELPD, we can interpret it as a measure of the extent
of unequal weighting of the observations. In the presence of contamination, our approach
of selecting the hyper-parameter promotes unequal weighting of the observations to en-
sure — under weighting of outlying observations, and over-weighting observations around
the “center”. This inbuilt mechanism of ensuring immunity against outliers while main-
taining a valid generative model interpretation is what sets our method apart from lot
of the existing pseudo-likelihood based approaches. Finally, it is also important to point
out that, although T equation (5.4) is calculated via an weighted average, in prac-
tice Ava and the associated highest posterior density (HPD) set typically degenerate
to those corresponding to a handful of values of €. Thus this procedure inherits the
generative model interpretation of D-BETEL.

We now have all the necessary ingredients for D-BETEL, and we illustrate the
proposed methodology in a number of specific applications. All the examples in the
following section use D-BETEL in (2.4) with our proposed transport metric ANDREW
in (3.2).

6 Applications
6.1 Model based clustering

Motivated by the model-based clustering example in Miller and Dunson (2019); see also
Cai et al. (2020a); we generate data from a bivariate skew-normal distribution (Azzalini
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and Dalla Valle, 1996) with probability density function f(z) = 2¢(z)®(a"z), x € R?,
with the two-dimensional skewness parameter « # (0, 0) to imitate a situation where the
underlying true distribution is bivariate normal in the presence of mild contamination. In
this sub-section, firstly, we wish to demonstrate that D-BETEL is resistant to presence
of mild perturbations in the data generating mechanism and can adequately describe
the above set up with a bivariate normal centering, without resorting to more complex
centering distributions. In particular, we want to demonstrate that, when the extent of
skewness in the data generating mechanism is small, D-BETEL would still be able to
model the data well with centering distribution Fy = Ny(p, X). Of course, as the extent
of skewness increases, D-BETEL would prefer Fy = wNa(u1,%1) + (1 —w)Na(p2, 3o) as
the centering family, compared to Fy = Na(p, X). Secondly, we shall showcase all our
tools in action on this simple example, and skip some of these details in later sections.

Throughout this example, for the purposes of model comparison via marginal like-
lihood, we follow the approach in Chib and Jeliazkov (2001) to approximate the
log marginal density logm(xz | M) of a model M via logm(z | M) = log f(x |
M, 0*) + logm(60* | M) — logw(0* | z,M), where log f(z | M, 6*) and logw(6* | M)
are, respectively, the log-likelihood and log prior of the model M at 6*, preferably a
high-density point.

We generate data from a bivariate skew-normal distribution with varying value of
skewness parameter « # (0,0). We choose sample sizes n € {100, 200, 300, 500}, and
set a = (2.5,2.5)", (3.0,3.0)", (3.5,3.5)" — giving us 12 simulation set-ups in total.
First, we compare the following two fully parametric models: (i) Mj, which models
the data as independent draws from Fy = Ny(p,X) with § = (i, 2)", and imposes
a diffuse N3(0,103Iy) prior on g and Wisharts (v, Vp) prior on 7!, independently.
(ii) My, which used a mixture normal model Fy = wNo(pu1,%1) + (1 — w) Na(puz, X2)
with 6 = (w, 1,1, 2, X2)T, and imposes independent diffuse N5 (0,10%I3) priors on
p1, p2, an U(0,1) prior on w, and independent Wishartsy (v, Vo) priors on ¥7! and
35 ! To explore the high-density neighborhoods of the posterior distributions, we use
coordinate-wise Metropolis—Hastings updates. For smaller sample sizes, the simpler
model M; provides higher marginal likelihood compared to Msy. However, as the
sample size grows, the more complex model My predictably starts being preferred,
refer to Figure 8 which plots the posterior model probability of M; as a function
of sample size. Next, we consider the D-BETEL counterparts of M; and My, which
we refer to as M} and M3, respectively, with M7 using a single normal distribution
Fp = No(u, X)) with 0 = (p, X)" as the centering distribution, and M3 centered around
Fyp = wNa(p1,%1) + (1 — w)Na(p2, X2) with 6 = (w, u1, 31, 42, B2)". We use same the
prior specification and MH sampling scheme as before.

First, we showcase our data driven approach to tune the hyper-parameter ¢ for both
M7 and M3. Figures 6 and 7 present plots for ELPD., SE(ELPD,) and &, defined
in Section 5, as functions of loge for two particular combination of (n,«) values. We
considered a grid of ¢ values over powers of 2 and then use a finer grid in the interval
where ELPD,. undergoes steep change. For sufficiently large value of ¢, the distance
based constraint practically becomes inactive, and consequently ELPD. plateaus out
and SE(ELPD,) | 0. Finally, we obtain the D-BETEL based parameter estimates éMA

as delineated in Section 5. Although NI equation (5.4) is calculated via an weighted
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average, in practice Onia typically degenerates to estimates corresponding to a handful
of values of €, as apparent in the plot of x as a function of loge in Figures 6, 7. We
observe similar pattern for the remaining combinations of (n, «) values, and refrain from
presenting them here in order to avoid repetitiveness.

Figure 8 presents the posterior probability of selecting the simpler model with only
one bivariate normal component under the standard posterior, a fractional posterior
with varying temperature parameters, and D-BETEL. For the standard posterior, the
posterior probability of selecting the simpler model M; drop below 0.5 as sample size in-
creases. On the contrary, D-BETEL is more resistant towards presence of mild skewness
in the data generating mechanism, and still prefer the simpler model across the sample
sizes we considered. The fractional posterior (Miller and Dunson, 2019) approach with
the temperature parameter decreasing with sample size is expected to enjoy similar nu-
merical results. In fact, the benefits of the fractional posterior (Miller and Dunson, 2019)
is already apparent in our simulations with the choice of the temperature parameter
equal to 0.25. However, unless the temperature parameter of the fractional posterior is
chosen to be appropriately small, it cannot reliably estimate the number of components
in finite mixture models, under mild model mis-specification (Cai et al., 2020b). Finally,
a comparison of computational times for the D-BETEL, the standard posterior, and the
fractional posterior-based approaches is presented in Table 1.

Model 1 Model 1 Model 1 Model 2 Model 2 Model 2
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1.0
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I O I |

SE(ELPD-LOO)

SE(ELPD-LOO)

-4635 -4615
0.0
T B
-4635 -4615
0.0
00 04 08

T T 1 LI B T T 1 T T 1 LI B 1 T 1
1.0 20 1.0 20 1.0 20 1.0 20 1.0 20 10 20

loge log e loge loge log e loge

Figure 6: Hyper-parameter tuning for model based clustering with sample size
n = 100, skewness parameter a = (3.5,3.5)". ELPD. gradually plateaus out and
SE(ELPD.) | 0 as loge 1 for both the models. Consequently, weights k corresponding
to a handful of € values contribute meaningfully to the weighted sum in Onia and rest
are ~ 0.
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Figure 7: Hyper-parameter tuning for model based clustering with sample size n = 200,
skewness parameter a = (2.5,2.5)". ELPD, gradually plateaus out and SE(ELPD,.) | 0
as loge T for both the models. Consequently, weights x corresponding to a handful of ¢
values contribute meaningfully to the weighted sum in Onia and rest are = 0.
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Figure 8: Model based clustering. We are comparing the Bayes factor for selecting
the simpler model via D-BETEL, the standard posterior, and the fractional posterior
(Miller and Dunson, 2019) with different temperatures, across varying values of skewness
parameter « of the generating skew normal distribution and sample sizes. The top left
panel is for a = (2.5,2.5)", the top right panel is for a = (3,3)", the bottom left panel is
for « = (3.5,3.5)", and the bottom right panel is for o = (10, 10)". In presence of mild
contamination, unlike the standard posterior, D-BETEL and fractional posterior with
low temperature still prefer the simpler model across the sample sizes. However, when
the extent of misspecification increases, that is, the skewness parameter o = (10,10)",
then D-BETEL chooses the more complicated model to account for the perturbation,
as expected.

n=100 n=200 n=300 n=>500

D-BETEL 79.8 87.6 93.1 106.1
Standard Posterior 26.9 274 27.6 27.9
Fractional Posterior (0.25) 32.6 32.6 32.1 32.5
Fractional Posterior (0.5)  33.7 31.8 36.7 33.7
Fractional Posterior (0.75) 31.5 32.2 31.7 30.4

Table 1: (Time comparison for model based clustering). We are comparing the
average time (in seconds) required for comparing the two model via D-BETEL, the
standard posterior, and the fractional posterior (Miller and Dunson, 2019) with different
temperatures. We report run-times (in seconds) averaged over different values of the
skewness parameter « € {(2.5,2.5)", (3,3)", (3.5,3.5)", (10,10)"} of the generating skew
normal distribution, for varying sample sizes.
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6.2 Generalized linear regression

In many scientific applications, we are constrained to operate under stringent modeling
assumptions derived from the domain knowledge or common practice in the field. For
example, in a count regression problem, collaborators may require us to assume that
the conditional distribution of the counts follow a Poisson or a negative binomial dis-
tribution. In such cases, the parameters in the postulated model carry interpretability
to the domain experts. Then, using a moment condition based model as an alternative
to a fully parametric model is not desirable, even if the postulated parametric model is
inadequate. But D-ETEL provides a viable alternative in such cases.

Suppose we observe data {(y;,z;) € R x R?}", on a response variable y and
covariates x for n individuals. In generalized linear regression set up, we model the
response by an exponential family distribution:

yi0; — b(0;)
a(¢)

where a(+), b(-), c(-) are known functions such that m; = ¥'(6;), o? = ¢b”(6;) are,
respectively, the mean and variance of the distribution, and there exists a one-to-
one continuously differentiable link function g(-) such that g=1(zf8) = ¥'(6;). The
log-likelihood of the parameter of interest 8 is (8 | z,y) = >y L(B | @i, yi) =
Dy [yieizib)(ai) + log c(y;, (;5)], where 6; is a function of m;. The corresponding Fisher’s

a

f(yz | 9i7¢) = exp + c(yi7¢) B

score function S = (So, Si,.., Sa)™: S; = 2L = 37 [(y"_mi)v%_am"] = 0 with

9B; i=1 | a(¢) 9B;
Vi = %ZL,;' = b"(6;). For simplicity of exposition, we express S = > ", n;, where
Nijg = g—é;,?’]z = (7’]10, Mi1 5+ Uid)T, 1= 1, Loy, ] = O,. .. ,d. The score statistic

S is asymptotically normal with mean 0 (Haynes, 2013) and n; captures the deviation
from 0 for the i-th observation. With that intuition, to conduct robust Bayesian infer-
ence on 3, we posit D-BETEL on {n;} , with a finite mixture of (d+ 1)-variate normal
densities, that is, Fy = ZjK:1 7 N(pj, 25) with 6 = (w0, .0 e, 1y ooy ey 215 -+, S) ™
such that ZJK:1 m;i; = 0 as our choice for centering parametric guess.

We generate data from a Poisson random effects model, log(m;) = [y +
lei +hi, Y POiSSOIl(?’TLi)7 1 = 17...7’”, where ,60 = 5, ﬂl = 1, T;
N(5,1) and h; ~ (1 — p) 1{0} + p N(1,0.1?), in order to mimic a situa-
tion where a small proportion of outliers are present in the data-set. We place
flat N(0,100%) priors on logo?(3), logo3 (), Bo and (; and a U(—1,1) prior on
p(B), independently. We devise a Metropolis—Hastings algorithm to update g(8) =
(logo2(B), logo2(B), p(B),B0, B1)* at (t + 1)th iteration using the 1-step proposal
scheme: g@+1(B) ~ N5(9(B), k Vg(Bm) 7' (Bm) VT 9(Bm)), where 1(B,,)) is the
Fisher’s information matrix evaluated at the maximum likelihood estimator 3, of 3,
and k is a tuning parameter.

Under model misspecification, the maximum likelihood estimator of 6 converges to
the KL projection of true data generating mechanism within {Fy : § € © C R%},
as the sample size n — oo, modulo appropriate regularity conditions (White, 1982).
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Moreover, a usual Bayesian posterior also contracts around the same target param-
eter under similar regularity conditions (Kleijn and van der Vaart, 2006). So, it is
instructive to compare the inference based on D-BETEL, with that based on the stan-
dard Bayesian approach. Additionally, the we include comparison with BETEL with
moment conditions derived from score equations of the Poisson regression model to
numerically demonstrate that such a procedure, as expected, is not capable of han-
dling model misspecification. In the context of generalized linear regression frame-
work, setting up meaningful moment conditions is somewhat unwieldy. Consequently,
such moment conditions derived from the score equations are common in the litera-
ture.

In Table 2, we expand on the performance of D-BETEL for varying extent of
perturbations in the data generating mechanism with sample size n = 100, rela-
tive to popular practical approaches. In particular, we compare D-BETEL against
a standard posterior as well as Bayesian analysis with the estimating equations set
to E[0logl(B | X,Y)/0B] = 0 to infer about the parameter . In particular, the
Bayesian inference based on the moment restrictions is conducted via Bayesian ex-
ponentially tilted empirical likelihood (Schennach, 2005; Chib et al., 2018). From
Table 2, we report the L; error of posterior means, length of the HPD sets and
associated coverage probabilities (within braces) for D-BETEL and competing ap-
proaches. It is evident that D-BETEL is more resistant towards presence of outliers
when compared with the standard Bayesian and MCM based approaches, across all
the sample sizes and proportion of contamination in the data sets that we consid-
ered. Also, D-BETEL provides slightly wider credible sets compared to the stan-
dard posterior based approach, while maintaining high coverage probability. Addi-

tional simulation results for n = 250,500 are presented in the Supplementary Sec-
tion 4.
D-BETEL Standard posterior MCM
p 6 00, HPD [6—d]l, HPD [6—0], HPD
0.10 By 0.02 0.18 (1.00) 0.35 0.12 (0.20) 0.41 0.22 (0.10)
£ 0.01 0.02 (1.00) 0.07 0.02 (0.20) 0.06 0.04 (0.22)
012 B, 0.2 0.22 (1.00) 0.31 0.12 (0.35) 0.47 0.35 (0.14)
£ 0.01 0.04 (1.00) 0.08 0.02 (0.59) 0.06 0.06 (0.32)
0.15 By 0.06 0.22 (0.94) 0.47 0.11 (0.00) 0.54 0.23 (0.06)
/1 0.01 0.04 (0.94) 0.06 0.02 (0.00) 0.09 0.05 (0.18)

Table 2: Generalized linear regression (Poisson regression). Here the sample
size n is 100. We compare standard posterior yielded from the fully parametric model,
moment condition model (MCM) based on the maximum likelihood equations, and D-
BETEL based parameter estimates over 50 replicated simulations with proportion of
outlier p = 0.10,0.12,0.15. D-BETEL is more resistant towards presence of outliers
all values of p considered, however it provides slightly wider 95% credible sets while
maintaining the high coverage probability. Additional simulation results for n = 250, 500
is presented in sequel.
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7 Discussion

Generative probabilistic models are immensely popular in applications as they pro-
vide a general recipe for statistical inference using the maximum likelihood or Bayesian
framework. However, it is also well understood that the resulting inference can cru-
cially depend on the modeling assumptions. In this article, we introduced a flexible
Bayesian semi-parametric modeling framework D-BETEL, and demonstrated it’s util-
ity to conduct robust inference under perturbations of the data-generating mechanism.
D-BETEL is endowed with a fully data-driven hyper-parameter tuning scheme, and en-
joys a valid generative model interpretation, which is scarce in pseudo-likelihood based
robust Bayesian methods. R scripts to reproduce the results presented in the article are
available at zovialpapai/D-BETEL.

While semi-parametric in nature, a particularly attractive feature of D-BETEL is
that the user only needs to specify a plausible family of probability models Fy for the
data along with a prior distribution for the parameter of interest 6, and does not need
to explicitly model departures from the parametric guess as is typical with nonparamet-
ric Bayesian techniques, all nuisance parameters are implicitly marginalized out and a
marginal posterior for 6 is returned. It remains possible to retrieve a discretized esti-
mate of the generating distribution to allow a more fine-grained analysis of how the data
departs from the parametric guess. The proposed approach is also very general, while
we have illustrated its usage for i.i.d. and independent non-i.i.d (i.n.i.d.) setups, exten-
sions to broader classes of dependent data models should be straightforward. Studying
theoretical properties of D-BETEL, especially second-order properties, is an interesting
avenue for future work.

While developing the methodology, we proposed a general framework to devise ex-
pressible and computationally efficient optimal transport metrics. We believe this frame-
work may have far-reaching utility beyond the scope of the current article, since optimal
transport metric has become increasingly popular in the context of Bayesian analysis
in recent years. On the theory side, optimal transport has been utilized in studying
convergence properties of latent mixing measures (Nguyen, 2013), posterior concentra-
tion of the base probability measure of a Dirichlet measure (Nguyen, 2016), posterior
contraction in finite mixture of regression models (Do et al., 2025), posterior contrac-
tion in Gaussian mixture models (Guha et al., 2023), to name a few. On the method-
ological side, the Wasserstein metric has been adopted in measuring dependence in
Bayesian non-parametric models (Catalano et al., 2021, 2024), approximate Bayesian
computation (Bernton et al., 2019), Bayesian non-parametric distributionally robust
optimization (Ning and Ma, 2023), memory efficient and minimax distribution estima-
tion (Jacobs et al., 2023), etc. While these applications exhibit substantial promise for
future development, yet the usage of transport metrics remain underexplored within the
Bayesian framework.

Finally, in this article, we demonstrated that D-BETEL is asymptotically equiva-
lent to a hierarchical setup similar to the mixture of finite mixture models (Miller and
Harrison, 2018). A potential future work may explore if one can device similar tech-
niques to conduct targeted inference on parameters of interest when considering other
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non-parametric Bayesian priors, e.g. Pitman-Yor multinomial prior (Lijoi et al., 2020),
normalized infinitely divisible multinomial processes (Lijoi et al., 2023), etc.
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Supplementary Material

Supplementary Material to “Robust probabilistic inference via a constrained transport
metric” (DOL: 10.1214/25-BA1535SUPP; .pdf). Supplementary section 1 presents the
proof of Theorem 1 on derivation of the modified optimal transport metric ANDREW,
and related auxiliary results. Supplementary Section 2 presents a heuristic justification
of the robustness of D-ETEL. Supplementary Section 3 provides proofs of theorems sup-
porting a nonparametric Bayesian interpretation of the proposed D-BETEL methodol-
ogy. In Supplementary Section 4, additional simulation results for the generalized linear
regression setting with outliers, corresponding to sample sizes n = 250 and 500, are
presented. In Supplementary Section 5, we compare D-BETEL with D = MW, and
D = WjaRr on a generalized linear regression task.
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Antonio R. Linero*

I congratulate Chakraborty et al. (2025) on this stimulating paper, which tries to im-
plement the wisdom that “all models are wrong, but some are useful” (Box and Draper,
1987). How to do this is a central question in modern Bayesian practice: how should
we perform Bayesian inference on an interpretable parametric model when we do not
believe that the model is literally true? For most scientific problems, we cannot hope to
fully reconstruct the data-generating mechanism in microscopic detail, nor do we need
to. Rather, we usually want an interpretable, approximately correct model that is useful
for guiding further scientific discoveries or policy decisions.

The immediate approach to performing Bayesian inference under model misspecifi-
cation is to simply proceed as though the model were actually correct. It is well known
that if one does this, then (i) the posterior of 6 will tend to concentrate around the
Kullback-Leibler projection of P onto {Fy : 6 € ©}, but (ii) the resulting credible sets
need not have good frequentist properties (White, 1982; Kleijn and van der Vaart, 2006,
2012) and (iii) it is not clear that the Kullback-Leibler projection is the “correct” pro-
jection to use. D-BETEL is especially interesting in this regard because, rather than
robustifying inference around the Kullback-Leibler projection, it changes the estimand
itself (see Section 4). The authors present evidence that this provides D-BETEL with
robustness to model contamination and outliers.

D-BETEL has many points of contact with the rich literature on robust Bayesian
methods. There are obvious connections to empirical likelihood methods (Owen, 2001),
such as the Bayesian empirical likelihood of Lazar (2003) and the Bayesian exponentially
tilted empirical likelihood (BETEL) of Schennach (2005); as an aside, I am glad that this
underappreciated topic is being picked up again by both the authors and others (Chaud-
huri et al., 2017; Chib et al., 2018, 2022; Tang and Yang, 2022; Kim et al., 2023; Yu and
Bondell, 2024). I see BETEL and D-BETEL as accomplishing slightly different aims:
BETEL addresses how to draw valid inference for a pre-specified projection parameter,
whereas D-BETEL aims to soften the projection itself in a P-adaptive fashion. Another
connection is with Bayesian nonparametrics, where a flexible prior is centered around
a parametric guess or base measure, thereby permitting richer data-generating mech-
anisms while retaining some connection to the original model (Ferguson, 1973; Miiller
and Quintana, 2004; Dunson, 2010). The authors connect with Bayesian nonparametrics
by identifying their approach with the limiting posterior of a Bayesian nonparametric
prior; a similar argument for BETEL is given by Schennach (2005). A third connection
is to generalized or pseudo-Bayesian updating, including Gibbs posteriors, power pos-
teriors, coarsened posteriors, and related devices that seek robustness by relaxing the
direct identification of posterior updating with the likelihood (Chernozhukov and Hong,
2003; Jiang and Tanner, 2008; Bissiri et al., 2016; Holmes and Walker, 2017; Grinwald
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and van Ommen, 2017; Miller and Dunson, 2019). Each of these approaches addresses
parts of the problem, but leaves open others.

The organizing theme of my discussion will center on the following question: what do
1 really want from approaches like D-BETEL? What parameter should we target, how
should we measure adequacy of the parametric model, and what kind of uncertainty
quantification can we reasonably support? Chakraborty et al. (2025) raise interesting
questions about all of these issues, and so provide a good opportunity to think carefully
about them.

1 Criteria for Summary Models and D-BETEL

Consider a parametric model F = {Fy : § € O} that we wish to anchor inference
to. Below I provide a highly opinionated wish list of things I would want an inference
method to satisfy, given that I have chosen to anchor my inferences to F:

A1l Good Target: The posterior should concentrate around some 6* associated with a
“good” approximation Fy« for the true data-generating mechanism P. If possible,
this “good” Fy+ should have a clear interpretation.

A2 Adequacy Measure: An interpretable measure of adequacy that tells me the
extent to which Fy« fails to capture P. Such a measure is useful for determining
whether Fy- is a useful summary of P for whatever my purposes are. The adequacy
measure might be an overall goodness-of-fit measure, but might also be targeted
toward specific inferences.

A3 Calibrated Uncertainty: Ideally, we should have a Bernstein-von Mises theorem
of the form

d (7r {n1/2(9 —0)e-| xl,...,xn} ,Normal(O,V)) 50

as n — 0o, where d(-,-) is a divergence measure on probability distributions over
0, g is a semiparametric-efficient estimator of the population-level estimand 6*,
and V is an appropriate semiparametric efficiency bound. This provides frequentist
calibration in the sense that posterior credible intervals are asymptotically valid
confidence intervals.

A4 Expandability: When our adequacy measure suggests that Fy- is a poor summary
of P, we would like to be able to make richer inferences. That is, we should be
able to gracefully expand {Fy : 6 € ©} into a larger family {Fy, : 6 € ©,7 € T'}
that is more adequate.

A5 Computational Tractability: The method should be easy to implement for a
large class of useful choices of F.

A6 Robustness/Insensitivity: Inferences should be robust in the sense of not be-
ing sensitive to data contamination, and should be minimally sensitive to small
deviations of P from F.
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Taking the achievement of these properties as a starting point, we can ask how well
D-BETEL meets these criteria. What follows are loose speculations and questions to
the authors.

The D-BETEL Target Chakraborty et al. (2025) argue that D-BETEL implicitly tar-
gets the parameter 67 defined by the following two-step procedure. First, they
construct a P-adaptive parametric family Qp = {Qp : 0 € O} defined by Qp =
argming [KL(Q||P) + A\* D(Fp,Q)]. Then D-BETEL targets the 67 defined by the
Kullback-Leibler projection of P onto Qp. Figure 3 of Chakraborty et al. (2025) suggests
that the Kullback-Leibler projection onto Qp will be closer to P than tlle Kullback-
Leibler projection onto F, and so there is an argument that targeting Qg+ is an im-
provement over targeting the Kullback-Leibler projection Fy-.

Balanced against this, there may be reasons why one would prefer to target 6* over
6. One is related to the authors’ discussion of generalized linear models. Suppose that
we specify a generalized linear model with canonical link in an exponential dispersion
family: f(y | =, 8) = exp {M + c(y; ¢)} A desirable property of this model
is that, even under misspecification, we can consistently recover 8 provided only that
the mean model E(Y; | X; = z) = V/(z " ) holds; for example, if we model count data
using a Poisson loglinear model with E(Y; | X; = z) = ezTB, then as long as this mean
model is correctly specified the posterior distribution should concentrate around the
true Bo, even if the outcome is not Poisson (of course, inferences may not be frequentist-
calibrated). Additionally, even when the model is misspecified, the 8* corresponding to
the Kullback-Leibler projection will have certain calibration properties: for example,
when X; has an intercept term, it is typically the case that E(eXiTB*) = E(Y;), so
the fitted model is consistent with the marginal mean of Y; (more generally, the errors
are uncorrelated with the X;’s). These properties are desirable, but seem unlikely to be
preserved by D-BETEL. Additionally, it is not clear what the appropriate interpretation
of 0T is, as Fyi being interpretable does not make Qg+ interpretable. Can the authors
provide quidance for when one would prefer to target 61 over 6%, or generally provide
an argument for targeting 07 as a parameter of scientific interest?

Uncertainty Quantification Chakraborty et al. (2025) do not speculate about whether
the D-BETEL posterior satisfies a Bernstein-von Mises theorem (BVMT). On the one
hand, it is natural to conjecture that D-BETEL would permit a BVMT given its prox-
imity to BETEL, for which Chib et al. (2018) establishes a BVMT. On the other hand,
the authors suggest in Section 4 that, as € | 0, we recover inference in the parametric
model, and we know that inference based on a misspecified parametric model will not
be calibrated in general. Do the authors believe that a BVMT holds for D-BETEL and,
if mot, is there a variant of D-BETEL for which a BVMT does hold? Relatedly, what
does optimal frequentist inference for 07 look like?

Adequacy Measure D-BETEL comes with an adequacy measure D(Fy,v) < €, which
for ANDREW measures how far the measure v = ), w; dx, deviates in Wag from Fy.
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The authors propose selecting € using leave-one-out cross-validation, which can then
also be used as an overall estimate of adequacy. If computationally feasible, it may also
be useful to consider the “solution path” of the 6 posterior distribution as € increases,
as this would allow us to understand how the posterior of # changes as we tolerate
larger and larger deviations from the parametric model. Such a tool would be useful
because it is probably difficult to explain the meaning of the statement D(Fy,v) < e
to collaborators in a scientifically meaningful way. Do the authors see W g or related
distances in general as useful summaries of adequacy, and is it feasible or useful to look
at the solution path of the posterior in € instead?

Computation A large obstacle to the routine use of D-BETEL is computation.
Chakraborty et al. (2025) focus on the special case of elliptical mixture models (EMMs)
and their restricted Wasserstein metric W3g; this limits D-BETEL to the setting where
F is an EMM. Despite this limitation, the authors are able to apply their methodology
to a Poisson loglinear model by heuristically treating the score evaluations n;(3) as com-
ing from an EMM, and so it seems that ANDREW is more broadly applicable than it
would initially seem to be; on the other hand, it is unclear how generally one can apply
this trick. I would be very excited to see the development of computational methods for
D-BETEL in arbitrary models. Are there computational directions for future work that
would resolve these issues?

Robustness One of the main motivations of Chakraborty et al. (2025) is to draw
inferences that are robust to data contamination and outliers, and it is likely that D-
BETEL performs particularly well on this criterion relative to competing methods. In
their Supplementary Material, Chakraborty et al. (2025) argue that D-BETEL is robust
to model contamination and offer a mixture of theoretical and empirical support for this
claim. This is also the basis for their comparison with BETEL in Section 6.2. Is there
a path toward a complete explanation of the robustness properties of D-BETEL?

Expandability One possible area for future work is to expand D-BETEL to allow for
the adaptive choice of the underlying parametric model F. If the true data-generating
mechanism is sufficiently far away from F, then rather than robustifying inference to
this fact it may be more insightful to replace F with a more complex model. The goal
here would not be to capture the true data-generating mechanism — I agree with the
authors that this goal is “often futile” — but rather to pivot to a different parametric
model when F is inadequate. Alternatively, we may have multiple qualitatively different
models Fy, Fa,...,Far, and hope to both (i) select the best summarizing model and
(ii) remain robust to misspecification of that model. Is there a feasible way to anchor
D-BETEL to multiple parametric models at once, or use it to decide between parametric
models?

2 Comparison to Other Approaches

For the sake of putting my assessment of D-BETEL on A1-A6 in context, Table 1 lists
the performance of some competing approaches along A1-A6 as well. The values in
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Method Target BVMT Measure Computation Expandability Robust
M-completion v v v v X
Bayesian Bootstrap v v v ?

BETEL v v ? X ?

D-BETEL — — — — — —

Table 1: This table represents the author’s personal opinion about the current state of
affairs at the time of writing this paper. Possible values are usually satisfactory (v'),
sometimes satisfactory (=2), in need of improvement (X), or uncertain (?).

the table represent my personal opinion, with the entries for D-BETEL left blank for
comment by the authors.

M-Completion Bernardo and Smith (1994) divide views of Bayesian model selection
into the M-closed, M-open, and M -completed perspectives. In the M-completed per-
spective, one constructs a reference model G that is large enough to contain both the
family F and the true data-generating mechanism P. Given such a reference model, we
can place a prior on G and explicitly target the best summarization of P by a member
of F; typically this would be the Kullback-Leibler projection 8* = argming KL(P| Fp),
which can also serve as a measure of summarization adequacy, but conceptually one
could also target the parameter @ defined by D-BETEL. Workflows for basing infer-
ence on posterior projections within the M-completed framework are given, for example,
by McLatchie et al. (2025); Woody et al. (2021). Bernstein-von Mises-type results are
also available for the M-completion approach, even under nonparametric models (Xie
and Xu, 2021; Linero, 2025), although the conditions required are quite strong and re-
quire estimating nuisance functions at relatively fast rates (by contrast, BETEL and the
Bayesian bootstrap have BVM results without requiring estimation of nuisance func-
tions at all). Whether M-completion is a viable strategy computationally depends on
the feasibility of sampling from a posterior over G and computing the projection. It is
also an expansive strategy in the sense that we can consider possibly many summarizing
models Fi, Fa,...,Fa and actively explore which one provides the best model sum-
mary relative to the reference model. I would not describe the M-completion approach
as being particularly robust, however; all of the usual questions of misspecification of
the likelihood and prior are moved from F to G, and specifying reasonable priors on
very large model spaces is challenging. As argued by McLatchie et al. (2025), the feasi-
bility of this strategy is mainly determined by our ability to construct a strong reference
model and a suitable prior over it.

Bayesian Bootstrap An extreme take on the M-completion approach is to place no
restrictions whatsoever on the reference G, with a Bayesian bootstrap used for infer-
ence (Rubin, 1981). One can then define summarizing models as minimizing a specified
loss function: 0* = argming [ ¢(0,z) F(dz) where F = Y, w; dx, and (w1, ..., w,) ~
Dirichlet(1,...,1) in the posterior. Lyddon et al. (2019) refer to this strategy as the loss-
likelihood bootstrap, and when £(6,x) = —log fy(x) we expect it to target the same
Kullback-Leibler projection that is targeted by BETEL. The Bayesian bootstrap scores
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well on most of our desired criteria. It has a good target, satisfies a Bernstein-von Mises
result under quite general conditions, and exact samples can often be drawn from the
posterior. While not intrinsically robust, this can be partially controlled by specifying
a robust loss function ¢(0, z) rather than the log-likelihood — perhaps it could even be
chosen to target 8. The fact that the posterior is based on an improper prior, however,
makes me suspicious of taking at face value the realized quantity ming [ £(6,z) F(dz)
as a measure of adequacy, or of trying to use it to decide whether to expand the model.

Score-Based BETEL The usual BETEL can be anchored to a parametric model Fy by
taking the associated moment conditions to be the score equations £ {% log f@(Xi)} =
0. This targets the 8* corresponding to the Kullback-Leibler projection of P onto F.
BETEL provides a reasonable target parameter 8* and, as shown by Chib et al. (2018),
BETEL satisfies a Bernstein-von Mises theorem under suitable conditions. In general-
ized linear models, the score equations can continue to identify a meaningful parameter
even under substantial distributional misspecification, so BETEL inherits some of the
robustness of estimating-equation methods. BETEL can also be expected to work well
under more general conditions than M-completion, and so is more robust, although
Chakraborty et al. (2025) show that it is less robust than D-BETEL to data contam-
ination. Its weaker points, in my view, are the lack of an adequacy measure, limited
expandability, and limited computational tractability. There is no intrinsic scalar mea-
sure of adequacy analogous to D-BETEL’s ¢, although motivated by Chakraborty et al.
(2025) one might consider using Wasserstein distance as a possible diagnostic. The
method also does not itself say when the parametric anchor should be enlarged, al-
though again Chib et al. (2018) show that one can test for the inclusion or exclusion of
additional moment conditions. Finally, evaluating the BETEL likelihood requires solv-
ing an optimization problem at each proposed value of 8, which makes sampling from
the posterior challenging. Even so, my guess is that BETEL will generally be easier to
implement than D-BETEL.

3 Concluding Remarks

D-BETEL is compelling because it tries to combine several things that are rarely avail-
able at once: an interpretable parametric anchor, an intrinsic notion of adequacy, ro-
bustness to data contamination, and a justification as an approximation to genuine non-
parametric Bayesian inference. At the same time, the paper leaves several important
questions open. When should one prefer the target ' to the usual projection parameter
0*? What kind of semiparametrically valid uncertainty quantification, if any, can be es-
tablished for the resulting posterior? How broadly can the method be extended beyond
the current EMM/ANDREW setting while retaining its practical appeal? I therefore
see Chakraborty et al. (2025) as a persuasive proposal for a new design principle that
I hope will be built upon in future work.
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Invited Discussion

Yuexi Wang*

I congratulate the authors on the thought-provoking paper. Their constrained transport
construction offers a principled way to robustify Bayesian inference while retaining an
interpretable centering model, and it also naturally connects to a broader literature in
statistics and machine learning.

In this discussion, we first review the proposed method in that broader literature,
emphasizing its potential relevance beyond the scenarios considered in the paper. We
then discuss two possible extensions: an interpretation of D-BETEL as implicit model
expansion and a possible alternative inside the ANDREW metric through sliced Wasser-
stein comparisons.

1 Distribution Matching as a Unifying Theme

A common theme in many areas of statistics and econometrics is the need to compare
or align distributions, especially in settings with intractable likelihoods, missing data,
or model misspecification. Here we organize the related literature along two axes: the
discrepancy used to measure distributional similarity, and the inferential problem in
which the discrepancy is used.

Along the first axis, the earlier developments begin by comparing selected properties
of distributions, such as moments or other summary statistics chosen by convention
or expert knowledge. While this reduces the dimensionality of the matching problem,
performance depends on whether the summaries retain sufficient information relevant
to the target parameter and information loss is often unavoidable. A second generation
of methods resorts to the Kullback-Leibler (KL) divergence or likelihood ratio, since
these quantities connect naturally to full likelihood inference. When exact computation
of KL is infeasible, modern machine-learning methods provide flexible nonparametric
alternatives through the classification trick, which approximates the likelihood ratio
by a binary classifier (Wang et al., 2022). However, they can become unsuitable when
the model and empirical distribution have different supports, such as when comparing a
discrete distribution to a continuous one. This has motivated the adoption of Wasserstein
distances and related integral probability metrics (IPMs) such as the energy distance
and maximum mean discrepancy (MMD), which are less sensitive to support mismatch
and often more stable for empirical comparisons. These developments are at the heart
of the current work.

Along the second axis, analogous progressions have unfolded across several research
areas, summarized in Table 1. In semiparametric inference, the development has pro-
ceeded from generalized method of moments (GMM, (Hansen, 1982)) and empirical
likelihood (EL, (Owen, 2001)), to KL-based exponentially tilted empirical likelihood
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Moments or summaries

KL-related

‘Wasserstein or IPM

Robust inference
(frequentist)

Robust inference

M-estimating equations;
EL (Owen, 2001;
Schennach, 2007)

Gibbs posterior with

Quasi-likelihood
(Wedderburn, 1974)

Coarsened posterior

Distributionally robust
optimization (DRO)

(Blanchet et al., 2022)
Constrained transport

(Bayesian) general loss (Jiang and  (Miller and Dunson, posterior (this paper);
Tanner, 2008; Bissiri 2019); Safe Bayes MMD-based Gibbs
et al., 2016); (Griinwald and van posterior
Generalized posterior Ommen, 2017) (Chérief-Abdellatif and
with estimating Alquier, 2020)
equations
(Chernozhukov and
Hong, 2003)
Semiparametric GMM (Hansen, 1982); Information criteria Minimum Wasserstein
estimation Indirect inference (Kitamura and Stutzer, estimation (Bernton
(Gourieroux et al., 1997) et al., 2019b)
1993)
Distribution IPW (Robins and Entropy balancing IPM-based balancing

balancing for causal
inference

Rotnitzky, 1995);
Covariate balancing
propensity score (Imai
and Ratkovic, 2014)

(Hainmueller, 2012)

(Kong et al., 2023);
Characteristic function
distance (Santra et al.,
2026)

Classifier-based
likelihood ratio
(Cranmer et al., 2015;
Wang et al., 2022);
Neural likelihood /ratio
estimation (NLE/NRE)
(Papamakarios et al.,
2019; Miller et al., 2022)

Wasserstein ABC
(Bernton et al., 2019a);
Sliced-Wasserstein
inference; MMD-based
ABC (Park et al., 2016)

Simulation-based
inference

ABC with summary
statistics (Beaumont
et al., 2002); Simulated
method of moments
(McFadden, 1989);
Synthetic likelihood
(Wood, 2010; Price

et al., 2018);

Table 1: A non-exhaustive list of distribution matching ideas across research areas.

(ETEL, (Schennach, 2007)), to minimum Wasserstein estimators (Bernton et al., 2019b).
In causal inference, especially in observational studies, balancing the pre-treatment co-
variate distribution for different treatment groups is often essential for recovering causal
estimates such as the average treatment effect. Methods have evolved from inverse prob-
ability weighting (IPW, (Imai and Ratkovic, 2014)), to doubly robust estimators that
combine propensity score and outcome models, to more recent Wasserstein- and energy-
distance-based distributional balancing (Kong et al., 2023; Santra et al., 2026). Similarly,
simulation-based inference, whose core challenge is measuring distributional similarity
between simulated and observed data, has progressed from approximate Bayesian com-
putation (ABC) with summary statistics (Beaumont et al., 2002), through synthetic
likelihood (Wood, 2010; Price et al., 2018) and classifier-based KL discrepancies, to
Wasserstein and energy distances applied directly to empirical samples.

The paper fits naturally into this progression under the robust inference framework.
Moreover, it proposes a novel computational approach for conducting inference condi-
tional on a Wasserstein neighborhood of the model, which is often either intractable
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or computationally prohibitive. With its computational advantage, the proposed metric
can be applied to a wide range of problems where distribution matching is needed, such
as the ones mentioned above.

2 D-BETEL as Implicit Model Expansion

While parametric models are rarely exact, in many applications, the parametric family
Fy is regarded as a working (centering) submodel embedded in a larger semiparamet-
ric model for the true data-generating distribution. This work provides a novel way to
leverage the constrained transport metric to implicitly expand the model family, allow-
ing for a more flexible approximation of the true distribution while retaining enough
structure for tractable inference.

The authors point out that the population-level target of the distributionally con-
strained model, which defines the likelihood of D-BETEL, can be represented through
an enlargement of Fy as

Qo = argmin{KL(Q| P) + X" D(Fy, Q)}.

This objective balances the data-fidelity term KL(Q||P) against the model-proximity
term D(Fy, Q). A related, but more explicit, model expansion is considered in robust
simulation-based inference by Tomaselli et al. (2025), with the baseline likelihood mul-
tiplied by an exponential tilt

fo.5() o< fo(z) exp{B7b(x)},
where b(x) = (b1(z), ..., bx(z)) is a vector of fixed functions and fp g = fo when 5 = 0.

This comparison suggests two possible directions for future research. First, one could
study whether the constrained-transport construction can be applied to simulation-
based inference problems, providing a data-driven way to expand the model rather
than specifying the form of expansion in advance. Second, one could explore directly
approximating Qg by a flexible tilted family, possibly with nonparametric basis func-
tions, and use this approximation to implement D-BETEL beyond the elliptical mixture
models considered in the paper.

3 Extension to Sliced Wasserstein Distance

Another natural question is whether it is possible to extend the distance metric in D-
BETEL to sliced Wasserstein distance (Rabin et al., 2011; Bonneel et al., 2015) and
its variants, which have been widely used in distribution-matching problems because of
their computational efficiency and fast convergence rates.

Sliced Wasserstein Distance The sliced Wasserstein distance (SWD) of order p is de-
fined by averaging one-dimensional Wasserstein distances over all projection directions,

SWE(P,Q) = / ) WE(PeP, P:Q) do(£), (1)

Sd=
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where ¢ is the uniform measure on S?~!. Since the projection P¢ is a linear map,
the projected distribution P¢P is a one-dimensional distribution, and the Wasserstein
distance W,(Pe P, P:Q) can be computed efficiently by sorting the projected samples.

Adopting SWD in Defining the Misspecification Neighborhood Since SWD also
satisfies the key ingredients for the metric D in the D-BETEL framework, one can
consider replacing D = Wyupg with D = SW,, (with appropriate modifications) in the
D-BETEL framework.

A statistical advantage of SW,, over W, in moderate-to-high dimensions is its faster
convergence rate: the plug-in estimator satisfies SW,(P,, P) = O,(n~1/?) (Nadjahi
et al., 2019, 2020), in contrast to the curse-of-dimensionality rate W,(P,,P) =
O, (n~Y/4) for the full Wasserstein distance. This also suggests that the radius e of
the misspecification neighborhood can be calibrated at the parametric rate O(n='/2)
for SW,, while W, suggests a slower rate O(n='?) to achieve the same statistical
guarantees. A similar phenomenon is studied in the context of distributionally robust
optimization by Montiel Olea et al. (2026).

However, a direct application of SWD in the D-BETEL framework would not fea-
ture the same tractability as the modified W2 metric MW;EMM’M since the conve-
nient explicit parameter-space decomposition under the EMM family will not hold for
SWD. Such an extension would require careful modification of SWD to achieve com-
putational tractability while retaining the statistical advantages, such as introducing
an entropy regularization term. Additionally, using SWD would also complicate the
analytical transparency in parameter space.

Adopting SWD for Joint Tail Matching One limitation of the modified W5 distance
is that its expression relies solely on the first- and second-order moments of Fy, which
may not be sufficient to capture the tail behavior. The authors propose ANDREW as
a modification to MW%EMMO[ to match the quantiles of the marginal distributions, in
order to capture the tail behavior.

This is another place one might consider replacing the matching on the marginals
in ANDREW with matching on the sliced marginals, which would be more flexible in
terms of capturing the joint tail behavior. For example, let ,(0,%) denote a bivariate
Student-t distribution with v > 2 degrees of freedom, location zero, and scale matrix
3. Consider

Pbo = tu(()aZO)a p6 = tu(oaza)v Yo = |:; /1):| ’26 = |:_1p 1p:| :
These two distributions have the same coordinate-wise marginals and the same trace of
the scale matrix, but their joint tail dependence differs along diagonal directions. In the
D-BETEL setting where the second argument is the weighted empirical measure v, 4,
the closed-form ANDREW distance depends on the component means, covariance trace,
and coordinate-wise marginal quantiles; hence it might not be able to distinguish py from
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Py in this example. Sliced marginal matching, however, would distinguish them through
projections such as (1,1)/v/2 and (1, —1)/v/2. Therefore, replacing or augmenting the
marginal matching in ANDREW with sliced marginal matching would be more flexible
in terms of capturing joint tail structure while preserving the paper’s idea of using
tractable one-dimensional quantile comparisons.

In summary, we view the constrained transport construction as an important con-
tribution to robust inference. By connecting model-based inference with distributional
matching, the paper opens several promising directions for future work, including more
flexible implicit model expansions and variants based on sliced Wasserstein comparisons.
We look forward to seeing how these ideas develop in broader inferential settings.
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1 Introduction

We thank Chakraborty et al. (2025) for a stimulating contribution to one of the most
important foundational questions in contemporary Bayesian inference: how should we
represent the belief that a parametric model is close to, but only approximately, cor-
rect? Answering this question forces a confrontation with the fundamental goals of the
statistical analysis — specifically, how to trade off statistical efficiency (for example, in
a predictive sense) against robustness and interpretability (Li et al., 2026; Miller and
Dunson, 2019; Shmueli, 2010). For D-BETEL, the trade-off is mediated by a global
tolerance parameter e that governs how close the empirical likelihood must be to the
parametric family 7 = {Fy : § € O} under the data-informed augmented-restricted
Wasserstein metric. Yet how to choose € is a problem-specific question.

Similar issues arise in related work such as the coarsened posterior approach of Miller
and Dunson (2019), where the trade-off is made by a different but conceptually simi-
lar mechanism. Rather than conditioning on the observed data exactly, one conditions
on the event that the data distribution lies within a KL distance R of the model —
informally, KL(ﬁn || Fs) < R — with R assigned an exponential prior of rate a. The
inverse rate captures the tolerance to misspecification, so large « encodes less tolerance
to misspecification. The coarsened posterior can be approximated using the power like-
lihood FQC" with ¢, = a/(a + n) in place of Fy. The optimistically weighted likelihood
(OWL; Dewaskar et al., 2025) method fits into the same general framework, resulting
in a different form of robustified likelihood with a single tunable robustness parameter.

Because all these methods expose a single scalar tolerance to the user, the nat-
ural follow-on is how to select it in a task-appropriate manner. In robust regression
and prediction, the right tolerance is the one that controls expected predictive loss on
held-out data, and selector based on the expected log probability density (ELPD) or
cross-validation error is appropriate. For unsupervised representation learning — mix-
ture modeling, factor analysis, and so on — the goal is instead to robustly recover
an interpretable model whose component structure does not overfit to small deviations
from the parametric form. The right tolerance in this regime is the one that suppresses
spurious latent structure (Li et al., 2026; Miller and Dunson, 2019; Moran and Aragam,
2025). I focus on the unsupervised setting throughout this discussion, as it is where
the choice of € matters most while also being the hardest to calibrate. I compare D-
BETEL to the coarsened posterior throughout, and leave a systematic comparison to
other methods such as OWL as an important direction for future work.

*Department of Mathematics & Statistics and Faculty of Computing & Data Sciences, Boston
University, huggins@bu.edu
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2 D-BETEL Versus the Calibrated Coarsened Posterior

In the model-selection experiment of §6.1, Chakraborty et al. (2025) compare against a
power posterior with fixed power; this does not, however, match the theory or methods
of Miller and Dunson (2019) for the coarsened posterior, where the power must be tuned
in a sample-size dependent manner. I therefore reproduce the experiment, adding the
calibrated coarsened posterior as a comparator with the power parameter ( selected per
replicate by Miller and Dunson’s elbow rule. Throughout, I use the published D-BETEL
code from Chakraborty et al. (2025) with two modifications:

1. I draw X from a state-dependent Wishart proposal in both the M; and Ms chains
and evaluate the Metropolis—Hastings acceptance probability under the same ker-
nel. The released code uses a fixed-scale Wishart proposal in the M; chain but
evaluates the acceptance probability under a state-dependent Wishart. The differ-
ence does not appear to have much affect on the practical behavior of the chains.

2. I report D-BETEL’s P(M | X) using the Laplace approximation. The released
code cites Chib and Jeliazkov (2001) but evaluates logsumexp,£;), the log-sum
of D-BETEL posterior sample log-likelihoods, which is not a consistent estimator
of logm(X) (Friel and Wyse, 2012; Llorente et al., 2023). I also implemented the
Chib and Jeliazkov (2001) estimator but found it to be unstable.

Figure 1 adds the calibrated coarsened posterior (purple) to my reproduction of
the panels of Chakraborty et al. (2025, Figure 8). D-BETEL concentrates near P(M; |
X) = 1 across the entire skew range, and the calibrated coarsened posterior behaves
similarly, with P(M; | X) & 0.95 across all (,n) cells. The gap to a single bivariate
Gaussian in Chakraborty et al.’s Figure 8 — where the standard posterior and fixed-n
fractional posteriors collapse onto My as n grows — is therefore largely a calibration
gap rather than a structural one.

The data panels in Figure 2 provide some insight: at n = 500, the v = 2.5 data look
like a mildly skewed unimodal cloud, and a two-component normal mixture fit assigns
roughly equal weight to two largely-overlapping components rather than recovering two
distinct sub-populations. Both D-BETEL and the calibrated coarsened posterior are
robust to this type of model deviation.

3 The Challenge of Heterogeneous Misspecification

In Li et al. (2026), we identify a structural failure mode of the coarsened posterior: when
misspecification is unevenly distributed across mixture components, a globally defined
scalar tolerance can overfit to dominant misspecified components. This issue can be
observed in the case of data from a univariate skew-normal mixture

Ty~ % SN(_?); 17’71) + % SN(B’ 1772)7

fit with a K-component Gaussian mixture model and compared in two regimes: a
same regime (73 = 72 = —10) in which both clusters are equally misspecified, and
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Figure 1: P(M; | X) as a function of n on the bivariate skew-normal data of Chakraborty
et al. (2025, §6.1), for skew v € {2.5,3,3.5,10}. Error bars are +1 standard error
across three replicates. The standard posterior (blue) and fixed-n = 0.5,0.75 fractional
posteriors (green, orange) collapse toward My as n grows. D-BETEL (black) puts P(M; |
X) =~ 1 across the full skew range (Laplace approximation at the chain’s MAP, used
uniformly across K). The calibrated coarsened posterior of Miller and Dunson (2019)
(purple) also concentrates on M; at P(M; | X) ~ 0.91-0.97 across all (v, n) cells.

a different regime (73 = —1, 72 = —10) in which one cluster is mildly skewed and
the other strongly. I fit D-BETEL and the calibrated coarsened posterior on this bench-
mark for K € {1,2,3} at n € {200, 500, 1000} with three replicates each, with « selected
once per replicate using the Miller and Dunson elbow rule applied to the phase plot of
posterior-mean log-likelihood against E[kgy].

Figure 3 reports the posterior model probabilities P(M | X) under a uniform prior
on K € {1,2,3}. The calibrated coarsened posterior spreads its mass between K = 2 and
K = 3 in both regimes; the K = 2 share is roughly stable around 0.42-0.45 in the same
regime and around 0.31-0.44 in the different regime. In the different regime P(Mj |
X) averages about 0.61 (range 0.56-0.69), consistent with the early heterogeneous-
misspecification overfitting predicted by Li et al. (2026) but not yet showing the runaway
collapse when n ~ 10%. The standard posterior, by contrast, has P(Mjz | X) ~ 1 in both
regimes by n = 500, so the global tolerance « is preventing the full collapse even where
it cannot prevent the local drift toward K = 3.

D-BETEL goes the other way: P(M; | X) = 1 in every (n,regime) cell of the
grid, with the marginal likelihood gap between K = 1 and K = 2 on the order of
14 nats. This is the same behavior D-BETEL showed seen in Figure 1: the slack in
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Figure 2: One replicate of the bivariate skew-normal data at n = 500 for each skew set-
ting in Figure 1 (greyscale hexbins), with the two-component-mixture standard posterior
fit overlaid as 20 ellipses. In every panel the two components carry roughly equal mass
and their 20 ellipses largely overlap — so even when the standard posterior strongly
prefers My, the two components do not define visibly distinct “sub-populations”.

the optimal transport absorbs the inter-cluster gap rather than requiring a K = 2
mixture to explain it. Hence D-BETEL avoids over-fragmentation under heterogeneous
misspecification, instead preferring K = 1 in both regimes — including the same regime,
where the calibrated coarsened posterior correctly puts substantial mass on K = 2.

Using a predictive-accuracy criterion results in a slightly more complicated picture.
Applied to D-BETEL, the Pareto-smoothed importance-sampled leave-one-out (LOO)
estimator (ELPD-LOO, Vehtari et al., 2017) tends to prefer smaller K as sample size
increases, An interesting follow-on question is whether D-BETEL continues to concen-
trate at K = 1 in the n ~ 10* regime, where Li et al. (2026) document the coarsened
posterior’s heterogeneous-misspecification overfitting most clearly.
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Figure 3: Posterior model probabilities P(Myg | X) on the same (left column) and
different (right column) regimes of the skew-mixture stress test of Li et al. (2026), for
the calibrated coarsened posterior (top row) and D-BETEL (bottom row). Probabilities
are computed under a uniform prior over K € {1,2,3}. Bars are mean across three
replicates with £1 standard-error bars; bar colors encode sample size n. The dotted line
marks the uniform value 1/3. Tick marks at 0 indicate K values whose posterior mass is
below 0.01. D-BETEL log Z is computed via the Laplace approximation at the chain’s
MAP across all K with a log K! correction (§2). The coarsened posterior spreads mass
between K = 2 and K = 3, shifting toward K = 3 as n grows in the different regime,
then back partway at n = 1000. D-BETEL collapses onto K = 1 at every n in both
regimes.

4 A Real Data Application

The real-data benchmark used by Miller and Dunson (2019) (and Li et al. (2026))
is the FlowCAP-I GvHD flow-cytometry dataset of Brinkman et al. (2007): 12 four-
dimensional samples of n ~ 13,000-33,000 mononuclear cells, each manually partitioned
into 3-5 clinically meaningful clusters. The model misspecification is quite severe for
these datasets: cells within a cluster form non-Gaussian shapes, the manual boundaries
are non-elliptical, and there are many outliers. Following Miller and Dunson (2019),
calibration is performed on datasets 1-6 and evaluation on 7-12 using the F-measure
between inferred hard cluster assignments and manual clustering. I fit D-BETEL at
K € {3,4,5} (spanning the manual cluster counts) on each dataset subsampled to 3000
cells for computational tractability, with e selected by ELPD-LOO on the same fixed
grid as in Section 3.

The baseline numbers in Table 1 reproduce the qualitative picture from Miller and
Dunson (2019, Fig. 4): the standard posterior overfits (mean test F-measure 0.56, 13-14
active components on average), and the calibrated coarsened posterior recovers most
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Coarsened  Coarsened D-BETEL D-BETEL
Dataset Manual K  Standard  (shared) (oracle) (ELPD-LOO) (oracle K)

7 5 0.52 0.90 0.94 0.48 0.49
8 4 0.54 0.93 0.93 0.40 0.66
9 5 0.68 0.95 0.96 0.51 0.57
10 3 0.57 1.00 1.00 0.51 0.59
11 3 0.54 0.68 1.00 0.68 0.82
12 3 0.53 0.75 1.00 0.85 0.85
Mean 0.56 0.87 0.97 0.57 0.66

Table 1: Test-set F-measure on FlowCAP-I GvHD datasets 7-12. Baseline columns
(Standard, Coarsened) use K = 20 with the Miller and Dunson (2019) latent-assignment
Gibbs sampler; « for “shared” is selected by maximum mean training F-measure on
{20,50,...,600} over datasets 1-6, and “oracle” uses the per-dataset best « on the
same grid. D-BETEL is fit at K € {3,4,5} on each dataset subsampled to 3000 cells
with € selected by ELPD-LOO; “ELPD-LOO” picks K per dataset by ELPD-LOO and
“oracle K7 picks the per-dataset best K. “Manual K7 is the number of non-zero clusters
in the manual clustering.

of the manual labeled structure under either a shared « (0.87) or per-dataset oracle
a (0.97).) D-BETEL reaches mean test F-measure 0.57 at the ELPD-LOO-selected K
(always K = 5) and 0.66 under oracle K € {3,4,5} — substantially below the calibrated
coarsened posterior.

The relationship between this benchmark and the synthetic experiments is more
complex, and illustrates the importance of the model selection approach. The oracle K
(the value that maximizes test F-measure) picks K = 3 on 4/6 datasets, including ds07
and ds09 where the manual partition has K = 5; this is consistent with the underfitting
seen in the synthetic experiments. The ELPD-LOO, by contrast, picks K = 5 on every
dataset (orange stars in Figure 4), which is consistent with optimizing for predictive
accuracy and hence overfitting. However, it is possible that, as in the skew mixture
example, the predictive measure will further favor small K. In addition to further ex-
perimentation, these results underline the need for investigations into the statistical
properties of the robust estimators, with the ultimate goal of providing principled guid-
ance.

5 Conclusion

Taken together, the experiments above suggest that D-BETEL is robust against overfit-
ting, even under heterogeneous misspecification, but users must carefully consider the
choice of ¢ and model-selection rule to avoid underfitting. This is an example of the
classical robustness versus sensitivity trade-off. A related case is that non-parametric

IMiller and Dunson (2019) report o = 200; my training selector picks a = 250. The two are close on
training (0.94 vs 0.92 mean F-measure) but a = 200 generalizes slightly better on test (0.91 vs 0.87),
so my selector mildly overfits training (Figure 5).
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component selection methods (for example, the elbow rule (Thorndike, 1953), silhou-
ette (Rousseeuw, 1987), gap statistic (Tibshirani et al., 2001), and parallel analysis
(Dobriban, 2020; Horn, 1965)) tend to under-select model complexity under misspecifi-
cation, while likelihood-based information criteria (Akaike, 1974; Schwarz, 1978; Spiegel-
halter et al., 2002)) tend to over-select. How D-BETEL balances these trade-offs depends
the selection rule for € and the construction of the underlying metric. The proposed
augmented-restricted Wasserstein distance opens up a rich design space of transport-
based robustness metrics, and tailoring them to the forms of misspecification that arise
in practice is an exciting research direction.

Another important direction is scaling D-BETEL up to the regimes where robust-
ness tends to matter most, typically with parameter dimensions in the thousands and
observations in the tens-to-hundreds of thousands. The structure of the formulation al-
ready points to two complementary approaches. First, an entropic-OT inner solver via
Sinkhorn iterations (Cuturi, 2013) is a natural way to accelerate the LP solving step.
Second, replacing the expensive inner evaluation with a likelihood (or log-posterior)
surrogate has worked well for other expensive-likelihood problems (Conrad et al., 2016;
Jarvenpdd et al., 2021; Kandasamy et al., 2017; Kennedy and O’Hagan, 2001; Wang
and Li, 2018; Wilkinson, 2014). I look forward to seeing the continued work in this are
by the authors and others!
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1 Introduction

The authors are to be congratulated for their paper, which lies in the broad area of
robust Bayesian statistics. We like the idea of defining an empirical likelihood (EL) op-
timization problem by constraining the discrete probability distribution of the weights
to lie in a neighborhood of the postulated model Fy. This constraint replaces the con-
straint defined by moment conditions, which is typically used in this setup. While in
some fields (e.g. economics) models are often specified only through moment conditions,
setting a constraint defined through a neighborhood of the assumed model is a very nat-
ural idea, which has been exploited in classical robust statistics. We will discuss some
connections to ideas from the frequentist robust statistics literature and point out some
challenges that might lead to interesting future research directions. Before delving into
the robust statistics arguments we would like to highlight some additional benefits of
the Bayesian ETEL (BETEL) construction.

2 Connections to saddlepoint approximations

We want to point to a connection that might shed some light on the choice of the
weights (ETEL versus EL) and justify our preference for the authors’ choice of expo-
nential weights. In ETEL and in this paper the weights are obtained minimizing (under
constraints) the (backward) Kullback-Leibler divergence between Fy = (wy,...,w,)
and the empirical distribution F' = (I/n,...,1/n), ie

drr( FO, szlog w;/(1/n)].

=1

This leads to the exponential weights. Notice that in EL the weights are obtained
by minimizing (under constraint) the (forward) Kullback-Leibler dlvergence between
Fy = (w1, ..., w,) and the empirical distribution F' = (1/n,...,1/n), i

n

dico (B, Ey) = > " log(1/m) fuw].

i=1

If the objective function (the Kullback-Leibler divergence) is used to define a test statis-
tic, both lead to test statistics which are asymptotically x2-distributed under the null
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hypothesis. However, the error of the asymptotic approximation in the latter is abso-
lute as in the classical parametric counterpart, the log-likelihood ratio test, whereas the
error in the former is relative, providing an important improvement in the tails for the
computation of critical values. This is due to the fact that the test statistic obtained
minimizing the backward Kullback-Leibler divergence is the nonparametric version of
the so-called saddlepoint test (see Robinson et al. (2003)), which inherits this property
from (empirical) saddlepoint approximations. More details are provided in Monti and
Ronchetti (1993); Ronchetti and Welsh (1994); Ronchetti (2020). In light of these con-
nections, the BETEL construction seems to also be the more satisfactory choice from a
frequentist standpoint.

3 Choice of the distance

The crucial point for robustness is the choice of the distance defining the neighborhood
of the model. In classical robust statistics the Prokhorov metric has been often advo-
cated (see Hampel et al. (1986, p. 96)), because it captures the effects of small changes
on many observations (rounding effects) and large changes of a few observations (out-
liers) and it formalizes the fact that the model is only an idealized approximation of the
underlying chance mechanism. However, from a technical point of view this distance is
not easy to work with, compared to e.g. Huber’s gross-error model. In the setup con-
sidered by the authors the situation is complicated by the fact that a distance between
a discrete and a continuous distribution is needed. We understand that the Wasserstein
distance could be a possible feasible choice, but we are not convinced that it captures
the deviations observed on real data containing outliers. We note that there have been
some proposals to make the Wasserstein distance more robust to outliers by modifying
the optimal transport problem used to define it (Mukherjee et al., 2021; Nietert et al.,
2026; La Vecchia and Liu, 2025). It seems to us that the robust entropic Wasserstein
distance approach of La Vecchia and Liu (2025) has the potential to further robus-
tify the distributionally contrainted BETEL (D-BETEL) methodology while keeping
its computational feasibility.

4 Robustness analysis

It would be useful to perform a standard robustness analysis on the functional defined
by (4.2) and (4.3) in Chakraborty et al. (2026). For instance, what are its influence
function and its breakdown point? If the corresponding natural estimator 6 of the
functional A% is asymptotically normal, its influence function could, in principle, be
read off from the linear term leading to the asymptotic normality.

In principle one could for example try to adapt the robustness analysis discussed in
Marusic et al. (2025) in the context of generalized posteriors. However, one is imme-
diately faced with a series of obstacles that do not seem to be easy to address at this
stage. Indeed, their characterizations of the posterior influence function and posterior
breakdown point for generalized posteriors critically leverage the fact that for the class
of M-posteriors discussed in that work the data enter the posterior distribution through
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a smooth function of a linear functional of the empirical distribution function F,,. It is
not clear to us how to extend this type of analysis to the D-BETEL posterior defined
by (2.4)—(2.5) in Chakraborty et al. (2026). We note that even in the perhaps simpler
frequentist world, there are not many formal robustness assessments of EL and ETEL
estimators. One could expect such parameter estimators to be robust in the sense of the
influence function if their corresponding moment equations are bounded since asymp-
totic linear representations are linear in these equations (Newey and Smith, 2004). To
the best of our knowledge, the breakdown properties of EL and ETEL estimators have
not been formally established in the literature.

5 Connections to Bayesian data-reweighting

A complementary line of work on robust Bayesian inference under model contamination
is the Bayesian data-reweighting framework of Wang et al. (2017). Their construction
augments the likelihood by raising each observation’s contribution to a latent power,
p(y, B,w) o< w(B) my(w) [Ti—, £(y; | B)™?, with a Beta or Gamma prior 7, softly favour-
ing w; & 1; inference proceeds by sampling (8, w) jointly, and contaminated observations
are identified by the contraction of E[w; | y] toward zero. Both methods reweight ob-
servations to mitigate model mismatch, but the contrasts are sharp. In Wang et al.
(2017) the weights are latent random variables regularized toward one by an explicit
prior, whereas in D-BETEL they are deterministic functions of 6 obtained from an
entropy-maximization problem on the simplex with a Wasserstein constraint between
Fy and the weighted empirical distribution. The two views of an outlier differ accord-
ingly: Wang et al. (2017) flag observation ¢ pointwise, because ¢(y; | ) is small for
plausible 3, whereas the D-BETEL construction flags it distributionally, downweight-
ing ¢ not because it fits poorly in isolation but because doing so is the cheapest way
(in entropy) to pull the empirical distribution into an e-ball around Fy. Marusic et al.
(2025) showed that the Bayesian data reweighting approach can be interpreted from a
generalized posterior (M-posterior) perspective which shows that the resulting posterior
distribution of # given the observed data is robust in the sense of the influence function
and breakdown point.

6 Numerical experiments

6.1 Non-convexity of the D-BETEL loss landscape

The log empirical likelihood Lpcewm () defined in equation (2.4) of Chakraborty et al.
(2026) is, in general, neither concave nor continuous in . To illustrate this point we
consider a simple one dimensional normal model where 6 = (u, 0?). Figure 1 illustrates
this with a single contaminating observation: the feasibility set of the inner convex
program partitions the parameter space into disjoint connected components, with a
primary “clean-cluster” basin around the bulk of the data and a secondary “outlier”
basin near the contaminating point. Separating the two is a band of §-values for which
no reweighting of the empirical measure can bring it within Wasserstein distance e
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D-BETEL posterior depends on MCMC initialization
Loss landscape log Lgy Posterior predictive Per-observation weights
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Figure 1: D-BETEL on a corrupted one-dimensional dataset (n = 5, ¢ = 2.25): the
MCMC chain is structurally trapped in whichever feasible basin contains its initializa-
tion. Top row: initializing at the median places the chain in the clean-cluster basin and
downweights the outlier (w},;;;.; = 0). Bottom row: initializing near the outlier places
it in a second basin that instead downweights the clean observations. Columns, from
left to right: the log empirical likelihood log Lpca(p, 02) with MCMC samples (white)
and initialization (black ring); the posterior predictive density overlaid on the observed
data points; and the per-observation weights w.

of N'(p,02). On this band the inner program is infeasible, Lpcy(f) = —oo, and the
quasi-posterior assigns zero mass.

Implications for MCMC initialization A Metropolis—Hastings chain with local pro-
posals cannot cross the infeasibility band: any proposal landing in it evaluates to —oo
and is rejected. The chain is therefore trapped in whichever basin contains its starting
point. As Figure 1 shows, initializing at (med(X;),1) yields a posterior concentrated
on the clean cluster, whereas initializing (5,1) yields one that downweights the clean
observations instead; both are valid samples from different local modes of the posterior,
differing only in which observations they treat as outliers. Initializing at the MLE—
itself sensitive to contamination—is particularly hazardous, as the EL constraint may
be infeasible from the outset. We therefore recommend initializing the MCMC chain at
an outlier robust estimator.

Connection to redescending M-estimators The nonconvex landscape described above
seems to mirror the well-known multi-mode behaviour of redescending M-estimators in
classical robust statistics, such as Tukey’s biweight loss, whose objective is non-convex
and admits multiple local minima. The MLE of the Cauchy location model is a special
case of a redescending M-estimator for which the number of non-global minima can
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be described very precisely (Reeds, 1985). In a Bayesian context the recent analysis of
Agrawal et al. (2026) extends some of these results by showing that posteriors in heavy-
tailed Bayesian models develop a local mode (a micromode) around each sufficiently
isolated observation, with domains of attraction that grow polynomially in n. It would
be interesting to study whether the nonconvexity of D-BETEL can be related to these
recent developments.

6.2 Poisson regression

We revisit the Poisson regression example considered by the authors in Section 6.2
to compare D-BETEL with a well-understood robust generalized Bayesian approach.
We show that in this case a simple alternative can be obtained combining the robust
quasilikelihood loss of Cantoni and Ronchetti (2001) with the M-posterior construction.
One can expect good robustness properties of this approach given the results of Marusic
et al. (2025). More precisely, we consider a generalized Bayesian posterior (M-posterior)
of the form

(B y) x m(B) exp( - wz&(ﬁ)), (6.1)

where, in place of the Poisson log-likelihood, we use the robust loss of Cantoni and
Ronchetti (2001): compute each observation’s Pearson residual r;(8) = (y; — pi(8))/

Vi (B) with p;(8) = exp(z;' 3) and set the loss £;(3) to be such that

VE(B) = e(ri(8))V 1i(B) xi — a(B),

where a(f) is a Fisher consistency constant; cf. equation (5) in Cantoni and Ronchetti
(2001). We consider the Huber loss for p., which caps the influence of any single obser-
vation at +c.

Standard posterior Huber M-posterior
D 6 | |0—46]]y HPD (cov) | |0—0|1 HPD (cov)
0.10 Bo 0.38 0.12  (0.00) 0.00 020 (
B1 0.05 0.02  (0.00) 0.00 0.03 (
012 B | 039 011 (0.00)| o001 022 (0.
581 0.06 0.02  (0.00) 0.00 0.04 (0.94
(0.00) (
(

0.15  po 0.45 0.11 0.01 0.26
B1 0.06 0.02 (0.02) 0.00 0.04

Table 1: Huber M-posterior with Cantoni—Ronchetti correction on the D-BETEL Pois-
son example. HPD widths scaled by /n.

Table 1 reports the same metrics as in the main manuscript for the Huber M-
posterior on the corrupted dataset. At the textbook tuning constant ¢ = 1.345, the
posterior mean is accurate across all contamination levels, but the credible intervals
are not well calibrated in the frequentist sense. The variance-matching adjustment of
Holmes and Walker (2017) widens the intervals and partially restores coverage.
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Khai Nguyen*

We congratulate Chakraborty et al. (2025) (hereafter AAD) on the impressive idea of

using an exponentially tilted empirical likelihood to define a robust extension of a para-

metric family via a distributional constraint with a Wasserstein variant, which is both

elegant and technically compelling. Given parameters of interest 6 and a weighted em-
n

pirical distribution of the observed data vy, ; = >, ; w;dz,, AAD propose the following
likelihood function:

Lpcm(0) := {sz : argmawa;wi,wi > O,Zwi =1,D(Fp,vype) < e} , (D

i=1 i=1 i=1

where Fy : 0 € © CR? withd > 1 is a parametric family of distributions, and € > 0 is
a concentration parameter which controls fidelity to the centering model. Completing
the model with a prior 7(6), the corresponding posterior distribution is: mpom (6 |
X1, .., Tpn) X 7(0)Lpom (). By evaluating Lponm(6) using a Lagrange multiplier, AAD
can proceed with posterior inference as usual. For the choice of the family of Fy, AAD
suggests employing the Elliptical Mixture Model (EMM). AAD then propose a new
augmented and restricted Wasserstein metric between EMMs. Given pg and p; are two
EMMs with p; = ZkK;I sjkEDp(mjk, k), the key idea is to augment p; to pj = p; ®@p;
(with p; = pjo ®...®@pj;q being independent products of marginals of p;) and to restrict
the coupling to be the product of an entropic regularized EMM (in 2d dimensions)
and independent couplings of marginals of py and p;. The final form of the distance
(Theorem 1 in Chakraborty et al. (2025)) can be written as

d 1
D(po, p1) = MW3 (po, p1; ) + Z/O (Fo (1) — Fl()3dt, (2)
k=1

where MW2(po, p1; ) is the entropic regularized mixture Wasserstein (Delon and Des-
olneux, 2020; Cuturi, 2013), and Fj,'(¢) and Fj,'(t) are the quantile functions of the
k-th marginals of pg and p;, respectively.

Starting from (2), we would like to propose some extensions of the distance that are
computationally efficient and interpretable. First, we recognize that the second term
in (2) as a degenerate version of sliced Wasserstein (SW) distance (Rabin et al., 2011,
Nguyen, 2025) between py and p; (scaled by d). In particular, SW distance between pg
and p; can be written as:

SWZQ(p()apl) = EUNU(S‘!*I) [Wg(Pvﬁpov Pﬂﬁpl)] s (3)

where P,(z) = v'z, P,tp; is the push-forward of p; through P,, W2(P,tpo, Potp1) =

fol (Fq}lx0 (t)— Fq}le (t))2dt, o(S?1) is a distribution on the unit hypersphere of dimen-

sion d — 1, and FU?IXO (t) and F1}1X1 (t) are the quantile functions of v Xy and v ' X7,
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with X ~ pg and X7 ~ p1, respectively. In (2), o is chosen to be the empirical distribu-
tion on basis vectors vy, ...,vq with vy = (0,...,0, klh, 0,...,0) for k=1,...,d rather
t

than the uniform distribution on S¢~! (Rabin et al., 2011) and other choices (Nguyen
et al., 2021; Nguyen and Ho, 2023). This is implicit in the construction of the augmen-
tation p; = pjo ® ... ® pjq. The conventional SW can be obtained if we replace the
augmentation by p; = R, [p;], where R, is the Weighted Radon Transform (Nguyen,
2025; Natterer, 2001) of p;. In particular, R, maps a distribution on R? to a distribu-
tion on R x S4~1. For convenience, we give the deﬁnition of the transform of the density
function implied by R, as follows: Ro[fy] = [pu fo(2) fo(0)0(t — v z)dz, where f, and
f» are density functions of p and o with respect to Lebesgue measure, and R,[fp] is
the density of R,[p;]. This choice allows dependency between augmented marginals.
Moreover, with the entropic regularization, D in (2) is not a fully valid metric due to
violation of the identity of indiscernibles property, i.e., D(po,p1) = 0 # po = p1. By
converting the second term to SW distances, we can reclaim the identity property while
the computational complexity remains.

Secondly, we want to discuss a potential replacement of the first term in (2). With
entropic regularization, the time complexity of MW3 (pg, p1; a) is O(K; Ks) (Altschuler
et al., 2017), which is still expensive with large numbers of components K; and Kj. As
introduced in Nguyen and Mueller (2026) there are options that are based on comparing
mixing measures of EMMSs. Let p; = Zk 1 sjké(mjk k) be the mixing measure of the
EMM p;. If the EMM family is identifiable, i.e., pp = p1 <= po = p1 (e.g., Gaussian,
Student-t, and other EMMSs depending on h) we can define a distance between pg and py
as a proxy for a distance between py and p;. For example, we can use SW3(Vipo, Vip1)
with V' being a transformation to turn the covariance matrices into vectors (Nguyen
and Mueller, 2026). This allows reducing the time complexity to O[(K; + Ka) log( K7 +
K5)]. Considering that the mixing measures are measures on the product of manifolds,
i.e., Euclidean space and the manifold of symmetric (semi-)positive definite matrices, a
better option is Mixture Sliced Wasserstein (Nguyen and Mueller, 2026):

Mix-SW3(po, p1) = E(u.0, a)mo (sx50-1 x84 (%)) [W3 (Purv,atio, Pww,albl)],  (4)

where S4(R) is the set of symmetric matrices of d x d dimensions, o is a chosen dis-
tribution e.g., uniform, and P, . 4 (i, 2) = w1{p, v) + we Trace(AlogX) is the gener-
alized geodesic projection. Mix-SW is a valid metric with the time complexity is still
O[(K1 + Ka2)log(K; + Kb)], however, the distance is more geometrically meaningful.
We can further exploit a property of EMMs. In particular, we know that a linear pro-
jection of an EMM is also an EMM. Let X ~ EDj(m,X), which admits the char-
acteristic function ¢ — exp(it' m)h(t"¥t), we have v' X ~ EDp(v'm,vXv) with
the characteristic function ¢ — exp(itv Tm)h(t2 T¥w). Therefore, we have P,tp; =
2221 sikEDp(vTmg, v 8;,v) with P,(z) = v'x, which admits the mixing measure
Pitp; = ZkKi1 k00 Tm, 0T, p0) With Pj(m, X) = (vTm,v"2v). Combining with the
generalized geodesic projection for one-dimensional mixing measures, we can obtain
Sliced Mixture Wasserstein (Nguyen and Mueller, 2026):

SMiX‘Wg(Poypl) ]E(w v)~o(SxSd—1) [W2( w vﬁp(b w, vﬁpl)] (5)
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where Py, ,(m,¥) = wiv m+wq log(vv T Xv) (square root for v S is optional). Com-
pared to Mix-SW, SMix-W reduces one projection parameter A € Sz(R) while remaining
the same time complexity of O[(K; + K>)log(K1 + K3)] and metricity.
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Marta Catalano* and Sirio Legramantif

We congratulate the authors on this paper, in which they propose a distance-based
Bayesian exponentially-tilted empirical likelihood (D-BETEL) approach. As a distance,
they define a new variant of the Wasserstein metric, termed ANDREW, which is tailored
to elliptical mixture models.

The proposed D-BETEL may be viewed as a likelihood-free Bayesian procedure,
in the same broad spirit as Approximate Bayesian Computation (ABC; Marin et al.,
2012), especially if we consider recent, discrepancy-based, ABC variants; see, e.g., Park
et al. (2016), Jiang (2018), Bernton et al. (2019), Nguyen et al. (2020), Frazier (2020),
Fujisawa et al. (2021), Legramanti et al. (2025). Notably, D-BETEL departs from tra-
ditional moment-based BETEL in a way that parallels how discrepancy-based ABC has
moved away from summary statistics, often also related to moments. Both D-BETEL
and ABC replace the likelihood with a term involving a discrepancy between an empiri-
cal distribution supported on the observed data and a parametric family Fy. There are,
however, important differences. In ABC, the discrepancy is typically computed between
the empirical distributions (or some summary statistics) of the observed data and of
synthetic data generated from Fy. In contrast, in D-BETEL the discrepancy is evaluated
between Fy and a weighted discrete distribution supported on the observed data. More
precisely, D-BETEL constructs a pseudo-likelihood by finding the maximum-entropy
weighted empirical distribution supported on the observed sample that lies within an
e-neighborhood of Fy under the chosen discrepancy. This entropy-based reweighting
scheme provides a direct robustness mechanism, in which observations that are difficult
to reconcile with Fy are adaptively downweighted.

The connection between D-BETEL and ABC suggests two natural directions for fur-
ther investigation. First, D-BETEL could borrow some ideas from the abovementioned
recent advancements in ABC, which may be useful when simulation from Fy is possible
but the corresponding density, or the distance from Fy to a discrete measure, is not
available in a tractable form. In such settings, one could consider a simulation-based
version of D-BETEL in which Fy is replaced by a Monte Carlo empirical approximation.
Naturally, this would require careful choice of the empirical-to-empirical discrepancy,
since this discrepancy would be evaluated repeatedly inside the entropy-constrained
optimization over weights. In this simulation-based D-BETEL variant, integral prob-
ability semimetrics (IPS), and in particular the maximum mean discrepancy (MMD;
Muandet et al., 2017), appear to be natural candidates. Such discrepancies have proved
effective within ABC (Legramanti et al., 2025), are directly computable between em-
pirical measures, and may offer computational and robustness advantages in settings
where a model-specific transport discrepancy such as ANDREW is not available. More-
over, MMD has been shown to yield estimators with robustness properties under outlier
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contamination (Alquier and Gerber, 2024). Combining such a robust discrepancy with
the entropy-based reweighting mechanism of D-BETEL could provide an additional
source of robustness, which would then arise both from the choice of discrepancy and
the adaptive downweighting of outliers. It would be interesting to understand whether
MMD-based or, more generally, IPS-based versions of D-BETEL can deliver posterior
robustness properties comparable to those obtained with ANDREW.

Second, D-BETEL may provide useful ideas for ABC. In fact, computational scal-
ability is a central challenge in ABC, which typically requires tens of thousands of
discrepancy evaluations, and the ANDREW discrepancy is explicitly designed to bal-
ance multivariate geometry, tail sensitivity, and computational efficiency. Namely, in
ANDREW, a tractable restricted transport component is enriched by a marginal quan-
tile augmentation, which adds coordinate-wise tail information while preserving efficient
computation. Since this added tail information is marginal, a natural extension would
be to investigate whether joint tail dependence could also be incorporated, for example
through copula- or projection-based terms. Moreover, it would be of interest to assess
whether ANDREW (or related augmented and restricted transport discrepancies) can
be successfully employed within ABC, and whether they yield posterior concentration
properties similar to those proved by Bernton et al. (2019) and Legramanti et al. (2025)
for the Wasserstein distance and generic integral probability semimetrics. This would
clarify whether the computational advantages that make ANDREW effective within
D-BETEL can also benefit ABC and, more broadly, likelihood-free inference.
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Francesco Gaffi*® and Beatrice Franzolinit

We congratulate the authors for an original and stimulating contribution. The proposed
D-BETEL framework offers an elegant and effective compromise between robustness and
interpretability, where inference remains focused on a finite-dimensional parameter 6,
indexing an interpretable parametric model Fy, while still avoiding a full specification
of the data-generating distribution. The procedure is particularly appealing in that
inference results from a prior, specified only on the parameter of interest 6, and a
modified likelihood contribution, obtained by finding the maximum-entropy reweighting
of the empirical distribution of the observations that lies within a neighborhood of Fjy.
Hence, values of 6 are favored when this distance-based compatibility with Fyp can
be achieved with little departure from the uniform empirical weights. In this sense,
the modified likelihood rewards models Fy that explain the bulk of the data while still
allowing atypical observations to be downweighted. We view the nonparametric Bayesian
interpretation in Section 5, which is shown to arise in an appropriate asymptotic regime,
as a distinctive strength of this approach. Unlike many alternative pseudo-likelihood
or generalized Bayes approaches, D-BETEL is shown to arise as a limiting marginal
posterior under a suitable nonparametric hierarchical construction, thereby providing a
genuine probabilistic motivation for its use.

A feature we find especially interesting is that the proposed approach allows the
prior distribution to be defined directly on the finite-dimensional parameter of interest
#, while still encompassing data-generating processes more general than the parametric
family Fy. This aspect brings the proposal into close contact with recent developments
in Bayesian nonparametrics, where prior information is incorporated by specifying the
distribution of selected functionals of a random probability measure. In Gaffi et al.
(2025), the emphasis is on prior elicitation within a given class: once this class has been
chosen, the base measure is selected so that a linear functional, typically the mean,
has a prescribed distribution, while preserving the structure that allows one to rely on
standard inferential techniques for that class. In Kessler et al. (2015), a complementary
strategy is adopted: a canonical nonparametric prior is modified so that the induced
marginal distribution of a functional matches a desired one, resulting in a prior that
generally lies outside the original class and requires adapted posterior sampling methods.
In both cases, the underlying idea is that prior information is more naturally expressed
in terms of functionals than in terms of the full infinite-dimensional object.

D-BETEL differs from these approaches in how this idea is implemented, but appears
to be driven by a closely related principle. Rather than specifying or modifying a prior
so as to match the distribution of a functional, it introduces a constraint through a
discrepancy functional,

Q — D(Fy,Q),
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and selects admissible distributions accordingly. This functional is nonlinear and defined
through an optimization over couplings, and therefore lies outside the class of function-
als typically considered in the literature. The distinction is not only formal. Even in
relatively simple settings, moving from linear to nonlinear functionals entails a substan-
tial increase in complexity: for instance, quadratic functionals of random objects driven
by completely random measures already require nontrivial tools based on Wiener—It6
decompositions and asymptotic analysis, as shown in Peccati and Priinster (2008), and
explicit distributional control is generally difficult to obtain. In this sense, D-BETEL
can be interpreted as extending the functional-based perspective toward functionals
that capture global features of the distribution, such as overall shape and tail behavior.

At the same time, the analogy remains structurally strong. As in the approaches
mentioned above, the infinite-dimensional problem is effectively controlled through a
lower-dimensional quantity, and prior information is incorporated indirectly through
the behavior of a functional. The nonparametric Bayesian representation provided in
the paper further clarifies this point: the procedure can be embedded in a hierarchical
model involving a random mixing distribution, although this equivalence holds in an
asymptotic regime where nuisance parameters are marginalized out. In practice, the
method avoids working with the infinite-dimensional object altogether, and the induced
prior on it is only implicit, but the overall mechanism remains closely aligned with a
functional specification viewpoint.

This perspective suggests a natural extension. The constraint D(Fy, Q) < & imposes
a sharp boundary on the value of a nonlinear functional. One may instead consider
specifying a prior distribution on D(Fp, ]3) for a random probability measure P, thereby
replacing the hard constraint with a probabilistic one. Such a formulation would be
closer in spirit to approaches based on fixing the distribution of a functional, while
potentially avoiding boundary effects induced by the constraint. It might also provide
a route to an exact nonparametric Bayesian representation, rather than one obtained
through asymptotic equivalence, by explicitly incorporating prior beliefs on the extent
of departure from the centering model.

From this point of view, the contribution of the paper is twofold. On the one hand, it
provides a practically effective method for robust inference that bypasses the direct han-
dling of infinite-dimensional parameters. On the other hand, it points toward a broader
perspective in which nonlinear functionals, such as transport-based discrepancies, play
a central role in linking parametric structure and nonparametric flexibility. While the
literature on linear functionals offers useful guidance, extending these ideas to more
complex functionals remains largely open. The present work shows that this direction
is not only conceptually meaningful but also may admit concrete implementation, and
therefore deserves further investigation.
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Gourab Mukherjee*

Robust empirical Bayes prediction using D-BETEL

The authors are to be congratulated for a timely contribution to robust statistical in-
ference. In Chakraborty et al. (2025), they propose D-BETEL, a distributionally robust
Bayesian exponentially tilted empirical likelihood method that replaces exact paramet-
ric specification with a constrained transport neighborhood around a working model.
The resulting procedure is both computationally tractable and conceptually appealing.

We consider empirical Bayes (EB) prediction in generalized linear mixed models
(GLMMs) under acute data scarcity, where only a small subset of units contributes
repeated observations and most units are observed at most once. Such regimes arise in
modern prediction problems and are especially challenging because limited replication,
severe imbalance, and possible covariate shift make the latent-effects distribution diffi-
cult to estimate reliably from the data Sarkar et al. (2026). In these settings, shrinkage
is essential for stable prediction, since unit-specific estimates would otherwise be too
noisy. Empirical Bayes is therefore attractive because it borrows strength across units
while adapting to the limited data available for each one. We study whether the robust-
ness of D-BETEL can be leveraged for EB prediction under data scarcity, imbalance,
and covariate shift, and whether its performance is close to that of widely used EB
methods based on nonparametric maximum likelihood estimation (NPMLE) Jiang and
Zhang (2009) and g-modeling Narasimhan and Efron (2020).

In Section 3.2 of Chakraborty et al. (2025), the authors consider a Poisson GLM ex-
ample. Here we study a related problem, but with random effects whose distribution is
unknown and must be estimated. For i = 1, ..., n, consider Y, = Poisson(z,}, 3+b;), k =
1,...,K;, and 172,; = Poisson(ic;cﬂ +b),k=1,...,K;. The random effects b; are i.i.d.
from g, B is a common fixed effect, and both are assumed to be invariant across training
and test samples. The goal is to predict {Y;;} based on the observed {Yi;}. NPMLE es-
timates g by marginal likelihood over a discrete support, while g-modeling fits g within a
low-dimensional parametric family on a fixed grid Jiang and Zhang (2009); Narasimhan
and Efron (2020). D-BETEL instead starts from a working family of priors and replaces
exact fit by a transport-relaxed entropy criterion Chakraborty et al. (2025). On the
common support grid used here, the difference is therefore between exact mixture fit-
ting and transport-relaxed fitting. Table 1 summarizes the results from three simulation
experiments comparing the performance of g-modeling, NPMLE, D-BETEL, and the
unshrunken estimator. For Experiments 1 and 2, we report estimation error in the pa-
rameters. In Experiment 1, we consider Gaussian random effects and, across Cases A-E,
examine different data-scarce imbalanced designs. The ratio of observations to param-
eters is 1, 2, 1.5, 1.2, and 1.4, respectively. The first two designs are balanced, whereas
Cases C, D, and E exhibit low, moderate, and high imbalance, respectively. Experiments
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2A-2C all have ratio equal to 1 and consider, respectively, a two-component Gaussian
mixture, a heavy-tailed ¢ distribution, and a contaminated prior with 10% large positive
outliers as the random-effects distribution. Experiments 3A—3D consider the settings of
Experiment 2 together with Gaussian random effects in Case A. They evaluate predic-
tion under covariate shift, where future covariates follow a different distribution from
the training covariates, and prediction accuracy is measured using log-scale mean error.

Experiment ORACLE g-modeling NPMLE D-BETEL Unshrunken
1A 0.7782 (0.0881) 0.9525 (0.1783) 1.0195 (0.2636) 1.0966 (0.1244) 2.1301 (0.2001)
1B 0.7399 (0.0865) 0.8192 (0.1233) 0.8279 (0.1652) 1.0734 (0.1122) 1.6000 (0.1804)
1C 0.7127 (0.0803)  0.8248 (0.0990) 0.9487 (0.2070) 1.1201 (0.0854) 1.9337 (0.1614)
1D 0.7550 (0.0572) 0.9048 (0.1478) 1.0145 (0.3020) 1.1252 (0.1014) 2.0772 (0.1628)
1E 0.7346 (0.0808) 0.8856 (0.1561) 1.0080 (0.3826) 1.0803 (0.1089) 2.0961 (0.1600)
2A 1.6199 (0.2294) 1.6003 (0.2572) 1.6279 (0.2844) 1.8131 (0.2394) 2.3792 (0.3159)
2B 5.8146 (8.9803) 5.9295 (9.0564) 6.0208 (8.9841) 6.2165 (9.0033)  6.5493 (8.9969)
2C 1.6418 (0.3968) 1.4505 (0.2834) 1.5721 (0.2895) 1.9656 (0.2028) 2.3048 (0.2338)
3A 0.0086 (0.0016) 0.0625 (0.0051) 0.0622 (0.0049) 0.0622 (0.0050) —
3B 0.0095 (0.0024) 0.0616 (0. 0049) 0.0612 (0.0050) 0.0611 (0.0050) —
3C 0.8331 (0.5800) 0.8809 (0.5783) 0.8806 (0.5778) 0.8806 (0.5776) —
3D 0.2186 (0.1026)  0.2678 (0.1009) 0.2676 (0.1008) 0.2676 (0.1008) —

Table 1: Mean (SD) loss across 25 replicates. Experiments 1-2 report mean absolute
estimation error. Experiment 3 reports the log mean absolute prediction error under
covariate shift.

All code for these results is available at https://github.com/gmukherjee/dbetel-eb.
Across all regimes, D-BETEL yields performance that is close to that of state-of-the-art
EB methods and is substantially better than the unshrunken MLE. In D-BETEL, the
transport radius € controls the degree of shrinkage; in our table we used ¢ = 0.35 with
a Wasserstein metric. Improved tuning may further enhance performance. In addition,
using the full subject-level response vector in D-BETEL leads to a multivariate Wasser-
stein transport problem that is computationally expensive. The results reported here are
instead based on a reduced model using summary statistics, which is computationally
simpler but less informative; this suggests there is further room for improvement.
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Lekha Patel*

I congratulate the authors on an excellent contribution at the intersection of empirical
likelihood methods, optimal transport, and Bayesian nonparametrics. The formulation’s
most consequential contribution, in my view, is the explicit decoupling of the parame-
ter of interest # from the infinite-dimensional nuisance parameter £* via a #-dependent
slice of the joint prior. This preserves the interpretation of # within a parametric model
whilst permitting the centering measure Fy to be approximately correct. In this discus-
sion piece, I focus on the implications of this perspective for Bayesian inverse problems
(BIP), in which structural model misspecification is essentially endemic, and subse-
quently suggest extensions that would broaden the framework’s reach.

Distributionally—constrained Bayesian Exponentially Tilted Empirical Likelihood (D-
BETEL) as a robust likelihood for BIP  Consider the canonical setup y = G(6) + 7,
where G : © — ) is a parameter-to-observable map and 7 is a noise process inducing a
parametric family Fyp (Stuart, 2010). The realized forward map almost never coincides
with G in practice, since aspects such as numerical discretization, unresolved subgrid
physics, surrogate or reduced-order approximations, and experimental artifacts each
introduce systematic structural (model) error. Standard responses, namely the Bayesian
approximation error of Kaipio and Somersalo (2007) and the calibration framework of
Kennedy and O’Hagan (2001), both presuppose a tractable parametric structure on the
discrepancy that is typically Gaussian.

D-BETEL offers a qualitatively different alternative, in that by placing the discrep-
ancy at the level of distributions and constraining the weighted empirical distribution
Uy, to lie in an ANDREW-ball of Fy, the data generating mechanism is permitted
to depart from the centering model in manners that need not be tied to a particu-
lar parametric error structure. The asymptotic equivalence established in the paper’s
Theorem 2, which shows that the marginal posterior on § arises as the limit of a non-
parametric Bayesian model centered on Fp, is therefore especially attractive in BIP,
where one rarely trusts the model-form fully but does trust that 6 is well-defined within
it. I anticipate that this construction will sit naturally alongside, and in some regimes
supplant, Kennedy and O’Hagan-style discrepancy modelling. Critically, unlike many
pseudo likelihood-based robust Bayesian methods, D-BETEL retains a valid generative-
model interpretation via Theorem 2, supporting the posterior predictive checks and
forward uncertainty propagation that scientific applications typically demand.

Centering by a simulator: extending D-BETEL to likelihood-free settings In many
BIP, Fj is accessible only through a simulator (e.g., a Partial Differential Equation
(PDE) solver or black-box surrogate), so that fp is unavailable in closed form. Ex-
ponentially Tilted Empirical Likelihoods (ETEL) are attractive here, since they only

*Scientific Machine Learning Department, Sandia National Laboratories, Ipatel@sandia.gov


mailto:lpatel@sandia.gov

1012 Contributed Discussion

require a way to compare v, , with Fp rather than a closed-form density. This sug-
gests a natural simulator-replaced variant in which Fy is approximated by a Monte
Carlo measure Fy ;= J~! ijl dg(6:¢;)> although the precise relationship between this
empirical-centering construction and the ANDREW formulation in Theorem 3 would
require care. Here fy acts only as a sampler, sidestepping the high-dimensional density
estimation burdens common in simulation-based inference (Cranmer et al., 2020). Be-
cause ﬁg, 7 is itself discrete, the construction reduces to entropic-regularized OT between
two empirical measures, bypassing the elliptical-mixture closed form of Theorem 3 in
favor of a single Sinkhorn solve that is computationally favorable, but forfeiting the
analytic tail correction encoded by the marginal quantile term. The tradeoff thus shifts
from likelihood evaluation to repeated empirical transport, making the scaling of J,
n, and the observation dimension central. Whether the equivalence in Theorem 2 lifts
to this simulator-replaced regime would be of considerable interest, and I would es-
pecially welcome the authors’ view on the conditions on J = J(N) under which the
marginal posterior under ﬁ(% J first converges to a finite-J simulator-centered D-BETEL
posterior as N — oo, and subsequently to the exact Fy-centered D- BETEL poste-
rior as J — oo. I suspect this may require uniform stability of the feasible weight set
{w : D[Fy, vy 4] < €} under Monte Carlo perturbations of the centering measure, in the
spirit of the empirical-Wasserstein concentration literature (Bernton et al., 2019).

Functional observations and ANDREW on infinite-dimensional spaces A practical
ceiling on D-BETEL in BIP is that ANDREW is built for elliptical mixtures on R?,
whereas many scientific observables are functional (e.g. spatial fields, spectra, time-
series traces). Direct Wasserstein computation on function spaces is prohibitive, and
naive vectorization through a fixed grid affects the geometry that motivated a transport
metric to begin with. Two extensions strike me as natural: first a spectral-truncation
analogue in which the marginal univariate Wasserstein terms in (2.14) act on Karhunen—
Loeve coefficients of the function-valued samples, and subsequently a coupling family
parameterized by neural operators (Kovachki et al., 2023), which would inherit mesh
invariance and integrate naturally with PDE-driven forward models. I wonder whether
the authors view the augment-then-restrict strategy as general-purpose in this direction,
or whether the identifiability condition underlying Lemma S9 places restrictions in the
functional setting.

Tuning ¢ under limited replication The ELPD.-based scheme (where ELPD refers to
Expected Log point-wise Predictive Density) is elegant and has a clear leave-one-out
interpretation when the data are exchangeable. In many BIP, however, the dataset of
interest is effectively a single high-dimensional observation, such as one snapshot of
a field, a single trace of a time-series, or a single inversion target, and consequently
leave one-out no longer provides effective replication. The hyper-parameter ¢ may then
need calibration by other means, for example with posterior predictive checks against
simulator replicates, coverage diagnostics on synthetic twinned experiments, or cross
validation across independent inversion datasets when available. The framework can
plausibly accommodate such alternatives with minor modification, but the choice of
calibration objective is non-trivial and I would thus value the authors’ perspective on
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principled defaults. More broadly, the interplay between an interpretable parametric
centering and a flexible, transport-controlled departure from it is a promising modelling
primitive for the many BIP that today rely on ad hoc discrepancy adjustments. I thank
the authors for a stimulating contribution and look forward to their response.
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Contributed Discussion

Abhishek Roy*

1 Introduction

In this paper the authors make an innovative and thought-provoking contribution to
robust Bayesian inference. The paper introduces a principled framework, Bayesian Ex-
ponentially tilted Empirical Likelihood with Distributional constraints (D-BETEL),
that combines exponentially tilted empirical likelihood with a transport-based prox-
imity constraint around a parametric centering family. The resulting methodology oc-
cupies an interesting middle ground between parametric Bayesian modeling preserving
interpretability and fully nonparametric Bayesian procedures, while avoiding explicit
infinite-dimensional nuisance parameterization.

We found several aspects of the paper particularly appealing. First, the proposed
framework enlarges the effective model class through a distributional neighborhood
around a parametric family. The weighted distribution @) provides data fidelity while
allowing the interpretable reference model Fy to remain relatively insensitive to outliers
through the constraint D(Q, Fy) < e. Second, the proposed ANDREW metric is tech-
nically elegant. The augmentation-restriction construction balances expressiveness and
computational tractability in transport-based inference, while the marginal transport
augmentation compensates for the loss of tail sensitivity induced by restricting cou-
plings to elliptical mixture structures. The resulting metric inherits Sinkhorn-style scal-
ability while remaining sensitive to tail behavior. Third, we appreciate the asymptotic
nonparametric Bayes interpretation developed in Section 5. Unlike many generalized
Bayes or pseudo-likelihood methods, D-BETEL is derived as a marginalization limit
of a constrained hierarchical nonparametric model, providing a concrete probabilistic
foundation.

While we view the paper as an important contribution, we would like to discuss two
complementary extensions that may further broaden the scope of the framework.

2 Geometry-Aware D-BETEL

High-dimensional data in many scientific fields lie, at least approximately, on a low-
dimensional Riemannian manifold, e.g., shape data in computational anatomy (Dryden
and Mardia, 2016), directional data in environmental and geological science (Mardia
and Jupp, 2009), and covariance matrices in brain imaging and diffusion tensor MRI
(Pennec et al., 2006). In each case, inference method that ignores the manifold structure
can produce statistically inefficient and scientifically uninterpretable results. Extending
D-BETEL to manifold-valued data is therefore an important and natural direction.
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A manifold-aware formulation equips D-BETEL with robustness against off-manifold
outliers. Suppose the centering family Fjy is supported intrinsically on a manifold M,
while the observed samples satisfy

T; = m; + €, m; € M,

where ¢; represents ambient perturbations transverse to the manifold. An intrinsic
geodesic cost-based transport on M cannot explain the off-manifold perturbations (Pen-
nec et al., 2006). Consequently, observations with large normal-direction perturbations
become more expensive to match to a manifold-supported distribution, and the entropy-
maximizing D-BETEL reweighting would naturally tend to assign them smaller weights.
This also improves identifiability of Fy. Without geometric constraints, the enlargement
distribution Q9 may absorb substantial off-manifold noise while remaining close to the
empirical distribution, allowing even a poorly specified manifold-supported Fy to appear
adequate. For example, if the intrinsic data lie near a circle M C R? with radial noise
contamination, Euclidean enlargements may spread mass into the ambient space to fit
the noisy cloud. In contrast, intrinsic transport constraints prevent )y from explain-
ing arbitrary off-manifold perturbations, forcing Fy to better capture the underlying
geometry.

Three components of the framework require non-trivial adaptation. The centering
distribution Fp must be intrinsic to the manifold M, and retain the low-dimensional in-
terpretability. For example, von Mises—Fisher and Kent distributions on spheres (Mardia
and Jupp, 2009), and log-Euclidean or affine-invariant Gaussians on Symmetric Positive
Definite (SPD) manifolds (Pennec et al., 2006). A practical manifold-aware extension of
the transport metric ANDREW would be needed. A potential alternative choice is Rie-
mannian sliced Wasserstein distances Rustamov and Majumdar (2023); Quellmalz et al.
(2023); Bonet et al. (2025). The enlargement class would also need to respect manifold
geometry. A principled manifold-aware extension would likely require a combination
of reweighting and projection or the class of enlargements need to be constrained to
remain near the underlying manifold. In the above discussion, the underlying manifold
is assumed to be known. However, a practical thorough work would require a joint
estimation of the manifold as well.

3 Flow-Based Enlargement Class

A key contribution of the paper is the ANDREW metric, which combines transport-
based geometry with computational tractability. To make distance evaluation feasible,
the parametric centering family Fy, and the restricted coupling class used to compute
the transport discrepancy D(Fy, vy, ) have been specialized to elliptical mixture models
(EMM). The enlargement itself, however, remains the weighted empirical distribution

n
Vo = E W;0y, wE A,.
i=1

This is elegant and computationally effective, but it restricts the coupling class that
may fail to capture nonlinear geometric differences between Fy and the reweighted
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empirical distribution v, , such as asymmetric tail couplings or higher-order depen-
dence patterns requiring highly nonlinear mass rearrangements. To address this, we
propose to leverage modern flow-based generative models (Papamakarios et al., 2019)
based enlargement class. Recent flow matching methods (Lipman et al., 2023; Onken
et al., 2021) are explicitly designed to approximate transport maps and probability flows
between distributions, making them particularly well-suited to the transport-based set-
ting of D-BETEL. We observe that the population-level target Qg is defined as the
optima over the space of probability measures (equation (4.2) of the paper). From this
perspective, a flow-based construction provides a smooth surrogate for the population
enlargement, capable of representing continuous nonlinear perturbations of Fy beyond
discrete reweighting. The tradeoff is that the enlargement class becomes much richer,
making regularization essential to preserve identifiability of 6.

Specifically, define the flow-based enlargement Q? = (Ty)#Fy, where Ty : R?¢ — R4
is the solution at time ¢ = 1 of the neural ODE

%Xt = vg(Xy, 1), Xo ~ Fp,

and vy : R x [0,1] — R? is a neural velocity field. Because the flow class is highly
expressive, QZ’ can approximate the data distribution P for a wide range of 6, which
would cause Fy to lose its role as an identifiable scientific reference model. Anchoring
the enlargement to 6 requires a regularizer that controls the displacement from Fy.

Motivated by the dynamic characterization of W2 (Fp, QZ’) as the minimum kinetic

energy over all admissible probability paths and velocity fields connecting Fy and QZ),
we propose a continuous-time analog of D-BETEL’s transport constraint D(Fy, Q) < e
where we learn ¢ for fixed # by minimizing

1
£a(6) = SWH(QF Pa) 42 [ By g lua(Xes 0t
0 ,t

where SW? denotes the squared sliced Wasserstein distance and P, is the empirical
distribution of the observed data. The first term keeps Qg close to the empirical dis-
tribution. The second term, motivated by the Benamou-Brenier characterization of

W3 (Fy, Q?), regularizes the displacement of QZ from Fy. Note that SW? (Q?,Pn) is

well-defined and admits efficient gradient-based optimization with respect to ¢. Profiling
out ¢ for each 0 defines the flow-based pseudo-likelihood

Lonr(9) = exp(— m(gn £¢(9)),
and combining with a prior 7(¢) gives the robust posterior

7TCNF(9 | T1y--.- ,xn) XX 77(9) LCNF(H)-

This construction treats ¢ as a nuisance parameter that is profiled out for each 8 evalua-
tion, in the same spirit as D-BETEL profiles out the weights w through the constrained
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entropy maximization. Unlike D-BETEL, however, the present pseudo-likelihood is not
currently derived from a nonparametric Bayesian formulation analogous to Theorem 2
of the paper, and establishing such guarantees remains an important open problem. A
further practical challenge is that minimizing £4(6) for each Markov Chain Monte Carlo
(MCMC) proposal can be expensive; a natural remedy is to amortize the optimization
by conditioning the flow vy directly on 6 and learning a shared transport model across
parameter values.

Concluding Remarks

Overall, we believe this paper makes a significant contribution to robust Bayesian
methodology by proposing a novel methodology that achieves robustness while pre-
serving interpretability. Beyond the extensions we mention above, we believe this idea
can impact several other directions such as causal inference under covariate shift, and
interpretable machine learning.
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Hien Duy Nguyen®', TrungTin Nguyen?, Julyan Arbel®, and Florence Forbes¥

We congratulate the authors on their interesting contribution. We shall restrict ourselves
to discussing the tolerance parameter € in the D-BETEL construction in Chakraborty
et al. (2025). Let II denote the prior measure corresponding to . The D-BETEL pos-
terior is

n

I2(d6 | x1.0) o< L (0)T1(d0),  LE(0) = [ w; (0),

where

n
w*(0) € arg max {H(w): D(Fy,vypq) <c}, Vg = Zwi(;zi.
WES, 1 P

Assume that this likelihood is measurable in 6 on the sets considered below. Although
D-BETEL is not an ABC posterior in the algorithmic sense, it uses a tolerance to update
through a discrepancy. Thus the fixed-tolerance, n — oo analysis of ABC coarsened and
pseudo-posterior measures in Nguyen et al. (2025) is relevant to the statistical role of
e. Let X1, Xo,... be X-valued random variables on a probability space (2, F,P), with
X; :  — X, and suppose they are i.i.d. with common law P,. For each n, define
Un(w) =n"1 3" | Oy, (W), Writing v, when w is understood.

The following proposition records a simple fixed-tolerance implication of the D-
BETEL entropy maximization. On a set K that lies strictly inside an e-fit region and
on which the empirical discrepancy converges uniformly, D-BETEL eventually supplies
no data-dependent distinction among parameters. That is, all relative posterior mass
within K is inherited from II. Fixed-tolerance D-BETEL should therefore not generally
be interpreted as point-consistent inside a strict e-fit region. It is better viewed as a
coarsened discrepancy posterior, in the sense of Miller and Dunson (2019), whose fixed
tolerance induces e-identification regions.

Proposition (Fixed-tolerance likelihood non-identifiability in D-BETEL). Let K C ©
be measurable with II(K) > 0. Suppose that, for some n > 0,

sup D(Fy, Py) <e—mn, sup |D(Fy,vy) — D(Fyp, Py)] — 0 a.s.
beK 6eK

Then there exists an event Qg € F with P(Qx) =1 such that, for every w € Q, there
is Ni(w) < oo for which, for all n > Ni(w), LP(0) = n™ for every § € K, and
I2(B | K, X1.,(w)) = H(B)/II(K) for every measurable B C K.
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Proof. Let Qk be the probability-one event on which the uniform convergence assump-
tion holds. For w € Qp, choose Nk (w) so that, for all n > Ng(w), the displayed
supremum error is at most 1. Then supge i D(Fp, vn(w)) < supgex D(Fy, Po) +n < €.
Hence the uniform weight vector u, = (1/n,...,1/n) is feasible for every § € K, with
z; = X;(w), since vy, » = v (w). For w € S,_1, H(w) =logn—>""_, w;log (w;/(1/n)),
with Olog0 = 0. The sum is the Kullback—Leibler divergence from w to u,, which is
non-negative and vanishes only when w = u,,. Thus u,, is the unique entropy maximizer
on the simplex and on any constrained subset containing it. Consequently w*(0) = u,
and LP(0) = n=" for every § € K. For every measurable B C K,

_ Jp L7 (0)T(dF) _ TI(B)

I2(B| K, X1.n(w)) = [ LP(O)TI(do)  II(K)

where the denominator is positive because II(K) > 0. O

In the ABC setting, this distinction is formalized in Nguyen et al. (2025). There,
D (00, 0) is the almost-sure large-sample limit of the discrepancy between data gen-
erated at 6y and synthetic data generated at 6. Theorem 1 of Nguyen et al. (2025)
shows, under compactly supported weights and regularity assumptions, that for every
prescribed neighborhood of ©¢ = {# : D (6p,0) = 0} one can choose a fixed tolerance
so that fixed-tolerance ABC posterior measures converge to full mass on that neighbor-
hood. Under misspecification, Remark 4 of Nguyen et al. (2025) then replaces Oy by
the corresponding minimal discrepancy set. The proposition above gives a D-BETEL
analogue: within a region strictly satisfying the tolerance constraint, posterior updating
preserves prior relative probabilities for all sufficiently large n on an event of probability
one.

The authors’ nonparametric Bayes interpretation is complementary rather than a
substitute for such sample-size asymptotics. Their Theorem 2 gives an auxiliary limit
with the sample size and tolerance held fixed, whereas the separate large-sample question
asks what D-BETEL learns about 6 as n — oo and how this depends on whether the tol-
erance is held fixed or allowed to shrink. A large-sample theory for a shrinking-tolerance
regime would clarify that the tolerance is not only a computational or robustness tuning
parameter, but also a statistical coarsening parameter determining the granularity of
the target. We do not have a general approach to the analysis of this more difficult limit
regime but hope that the authors may consider the challenge in their subsequent work.
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Rejoinder
Abhisek Chakraborty*, Anirban Bhattacharyal, and Debdeep Patit

1 Response to invited and contributed discussions

We sincerely thank all the discussants for their deeply thoughtful and constructive dis-
cussion of our work (Chakraborty et al., 2025). Their comments help clarify and enhance
the scope and positioning of our work, while also highlighting several important future
directions. A recurring theme across many of the discussions is the broader question of
how Bayesian inference should be conducted when statistical models are viewed not as
exact truths, but rather as scientifically interpretable approximations. This perspective
is particularly relevant in many modern high-dimensional or simulation-based inference
(SBI) settings where exact specification of the data-generating mechanism is often un-
realistic and some degree of misspecification or contamination from the posited model is
inevitable. Since its publication, we have continued to reflect on various open questions
emanating from our work, and we were gratified to see many of these themes appearing
in the discussions. In a recent preprint (Jacobs et al., 2026), we have made progress
towards addressing some of these questions, and we will draw upon this work at places
in our response.

Our response to the discussants’ comments follow, which we organize around a num-
ber of unifying themes emerging from the discussions.

1.1 Target of estimation, model expansion, and generalized
Bayesian perspectives

A number of discussants (Avella Medina et al., 2026; Huggins, 2026; Linero, 2026;
Wang, 2026) touched upon a fundamental point concerning the precise inferential tar-
get of Distribitionally-constrained Bayesian Exponentially-tilted Empirical Likelihood
(D-BETEL) and how it differs from classical likelihood-based inference under misspec-
ification. It is well-known that in likelihood-based inference, the target of estimation
0* is the Kullback—Leibler (KL) projection, assumed unique for the purpose of this
discussion,

0* : = argmin KL(P||Fy) = argmax Ex.plog fo(X), (1)

0co 9co

where P is the true data distribution, and {Fy : § € ©} is the statistical model, i.e.,
a parametric family of distributions indexed by parameter §. Maximum likelihood esti-
mation or usual Bayesian estimation asymptotically target 8* under mild assumptions
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(Kleijn and Van der Vaart, 2012). In the well-specified setting, i.e., P = Fp for some
6t € O, the KL projection 8* = 6. However, even if P is a ‘small’ contamination
of Fyi, 8* can be substantially different from 6%, depending upon the nature of the
contamination. For example, in a classical Huber-contamination model (Huber, 1992),
P = (1—¢)Fyt +¢eH for some ¢ € (0,1) and probability distribution H, even though P is
close to Fyt in total variation (TV) distance for € small, §* can be substantially different
from 6t depending on H. This well-known phenomenon renders likelihood based estima-
tion non-robust. An overarching goal of D-BETEL is to holistically provide robustness
under general contamination regimes. As elucidated in Section 4 of Chakraborty et al.
(2025), D-BETEL (with tuning parameter A) targets

9; = arg max EXNP[IOg @G,A(X)L (2)
feO
where
@fm = argmin [KL(Q || P) + AD(Fy, Q)]. (3)
QKP

Accordingly, the target induced by D-BETEL is intentionally different from the classical
KL projection. Rather than identifying the best approximation under exact likelihood
geometry, D-BETEL seeks a parameter whose induced distribution remains geometri-
cally close to a suitably reweighted version of the observed data. This viewpoint natu-
rally connects to the discussants’ observations regarding implicit model expansion. As
emphasized by Wang (2026) and Linero (2026) in their discussions, the constrained
transport formulation can be viewed as implicitly enlarging the model family without
explicitly specifying a semiparametric extension. The transport geometry permits the
working model to flexibly adapt to localized deviations from the parametric family while
still remaining centered around interpretable structure. We also believe this interpre-
tation connects D-BETEL to generalized Bayesian updating, Bayesian nonparametrics,
and robust empirical likelihood methodology. In particular, the adaptive reweighting
induced by the constrained transport in (3) resembles a localized semiparametric enrich-
ment of the parametric model. Gaffi and Franzolini (2026) draw interesting connections
between D-BETEL and recent developments in Bayesian nonparametrics where priors
on random probability measures are constructed to possess pre-specified marginals of
linear functionals (Gaffi et al., 2025).

The question of uncertainty quantification via establishing Bernstein—von Mises
(BvM) results for the D-BETEL posterior was also discussed Linero (2026). This is
certainly an important and interesting direction we wish to address in future work.
For fixed A\, we conjecture that the D-BETEL posterior will asymptotically assume a
Gaussian shape, centered at 0;. A central question then would be to characterize the
posterior covariance, and connect it with the appropriate asymptotic sandwich covari-
ance structure under model misspecification. A second layer of complexity enters the
picture when one considers a data-driven choice \ of the tuning parameter ), for exam-
ple the predictive criterion described in Section 5 of Chakraborty et al. (2025), or other
variants as in our more recent work (Jacobs et al., 2026). Assuming that A approaches
some stable limit A*, which in itself would be non-trivial to establish, an interesting
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question then would be to characterize the population target 9;*, that is 9; in (2)
evaluated at A = A\*. Specifically, it would be interesting to formulate contamination
mechanisms generalizing the Huber contamination model so that under ‘small’ contam-
ination, 9;* = #'. In our recent preprint (Jacobs et al., 2026), we formulated one such
contamination mechanism which we call the Geometric+Huber (G+H) contamination
model:

P=(1-¢)Q+eH, Wa(Q, Fyi) < p.

This framework simultaneously captures classical Huber contamination, smooth geo-
metric perturbations, and combinations of both. We conjecture that for small (g, p)
and possibly under suitable identifiability conditions on H, D-BETEL can recover #' in
the G4+H model. However, establishing this would require substantial work. In Jacobs
et al. (2026), we instead consider a minimum divergence estimation framework together
with weighted likelihood /bootstrap uncertainty quantification. This places the resulting
procedure much closer to a classical robust M-estimation framework (Rousseeuw et al.,
2005) where asymptotic sandwich covariance behavior is expected under standard reg-
ularity conditions.

We also thank Huggins (2026) for bringing up the under-fragmentation tendency of
D-BETEL. Importantly, we do not view this tendency toward a single cluster as merely
an artifact of the method. Rather, it is a direct consequence of the modeling framework
underlying our robustness formulation. As mentioned above, our uncertainty class is
characterized through a (G+H) contamination/transport neighborhood, which is inten-
tionally designed to absorb certain forms of distributional deviation from the nominal
model. In particular, a mixture of skew-normal components can, after suitable trans-
port and contamination adjustments, lie close to a single normal distribution. From this
perspective, the apparent “under-fragmentation” reflects the fact that the observed het-
erogeneity is being interpreted as distributional misspecification rather than evidence for
additional latent clusters. Consequently, it is not surprising that the proposed method
favors a single cluster in such settings.

1.2 Connections to ABC and computational considerations

Several discussants (Catalano and Legramanti, 2026; Patel, 2026; Wang, 2026) em-
phasized the broader connection between D-BETEL and likelihood-free Bayesian in-
ference such as approximate Bayesian computation (ABC), and the potential of cross-
pollination of ideas between these literatures. ABC (Beaumont et al., 2002; Marin et al.,
2012; Sisson et al., 2018) and its more modern moniker, simulation-based inference
(SBI; Cranmer et al. (2020)), tackle statistical problems where the probability model
fo is implicitly defined in terms of simulations, often available in the form of an expen-
sive computer code, and the likelihood function is otherwise analytically intractable. In
earlier versions of ABC, regions of high posterior probability were identified based on
closeness of simulated data (often summarized in the form of certain carefully chosen
summary statistics) under putative parameter values with the observed data. In their
discussion, Catalano and Legramanti (2026) note an interesting parallel in the ways
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that the ABC literature has gradually evolved from using (moment-based) summary
statistics to distributional discrepancy measures, and the way in which D-BETEL de-
parts from traditional BETEL based on moment constraints. Indeed, both D-BETEL
and discrepancy-based ABC methods (Bernton et al., 2019; Legramanti et al., 2025)
involve a distributional discrepancy measure between a discrete distribution supported
on the observed data and Fy. Since the Wasserstein distance or the modified transport
metric ANDREW proposed in Chakraborty et al. (2025) can be approximated based on
samples from Fy, one can naturally envision an extension of D-BETEL to ABC/SBI set-
tings. This perspective motivated our recent work (Jacobs et al., 2026) on likelihood-free
simulation-based inference under a minimum divergence estimation framework (Basu
et al., 2011), with the divergence measure motivated by the construction in (3). In Ja-
cobs et al. (2026), only simulations from the model are required, inference is performed
through robust minimum transport divergence estimation, and uncertainty quantifica-
tion is obtained through a bootstrap procedure. We believe the resulting framework
provides a robust alternative to existing ABC and SBI methodologies, particularly in
settings involving geometric misspecification or contamination, and contributes to the
emerging literature on robust ABC/SBI (Chérief-Abdellatif and Alquier, 2020; Della-
porta et al., 2022; Bharti et al., 2026).

On a somewhat related note, several discussants (Avella Medina et al., 2026; Cata-
lano and Legramanti, 2026; Huggins, 2026; Linero, 2026) commented about compu-
tational tractability and scalability of D-BETEL. Since each likelihood evaluation of
D-BETEL requires solving a transport problem, it is indeed important to characterize
the computational complexity of likelihood evaluations as a function of the data dimen-
sion as well as the parameter dimension. In Chakraborty et al. (2025), we mostly used
off-the-shelf computational tools for computing Wasserstein distances and ANDREW.
Given we specifically require Wasserstein distances between a discrete and continuous
distribution, there is a natural connection to the semi-discrete optimal transport liter-
ature. We have investigated the computational aspect more thoroughly in Jacobs et al.
(2026), since in ABC/SBI settings, it is important to characterize the number of simu-
lations required from the possibly expensive simulator. In Jacobs et al. (2026), we work
directly with a robust semi-constrained Wasserstein divergence (although the compu-
tational architectures should be extendable to ANDREW) under the assumption that
only simulations from the model are available. A key technical contribution is a new
reformulation of the semi-discrete robust transport problem:

U\(Py, Fy) = sup Ex~r,[M(X, g)],
geER™

where the objective is concave in the dual variable. This reformulation permits stochastic
subgradient ascent and leads to a scalable simulation-based inference pipeline requiring
only the ability to simulate from the model. We establish explicit non-asymptotic con-
vergence guarantees for the resulting stochastic optimization procedure. In particular,
after s iterations, the approximation error decreases roughly at rate O (\/?)7 up to loga-
rithmic factors, while computational complexity scales linearly as O(ns). Consequently,

. — . . . ~ . . 2
choosing s < ne~2 yields approximation accuracy of order O(e) with runtime O(’:—2

To the best of our knowledge, this is the first convergence guarantee for semi-discrete
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robust semi-constrained optimal transport in the setting where one of the distributions
is continuous and accessible only through simulation.

1.3 Choice of the transport metric and robustness geometry

Another major theme across the discussions concerns the choice of transport metric
(Huggins, 2026; Wang, 2026; Avella Medina et al., 2026; Nguyen, 2026; Catalano and
Legramanti, 2026) and the geometry used to define robustness. A major motivation for
our use of transport geometry was the desire to simultaneously capture small geomet-
ric perturbations affecting many observations together with contamination through a
smaller number of large outliers. Classical likelihood-based discrepancies often become
unstable when the empirical and model distributions differ geometrically or possess
support mismatch. Wasserstein-type discrepancies remain meaningful in these settings
and retain direct geometric interpretability. At the same time, we fully agree with the
discussants that classical Wasserstein distance itself is sensitive to sufficiently large out-
liers. This was one of the motivations behind the constrained transport formulation
and entropy-based reweighting mechanism used in D-BETEL, which effectively allows
contaminating mass to be downweighted before geometric comparison occurs.

We also appreciated the discussants’ suggestions regarding sliced Wasserstein dis-
tances, entropy-regularized transport, robustified Wasserstein formulations, and more
classical metrics such as the Prokhorov metric. We agree that sliced Wasserstein dis-
tances possess attractive statistical and computational properties, particularly in mod-
erate and high dimensions, and may better capture certain forms of joint dependence
and tail behavior. However, one of the primary reasons we adopted the current trans-
port construction was computational tractability and analytical transparency. Directly
replacing the current discrepancy with sliced Wasserstein distance would likely sacrifice
some of the explicit decompositions and optimization properties that make the cur-
rent framework computationally feasible. Nonetheless, we believe hybrid constructions
combining robust transport geometry, sliced projections, entropy regularization, and
contamination-aware reweighting represent promising future directions.

In particular, Nguyen (2026) interestingly identified that the marginal Wasserstein
component of the original ANDREW distance is a degenerate sliced Wasserstein dis-
tance (Rabin et al., 2011) based only on coordinate-axis projections, and proposed
replacing it with a genuine sliced Wasserstein term. This modification retains compu-
tational scalability while better capturing multivariate dependence and restoring the
identity-of-indiscernibles property. Further, the discussant suggested replacing the en-
tropy regularized mixture Wasserstein term by distances defined directly on the mixing
measures of elliptical mixture models, such as Mixture Sliced Wasserstein (Mix-SW)
or Sliced Mixture Wasserstein (SMix-W). These alternatives retain metricity while re-
ducing the computational complexity from O(K;Ks3) to O((K; + K3)log(K; + Ka))
by operating on the lower-dimensional space of mixture components. We appreciate
these suggestions which are certainly interesting directions to pursue. In most practical
applications of ANDREW, the number of mixture components is typically very small
(K1 = 2 or 3), and the extent of computational gains in practice will need empirical
investigation.
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1.4 Hyperparameter calibration and robustness tuning

Mechanics of tuning the hyperparameter A\ was another prevalent point of discussion
(Huggins, 2026; Gaffi and Franzolini, 2026; Linero, 2026; Nguyen et al., 2026). We agree
with the discussants that calibrating the robustness parameter A plays an important
role. In Chakraborty et al. (2025), we proposed an out-of-sample predictive criterion for
tuning A. Further research is required to better understand the inner mechanisms of this
predictive criterion. We agree that a predictive criterion alone can potentially overfit,
especially in unsupervised settings involving misspecification. However, coming up with
a universally applicable criterion may be rather difficult, and ensemble approaches (for
example, the BMA-inspired approach proposed in Chakraborty et al. (2025)) also need
careful investigation. In our recent work (§3.3 of Jacobs et al. (2026)), we developed a
new data-driven A-selection procedure directly tied to the underlying robustness objec-
tive under G+H contamination. The key observation is that A controls the degree of
reweighting of the empirical distribution. When A is too small, the divergence behaves
similarly to standard Wasserstein distance and inherits its lack of robustness to con-
tamination; when M is too large, the loss landscape degenerates and inference becomes
uninformative. Our new approach studies the behavior of

Wa(F; . Qx(03))

across a logarithmically spaced grid of A values, where @ » is the transport-induced
reweighted empirical measure. As \ increases, contaminating observations become pro-
gressively down-weighted, and once the contaminating mass is largely removed, further
increases yield diminishing returns. This naturally produces an elbow or U-shaped di-
agnostic curve, and the selected A\ corresponds to the transition point. Importantly, this
calibration procedure is directly tied to the geometric+Huber contamination interpre-
tation of the method rather than purely predictive performance. We also note here that
Gaffi and Franzolini (2026) raise an interesting point regarding a soft version of the
hard constraint D(Fy, Q) < ¢, potentially induced through a prior specification, so that
posterior inference on the extent of departure from the centering model can be carried
out.

Relatedly, Nguyen et al. (2026) establish an interesting proposition showing that, un-
der sufficiently strong interior-feasibility conditions, the entropy-maximization problem
that sits at the hearth of D-BETEL, asymptotically admits the uniform weights as its
optimizer. However, our primary motivation concerns robust inference under persistent
misspecification, where the transport constraint typically remains active and continues
to induce informative non-uniform reweighting even asymptotically.

1.5 Extensions of D-BETEL and open questions

Finally, the discussions highlighted several additional promising directions for future
research.

One recurring theme concerns the relationship between D-BETEL and Bayesian
data reweighting approaches (Avella Medina et al., 2026; Wang, 2026). While both
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frameworks achieve robustness through adaptive reweighting, Bayesian data reweighting
treats weights as latent random variables regularized through a prior, whereas D-BETEL
induces weights deterministically through entropy-constrained transport optimization.
This leads to different notions of outliers: local likelihood incompatibility versus global
geometric incompatibility.

Several discussants also raised important questions regarding posterior influence
functions, breakdown point analysis, multi-modality and non-convexity, redescending
behavior, and the relationship to generalized posterior robustness theory (Avella Medina
et al., 2026; Linero, 2026). We agree these remain important open problems. In partic-
ular, we believe the multi-modal geometry observed in robust transport-based inference
is closely related to the broader phenomenon that aggressively robust procedures often
necessarily induce nonconvex optimization landscapes. At the same time, the newer
convex dual stochastic optimization framework substantially improves computational
tractability even when multi-modality remains present at the statistical level.

Finally, several discussants (Mukherjee, 2026; Roy, 2026; Patel, 2026; Catalano
and Legramanti, 2026) highlighted exciting extensions involving more complex data
domains, structured and dependent data, high-dimensional transport geometry, semi-
parametric expansions, robust nonparametric likelihood formulations, and broader con-
nections to generalized Bayesian inference. Roy (2026) highlights two particularly inter-
esting extensions of D-BETEL. First, they argue that extending D-BETEL to manifold-
valued data may provide robustness against off-manifold perturbations while preserving
intrinsic geometric structure in applications such as shape analysis, directional data, and
diffusion tensor imaging. Second, they propose enriching the enlargement class through
modern flow-based generative models, allowing D-BETEL to capture non-linear geo-
metric perturbations and higher-order transport structure beyond discrete empirical
reweighting. Mukherjee (2026) considered empirical Bayesian inference in generalized
linear mixed models under severe data scarcity and imbalance, where reliable estimation
of latent random effects becomes particularly challenging. The discussant emphasizes
that stable shrinkage and robustness to covariate shift are especially important in such
regimes, motivating the use of robust D-BETEL-type formulations for empirical Bayes
prediction. Patel (2026) proposes D-BETEL as a robust alternative for Bayesian inverse
problems, where structural misspecification in the forward map often renders classical
Gaussian discrepancy formulations inadequate. The discussant also highlights exten-
sions of ANDREW to functional and infinite-dimensional settings, including spectral
representations and neural-operator parameterizations capable of preserving transport
geometry for complex scientific observables.

We are deeply grateful to all discussants for these insightful comments and believe
they significantly strengthened both the technical and conceptual foundations of the
work.
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