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H I G H L I G H T S

• The paper focuses on SISO LTI passive fault-tolerant control systems that should be robust against multiplicative faults, modeled as parametric uncertainties.

• The 𝜇-synthesis tool is adopted for control design. In particular, we aim to automatically define the performance weight 𝑊p that dictates the closed-loop performance 

based on the sensitivity function of the closed-loop system.

• The optimization problem for the automatic definition of 𝑊p is a nested optimization problem that includes a 𝜇-synthesis constraint. The problem is characterized 

by a computationally-light cost and a set of constraints, where only the 𝜇-synthesis one is computationally-expensive. Thus, we propose a novel surrogate-based 

optimization scheme able to effectively and efficiently handle such problems. A proof of convergence is provided.

• Numerical Monte Carlo results show the benefits of the proposed approach with respect to two other global optimization schemes.
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A B S T R A C T

The design of robust and passive fault-tolerant controllers can be performed with several approaches, such as 

𝜇-synthesis. These control design tools can also include manually set weight functions for different control perfor­

mance specifications. Although the literature already includes automatic tuning methods for such weights, these 

methods involve a nested optimization problem whose resolution is hindered by the presence of local minima 

and the evaluation of a computationally-expensive constraint. In this paper, we propose a novel surrogate-based 

global optimization algorithm to overcome the aforementioned limitations, also demonstrating its convergence. 

The effectiveness and efficiency of our proposal are compared against a local optimization method with multi-

start and a global genetic algorithm, showing superior performance on both fronts. The engineering importance 

of the proposed algorithm is motivated by the design of passive fault-tolerant controllers that are robust to multi­

plicative faults, modeled as parametric uncertainties on the plant. In particular, we focus on the automatic tuning 

of the performance weight on the sensitivity function in the 𝜇-synthesis control design procedure. Numerical re­

sults are provided to assess the susceptibility with respect to the order of the plant and the uncertainty level. The 

robustness properties of the designed controller are also evaluated on a simulated mechatronic system subject to 

a multiplicative fault.

1 . Introduction

The 𝜇-synthesis method is an optimization-based approach for robust 

control design in the face of structured and unstructured uncertainty 

when a measure of closed-loop performance can be expressed in terms of 

the H∞-norm of (possibly) weighted closed-loop transfer functions [38, 

Chapter 10], [33, Chapter 8]. However, suitable weights are in general 

manually tuned by the control designer.

Research for the automatic (and optimal in a certain sense) tuning of 

performance weights has shown promising results for 𝜇-synthesis [19,

20] and other mixed-sensitivity control design methods [29,35]. In par­

ticular, the authors of [20] propose a nested optimization problem for 
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$\mathcal {L}\left (\boldsymbol {\theta }_{\ell + 1}\right ) \leq \mathcal {L}\left (\boldsymbol {\theta }^*\left (\ell \right )\right )$


$u_{\Xi }\left (\boldsymbol {\theta }_{\ell + 1}\right ) = 0$


$p_\ell : \mathbb {R}^d \to [0,1]$


$\Xi $


\begin {equation}\label {eq:probability_of_Xi_feasible} p_\ell \left (\boldsymbol {\theta }\right ) := \mathbb {P}\left (u_{\Xi }\left (\boldsymbol {\theta }\right ) = 1 \,\big |\, \mathcal {D}_\ell , \boldsymbol {\theta }\right ),\end {equation}


$\mathbb {P}\left (u_{\Xi }\left (\boldsymbol {\theta }\right ) = 1 \,\big |\, \mathcal {D}_\ell , \boldsymbol {\theta }\right )$


$\Xi $


$\Xi $


$\eta \in [0, 1]$


$p_\ell \left (\boldsymbol {\theta }\right )$


$p_\ell \left (\boldsymbol {\theta }\right ) \geq \eta $


$\Xi $


$\mathcal {D}_\ell $


$p_\ell \left (\boldsymbol {\theta }\right ) < \eta $


$p_\ell \left (\boldsymbol {\theta }\right )$


$\mathcal {L}\left (\boldsymbol {\theta }\right )$


$\Omega $


$p_\ell \left (\boldsymbol {\theta }\right )$


$\nexists \left (\boldsymbol {\theta }_i, u_i\right )\in \mathcal {D}_\ell $


$u_i = 1$


$p_\ell \left (\boldsymbol {\theta }\right ) \geq \eta $


$\Xi $


$\mathcal {D}_\ell $


$\Xi $


$\Xi $


$\boldsymbol {\theta }_{\ell +1}$


$\Omega $


$\Xi $


$k_{{\textrm {exp}}} \in \mathbb {N}$


$p_\ell \left (\boldsymbol {\theta }\right )$


$\Omega $


$p_\ell \left (\boldsymbol {\theta }\right )$


$p_\ell \left (\boldsymbol {\theta }\right )$


$p_\ell \left (\boldsymbol {\theta }\right )$


$[0, 1]$


$p_\ell \left (\boldsymbol {\theta }^*\left (\ell \right )\right ) \geq \eta $


$\forall \ell \in \mathbb {N}$


$\ell _{{\textrm {init}}} \leq \ell < \ell _{{\textrm {max}}}$


$p_\ell \left (\boldsymbol {\theta }\right )$


$\boldsymbol {\theta }^*\left (\ell \right ) \in \Xi $


$\exists \left (\boldsymbol {\theta }_{i}, u_{i}\right ) \in \mathcal {D}_\ell $


$u_i = 1$


$p_\ell \left (\boldsymbol {\theta }^*\left (\ell \right )\right ) \geq \eta $


$\mathcal {D}_\ell $


$\Xi $


$\Xi $


\begin {equation*}0 = {\underset {\left (\boldsymbol {\theta }_{i}, u_{i}\right )\in \mathcal {D}_\ell }{\operatorname {min}}\,}u_i \leq p_\ell \left (\boldsymbol {\theta }\right ) \leq {\underset {\left (\boldsymbol {\theta }_{i}, u_{i}\right )\in \mathcal {D}_\ell }{\operatorname {max}}\,} u_i = 1, \quad \forall \boldsymbol {\theta } \in \mathbb {R}^d.\end {equation*}


$p_\ell \left (\boldsymbol {\theta }_i\right ) = u_i$


$\forall i \in \{1, \ldots , \ell \}$


$p_\ell \left (\boldsymbol {\theta }_i\right ) = 0$


$\boldsymbol {\theta }_i$


$\mathcal {D}_\ell $


$\Xi $


$p_\ell \left (\boldsymbol {\theta }_i\right ) = 1$


$\Xi $


$\boldsymbol {\theta }_i$


$p_\ell \left (\boldsymbol {\theta }^*\left (\ell \right )\right ) \geq \eta $


$\ell _{{\textrm {max}}}$


$\ell _{{\textrm {init}}}$


$\eta $


$p_\ell \left (\boldsymbol {\theta }\right )$


$k_{{\textrm {exp}}}$


$t_{\Xi } \in \mathbb {R}_{> 0}$


$\textrm {s}$


$t_{{\textrm {max}}} \in \mathbb {R}_{> 0}$


$\ell _{{\textrm {max}}} = \lfloor {\frac {t_{{\textrm {max}}}}{t_{\Xi }}}\rfloor $


$\lfloor {\cdot }\rfloor $


$\ell _{{\textrm {init}}}$


$2d$


$4d$


$2^d$


$\Omega $


$\Xi $


$\ell _{{\textrm {init}}}$


$15\%$


$50\%$


$\ell _{{\textrm {max}}}$


$\eta $


$\Omega $


$\Xi $


$\eta \to 1$


$\Xi $


$p_\ell \left (\boldsymbol {\theta }\right ) \geq \eta $


$p_\ell \left (\boldsymbol {\theta }\right )$


$\boldsymbol {\theta } \in \Xi $


$\eta \to 0$


$\Xi $


$\Omega $


$\Xi $


$p_\ell \left (\boldsymbol {\theta }\right ) \to 0$


$\eta \approx 0.5$


$k_{{\textrm {exp}}}$


$\Omega $


$k_{{\textrm {exp}}}$


$\eta \to 1$


$k_{{\textrm {exp}}}$


$\eta \to 0$


$\eta $


$\boldsymbol {\theta }_{\ell +1} ={\operatorname {arg}\, {\underset {\boldsymbol {\theta } \in \Omega , p_\ell \left (\boldsymbol {\theta }\right ) \geq \eta }{\operatorname {min}}\,}} \mathcal {L}\left (\boldsymbol {\theta }\right )$


$\eta \to 0$


$\Omega $


$\mathcal {L}\left (\boldsymbol {\theta }\right )$


$\boldsymbol {\theta } \in \Omega $


$\Omega $


$\eta \approx 0.5$


$k_{{\textrm {exp}}}$


$\eta $


$k_{{\textrm {exp}}}$


$-1$


$1$


$\ell \to \infty $


$\mathcal {S} \subset \mathbb {R}^d$


\begin {align*}& \langle \boldsymbol {\theta }_i\rangle _{i \geq 1} := \langle \boldsymbol {\theta }_1, \boldsymbol {\theta }_2, \ldots \rangle ,\end {align*}


$\mathcal {S}$


$\mathcal {S}$


$\mathcal {S}$


$\mathcal {S}$


$k_{{\textrm {exp}}}$


$p_\ell \left (\boldsymbol {\theta }\right )$


$\ell _{{\textrm {max}}} \to \infty $


$k_{{\textrm {exp}}}$


$\mathcal {L}\left (\boldsymbol {\theta }\right )$


$p_\ell \left (\boldsymbol {\theta }\right )$


$\Omega $


$\Omega \cap \Xi $


$\Theta ^*$


${\operatorname {min}_{{\boldsymbol {\theta } \in \Omega \cap \Xi }}} \mathcal {L} \left (\boldsymbol {\theta }\right )$


$\mathcal {D}_{\ell _{{\textrm {max}}}}$


$\boldsymbol {\theta }^*\left (\ell _{{\textrm {max}}}\right )$


$\boldsymbol {\theta }_i$


$1 \leq i \leq \ell _{{\textrm {max}}}$


$\mu $


$\mu $


$W_{\textrm {P}}(s)$


$\boldsymbol {\theta } = \begin {bmatrix} \theta _1 & \theta _2 & \theta _3 \end {bmatrix}^\top \in \mathbb {R}_{>0}^3$


$n_W \in \mathbb {N}$


$\theta _1$


$\theta _2$


$\frac {{\textrm {rad}}}{{\textrm {s}}}$


$\theta _3$


$\theta _3 < \theta _1$


$\boldsymbol {\theta }$


\begin {equation}\label {eq:performance_weight_W_P} W_{{\textrm {P}}}\left (s; \boldsymbol {\theta }\right ) := \cfrac {{\left (\theta _3^{{1}/{n_W}}s + \theta _2\right )}^{n_W}} {{\left (s + \cfrac {\theta _2}{\theta _1^{{1}/{n_W}}}\right )}^{n_W}},\end {equation}


\begin {equation}\label {eq:known_constraints} \Omega := \left \{\boldsymbol {\theta }: \boldsymbol {\theta }_{{\textrm {l}}} \leq \boldsymbol {\theta } \leq \boldsymbol {\theta }_{{\textrm {u}}}\right \}\end {equation}


$\boldsymbol {\theta }_{{\textrm {l}}} = \begin {bmatrix} \theta _{{\textrm {l}}_1} & \theta _{{\textrm {l}}_2} & \theta _{{\textrm {l}}_3} \end {bmatrix}^\top \in \mathbb {R}_{>0}^3$


$\boldsymbol {\theta }_{{\textrm {u}}} = \begin {bmatrix} \theta _{{\textrm {u}}_1} & \theta _{{\textrm {u}}_2} & \theta _{{\textrm {u}}_3} \end {bmatrix}^\top \in \mathbb {R}_{>0}^3$


\begin {equation}\label {eq:cost_function_W_P} \mathcal {L} \left (\boldsymbol {\theta }\right ) := \sqrt {\frac {1}{2\pi }\int _{\omega _{{\textrm {min}}}}^{\omega _{{\textrm {max}}}} \left |\frac {1}{W_{{\textrm {P}}}\left (j\omega ; \boldsymbol {\theta }\right )}\right |^2 \mathrm {d\omega }},\end {equation}


$\omega _{{\textrm {min}}}, \omega _{{\textrm {max}}} \in \mathbb {R}_{\geq 0}$


$\frac {{\textrm {rad}}}{{\textrm {s}}}$


$\omega _{{\textrm {min}}} < \theta _{{\textrm {l}}_2} < \theta _{{\textrm {u}}_2} < \omega _{{\textrm {max}}}$


$\mathcal {H}_2$


$\left [\omega _{{\textrm {min}}}, \omega _{{\textrm {max}}} \right ]$


$\left ( -\infty , \infty \right )$


$\varepsilon \in \mathbb {R}_{> 0}$


$\boldsymbol {\theta }^*$


$\mathcal {H}_2$


$1/W_{{\textrm {P}}}(s)$


$W_{\textrm {P}}(s)$


\begin {align}\boldsymbol {\theta }^* & ={\operatorname {arg}\, {\underset {\boldsymbol {\theta }}{\operatorname {min}}\,}} \mathcal {L}\left (\boldsymbol {\theta }\right )\label {autoeq:2}\\ \mathrm {s.t.} & \quad \boldsymbol {\theta } \in \Omega \label {eq:optimization_problem_W_P_mixed_mu_inexpensive}\\ & \quad {\underset {K(s) \in \mathcal {K}}{\operatorname {min}}\,} \left [{\underset {\omega \in \mathbb {R}_{\geq 0}}{\operatorname {sup}}\,} \mu _{\hat {\Delta }} \left ( N\big (j\omega ; \, W_{\textrm {P}}(\boldsymbol {\theta }), K\big ) \right ) \right ] \leq 1 - \varepsilon , \label {eq:optimization_problem_W_P_mixed_mu_constr}\end {align}


\begin {align}\boldsymbol {\theta }^* & ={\operatorname {arg}\, {\underset {\boldsymbol {\theta }}{\operatorname {min}}\,}} \mathcal {L}\left (\boldsymbol {\theta }\right )\label {autoeq:2}\\ \mathrm {s.t.} & \quad \boldsymbol {\theta } \in \Omega \label {eq:optimization_problem_W_P_mixed_mu_inexpensive}\\ & \quad {\underset {K(s) \in \mathcal {K}}{\operatorname {min}}\,} \left [{\underset {\omega \in \mathbb {R}_{\geq 0}}{\operatorname {sup}}\,} \mu _{\hat {\Delta }} \left ( N\big (j\omega ; \, W_{\textrm {P}}(\boldsymbol {\theta }), K\big ) \right ) \right ] \leq 1 - \varepsilon , \label {eq:optimization_problem_W_P_mixed_mu_constr}\end {align}


\begin {align}\boldsymbol {\theta }^* & ={\operatorname {arg}\, {\underset {\boldsymbol {\theta }}{\operatorname {min}}\,}} \mathcal {L}\left (\boldsymbol {\theta }\right )\label {autoeq:2}\\ \mathrm {s.t.} & \quad \boldsymbol {\theta } \in \Omega \label {eq:optimization_problem_W_P_mixed_mu_inexpensive}\\ & \quad {\underset {K(s) \in \mathcal {K}}{\operatorname {min}}\,} \left [{\underset {\omega \in \mathbb {R}_{\geq 0}}{\operatorname {sup}}\,} \mu _{\hat {\Delta }} \left ( N\big (j\omega ; \, W_{\textrm {P}}(\boldsymbol {\theta }), K\big ) \right ) \right ] \leq 1 - \varepsilon , \label {eq:optimization_problem_W_P_mixed_mu_constr}\end {align}


$DK$


$W_{{\textrm {P}}}(s; \boldsymbol {\theta })$


$\boldsymbol {\theta }$


$K^*(s)$


$\boldsymbol {\theta }^*$


$W_{{\textrm {P}}}(s; \boldsymbol {\theta })$


$\eta = 0.5$


$\ell _{{\textrm {max}}} = 100$


$\ell _{{\textrm {init}}} = 30$


$k_{{\textrm {exp}}} = 5$


$\mathcal {D}_{\ell _{\textrm {init}}}$


$\ell _{{\textrm {init}}}$


$\ell _{{\textrm {init}}}$


$\ell _{{\textrm {max}}}$


$\mu $


$W_{{\textrm {P}}}\left (s;\boldsymbol {\theta }\right )$


$n_W = 2$


$\theta _{{\textrm {l}}_1} = 1\,{\textrm {dB}}$


$\theta _{{\textrm {u}}_1} = 60\,{\textrm {dB}}$


$\theta _{{\textrm {l}}_2} = 10^{-8}\,\frac {{\textrm {rad}}}{{\textrm {s}}}$


$\theta _{{\textrm {u}}_2} = 10^{8}\,\frac {{\textrm {rad}}}{{\textrm {s}}}$


$\theta _2$


$\theta _{{\textrm {l}}_3} = -60\,{\textrm {dB}}$


$\theta _{{\textrm {u}}_3} = -1\,{\textrm {dB}}$


$\omega _{{\textrm {min}}} = 10^{-10}\,\frac {{\textrm {rad}}}{{\textrm {s}}}$


$\omega _{{\textrm {max}}} = 10^{10}\,\frac {{\textrm {rad}}}{{\textrm {s}}}$


$\varepsilon = 10^{-8}$


$\boldsymbol {\theta }_{{\textrm {b}}}^*$


$\boldsymbol {\theta }_{{\textrm {b}}}^* = \boldsymbol {\theta }^*\left (\ell _{{\textrm {max}}}\right )$


$\boldsymbol {\theta }_{{\textrm {u}}}$


$\mathcal {L} \left (\boldsymbol {\theta }\right )$


$\Omega $


$\boldsymbol {\theta }_{{\textrm {u}}} ={\operatorname {arg}\, {\underset {\boldsymbol {\theta } \in \Omega }{\operatorname {min}}\,}} \mathcal {L}\left (\boldsymbol {\theta }\right )$


$\mathcal {H}_2$


$1/W_{{\textrm {P}}}(s; \boldsymbol {\theta })$


\begin {equation}\label {eq:relative_cost} \tilde {\mathcal {L}}\left (\boldsymbol {\theta }_{{\textrm {b}}}^*\right ) := \frac {\mathcal {L}\left (\boldsymbol {\theta }_{{\textrm {b}}}^*\right ) - \mathcal {L}\left (\boldsymbol {\theta }_{{\textrm {u}}}\right )}{ \mathcal {L}\left (\boldsymbol {\theta }_{{\textrm {u}}}\right )}.\end {equation}


$\boldsymbol {\theta }_{{\textrm {b}}}^*$


$\mu $


$\mu $


\begin {align}\label {eq:gamma} & \gamma \left (\boldsymbol {\theta }_{{\textrm {b}}}^*\right ) := {\underset {K(s)\in \mathcal {K}}{\operatorname {min}}\,} \left [{\underset {\omega \in \mathbb {R}_{\geq 0}}{\operatorname {sup}}\,} \mu _{\hat {\Delta }} \left ( N\big (j\omega ; \, W_{\textrm {P}}\left (\boldsymbol {\theta }_{{\textrm {b}}}^*\right ), K\big ) \right ) \right ]\end {align}


$W_{{\textrm {P}}}\left (s;\boldsymbol {\theta }_{{\textrm {b}}}^*\right )$


$\gamma \left (\boldsymbol {\theta }_{{\textrm {b}}}^*\right ) \to 1$


$\gamma \left (\boldsymbol {\theta }_{{\textrm {b}}}^*\right ) \to 0$


$\gamma \left (\boldsymbol {\theta }_{{\textrm {b}}}^*\right ) \geq 1$


$G_p\left (s\right )$


$n_{{\textrm {MC}}} = 10$


$G_p\left (s\right )$


$10\%$


$r_{\rho } = 0.1$


$\forall \rho \in \{\lambda , \varphi _{1}, \ldots , \xi _{n_{{\textrm {p}}, \mathbb {C}}}\}$


$G_p\left (s\right )$


$g = 0$


$n_{{\textrm {z}}, \mathbb {R}} = n_{{\textrm {z}}, \mathbb {C}} = 0$


$n_{{\textrm {p}}, \mathbb {R}} = 1$


$n_{{\textrm {p}}, \mathbb {C}} = 0$


$\bar {\lambda } \in \left [10, 100\right ]$


$\bar {\tau }_1$


$[0.1, 10]$


$g = 0$


$n_{{\textrm {z}}, \mathbb {R}}, n_{{\textrm {p}}, \mathbb {R}} \in \{0, 1, 2\}$


$n_{{\textrm {z}}, \mathbb {C}}, n_{{\textrm {p}}, \mathbb {C}} \in \{0, 1\}$


$n_{{\textrm {p}}, \mathbb {R}} + 2n_{{\textrm {p}}, \mathbb {C}} = 2$


$n_{{\textrm {z}}, \mathbb {R}} + 2n_{{\textrm {z}}, \mathbb {C}} \leq 2$


$\bar {\lambda } \in \left [10, 100\right ]$


$\bar {\tau }_i, \bar {\varphi }_{i'} \in [0.1, 10]$


$\forall i \in \{1, \ldots , n_{{\textrm {p}}, \mathbb {R}}\}$


$\forall i' \in \{1, \ldots , n_{{\textrm {z}}, \mathbb {R}}\}$


$\bar {\beta }_i, \bar {\alpha }_{i'} \in [0.1, 10]$


$\bar {\xi }_i, \bar {\zeta }_{i'} \in [0.1, 0.9]$


$\forall i \in \{1, \ldots , n_{{\textrm {p}}, \mathbb {C}}\}$


$\forall i' \in \{1, \ldots , n_{{\textrm {z}}, \mathbb {C}}\}$


$g \in \{0, 1\}$


$n_{{\textrm {z}}, \mathbb {R}}, n_{{\textrm {p}}, \mathbb {R}} \in \{0, \ldots , 3\}$


$n_{{\textrm {z}}, \mathbb {C}}, n_{{\textrm {p}}, \mathbb {C}} \in \{0, 1\}$


$g + n_{{\textrm {p}}, \mathbb {R}} + 2n_{{\textrm {p}}, \mathbb {C}} = 3$


$n_{{\textrm {z}}, \mathbb {R}} + 2n_{{\textrm {z}}, \mathbb {C}} \leq 3$


$g \in \{0, 1\}$


$n_{{\textrm {z}}, \mathbb {R}}, n_{{\textrm {p}}, \mathbb {R}} \in \{0, \ldots , 4\}$


$n_{{\textrm {z}}, \mathbb {C}}, n_{{\textrm {p}}, \mathbb {C}} \in \{0, 2\}$


$g + n_{{\textrm {p}}, \mathbb {R}} + 2n_{{\textrm {p}}, \mathbb {C}} = 4$


$n_{{\textrm {z}}, \mathbb {R}} + 2n_{{\textrm {z}}, \mathbb {C}} \leq 4$


$\bar {\rho }$


$\rho \in \{\lambda , \varphi _{1}, \ldots , \xi _{n_{{\textrm {p}}, \mathbb {C}}}\}$


\begin {align}\label {eq:PID_controller} & K\left (s;\boldsymbol {\psi }\right ) := \psi _1 + \frac {\psi _2}{s} + \frac {\psi _3 s}{1 + \psi _4s},\end {align}


$\boldsymbol {\psi } = \begin {bmatrix} \psi _1 & \psi _2 & \psi _3 & \psi _4 \end {bmatrix}^\top \in \mathbb {R}^{4}$


$\mu $


$\boldsymbol {\psi }^*$


$W_{{\textrm {P}}}\left (s;\boldsymbol {\theta }_{{\textrm {b}}}^*\right )$


$\mu $


$^*$


$\ell _{{\textrm {max}}} = 100$


$(r_{\rho }=0.1)$


$1$


$2$


$3$


$4$


$^*$


$100$


$100$


$100$


$100$


$7288$


$7190$


$7190$


$7205$


$2862$


$2682$


$2452$


$2364$


$^*$


$100$


$100$


$100$


$100$


$100$


$7190$


$7190$


$7190$


$7190$


$7190$


$2618$


$2682$


$2633$


$2626$


$2577$


$\tilde {\mathcal {L}}\left (\boldsymbol {\theta }_{{\textrm {b}}}^*\right )$


$676$


$n_{{\textrm {MC}}}$


$1691$


$n_{{\textrm {MC}}} = 10$


$n_{{\textrm {MC}}}$


$\mu $


$\gamma \left (\boldsymbol {\theta }_{{\textrm {b}}}^*\right ) \geq 1$


$\tilde {\mathcal {L}}\left (\boldsymbol {\theta }_{{\textrm {b}}}^*\right )$


$\gamma \left (\boldsymbol {\theta }_{{\textrm {b}}}^*\right )$


$1$


$\gamma \left (\boldsymbol {\theta }_{{\textrm {b}}}^*\right ) < 1$


$\tilde {\mathcal {L}}\left (\boldsymbol {\theta }_{{\textrm {b}}}^*\right )$


$\mu $


$G_p\left (s\right )$


$n_{{\textrm {MC}}} = 10$


$r_{\rho }$


$\rho \in \{\lambda , \varphi _{1}, \ldots , \xi _{n_{{\textrm {p}}, \mathbb {C}}}\}$


$G_p\left (s\right )$


$r_{\rho } \in \{0.05, 0.1, 0.15, 0.2, 0.25\}$


$\mu $


$\tilde {\mathcal {L}}\left (\boldsymbol {\theta }_{{\textrm {b}}}^*\right )$


$\gamma \left (\boldsymbol {\theta }_{{\textrm {b}}}^*\right ) < 1$


$r_{\rho } = 0.1$


$r_{\rho } \in \{0.15, 0.2\}$


$r_{\rho } = 0.25$


$\gamma \left (\boldsymbol {\theta }_{{\textrm {b}}}^*\right )$


$r_{\rho }$


$\tau _{\textrm {m}}(t)$


$\dot {z}_{\textrm {m}}(t)$


$(A,B,C,D)$


$\boldsymbol {x}(t) = \begin {bmatrix} z_{\textrm {m}}(t) & \dot {z}_{\textrm {m}}(t) & x_{\textrm {L}}(t) & \dot {x}_{\textrm {L}}(t) & z_{\textrm {d}}(t) & \dot {z}_{\textrm {d}}(t) \end {bmatrix}^\top \in \mathbb {R}^6$


$J_{\textrm {m}}$


$J_{\textrm {d}}$


$m_{\textrm {L}}$


$\tau _{\textrm {m}}(t)$


$z_{\textrm {m}}(t)$


$z_{\textrm {d}}(t)$


$x_{\textrm {L}}(t)$


$n$


$r$


$\kappa _{\textrm {m}}$


$D_{\textrm {m}}$


$\kappa _{\textrm {r}}$


$D_{\textrm {r}}$


\begin {align*}A & = \begin {bmatrix} 0 & 1 & 0 & 0 & 0 & 0 \\ -\dfrac {\kappa _{\textrm {m}}}{J_{\textrm {m}}} & -\dfrac {D_{\textrm {m}}}{J_{\textrm {m}}} &0 & 0 & \dfrac {n \kappa _{\textrm {m}}}{J_{\textrm {m}}} & \dfrac {n D_{\textrm {m}}}{J_{\textrm {m}}}\\ 0& 0 & 0 & 1 & 0 & 0 \\ 0 & 0 & -\dfrac {\kappa _{\textrm {r}}}{m_{\textrm {L}}} & -\dfrac {D_{\textrm {r}}}{m_{\textrm {L}}} & \dfrac {r \kappa _{\textrm {r}}}{m_{\textrm {L}}} & \dfrac {r D_{\textrm {r}}}{m_{\textrm {L}}}\\ 0 & 0 & 0 & 0 & 0 & 1 \\ \dfrac {n \kappa _{\textrm {m}}}{J_{\textrm {d}}} & \dfrac {n D_{m}}{J_{\textrm {d}}} & \dfrac {r \kappa _{\textrm {r}}}{J_{\textrm {d}}} & \dfrac {r D_{\textrm {r}}}{J_{\textrm {d}}} & -\dfrac {n^2 \kappa _{\textrm {m}}}{J_{\textrm {d}}} - \dfrac {r^2 \kappa _{\textrm {r}}}{J_{\textrm {d}}} & -\dfrac {n^2 D_{m}}{J_{\textrm {d}}} - \dfrac {r^2 D_{\textrm {r}}}{J_{\textrm {d}}} \end {bmatrix}\\ B & = \begin {bmatrix} 0 & \frac {1}{J_{\textrm {m}}} & 0 & 0 & 0 & 0 \end {bmatrix}^{\top }\\ C & = \begin {bmatrix} 0 & 1 & 0 & 0 & 0 & 0 \end {bmatrix}, \quad \quad D = 0.\end {align*}


$J_{\textrm {m}}$


$\mathrm {kg\cdot m^2}$


$J_{\textrm {d}}$


$\mathrm {kg\cdot m^2}$


$m_{\textrm {L}}$


${\textrm {kg}}$


$\kappa _{\textrm {m}}$


$\mathrm {Nm/rad}$


$D_{\textrm {m}}$


$\mathrm {Nm/ (rad/s)}$


$\kappa _{\textrm {r}}$


$\mathrm {N/m}$


$D_{\textrm {r}}$


$\mathrm {N/ (m/s)}$


$n$


$-$


$r$


${\textrm {m}}$


$\dot {z}_{\textrm {m}}(t)$


$\tau _{\textrm {m}}(t)$


$\kappa _{\textrm {r}}$


\begin {equation*}\kappa _{\textrm {r}} \approx \epsilon \frac {a}{c},\end {equation*}


$\epsilon $


$a$


$c$


$a$


$\kappa _{\textrm {r}}$


\begin {equation}\label {eq:rope_stiffness_uncertain} \kappa _{{\textrm {r}}_p} := \bar {\kappa }_{\textrm {r}} \left (1 + r_{\kappa _{\textrm {r}}}\delta _{\kappa _{\textrm {r}}}\right ) \quad \text {for any } \delta _{\kappa _{\textrm {r}}} \in \mathbb {R}, \left |\delta _{\kappa _{\textrm {r}}}\right |\leq 1.\end {equation}


$\kappa _\mathrm {r_{{\textrm {max}}}} = 15000\, \mathrm {N/m}$


$\kappa _\mathrm {r_{{\textrm {min}}}} = 10500\, \mathrm {N/m}$


$\bar {\kappa }_{\textrm {r}} = \frac {\kappa _\mathrm {r_{{\textrm {max}}}} + \kappa _\mathrm {r_{{\textrm {min}}}}}{2} = 12750\,\mathrm {N/m}$


$r_{\kappa _{\textrm {r}}} = \frac {\kappa _\mathrm {r_{{\textrm {max}}}} - \kappa _\mathrm {r_{{\textrm {min}}}}}{\kappa _\mathrm {r_{{\textrm {max}}}} + \kappa _\mathrm {r_{{\textrm {min}}}}} = 0.1765$


$\kappa _{{\textrm {r}}_p}$


$\kappa _\mathrm {r_{{\textrm {min}}}} \leq \kappa _{{\textrm {r}}_p} < \kappa _\mathrm {r_{{\textrm {max}}}}$


$\kappa _{{\textrm {r}}_p}$


$K(s)$


$\tilde {\mathcal {L}}\left (\boldsymbol {\theta }_{{\textrm {b}}}^{*}\right )$


$1.26\%$


$11.37\,{\textrm {min}}$


$\gamma \left (\boldsymbol {\theta }_{{\textrm {b}}}^{*}\right )$


$0.99$


$\theta _{{\textrm {b}}_{1}}^{*}$


$60\,{\textrm {dB}}$


$\theta _{{\textrm {b}}_{2}}^{*}$


$3.80\,\frac {{\textrm {rad}}}{{\textrm {s}}}$


$\theta _{{\textrm {b}}_{3}}^{*}$


$-1\,{\textrm {dB}}$


$\boldsymbol {\theta }_{{\textrm {b}}}^*$


$\gamma \left (\boldsymbol {\theta }_{{\textrm {b}}}^*\right ) < 1$


$3.80\, {\textrm {rad}}/{{\textrm {s}}}$


$\mu $


$W_{{\textrm {P}}}\left (s; \boldsymbol {\theta }_{{\textrm {b}}}^*\right )$


$1/W_{{\textrm {P}}}\left (s; \boldsymbol {\theta }_{{\textrm {b}}}^*\right )$


$200\,{\textrm {rad}}/{\textrm {s}}$


$\mu $


$\kappa _\mathrm {r_{{\textrm {min}}}} \leq \kappa _{{\textrm {r}}_p} < \kappa _\mathrm {r_{{\textrm {max}}}}$


$\kappa _{{\textrm {r}}_p}$


$\mu $


$200\,{\textrm {rad}}/{\textrm {s}}$


$\kappa _\mathrm {r_{{\textrm {min}}}} \leq \kappa _{{\textrm {r}}_p} < \kappa _\mathrm {r_{{\textrm {max}}}}$


$\kappa _{{\textrm {r}}_p}$


$W_{{\textrm {P}}}\left (s; \boldsymbol {\theta }_{{\textrm {b}}}^*\right )$


$\mu $


$\mu $


$\mu $


$2$


$\Xi $


$\Omega $


$\mathcal {L}\left (\boldsymbol {\theta }\right )$


${\operatorname {arg}\, {\underset {\boldsymbol {\theta } \in \Omega }{\operatorname {min}}\,}} \mathcal {L}\left (\boldsymbol {\theta }\right ) = \{ \begin {bmatrix} 0.0898 & -0.7126 \end {bmatrix}^\top , \begin {bmatrix} -0.0898 & 0.7126 \end {bmatrix}^\top \}$


$\boldsymbol {\theta }^* = {\operatorname {arg}\, {\underset {\boldsymbol {\theta } \in \Omega \cap \Xi }{\operatorname {min}}\,}} \mathcal {L}\left (\boldsymbol {\theta }\right ) = \begin {bmatrix} 0.2126 & 0.5751 \end {bmatrix}^\top $


$\Xi $


$\eta $


$k_{{\textrm {exp}}}$


$\ell _{{\textrm {max}}} = 200$


$\ell _{{\textrm {init}}} = 30$


$\Xi $


$\eta = 0.1$


$\Xi $


$\eta = 0.5$


$\eta = 0.9$


$k_{{\textrm {exp}}} = 10$


$\lfloor {(\ell _{{\textrm {max}}} - \ell _{{\textrm {init}}})/(k_{{\textrm {exp}}}+1)}\rfloor = 15$


$k_{{\textrm {exp}}} = 25$


$6$


$k_{{\textrm {exp}}} = 40$


$4$


$\eta \in \{0.1, 0.5, 0.9\}$


$k_{{\textrm {exp}}} \in \{10, 25, 40\}$


$\mathcal {L}\left (\boldsymbol {\theta }\right )$


$\Xi $


$\ell _{{\textrm {max}}}$


$\Xi $


$\Xi $


$\boldsymbol {\theta }^*\left (\ell _{{\textrm {max}}}\right )$


$\Xi $


$p_{\ell _{{\textrm {max}}}-1}\left (\boldsymbol {\theta }\right ) \geq \eta $


$\boldsymbol {\theta }^*\left (\ell \right )$


$1 \leq \ell \leq \ell _{{\textrm {max}}}$


$\Xi $


$\boldsymbol {\theta }^*\left (\ell \right )$


$\Xi $
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tuning the performance weights subject to a (relaxed) 𝜇-synthesis con­

straint that is solved by a modified 𝐷𝐾-iteration procedure [12]. Still, 

especially for mixed real and complex perturbations for which devised 

𝐷𝐾-iteration-like schemes were proposed [2,13,37], the resolution of this 

𝜇-synthesis constraint is computationally-expensive (i.e., time-consuming 

to evaluate) and not simultaneously convex in all the optimization 

variables [1]. Global optimization algorithms [34] should thus be inves­

tigated for efficiently (as in minimizing the number of computationally 

intensive constraint evaluations) and effectively (as in finding accurate 

solutions to the optimization problem) solving the performance weights 

optimization problem subject to the 𝜇-synthesis constraint.

Popular global derivative-free optimization procedures include

DIRECT  [17], Particle Swarm Optimization (PSO) [18], and genetic 

algorithms  [4]. Alternatively, local derivative-based optimization pro­

cedures, such as interior-point methods [25], can also be used for global 

optimization purposes by running the local solver multiple times from 

different starting points,1 leading to the so-called multi-start meth­

ods [22]. Nonlinear constraints (such as the 𝜇-synthesis one) can be 

handled via penalty [25] or barrier functions [9]. Nonetheless, the 

cited global optimization methods are unsuited for problems involving 

computationally-expensive cost and/or constraint functions, as they typ­

ically require a large number of evaluations of these functions to attain 

accurate solutions.

Several global optimization methods were proposed for solving 

optimization problems whose cost function and (possibly) constraint 

functions are expensive to evaluate, giving rise to the so-called Black-

Box2 Optimization (BBO) framework [16,30,36], [27, Chapter 2]. Most 

BBO algorithms belong to the family of Surrogate-Based Methods (SBMs), 

which approximate the computationally-expensive cost and constraint 

functions with surrogate models that are cheap to evaluate. The goal of 

SBMs is to find a sufficiently accurate global solution of an optimization 

problem while evaluating the fewest possible tunings of the decision vari­

ables, achieving a good balance between effectiveness and efficiency. 

To that end, SBMs iteratively propose new calibrations to try by trading 

off exploitation, i.e., using the surrogate models as proxies for the time-

consuming functions, and exploration, i.e., promoting the evaluation of 

tunings in those regions of the decision space where less information 

is available. This iterative process is stopped once a maximum number 

of calibrations (i.e., the budget) is reached. To the best of the authors’ 

knowledge, there does not exist a BBO algorithm in the literature that ad­

dresses the case where the cost function is cheap to evaluate, making the 

construction of its surrogate unnecessary, while only some constraints 

are computationally-expensive.

1.1 . Contributions

This paper proposes a global surrogate-based optimization algo­

rithm specifically designed to handle optimization problems with a 

computationally-light cost function and a set of computationally-expensive 

constraint functions. A relevant instance of such problems is the one 

in [20], which considers the automatic tuning of performance weights 

in the context of 𝜇-synthesis, with subsequent design of a robust con­

troller with maximally achievable closed-loop performance. Different 

from [20], the methodology proposed in this paper does not require a 

reformulation of the optimization problem to make its resolution computa­

tionally tractable. Specifically, as a practical engineering application, we 

focus on maximizing the performance of Passive Fault-Tolerant (e.g., 

1 In this paper, we use the terms “point”, “sample”, “calibration”, and “tun­

ing” interchangeably when referring to a specific set of values for the decision 

variables of an optimization problem.
2 As a matter of fact, in the relevant literature, a black-box function (such as a 

cost function or a constraint function) is a function that is unknown (in the sense 

that no analytical formulation is available) and/or computationally-expensive to 

evaluate.

robust) Controllers (PFTCs) [7] for Single-Input Single-Output Linear 

Time-Invariant (SISO LTI) plants subject to multiplicative faults mod­

eled as parametric variations, assuming that the possible values of the 

parameters following a multiplicative fault lie within a known bounded 

range.3

1.2 . Paper organization

The remainder of the paper is as follows. Section 2 provides prelim­

inary notions about plant models with uncertain parameters and the 

𝜇-synthesis framework with automatic performance weight selection. 

Section 3 presents the proposed surrogate-based optimization algorithm. 

A proof of its convergence is provided in Appendix B. A compara­

tive analysis on numerical case studies of the proposed optimization 

algorithm with respect to genetic and multi-start global optimization al­

gorithms is given in Section 4, along with a closed-loop evaluation of the 

PFTC properties of the designed controller for a three-mass mechatronic 

system. The paper ends with some concluding remarks in Section 5. 

Finally, Appendix A presents a supplementary empirical study on the 

hyperparameters of our proposal.

1.3 . Notation

Let C, R, Z, and N denote the sets of complex, real, integer, and 

natural numbers, respectively, with 0 ∈ N. R>0 and R≥0 stand for the 

sets of positive and non-negative real numbers, respectively. The imagi­

nary unit is denoted by 𝑗. Unless otherwise stated, scalar variables 𝑥 are 

denoted with lowercase letters, vectors 𝒙 with bold lowercase letters, 

matrices 𝑋 with uppercase letters, and sets X  with uppercase calligra­

phy letters. Transfer functions and transfer matrices 𝑋(𝑠) are represented 

in uppercase with 𝑠 ∈ C being the Laplace variable. Signals are denoted 

as 𝑥(𝑡) with 𝑡 ∈ R≥0 (in seconds, s) being the continuous-time variable. 

The 𝑛×𝑛, 𝑛 ∈ N, identity matrix is denoted as 𝐼𝑛 while the 𝑛-dimensional 

vector of zeros is denoted as 𝟎𝑛. The symbol ‖⋅‖∞ indicates the ∞-norm 

of signals or vectors, and the H∞-norm of transfer functions and transfer 

matrices. Meanwhile, ‖⋅‖2 denotes the 2-norm of signals or vectors, and 

the H2-norm of transfer functions and transfer matrices. Diagonal stack­

ing of two matrices 𝑋, 𝑌  is denoted as diag(𝑋, 𝑌 ). Infinite sequences are 

denoted as ⟨⋅⟩𝑖≥1.

2 . Preliminaries

In the following, Section 2.1 presents the considered plant model 

with parametric uncertainties. This description is used to represent 

multiplicative faults that may occur in the plant. Then, Section 2.2 

reviews the 𝜇-synthesis approach to robust control design, while 

Section 2.3 motivates the proposed optimization algorithm for solv­

ing the computationally-expensive 𝜇-synthesis problem with automatic 

performance weight optimization.

2.1 . Plant model

We consider a SISO LTI plant model with input 𝑢(𝑡) and output 𝑦(𝑡)
subject to multiplicative faults (i.e., variations of plant parameters) rep­

resented as structured (parametric) uncertainties [33, Chapter 7]. Let 

𝑔 ∈ Z be the system type, 𝑛z,R, 𝑛z,C ∈ N be the number of real zeros 

and the number of pairs of complex conjugate zeros, respectively, and 

𝑛p,R, 𝑛p,C ∈ N be the number of real poles and the number of pairs of 

complex conjugate poles, respectively. Then, the perturbed plant model

3 In this paper, the difference between PFTC and robust control is merely a 

matter of interpretation about the origin of the uncertainty in the plant. In ro­

bust control, parameter variations follow epistemic uncertainty about the model. 

Instead, in PFTC, parameter variations are caused by multiplicative faults.
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𝐺𝑝 (𝑠) amounts to: 

𝐺𝑝 (𝑠) ∶=
𝜆𝑝
𝑠𝑔

∏𝑛z,R
𝑖=1

(

𝜑𝑖,𝑝𝑠 + 1
)

∏𝑛p,R
𝑖=1

(

𝜏𝑖,𝑝𝑠 + 1
)

∏𝑛z,C
𝑖=1

(

𝑠2

𝛼2𝑖,𝑝
+ 2 𝜁𝑖,𝑝𝛼𝑖,𝑝

𝑠 + 1
)

∏𝑛p,C
𝑖=1

(

𝑠2

𝛽2𝑖,𝑝
+ 2 𝜉𝑖,𝑝𝛽𝑖,𝑝

𝑠 + 1
) , (1)

where the subscript 𝑝 indicates a perturbation, either in the plant model 

(i.e., 𝐺𝑝 (𝑠)), or in the parameters (e.g., 𝜆𝑝). In particular, the perturbed 

plant parameters in (1) are the gain 𝜆𝑝 ∈ R>0, the time constants of the 

real zeros and poles, i.e., 𝜑𝑖,𝑝 ∈ R>0 and 𝜏𝑖,𝑝 ∈ R>0 (in s), the natural 

frequencies of the complex conjugate zeros and poles, i.e., 𝛼𝑖,𝑝 ∈ R>0
and 𝛽𝑖,𝑝 ∈ R>0 (in rad

s
), and the damping ratios 𝜁𝑖,𝑝, 𝜉𝑖,𝑝 ∈ [0, 1). Each 

parameter 𝜌 ∈ {𝜆, 𝜑1,… , 𝜉𝑛p,C
} is bounded within a region [𝜌min, 𝜌max], 

𝜌min, 𝜌max ∈ R>0, leading to the uncertain parameter set [33, Chapter 7]:

𝜌𝑝 ∶= 𝜌̄
(

1 + 𝑟𝜌𝛿𝜌
)

for any 𝛿𝜌 ∈ R, ||
|

𝛿𝜌
|

|

|

≤ 1, (2)

where 𝜌̄ is the mean parameter value, 𝑟𝜌 ∶= 𝜌max−𝜌min

𝜌max+𝜌min
 is the relative un­

certainty in the parameter, and 𝛿𝜌 is its perturbation. Thus, we can define 

the set of considered perturbed systems as: 

G ∶= {𝐺𝑝 (𝑠) in (1): 𝛿𝜌 ∈ R, ||
|

𝛿𝜌
|

|

|

≤ 1,∀𝜌 ∈ {𝜆, 𝜑1,… , 𝜉𝑛p,C
}}. (3)

Further, the nominal (“average”) plant model 𝐺(𝑠) ∈ G with no pertur­

bation amounts to: 

𝐺 (𝑠) ∶= 𝜆̄
𝑠𝑔

∏𝑛z,R
𝑖=1

(

𝜑̄𝑖𝑠 + 1
)

∏𝑛p,R
𝑖=1

(

𝜏𝑖𝑠 + 1
)

∏𝑛z,C
𝑖=1

(

𝑠2

𝛼̄2𝑖
+ 2 𝜁𝑖𝛼̄𝑖

𝑠 + 1
)

∏𝑛p,C
𝑖=1

(

𝑠2

𝛽2𝑖
+ 2 𝜉𝑖𝛽𝑖

𝑠 + 1
) . (4)

As an example, following a physical fault, the description (1)–(4) can 

be used to represent the degradation of an actuator (e.g., the value of a 

pole time constant increases or the gain decreases), or to approximate 

the introduction of a time delay 𝜏d ∈ R>0 by augmenting (1) with a Padé 

approximation [26, Chapter 2], treating 𝜏d as an uncertain parameter 

bounded within a region [𝜏dmin
, 𝜏dmax

], where 𝜏dmin
→ 0+ (approximately 

no delay) and 𝜏dmax
 is the maximum time delay due to a fault. A practical 

example is also given in Section 4.5, where we model the degradation 

of a component of a three-mass mechatronic system using parametric 

uncertainties.

2.2 . The 𝜇-synthesis framework with performance weight optimization

We consider the design of a controller 𝐾(𝑠) that guarantees Robust 

Performance (RP) for a generalized LTI plant 𝑃 (𝑠) comprising (1) and a 

performance weight 𝑊P(𝑠) encoding performance specifications on the 

sensitivity function (e.g., control bandwidth or disturbance rejection) 

Fig. 1. Considered closed-loop scenario for 𝜇-synthesis. 𝐾(𝑠) is a feedback con­

troller, 𝐺𝑝(𝑠) is a system affected by parametric uncertainty as in (1)–(4), 𝑊P(𝑠)
is a weight function that encodes performance specifications by weighing the 

sensitivity function of the closed-loop system. The reported signals are the refer­

ence 𝑟(𝑡), measured output 𝑦(𝑡), tracking error 𝑒(𝑡), control input 𝑢(𝑡), disturbance 

𝑑(𝑡), and fictitious error 𝑒′(𝑡) arising from 𝑊P(𝑠).

Fig. 2. General configuration for robust control analysis and synthesis. 𝑃 (𝑠;𝑊P)
is the generalized plant that considers a transfer function 𝑊P(𝑠) (i.e., the perfor­

mance weight) to weigh the sensitivity function of the closed-loop system, Δ(𝑠)
is a block-diagonal matrix representing perturbations in the parameters of the 

plant, ΔP(𝑠) is a full complex perturbation matrix encoding performance speci­

fications, 𝐾(𝑠) is a feedback controller, 𝑟(𝑡) − 𝑑(𝑡) are the external contributions, 

𝑢(𝑡) is the control input, 𝑒(𝑡) is the tracking error to be minimized, and 𝑒′(𝑡) is 𝑒(𝑡)
filtered by 𝑊P(𝑠).

as in Figs. 1 and 2. The RP specification amounts to imposing [33, 

Chapter 8], [39, Chapter 10]: 

‖

‖

𝑆(𝑠;𝑊P, 𝐾,Δ)‖‖∞ < 1, ∀Δ(𝑠) ∈ BΔ, (5a)

𝑆(𝑠;𝑊P, 𝐾,Δ) ∶= Fu

(

𝑁(𝑠; 𝑊P, 𝐾),Δ(𝑠)
)

, (5b)

𝑁(𝑠; 𝑊P, 𝐾) ∶= Fl

(

𝑃 (𝑠;𝑊P), 𝐾(𝑠)
)

, (5c)

where BΔ is the structured set of allowed perturbations, which is derived 

from (3) and reads as:

BΔ=
{

Δ(𝑠) ∶ ‖Δ(𝑠)‖∞≤1,Δ(𝑠)=diag

(

𝛿𝜆𝐼𝑚𝜆 , 𝛿𝜑1𝐼𝑚𝜑1 ,… , 𝛿𝜉𝑛p,C 𝐼𝑚𝜉𝑛p,C

)}

,

𝑚𝜌 ∈ N being the multiplicity of the uncertain parameter 𝜌 ∈
{𝜆, 𝜑1,… , 𝜉𝑛p,C

}, while Fu(⋅, ⋅) and Fl(⋅, ⋅) denote the upper and 

lower Linear Fractional Transformation (LFT) representations, respec­

tively [38, Chapter 9]. Provided that 𝑁(𝑠;𝑊P, 𝐾) is internally stable, 

the RP condition in (5) is equivalent to [20], [33, Theorem 8.7]

𝜇Δ̂
(

𝑁
(

𝑗𝜔; 𝑊P, 𝐾
))

< 1, ∀𝜔 ∈ R≥0, (6)

where the structured singular value 𝜇Δ̂(⋅) is computed with respect to 

Δ̂(𝑠) ∶= diag(Δ(𝑠),ΔP(𝑠)), ΔP(𝑠) being a full complex perturbation matrix 

such that ‖
‖

ΔP(𝑠)‖‖∞ ≤ 1 that allows treating performance constraints as 

stability ones. Thus, given a performance weight 𝑊P(𝑠), 𝜇-synthesis aims 

to find a nominally stabilizing controller 𝐾∗(𝑠) that minimizes the just-

mentioned structured singular value across frequency [33, Chapter 8]:

𝐾∗(𝑠) = arg min
𝐾(𝑠)∈K

[

sup
𝜔∈R≥0

𝜇Δ̂
(

𝑁
(

𝑗𝜔; 𝑊P, 𝐾
))

]

, (7)

where K is the set of all nominally stabilizing controllers. Then, if 𝐾∗(𝑠)
satisfies (6), robust performance is achieved. Problem (7) is typically 

solved via 𝐷𝐾-iteration-like schemes [2,13,37].

As multiplicative faults might directly influence the stability of the 

closed-loop system, a PFTC must at least guarantee stability for all faulty 

behaviors. Nonetheless, it would be beneficial to strive for maximum 

closed-loop performance even in spite of faults. Thus, in this paper, we 

focus on the automatic tuning of 𝑊P(𝑠) for attaining the maximally pos­

sible performance, in line with [20,35], by solving the following nested 

optimization problem 

min
𝑊P(𝑠)

L̄
(

𝑊P(𝑠)
)

∶=
‖

‖

‖

‖

1
𝑊P(𝑠)

‖

‖

‖

‖2
(8a)
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s.t. min
𝐾(𝑠)∈K

[

sup
𝜔∈R≥0

𝜇Δ̂
(

𝑁
(

𝑗𝜔; 𝑊P, 𝐾
))

]

< 1, (8b)

where the cost function L̄
(

𝑊P(𝑠)
)

 represents the H2-norm of the in­

verse of the performance weight 𝑊P(𝑠) while the constraint involves 

solving a 𝜇-synthesis problem as in (7). Typically, to ease the resolution 

of Problem (8), 𝑊P(𝑠) is defined as a parametric transfer function with 

fixed structure that depends on a set of parameters 𝜽 that can assume 

values within a set Ω, as we will see in Section 4.1.

Remark 1. Different representations that describe plant uncertainty ex­

ist [33]. In this work, we focus on a specific description just to exemplify 

the proposed optimization algorithm, which, in reality, can handle any 

type of norm-bounded block-diagonal Δ(𝑠), i.e., possibly including both 

parametric and unstructured uncertainty. Further, parametric uncer­

tainty is not necessarily restricted to the form in (1). Rather, it can 

take any suitable structure (e.g., uncertainty on the parameters of a 

state-space model as in Section 4.5), as those shown in [38].

Remark 2. Problem (8) can be extended to include more than one per­

formance weight, as in [20]. In this setting, the transfer function 𝑊P(𝑠)
is replaced by a transfer matrix 𝑊 (𝑠) that incorporates the additional 

performance weights. Then, the definition of the generalized plant 𝑃 (𝑠)
in Fig. 2 should account for the additional weights and related closed-

loop transfer functions, see [14, Chapter 4], [33, Chapter 9]. Considering 

additional performance weights, such as the one on the control sensi­

tivity function, prevents the synthesized controller from saturating the 

actuators and accounts for their physical limitations.

2.3 . Motivation of the work

Problem (8) exhibits two key properties:

(p1) A computationally-light cost function;

(p2) A computationally-expensive constraint.

The nature of (8b) makes the resolution of (8) particularly challeng­

ing as noted in [20]:

(c1) Solving for 𝐾(𝑠) in (8b) is a nonlinear and non-convex optimiza­

tion problem;

(c2) The mixed-𝜇 synthesis procedure involved in (8b) is 

computationally-expensive (i.e., time-consuming).

Despite solving Problem (8) in a global fashion might overcome 

Challenge (c1), traditional global optimization algorithms may fail due 

to Challenge (c2), as finding accurate global solutions involves eval­

uating the cost function and the computationally-expensive constraint 

in (8b) at a number of points that scales exponentially with the number 

of optimization variables [24]. To mitigate this issue, Challenge (c2) 

can be tackled by surrogate-based methods. However, to the best of 

the authors’ knowledge, there does not exist a black-box optimization 

algorithm in the literature explicitly tailored to optimization problems 

with Properties (p1)–(p2). Thus, in the next Section, we propose a novel 

surrogate-based method suited to this optimization problem setting and 

prove its convergence.

3 . Global optimization under black-box constraints (GOBBC)

This section presents the Global Optimization under Black-Box 

Constraints (GOBBC) algorithm, a novel surrogate-based method for solv­

ing optimization problems with Properties (p1)–(p2) in a global fashion. 

In particular, Section 3.1 defines the problem statement in the general 

framework. Then, Section 3.2 describes the GOBBC optimization algo­

rithm in detail. Finally, Section 3.3 analyses the convergence properties 

of our proposal.

3.1 . Problem statement

3.1.1 . Considered optimization problem

Consider the following global optimization problem: 

Θ∗ = arg min
𝜽

L (𝜽) (9a)

s.t. 𝜽 ∈ Ω ∩ Ξ, (9b)

where 𝜽 ∈ R𝑑 , 𝑑 ∈ N, are the decision variables, L ∶ R𝑑 → R is 

a computationally-light cost function, Ω ⊂ R𝑑  is a set of inexpensive

constraints (e.g., bound constraints on 𝜽), 

Ξ ∶=
{

𝜽 ∶ 𝒈Ξ (𝜽) ≤ 𝟎𝑞
}

(10)

is a set of 𝑞 ∈ N black-box constraints with 𝒈Ξ ∶ R𝑑 → R𝑞 , and 

Θ∗ =
{

𝜽∗𝑖 ∶ 𝜽
∗
𝑖 ∈ Ω ∩ Ξ,L

(

𝜽∗𝑖
)

= min
𝜽∈Ω∩Ξ

L (𝜽)
}

(11)

is the set of global minimizers of Problem (9).

We make the following assumption to ensure that Θ∗ is nonempty 

(recall the Extreme Value Theorem [3, Chapter 2]).

Assumption 1. The optimization problem in (9) is such that:

1. The cost function L (𝜽) is a continuous function;

2. The sets of constraints Ω and Ξ are nonempty and compact;

3. Ω ∩ Ξ ≠ ∅.

3.1.2 . Feasibility function

Rather than dealing with the set of black-box constraints Ξ in (10) 

directly, we define the Ξ-feasibility function as: 

𝑢Ξ (𝜽) ∶=

{

1 if 𝜽 ∈ Ξ,
0 if 𝜽 ∉ Ξ,

(12)

i.e., such that 𝑢Ξ (𝜽) = 0 if any of the constraints in (10) is violated, 

and 𝑢Ξ (𝜽) = 1 otherwise. Consistent with [40], in this general setting, 

we assume that we can only assess the Ξ-feasibility function in (12) rather 

than the value taken by each of the constraint functions 𝒈Ξ (𝜽).
Notation-wise, we say that a point 𝜽 ∈ R𝑑  is

• Ξ-feasible (respectively, Ξ-infeasible) w.r.t. Problem (9) if 𝑢Ξ (𝜽) = 1
(𝑢Ξ (𝜽) = 0);

• Feasible (respectively, infeasible) if 𝜽 ∈ Ω ∩ Ξ (𝜽 ∉ Ω ∩ Ξ).

3.1.3 . Data collection

As with any surrogate-based method [27, Chapter 2], [36], GOBBC
progressively evaluates different calibrations of the decision variables, 

keeping track of the set of points for which the values of the expensive 

functions (in our case, the Ξ-feasibility function in (12)) are available. In 

particular, let 𝓁 ∈ N be the number of points 𝜽𝑖 ∈ Ω, 𝑖 ∈ {1,… ,𝓁}, tested 

by GOBBC at a certain iteration, and let 𝑢𝑖 ∶= 𝑢Ξ
(

𝜽𝑖
)

 be their feasibility 

w.r.t. Ξ. This information is grouped in the set 

D𝓁 ∶=
{(

𝜽𝑖, 𝑢𝑖
)

∶ 𝜽𝑖 ∈ Ω, 𝑢𝑖 = 𝑢Ξ
(

𝜽𝑖
)

, 𝑖 ∈ {1,… ,𝓁}
}

. (13)

Further, we define the best candidate point among the 𝓁 available as: 

𝜽∗ (𝓁) ∶=

{

arg min𝜽𝑖∶
(

𝜽𝑖 ,𝑢𝑖
)

∈D𝓁 ,𝑢𝑖=1 L
(

𝜽𝑖
)

if ∃
(

𝜽𝑖, 𝑢𝑖
)

∈ D𝓁 s.t. 𝑢𝑖 = 1,

arg min𝜽𝑖∶
(

𝜽𝑖 ,𝑢𝑖
)

∈D𝓁
L
(

𝜽𝑖
)

otherwise,

(14)

i.e., 𝜽∗ (𝓁) is the tested point that attains the lowest cost function value 

and can either be feasible, if at least one Ξ-feasible tuning was tried, or 

infeasible, if D𝓁  does not contain a Ξ-feasible point.
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3.1.4 . Aim of GOBBC
The aim of the proposed GOBBC algorithm is to solve Problem (9) 

effectively and efficiently. From a practical perspective, this entails

• Finding a feasible calibration 𝜽∗ (𝓁) as in (14) that is close to (at 

least) one of the global minimizers in (11), i.e., ensuring that 

min𝜽∗𝑖 ∈Θ∗ ‖
‖

𝜽∗ (𝓁) − 𝜽∗𝑖 ‖‖2 is small, or, equivalently, striving for a 

sufficiently small 
|

|

|

L
(

𝜽∗ (𝓁)
)

− min𝜽∈Ω∩ΞL (𝜽)||
|

 (effectiveness);

• Simultaneously, testing the smallest possible number of calibra­

tions, i.e., keeping 𝓁 small (efficiency).

3.2 . The GOBBC algorithm in detail

The GOBBC algorithm is an iterative procedure that consists of two 

main phases:

1. Experimental design phase, where an initial set of 𝓁init ∈ N
candidate points is sampled.

2. Active search phase, where the algorithm iteratively searches for 

a minimizer of Problem (9). To achieve this, given the data re­

lated to the previously-tested calibrations, i.e., D𝓁  in (13) with 

𝓁 ≥ 𝓁init, GOBBC proposes new calibrations to try by alternating 

between three rationales:

(r1) Pure exploration, i.e., probing those regions of Ω where few 

tunings have been tested;

(r2) Pure exploitation, i.e., minimizing the cost function L (𝜽) in (9) 

without considering the black-box constraints in (10). This is 

a degenerate case, as will be explained in Section 3.2.2.

(r3) Trading off exploration and exploitation, i.e., looking for a 

new calibration that achieves a low cost function value 

while being Ξ-feasible according to a surrogate model that 

approximates the feasibility region described by Ξ in (10).

Thus, at each iteration, GOBBC returns a tuning 𝜽𝓁+1 to evaluate 

according to one of the just-mentioned rationales. Afterwards, we 

assess the Ξ-feasibility of the new sample 𝜽𝓁+1, obtaining

𝑢𝓁+1 = 𝑢Ξ
(

𝜽𝓁+1
)

.

The pair 
(

𝜽𝓁+1, 𝑢𝓁+1
)

 is then added to the available data, obtain­

ing

D𝓁+1 = D𝓁 ∪
(

𝜽𝓁+1, 𝑢𝓁+1
)

.

The active search phase is repeated until 𝓁max ∈ N, 𝓁max > 𝓁init, 

points have been tested (𝓁max representing the so-called budget of 

the optimization procedure).

The output of GOBBC is 𝜽∗
(

𝓁max

)

 as in (14), i.e., the best candidate point 

found within the prescribed budget. Algorithm 1 summarizes the GOBBC
method. We now proceed to discuss the experimental design phase and 

the active search phase in detail.

3.2.1 . Experimental design phase

Like any surrogate-based method [27, Chapter 2], [36], the GOBBC
algorithm requires an initial sampling phase during which a set of points 

𝜽𝑖 ∈ Ω, 𝑖 ∈ {1,… ,𝓁init}, is generated in a space-filling and non-collapsing

manner, i.e., in such a way that the obtained calibrations are uniformly 

spread in Ω and no two tunings share any coordinate value. This can 

be done via a Latin Hypercube Design (LHD) [23]. After generating the 

𝓁init calibrations, the Ξ-feasibility of each 𝜽𝑖 is assessed, leading to the 

initial dataset D𝓁init
 as in (13).

3.2.2 . Active search phase

Consider the set D𝓁  in (13) with 𝓁init ≤ 𝓁 < 𝓁max. At each iteration 

of the active search phase, GOBBC proposes a new calibration 𝜽𝓁+1 to try 

based on D𝓁  and according to either one of the Rationales (r1), (r2), 

or (r3), which are discussed next.

Algorithm 1 The GOBBC algorithm.

Input: (i) Cost function L (𝜽) and constraint set Ω of Problem (9); (ii) 

Number of initial samples 𝓁init ∈ N; (iii) Choice of the surrogate model 

𝑝𝓁 (𝜽) (e.g., the IDWI function in (20)); (iv) Threshold 𝜂 ∈ [0, 1] for the 

surrogate model 𝑝𝓁 (𝜽); (v) Budget 𝓁max ∈ N,𝓁max > 𝓁init; (vi) Number 

of iterations 𝑘exp ∈ N after which to enforce exploration.

Output: (i) Best sample obtained by the procedure 𝜽∗
(

𝓁max

)

.

1: (Optional) Rescale the considered optimization problem as in [5, 

Section 3]

2: ⊳ Experimental design phase  ⊲
3: Generate a set of 𝓁init starting points 𝜽𝑖, 𝑖 ∈ {1,… ,𝓁init}, in a space-

filling and non-collapsing manner (e.g., via an LHD [23])

4: Assess the Ξ-feasibility of each 𝜽𝑖, 𝑖 ∈ {1,… ,𝓁init}, obtaining 𝑢𝑖 =
𝑢Ξ

(

𝜽𝑖
)

5: Build the initial dataset D𝓁init
 as in (13)

6: Set 𝓁 = 𝓁init

7: Initialize the iteration counter for exploration: 𝑘 = 0
8: ⊳ Active search phase  ⊲
9: while 𝓁 < 𝓁max do

10:  if ∄
(

𝜽𝑖, 𝑢𝑖
)

∈ D𝓁  s.t. 𝑢𝑖 = 1 then   ⊳ Pure exploration

11:  Solve Problem (16) to get 𝜽𝓁+1
12:  else if ∄

(

𝜽𝑖, 𝑢𝑖
)

∈ D𝓁  s.t. 𝑢𝑖 = 0 then   ⊳ Pure exploitation

13:  Solve Problem (17) to get 𝜽𝓁+1
14:  else

15:  if 𝑘 = 𝑘exp then   ⊳ Enforce exploration

16:  Solve Problem (16) to get 𝜽𝓁+1
17:  Reset the iteration counter: 𝑘 = 0
18:  else  ⊳ Trade off exploration and exploitation

19:  Build the surrogate model 𝑝𝓁 (𝜽) using the available data 

D𝓁  (e.g., as in (20) in the case of GOBBC-IDWI)

20:  Solve Problem (19) to get 𝜽𝓁+1, which relies on 𝑝𝓁 (𝜽) to 

approximate the Ξ-feasibility region

21:  Increase the iteration counter: 𝑘 = 𝑘 + 1 
22:  Assess the Ξ-feasibility of 𝜽𝓁+1, obtaining 𝑢𝓁+1 = 𝑢Ξ

(

𝜽𝓁+1
)

23:  Update the data, i.e., D𝓁+1 = D𝓁 ∪
(

𝜽𝓁+1, 𝑢𝓁+1
)

24:  Increase the number of tested samples: 𝓁 = 𝓁 + 1
return 𝜽∗

(

𝓁max

)

 as in (14)

Pure exploration (r1). Whenever D𝓁  in (13) does not contain a Ξ-

feasible point, i.e., 𝑢𝑖 = 0, ∀𝑖 ∈ {1,… ,𝓁}, emphasis should be placed on 

finding a feasible point for Problem (9) rather than minimizing the cost 

function L (𝜽). Therefore, we should promote the exploration of those 

regions of Ω where relatively few points have been tried. For that pur­

pose, we consider the Inverse Distance Weighting (IDW) distance function

𝑧𝓁 ∶ R𝑑 → (−1, 0] defined as [5]:

𝑧𝓁 (𝜽) ∶=
⎧

⎪

⎨

⎪

⎩

0 if ∃
(

𝜽𝑖, 𝑢𝑖
)

∈ D𝓁 s.t. 𝜽𝑖 = 𝜽,

− 2
𝜋 arctan

(

1
∑𝓁
𝑖=1 𝑤𝑖(𝜽)

)

otherwise,
(15)

𝑤𝑖 (𝜽) ∶=
1

‖

‖

𝜽 − 𝜽𝑖‖‖2
.

In practice, 𝑧𝓁 (𝜽) in (15) assumes lower values at points that are furthest 

away from the samples 𝜽𝑖 in D𝓁 , and for this reason the IDW distance 

function was used to promote exploration in several SBMs [5,6,27,28]. 

Consequently, in this work, we propose to select 𝜽𝓁+1 as follows:

𝜽𝓁+1 = arg min
𝜽
𝑧𝓁 (𝜽) (16)

s.t. 𝜽 ∈ Ω.

Given that 𝑧𝓁 (𝜽) in (15) is a continuous function [5, Lemma 2], under 

Assumption 1, Problem (16) always admits a solution due to the Extreme 

Value Theorem [3, Chapter 2].

ISA Transactions xxx (xxxx) xxx 

5 



D. Previtali, M. Mazzoleni, N. Valceschini et al.

Remark 3. For ease of discussion, the optimization problems that con­

cern the active search phase of GOBBC (e.g., Problem (16)) are presented 

as having a single global minimizer, although this may not be the case. 

That is because, at each iteration, we are only interested in finding 

a single point 𝜽𝓁+1 to evaluate, which may be any one of the global 

minimizers of the considered problem, favoring those that were not 

previously tested. In any case, if there exists a 
(

𝜽𝑖, 𝑢𝑖
)

∈ D𝓁  such that 

𝜽𝓁+1 = 𝜽𝑖, we can introduce a slight perturbation to any of the values 

that make up 𝜽𝓁+1 to avoid repeating evaluations.

Pure exploitation (r2). In case all the tested points in D𝓁  in (13) are 

feasible, i.e., 𝑢𝑖 = 1, ∀𝑖 ∈ {1,… ,𝓁}, it could be that Ω ∩ Ξ = Ω (degen­

erate case) for Problem (9). This motivates the search for a point that 

minimizes L (𝜽) subject to only the inexpensive constraints, namely

𝜽𝓁+1 = arg min
𝜽

L (𝜽) (17)

s.t. 𝜽 ∈ Ω.

Note that, under Assumption 1, Problem (17) always admits a so­

lution due to the Extreme Value Theorem [3, Chapter 2]. Clearly, 

min𝜽∈ΩL (𝜽) ≤ min𝜽∈Ω∩ΞL (𝜽), so that 𝜽𝓁+1 found in (17) attains the 

lowest possible cost function value for Problem (9). Furthermore, if 

𝜽𝓁+1 were to be Ξ-feasible, then it would be one of the global mini­

mizers of Problem (9), and GOBBC should be stopped immediately as a 

consequence.

Trading off exploration and exploitation (r3). Whenever D𝓁  in (13) con­

tains both Ξ-feasible and Ξ-infeasible points, the search for 𝜽𝓁+1 should 

look for a point such that L
(

𝜽𝓁+1
)

≤ L
(

𝜽∗ (𝓁)
)

 while avoiding points 

such that 𝑢Ξ
(

𝜽𝓁+1
)

= 0. To do so, we propose to construct a cheap sur­

rogate model 𝑝𝓁 ∶ R𝑑 → [0, 1] that describes the probability of a point being 

Ξ-feasible given the available information, namely 

𝑝𝓁 (𝜽) ∶= P
(

𝑢Ξ (𝜽) = 1 ||
|

D𝓁 ,𝜽
)

, (18)

where P
(

𝑢Ξ (𝜽) = 1 ||
|

D𝓁 ,𝜽
)

 represents the just-mentioned probability. 

Then, in line with traditional machine learning approaches for classifica­

tion [8], we can define a classifier that distinguishes between Ξ-feasible 

and Ξ-infeasible points according to a threshold 𝜂 ∈ [0, 1] for 𝑝𝓁 (𝜽)
in (18). Particularly, points such that 𝑝𝓁 (𝜽) ≥ 𝜂 are likely to be Ξ-feasible 

according to the data in D𝓁  in (13), and vice versa whenever 𝑝𝓁 (𝜽) < 𝜂. 
Then, 𝑝𝓁 (𝜽) in (18) can be used as a proxy for the expensive constraint 

set in (10), replacing Problem (9) with the optimization problem

𝜽𝓁+1 = arg min
𝜽

L (𝜽) (19)

s.t. 𝜽 ∈ Ω

𝑝𝓁 (𝜽) ≥ 𝜂.

The choice of the surrogate model is covered in detail in Section 3.2.3.

Remark 4. Different from Problem (9), the optimization problems 

solved during the active search phase of GOBBC, i.e., (16), (17), and (19), 

involve only the inexpensive cost function L (𝜽), the constraints Ω, 

and the surrogate model 𝑝𝓁 (𝜽), making them relatively cheap to solve 

globally. Consequently, we suggest using general-purpose global op­

timization procedures, such as DIRECT  [17], PSO [18], and genetic 

algorithms [4] (see Section 1).

On the importance of exploration. Pure exploration (Problem (16)) plays 

a fundamental role in the GOBBC algorithm and should not be restricted 

to only when ∄
(

𝜽𝑖, 𝑢𝑖
)

∈ D𝓁  in (13) such that 𝑢𝑖 = 1. That is because the 

quality of the solutions returned by Problem (19) depends on how well 

the constraint 𝑝𝓁 (𝜽) ≥ 𝜂 approximates the feasibility region associated 

with Ξ. Furthermore, assuming that D𝓁  contains both Ξ-feasible and Ξ-

infeasible samples, finding 𝜽𝓁+1 as in (19) at every iteration may result 

in an overly conservative black-box optimization procedure. Indeed, the 

algorithm would be prone to focusing its search efforts in those regions 

of Ω where Ξ-feasible samples have been tested, possibly neglecting por­

tions of the search space where the global minimizers of (9) are actually 

located. To avoid this issue, we propose to resort to pure exploration as in 

Problem (16) every 𝑘exp ∈ N iterations, leading to surrogate models 𝑝𝓁 (𝜽)
in subsequent iterations that are likely more accurate over the whole Ω
and, ultimately, do not leave any promising region of the search space 

unexplored. This design choice is also closely tied to the global convergence 

of GOBBC , as detailed in Section 3.3.

3.2.3 . Definition of the surrogate model

So far, we have yet to define a surrogate model 𝑝𝓁 (𝜽) that can be 

used in Problem (19). In practice, GOBBC can use any function 𝑝𝓁 (𝜽) for 

which the following assumption holds.

Assumption 2. The surrogate model 𝑝𝓁 (𝜽) in (18)

1. Is a continuous function;

2. Has codomain bounded and equal to [0, 1];
3. Is such that 𝑝𝓁

(

𝜽∗ (𝓁)
)

≥ 𝜂, ∀𝓁 ∈ N, 𝓁init ≤ 𝓁 < 𝓁max.

From a practical perspective, Assumption 2 ensures that: (i) 𝑝𝓁 (𝜽) is 
a valid probability function, (ii) Problem (19) always admits a solution 

due to the Extreme Value Theorem [3, Chapter 2] (when combined with 

Assumption 1), (iii) Problem (19) does not discourage the search in a 

neighborhood of the best candidate point since we guarantee at least 

that4 𝑝𝓁
(

𝜽∗ (𝓁)
)

≥ 𝜂, otherwise we could miss a solution of the global 

optimization problem in (9).

In this work, similarly to [40], we suggest using the Inverse Distance 

Weighting Interpolation (IDWI) function as the surrogate model, which is 

defined as

𝑝𝓁 (𝜽) ∶=
𝓁
∑

𝑖=1
𝑣𝑖 (𝜽) 𝑢𝑖, (20)

𝑣𝑖 (𝜽) ∶=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 if 𝜽 = 𝜽𝑖,
(

𝜽𝑖, 𝑢𝑖
)

∈ D𝓁 ,
0 if 𝜽 = 𝜽𝑖′ ,

(

𝜽𝑖′ , 𝑢𝑖′
)

∈ D𝓁 , 𝑖′ ≠ 𝑖,
𝑤̃𝑖(𝜽)

∑𝓁
𝑖′=1 𝑤̃𝑖′ (𝜽)

otherwise,

𝑤̃𝑖 (𝜽) ∶=
exp

(

− ‖

‖

𝜽 − 𝜽𝑖‖‖2
)

‖

‖

𝜽 − 𝜽𝑖‖‖2
.

The IDWI function in (20) is a valid surrogate model according to 

Assumption 2 since it is continuous but also [5, Lemma 1]:

• It assumes the correct codomain when D𝓁  in (13) contains both 

Ξ-feasible and Ξ-infeasible points, i.e.,

0 = min
(

𝜽𝑖 ,𝑢𝑖
)

∈D𝓁

𝑢𝑖 ≤ 𝑝𝓁 (𝜽) ≤ max
(

𝜽𝑖 ,𝑢𝑖
)

∈D𝓁

𝑢𝑖 = 1, ∀𝜽 ∈ R𝑑 .

• 𝑝𝓁
(

𝜽𝑖
)

= 𝑢𝑖, ∀𝑖 ∈ {1,… ,𝓁}, implying that 𝑝𝓁
(

𝜽𝑖
)

= 0 for those 

points 𝜽𝑖 in D𝓁  that are Ξ-infeasible, and 𝑝𝓁
(

𝜽𝑖
)

= 1 for the Ξ-

feasible 𝜽𝑖’s. In turn, this means that surely 𝑝𝓁
(

𝜽∗ (𝓁)
)

≥ 𝜂.

In what follows, we will refer to the implementation of GOBBC that em­

ploys the surrogate model in (20) as GOBBC-IDWI. Nonetheless, other 

valid surrogate models exist. One such model is the modified proba­

bilistic support vector machines classifier proposed in [27, Chapter 6].

3.2.4 . On the choice of the hyperparameters of GOBBC
Besides the choice of the surrogate model explained in the previous 

section, the GOBBC method (Algorithm 1) requires tuning four hyperpa­

rameters: the budget 𝓁max, the number of initial points 𝓁init, the threshold 

𝜂 for 𝑝𝓁 (𝜽), and how often to enforce pure exploration as defined by 𝑘exp.

4 Note that 𝜽∗ (𝓁) ∈ Ξ if ∃
(

𝜽𝑖, 𝑢𝑖
)

∈ D𝓁  s.t. 𝑢𝑖 = 1, see (14).
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In practice, the budget should be determined by the time constraints 

of the application under consideration. For instance, assuming that 𝑡Ξ ∈
R>0 (in s) is an approximation of the time needed for an evaluation 

of the computationally-expensive constraints encapsulated in (12), and 

that 𝑡max ∈ R>0 is the maximum time allocatable to the optimization 

procedure, the budget can be chosen as 𝓁max = ⌊

𝑡max

𝑡Ξ
⌋, ⌊⋅⌋ being the 

floor function.

Concerning 𝓁init, there is no consensus in the SBM literature re­

garding this choice. Popular choices for methods that do not consider 

black-box constraints, e.g. [5,15,28,32], range from 2𝑑 to 4𝑑 in the case 

of LHDs, or 2𝑑  when starting from the vertices of the hypercube defined 

by the bound constraints in Ω in (9). In our case, due to the presence of 

the black-box constraints in (10), we suggest generating a higher num­

ber of initial samples, as it is desirable to start the active search phase 

with at least one Ξ-feasible calibration. Based on our empirical findings, 

a good rule of thumb is to set 𝓁init between 15% and 50% of 𝓁max.

Moving on, the threshold 𝜂 can be viewed as a tuning knob that reg­

ulates how much we are willing to explore Ω to find better Ξ-feasible 

points (see Problem (19)). Setting 𝜂 → 1 results in a conservative (or 

“safe”) algorithm that tends to search only in a neighborhood of the 

available Ξ-feasible points, as the constraint 𝑝𝓁 (𝜽) ≥ 𝜂 will be satisfied 

only when it is very likely (according to 𝑝𝓁 (𝜽)) that 𝜽 ∈ Ξ. Choosing 

𝜂 → 0 essentially means that Ξ-feasibility is only a minor concern, 

making Problem (19) very similar to the pure exploitation one in (17), 

penalizing the search only in those regions of Ω where samples are 

very likely to be Ξ-infeasible (i.e., 𝑝𝓁 (𝜽) → 0). Instead, 𝜂 ≈ 0.5 offers 

a good trade-off between these two rationales (in fact, it is a common 

choice when dealing with machine learning classification tasks [8]), and 

we suggest it as the standard value to use, motivated by our empirical 

results.

Finally, 𝑘exp is sort of a fail-safe that ensures that GOBBC is ultimately 

convergent (see Section 3.3) or, roughly speaking, that the method does 

not leave any promising region of Ω behind. We suggest choosing a 

low 𝑘exp (i.e., promote exploration often) when 𝜂 → 1 to prevent over-

conservativeness of the algorithm, while 𝑘exp should be high (i.e., rarely 

explore) when 𝜂 → 0, as exploration is intrinsically carried out already 

due to this choice of 𝜂 (although in a completely different fashion).5

When 𝜂 ≈ 0.5, the choice of 𝑘exp is less critical but depends on the prob­

lem at hand. For more details, Appendix A analyzes different values of 

𝜂 and 𝑘exp for Algorithm 1 on a synthetic optimization benchmark.

3.2.5 . Rescaling the optimization problem

The IDW distance function in (15) and the IDWI function in (20) 

are fairly sensitive to the ranges of the decision variables since they 

are based on Euclidean norms. Thus, to avoid numerical issues in the 

presence of decision variables that assume vastly different ranges, we 

resort to the rescaling strategy proposed in [5, Section 3], which rescales 

each variable so that it assumes values between −1 and 1 within the 

constraint set of interest for the optimization problem.

3.3 . Global convergence analysis

In the global optimization literature, convergence is typically ana­

lyzed asymptotically, i.e., as the number of tested candidate points 𝓁 →
∞. Clearly, this contradicts the goal of surrogate-based methods, whose 

aim is to find a sufficiently accurate calibration by trying the least num­

ber of points (see Section 3.1.4). Yet, convergence results for SBMs are 

available in the literature, see e.g. [15,27,28,32]. The underlying moti­

vation behind these convergence analyses is proving that the methods 

are not “flawed” in the sense that, if allowed to run indefinitely, they 

5 Solving 𝜽𝓁+1 = arg min
𝜽∈Ω,𝑝𝓁 (𝜽)≥𝜂

L (𝜽) for 𝜂 → 0 makes GOBBC explore mostly 

those regions of Ω where the minimizers of L (𝜽) s.t. only 𝜽 ∈ Ω are located. 

Instead, pure exploration, as in Problem (16), samples Ω in a space-filling and 

non-collapsing manner.

can return the global minimizers of the considered optimization prob­

lem (under Assumption 1). To address the global convergence of GOBBC, 

recall the following fundamental result from the global optimization 

literature.

Theorem 1  (Convergence of a global optimization algorithm [34]).

An algorithm converges to the global minimum of every continuous function 

over any compact set S ⊂ R𝑑  if and only if its sequence of tested points,

⟨𝜽𝑖⟩𝑖≥1 ∶= ⟨𝜽1,𝜽2,…⟩,

is dense in S.

Roughly speaking, ensuring the denseness of the sequence of tested 

points of a global optimization algorithm means that the procedure must 

generate calibrations that differ from all the samples that were previ­

ously tested every once in a while, highlighting the importance of a 

thorough exploration of the decision space S. Nonetheless, to promote effi­

ciency, the detailed exploration of S can be arbitrarily delayed, favoring 

the search for promising solutions in the first iterations of the algorithm 

(e.g., in those regions of S that were previously sampled), and leaving 

the exhaustive search for the global minimizers for later iterations.

We can now state the convergence result of GOBBC, which leverages 

Theorem 1.

Theorem 2  (Convergence of GOBBC). Consider the optimization problem 

in (9) under Assumption 1. A sufficient condition for the convergence of 

GOBBC to the global minimum of Problem (9) is that 𝑘exp is finite, the surrogate 

model 𝑝𝓁 (𝜽) satisfies Assumption 2, and 𝓁max → ∞.

Proof. The proof is reported in Appendix B. □

Theorem 2 highlights the importance of carrying out pure explo­

ration every once in a while for GOBBC. Then, 𝑘exp represents a tuning 

parameter that regulates how often we are willing to forego the search 

for a potentially better solution via the exploitation of the cost function 

L (𝜽) and surrogate model 𝑝𝓁 (𝜽) in favor of the thorough exploration of 

Ω, which is required for global convergence.

Remark 5. Theorem 2 ensures that, asymptotically, GOBBC generates a 

set of points that is dense in Ω∩Ξ. In turn, this means that the algorithm 

finds calibrations that are arbitrarily close to the global minimizers Θ∗

of Problem (9). However, GOBBC does not intrinsically make a choice 

among those points that attain the minimum min𝜽∈Ω∩ΞL (𝜽). If that is 

a concern, Algorithm 1 can be easily modified to return also the set 

D𝓁max
 other than 𝜽∗

(

𝓁max

)

, as well as the cost function value for each 

of the tested 𝜽𝑖’s, 1 ≤ 𝑖 ≤ 𝓁max. Then, in a fashion similar to multi-

objective optimization [21], a choice among the solutions obtained by

GOBBC that attain the minimum cost function value can be made by a 

human decision-maker.

4 . Numerical results

This section applies the GOBBC algorithm presented in Section 3 to 

solve the 𝜇-synthesis with automatic performance weight selection prob­

lem in (8). In particular, Section 4.1 defines the details and practicalities 

of the optimization problem. Then, Section 4.2 presents the settings 

used in the numerical experiments, the compared optimization algo­

rithms, and the considered indicators of performance. The susceptibility 

of the results w.r.t. the plant order and uncertainty level is assessed in 

Sections 4.3 and 4.4, respectively. Finally, Section 4.5 evaluates the ro­

bustness of the designed PFTC on a simulated mechatronic system in 

closed-loop subject to a multiplicative fault.

All the numerical experiments presented in this section were con­

ducted in MATLAB on a workstation with a 64-core 3.20 GHz CPU and 

255 GB of RAM.
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Fig. 3. Minimizing the H2-norm (shaded area) of 1∕𝑊P(𝑠) involves optimizing 

for a performance weight 𝑊P(𝑠) that weighs the sensitivity function of the closed-

loop system, striving for higher bandwidth and higher disturbance attenuation.

4.1 . Application of GOBBC to a 𝜇-synthesis problem with performance 

weight optimization

In its current formulation, Problem (8) requires some caveats to make 

it a valid optimization problem. First, we define the performance weight 

𝑊P(𝑠) as the transfer function with parameters 𝜽 =
[

𝜃1 𝜃2 𝜃3
]⊤ ∈ R3

>0
as in [33, Chapter 2]: 

𝑊P (𝑠;𝜽) ∶=

(

𝜃1∕𝑛𝑊3 𝑠 + 𝜃2
)𝑛𝑊

⎛

⎜

⎜

⎝

𝑠 +
𝜃2

𝜃1∕𝑛𝑊1

⎞

⎟

⎟

⎠

𝑛𝑊
, (21)

where 𝑛𝑊 ∈ N is the order of the weight, 𝜃1 is the static gain, 𝜃2 (in rad

s
) is 

(approximately) the bandwidth requirement for the closed-loop system, 

and 𝜃3 is the high-frequency gain such that 𝜃3 < 𝜃1. The set of possible 

values for 𝜽 in (21) is defined as: 

Ω ∶=
{

𝜽 ∶ 𝜽l ≤ 𝜽 ≤ 𝜽u

}

(22)

with 𝜽l =
[

𝜃l1
𝜃l2

𝜃l3

]⊤ ∈ R3
>0, 𝜽u =

[

𝜃u1
𝜃u2

𝜃u3

]⊤ ∈ R3
>0. 

Second, as (21) is biproper, the cost function in (8a) practically reads 

as 

L (𝜽) ∶=

√

1
2𝜋 ∫

𝜔max

𝜔min

|

|

|

|

1
𝑊P (𝑗𝜔;𝜽)

|

|

|

|

2
d𝜔, (23)

where 𝜔min, 𝜔max ∈ R≥0 (in rad

s
) are such that 𝜔min < 𝜃l2

< 𝜃u2
< 𝜔max. 

The cost function in (23) can be viewed as the H2-norm of the inverse of 

the performance weight computed over the frequency range 
[

𝜔min, 𝜔max

]

rather than (−∞,∞) [33, Chapter 2], see Fig. 3. Third, the constraint 

in (8b) should be converted into a non-strict inequality constraint via 

the addition of an arbitrarily small constant 𝜀 ∈ R>0. Then, Problem (8) 

reads as the nested optimization problem6

𝜽∗ = arg min
𝜽

L (𝜽) (24a)

s.t. 𝜽 ∈ Ω (24b)

min
𝐾(𝑠)∈K

[

sup
𝜔∈R≥0

𝜇Δ̂
(

𝑁
(

𝑗𝜔; 𝑊P(𝜽), 𝐾
))

]

≤ 1 − 𝜀, (24c)

6 For ease of discussion, we consider only one (𝜽∗) of the possible global mini­

mizers of Problem (24), although the discussion can be extended in that regard, 

as was done in Section 3.

where (24b) is the set of inexpensive constraints in (22), and (24c) 

is the computationally-expensive constraint solved by 𝐷𝐾-iteration-

like algorithms [2,13,37] for a fixed performance weight 𝑊P(𝑠;𝜽)
with parameters 𝜽. Clearly, Problem (24) has the same structure as 

Problem (9), making GOBBC (Algorithm 1) a suitable candidate solver. 

Once Problem (24) is solved, the best-performing closed-loop controller 

𝐾∗(𝑠) is attained as in (7) using the optimal parameters 𝜽∗ for the 

performance weight 𝑊P(𝑠;𝜽).

4.2 . Comparison methods, simulation settings, and performance indicators

We compare the GOBBC-IDWI algorithm in Section 3.2 with two 

popular global optimization algorithms:

1. Augmented Lagrangian Genetic Algorithm (referred to as GA) [4,

10];

2. Interior-Point method with Multi-Start (referred to as IP-MS) [22,

25].

The settings for GOBBC-IDWI (Algorithm 1) are 𝜂 = 0.5, 𝓁max = 100, 

𝓁init = 30, and 𝑘exp = 5. The initial samples are generated via a Latin 

Hypercube Design [23]. The optimization problems that concern the 

active search phase of GOBBC-IDWI (Section 3.2.2) are solved by the 

PSO global optimization algorithm [18]. Instead, GA and IP-MS use the 

standard settings from their respective MATLAB implementations.

To make the comparison between the optimization algorithms fair, 

the same initial samples are used as the dataset D𝓁init
 in (13) for

GOBBC-IDWI, the initial population of GA, and the starting points of the lo­

cal optimization procedures for IP-MS. To maximize the time efficiency 

of GA and IP-MS, these methods are parallelized across CPU cores. In turn, 

this means that GA simultaneously updates its population of 𝓁init points 

while IP-MS solves the 𝓁init optimization problems in parallel. Clearly, 

this should favor GA and IP-MS from an efficiency standpoint compared 

to GOBBC-IDWI, since the latter is intrinsically a sequential method that 

cannot be parallelized. Finally, GA and IP-MS are stopped only once 

their respective convergence criteria are satisfied, allowing us to assess 

their most accurate solutions. Clearly, this may involve testing many 

more points than the 𝓁max allotted to GOBBC-IDWI. Nevertheless, de­

spite these seemingly unfavorable comparison conditions, in Sections 4.3 

and 4.4 we will see that GOBBC-IDWI can achieve satisfactory levels of 

effectiveness and efficiency, even surpassing the other two methods.

Concerning the 𝜇-synthesis problem with performance weight opti­

mization in (24), the order of the performance weight 𝑊P (𝑠;𝜽) in (21) 

is set to 𝑛𝑊 = 2, while the bounds for the tunable parameters are set 

to 𝜃l1
= 1dB, 𝜃u1

= 60dB (static gain), 𝜃l2
= 10−8 rad

s
, 𝜃u2

= 108 rad

s

(bandwidth),7 and 𝜃l3
= −60dB, 𝜃u3

= −1dB (high-frequency gain), 

comprising a vast range. The frequency range over which to compute 

the cost function in (23) is set to 𝜔min = 10−10 rad

s
 and 𝜔max = 1010 rad

s
. 

Finally, 𝜀 = 10−8 for the constraint in (24c).

To compare the considered optimization algorithms, we consider 

three performance indicators:

1. The (relative) value of the cost function achieved by the best-found 

calibration 𝜽∗
b
 (e.g., 𝜽∗

b
= 𝜽∗

(

𝓁max

)

 in the case of GOBBC-IDWI, see 

Algorithm 1) with respect to the best possible parameterization 

𝜽u attainable by L (𝜽) in (23) within Ω in (22), i.e.,8

L̃
(

𝜽∗
b

)

∶=
L
(

𝜽∗
b

)

− L
(

𝜽u

)

L
(

𝜽u

) . (25)

7 We apply a logarithmic transformation to 𝜃2 to assist the optimizers in 

handling its large range.
8 Note that 𝜽u = arg min

𝜽∈Ω
L (𝜽), i.e., if the constraint in (24c) were omitted, 

minimizing the H2-norm of 1∕𝑊P(𝑠;𝜽) would amount to choosing the maximal 

static gain, bandwidth, and high-frequency gain for the performance weight.
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This indicator measures the effectiveness of the optimizers in find­

ing the global minimum of (24) (see Section 3.1.4) and should be 

as low as possible.

2. The time required by the optimization algorithm to reach the solution

𝜽∗
b
 along with the number of evaluated points, which matches the 

number of times the 𝜇-synthesis procedure was executed (see the 

constraint in (24c)). This indicator is a measure of efficiency, as 

explained in Section 3.1.4, and should be as low as possible.

3. The degree of conservativeness of the 𝜇-synthesis solution in (7). 

Specifically,

𝛾
(

𝜽∗
b

)

∶= min
𝐾(𝑠)∈K

[

sup
𝜔∈R≥0

𝜇Δ̂
(

𝑁
(

𝑗𝜔; 𝑊P

(

𝜽∗
b

)

, 𝐾
))

]

(26)

is an indicator of the closed-loop performance attained by the op­

timal controller synthesized according to the tuned performance 

weight 𝑊P

(

𝑠;𝜽∗
b

) [33, Chapter 8]. In particular, 𝛾
(

𝜽∗
b

)

→ 1 repre­

sents a controller that achieves the desired performance, 𝛾
(

𝜽∗
b

)

→
0 marks a controller that still has margins of improvement with re­

spect to the desired performance, and 𝛾
(

𝜽∗
b

)

≥ 1 implies that the 

optimizer was not able to find a performance weight that guaran­

tees robust performance (as reviewed in Section 2.2), i.e., it failed 

to return a feasible solution of Problem (24).

4.3 . Numerical results for varying plant orders

First, we assess how the order of the plant model 𝐺𝑝 (𝑠) in (1) affects 

the effectiveness and efficiency of the considered optimization algo­

rithms, as well as the impact it has on the robust control performance. 

For this purpose, for each system order, we carry out 𝑛MC = 10 Monte 

Carlo (MC) simulations by varying the mean parameter values of 𝐺𝑝 (𝑠)
but keeping the relative uncertainties constant and equal to 10%, i.e. 

𝑟𝜌 = 0.1 in (2), ∀𝜌 ∈ {𝜆, 𝜑1,… , 𝜉𝑛p,C
}. In detail, the considered 𝐺𝑝 (𝑠)’s 

amount to:

1. A first-order system with 𝑔 = 0, 𝑛z,R = 𝑛z,C = 0, 𝑛p,R = 1, and 

𝑛p,C = 0. The mean gains are such that 𝜆̄ ∈ [10, 100], while the 

mean pole time constants 𝜏1 belong to [0.1, 10].
2. A second-order system with 𝑔 = 0, and 𝑛z,R, 𝑛p,R ∈ {0, 1, 2}, 
𝑛z,C, 𝑛p,C ∈ {0, 1}, randomly extracted in such a way as to have 

𝑛p,R + 2𝑛p,C = 2 and 𝑛z,R + 2𝑛z,C ≤ 2. The mean parameter values 

are such that 𝜆̄ ∈ [10, 100], 𝜏𝑖, 𝜑̄𝑖′ ∈ [0.1, 10], ∀𝑖 ∈ {1,… , 𝑛p,R}, 
∀𝑖′ ∈ {1,… , 𝑛z,R}, and 𝛽𝑖, 𝛼̄𝑖′ ∈ [0.1, 10], 𝜉𝑖, 𝜁𝑖′ ∈ [0.1, 0.9], ∀𝑖 ∈
{1,… , 𝑛p,C}, ∀𝑖′ ∈ {1,… , 𝑛z,C}.

3. A third-order system with 𝑔 ∈ {0, 1}, 𝑛z,R, 𝑛p,R ∈ {0,… , 3}, and 

𝑛z,C, 𝑛p,C ∈ {0, 1}, randomly extracted in such a way as to have 

𝑔 + 𝑛p,R + 2𝑛p,C = 3 and 𝑛z,R + 2𝑛z,C ≤ 3. The mean parameter 

values share the same ranges as the previous case.

4. A fourth-order system with 𝑔 ∈ {0, 1}, 𝑛z,R, 𝑛p,R ∈ {0,… , 4}, and 

𝑛z,C, 𝑛p,C ∈ {0, 2}, randomly extracted in such a way as to have 

𝑔 + 𝑛p,R + 2𝑛p,C = 4 and 𝑛z,R + 2𝑛z,C ≤ 4. The mean parameter 

values share the same ranges as the second-order system.

For each MC simulation, the values 𝜌̄, 𝜌 ∈ {𝜆, 𝜑1,… , 𝜉𝑛p,C
}, are ex­

tracted from the uniform distribution with supports chosen as above. 

Given the limited orders of the considered systems, we employ simple 

fixed-structure PID controllers, namely

𝐾 (𝑠;𝝍) ∶= 𝜓1 +
𝜓2
𝑠

+
𝜓3𝑠

1 + 𝜓4𝑠
, (27)

with parameters 𝝍 =
[

𝜓1 𝜓2 𝜓3 𝜓4
]⊤ ∈ R4. Then, the 𝜇-synthesis 

procedure in (7) will return the optimal parameters 𝝍∗ for the PID con­

troller in (27) given the performance weight 𝑊P

(

𝑠;𝜽∗
b

)

 found by the 

optimizer.

Fig. 4(a) and Table 1 show the performance indicators described 

in Section 4.2 in this setting. The results are outstanding: GOBBC-IDWI 

Table 1 

Number of times the 𝜇-synthesis procedure was ex­

ecuted by the optimization procedures when solving 

Problem (24), which is a measure of efficiency (see 

Section 4.2). ∗GOBBC-IDWI always tests the same number 

of calibrations, which amounts to 𝓁max = 100.

System order (𝑟𝜌 = 0.1)

Method 1 2 3 4

GOBBC-IDWI∗ 100 100 100 100
GA 7288 7190 7190 7205
IP-MS 2862 2682 2452 2364

Relative uncertainty (2nd order system)

Method 5% 10% 15% 20% 25%

GOBBC-IDWI∗ 100 100 100 100 100
GA 7190 7190 7190 7190 7190
IP-MS 2618 2682 2633 2626 2577

matches the effectiveness of GA, offers greater efficiency, and produces per­

formance weights that yield less conservative robust controllers. Indeed, we 

would expect a general-purpose global optimization algorithm to return 

an accurate global solution of Problem (24) when allowed to run until 

convergence. For this reason, the solutions returned by GA can be re­

garded as being very close to the true global minimum of Problem (24), 

aside from the occasional outliers. Yet, GOBBC-IDWI is able to reach sim­

ilar values of L̃
(

𝜽∗
b

)

 in (25) despite evaluating (roughly) one hundredth

fewer tunings than GA. This translates into a significant saving of com­

putational time, as GOBBC-IDWI takes nearly one order of magnitude less 

time than GA. To put it into perspective, considering the fourth-order 

system (which is the most computationally-intensive), GOBBC-IDWI runs 

for 676 minutes in the worst case among the 𝑛MC ones while GA needs 

1691 minutes to converge, a significant difference.

Concerning IP-MS, this optimization algorithm severely underper­

forms in terms of effectiveness. Indeed, due to the nonlinearity and 

nonconvexity of Problem (24) (Section 2.3), a proper initialization of 

this procedure is crucial, as it involves running local solvers. In our 

simulations, despite employing the multi-start methodology, IP-MS lags 

behind in terms of L̃
(

𝜽∗
b

)

 in (25), especially for higher plant orders. In 

terms of efficiency, this method is in between GOBBC-IDWI and GA both 

in terms of optimization time and number of evaluations.

Regarding 𝛾
(

𝜽∗
b

)

 in (26), we can see that GOBBC-IDWI usually attains 

the best results in the sense that its corresponding distributions are 

usually less dispersed and closer to 1. Remarkably, GOBBC-IDWI is able 

to achieve robust performance (𝛾
(

𝜽∗
b

)

< 1) in all the considered scenarios

while GA (respectively, IP-MS) fails to do so one (three) time(s). This mo­

tivates our proposal even further in the considered application setting, 

as attaining feasible solutions is of utmost importance for Problem (24).

To conclude, restricting our analysis to GOBBC-IDWI, we can assess 

how the order of the plant affects the results of our proposal by ex­

amining Fig. 4(a). In our simulations, there is no significant change in 

effectiveness (L̃
(

𝜽∗
b

)

 in (25)) as the plant order increases, implying that 

we can find similarly performing performance weights in all cases. 

Concerning efficiency, computational times tend to increase as the plant 

order increases since the complexity of 𝜇-synthesis scales with the num­

ber of uncertain parameters [33, Chapter 8]. Hence, this is not an issue 

of GOBBC-IDWI. Finally, no significant pattern is observed for the degree 

of conservativeness indicator in (26).

4.4 . Numerical results for varying uncertainty levels

Next, we assess how the relative uncertainty in the parameters of the 

plant model 𝐺𝑝 (𝑠) in (1) impacts the effectiveness, efficiency, and ro­

bust control performance of the considered optimization algorithms. To 

that end, in a fashion similar to Section 4.3, we conduct 𝑛MC = 10 Monte 

Carlo simulations this time by varying 𝑟𝜌 in (2), 𝜌 ∈ {𝜆, 𝜑1,… , 𝜉𝑛p,C
}, but 
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Fig. 4. Distribution of the performance attained by the considered optimization algorithms for varying plant orders and relative uncertainty levels on the 𝑛MC = 10
different systems. The distributions are represented using box plots; due to the low 𝑛MC, we also display the specific results for each plant using filled circle markers. 

In particular, (i) shows the effectiveness indicator in (25); (ii) depicts the time required by the optimization algorithms to reach a solution. We remark that the 

optimization times are reported on a logarithmic scale and that GA and IP-MS evaluate 30 samples at a time (due to the parallelization explained in Section 4.2), 

whereas GOBBC-IDWI assesses only one calibration at a time. Finally, (iii) is the degree of conservativeness of the 𝜇-synthesis procedure reported in (26). In this final 

plot, we use star markers to highlight those simulations such that 𝛾
(

𝜽∗
b

)

≥ 1, i.e., when the optimization solvers failed to find a performance weight that guarantees 

robust performance. Furthermore, we also report the number of times that is the case.

keeping the plant’s order constant and equal to two. In particular, the 

𝐺𝑝 (𝑠)’s are generated exactly as described in Section 4.3 (second-order 

system), but now we test five different levels of relative uncertainty 

𝑟𝜌 ∈ {0.05, 0.1, 0.15, 0.2, 0.25}. Again, we employ fixed-structure PID 

controllers as in (27).

Fig. 4(b) and Table 1 show the performance indicators described in 

Section 4.2 for the considered simulations. Even in this setting, GOBBC-

IDWI outperforms the other two methods in the sense that it is as effective 

as GA but notably more efficient, also attaining satisfactory degrees of con­

servativeness with regard to the 𝜇-synthesis solutions. As a matter of fact, 

consistent with Section 4.3, GOBBC-IDWI achieves values of L̃
(

𝜽∗
b

)

 in (25) 

that are similar to those attained by GA while taking notably less time 

to run, evaluating (roughly) one hundredth fewer calibrations. IP-MS
still lags behind GOBBC-IDWI and GA in terms of effectiveness, but it 

is more efficient than the genetic algorithm. However, IP-MS heavily 

struggles in finding feasible solutions (𝛾
(

𝜽∗
b

)

< 1) for Problem (24) as 

the relative uncertainty increases, failing to achieve robust performance 

one time for 𝑟𝜌 = 0.1, two times for 𝑟𝜌 ∈ {0.15, 0.2}, and three times 

for 𝑟𝜌 = 0.25. Instead, in this setting, GOBBC-IDWI and GA show simi­

lar distributions of 𝛾
(

𝜽∗
b

)

 in (26) and always yield robust-performing

controllers.

In conclusion, from the results reported in Fig. 4(b), we can say that 

changing the level of relative uncertainty does not noticeably impact the 

effectiveness or the efficiency of the optimization algorithms. However, 

increasing 𝑟𝜌 can make it harder to find a controller that guarantees robust 

performance, as the results of IP-MS suggest.

4.5 . Passive fault-tolerant control of a three-mass mechatronic system

As a practical application, we consider the self-balancing manual ma­

nipulator system represented in Fig. 5, which assists human operators 

in handling heavy loads. Its main components are: (i) the direct current 

motor that actuates the load, (ii) the steel wire rope, wrapped around a 

drum, which transmits motion from the motor shaft to the handle, (iii) 

the winding drum on which the rope wraps around, (iv) the load to be 

moved, and (v) the handle, which is the mechanical device that holds 

the load and guides its motion. The system is controlled in closed-loop 

to modulate the motor speed. The wire rope is the most critical com­

ponent of the system, as it degrades over time and eventually breaks 

after a certain number of maneuvers. It is thus important to guarantee 

the stability and control performance of the closed-loop system despite 

changes in the rope’s properties caused by degradation.
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Fig. 5. Schematic representation of the considered mechatronic system, present­

ing the main components: motor (yellow), winding drum, wire rope (gray), and 

load (blue). (For interpretation of the references to color in this figure legend, 

the reader is referred to the web version of this article.)

Fig. 6. Mass-spring–damper model of the system in Fig. 5. The motor and drum 

have inertia 𝐽m and 𝐽d, respectively, while the load has a mass 𝑚L. The input 

is the motor torque 𝜏m(𝑡). The rotational positions of the motor and drum are 

denoted as 𝑧m(𝑡) and 𝑧d(𝑡), respectively. The load translational position is de­

noted as 𝑥L(𝑡). The transmission ratio between the motor and the winding drum 

is 𝑛. The winding drum has a radius 𝑟. The elements 𝜅m (rigidity) and 𝐷m (vis­

cous coefficient) characterize the elastic transmission between the motor and 

the winding drum, while 𝜅r and 𝐷r characterize the wire rope, modeled as an 

elastic (although almost rigid) transmission.

Considering the motor torque 𝜏m(𝑡) as the input and the 

motor rotational speed 𝑧̇m(𝑡) as the output, the system in Fig. 5 

can be modeled as a mass-spring–damper LTI SISO system 

(Fig. 6) with state-space matrices (𝐴,𝐵, 𝐶,𝐷) and state 𝒙(𝑡) =
[

𝑧m(𝑡) 𝑧̇m(𝑡) 𝑥L(𝑡) 𝑥̇L(𝑡) 𝑧d(𝑡) 𝑧̇d(𝑡)
]⊤ ∈ R6 with:

𝐴 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 1 0 0 0 0

−
𝜅m

𝐽m

−
𝐷m

𝐽m

0 0
𝑛𝜅m

𝐽m

𝑛𝐷m

𝐽m

0 0 0 1 0 0

0 0 −
𝜅r

𝑚L

−
𝐷r

𝑚L

𝑟𝜅r

𝑚L

𝑟𝐷r

𝑚L

0 0 0 0 0 1
𝑛𝜅m

𝐽d

𝑛𝐷𝑚
𝐽d

𝑟𝜅r

𝐽d

𝑟𝐷r

𝐽d

−
𝑛2𝜅m

𝐽d

−
𝑟2𝜅r

𝐽d

−
𝑛2𝐷𝑚
𝐽d

−
𝑟2𝐷r

𝐽d

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

𝐵 =
[

0 1
𝐽m

0 0 0 0
]⊤

𝐶 =
[

0 1 0 0 0 0
]

, 𝐷 = 0.

The value of each parameter is reported in Table 2. 

Having introduced the three-mass system under study, the aim is now 

to design a PFTC for the motor rotational speed 𝑧̇m(𝑡) by actuating the 

torque 𝜏m(𝑡). The control performance should be maintained despite rope 

degradation. Specifically, the degradation of the wire rope could include 

loosening or breaking of some of its wires. We model such degradation 

as a decrease in the value of its stiffness 𝜅r. This modeling assumption 

is motivated by considering the relationship between the stiffness of a 

rope subject to axial loads and its constructive parameters, i.e.,

𝜅r ≈ 𝜖 𝑎
𝑐
,

Table 2 

Parameters of the system in Fig. 6.

Parameter Symbol Value Unit

Motor inertia 𝐽m 0.05 kg ⋅m2

Drum inertia 𝐽d 0.8 kg ⋅m2

Load mass 𝑚L 60 kg

Motor-drum stiffness 𝜅m 4000 Nm∕rad
Motor-drum damping 𝐷m 0.15 Nm∕(rad∕s)
Rope stiffness 𝜅r 15,000 N∕m
Rope damping 𝐷r 0.8 N∕(m∕s)
Transmission ratio motor-drum 𝑛 3 −
Drum radius 𝑟 0.3 m

Fig. 7. Magnitude of the uncertain three-mass system in Fig. 5 for varying levels 

of rope stiffness as in (29). The model corresponding to a healthy rope is shown 

as a continuous line. The dashed lines represent different perturbed plant models 

with 𝜅rmin
≤ 𝜅r𝑝

< 𝜅rmax
. Color intensity embeds the corresponding rope stiffness 

value 𝜅r𝑝
. (For interpretation of the references to color in this figure legend, the 

reader is referred to the web version of this article.)

Table 3 

Results achieved by GOBBC-IDWI when applied to the 

design of a PFTC for the three-mass system in Fig. 5.

Indicator/parameter Value

Relative cost L̃
(

𝜽∗
b

)

 in (25) 1.26%
Optimization time 11.37min

Degree of conservativeness 𝛾
(

𝜽∗
b

)

 in (26) 0.99
Optimal static gain 𝜃∗

b1
 for (21) 60dB

Optimal bandwidth 𝜃∗
b2

 for (21) 3.80 rad

s

Optimal high-frequency gain 𝜃∗
b3

 for (21) −1dB

where 𝜖 is the Young’s modulus, 𝑎 is the cross-sectional area of the rope, 

and 𝑐 is a constant factor [11, Chapter 3.4]. Following the breaking of 

a wire, there is a decrease in the effective area of the rope 𝑎, and so 

𝜅r decreases as a consequence. Then, to model rope degradation within 

the framework introduced in Section 2.1, we define its stiffness as an 

uncertain parameter like in (2), i.e., 

𝜅r𝑝
∶= 𝜅̄r

(

1 + 𝑟𝜅r
𝛿𝜅r

)

for any 𝛿𝜅r
∈ R, ||

|

𝛿𝜅r

|

|

|

≤ 1. (29)

Specifically, let 𝜅rmax
= 15000N∕m (as reported in Table 2) be the stiff­

ness of the healthy rope. We consider the rope to have reached its 

end-of-life when its stiffness approaches the value 𝜅rmin
= 10500N∕m. 

Then, the mean rope stiffness in (29) is 𝜅̄r =
𝜅rmax

+𝜅rmin

2 = 12750N∕m, 

while the relative uncertainty is 𝑟𝜅r
=

𝜅rmax
−𝜅rmin

𝜅rmax
+𝜅rmin

= 0.1765. Fig. 7 shows 

the magnitude of several perturbed plant models, highlighting that 𝜅r𝑝
in (29) acts on the low-frequency resonance of the considered three-mass 

system. 

Given the uncertain plant model, we now employ the GOBBC-IDWI
algorithm with the settings described in Section 4.2 to synthesize a 
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Fig. 8. Magnitude of the closed-loop sensitivity function of the uncertain three-

mass system in Fig. 5 equipped with the optimal controller found by 𝜇-synthesis 

with performance weight tuned by GOBBC-IDWI for varying levels of rope stiffness 

as in (29). The closed-loop model corresponding to a healthy rope is shown as 

a continuous line. The dashed colored lines represent different perturbed plant 

models with 𝜅rmin
≤ 𝜅r𝑝

< 𝜅rmax
. Color intensity embeds the corresponding rope 

stiffness value 𝜅r𝑝
. The dashed black line represents the magnitude of the inverse 

of the optimal performance weight. The figure also reports the desired band­

width of the closed-loop system. (For interpretation of the references to color in 

this figure legend, the reader is referred to the web version of this article.)

PFTC for the three-mass system under study, following the procedure 

in Section 4.1. Different from Sections 4.3 and 4.4, we design a con­

troller 𝐾(𝑠) with no structure imposed a-priori. The results in terms of 

the indicators presented in Section 4.2 are reported in Table 3, includ­

ing also the parameters 𝜽∗
b
 of the optimal performance weight in (21). 

Note that robust performance is guaranteed since 𝛾
(

𝜽∗
b

)

< 1 as in (26). 

We can see that the limiting factor is the (approximate) bandwidth of 

the closed-loop system, which cannot be increased beyond 3.80 rad∕s

without affecting the RP of the controller. Interestingly, the optimiza­

tion time is quite lower than those obtained in Fig. 4, despite the fact 

that we are dealing with a sixth-order system. However, we remark 

that the complexity of 𝜇-synthesis scales heavily in the number of 

uncertain parameters, even more so than in the system’s order [33, 

Chapter 8], making the problem tackled in this section (only one un­

certain parameter) computationally-lighter than those in Sections 4.3 

and 4.4.

To inspect the quality of the designed PFTC, Fig. 8 reports the magni­

tude of the closed-loop sensitivity function for varying perturbed plant 

models, comparing it against the inverse of the optimal performance 

weight 𝑊P

(

𝑠;𝜽∗
b

)

. We can clearly see that the displayed sensitivity 

functions are always below 1∕𝑊P

(

𝑠;𝜽∗
b

)

, verifying the robust perfor­

mance condition described in Section 2.2 from a practical perspective. 

For further validation, Fig. 9 displays several closed-loop step responses 

due to a 200 rad∕s speed reference. We can see that the robust perfor­

mance guaranteed during the PFTC design phase translates directly into 

a closed-loop system that maintains similar performance levels (e.g., 

settling times) despite the degradation of the steel wire rope. 

5 . Conclusions

In this paper, we propose a novel, globally-convergent, surrogate-

based optimization method tailored for optimization problems with a 

computationally-light cost function and computationally-expensive con­

straints, which we refer to as the Global Optimization under Black-Box 

Constraints (GOBBC) algorithm. These types of optimization problems 

are particularly relevant in the context of 𝜇-synthesis with automatic 

performance weight selection, where one has to solve a nested optimiza­

tion problem to find the performance weight that maximizes closed-loop 

Fig. 9. Examples of closed-loop step responses of the uncertain three-mass sys­

tem in Fig. 5 equipped with the optimal controller found by 𝜇-synthesis with 

performance weight tuned by GOBBC-IDWI for varying levels of rope stiffness as 

in (29). In all cases, the reference is set to 200 rad∕s (dashed black line). The 

closed-loop model corresponding to a healthy rope is shown as a continuous 

line. The dashed colored lines represent different perturbed plant models with 

𝜅rmin
≤ 𝜅r𝑝

< 𝜅rmax
. Color intensity embeds the corresponding rope stiffness value 

𝜅r𝑝
. The figure also reports a rough approximation of the desired settling time 

based on the bandwidth of the optimal performance weight 𝑊P

(

𝑠;𝜽∗
b

)

. (For in­

terpretation of the references to color in this figure legend, the reader is referred 

to the web version of this article.)

performance while preserving robust stability and robust performance of 

the system. Solving such a nested optimization problem is challenging 

due to the presence of local minima and a computationally-expensive 

𝜇-synthesis constraint, making GOBBC the ideal candidate for its reso­

lution. Specifically, in this work, we rely on GOBBC to design passive 

fault-tolerant controllers for SISO LTI plants subject to multiplicative 

faults with maximally achievable closed-loop performance; the same 

rationale can be applied to synthesize robust controllers in general. 

Numerical results demonstrate that GOBBC is as effective as state-of-

the-art general-purpose global optimization algorithms in finding the 

minima of the considered 𝜇-synthesis optimization problem, while be­

ing remarkably more efficient in the sense that computational times are 

notably reduced, all the while yielding non-conservative PFTCs. The ap­

plication to a three-mass mechatronic system practically proves that our 

proposal can maximize the closed-loop performance of a system whose 

components (respectively, parameters) degrade (change) over time.

Future directions include extending our proposal to the Multiple-

Input Multiple-Output (MIMO) setting, considering also cases where 

users impose constraints on the complementary sensitivity and control 

sensitivity functions (or transfer matrices).
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Appendix A . Empirical case study on the hyperparameters of

GOBBC

As an example, we consider the synthetic benchmark optimiza­

tion problem camelsixhumps - hard constrained [40, Table I], a 

2-dimensional optimization problem as in (9) that exhibits a narrow Ξ-

feasibility region with respect to the bound constraints in Ω. This bench­

mark problem is such that the cost function L (𝜽) is nonlinear and mul­

timodal, and arg min
𝜽∈Ω

L (𝜽) = {
[

0.0898 −0.7126
]⊤ ,

[

−0.0898 0.7126
]⊤}

while 𝜽∗ = arg min
𝜽∈Ω∩Ξ

L (𝜽) =
[

0.2126 0.5751
]⊤

, i.e., the sets of global 

minimizers of the problem with and without the constraints in Ξ do not 

match.

We employ this benchmark optimization problem to test the perfor­

mance of GOBBC-IDWI for different values of 𝜂 and 𝑘exp, thereby gaining 

insights into how these hyperparameters affect the optimization process. 

In all the simulations presented here, the budget is set to 𝓁max = 200, 

while the 𝓁init = 30 initial samples are generated by an LHD [23]. All 

simulations employ the same initial starting samples, which already in­

clude two Ξ-feasible calibrations. We test all possible combinations of 

𝜂 = 0.1 (very low concern for Ξ-feasibility), 𝜂 = 0.5 (standard set­

ting), 𝜂 = 0.9 (conservative), and 𝑘exp = 10 (explore “often”, i.e., 

⌊(𝓁max − 𝓁init)∕(𝑘exp + 1)⌋ = 15 times in total), 𝑘exp = 25 (explore “some­

times”, i.e., 6 times in total), and 𝑘exp = 40 (explore “rarely”, i.e., 4 times 

in total). The results are reported in Fig. A.10.

Analyzing the cases when 𝜂 = 0.1 (Fig. A.10(a)), we can see that

GOBBC-IDWI tests many Ξ-infeasible samples, especially because the 

Ξ-unconstrained global minimizers are outside of Ξ. As a matter of 

fact, most of the tested calibrations are close to 
[

−0.0898 0.7126
]⊤

. 

Varying 𝑘exp in this setting changes how exploration is carried out. 

Particularly, 𝑘exp = 10 allows GOBBC-IDWI to probe regions of Ω that 

are furthest away from the Ξ-unconstrained global minimizers, while 

the other choices lead the procedure to focus only on a neighborhood 

of 
[

−0.0898 0.7126
]⊤

. In any case, when 𝜂 = 0.1, the setting 𝑘exp ∈
{10, 25, 40} does not particularly affect the convergence of the method 

(last row of Fig. A.10(a)), but we believe that is the case solely because 
[

−0.0898 0.7126
]⊤

 is close to 𝜽∗, ultimately allowing the procedure to find 

the feasible global minimizer. Nonetheless, the approximate Ξ-feasibility 

boundaries in these simulations differ significantly from the real one.

Analyzing the cases when 𝜂 = 0.9 (Fig. A.10(c)), we can observe a be­

havior that is opposite to the one previously described. Now, GOBBC-IDWI
acts very conservatively and rarely samples far from the available Ξ-

feasible calibrations. In fact, for 𝑘exp ∈ {25, 40} (𝜂 = 0.9), the method 

struggles to converge to the global minimizer, failing to do so within 

the allotted budget. The situation improves when 𝑘exp = 10 (𝜂 = 0.9) as 

now the method is able to approach 𝜽∗, although much more slowly than 

when 𝜂 ∈ {0.1, 0.5}. In any case, the approximate Ξ-feasibility regions 

are extremely narrow when 𝜂 = 0.9, explaining the conservative behav­

ior of GOBBC-IDWI. We can conclude that 𝑘exp is a key parameter when 

𝜂 → 1, and should be set low enough to prevent GOBBC-IDWI from getting 

stuck in a suboptimal region of the feasible space.

Finally, the best trade-off is achieved when 𝜂 = 0.5 (Fig. A.10(b)). In 

this setting, GOBBC-IDWI demonstrates a good balance of Ξ-feasible and 

Ξ-infeasible points, allowing the procedure to converge to the global 

minimizer relatively quickly while also producing an approximate Ξ-

feasibility region 𝑝𝓁max−1 (𝜽) ≥ 𝜂 that closely resembles the actual one. 

The convergence rate in this setting (last row of Fig. A.10(b)) depends 

on the choice of 𝑘exp (in this specific case, the best results are achieved 

by 𝑘exp = 25), although no significant differences are observed.

Appendix B . Proof of Theorem 2

In what follows, we denote by Θ𝓁  the set comprising the first 𝓁 ∈ N
entries of the infinite sequence ⟨𝜽𝑖⟩𝑖≥1, i.e. Θ𝓁 = {𝜽1,… ,𝜽𝓁}, while 

Θ∞ represents the set containing all the elements of ⟨𝜽𝑖⟩𝑖≥1. Besides 

Theorem 1, to prove the convergence of GOBBC we also leverage the fol­

lowing result from the global optimization literature, which provides a 

sufficient condition that ensures the denseness of Θ∞ within a compact 

set.

Theorem 3  (A sufficient condition for the denseness of Θ∞ [31]). Let 

S ⊂ R𝑑  be a compact set and ⟨𝜽𝑖⟩𝑖≥1 be a sequence of points such that 

𝜽𝑖 ∈ S, ∀𝑖 ∈ {1, 2,…}. Suppose that there exists a strictly increasing 

sequence of positive integers ⟨𝓁𝜄⟩𝜄≥1, 𝓁𝜄 ∈ N, such that ⟨𝜽𝑖⟩𝑖≥1 satisfies the 

following condition for some 𝜎 ∈ (0, 1]: 

min
1≤𝑖≤𝓁𝜄−1

‖

‖

‖

𝜽𝓁𝜄 − 𝜽𝑖
‖

‖

‖2
≥ 𝜎𝜙S

(

Θ𝓁𝜄−1

)

, ∀𝜄 ∈ N, (B.1)

where: 

𝜙S

(

Θ𝓁𝜄−1

)

∶= max
𝜽∈S

min
1≤𝑖≤𝓁𝜄−1

‖

‖

𝜽 − 𝜽𝑖‖‖2 . (B.2)

Then, Θ∞ is dense in S.

Now, consider the sequence of tested points ⟨𝜽𝑖⟩𝑖≥1 produced by

GOBBC (Algorithm 1). The first 𝓁init elements of ⟨𝜽𝑖⟩𝑖≥1 are obtained by 

the chosen experimental design. Instead, each 𝜽𝑖 ∈ Θ𝓁 , 𝓁 > 𝓁init, is 

selected by either Problem (16), Problem (17), or Problem (19). We 

consider two cases.

Degenerate case. The first case is degenerate and considers Ξ to be 

a compact superset of Ω, i.e. Ξ ⊇ Ω. Then, any 𝜽 ∈ Ω is Ξ-feasible 

and, consequently, 𝜽 is also feasible w.r.t. Problem (9). In turn, this 

means that after the experimental design phase D𝓁init
 in (13) is such 

that ∄
(

𝜽𝑖, 𝑢𝑖
)

∈ D𝓁init
 with 𝑢𝑖 = 0. Consequently, Algorithm 1 selects

𝜽𝓁init+1 = arg min
𝜽∈Ω

L (𝜽) ,

which is such that 𝜽𝓁init+1 = 𝜽∗𝑖  for some 𝜽∗𝑖 ∈ Θ∗ in (11) (recall 

Remark 3) due to Ξ ⊇ Ω, attaining one of the global minimizers of 

Problem (9) and proving the global convergence of GOBBC (in finite time) 

in this case.

Non-degenerate case. The second case is when Ω∩Ξ ⊂ Ω. To prove the 

convergence of GOBBC in this setting, we demonstrate that Θ∞ is dense in 

Ω (recall Theorems 1 and 3). As a consequence, Θ∞ is also dense in Ω∩Ξ. 

Note that, due to the finiteness of 𝑘exp, Algorithm 1 solves Problem (16) 

an infinite number of times for 𝓁 → ∞, either:

1. At every iteration until finding a Ξ-feasible point, and then every 

𝑘exp + 1 iterations;

2. Every 𝑘exp+1 iterations after an initial phase during which GOBBC
solves Problem (17) instead of Problem (19), if D𝓁init

 does not 

include a Ξ-infeasible point;

3. Every 𝑘exp + 1 iterations if D𝓁init
 in (13) is such that 

∃
(

𝜽𝑖, 𝑢𝑖
)

,
(

𝜽𝑖′ , 𝑢𝑖′
)

∈ D𝓁init
, 𝑖 ≠ 𝑖′, with 𝑢𝑖 = 0 and 𝑢𝑖′ = 1.

Then, we can define a strictly increasing sequence of positive integers 

⟨𝓁𝜄⟩𝜄≥1, 𝓁𝜄 ∈ N, such that:

𝜽𝓁𝜄 = arg min
𝜽
𝑧𝓁𝜄−1 (𝜽) , ∀𝜄 ∈ N (B.3)

s.t. 𝜽 ∈ Ω,

marking those candidate points found by solving Problem (16). Now, 

note that each 𝜽𝑖 ∈ Θ𝓁𝜄−1 is a global maximizer of Problem (B.3), as 

proven in [28, Proposition 4]. This result, together with the continu­

ity of 𝑧𝓁𝜄−1 (𝜽) [5, Lemma 2], compactness of Ω (Assumption 1), and 

minimization over Ω as the constraint set, implies that:

𝜽𝓁𝜄 ∉ Θ𝓁𝜄−1 ⟹ ∃𝜎𝜄 ∈ (0, 1] s.t. (B.4)
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Fig. A.10. Results achieved by GOBBC-IDWI (Algorithm 1) on the camelsixhumps - hard constrained [40, Table I] optimization benchmark for different thresholds 

𝜂 ∈ {0.1, 0.5, 0.9} and exploration iterations 𝑘exp ∈ {10, 25, 40} values. The top three rows of plots display the level curves of the cost function L (𝜽), the Ξ-feasibility 

boundary as a continuous red line, and the global minimizer as a blue star. The red and black markers denote all the 𝓁max points tested by the GOBBC-IDWI algorithm, 

differentiating between the Ξ-feasible (black) and Ξ-infeasible (red) ones, as well as making a distinction between the calibrations tested during the experimental 

design phase (cross markers) and those found in the active search phase (circle markers). The blue filled circle marker shows 𝜽∗
(

𝓁max

)

. Finally, the magenta dashed 

line is the approximate Ξ-feasibility boundary determined by 𝑝𝓁max−1 (𝜽) ≥ 𝜂 (i.e., at the last iteration of GOBBC-IDWI). The last row of plots shows the evolution of the 

cost function value of the best calibration 𝜽∗ (𝓁), 1 ≤ 𝓁 ≤ 𝓁max, iteratively found by GOBBC-IDWI. The colored dashed lines are associated with Ξ-infeasible 𝜽∗ (𝓁)’s, 
while the continuous lines represent Ξ-feasible 𝜽∗ (𝓁)’s. The dashed black horizontal line is the global minimum of the benchmark optimization problem. Finally, the 

dashed black vertical line marks the number of initial samples. (For interpretation of the references to color in this figure legend, the reader is referred to the web 

version of this article.)

min
1≤𝑖≤𝓁𝜄−1

‖

‖

‖

𝜽𝓁𝜄 − 𝜽𝑖
‖

‖

‖2
≥ 𝜎𝜄𝜙Ω

(

Θ𝓁𝜄−1

)

, ∀𝜄 ∈ N,

where 𝜙Ω

(

Θ𝓁𝜄−1

)

 is defined analogously to (B.2). Define

𝜎 = min
𝜄∈N

𝜎𝜄,

and notice that (B.4) holds even if we set 𝜎𝜄 = 𝜎, ∀𝜄 ∈ N. Then, GOBBC gen­

erates a sequence of points that satisfies Condition (B.1) of Theorem 3, 

making Θ∞ dense in Ω and, as a consequence, dense in Ω∩Ξ. This result, 

combined with Theorem 1, implies that GOBBC is a globally convergent 

optimization procedure. □
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