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Abstract

This thesis proposes a framework based on geostatistical models for the analysis of environmental

datasets. Geostatistical models rely on stochastic �elds (also called random �elds or stochastic pro-

cesses), which are usually described by a small number of parameters that can be estimated and

modelled; they aim at building a process that only mimics some patterns of the observed space-time

variability, without necessarily following the underlying governing \true" equations. The model ran-

domness may not originate from the actual physical process; it is most often a (model-dependent)

measure of uncertainty regarding the unique physical process, whose parameters are not completely

known. Stochastic models are then considered as alternative approaches until more elaborate physi-

cally based models become available.

Geostatistical space{time models, also referred to as spatio-temporal models, are rapidly evolving

to face this surge of novel data structures in various application �elds: geology, meteorology and

climate science, ecology, epidemiology, economics, politics, and more. Research in space and space-

time analysis is of broad and current interest in the statistical research literature and applications.

Stochastic models that extend spatial statistics to include the additional time dimension are presented

throughout the thesis with a common notation to facilitate comparison. Two main conceptual view-

points are distinguished:(i) approaches involving a single spatio-temporal random function model,

and(ii) dynamical-statistical approach, which involves vectors of space random functions or vectors

of time series. Moreover, links between these two viewpoints are then revealed, with advantages and

shortcomings highlighted.

While there are many problems for which the statistical approach(i) provides satisfactory so-

lutions, it does not explicitly model the aetiology of the phenomenon under study. In contrast,

the dynamical-statistical approach models how the current state depends on previous states through

dynamical relationships that are either mechanistic or probabilistic. The rationale for adopting the dy-

namical speci�cation is discussed in detail in this thesis. These models are typically speci�ed through

a set of parameters that are unknown in practice and must be estimated from observed data. Estimation

is naturally formulated within a state-space framework, where the unobserved state process can be in-
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ferred using the Kalman �lter or Kalman smoother when parameters are known. In the more common

case where parameters are unknown, the standard approach is to use the expectation{maximisation

(EM) algorithm to get the maximum-likelihood estimates (MLE).

We will focus on the Gaussian state-space formulation; thus, the space random functions are

assumed Gaussian. Furthermore, we consider the joint modelling of multiple spatial variables, known

as multivariate analysis, which allows for improved predictive performance and enables a deeper

understanding of the cross-dependencies among processes observed in the same spatial domain. We

use a variant of the state-space model to explain the particulate matter,%" 2•5 and%" 10 respectively.

The results of leave-one-out cross-validation show that the state-space model outperforms benchmark

approaches. Building upon these results, we propose a heteroskedastic space-time model used to

estimate the impact of ammonia (#� 3) emissions on the concentration of%" 2•5 in the Lombardy

region, Italy.

With the modern set of larger and larger spatial datasets, however, exact inference of Gaussian

processes becomes computationally infeasible. Datasets from remote-sensing platforms and sensor

networks are often very large. Processing massive amounts of data to provide current estimates of the

state from current and past data is challenging, even for the Kalman �lter. A large number of spatial

locations observed through time can quickly lead to an overwhelmingly high-dimensional statistical

model. As a result, e�cient approximations and scalable methods are needed for Gaussian processes

inference to modern spatio-temporal datasets.

To deal with the large spatial-temporal regression problems, we develop a variant of the state-space

model by exploiting the low-rank approximation of a Gaussian process. The method is based on that

the Gaussian process, under general conditions, can be viewed as a solution to a certain stochastic

partial di�erential equation (SPDE). This reduces the computational cost of the Kalman �lter, while

preserving the physical interpretation of the original model. We prove theoretical results, including

asymptotic properties and error bounds for the proposed low-rank model. The MLE of the model

parameters is carried out via EM, which results in closed-form updates for most parameters. Extensive

simulations validate both the accuracy and e�ciency of the method. Although our discussion focuses

on domains
 � R2, the approach extends naturally to higher-dimensional manifolds, and future

studies may further adapt it to networks and graphs, highlighting the model's 
exibility and broad

applicability.
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Chapter 1

Introduction

This thesis presents a modelling framework for spatio-temporal processes. Spatio-temporal statistics

is a discipline rooted in geostatistics and focuses on the analysis of data indexed simultaneously by

location (space) and time. In recent years, spatio-temporal analysis has gained increasing relevance

in the geosciences, driven by large-scale sampling campaigns, the rapid growth of data availability,

and diverse application domains. These include environmental monitoring, climate science, geology,

forestry, and astronomy, as well as any discipline that relies on spatially distributed data and seeks to

model dependencies across both space and time.

Environmental time series often exhibit distinctive features that set them apart from other types

of temporal data. Classical time series models are typically built on the assumption of identically

distributed errors that are dependent across equally spaced time points. The equal spacing and unidi-

rectional 
ow of time underlie the construction of these models. In contrast, an important characteristic

of environmental time series is the spatial correlation among observations. Environmental phenomena

are inherently interconnected not only over time but also across space, requiring models that account

for both dimensions simultaneously. Such spatio-temporal models must be more 
exible than purely

temporal ones. For instance, it is generally unrealistic to assume that spatial observation sites are

arranged on a regular grid, or that concepts such as \past", \present", and \future" apply in the same

way to the spatial dimension as they do to the temporal one.

As discussed above, environmental time series often exhibit dependencies that extend beyond the

temporal dimension. This motivates the use of spatio-temporal statistics, a discipline that analyses

data indexed by both space and time (Cressie and Wikle, 2015). Temporal dependence arises because

phenomena evolve in such a way that past observations causally in
uence future ones. Spatial depen-

dence, by contrast, is typically symmetric and instantaneous: nearby locations exert mutual in
uence,

with the strength of this dependence generally decaying with distance. Introducing spatial correlation

3
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amounts to assuming that a single underlying process is observed across multiple spatial locations.

The literature on spatial methods is relatively recent but already extensive, re
ecting the fact that

each application often requires speci�c modelling strategies tailored to the data type and spatial struc-

ture at hand. Di�erent dependence structures inevitably lead to distinct probabilistic assumptions and

modelling tools. A comprehensive review of spatial methods from various perspectives can be found

in Cressie and Wikle (2015), Stein (1999), and Wikle, Zammit-Mangion, and Cressie (2019), while

further approach-speci�c accounts are available in Cressie and Johannesson (2008), Lawson (2018),

and Banerjee et al. (2008).

For the reasons discussed so far, an important extension of geostatistics is to jointly accommodate

both spatial and temporal correlation, a task generally referred to as spatio-temporal modelling. While

spatial statistics is often framed in terms of subsets ofR2 equipped with the Euclidean norm, from a

purely mathematical perspective, it is natural also to consider time as an additional dimension. Indeed,

the temporal domainT � R¸ can be viewed as a one-dimensional space endowed with an ordered

structure, where the notions of \before" and \after" play a central role. Historically, however, the

high costs of collecting data across both space and time limited the development of spatio-temporal

statistics, con�ning it for decades to small, application-speci�c studies in the environmental sciences.

In recent years, large-scale monitoring campaigns have produced multiple spatial variables across

environmental, agricultural, and climate studies. The observed values of these variables constitute

multivariate spatial data and often exhibit an additional form of spatial dependence, namely spatial

cross-correlation, describing the correlation between di�erent variables measured at the same or at

di�erent locations. The most informative con�guration is the isotopic case, in which all variables are

observed at every site. At the opposite extreme, the completely heterotopic con�guration occurs when

each variable is measured only at distinct, non-overlapping locations. Between these two extremes lies

the partially heterotopic setting, where some variables share some sites. Modelling both the spatial

correlation and the spatial cross-correlation can lead to improvements in prediction and interpretation

(H. Zhang, 2007; Wackernagel, 2003). To this end, multivariate spatio-temporal models for hetero-

topic data have been proposed, designed to capture such complex interdependencies (Finazzi, E. M.

Scott, and Fass�o, 2013; Cressie and Wikle, 2002; Kyriakidis and Journel, 1999). These models not

only improve predictive accuracy but also enhance our ability to understand the underlying processes

and to support evidence-based management and decision-making. To highlight the practical impli-

cations of spatio-temporal modelling, two motivating examples of spatial prediction are presented in

Section 1.1, where the goal is to predict pollutant concentrations at unobserved locations and quantify

the associated uncertainty.

4
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A particularly prominent class of models for both univariate and multivariate spatio-temporal data

are based on Gaussian random �elds, also known as Gaussian processes (GPs; Rasmussen (2003)).

Among the various modelling approaches, GPs have become a widely used and powerful tool for

regression in spatial and spatio-temporal settings. Their popularity stems from their 
exibility and

their natural ability to capture spatial and temporal dependencies (Stein, 1999). In this framework,

the underlying regression function is modelled as a realisation of a GP, fully characterised by its mean

and covariance functions. Exploiting the properties of the multivariate normal distribution, GPs yield

closed-form expressions for both predictions and their associated uncertainty.

While GPs provide a 
exible and theoretically appealing framework, their practical use is often

limited by the high computational cost associated with large covariance matrices. This challenge is

particularly acute in modern applications, where the growing availability of massive climate datasets

generated by remote sensing satellites has made computational e�ciency a crucial requirement. A

signi�cant part of this thesis is therefore devoted to the development of models capable of handling

multivariate spatio-temporal phenomena while remaining computationally feasible. Many real-world

applications demand a careful balance between model 
exibility and computational e�ciency. To

highlight this trade-o�, a motivating example of spatial prediction is presented in Section 1.1.2, where

the goal is to perform inference and prediction on a spatio-temporal process at linear computational

complexity, while handling a large spatio-temporal dataset. The examples in Section 1.1 illustrate the

practical challenges that motivate the methodological contributions of this thesis.

1.1 Motivating example

1.1.1 Air pollution and livestock

Air pollution represents a major public health and environmental challenge worldwide, with particu-

larly acute problems in industrialised and densely populated regions. According to the World Health

Organisation (WHO) Henschel and Chan (2013), the most harmful air pollutants to human health

and ecosystems are ground-level ozone ($ 3), nitrogen dioxide (#$ 2), and particulate matter (PM).

Among these, �ne particulate matter (%" 2•5), de�ned as a mixture of airborne particles with a diam-

eter smaller than 2.5̀< (see also Jerrett et al., 2005, for a review), has been identi�ed as the most

hazardous air pollutant (European Environmental Agency, 2022). Exposure to high concentrations of

%" 2•5 has direct and well-documented e�ects on human health, especially over long periods, and is

strongly associated with respiratory and cardiovascular diseases (Dominici et al., 2006; Yang et al.,

5
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2019; Boldo et al., 2014). In Europe, the European Environment Agency (EEA) estimates that about

400.000 premature deaths per year can be attributed to long-term exposure to%" 2•5 concentrations

(European Environment Agency (EEA), 2022).

On a global scale, WHO benchmark limits are set at 20`6 •< 3 for %" 10 and 10`6 •< 3 for %" 2•5,

yet these thresholds are frequently exceeded (European Environmental Agency (EEA) - Air pollution

section, 2021). It was estimated that in 2018, around 90% of the world's population was exposed to

polluted air (European Environmental Agency, 2018). In Europe speci�cally, between 6{8% of the

population was exposed to%" 2•5 concentrations above the WHO limit, and 13{19% to levels of%" 10

exceeding the threshold (European Environmental Agency (EEA) - Air pollution section, 2021). The

European Union has adopted less restrictive limits of 50`6 •< 3 for %" 10 and 25`6 •< 3 for %" 2•5 as

annual averages. However, even under these standards, compliance remains a challenge, with several

countries unable to meet them consistently; Italy is a notable example (Kiesewetter et al., 2015).

The Lombardy region, located in the heart of the Po Valley in Northern Italy, is among the most

polluted areas in Europe, largely due to the natural barrier created by the Alps, which hinders the

dispersion of air pollutants (see, e.g., Pernigotti et al., 2012). The geographical stability of the valley,

combined with limited air circulation, often leads to the accumulation of �ne particulate matter (PM2•5)

at high concentrations, with particularly severe e�ects on air quality. This situation is exacerbated

during the colder months, when the low altitude of the atmospheric mixing layer coincides with ele-

vated emissions from road tra�c and domestic heating systems. Figure 1 shows the weekly averages

of PM2•5 concentrations across Lombardy. As expected, a clear seasonal pattern emerges, with higher

concentrations during winter and lower levels in summer. Median concentrations range between 10

`6 •< 3 and 40`6 •< 3 throughout the year, consistently exceeding the WHO guideline of 10`6 •< 3

for long-term exposure (WHO, 2021). Figure 2 shows a scatter plot of the average concentrations

of %" 10 and%" 2•5 for each monitoring station, over the augmented Lombardy region obtained by

applying a 0.3� bu�er around the regional borders. The �gure highlights that annual concentration

levels in the Po Valley, located in the southern part of the region, are higher than in the northern

mountainous areas. Furthermore, spatial homogeneity is supported by the map, which reveals clusters

of neighbouring stations with similar concentration levels, suggesting pronounced spatial dependence.

PM emission can have both primary and secondary origins. Primary PM is emitted directly into

the atmosphere from various sources, while secondary PM forms in the atmosphere through chemical

transformations of precursor pollutants such as ammonia (#� 3), nitrogen oxides (#$ G), and sulphur

dioxide (($ 2). In the Po Valley, the composition of atmospheric particulate matter during winter

contains a substantial secondary component, often exceeding 50%. This proportion can be even
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Figure 1: Time series of weekly averaged%" 10 and%" 2•5 concentrations in the Lombardy region from January
2016 to December 2021. The weekly averages are computed from 105 stations for%" 10 and 49 stations for
%" 2•5. Pink horizontal lines indicate the WHO annual thresholds of 20`6 •< 3 for %" 10 and 10`6 •< 3 for
%" 2•5.

higher during accumulation episodes under meteorological conditions that are unfavourable for dis-

persion. Furthermore, the region is surrounded on three sides by the Alpine and Apennine mountain

chains, which limit the dispersion of pollutants; it is also characterised by weak ventilation, favouring

the stagnation and accumulation of �ne particulate matter. In addition, Lombardy is Italy's leading

industrial and agricultural hub (Lovarelli, Conti, et al., 2020; Fass�o, Rodeschini, et al., 2023a), and

the associated emissions enhance the secondary PM emissions, further worsening the already critical

air quality. Consequently, Lombardy is considered one of the most polluted regions in Europe and

exhibits among the highest%" 2•5-related mortality rates on the continent, with an estimated 100{150

premature deaths per 100.000 inhabitants (European Environment Agency (EEA), 2022).

Ammonia (#� 3) is a key precursor of secondary PM. The association between ammonia and

PM has been extensively studied in the literature (Clappier et al., 2021; Lonati and Cernuschi, 2020;

Lovarelli, Fugazza, et al., 2021; Veratti et al., 2023; Fass�o, 2023). There is a broad scienti�c consensus

that livestock and fertilisers are the primary sources of ammonia emissions (Nenes et al., 2020; Thunis

et al., 2021). In the Lombardy region, these activities account for up to 97% of all ammonia emissions

(ARPA Lombardia Settore Monitoraggi Ambientali, INEMAR, 2022), which then undergo chemical

reactions in the atmosphere to form PM2•5. Figure 3 illustrates this relationship: areas with higher

livestock density, including both pigs and cattle, correspond to higher ammonia emissions, and vice

versa. According to the Lombardy Regional Environment Protection Agency (ARPA Lombardia

Settore Monitoraggi Ambientali, 2019), the reaction of ammonia with nitric acid can contribute up to

60% of the PM2•5 total mass concentration. Consequently, incorporating livestock data into air quality
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Figure 2: Average concentration of%" 10 and%" 2•5 (`6 •< 3) by 105 and 49 stations in the Lombardy region.
The black line shows the Lombardy regional borders. While the blue solid line depicts the bu�er of 0.3� that
de�nes the neighbouring area useful to avoid boundary e�ects.

models can improve understanding of, and inform strategies to mitigate, the impact of livestock on

PM2•5 concentrations.

Figure 3: Density of pigs and bovines (=D<14A• :< 2) in the left and centre panels, and ammonia (NH3)
emissions (C• :< 2) over the Lombardy region in 2020 on the right. The black line indicates the augmented
Lombardy region, obtained by applying a 0.3� bu�er around the regional borders.

In light of the above discussion, the main scienti�c questions of interest are the following:

ˆ How can datasets from satellites, numerical models, and in situ measurements, which have

di�erent spatial and temporal resolutions and originate from national and international agencies,

be combined? In particular, how can these heterogeneous data be harmonised in time (to a daily

resolution) and space (at the air quality station level) to enable integrated analysis?
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ˆ Can statistical approaches quantify the relationship between ammonia (livestock) and%" 2•5

concentrations? How do meteorological factors, such as temperature, relative humidity, and

rainfall, in
uence this relationship?

ˆ Is it possible to assess the contribution of ammonia emissions to%" 2•5 concentrations using a

spatio-temporal geostatistical model? Can we produce a map of this impact across the Lombardy

region, along with associated prediction uncertainties?

ˆ Sampling irregularities, often due to limited access to monitoring sites or technical constraints,

result in missing observations. Can these gaps be e�ciently addressed using spatio-temporal

modelling approaches that exploit both spatial and temporal dependencies?

1.1.2 Big dataset and multivariate analysis

With the widespread availability of remote sensing platforms, particularly satellite-based systems,

both the volume and resolution of spatial data have increased dramatically (Datta et al., 2016; Heaton

et al., 2019), thereby signi�cantly amplifying the computational demands associated with Gaussian

process (GP) modelling. This challenge is commonly referred to as the \Big=problem" (Jona Lasinio,

Mastrantonio, and Pollice, 2013): the computational cost of inverting a covariance matrix scales poorly

with the number of spatio-temporal observations= = <) , where< is the total number of locations and

) is the number of time steps, since covariance matrices grow with complexityO¹< 2) 2º in storage

andO¹< 3) 3º in inversion. These demands quickly exceed available resources under increasing data

volume, rendering exact inference infeasible even with a moderately large=. As a result, e�cient

approximations and scalable methods are indispensable for applying Gaussian models to modern

spatio-temporal datasets.

In addition to large data volumes, many environmental applications involve multivariate spatial

processes, where multiple variables are observed simultaneously. Multivariate spatio-temporal models

are designed to capture these complex interdependencies, enabling the joint modelling of several

processes, such as%" 2•5 and%" 10, which often exhibit similar behaviour, see for example Figure 2.

By exploiting the cross-dependence among variables, these models can improve predictive accuracy

and provide a more comprehensive understanding of underlying environmental processes. However,

incorporating multiple datasets simultaneously further increases computational demands, highlighting

the need for e�cient algorithms capable of handling both high-dimensional and multivariate spatio-

temporal data.

An important application of multivariate analysis is \data fusion". The main assumption underlying
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this problem is the existence of a `true' unobserved process, with observations linked to it through

measurement error models. In this framework, di�erent data sources are interpreted as di�erent

realisations of the same process, which itself is endowed with a spatial correlation structure. Typically,

a set of sources is widespread but noisy (e.g., model outputs), while another is more accurate but sparse

(e.g., ground-based observations): \how to fuse all the sources to recover the unique true process?".

A space-time fusion model has been proposed by McMillan et al. (2010). Following Fuentes and

Raftery (2005), McMillan et al. (2010) postulated the existence of a true spatial process related to both

observational data and numerical model output. However, rather than specifying the true process at

the point level, McMillan et al. (2010) speci�ed the underlying process at the block level.

However, with the increasing use of remote sensing satellites and the consequent availability

of massive climate datasets, computational e�ciency has become a crucial requirement. Thus,

many applications demand a careful balance between the 
exibility of the statistical model and

the constraints imposed by computational feasibility. This need has given rise to an entire line of

research within random �eld methods where computational considerations are placed at the centre

of methodological development, and the so-called `Big= problem' has emerged as one of the main

challenges, since the increasing dimensionality of spatio-temporal data makes exact Gaussian �eld

inference computationally prohibitive.

In light of the above discussion, the main scienti�c questions of interest are the following:

ˆ Is it possible to develop a multivariate spatio-temporal model suitable for a big dataset (where

big refers to both space and temporal dimension) and let the user decide the trade-o� between

the accuracy and computational bounds? If the model relies on an approximation, is it possible

to de�ne the approximation error upper bounds or in other words, control the approximation

error?

ˆ How can we quantify the uncertainty associated with predictions at di�erent spatial supports

(point vs. block), particularly when combining heterogeneous sources such as satellite products,

numerical models, and in-situ measurements?

ˆ Is it possible to cast such a framework to address the \data fusion" challenge by leveraging the

multivariate analysis and o�er a solution to the problem of upscaling and downscaling?

ˆ Can the proposed multivariate spatio-temporal framework be tailored to provide interpretable

insights into environmental processes, for example, by improving the mapping accuracy of

%" 2•5 concentrations, while ensuring that results remain robust under model misspeci�cation

and data sparsity?
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1.2 Outline of the thesis

The structure of this thesis summary is as follows. Chapter 2 provides an introduction to stochas-

tic processes and their use in modelling spatial variation over continuous-space domains, with both

theoretical and practical examples. In particular, Section 2.1 and Section 2.2 present the de�nitions

of stochastic processes for univariate and multivariate outcomes, respectively, while Section 2.3 in-

troduces spatio-temporal processes, with a focus on continuous space and discrete time formulations.

Finally, section 2.4 describes statistical models for data assumed to be generated by these processes.

Chapter 3 turns to introduce spatial variation over discrete-space domains modelling. Speci�cally,

Section 3.1 introduces a range of modelling approaches that are particularly useful for the analysis of

discrete space processes, highlighting their strengths and typical applications. Section 3.2 provides

a detailed discussion of Gaussian Markov Random Fields (GMRFs), emphasising their theoretical

foundations, computational advantages, and their central role in modern spatial statistics.

Chapter 4 describes the creation of theAgrimoniadataset. This dataset is designed to support

quantitative analyses of the contribution of agricultural and livestock sectors to air quality. To this

end, Sections 4.1 and 4.2 provide an overview of the dataset together with a description of the data

sources. Section 4.3 outlines the methodology used to harmonise the source data. Section 4.4 de-

scribes the construction of the gridded representation of the Agrimonia dataset. Most of the material

used throughout this chapter is drawn from Fass�o, Rodeschini, et al. (2023a).

Chapter 5 uses the Agrimonia dataset to study the daily%" 2•5 concentrations and assess the con-

tribution of ammonia (#� 3) emissions using a spatio-temporal modelling framework. In particular,

Section 5.1 provides a preliminary analysis of the dataset. To identify which model best explains

the relationship between predictor variables and daily%" 2•5, in Section 5.2, three classes of models,

including machine learning and statistical approaches, are compared. The comparison includes a

cross-validation study and an interpretation of the estimates. The comparison study presented here

is based on Otto, Fusta Moro, et al. (2024). Section 5.3 develops a spatio-temporal model to assess

the sensitivity of%" 2•5 to #� 3, followed by a scenario analysis discussed in Section 5.4. Section 5.5

further illustrates these methods through a multivariate example where%" 10 and%" 2•5 are jointly

modelled. Most of the material used throughout this section originates from Rodeschini, Fass�o, et al.

(2024).

The Agrimonia dataset is a medium-sized dataset covering a limited study area. However, the

increasing dimensionality of spatio-temporal data renders exact Gaussian �eld inference computa-

tionally prohibitive. To address this issue, Chapter 6 presents the development of a new multivariate
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spatio-temporal model, speci�cally designed for large spatial datasets and to tackle the \Big n prob-

lem" which has emerged as a central challenge in modern data analysis. Section 6.1 details the big-n

problem for the state-space model and highlights the computational bottleneck. Section 6.2 details

a range of strategies that have been developed to address the high computational cost associated

with large datasets. Section 6.3 formalises the framework underlying our approach and presents the

equations de�ning the proposed Low-Rank State-Space Model (LR-SSM), tailored for large-scale

multivariate spatio-temporal datasets. We also provide theoretical results and examine how the low-

rank approximation a�ects inference. In Section 6.5, we detail the ML estimation procedure, with a

focus on the low-rank representation derived via the GMRF approach. Section 6.6 presents numerical

studies illustrating the performance of the method and con�rming the theoretical �ndings. In Section

6.7, we apply the methodology to bivariate air quality data. Most of the material used throughout this

chapter is drawn from Rodeschini, Tedesco, et al. (2025).

Chapter 7, the conclusion chapter, highlights the main contributions of this thesis and outlines

potential directions for future work.
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Chapter 2

Fundamentals of continuous-space and

space-time processes

As discussed in Chapter 1 and illustrated in the motivating example in Section 1.1, environmental time

series often exhibit dependencies that extend beyond the temporal dimension. In particular, spatial

dependence arises when nearby locations exert mutual in
uence, with the strength of this dependence

generally decaying with distance. Introducing spatial correlation amounts to assuming that a single

underlying process is observed across multiple spatial locations. A key features in spatial statistics is

the correlation of data (or equivalently about the covariance); according to the �rst law of geography,

decades later made famous by W.Tobler: \everything is related to everything else, but near things are

more related than distant things", meaning that, observations at locations in close spatial proximity

often tend to be more similar (equivalently high correlated or with high covariance) than observations

at locations far apart.

Spatial statistics is the scienti�c discipline of statistical modelling and analysis of spatially struc-

tured phenomena. The goal is to obtain accurate predictions and a reasonable assessment of its

associated uncertainty at an unobserved location. Important works by Krige (1951), Mat�ern (1960)

and Matheron (1962) laid the ground for the �eld ofgeostatistics, proposing some of the earliest

methods for modelling spatial dependence that remain fundamental in modern spatial data analysis.

While spatial statistics is often introduced in the context of two-dimensional Euclidean spaceR2, most

theory and methods are valid for any subspaceD � R3 equipped with some notion of norm with

3 = 1–2–3– • • •, leaving computational considerations aside.

Considering the type of the domainD , some possible distinctions are made. WhenD is a �xed

continuous subset ofR3, we talk about a continuous-space process or ageostatisticalprocess, i.e.

the indexs varies continuously through the regionD . In caseD is a �xed collection of countable
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points ofR3 it originates a discrete-space process orlattice process. In this chapter, we focus on the

continuous case, while the discrete case is presented in Chapter 3.

An important class of covariance functions suitable to model spatial correlation was introduced

by Mat�ern (1960). Thanks to its 
exibility and asymptotic properties, the Mat�ern covariance function

is widely used to model spatial dependence (Stein, 1999). Accounting for the spatial covariance is

essential to obtain accurate inference on spatial prediction. The use of the word \kriging" in spatial

statistics has come to be synonymous with \optimal prediction" in space, using observations taken

at known nearby locations. Kriging was originally a linear predictor, and it is in this context that it

will be used here, although methods of optimal nonlinear spatial prediction have become part of the

\kriging family".

This chapter introduces notation and basic concepts to deal with spatial and temporal dependence.

We present statistical models for �xed-domain settings, where the set of locations (e.g., spatial co-

ordinates and/or time instants)S within the domainD is known and �xed. The rest of the chapter

is organised as follows: we start by presenting the univariate spatial stochastic processes (or simply

spatial processes) along with some notions of stationarity in Section 2.1. In Section 2.2, we will

extend the univariate case to the multivariate case by considering multivariate processes which allow

us to model multiple processes jointly. Temporal correlations are discussed in Section 2.3. Finally, in

Section 2.4 we introduce such a model for spatial data, which has a very simple structure that is 
exible

enough to handle a large class of problems, including multivariate and spatio-temporal correlations.

2.1 Univariate continuous-space processes

De�nition 1. (Stochastic process) A stochastic process (or random �eld or stochastic �eld) is de�ned

as a collection of random variablesf I ¹sº : s 2 Dg. The distribution of the stochastic processI ¹sº is

de�ned by its �nite-dimensional joint (multivariate) distributions

FI ¹�º ¹H1– • • • – H=; s1– • • • –s=º = P¹I ¹s1º � H1– • • • – I¹s=º � H=º

for every �nite= and for every �nite collectionf s1– • • • –s=g.

To emphasise the source of randomness, the stochastic process is sometimes written asf I ¹s; l º :

s 2 D ; l 2 
 g where¹
 –F –Pº is the a probability space; at every locations 2 D , the mapping

function I ¹s– l º : D ! R is a random variable indexed bys where the eventl lies in the sample

space
 . In other words, thel is the outcome of the process, or the response variable.
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An important example of a stochastic process is the Gaussian process (GP; Williams and Rasmussen

(2006)), see the De�nition 2. Due to its 
exibility and since the joint distribution is a multivariate

Normal and thus characterised entirely and independently by its mean and covariance terms, the GP

is extensively used for solving regression problems in many �elds, such as spatial and spatio-temporal

statistics.

De�nition 2. (Gaussian process) A univariate stochastic �eldf I ¹sº :s 2 Dg is said Gaussian process

if its �nite-dimensional joint distribution is de�ned as a multivariate Gaussian distribution, that is

FI ¹�º ¹H1– • • • – H=; s1– • • • –s=º � N¹� –� º for every �nite collectionf s1– • • • –s=g and where� is the

mean and� is a valid covariance matrix.

Under suitable conditions that we will present hereafter, the multivariate distribution off I ¹sº :s 2

Dg re
ects the spatial structure of the process at any other set of locations. The ultimate objective

is therefore to draw inferences on this general structure by exploiting the information contained in

the realisation of the process that generated the observed data. For this purpose, we characterise

the process through the notion of stationarity, namely strict, weak (or second-order), and intrinsic

stationarity. The stationarity property is quite important since it allows us to generalise information

gathered from the �nite setf s1– • • • –s=g � D to any other setf s�
1– • • • – B�

< g � D .

De�nition 3. (Strictly stationary) A stochastic �eldf I ¹sº : s 2 Dg is called strictly stationary if for

any vectorh 2 D and for every collectionf s1– • • • –s=g � D the �nite-dimensional joint distribution

is such that

FI ¹�º ¹H1– • • • – H=; s1 ¸ h– • • • –s= ¸ hº = FI ¹�º ¹H1– • • • – H=; s1– • • • –s=º•

In practice, for empirical applications, it is usually su�cient for the process to be stationary in some

weaker sense. Strict stationarity implies that the �nite-dimensional joint distribution of the process

is invariant under shifts in location, which, when the mean and covariance functions exist, leads to

shift-invariant mean and covariance functions. Suppose that` ¹sº = E»I ¹sº¼exist for alls 2 D and

the V»I ¹sº¼is �nite 8B2 � ; under these conditions, it is possible de�ne the weak stationarity and

intrinsic stationarity process.

De�nition 4. (Weakly stationary) A stochastic �eldf I ¹sº : s 2 Dg is called weakly stationary if for

any vectorh 2 D and any locationss–s0 2 D holds:

E»I ¹s¸ hº¼= E»I ¹sº¼= `– and Cov¹I ¹s¸ hº– I¹s0¸ hºº = 2¹s � s0º–

where2¹�º :D ! R is a positive-de�nite function called the covariance function.
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Considering the weakly stationary, in De�nition 4, the second property implies that the covariance

function depends only on the di�erence betweens ands0. It follows that a strictly stationary process

with �nite variance is also weakly stationary. It is not true the vice versa, since a weakly stationary

�eld is in general not strictly stationary.

De�nition 5. (Positive de�nite function) A function2¹�º : D ! R is positive de�nite if and only if for

any �nite set of pointsf s1–� � � –s=g 2 D the covariance matrix, said� = »2¹s8� s 9º¼=
8– 9=1, shall verify

Kolmogorov consistency, thus be a non-negative de�nite matrix.

When the covariance between two points depends only on their distance, i.e., Cov»I ¹sº– I¹s0º¼=

2¹ks � s0kº, the process is said to be isotropic, since the covariance does not depend on direction.

Otherwise, the process is anisotropic. While isotropy or even stationarity may not always be realistic,

particularly over large spatial domains, they often serve as reasonable working assumptions and provide

a foundation for more sophisticated anisotropic and non-stationary models. Covariance functions are

often parametrised by the seto 2 � , denoted as2¹�; oº, which de�nes a family of covariance functions.

The parameter seto is generally unknown in practice, and it is typically estimated from the observed

data.

Building on the concept of isotropic covariance functions, one of the most widely used families is

the Mat�ern class of positive de�nite functions (Mat�ern, 1960), which has become the standard choice

for univariate isotropic �elds (Guttorp and Gneiting, 2006; Stein, 1999). A key feature of the Mat�ern

covariance is the inclusion of a smoothness parameter, which directly controls the correlation at short

distances and determines the di�erentiability of the process at the origin.

De�nition 6. (Mat�ern covariance function) Let a¹�º be the modi�ed Bessel function of the second

kind of ordera. The Mat�ern class of covariance function, parametrised byo = f a– f2– :g is then

given by

2¹h; oº = f 2 21� a

� ¹aº
¹: kh kºa a¹: kh kº (2.1)

wherea ¡ 0 is the smoothness parameter,: ¡ 0 is a length scale parameter that controls the rate of

decay of correlation at larger distances, andf 2 ¡ 0 is the marginal variance of the �eld.

The popularity in large part is due to the work of Stein (1999), who showed that the behaviour of

the covariance function near the origin has fundamental implications on predictive distributions, par-

ticularly predictive uncertainty. A process having the Mat�ern covariance function, given in Eq. (2.1),

is dae � 1 times mean square di�erentiable, wheredae is the largest integer less than or equal toa.

The smoothness of the �eld increases witha, as shown in Figure 4. Other classes of covariance
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(a) (b)

Figure 4: (left) Mat�ern covariance and (right) variogram functions for di�erent values of the smoothness
parametera 2 f0•2–0•5–1•5–3g, over the domainD = »0–1¼. a = 0•5 corresponds to the exponential covariance,
while larger values ofa yield smoother sample realisation.

functions do not have such a parameter to yield a preferred mean square di�erentiability. A more

natural interpretation of the scaling parameter: is as a range parameterd; the distance whereI ¹sº

andI ¹s0º are almost independent. Lacking a simple closed-form relationship, an empirically derived

de�nition is d =
p

8a• : , which corresponds to a correlation of approximately 0.1 at the distanced,

for all a. Moreover, the exponential and Gaussian covariance functions are particular cases of this for

a = 1•2 anda ! ¸1 , respectively.

Another way to characterise the stochastic process is through its increments, that is, the di�erence

between two random variables of the same stochastic process. For a random �eldI ¹sº, spatial variation

can be studied by considering the increments between values at pairs of points,I ¹s ¸ hº � I ¹sº for

s¸ h–s 2 D . First proposed by Georges Matheron (1963), the variogram 2W¹hº is de�ned as

2W¹hº = V»I ¹s¸ hº � I ¹sº¼• (2.2)

If a process has a constant mean value function (if it exists) and a variogram only depending onh, it

is calledintrinsically stationary. Hence, all weakly stationary processes are intrinsically stationary. It

is possible to show that for an intrinsically stationary process, the variogram can be deduced from the

covariance function byW¹hº = 2¹0º � 2¹hº, as shown in Figure 4b. In general, the reverse is not true

since the variogram is not necessarily bounded. The correlation function,� 1 � d¹hº � 1 is given by

d¹hº = 2¹hº•2¹0º.

If the process is intrinsically stationary with a constant mean, 2W¹hº = E»¹I ¹s¸ hº � I ¹sºº2¼, thus

a natural estimator of the variogram 2 ^W¹hº based on the method-of-moments is:
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2Ŵ¹hº =
1

jN ¹hºj

Õ

¹s8–s 9º2N ¹h º

¹I ¹s8º � I ¹s 9ºº2– (2.3)

whereN ¹ hº = f¹ s–s0º : s � s0 = hg is the set of pair location at distanceh and jN ¹hºj is the

cardinality of the set. Although the estimator ^W¹hº is appealing, it cannot be used for prediction, as it

may lead to an invalid variogram and consequently to a negative mean squared prediction error. The

idea then is to search in the class of a valid variogram for one that is close to the spatial dependence

in the data. Formally, letP = f 2W¹�– oº; o 2 � g denote a parametric family of valid variograms.

Several criteria have been proposed to identify the best element inP (see (Cressie and Kornak, 2003)

for a complete review), among which the weighted least squares approach has become one of the most

widely used in spatial statistics (Cressie and Kornak, 2003):

ô = arg min
�

n  Õ

9=1

jN ¹h ¹ 9ººj
� Ŵ¹h ¹ 9ºº
W¹h ¹ 9º; oº

� 1
� 2	

– (2.4)

at some lagsh ¹1º– • • • –h ¹ º. Ŵ¹h ¹ 9ºº is the method-of-moments estimator ofW¹h ¹ 9ºº. Minimising

(2.4) is a good approximation to the weighted least squares. The �tting criterion (2.4) is sensible from

the viewpoint that the more pairs of observationsjN ¹h ¹ 9ººj there are, the more weight the residual at

lag h ¹ 9º receives in the overall �t. Also, the smaller the value of the theoretical variogram, the more

weight the residual receives at that lag, which is an attractive property because it is important to obtain

a good �t of the variogram near the origin. Viewed the minimisation Eq. (2.4) as a �tting criterion

for weighted nonlinear regression, the estimatesô can be obtained from an iterative procedure like the

Gauss{Newton algorithm.

2.2 Multivariate continuous-space processes

In recent years, multivariate data indexed by spatial coordinates have become ubiquitous in geophysical,

ecological, environmental, and climate sciences. The importance of modelling such datasets has

already been discussed in Section 1.1.2. In this section, we therefore extend the de�nition of a

stochastic process to the multivariate setting.

De�nition 7. (Multivariate stochastic process) A multivariate stochastic process is de�ned as a?-

variate random vectorz ¹sº = ¹I 1¹sº– • • • – I?¹sºº0–s 2 D wheref I 8¹sº : s 2 Dg is the8-th process at

locations.

The de�nition of weak stationarity in the case of a multivariate process is straightforwardly

obtained by extending the De�nition 4. Indeed, the processz ¹sº is said to be weak stationary if for
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all s–s0 2 D holds E»I 8¹sº¼= � 8 and Cov¹I 8¹sº– I9¹s0ºº = 28 9¹s � s0º where the function28 9¹�º is the

covariance function (or direct covariance function) if8= 9and the cross-covariance for8< 9. Thus,

the multivariate covariance function isC ¹s–s0º = »28 9¹s � s0º¼?
8– 9=1, where28 9¹�º : D ! R is a valid

covariance function and needs to be described to fully specify the multivariate random �eld. It is

isotropic if Cov¹I 8¹sº– I9¹s0ºº = 28 9¹ks� s0kº. Otherwise, it is said to be anisotropic. A summary of the

properties of cross-covariance functions can be found in Genton and Kleiber (2015) and Wackernagel

(2003).

As well as for the covariance, the variogram can be extended to multivariate random �elds in two

di�erent ways: a covariance-based cross-variogram (Myers, 1992) de�ned as

2W8 9¹hº = Cov»I 8¹s ¸ hº � I 8¹sº– I9¹s ¸ hº � I 9¹sº¼– s ¸ h–s 2 D – (2.5)

and a variance-based cross-variogram (or pseudo cross-variogram) (Myers, 1991),

2W8 9¹hº = Var»I 8¹s ¸ hº � I 9¹sº¼– s ¸ h–s0 2 D • (2.6)

That is, the quantity in (2.5) corresponds to the covariance of direct increments, while the quantity in

(2.6) represents the variance of cross-increments. Cressie and Wikle (1998) reviewed the di�erences

between the two formulations and argued that (2.6) is preferable, as it yields the same optimal predictor

as the one obtained with the cross-covariance function28 9. In contrast, the pseudo cross-variogram

(2.5) su�ers from the drawback that it cannot be estimated when the variables are not observed at the

same spatial locations. A di�erent viewpoint is provided in Wackernagel (2003). In fact, because

the pseudo cross-variogram (2.5) only takes positive values, it cannot adequately model negative

correlations.

Although the variogram is usually used in the univariate spatial process, in the multivariate

context, it is more natural to work with the direct and cross-covariance28 9. The key di�culty arises in

specifying the cross-covariance function, that is, the function responsible for the relationship between

distinct processes. Indeed, these cross-covariance functions must be chosen to be consistent with direct

covariance functions in such a way that yields a non-negative de�nite covariance matrix. Because

of this constraint, it is a di�cult problem to specify a valid multivariate covariogram that is not too

complex to be estimated and yet capable of modelling a wide range of spatial correlations.

An interesting property of the multivariate cross-covariance matrix is that of separability, given in

De�nition 8.
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Figure 5: An example of the bivariate spatial processz ¹sº = ¹I 1¹sº– I2¹sºº de�ned onD = »0–1¼2, with an
intrinsic multivariate covariance model� ¹hº = V d¹h; oº, whereE88= 1 andE8 9 = 0•2 for 8– 9= 1–2. The
simulated �eldsI 1 andI 2 are shown in the left and centre panels, respectively. The right panel displays the
stationary Mat�ern correlation functiond¹h; oº, parametrized byo = f 2 = 2– a= 0•5– : = 0•2.

De�nition 8. (Separable cross-covariance matrix) A cross-covariance matrixC ¹s–s0º = »28 9¹s–s0º¼?
8– 9=1

function is separable fors–s0 2 D if holds

28 9¹s–s0º = E8 9d¹s–s0º– (2.7)

for all 8– 9= 1– • • • – ?, whered¹�º : D ! »� 1–1¼is a valid correlation function andV = ¹E8 9º
?
8– 9=1 is

the (non-spatial) covariance between the process8and 9.

An important application of the separability properties for a weakly stationary process is provided

by theintrinsic correlation function. In this context, the multivariate correlation structure of a set of

variables is independent of the spatial correlation. Under this assumption, the simplest multivariate

covariance model that can be adopted for aC ¹hº consists in describing the relations between variables

by the variance-covariance matrixV (sometimes called coregionalisation matrix) and the relations

between points in space by a spatial correlation functiond¹hº : D ! »� 1–1¼, such thatC ¹hº =

V d¹hº. The intrinsic correlation model is sometimes also referred to as the coregionalisation model

(Wackernagel, 2003) or the proportional model (Chiles and Del�ner, 2012). It is termed intrinsic

because the correlationd8 9 between two variables does not depend upon spatial scale; they are

intrinsically correlated by
f 8 9d¹hº

p
f 88d¹hºf 9 9d¹hº

=
f 8 9

f 88f 9 9
= d8 9•

Examples of bivariate processes simulated from the intrinsic model onD = »0–1¼2 are shown in

Figures 5 and 6. Both use a coregionalisation matrixV and a Mat�ern correlation functiond¹h; oº.

In Figure 5,V hasE88= 1 andE8 9= 0•2, while in Figure 6,V hasE88= 1 andE8 9= 1•9. These two

scenarios illustrate how di�erent levels of cross-correlation between variables a�ect the joint spatial

behaviour of the process.
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Figure 6: An example of the bivariate spatial processz ¹sº = ¹I 1¹sº– I2¹sºº de�ned onD = »0–1¼2, with an
intrinsic multivariate covariance model� ¹hº = V – d¹h; oº, whereE88= 1 andE8 9= 1•9 for 8– 9= 1–2. The
simulated �eldsI 1 andI 2 are shown in the left and centre panels, respectively. The right panel displays the
stationary Mat�ern correlation functiond¹h; oº, parametrized byo = f 2 = 2– a= 0•5– : = 0•2.

The intrinsic correlation model implies an even cross-covariance function becaused¹hº is an even

function and it is a normalised direct covariance function. The empirical estimator of the cross-

covariance matrix function, based on the method of moments, extends naturally to the multivariate

process covariogram28 9¹hº.

2̂8 9¹hº =
1

jN ¹hºj

Õ

¹s–s0º2N ¹h º

¹I 8¹sº � I 8¹s0ºº¹I 9¹sº � I 9¹s0ºº• (2.8)

whereN ¹ hº = f¹ s8–s 9º : s8 � s 9 = hg. Then a valid parametric model is typically �t by least

squares methods to the empirical estimates in (2.8). An example to estimate theV of the intrinsic

correlation model is proposed by Goulard and Voltz (1992) while the parameters of the correlation

functiond¹�; oº are supposed known. Goulard and Voltz (1992) proposes an iterative algorithm: �rst

calls for the empirical non-parametric estimation of the covariance ^28 9¹�º at some lagsf h1– • • • –h # g.

Then, for each¹8– 9º and lagh: , minimises through as iterative procedure the quantity

ôOLS = arg min
\

Õ

8– 9–:

k2̂8 9¹h: º � 28 9¹h: ; oºk2–

where28 9¹h: ; oº is a valid parametric model forc8 9¹h : º and k � k : R?� ? ! R¸ is any valid norm

in the vector space of matrices? � ?. A useful norm is thek � k2
2 = tr¹�º known as the Frobenius

norm, which is an extension of the Euclidean norm and comes from the Frobenius inner product on

the space of all matrices. The minimisation is subject to the constraint that theV is positive semi-

de�nite. Note that this algorithm does not apply to the completely heterotopic case since the empirical

cross-covariograms de�ned in Eq. (2.8) cannot be computed in this case. Other empirical estimators

and the associated properties of the cross-variogram (2.5) and (2.6) are discussed in Papritz, K•unsch,

and Webster (1993), while robust estimators and asymptotic properties of the estimator are discussed

in Lark (2003) and Furrer (2005), respectively.

21



Jacopo Rodeschini

The intrinsic correlation model can be used as a building block for the nested multivariate co-

variogram in the so-called linear coregionalisation model (LCM; Wackernagel (2003)). The LCM

consists of representing the multivariate random �eld as a linear combination of ¡ 0 independent

?-variate stationary processes, saidw : for : = 0– • • • –  , with mean 0 and multivariate (separable)

covariogramV: d: ¹h– o: º whered: ¹s; o: º is a valid correlation function andV: is a ? � ? positive

de�nite matrix which models the (non-spatial) covariance between the process8and 9. In addition,

thew : processes are spatially uncorrelated in the sense that for any: < 9, Cov»w : ¹sº–w 9¹s0º¼= 0

for all s–s0 2 D . The LCM is de�ned as a linear mixture, that is:

z ¹sº = � ¹sº ¸
 Õ

: =0

w : ¹sº• (2.9)

Given the assumption of Eq. (2.9), the resulting multivariate covariance functions take the form:

C ¹hº =
 Õ

: =0

V: d: ¹h ; o: º• (2.10)

The idea behind the LCM is that several coregionalisation matricesV: can describe the correlation

structure among variables at di�erent spatial scales of the phenomena. Usually thed8¹s; o8º = d¹s; o8º.

With a large number of processes, the number of parameters can quickly become unwieldy and

the resulting estimation di�cult. H. Zhang (2007) described MLE of the spatial LCM based on an

EM algorithm. Importantly, H. Zhang (2007) show that the estimates in each iteration automatically

satisfy the necessary constraints for a valid multivariate covariogram. A second drawback of the LCM

is that the smoothness of any component of the multivariate random �eld is restricted to that of the

roughest underlying univariate process.

Along with the LCM, other possible approaches can be used to build valid multivariate covariance,

such as convolution methods, the multivariate Mat�ern and the non-stationary approach. See Genton

and Kleiber (2015) for a complete overview.

2.3 Spatio-temporal processes

Until now, we have considered univariate spatial stochastic processes, i.e.,I ¹�º : D ! R, as well

as multivariate processes,z¹�º : D ! R3. In real applications, however, data are not only indexed

in space but also contain temporal information, since attributes are often collected at speci�c time

points. Spatio-temporal problems arise in the analysis of phenomena that evolve in both space and

time. The aim of this Section is therefore to discuss stochastic processes de�ned over spatio-temporal

domains. We will focus mainly on the univariate spatio-temporal process, as the multivariate case

follows naturally.
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De�nition 9. (Spatio-temporal stochastic process) A univariate spatio-temporal stochastic process

is de�ned as a collection of random variablesf I ¹h– Cº : s 2 D – C2 T � R¸ g indexed in space and

in time. The distribution of the stochastic processI ¹s– Cº is de�ned by its �nite-dimensional joint

(multivariate) distribution

FI ¹�–�º ¹H1– • • • – H=; ¹s1– C1º– • • • –¹s=– C=ºº = P¹I ¹s1– C1º � H1– • • • – I¹s=– C=º � H=º–

for every �nite collectionf¹ s1– C1º– • • • –¹s< – C) ºg � D � T .

De�nition 9 extends naturally to the multivariate spatio-temporal processes. The concepts of strict

and weak stationarity extend to the spatio-temporal context as well. In particular, strict stationarity

requires the �nite-dimensional distributions to be shift-invariant (see De�nition 10), whereas weak

stationarity requires only the �rst and second moments to be shift-invariant (see De�nition 11).

De�nition 10. (Strictly stationary) A univariate spatio-temporal stochastic processf I ¹s– Cº : ¹s– Cº 2

D � T g is called strictly stationary if for any pair¹h– Xº 2 D � T and for every collection

f¹ s1–t 1º– • • • –¹s=–t ) ºg � D � T the �nite-dimensional joint distribution is such that

FI ¹�–�º ¹H1– • • • – H=; ¹s1 ¸ h– C1 ¸ Xº– • • • –¹s= ¸ h– C) ¸ Xºº = FI ¹�–�º ¹H1– • • • – H=; ¹s1– C1º– • • • –¹s=– C) ºº•

De�nition 11. (Weak stationary) A spatio-temporal stochastic processf I ¹s– Cº : ¹s– Cº 2 D � T g is

called weak stationary if for any pair¹h– Xº 2 D � T

E»I ¹s¸ h– Ç Xº¼= E»I ¹s– Cº¼–

Cov»I ¹s¸ h– Ç Xº– I¹s– Cº¼= Cov¹I ¹0–0º– I¹h–� ºº = 2¹h–� º–

where2¹h–� º : D � T ! R is a valid space-time covariance function.

To guarantee continuous realisation and second-order stationarity, the function2¹h–� º must belong to

the class of di�erentiable functions. Its margins2¹0–�º and2¹�–0º are purely temporal, purely spatial

and covariance functions, respectively.

Although observations are placed into the space{timeD � T domain, there are fundamental

di�erences between the coordinate axes. First of all, time moves only forward, while there is no

preferred direction in space (usually). Thus, the speci�cation of the combined space{time domain

D � T must acknowledge these di�erences. A simple way to build valid space-time covariance

functions is to use the fact that the class of positive de�nite functions is closed with respect to the

operators of sum and product. Therefore, we can construct valid spatio-temporal covariance functions

23



Jacopo Rodeschini

simply by taking the sum or the product of a purely spatial and a purely temporal covariance function.

These two decompositions are:

2¹s–t ; oº = 2B¹s; oBº ¸ 2C¹C; oCº– (2.11)

and:

2¹s–t ; oº = 2B¹s; oBº2C¹C; oCº (2.12)

whereo = f oB– oCg and 2B¹s; oBº, 2C¹C; oCº are the purely spatial and purely temporal covariance

functions. Such models arise from two separate processes (one temporal and one spatial) that act

independently of each other. Nevertheless, while convenient in terms of computation and interpretabil-

ity, separable models do not allow for arbitrary interaction of the spatial and temporal dimensions

(e.g. di�erent spatial dependence at di�erent temporal lags and vice versa) and are necessarily fully

symmetric. These yield simplistic dependence patterns that frequently fail to represent the complex

spatio-temporal variations of real phenomena. More sophisticated methods for building valid non-

separable space-time covariance are available in the literature (Stein, 2005; Cressie and H.-C. Huang,

1999; Gneiting, 2002). For example, Stein (2005) extended the Mat�ern family of spatial covari-

ance functions to account for temporal covariance. Gneiting (2002) proved that given a completely

monotone function6¹�º : R¸ ! R and a positive function with completely monotone derivative

k ¹�º : R¸ ! R, then any function of the following form:

2¹s– C; oº =
1

k ¹C2º3•2
6

� kh k2

k ¹C2º

�
(2.13)

is a valid space-time covariance function over the product space¹s– Cº 2 R3 � R.

However, spatio-temporal processes are often not observed continuously along time, whereas

observed into ordered integer-spaced intervals such thatT = f 0–1– • • • – )g where) is the temporal

length. In this case, the problem reduces to the analysis of a collection of temporally varying

spatial processesf I C¹sº– B2 Dg for C2 T : meaning di�erent continuous-space process on the

same spatial domain at di�erent time stepsC(previously referred to as stochastic imaging, since a

new map is considered for everyC). With an abuse of notation, for simplicity, we will continue

to use the notationI ¹s– Cº = I C¹sº. If time is assumed to not play a direct role in the explanation

of the observed phenomenon, each spatial process may be assumed to evolve independently, that is

Cov¹I ¹s– C8º– I¹s– C9ºº = 0 for all C8 < C9, perturbed with independent random errors. Therefore, all the

independent realisations can be used to make an inference about the same underlying spatial process

I ¹sº characterised only by the spatial covariance function2B¹s; oBº. Otherwise, the potential temporal

dependence between the points belonging to di�erent surfaces at subsequent times must be taken into
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account.

Statistics for spatio-temporal data have developed along two main paradigms. The �rst treats time

as an additional dimension alongside the spatial ones, leading to covariance models and analyses that

extend to higher-dimensional space, as discussed so far. This approach often provides satisfactory

solutions but does not explicitly model the underlying dynamics of the phenomenon. In contrast, the

dynamical statistical approach models how the current state depends on previous states through either

mechanistic or probabilistic relationships. These models describe the temporal evolution of spatial

processes by specifying suitable transition equations in the space of latent features, thereby inducing

temporal dependence between residuals at di�erent times. (H.-C. Huang and Cressie, 1996; Calculli

et al., 2015; Shumway, Sto�er, and Sto�er, 2000).

One of the best-known examples of dynamical relationships in the purely temporal context is the

discrete-time Markov process (or Markov chain since the time is discrete). It describes the sequence

of possible events in which the probability of each event depends only on the state attained in the

previous event:

De�nition 12. (Discrete-time Markov process) A discrete-time Markov process (or Markov chain) is

a ordered sequence of random variables¹I 1– I2– • • • – I) º with the Markov property, namely that the

probability of moving to the next state depends only on the present state and not on the previous states:

P¹I C j I C� 1– IC� 2– • • • – I0º = P¹I C j I C� 1º if both conditional probabilities are well de�ned, that is, if the

join probabilityPI 1–•••–I) ¹�º ¡ 0. The countable setS = f I 1– I2– • • • – I) g is called the state space of the

chain.

The Markov property can be formulated more generally by introducing the concepts of graphs,

adjacency, and neighbourhood. We will return to this point in Chapter 3. Importantly, the Markov

property leads to a factorisation of the likelihood function, which simpli�es the optimisation.

2.4 Statistical modelling of multivariate spatio-temporal

processes

A statistical model can be seen as a mathematical abstraction of a data-generating mechanism; it may or

may not explain why a particular phenomenon occurs. In this work, we focus on the inference problem

instead of the causality one. Any statistical inference requires some assumptions, and a statistical

model is a set of assumptions concerning the generation of the observed data. For spatio-temporal

phenomena, the model is usually a stochastic process (or random �eld)f I ¹s– Cº : D � T g indexed
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both in space and time, see De�nition 9. For any givenl in the sample
 , the mapping function

I ¹s– Cº : D � T ! R is called a realisation of the stochastic process. This means that for a �xedl

there exists a function that maps the index setD � T to R, the actual observed data. In the sequel, we

assume that the domainD � R3 with 3 � 1 andT = f 0– • • • – )gare known and �xed.

Hence, our �nal objective is to draw inferences on the general structure of the stochastic process,

exploiting the information contained in a realisation of the process that produced the observed data.

Throughout this work, estimation will refer exclusively to inference on �xed but unknown parameters

of the model (e.g., those governing the mean, covariance, or dependence structure), while prediction

will denote inference on unobserved random variables. The observed data are therefore used to

perform inference on the underlying process, such as predicting a known functional6¹I ¹�ºº. In many

geostatistical applications, the primary goal is spatial prediction. A class of linear prediction methods,

known as kriging, has been developed for this purpose. Stein (1999) provides a rigorous account of

the mathematical theory underlying linear kriging. In this framework, spatial prediction corresponds

to the case6¹I ¹�ºº = I ¹s0º, wheres0 is an unobserved location. The kriging predictor ofI ¹s0º is

derived as the minimum mean squared error linear predictor (BLUP), i.e. the linear predictor that

minimises mean squared prediction error under unbiasedness constraints. Formal de�nition of BLUP

is provided in De�nition 13.

De�nition 13. (BLUP) A predictorÎ ¹s0º 2 � where� is the class of the linear predictor is called a

Best Linear Unbiased Predictor (BLUP) if it is unbiased and has minimum mean square error among all

linear unbiased predictors, i.e.E»̂I ¹s0º¼= E»I ¹s0º¼= I ¹s0º and Î ¹s0º = arg min̂I ¹s0º2� E»¹̂I ¹s0º �

I ¹s0ºº2¼.

We have already introduced the Gaussian process (GP), which is a common assumption in the

analysis of spatio-temporal processes. Moreover, in the Gaussian case, weak stationarity implies

strict stationarity. Therefore, as there is no distinction between the two concepts of stationarity in the

Gaussian case, one simply writes that the process is stationary. Furthermore, ifI ¹�º is a GP, then the

kriging predictor is the E¹I ¹s0º jzº wherez is the vector of the observed data and under the square

error loss, the optimal predictor and the kriging are the same. The cokriging procedure is a natural

extension of kriging when a multivariate covariance model and multivariate data are considered.

In what follows, we present a very simple model structure that is 
exible enough to handle a

large class of problems, including univariate and multivariate spatial processes as well as discrete-

time spatio-temporal processes. In particular, we will delve into mixed-e�ect models, which are

extensively used in geostatistics. For extensive details on kriging, including asymptotic theory and
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estimation details, see Stein (1999), Cressie and Kornak (2003), and Cressie and Wikle (2015) for

kriging and Wackernagel (2003) for the co-kriging.

2.4.1 Univariate spatial modelling

Let f I ¹sº : B 2 Dg be a real valued random process (see the De�nition 1). We are interested in

making inferences on theI ¹sº given a �nite number of observationsy = ¹H¹s1º– • • • – H¹s=ºº0. The

set of observed locationsS = f s1– • • • –s=g, with s8 2 D for 8= 1– • • • – =, is assumed to be know and

�xed as well as the domainD . The measurementsy are often sampled under measurement noise,

and a statistical model for the data has to take this into account. We can consider the following Spatio

Random E�ect (SRE) model (Cressie and Johannesson, 2008),

H¹sº = ` ¸ I ¹sº ¸ n¹sº– with s 2 D – (2.14)

where` 2 R is unknown and represents the mean structure, sometimes referred to as trend or large-

scale variation.I ¹�º is sometimes called small-scale variation, and it is assumed to be a zero-mean

intrinsically stationary GP with covariance function2¹hº = 2¹h; oº parametrised byo. n¹�º is an

uncorrelated random noise, sometimes referred to as measurement error, with zero mean and marginal

variancef 2
n . n¹�º and I ¹�º are uncorrelated, that is Cov¹I ¹�º– n¹�ºº = 0. Under the SRE model

(2.14), the processH¹sº is stationary with a constant mean. One possible generalisation of (2.14) is

to assume that the E»I ¹sº¼= ` is no longer constant but is an unknown linear combination of a set

of determinist covariates, i.è¹Bº = x ¹sº0� wherex ¹sº : D ! R1 is a vector of known covariates

(which may include an intercept) and� is an unknown parameter vector. Although the observed

process often exhibits a non-constant mean across space, subtracting the trend yields residuals that can

be modelled as a stationary process with a constant mean. In particular, when the covariates include

an intercept term, the residual processH¹sº � x ¹sº0� has zero mean by construction. Building upon

these intuitions, the model (2.14) can be expressed as

H¹sº � x ¹sº0� = I ¹sº ¸ n¹sº– with s 2 D • (2.15)

The parameter set of model (2.15) is� = f � – o– f2ng. An important quantity is the signal-to-noise

ratio (SNR), often de�ned as the ratio between the marginal variance of the latent GP (which can

be considered the variance of the signal) and the noise variance, i.e. SNR= f 2• f 2
n . A high SNR

indicates that the latent spatial signal dominates over observational noise, leading to more con�dent

predictions, whereas a low SNR suggests that noise obscures the spatial structure, making parameter

estimation and kriging less reliable.
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The SRE model (2.15) de�nes the process at the continuous domain levels. Once observations

are available, the model (2.15) must be restricted to the sampled locations. The corresponding SRE

data model is then obtained by restricting the process to the observation setS. Let y be the= � 1

vector of the observation,z = ¹I ¹s1º– • • • – I¹s=ºº0be the=� 1 random vector. Sincez ¹sº is a GP, then

z � N¹0–� º where� = ¹2¹s8� s 9; oºº=
8– 9=1. Finally, let� = ¹n¹s1º– • • • – n¹s=ºº0be the corresponding

noise vector. The SRE data model associated with the SRE model (2.15) becomes:

y � X 0� = z ¸ � (2.16)

The SRE data model (2.16) is sometimes also called the measurement equation since it speci�es

how the observed data are generated as a function of the latent process, and� as the measurement

error. Under Eq. (2.16), the SRE model is cast into a Gaussian process regression. Figure 7 shows an

example of the SRE data model wherey = ¹H¹s1º– • • • – H¹s=ºº0 with = = 100 andD = »0–100¼2 and

2¹h; oº is the Mat�ern covariance function parametrised byo = f f 2 = 1– a= 1– : = 40g.

In the SRE model, the parameter set� is �xed but unknown. In a frequentist framework, inference

on � can be performed using the observed data through the maximum likelihood (ML), which selects

the parameter values that maximise the observed likelihood. Alternative approaches also exist for

inference on� . In particular, Bayesian hierarchical frameworks have proven to be highly 
exible and

e�cient (Banerjee et al., 2008; Datta et al., 2016), allowing the incorporation of prior information,

modelling of spatial structures, and natural quanti�cation of uncertainty in both parameter estimates

and predictions. These methods are especially useful when the process exhibits multilevel or nested

spatial-temporal dependencies. In this work, however, we focus on inference through ML framework.

If the o– f 2
n are known, the ML estimation (MLE) ofVreduces to the generalised least squares (GLS)

estimator as detailed in Example 1. The MLE for all the parameters in� , based on the data model

(2.16) is illustrated in Example 2, which serves as a fundamental building block in geostatistics.

Example 1. (Generalise least square SRE estimation) As an example, we illustrate here the GLS

method to estimate the SRE model. Assume that the datasetf¹ H8–s8ºg=
8=1 satis�es the SRE data model

(2.16). Let X 0 = stack¹G¹s1º0– • • • – G¹s=º0º be the= � 1 design matrix of the observed covariates.

Assume that the random vectorz is with E»z jX ¼= 0 and Cov»z jX ¼= � ¹oº where � ¹oº =

¹2¹s8 � s 9; oºº=
8– 9=1 whereo is know. Assume that the measurement errors� satisfyE»� jX ¼= 0

and Cov»njX ¼= f 2
n �=. The observed vectory = ¹H¹s1º– • • • – H¹s=ºº0 then satis�es the SRE data

model(2.16), with E»y jX ¼= X 0V where� 2 R1 is a vector of unknown parameters. The GLS

method estimates� by minimising the squared Mahalanobis distance of the residual vectory � X 0� .

28



Fundamentals of continuous-space and space-time processes

Figure 7: An example of the SRE data model (2.16). Left: the observed data¹H¹s1º– • • • – H¹s=ºº with = = 100
andD = »0–100¼2. Centre: the GPI ¹sº with s 2 D and2¹h; oº is the Mat�ern covariance function parametrised
by o = f f 2 = 1– a= 1– : = 40g. Right: and the measurement error¹n¹s1º– • • • – n¹s=ºº.

The resulting estimator is

^� = ¹X 0¹� ¹oº ¸ f 2
n �=º� 1X º� 1X 0¹� ¹oº ¸ f 2

n �=º� 1y • (2.17)

Example 2. (Maximum-likelihood SRE estimation) Let us assume that the datasetf¹ H8–s8ºg=
8=1

satisfy the SRE data model(2.16). Levering the de�nition of GP,z � N¹0–� ¹oºº where

� ¹oº = »2¹s8 � s 9; oº¼=
8– 9=1 where2¹�; oº is a covariance function. The measurement errors are

IID and � � N¹0– f 2
n �=º. Thus, the observed vectory � N¹X 0� –� ¸ f 2

n �=º. The parameter set

� = f � – o– f2ngcan be estimated by maximising the observed log-likelihoodlogL¹y j X ; � º given by

2 logL¹y j X ; � º � =log¹2cº � log j� ¹oº ¸ f 2
n �=j � ¹ y � X 0� º0¹� ¹oº ¸ f 2

n �=º� 1¹y � X 0� º–

�̂ " !� = arg max
�
2 logL¹y j X ; � º

�
•

(2.18)

Several methods are available for this type of optimisation problem, among which gradient descent

and the Newton{Raphson method are commonly employed. Initial values foro0 can be obtained

from the weighted least squares �t of the variogram(2.4), while V0 can be estimated using the GLS.

Sometimes the log-likelihood is also written aslogL¹y j X ; � º = logL� ¹y j X º to emphasise the

dependence on the distributional assumptions speci�ed by� .

Theoretical discussions on MLE of data model (2.16) are deeply investigated in H. Zhang (2004),

Stein (1999), and Diggle, Tawn, and Moyeed (1998). In spatial statistics, two types of asymptotics

are typically considered. Underincreasing-domainasymptotics, more data are collected by enlarging

the spatial domainD , while under�xed-domain(or in�ll ) asymptotics, more data are obtained by

sampling more densely within a bounded region. The latter setting is particularly relevant in geo-

statistics, where dense measurements are often collected over a �xed study area. More formally, in�ll
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asymptotics means considering the distribution of the ML estimator under an increasing sample size,

i.e., letS= for = = 1–2– • • •be an increasing �nite subsetS= � D such that[ 1
==1S= is bounded and

in�nite. In this setting, the ML asymptotics describe how the maximum likelihood estimator behaves

as= ! 1 , typically in terms of consistency and asymptotic normality. Simulation studies are useful

to illustrate how �xed-domain asymptotics translate into �nite-sample behaviour.

(Mardia and Marshall, 1984) shows that both the variancef 2 and the scale parameter\ = 1• :

in the exponential covariogram can be estimated consistently under the increasing domain asymp-

totics. H. Zhang (2004) used properties of equivalence of probability measures to show that not

all parameters in a spatial SRE are consistently estimable under in�ll asymptotics regardless of the

estimation methods used. In particular, considering the Mat�ern covariance function parametrised by

# = f a = 1•2– f 2–1• \ g, they show that the distribution of the estimator for the ratiof 2• \ becomes

more symmetric and exhibits smaller variance as the sample size increases, especially when spatial

correlation is strong. This improvement contrasts with the estimators of\ andf 2 individually, whose

variances are less sensitive to sample size increases. Hence, while dense sampling in a �xed domain

does not substantially improve estimates of\ and f 2, it markedly improves the estimation of their

ratio f 2• \ . Simulation results show that MLE off 2• \ not only display reduced variance and more

symmetric distributions but also retain negligible bias even for moderately large sample sizes. By

contrast, the asymptotic inconsistency of\ andf 2 means that their variances may not vanish as the

sample size grows, despite the small bias.

Importantly, Kriging predictions are largely una�ected by these inconsistencies: di�erent co-

variance models can yield very similar predicted values, but their prediction variances di�er more

substantially depending on the ratiof 2• \ . This highlights why, in practice, �xed-domain asymptotics

reinforce the central role off 2• \ in spatial prediction.

In geostatistics, interpolation is achieved through kriging, a method that provides the BLUP of a

spatial process at unobserved locations. It combines observed data values with a model for the spatial

covariance structure, ensuring predictions are unbiased and have minimal variance among all linear

estimators.

Kriging for GP is illustrated in Example 3. However, obtaining the kriging predictor requires

inverting the= � = covariance matrix, where= is the total number of observations, an operation

with computational costO¹=3º and memory demandO¹=2º, which quickly becomes prohibitive as=

increases. The implications of this computational bottleneck have already been highlighted in Section

1.1.2, and strategies to overcome it in the context of large datasets will be discussed in Chapter 6.
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Example 3. (Kriging for the Gaussian model) As an example, assume that the datasetf¹ H8–s8ºg=
8=1

satisfy the SRE data model(2.16)with known parameter set� = f � – f 2
n– og andS the set of spatial

indices. Letz � N¹0–� ¹oºº where� ¹oº = »2¹s8 � s 9; oº¼=
8– 9=1 and2¹�; oº is a covariance function.

The measurement errors� � N¹0– f 2
n �=º. Consider now a location setS � = f s�

0– • • • –s�
# g. SinceH¹�º

is a GP, theny � = y ¹S � º andy = y ¹Sº are jointly normal, wherey ¹Sº = ¹H¹s1º– • • • – H¹s=ºº0. That

is
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– (2.19)

where the generics covariance matrix� ¹y –y � º = »Cov¹H¹s8º– H¹s�
9ºº¼s82S–s�

92S� = »2¹s8� s�
9; oº¼s82S–s�

92S� .

For GP, the kriging predictor is the conditional expectation,E¹I ¹s0º j zº i.e.

y � jy � N¹` y � jy –� y � jy º

` y � jy = ` y � ¸ � H� H¹� ¸ f 2
n �=º� 1¹y � � Hº0

� y � jy = � H� H� � � H� H¹� ¸ f 2
n �=º� 1� 0

H� H

(2.20)

Note that for the locations in both sets, i.e.f s : s 2 S \ S � g, the kriging gives �ltered values of the

corresponding variables, �ltering out the measurement error.

Allowing regression coe�cients to vary over space, i.e. moving from a �xed parameter vector�

to spatially varying functions� ¹�º, provides a 
exible extension of the spatial regression model (2.15)

that can capture local heterogeneity in covariate e�ects. This is particularly useful when relationships

between predictors and the response are not constant across the study region, enabling the model to

better re
ect spatial nonstationarity and improve both interpretation and predictive accuracy.

In particular, the idea is to move fromX 0¹�º� to X 0¹�º� ¹�º, where� ¹�º : D ! R1 is a function.

This technique has been developed in the more general framework of functional data analysis (Ramsay

and Silverman, 2007), where the aim is to infer the unknown underlying function� ¹�º from noisy

observations. A common approach is to represent� ¹�º through an unknown linear combination

of know basis functions. Typical choices of basis functions include radial basis functions (Martin,

Buhmann, and Ablowitz, 2003), and spline basis functions (De Boor and De Boor, 1978). The

construction of such bases usually requires a reference set of points, called knots,V ' = f E8g'
8=1 � D ,

that span the domain. The �ner the grid of knots, the greater the local 
exibility of the resulting

function. Within this framework, the SRE model with spatially varying coe�cients becomes

H¹sº � x ¹sº0	 ¹sº� = I ¹sº ¸ n¹sº– with s 2 D – (2.21)

wherex ¹sº is the (1 � 1) vector of �xed-e�ect covariates, and	 ¹�º = blockdiag¹ 1¹�º– • • • – 1¹�ºº is

the (1 � 1' ) basis functions design matrix, where 8¹�º = ¹q8–1¹�º– • • • – q8–'¹�ºº is the a set of known
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basis function for i8-components for8= 1– • • • – 1with coe�cients collected in the (1' � 1) vector

� = stack¹� 1– • • • –� 1º where� 8 are the coe�cients for the8-components. The operator blockdiag¹�º

is the block diagonal matrix operator, and stack¹�º is the stacking operator. The corresponding data

model in (2.21) follows directly, and estimation may be performed within either the GLS or maximum

likelihood framework.

2.4.2 Multivariate spatial modelling

When the@-variate process is considered, the cokriging procedure is a natural extension of kriging.

We are interested in making inferences on thez ¹sº = ¹I 1¹sº– • • • – I@¹sºº0–s 2 D given a �nite

number of observationsy . Speci�cally, a variable of interest is \cokriged" at a speci�c location from

data about itself and about auxiliary variables in the neighbourhood (details on the de�nition of the

neighbourhood will be discussed later).

Depending on how the measurements of the di�erent variables are scattered in space, we distinguish

between isotopic and heterotopic data sets. LetS8 for 8= 1– • • • – ?be the set of observed locations

for the 8-process, withjS8j = =8. If the data are measured for each variable at all sampling points,

namelyS1 = � � � = S?, it is called an isotopic con�guration. In contrast, the completely heterotopic

con�guration refers to the case where each variable is observed only at distinct, non-overlapping

locations, that meansS8 \ S 9 = ; for 8= 1– • • • – ?. A less restricted case is the partially heterotopic

setting, in which only some variables share some sites such thatS8 \ S 9 = S8 9for some8and 9.

The most informative scenario is the isotopic con�guration, while entirely heterotopic data poses

a problem for inferring the cross variogram or covariance model. Indeed, empirical cross-variogram

(2.8) cannot be computed for entirely heterotopic data. With partially heterotopic data, it is advisable,

whenever possible, to infer the cross variogram or the covariance function model based on the isotopic

subset of the data.

To model spatial multivariate processes, it is necessary to de�ne both the direct covariancec88¹�º

and the cross-covariancec8 9¹�º such that the multivariate covarianceC ¹�º = Cov»I 1¹�º– • • • – I?¹�º¼=

»28 9¹�; oº¼?
8– 9=1. Two popular choices of multivariate covariance are the intrinsic correlation model and

the LCM (2.10) discussed in Section 2.2.

Given the speci�cation of the cross-covariance among the? processes, the SRE model (2.15) can

be extended to allow the multivariate case,

y ¹sº � X ¹sº� = W z ¹sº ¸ � ¹sº– with s 2 D – (2.22)
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wherey ¹sº = ¹H1¹sº– • • • – H?¹sºº0 is the p-dimensional vector of observations,X ¹sº� is the deter-

ministic mean structure with design matrixX ¹sº = blockdiag¹x 1 ¹sº– • • • –x p ¹sºº wherex i ¹sº =

¹G8–1¹sº– • • • – G8–18¹sºº is a (1� 18) vector of the covariates for the8-process. The coe�cient vector

� = stack¹� 1– • • • –� ?º where each� 8, for8= 1– • • • – ?, is a column vector of dimension18correspond-

ing to the regression covariates associated withH8¹sº. W is a?� @loading matrix that linearly projects

the latent random e�ectsz ¹s– Cº into the observation space.z ¹�º = ¹I 1¹�º– • • • – I?¹�ºº0 is a zero-mean,

intrinsically stationary?-variate process with Cov»I 1¹�º– • • • – I?¹�º¼= C ¹�º. � ¹�º = ¹n1– • • • – n?º0 is a

?-variate measurement error with Cov¹n8– n9º = 0 for all8– 9= 1– • • • – ?and Cov¹z ¹�º–� ¹�ºº = 0. From

the model (2.22) the corresponding data model in follows directly, and estimation may be performed

within either the GLS or maximum likelihood framework. Ifz ¹sº is a GP, than the cokriging estimator

is E¹y ¹s0º jy º.

2.4.3 Spatio-temporal modelling

Various approaches have been proposed to model spatio-temporal processes (e.g. Cressie and Wikle

(2015), for a review). If one considers time as an extra dimension, then traditional spatial statistics

techniques can be applied Stein (1999). Lety ¹s– Cº = ¹H1¹s– Cº– • • • – H?¹s– Cºº0 2 R? be a?-dimensional

spatio-temporal random �eld de�ned over a spatial domainD and discrete time stepsC= 1– • • • – ),

wheres 2 D indexes the spatial location. The SRE model (2.22) can be extended to account for the

temporal correlations as,

y ¹s– Cº � X 0¹s– Cº� = W z ¹s– Cº ¸ " ¹s– Cº– (2.23)

whereX ¹s– Cº = blockdiag¹x 1¹s– Cº– • • • –x ?¹s– Cºº is a1� ? design matrix,x 8¹s– Cº is a column vector

of dimension18associated withH8¹s– Cº for 8= 1– • • • ?, and1 =
Í ?

8=1 18. The measurement errors are

IID and � � N¹0–R º. f z ¹s– Cº : s 2 D – C2 T g is the@-variate latent multivariate �eld which models

both spatial and temporal covariance by a spatio-temporal GP (Cressie and H.-C. Huang, 1999; Gneit-

ing, 2002; Stein, 2005). A simple approach to construct valid spatio-temporal covariance functions is

simply by taking the sum or the product of a purely spatial and a purely temporal covariance function,

as in Eq. (2.11){(2.12). However this approach has been limited by the fact that such covariance

functions are often not realistic for complicated processes, and dimensionality can prohibit practical

implementation.

In contrast, spatio-temporal processes can also be considered from the multiple time series per-

spective (e.g. Kyriakidis and Journel (1999)). That is, each spatial location is associated with a time

series. Then, multivariate time series techniques can be transferred to the space-time problem. These
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models describe the temporal evolution of spatial processes by specifying suitable dynamic equations.

The dynamical statistical approach models how the current state depends on previous states through

either mechanistic or probabilistic relationships. Hereinafter, with a slight abuse of notation, we will

use the term spatio-temporal process to refer speci�cally to this dynamical statistical approach.

The best-known probabilistic dynamic model in a purely temporal context is the discrete-time

Markov process (see De�nition 12). Considering the model (2.23), we impose the Markovian assump-

tion on the latent processz ¹s– Cº = ¹z1¹s– Cº– • • • –z@¹s– Cºº which evolves over time according to the

linear equation:

z ¹s– Cº = F z ¹s– C� 1º ¸ � ¹s– Cº– (2.24)

whereF denotes a@� @transition matrix describing the system's dynamics. The vector� ¹s– Cº =

¹[ 1¹s– Cº– • • • – [@¹s– Cºº represents a@-dimensional zero-mean GP which is temporally independent but

spatially correlated. Its multivariate covariance is given by Cov¹� ¹s– Cºº = »28 9¹s � s0; oº¼@
8– 9=1 = Q.

The process starts from an initial statez ¹s–0º, which is a GP with mean� 0 and covariance matrix

� 0. To better highlight the dynamic formulation of the space-time process, Eq. (2.24) can be written

aszC¹sº = F z C� 1¹sº ¸ � C¹sº, which essentially captures the dynamic transition from the state, i.e. the

spatial process at timeC� 1, I C� 1¹sº to the state at timeC, I C¹sº.

Equation (2.23) is referred to as the measurement equation, while Equation (2.24) is called the

state equation, as it describes how the latent process evolves over time. Together, the measurement

and state equations (2.23){(2.24) de�ne the linear state space model (SSM; Shumway, Sto�er, and

Sto�er (2000)) with parameters:

� = f � –F –W –Q–R –� 0–� 0g• (2.25)

This formulation is particularly appealing due to its generality and 
exibility, and is capable of

capturing both observed and latent components of the time series. Given the observed datay1:) =

¹y0
1– • • • –y0

) º0whereyC= ¹H¹s1– Cº– • • • – H¹s< – Cºº0, we wish to make inference on the random variable

z ¹s0– Cº, regardless of whether there is a datumz ¹s0– Cº available or not. Inference on the random

variablez ¹s0– C0º whereC0 2 f1–2– • • • – )g, from datay1:) is known as �ltering. Inference on random

variablez ¹s0– C0º, whereC0 2 f1–2– • • • – )g, from datay1:) is known as smoothing; and inference on

the random variablez ¹s0– C0º, whereC0 2 f) ¸ 1– ) ¸ 2– • • •g, from datay1:) is known as forecasting.

In the spatio-temporal context, the SSM model (2.23)-(2.24) is neither new nor the most general

formulation. Nevertheless, such models have received considerable attention in the environmental

literature in recent years (see, e.g., the review in Cressie and Wikle (2002)). In this framework,

the eigenvalues of the transition matrixF control the temporal correlation of the process: larger
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Figure 8: Simulation of the univariate state equation Eq. (2.24). Sample dataf I ¹s1– Cº– • • • – I¹s=– Cºg for
C2 f0– • • • –4g are show from left to right.I ¹s–0º � # ¹0– �=º, 5 = 0•2. The innovation covariance matrixQ is
given by the stationary Mat�ern function parametrised byo = f f 2 = 1– a= 1– \ = 0•5g.

Figure 9: Simulation of the univariate state equation Eq. (2.24). Sample dataf I ¹s1– Cº– • • • – I¹s=– Cºg for
C2 f0– • • • –4g are show from left to right.I ¹s–0º � # ¹0– �=º, 5 = 0•9. The innovation covariance matrixQ is
given by the stationary Mat�ern function parametrised byo = f f 2 = 1– a= 1– \ = 0•5g.

eigenvalues correspond to stronger correlation between the current and past states. Figures 8 and 9

illustrate a univariate simulation of the Markovian processI ¹s– Cº for C= 1– • • • –4 with F = 0•2 and

F = 0•9, respectively. The initial state is set asI ¹s–0º � N¹0– �=º, and the innovation covariance

function is given by the stationary Mat�ern function (2.1). As expected, the process withF = 0•9

exhibits stronger temporal correlation.

The dynamical speci�cation (2.23)-(2.24) of the spatio-temporal process is usually preferred for

several reasons. First, it is usually derived from scienti�c knowledge about the phenomenon under

study. Second, one can derive covariance models from the dynamical speci�cation, and such models

can be guaranteed to be valid (i.e., nonnegative-de�nite). Third, sequential updating allows rapid

smoothing, �ltering, and forecasting of the state from noisy and missing data observed at di�erent

times. For these reasons dynamical SSMs are a widely used framework for formulating Gaussian

regression problems (Shumway, Sto�er, and Sto�er, 2000), particularly in spatio-temporal contexts;

see, for instance, Xu and Wikle (2007), Cressie and Wikle (2002), and Fass�o and Finazzi (2011) and

Calculli et al. (2015) for extensions to multivariate heterotopic data.

Given the parameter set� , inference on the unobserved latent statesI ¹s– Cº can be e�ciently

performed using the Kalman �lter (KF) and the Kalman smoother (KS; Hamilton (2020)). Speci�cally,

the KS yields the state estimatez)
C = E� ¹zCjY º and the corresponding uncertaintyP )

C = Var� ¹zCjY º.
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The notations E� ¹�º and Var� ¹�º mean the expected value and the variance given the known set of

parameters� and hence the distribution from which the data is sampled. As" ¹s– Cº and� ¹s– Cº are

Gaussian, the inference onz ¹s– Cº using the KF results in the best linear estimator in the minimum

mean-square-error sense (Humpherys, Redd, and West, 2012). In the more common case where

� is unknown, the Expectation-Maximisation (EM) algorithm is typically employed for parameter

estimation (Shumway, Sto�er, and Sto�er, 2000).

The EM algorithm is based on the complete-data likelihood function! � ¹y–zº (or equivalently on

the complete-data log-likelihood function log! � ¹y–zº, since the logarithm is monotone). At each

iteration: = 1–2– • • •, the EM algorithm consists of an expectation (E) step and a maximisation (M)

step. Given the current values of the parameters� ¹: º, the E-step computes the expected value of the

complete likelihood function conditional on the observationy , said:

& ¹� j � ¹: ºº = E� ¹ : º »log ! ¹y–z jy–X ; � º¼• (2.26)

At the M-step, the next value of� , namely� ¹: ¸ 1º is chosen so that& ¹� ¹: ¸ 1º j � ¹: ºº � & ¹� j � ¹: ºº

for each: . The maximisation step is equivalent to the maximisation of& ¹� j � ¹: ºº:

� ¹: ¸ 1º = arg max
� 2P

& ¹� j � ¹: ºº– (2.27)

where the maximisation is done on a suitable compact setP which contains� as an interior point.

The EM algorithm works to improve& ¹� j � ¹: ºº rather than directly improving the observed log-

likelihood log! ¹y ; � º. It is possible to show that improvements to the former imply improvements

to the latter (Dempster, Laird, and Rubin, 1977). Indeed, for each iteration: this quantity holds

log ! ¹y ; � º � log ! ¹y ; � ¹: ºº � & ¹� j � ¹: ºº � & ¹� ¹: º j � ¹: ºº. In words, the maximisation at the

M-step chose� , said� ¹: ¸ 1º, to improve& ¹� j � ¹: ºº which causes log! ¹y ; � º to improve as well.

EM is especially useful when the likelihood is an exponential family: the E-step becomes the sum

of expectations of su�cient statistics, and the M-step involves maximising a linear function. Here, the

problem is formulated as a discrete SSM; thus, these su�cient statistics can be calculated by the KS

(Amisigo and Van De Giesen, 2005).

Due to the high dimensionality, the measurement error and process covariance matrices typically

involve too many parameters to estimate directly, making the EM approach of limited utility. In such

high-dimensional settings, the convergence of the EM algorithm is also likely to be problematic. For

this reason, the matrices in� must be suitably parametrised. Shumway, Sto�er, and Sto�er (2000)

discusses modi�cations to the EM algorithm to accommodate fully restricted parameter matrices.

However, it is not clear how they account for partially restricted or parameterised model matrices in
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the SSM framework. One approach to deal with partially restricted parameter matrices is to set initial

parameters (in the EM algorithm) to agree with the known values. Then, in the M-step, only those

parameters that require estimation are updated, so that the �xed parameters do not change (Shumway,

Sto�er, and Sto�er, 2000). Alternatively, one can update all parameters, but then immediately

impute the known values for the �xed parameters. Although these approaches are relatively easy

to implement, it is not clear that they give the maximum likelihood estimates under the state-space

model assumptions. Another approach (Xu and Wikle, 2007) is to develop general EM algorithms

to account directly for the restricted or partially restricted model matrices. However, the fact that we

prefer closed-form update formulas does put a limit on our choices for parametrisations. In general,

the EM algorithm is useful for spatio-temporal SSM that are e�ectively parametrised by relatively

few parameters. Through the thesis, and in particular in Chapters 5 and 6, some of the possible

parametrisations will be considered.
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Chapter 3

Fundamentals of discrete-space processes

In Section 2, the spatial domainD was de�ned as a continuous region. However, situations also arise

where data are de�ned on discrete domains, such as lattices (regular grids) or, more generally, on any

collection of countably many spatial locations. The aim of the following chapter is therefore twofold:

�rst, to formalise the concept of a discrete spatial domain, and second, to present useful models for

handling data de�ned under this assumption. Datasets de�ned on discrete domains are also referred to

as areal datasets. In what follows, we focus on univariate spatial modelling, although the motivating

examples of this dissertation concern spatio-temporal multivariate modelling.

Formally, a univariate discrete-space process is a collection of random variablesf I ¹sº : s 2 Dg,

whereD is a countable index set. The collectionD is called a lattice, which may be spatially regular or

irregular, and is equipped with a neighbourhood structure. More generally, a lattice can be represented

as a graph, where the sites correspond to vertices and the edges de�ne the neighbourhood structure

specifying which elements of the index setD are considered neighbours of one another.

De�nition 14. Given the spatial latticeD , the neighbourhood structure of a sites 2 D is the collection

of indicesN ¹ sº � D n f sg. The setN ¹ Bº is the set of indices that are neighbours of indexs.

De�nition 14 provides a de�nition of neighbourhood without explicitly addressing how to construct

the setN ¹ sº. In practice, there are several ways to de�ne neighbourhood structures; in spatial

statistics, distance-based de�nitions are often particularly appropriate, as they naturally re
ect spatial

proximity. Common examples include the �rst-order neighbourhood (rook's move), the second-order

neighbourhood (queen's move), distance-based neighbourhoods, and k-nearest neighbours (k-NN).

Given a latticeD � R2, the �rst-order neighbourhood of a sites 2 D , denotedN1¹sº, is the set of

sites that share an edge withs (i.e., the cells immediately above, below, to the left, and to the right).

The second-order neighbourhood, denotedN2¹sº, is the set of sites that share either an edge or a
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corner withs, which in two dimensions corresponds to up to eight surrounding sites. Let3 : D ! R¸

be a distance function onD . The distance-based neighbourhood of a sites with thresholdA ¡ 0 is

de�ned asNA¹sº = f s0 2 D n f sg : 3¹s–s0º � Ag. Finally, for a �xed integer: � 1, the : -nearest

neighbours ofs are de�ned as the: sites inD n f sg with the smallest distances3¹s–s0º. Figure 10

illustrates �rst-order and second-order neighbourhoods, while Figure 11 shows distance-based and

k-nearest neighbours.

Having established the concepts of lattice and neighbourhood structures, in the next section, we

introduces two fundamental models for discrete-space data: the simultaneous autoregressive (SAR)

and conditional autoregressive (CAR) models.

(a) (b)

Figure 10: Neighbourhood structures for regular lattice data inR2: �rst-order neighbourhood (rook's move) on
the left, and second-order neighbourhood (queen's move) on the right.

3.1 Simultaneous autoregressive (SAR) and conditional

autoregressive (CAR)

In this section, we introduce the simultaneous autoregressive (SAR) and conditional autoregressive

(CAR) models, two principal frameworks for modelling discrete-space data. These approaches are

theoretically distinguished by their formulation: the SAR model speci�es the joint distribution of all

sites directly, whereas the CAR model is de�ned through the set of conditional distributions of each

site given its neighbours. LetD = f¹ G8– H9º : 8= 1– • • • – =gbe the discrete lattice.

We start by considering the SAR model, which was introduced by Whittle (1954). Suppose that
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(a) (b)

Figure 11: Neighbourhood structures for irregular lattice data inR2: distance-based neighbourhoods, on the
left, and k-nearest neighbours on the right.

the processf n¹sº :s 2 Dg is a GP of IID random variables. Then, the SAR model de�nes the process

f I ¹sº :s 2 Dg by specifying the linear system

¹I = � B º¹z � X 0� º = � – (3.1)

wherez = ¹I ¹s1º– • • • – I¹s=ºº0 is a realisation of the processI ¹sº at the location setS = f s1– • • • –s=g.

X 0� is the �xed e�ect term,� � N¹0–� º with diagonal covariance matrix,B = »18 9¼=
8– 9=1 is a matrix

of spatial dependence, such that18 9 ¡ 0 if I ¹s8º is thought to depend positively withI ¹s 9º, and if

I ¹s8º is thought to not depend onI ¹s 9º then18 9= 0. It is suppose that188= 0 for 8= f 1– • • • – =g. The

SAR model (3.1) holds assuming¹I = � B º non singular. Sincez is a linear combination of� , then

z � N¹X 0� –¹I = � B º� 1� ¹I = � B 0º� 1º. The model's parameter set is� = f � –diag¹� º–B gand can

be estimated through the MLE, as show in Example 4.

Example 4. (SAR model estimation) This example presents the maximum likelihood estimation (MLE)

for the model in(3.1)and assuming a parametric form forB given byB = _W , and� � N¹0– f 2
n I =º.

The matrixW = »F8 9¼contains values computed from spatial proximity measures. A basic choice is

F8 9= 1 if B8 2 N ¹ B9º, andF8 9= 0 otherwise. With this speci�cation, the SAR model can be written

as ¹I = � _W º¹z � X� º = � . The parameter set� = f � – _– f2ngcan then be estimated using the ML

methods.

The development of the SAR model (3.1) starts by specifying a joint model for the data. Another

approach is to start with conditional models instead, i.e., the conditional distribution ofI ¹sº given
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its neighboursN ¹ sº with s 2 D . This led to the so-called conditional autoregressive (CAR) model,

which was introduced by Besag (1974). We begin by recalling the Markov property in De�nition 12:

a stochastic processf I ¹sº : s 2 Dg de�ned on the latticeD satis�es the Markov property if Eq. (3.2)

holds for eachs 2 D .

P¹I ¹sºjf I ¹u º : u 2 Dºgº = P¹I ¹sºjf I ¹u º : u 2 N ¹sºgº (3.2)

Basically, the Markov property in (3.2) states that a variable is conditionally independent of all

other variables given its neighbours,

I ¹sº?f I ¹u º : u 2 Dnf sggjfI ¹u º : u 2 N ¹sºg (3.3)

where? indicates stochastic independence. P¹I ¹sºjf I ¹u º : u 2 Dºgº is the so-called local speci�-

cation, i.e., the outcome on thes 2 D depends only on its set of neighbours. If Eq. (3.2) holds, then

I ¹sº is said Markov random �eld. The Markov property in Eq. (3.2) induce a factorisation from which

it is possible to de�ne the joint distribution ofI ¹sº. For Gaussian processes, Besag (1974) showed

that the factorisation yields the joint distributionz � N¹X 0� –¹I = � C º� 1M º where¹I = � C º is not

singular and¹I = � C º� 1M is a valid covariance matrix withM = diag¹f 2
1– • • • – f2=º.

One reason for the popularity of the CAR models is that conditional speci�cations can be prefer-

able for estimation and model interpretation, and in fact, any SAR model can be expressed as a CAR

model but not vice versa (see Cressie and Wikle (2015), for details). A disadvantage with the CAR

models of Besag (1974) and Besag and Kooperberg (1995) was that while they have been used for

both lattices and spatially motivated graphs, they were only spatially consistent for regular lattices,

which limited their applicability. However, Lindgren, H�avard Rue, and Lindstr•om (2011) derived the

CAR models in a new way that both removes the lattice constraint and allows for the construction

of spatially consistent non-stationary CAR-like models. The method is based on re-formulating the

problem in terms of stochastic partial di�erential equations (SPDEs) in combination with the Finite

Element Method (FEM) from numerical analysis. We return to this method in Section 6.4.

3.2 Gaussian Markov Random Field

We have already introduced Markov random �elds in the previous section. The Gaussian Markov

random �elds (GMRFs; see Havard Rue and Held (2005), for extensive details) arise when CAR mod-

els are de�ned for Gaussian processes. This section focuses on GMRFs for spatial modelling, which

are particularly relevant to this PhD thesis, as they provide an e�cient representation of Gaussian
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processes.

The Markov property (3.3) implies that if¹I ¹s1º– • • • – I¹s=ºº0 � N¹0–Q� 1º, then the precision

matrix Q satis�es&8 9= 0 if and only if s9 8 N ¹ s8º [ s8. The neighbourhood ofs8 typically consists

of all points that, in some sense, are close toB8. In theory, there are no restrictions on the size of the

neighbourhood, and one could, for example, haveN ¹ s8º = D n s8, which shows that any multivariate

normal distribution with a symmetric positive de�nite covariance matrix is a GMRF and vice versa.

However, the advantages of the Markov assumption naturally occur when the neighbourhood is small.

The sparse precision matrix is the main reason why using GMRFs is largely considered in spatial

analysis.

Lindgren, H�avard Rue, and Lindstr•om (2011) derived a method for explicit, and computationally

e�cient, continuous Markov representations of Gaussian Mat�ern �elds. As previously mentioned,

the method can be used to rede�ne the CAR models, removing the lattice constraint and allowing

for non-stationary extensions. However, the most important implication of the work in Lindgren,

H�avard Rue, and Lindstr•om (2011) is that it provides a spatially consistent method for approximating

continuous-space GP using GMRFs, which enables the use of sparse matrix techniques for GMRF

inference, see Figure 12. In particular, Lindgren, H�avard Rue, and Lindstr•om (2011) provides the

explicit link between GP parameters and GMRF parameters. The goal is to approximate a GP with

covariance matrix� using a GMRF with precision matrix& such that& � 1 approximates� in a

suitable norm. A GMRF representation of a Mat�ern GP can be e�ciently constructed using the SPDE

approach, in combination with the FEM over a triangulated domain. Figure 12 shows a compari-

son of precision matrices from two spatial models: the GMRF precision matrix obtained from the

SPDE discretisation and Mat�ern GP. The GMRF representation of a continuous-space GP will be

discussed in detail in Chapter 6, where we apply the SPDE method within the SSM framework. Ad-

ditional details on the GMRF representation through the SPDE approach are provided in Appendix B.3.

Example 5. (Advantages of sparse matrix) In Gaussian models, likelihood evaluation involves in-

version of the covariance matrix, which has a complexity ofO¹=3º, see Example 2. As a result,

the likelihood computation becomes infeasible even for moderate=. By parametrising the model

through the precision matrix and thus avoiding the direct inverse operation, sparsity can be exploited

since many entries are exactly zero, re
ecting conditional independencies. Sparse matrix algorithms

such as Cholesky factorisation then scale faster, often close to linear in=, depending on the sparsity

pattern or the bandwidth. This reduces both memory requirements and computational time, making

likelihood-based inference practical for high-dimensional spatial models.
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Figure 12: Comparison of precision matrices from two spatial models. Left: Gaussian Markov Random
Field (GMRF) precision matrix obtained from the SPDE discretisation. Right: Mat�ern Gaussian Process (GP)
precision matrix. Zero entries are shown in white, highlighting the sparsity pattern of the GMRF compared to
the dense structure of the Mat�ern GP.
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Chapter 4

Geostatistical dataset harmonisation: a

dataset on livestock, meteorology and air

quality in the Lombardy region, Italy

Section 1.1 highlighted the public relevance of monitoring the particulate matter (PM) in Lombardy

region, situated in the heart of the Po Valley in Northern Italy, which is known to be highly polluted.

Fine particulate matter (PM2.5) has been identi�ed as the most hazardous air pollutant (European

Environmental Agency, 2022). Information about the air quality dynamics is essential for decision-

makers to e�ectively mitigate adverse e�ects.

To support studies quantifying the role of the agricultural and livestock sectors on the Lombardy

air quality, this chapter presents the development of a spatio-temporal dataset for the Lombardy air

quality modelling. The dataset was developed within the framework of the AgrImOnIA project

(Agriculture Impact on Italian Air), which aims to evaluate the impact of the livestock sector on

air quality in Lombardy and to enable comparative studies across European regions. The resulting

dataset, referred to as the Agrimonia dataset, is openly accessible via the Zenodo repository (Fass�o,

Rodeschini, et al., 2023b). The Agrimonia dataset provides harmonised information on emissions

(including ammonia), agricultural activities, and air pollution in a single structure, thereby addressing

the challenges associated with combining spatio-temporal data from multiple sources. By relying,

whenever possible, on data available at the European level, the dataset is intended to serve as a

standardised reference for interdisciplinary research and for interregional comparisons across Europe.

To make spatial predictions, it is necessary to have covariates de�ned across the entire domain.

We address this challenge by constructing a gridded representation of the Agrimonia dataset, referred

to as the Agrimonia Gridded Dataset (AGC), which enables consistent spatial alignment between air
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pollution data and explanatory variables.

The balance of this chapter is organised as follows. Section 4.1 provides an overview of explanatory

variables useful to model the air quality. Section 4.2 introduces the data sources used to build the

Agrimonia dataset. The transformations applied to harmonise the dataset, as well as the methodologies

used to impute missing data and handle negative values, are detailed in Section 4.3. In Section 4.4,

we detail the gridded representation of the Agrimonia dataset, while further details are provided

in Appendix A. Much of the material and methodological framework in this chapter is based on

Fass�o, Rodeschini, et al. (2023a), which serves as the main reference for the analyses and approaches

presented here.

4.1 Overview

Several studies have found that weather is a crucial factor in air quality modelling (Bertaccini, Dukic,

and Ignaccolo, 2012; Ignaccolo, Mateu, and Giraldo, 2014; Merk and Otto, 2020; Stuart K Grange,

J•org Sintermann, and Christoph Hueglin, 2023; Chang and Zou, 2022). Changes in weather conditions,

such as temperature, precipitation, and wind speed and direction, can a�ect atmospheric stability and

turbulence, which can in
uence the transport and deposition of pollutants. For instance, temperature

and boundary layer height are usually negatively related to air pollutant concentrations. Similarly,

we typically observe reduced PM concentrations during periods with increased precipitation or wind

speed. On the contrary, the direction and size of the e�ect of the relative humidity are still debated,

but it undoubtedly a�ects the PM2•5 concentrations (L. Zhang et al., 2017).

We considered agricultural in
uences, which appear to impact air quality (e.g., Thunis et al., 2021;

Lovarelli, Conti, et al., 2020). We consider information about the average density of pigs and cattle

per municipality (expressed as animals per km2). Including livestock data is essential to capture the

impact of ammonia (NH3) emissions on air quality, as livestock farming is the major source of NH3

emissions (up to 95%). Therefore, including LI data in air quality modelling can help better understand

and mitigate livestock's impact on air pollution levels. Note that emissions refer to the amount of

pollutants released into the atmosphere from sources such as heating systems, thermal power, or

livestock activities. Concentrations, instead, indicate the level of pollutant actually measured in the

air at a given place and time. While emissions depend on the environmental conditions at the source,

concentrations also re
ect atmospheric processes such as dispersion, transport, chemical reactions,

and deposition.

In light of these reasons, to support quantitative analyses of the contribution of the agricultural and
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livestock sectors to regional air quality, the Agrimonia dataset integrates information on air quality,

meteorology, emissions, livestock, and land and soil use at a daily temporal resolution for the period

2016{2021. Because geostatistical methods can exploit information from neighbouring territories

to improve predictive accuracy near borders (Cressie and Wikle, 2015), an area surrounding the

Lombardy region is considered by applying a 0.3� bu�er to the regional boundaries, as shown in

Figure 13. The resulting neighbouring area intersects multiple adjacent regions. The dataset includes

satellite data, model output and in situ measurements with di�erent spatial and temporal resolutions

from national and international agencies. Therefore, to combine the di�erent datasets, a processing

step is necessary.

4.2 Source data description

The data presented in this chapter relate to �ve dimensions: air quality (AQ), weather and climate

(WE), pollutant emissions (EM), livestock (LI), and land and soil characteristics (LA). The various

data sources used to construct the Agrimonia dataset are summarised in Table 1 and are described in

the following subsections, with details on spatio-temporal resolution and data availability.

Figure 13: AQ network of( = 141 stations in the augmented Lombardy region (pink boundaries):( 1 =
93 stations are inside the Lombardy region (blue boundaries) and( 2 = 48 in the 0.3° bu�er de�ning the
neighbouring area between blue and pink boundaries. The station named `Corte de Cortesi' is marked as a red
circle and used as a reference.
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Dimension Source Spatial coverage Temporal resolution

Air quality (AQ)
EEA { Air pollution section Euro-
pean Environmental Agency (EEA)
- Air pollution section (2021)

Europe Daily / Hourly /
Bi-hourly

ARPA Lombardy { Air quality sec-
tion

Lombardy Daily / Hourly /
Bi-hourly

Weather (WE) Copernicus Climate Change Ser-
vice (ERA5) Hersbach et al. (2018)
and Mu~noz Sabater (2021)

Europe Hourly

Emission (EM) Copernicus Atmosphere Monitor-
ing Service (CAMS) Inness et al.
(2019)

Global Monthly

Livestock (LI) National Data Bank (BDN) of the
Zootechnical Registry Italian Min-
istry of Health (2021)

Italy Biannual

Land cover (LA)
Copernicus Land Monitoring Ser-
vice (CLMS) European Union
(2018)

Europe Only 2018

Lombardy Region Agriculture In-
formation System (SIARL) Lom-
bardy Region, Sistema Informa-
tivo Agricoltura Regione Lombar-
dia (SIARL) (2019)

Lombardy Annual

Copernicus Climate Change Ser-
vice (ERA5) Mu~noz Sabater (2021)

Europe Hourly

Table 1: Input sources dataset used to build the Agrimonia dataset.

Air Quality

The AQ data are pollutant concentrations (`6 •< 3) sampled at( = 141 ground-level monitoring

stations, irregularly located over the augmented Lombardy region, as shown in Figure 13. For the

Lombardy area, the AQ data of 93 stations are retrieved by the environmental protection agency of

the Lombardy region (ARPA Lombardy, hereinafter ARPA), while outside of Lombardy, data are

obtained by the European Environment Agency (EEA) from another 48 stations. Inside Lombardy,

the variables listed in Table 2, namely PM2.5, PM10, NO2, NOG, CO, SO2 and NH3 with a daily

temporal resolution come from the open data system of ARPA and are validated under EEA protocols.

For the neighbouring EEA stations, data are either daily or hourly and cover all the above variables

but NH3.

The data used for the Lombardy neighbouring areas comes from the open-access service of the

EEA. Table 2 summarises the pollutants selected, their sources and the number of sensors available

for each pollutant.
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Pollutant Description Source Temporal
resolution

Number of
sensors

PM10 Particulate
matter with an
aerodynamic

diameter of less
than 10µm

ARPA Lombardy
/ EEA

Daily / hourly 107

PM2•5 Particulate
matter with an
aerodynamic

diameter of less
than 2.5µm

ARPA Lombardy
/ EEA

Daily / hourly /
bi-hourly

54

CO Carbon
monoxide

ARPA Lombardy
/ EEA

Hourly 56

NH3 Ammonia ARPA Lombardy Daily / hourly 10

NOG Nitrogen oxides ARPA Lombardy
/ EEA

Hourly 110

NO2 Nitrogen dioxide ARPA Lombardy
/ EEA

Hourly 136

SO2 Sulphur dioxide ARPA Lombardy
/ EEA

Hourly /
bi-hourly

40

Table 2: AQ pollutants concentrations data sources, descriptions, sampling frequency and number of sensors
(or stations) per pollutant, which gives a total of 513 sensors throughout extended Lombardy.

Weather

Meteorological data are obtained from the Copernicus Climate Change Service through the ERA5

datasets containing the numerical model output computed by the European Centre for Medium-Range

Weather Forecasts (ECMWF). ERA5 is the �fth-generation ECMWF reanalysis of the global climate

for the past decades. The reanalysis combines model data with observations from across the world into

a globally complete and consistent dataset using the laws of atmospheric science. The ERA5 datasets

used here are ERA5-Single level (Hersbach et al., 2018) and ERA5-Land (Mu~noz Sabater, 2021).

ERA5-Single level provides hourly estimates for various atmospheric and land-surface quantities with

a regular grid scheme at various atmospheric levels. ERA5-Land provides near-surface variables over

several decades at an enhanced resolution compared to the ERA5-Single level. ERA5-Single level

and ERA5-Land datasets are provided on a regular latitude/longitude grid of 0•25� 0•25 degrees and

0•1 � 0•1 degrees, respectively. Table 3 summarises the WE variables selected from ERA5 datasets,

their sources, descriptions and units.

We complete the weather variables by calculating relative humidity ('� ). Using the temperature
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() ) and dew point temperature () 34F), we compute the'� by using the August-Roche-Magnus

approximation formula (Alduchov and Eskridge, 1996) in Eq. (4.1):

'� = 100� exp
�
17•625� ) 34F

243•04¸ ) 34F
�

17•625� )
243•04¸ )

�
• (4.1)

Dataset Variable Description Unit

ERA5
Land

10 m u-component of
wind

Eastward component of the wind at 10 metres
altitude

< •B

10 m v-component of
wind

Northward component of the wind at 10 metres
altitude

< •B

2 m dewpoint tempera-
ture

Temperature to which the air, at 2 metres above
the surface of the Earth, would have to be cooled
for saturation to occur

 

2 m temperature
Temperature of air at 2 metres above the surface
of land, sea or inland waters

 

Total precipitation
Accumulated liquid and frozen water, compris-
ing rain and snow that falls to the Earth's surface

<

Surface net solar radia-
tion

Amount of solar radiation that reaches a hor-
izontal plane at the surface minus the amount
re
ected by the Earth's surface

� •< 2

ERA5
Single
Level

100 m u-component of
wind

Eastward component of the wind at 100 metres
altitude

< •B

100 m v-component of
wind

Northward component of the wind at 100 metres
altitude

< •B

Boundary layer height
Depth of air next to the Earth's surface that is
most a�ected by the resistance to the transfer of
momentum, heat or moisture across the surface

<

Surface pressure
Pressure (force per unit area) of the atmosphere
at the surface of land

%0

Precipitation type

Type of precipitation on the Earth's surface. Val-
ues of precipitation type are: no precipitation
(0), rain (1), freezing rain (3), snow (5), wet
snow (6), mixture of rain and snow (7), ice pel-
lets (8)

�0C46•

Table 3: WE variables selected from ERA5 datasets.�0C46•stands for Categorical.

Emissions

The Copernicus Atmosphere Monitoring Service (CAMS) implemented by the ECMWF is one of the

most recent global databases covering anthropogenic source emissions. CAMS datasets are compiled
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emission inventories for many atmospheric compounds developed for the years 2000-2020 (Granier

et al., 2019; Inness et al., 2019). These inventories are based on a combination of existing datasets

and new information, describing anthropogenic emissions from fossil fuel use on land, natural emis-

sions from vegetation, soil and more. The anthropogenic emissions on land are further separated

into speci�c activity sectors (e.g. tra�c, agriculture). Pollutant emissions data are provided by the

CAMS-anthropogenic emissions dataset, which contains monthly global anthropogenic and natural

emissions from 36 sources with a spatial resolution of (0•1 � 0•1) degrees. Table 4 summarises the

emission variables selected, their origins, descriptions and units.

VariableEmission origin Description

NH3

Livestock sector
Emissions of NH3 originating from the livestock sector for
manure management

Agriculture soils Emissions of NH3 originating from agriculture soils

Waste burning
Emissions of NH3 originating from agriculture waste burn-
ing

Total Total emissions of NH3 across all sectors

NOG
Road transportation Emissions of NOx from on road transportation

Total Emissions of NOx across all sectors
SO2 Total Emissions of SO2 across all sectors

Table 4: EM variables selected from the CAMS-anthropogenic emissions dataset. Spatial resolution of (0.1�
0.1) degrees. Unit is:6 •¹ < 2Bº.

Livestock

The Agrimonia dataset focuses on data on pigs and bovines because of their role in the#� 3 emission.

Indeed, for Lombardy, about 87% of the annual#� 3 emissions are estimated to come from livestock

management of these species (ARPA Lombardia Settore Monitoraggi Ambientali, INEMAR, 2022).

The related emission pattern has a remarkable spatial and temporal variability in the study region.

The number of livestock per municipality is obtained by the Italian National Data Bank of the

Zootechnical Registry (BDN) (Italian Ministry of Health, 2021), deriving from the livestock census

in Italy. The BDN dataset is managed by the Italian Ministry of Health and represents the o�cial

source of data on livestock, both for the control authorities and users. The BDN data are updated

every six months and aggregated at the municipality level. Figure 14 shows the number of swine and

bovines in the augmented Lombardy region. The absolute number of livestock is particularly high in

the Southeastern areas.
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Figure 14: Number of swine (left) and bovines (right) in the augmented Lombardy region and neighbouring
area, aggregated at the municipal level on 31 December 2021.

Land

The land cover, land and soil use are potentially important factors to assess the agricultural impact on

air quality (Nenes et al., 2020). To characterise the land, we add the land cover, land use and soil use

variables, summarised in Table 5. Land cover refers to the physical and biological features observed

on the Earth's surface, such as forests, croplands, urban areas, or water bodies, whereas land use

describes the way humans manage and utilise these surfaces, for example, for agriculture, residential,

or industrial purposes. In addition, soil use provides complementary information on the cultivation

type.

For the land cover, we consider high and low vegetation indices obtained by the ERA5-Land

dataset (Mu~noz Sabater, 2021) introduced before. For land use, we consider the Corine Land Cover

(CLC; B•uttner et al. (2021)) dataset. It is available for 2018 and consists of an inventory of land

use in 44 classes within a minimum mapping unit of 25 hectares, and it is built using satellite

images. Finally, we consider information on soil use and cultivation type provided by the SIARL

dataset (Lombardy Region, Sistema Informativo Agricoltura Regione Lombardia (SIARL), 2019). It

provides the classi�cation of agricultural soil use in 21 classes at yearly frequency, and is available

until 2019.

4.3 Data harmonisation and processing

The previous section discussed the input data's di�erent spatial and temporal resolutions. We introduce

here the methods used to harmonise the data before merging them into the Agrimonia dataset. We

also consider missing data imputation and some variable transformations.
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Dataset Variable Description Unit

ERA5-Land
(land cover)

Low vegetation in-
dex

One-half of the total green leaf area per unit hori-
zontal ground surface area for low vegetation type

< 2•< 2

High vegetation in-
dex

One-half of the total green leaf area per unit hori-
zontal ground surface area for high vegetation type

< 2•< 2

CLC
(land use)

Third-level of land
use

Classi�cation of land use with 44 classes �0C46•

SIARL
(soil use)

Soil cultivation type Classi�cation of soil use with 21 classes �0C46•

Table 5: LA variables selected from the ERA5, CLC and SIARL datasets.�0C46•stands for Categorical.

Air quality

The AQ data, from ARPA and EEA networks, have both short and prolonged periods with stations

turned o� for maintenance, instrument calibration or other reasons. In some cases, measurements

are taken at irregular intervals, or sampling policies change, and daily, bi-hourly and hourly AQ

measurements are present in the network, see Table 2.

Since the presence of several consecutive missing values in a day may introduce a bias in the daily

average, we implemented the missing imputation procedure at the hourly/bi-hourly frequency, which

is summarised by the algorithm 1. For each time series, missing values are then imputed using a

state-space model (Durbin and Koopman, 2012) and the relative Kalman smoother (Harvey, 1990),

providing an estimate of the missing data and their uncertainty. Then uncertainty associated with

the hourly estimate is propagated to the daily average, thus providing daily uncertainties due to the

missing data imputation. Table 6 shows the missing data percentage by year for the di�erent pollutants

remaining after harmonisation.

Weather

This section describes the harmonisation process for the WE variables (see Table 7). The data about

WE come from ERA5 datasets and are given by hourly reanalysis estimates in a regular grid format,

and there are no problems with missing and negative values. As shown in Figure 15, the AQ station is

misaligned with weather data. To associate weather time series to each AQ station, we use the inverse

distance weighted (IDW) interpolation algorithm (Cressie and Kornak, 2003), considering the four

nearest grid cells. After the hourly time series is created using the IDW approach for each station, we

convert the temporal resolution from hourly to daily using di�erent ensemble functions according to
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Algorithm 1: AQ missing data imputation and daily averaging

Input: Hourly/bi-hourly time seriesf HCg)
C=1

Output: Daily seriesf �H3gwith associated uncertaintiesf f 3g

1 Preprocessing;
2 foreach HC2 f H1– • • • – H) gdo
3 if HCnot validatedor HCŸ 0 then
4 HC NaN;

5 Impute missing values using Kalman smoother;
6 ĤC–f̂ C SSM¹HCº;

7 Daily Aggregation;
8 foreachday3 do
9 if number of consecutive hourly missing values¡ 6 then

10 �H3  NaN;

11 else

12 �H3  
1
=3

Í
C23 ĤC;

13 f 3  
q

1•242 Í
C23 f̂ 2

C ;

14 return f �H3– f3g

Figure 15: The irregularly located AQ monitoring stations (cyan circles) and the weather grid centres (red `+'
symbols). The station named `Corte de Cortesi' is marked as a red circle. .

the variable type (Cameletti, Ignaccolo, and Bande, 2011). Table 7 lists the weather variables in the

Agrimonia dataset.

Emissions

The data about EM are from the CAMS datasets with a monthly temporal resolution and on a regular

grid. As done for the WE variables, we performed a two-step transformation process to create daily
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