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Abstract

This paper considers bootstrapping nonstationary panel factor mod-
els when possible time dependence is present in the factors dynamics.
The analysis does not assume any specific DGP, and a sieve bootstrap
algorithm is proposed to approximate the autocorrelation structure of
the processes involved in the model. The conditions under which sieve
bootstrap yields consistent estimators and test statistics are explored,
and a selection rule for the order of the approximation of the AR dy-
namics is derived. Two main results are shown. First, an invariance
principle for the partial sums of the bootstrap samples of the first
differences of the estimated factors is shown to hold for large T and
finite or large n. Secondly, it is proved that bootstrap estimates and
test statistics are consistent only for (n,7) — oo, whilst the finite n
case results in inconsistent bootstrap. Sieve bootstrap is shown to be

consistent for the fixed n case only in presence of no serial correlation.

*Cass Business School, Faculty of Finance, 106 Bunhill Row, London EC1Y 8TZ, Tel.:
+44 (0) 207 040 5260; email: L.Trapani@city.ac.uk



1 Introduction

The bootstrap is a popularly employed tool to approximate the sampling
distribution of statistics. Bootstrapping can improve useful when a statistic
is free from nuisance parameters, as this could lead to asymptotic refine-
ments and better small sample properties; however, bootstrapping has also
been widely employed with non pivotal statistics, as a way of overcoming
the complications arising from estimating nuisance parameters. We refer to
Horowitz (2001) for a comprehensive non technical survey. However, in order
for bootstrapping to be applicable, it is necessary to show that (the partial
sums of) the pseudo data generated by the bootstrapping algorithm follow
the same distribution as the original data, and therefore that the distribution
of bootstrap statistics is the same as the asymptotic distribution. This prob-
lem has been investigated in several recent contributions, e.g. Park (2002,
2003), Chang, Park and Song (2006). The main focus of these articles is
proving a sieve bootstrap invariance principle for nonstationary time series
building on strong approximations (see inter alia Sakhananeko, 1980).

This paper moves from a similar research question, thereby aiming to
prove an invariance principle for sieve bootstrap samples. However, sieve
bootstrap is not studied within a time series framework, but with respect to
large nonstationary panel factor models. These models are popular in statis-
tics, where the Lee and Carter (1992) model for mortality has been studied
extensively, also leading to some applications of bootstrap (Haberman and
Renshaw, 2000), and in econometrics - see e.g. Stock and Watson (1999), Bai
(2004, 2005), Bai and Ng (2004) and Bai, Kao and Ng (2008). Panel factor
models differ from the standard time series framework (e.g. cointegration),
in that (1) they contain unobservable regressors, which have to be estimated
as well as the other parameters, thereby affecting inference (and bootstrap
as well), and (2) the asymptotics depends upon two indexes, the number of
units 7 and the number of time observations T'. In this context, the bootstrap
should prove particularly useful, since the limiting distribution of statistics
usually depends in a complicated way on nuisance parameters due to (1) non

stationarity and (2) presence of latent variables which are usually proxied



by generated regressors. Another important issue is the presence of serial
correlation in the data. Although most applications of bootstrap to factor
models consider the i.i.d. case (e.g. Haberman and Renshaw, 2000), this
needs not be the case, and neglecting time dependence can lead to invalid
bootstrap and therefore invalid inference. Thus, it is important to (1) derive
a bootstrap scheme that allows for possible serial correlation and (2) prove
under which conditions the bootstrap scheme is valid.

In this contribution, the validity of sieve bootstrap for (large) nonstation-
ary panel factor models is shown. The main result is an invariance principle
for the bootstrap samples, which is shown here to hold in the weak form (in
probability). More specifically, we build on Sakhanenko’s (1980) strong ap-
proximation and on the asymptotic theory derived in Bai (2004), to develop
an invariance principle for the convergence of bootstrap partial sums of the
residuals and of the estimated common factors to Brownian motions. The
algortihm we propose is based on (1) decomposing the data into signal and
noise by using the Principal Components estimator (PC); and (2) estimating
a Vector AutoRegression (VAR) for the estimated common factors and the
error term. The order of the VAR is shown to be dependent on n and T
based on this algorithm, an invariance principle for the pseudo innovations is
proved. Since the estimation of the VAR roots is conducted using generated
regressors, as an ancillary result we show that the asymptotic law of the es-
timated VAR coefficients is different than in the OLS case. Consistency is
proved for the case whereby (n,T) — oo jointly, with no need for restrictions
on the rate of expansion between n and T'.

Based on these two results, we show that the bootstrap is consistent for
the case (n,T) — oo: thus, sieve bootstrap can be used to e.g. reduce the
bias of the estimated loadings. An important result in the paper is that the
bootstrap can achieve consistency only when both n and T are large, and
that the order of truncation of the VAR depends on n and T" as well.

The type of assumptions considered here are the same as in the previous
literature: no further restrictions are required in order to implement the
bootstrap. The results derived in this paper can be applied to prove the

validity of various bootstrap statistics by applying the continuous mapping



theorem.

The remainder of the paper is organised as follows. Section 2 lays out the
model and discusses the main assumptions. Section 3 contains the bootstrap
algorithm and the relevant asymptotic theory; conclusions are reported in
Section 5. All proofs and derivations are in Appendix Finally, a word on
notation. Throughout the paper, ||A|| denotes the Euclidean norm of matrix
A, \/m , ”—” the ordinary limit, =" weak convergence, ”—=” conver-
gence in probability. Stochastic processes such as B (r) on [0, 1] are usually
written as B, integrals such as fol B (r)dr as [ B and stochastic integrals
such as fol B(r)dB (r) as [ BdB.

2 Model and Assumptions

Consider the model
Vit = N Fy + wig, (1)

wherei =1,....,nand t = 1,...,T. We assume that the (unobservable) factors

F, are a k-dimensional vector nonstationary process defined as
Ft = thl + Et. (2)

Model (1) has been considered in the early econometric literature by Cham-
berlain and Rotschild (1983). Recent developments on the (1) in terms of
the estimation and inference on the loadings A; and the factors F; have been
derived by Bai (2004), Bai and Ng (2004), Kao, Trapani and Urga (2007a,
2007b). Estimation and inference in the stationary case have been studied in
Bai and Ng (2002) and Bai (2003). Note that the determination of the num-
ber of common components £ can be done up to some data driven procedure
as designed in Bai (2004). Thus, we do not need to assume knowledge of k.

Henceforth, all the asymptotic theory will be studied for the case of both
the cross-sectional and the time-series dimensions, n and T respectively,
growing large. This is necessary for the identification (and therefore the con-
sistent estimation) of both the loadings \; and the factors F;. All limits will
be derived for (n,T") — oo jointly - we refer to Phillips and Moon (1999) for
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the definition of this mode of convergence. We also define, henceforth, 6,7 =

min {\/ﬁ, \/T}, Cnr = min{y/n, T} and ¢, = min {\/ﬁ, VT/ logT}.
The following assumptions hold:

Assumption 1: (time series and cross-sectional properties of u;) the error

term u; admits an invertible M A (00) approximation
i = D; (L) ey =" Dijey ),
=0

where:

(i) the ef(i)s are iid (over ¢ and t) random variables with £ [eg(i)] = 0 and

u(@i) [
E e, < o0;

(i) 22220 DijL7 # 0 for all |[L| <1 and Y 77 j°|Dy;| < oo for some s > 1;

(iii) (cross sectional dependence) E (unujt) = 7,5 with 1 |7;;] < M for
all j;

(iv) (time series dependence)
a) F|n=1/2 P (wisuy — E (wigugy * < M for every (t,s
=1

(b) En=' >0 wauis] = Yoy, |Vey| < M for all s and
T Y Yo o] <045

(v) (initial conditions) E |uz|* < M.
Assumption 2: (time series properties of ¢;) e, admits an invertible M A (co)
approximation where g, = C (L) el" = >, Cild ef_; with

(i) el is an iid k-dimensional vector random process with F (etF ) = 0,

E[efel"] =%, and E ||ef'||" < oo for some r > 4;

(i) (FCLT and Law of the Iterated Logarithm) as T — oo it holds that



(a) T23], F;F] — [ B.B. where the vector Brownian motion B.
has covariance matrix Yarp = Z;‘;O C;%,C;, with ¥ar a positive

definite matrix and

(b) liminfr .o (loglogT) T2, F,F! = D where D is a nonran-

dom positive definite matrix;
(i1i) D 5= 3% |Cjll < oo for some s > 1;

() (initial conditions) E || Fy||* < M.

Assumption 3: (identifiability) the loadings \; are

(i) either non random quantities such that ||\;|| < M, or random quantities
such that E || \]|* < oo;

(ii) either n=1 371" \A; = By if n is finite, or lim, oo n 2> 1 NN, = Xa,

if n — oo with X, positive definite;

#ii) the eigenvalues of the matrix %V/2% A FZ” % are distinct, and the eigen-
g A A g

values of the stochastic matrix 211\/ 2 | BEB;E}\/ * are distinct almost

surely.

Assumption 4:

(i) {ei}, {uy} and {\;} are three mutually independent groups;

(ii) Fp is independent of {u;} and {e;}.

COMMENTS

Model (1) is a standard panel cointegration model, as employed, among oth-
ers, by Lee and Carter (1992), Kao, Trapani and Urga (2007b) and Bai, Kao
and Ng (2007). The model considers a common trends representation and it
does not require prior knowledge of the number of latent stochastic trends

k, which in this context plays the role of the rank of cointegration for the
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vector [Yiy, ..., Ynt|. This can be determined a priori in principle using various
techniques depending on whether both indexes n and 7T tend to infinity or
only one - we refer to Bai and Ng (2002) and Onatski (2006) for the cases
whereby (n,7) — oo and to Lewbel (1991), Donald (1997) and Cragg and
Donald (1997) for cases where max {n,T} — oo and min{n, T} is fixed. A
problem that arises in this framework is that neither the loadings \; nor the
factors F; can be observed, and therefore an estimation technique should be
employed that relies solely upon the dependent variables y;;, thereby treating

both \; and F; as parameters.

Assumption 1 is similar to Assumption C in Bai (2004, p. 141), the only
difference being the summability requirement for the AR coefficients. Par-
ticularly, conditions (i) and (7i) allow to establish an invariance principle for
the partial sums of the bootstrap value from the general linear process u;;.
Note that Assumption 1(7) is slightly more stringent than Assumption 3.1 in
Park (2002, p. 474), where only F |n,,|" < oo for r > 4 is assumed. In this
paper, invariance principles are obtained only in their weak (in probability)
form, and therefore r = 4 would suffice in principle; however, assuming r > 4
is needed (here and in the next Assumption) in order for inferential theory
to hold. Part (i) of the assumption is needed to be able to approximate
the AR (c0) polynomial with a finite autoregressive representation - see e.g.
Hannan and Kavalieris (1986). This is needed in order to prove consistency
of the estimated factors and loadings - see Bai (2004). Assumptions (i)
and (iv) are not needed for the proof of the bootstrapping algorithm, but
they are sufficient conditions in order for and they allow for some (limited)
cross-sectional and time-series dependence in the error term wu;. Such gen-
eralizations (cross dependence and serial correlation) are possible only in a
panel data environment where both n and 7" tend to infinity. See Bai (2003)
for a discussion, albeit related to the stationary case. Part (v) is a standard
initial condition requirement for the ordinary CLT to hold.

Assumption 2 mimics Assumption A in Bai (2003) and is required in
order for (a) the dimension of the factor space to be estimated consistently

and (b) the asymptotic theory for the estimated factors to hold. Assumption



(i) is enough for both purposes and it is also the same requirement as in Park
(2002, see Assumption 3.1(a)); part (i) of the assumption plays the same
role as Assumption 1(%i). In our case, the asymptotic theory results for the
estimated factors F; will only allow for "in probability" instead of "almost
sure" versions of the invariance principle, and thus in principle assuming
r = 4 would be sufficient. Assumption (i) is merely a set of sufficient
conditions needed for the identification of k via information criteria (the
Law of the Iterated Logarithm) and the asymptotics of the estimated F;
note that it would be possible to have more primitive assumptions to allow
for the Law of the Iterated Logarithm and the FCLT to hold.

Assumption 3 and Assumption 4 are standard requirements needed to
develop the asymptotics for the estimates of \; and F;. We refer to Bai
(2004) for further discussions.

The estimation theory (based on Principal Components) for \; and F;
is studied in Bai (2004). Particularly, after deriving the number of com-
mon components k using the information criteria proposed in Bai (2004),
the common factors F; can be estimated as Ft, where Ft is T' times the
eigenvectors corresponding to the k largest eigenvalues of matrix Y'Y’ where
Y =[y1,..., yn]/ with y; = [vi1, .., yiT}/. Then A; can be estimated running the
the OLS estimator in a linear regression with y;; as dependent variable and

the estimated factors F} as regressors, viz.:
Yit = )\;Ft + Ut (3)

It is well known that )\; and F; are not directly identifiable since they are
identifiable only up to a transformation. Therefore, instead of estimating
the factors F; (or the loadings \;), what one does by employing the principal
component estimator is to estimate the space spanned by them up to a k£ x k
transformation matrix, say H, thereby finding H F} instead of F;, and H~')\;
instead of \;. Whilst this issue is important, we henceforth assume (for
the purpose of notational simplicity) that H is a k x k identity matrix.
The implications of \; and F; being identifiable only up to a nonsingular

transformation will be discussed after Theorem 3.



It is important to note here that replacing the true, unobservable factors

F; with their estimates Ft alters the error term u; in (1), so that now
ﬁit = U + )\; (Ft — Ft> . (4)

~ ~ o~ 11 ~
Thus, one would get \; = [Zthl FtFt’] [23:1 Ftyz't]

3 Bootstrapping

This section contains a description of the bootstrapping algorithm, the algo-
rithm itself and an intuitive argument of the proof.

Since (1) is a cointegrating regression, one may apply the framework of
Chang, Park and Song (2006) to its observable counterpart (3), and therefore
carry out the bootstrapping algorithm to the vector [AF{ , ﬁit} ,. This would
impose a unit root in the boostrap version of £}, which is needed in order for
the bootstrap to be consistent as shown by Park (2003). Note that bootstrap-
ping the whole vector would be necessary if some correlation were assumed
between u;; and £;. In our case, Assumption 4 rules out any endogeneity and
thus it is not strictly necessary to bootstrap the vector [Aﬁt’ , ﬂit]l and one
may equivalently think of bootstrapping separately AF, and .

Henceforth, we shall use the vector &;, = [AF!, u;]’, and we shall indicate
its AR (co) representation as &, = > 77, 3,;_; + i, also denoting 1 —
Z;’il B, as (1)

3.1 The generation of the bootstrap sample

The presence of autoregressive dynamics in AF; and u;; entails the use of
a bootstrapping algorithm that preserves the autocorrelation structure over
time. The algorithm we propose is the sieve bootstrap (see Buhlmann, 1997,

and Park, 2002), which is based on approximating the infinite AR polyno-



mials C' (L) and D; (L) by truncating them at lag ¢, so that

q
AE = Zaq,jAFt*j + 65;,

J=1

and .
Uit = Z vgg-uit_j -+ eZt(Z)'
j=1
The choice of ¢ depends on the values of n and T and it is discussed in the

following assumption.
Assumption 5: As (n,T) — 00, ¢ — oo with ¢ = o (p,r).

Assumption 5 requires that the order of truncation of the AR polynomial
be large and it contains an upper bound on the rate of expansion of ¢; note
that, in order for ¢ to diverge, it is necessary that botht the time series
dimension 7" and the cross-sectional dimension n be large. No restrictions on
the rate of expansion between n and 71" are required. Assumption 5 states also
that, as long as ¢ — oo, no lower bounds are required and thus ¢ is allowed
to grow as slowly as required. No indications as to the optimal choice of ¢
are provided; however, one could think of selecting the order of truncation ¢
using some information criterai such as e.g. AIC or BIC, under the restriction
that the maximum lag allowed for be of order o (g, ). As it will be shown
hereafter, the condition that ¢ — oo is needed in order for ¢, ; and ’yf;z (the
estimates of o, ; and 71(;; respectively) to be consistent estimators of «; and

7.

Consider a statistic based on S\i, say (5\2, Ft>, where ¢ is a continuous
transformation and the presence of F} is introduced only to emphasize that
5\7; = 5\1 (Ft> The algorithm which we propose in order to generate the
pseudo sample ffm for each iteration b is based on the following steps; note
that this sieve bootstrap algorithm mimics the one proposed by Chang, Park
and Song (2006), albeit for the case of a cointegration regression with the

standard VAR representation. The main differences here are (i) the presence
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of unobservable variables in (1) and (ii) the double-index asymptotics, in
that both the cross-sectional and the time series dimensions of the panel are

allowed to tend to infinity. See also the discussion in Section XX.
Step 1. (PC estimation)

(1.1) Determine the number of common trends k using the criteria in

Bai (2004), or an equivalent information criterion.

(1.2) Estimate \; and F; in (1) using the PC estimator. Particularly,
estimate F; as Ft, where Ft is T times the k largest eigenvalues of

~ ~ ~ 11 A
matrix YY’; and \; as \; = [Zthl FtFt’] [ZtT:l Ftyl-t} , the OLS

estimate in (3).

NN . /
(1.3) Generate u; = yi — )\;Ft and define ¢}, = [AF{, ﬁit} .
Step 2. (sieve estimation)

(2.1) Estimate 3, ; (obtaining Bq’j) applying OLS! to
q
it = Z Bq,jggtfj + €5 (5)
j=1
(2.2) Compute the OLS residuals from (5) as
q A
ey = it — Z ﬁngitﬂ" (6)
j=1

Step 3. (sieve bootstrap) for B iterations (each iteration denoted using subscript

b where necessary)

(3.1) (resampling)

'The theory discussed here relies on employing the OLS estimator for B,.;- However,
other techniques could be employed as well. A possible example is the Yule-Walker estima-
tor, which could prove useful since it is known to constrain the estimated AR polynomial
to be stationary. As also pointed out in Park (2002), this would not change the results
derived herein, and thus, for the sake of a concise discussion, we focus our attention solely
on the OLS estimator.

11



(3.1.a) Center the residuals (6) around their mean, as

1 T

—q _ 4 _ -
zt ezt T 6

3.1.b) Draw (with replacement) 7" values from {é&’ T: to obtain the
wlt=1
bootstrap sample {e;?‘tb};f: .

(3.2) (generation of the sieve bootstrap sample)

(3.2.a) Generate recursively the bootstrap sample {f;‘t’b}tT: , s

Zﬂq] AT (7)

using as initialization {Slq, } {flq, . }
(3.2.b) Integrate the first k elements of {fzt bf_ys SAY {AFt’fb}thl, to

generate F;" as
t
Ft#:b :FJ_FZAFBM
j=1

where the initialization is Ff = F.?

(3.2.c) Generate the bootstrap sample {y;ktb};[: -

3.2 Bootstrap asymptotics

In this section, we shall prove that the bootstrap approximation ¢, ()‘;‘k,b; Ft’fb)
is consistent, i.e. that it has the same asymptotic law as the sample coun-
terpart ¢ (5\1, Ft) To being with, let the partial sums of the process e¢;; =
[e?(i) el '} be defined as Wy () = T2 32" ¢, Then Assumptions 1 and
2 ensure that the classical FCLT holds, and therefore Wy () 4w (r) where

W (r) is a standard (k + 1)-dimensional Brownian motion. This convergence

2Initialising Fy could be done either by setting the (unobservable) value of Fj equal
to the first value of the estimated process Fy, say Fp, or alternatively setting Fj =

T Y B

3Generating Y3, » Will be discussed in Section .
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is in the weak form, and it holds in the space of cadlag functions D [0, 1]
endowed with the Euclidean norm ||-||. The weak convergence result can
anyway be strengthened by defining (on a suitable space) a copy of Wy (r),
say W7 (r), which has the same distribution as Wr (r) and can be chosen
such that (see Sakhanenko, 1980)

P{||Wr (r) =W (r)]| = 8} < M;T*"2E [leal|”, (8)

where 6 > 0, r > 2 and M, is an absolute constant depending only on r. Such
results are known as "strong approximations" and they ensure that Wr. (r),
and therefore Wy (r) which has the same distribution, converge almost surely
to W (r). That (8) holds in our case is immediate in light of Assumptions
1 and 2, since r is assumed to be (at least) bigger than 4 in there. Strong
approximations entail that, as long as one can prove that F ||e;||" < oo for
some r > 2, then the FCLT holds. Depending on whether one can prove that
T'""2E |lei||” — 0 in probability or almost surely, the invariance principle
is said to hold in the weak or strong form respectively. Consider now the
bootstrap sample {e;*t}f:l, where dependence on b has been supressed. Then
{ex},, is an i.i.d. sample from the empirical distribution of {&;},_, defined
on the probability space induced by the bootstrap. Let P* be the measure
in this probability space; then we shall denote convergence in probability
and in distribution in the bootstrap space with respect to P* as 7 and &

respectively.

In order to prove the consistency of the bootstrapping algorithm, we shall

first provide will need the following preliminary Lemmas.

Lemma 1 Let Assumptions 1-5 hold; then, as (n,T) — oo

E* ||€?t,b
E*

"< oo, 9)
e;kt,bHr = Elleq|" + O, (q_m) + O, (qT(S;"}) + O, (qT‘P;%) +0p (1010)

for some r > 4.

This result is useful to prove an invariance principle for the partial sums
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of €, using (8). Note that the type of invariance principle that we shall
be able to prove is in the weak form, since (9) holds in probability and not
almost surely. The condition that ¢ — oo is necessary in order for (9) to
hold, although it is not required for (10). Thus, as also shown in the proof
with greater detail, the condition that n — oo is not needed in order for (9)
to hold, whilst it is needed in order for (10) to be valid.

Lemma 1 and (8) entail
|T'r)

1 a*
= Z e:t,b — W (T) )
VT =

where W (r) is a (k 4 1)-dimensional standard Brownian motion. In order

for this result to be extended to the bootstrap sample { ft* b thl, we need the

following result as well.

Lemma 2 Under Assumptions 1-5, we have, as (n,T) — o0

B log T 1 N _ o (L 1
on (V5T )0 (i) v () =0 () ()

(11)

max
1<j<q

Bq,j B 53‘

Lemma 2 states that quj is a uniformly consistent estimator of 3;. The
rate O, (\/W) is a well-known result in time series analysis (see e.g.
Theorem 2.1 in Hannan and Kavalieris, 1986); the term O, (C,,;) arises from
the fact that B 4j 1 obtained from a regression where the latent variables Fj
and AF; are replaced by their estimated counterparts F; and AF;. Thus, the
O, (C’;Tl) term arises from the estimation error in estimating AF;. Equation
(11) is a joint limit result, in that (n,7") — oo are allowed to both go to
infinity with no particular ordering; also, no restrictions are required on

the rate of expansion n/T. Note that in this case the condition that n —

A

B ‘N & J
O, (1), thereby making 3, ; not (uniformly) consistent. Thus, even though

oo is pivotal: allowing for fixed n would lead to max;<;<,

an invariance principle for the partial sums of uj, and AFyy still holds,

the long run covariance matrices can no longer be estimated consistently.
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Assumption 5 is only needed to put a bound onto the choice of ¢ here; as
the proof shows with greater detail, note that, as in "classical" time series
analysis without generated regressors, the condition ¢ — oo is necessary in
order to make the approximation error ||ﬁq’j — B, H negligible.

The condition that both n and 7" must be large is somehow counterintu-
itive in light of the literature on nonstationary panel factor models (see Bai,
2004). It is known that consistent estimation of the loadings \; only requires
that T — oo (see Bai, 2004); however, when bootstrapping the limiting

distribution of \;, validity of sieve bootstrap is achieved only if (n,T) — oco.

Consider now the partial sums of the process £;,, namely V. (r) = T—1/2 ZLTTJ N
Then in light of Assumptions 1 and 2 and using the Beveridge-Nelson de-
composition it holds that Vi (r) Ly (r) =~ (1) W (r). In order to prove
the validity of the bootstrap algorithm proposed above, it is necessary to
prove a bootstrap invariance principle for the partial sums of Slt b, 1.e. that
Vi (r) = T2 ¢t Ly (1) as (n,T) — oco. This can be done noting

that, using the Beveridge-Nelson decomposition

[7r] [Tr] Bfl (1)

; 1
Z = Zzt T(f —&iire) (12)

where &, =>4 ( 7 ﬁw) it—j+1- Lhen the following Lemma holds

J=1 i=j
Lemma 3 Let Assumptions 1-5 hold. Then as (n,T) — oo

[Tr)

qu* d

This Lemma states that the partial sums of the bootstrap process {£}; }tT:1
have the same limiting distribution as the partial sums of {fit};[:r In order
for this resul to hold, two main results are needed. Firstly, the invariance
principle for the partial sums of {e;f‘t};[’:1 is required to hold; this follows
from Lemma 1 even for the case of fixed n. Secondly, it must hold that

B;l (1) & 571 (1); as the proof of the Lemma shows, this follows from Lemma
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2. Note that this result would not hold for finite n, since in that case B oy
would not be a consistent estimator for 5 ;. Thus, whilst it is possible to
have a valid bootstrap approximation of the partial sums of e;; even for finite
n (when factors F; are not estimated consistently) as shown in Lemma 1,
the condition that n — oo is necessary in order to achieve consistency of
the bootstrap for §;,. This result obviously affects Aj;, as well, which is in
apparent contradiction with the estimation theory of \; where only 7" — oo

is required.

4 Discussion

Section 3 considers the validity of an invariance principle for the partial sums
of the pseudo samples 7, ;. At least in principle, Lemmas 1, 2 and 3, together
with the Continuous Mapping Theorem (CMT), are sufficient in order to use
sieve bootstrap to numerous applications of nonstationary large panel factor
models. There remains the issue, however, as to how to generate the pseudo
samples yj; ;, i.e. as to how to proceed with the algorithm after Step 3.2.c.
The answer depends on the specific problem one wants to investigate, as

there are different strategies towards:

a) the generation of yj, , itself. For example, yj; , could be computed using

a "fixed regressor" approach (see also Hansen, 2000), whereby

Al A

y;t,b = NFi+ u;kt,b; (13)

alternatively, y7; , could be generated replacing the (generated) regres-

sor I, with pseudo data, so that
* N4 * *
Yiry = NFpp + Ui p; (14)

b) how to obtain the bootstrap estimates A} and F:b. One possible approach
would be applying the Principal Component (PC) estimator to j; ,,
thereby obtaining )\:’PC and ﬁtfépc; alternatively, the common factors

(Ft or F, depending on whether one chooses a fixed regrssor approach

16



or not to generate yj;,) could be treated as observable, and thus \;

could be computed by applying OLS - or equivalent techniques.

In this Section, some potential pitfalls related to points a) and b) are

discussed. Particularly, two different applications are studied:

1. bias reduction for the PC estimator 5\2-;

2. bootstrap approximation for the common component Cj; = \.Fj}.

Note that henceforth the convention whereby the rotation matrix H was
set equal to the identity matrix (employed in Section 3) is relaxed in order
to facilitate the discussion. Thus, the estimation errors for \; and F; are
referred to as \; — H'\; and F, — HF, respectively.

Bias reduction for 5\1

The asymptotic theory developed in Bai (2004) ensures that Ni—H 1\ =
O, (T™'). Thus, as T — oo and irrespective of n being fixed or large, N\ is

an asymptotically unbiased estimator. However, considering the formula
4 -1

rr
Ao .
tL' E Fiag,
L t=1

[M] =

j\i — Hil)\i -

~+~
Il
—_

[M] =

- -1

L T . T . N
LD B+ Y B (HE - ) H%],
t=1 Lt=1 t=1

it can be readily seen that small sample bias can arise from terms such as
Zthl E, (HFt — Ft>, H~-1'); and Zthl (Ft — Ft) u;, whose order of magni-
tude (see Bai, 2004) is O, (T‘lC;%). Bootstrap can be applied to correct
for small sample bias as follows. The pseudo sample y},, can be generated
either according to (13) or to (14). The bootstrap estimator A, is the OLS

estimator, thereby treating the common factors as known; the estimation

17



error is (note the absence of H)

-1

r T T
L+ 5 _ 2l ol A
)\i,b A = E FF,y E Ftuz‘t,b )
t=1 t=1
s 1ror
(2)* A _ * T/ * ok
)‘i,b A = E Ft,b t,b E :Ft,buz‘t,b
| t=1 t=1

Since uj, ;, is obtained from bootstrapping i, the distribution limit of the
partial sums of the two processes are the same. Thus, both )\l(.}b)* and )‘5,21;)*
deliver the same estimation error as the PC estimator 5\2-, and thus, using
the invariance principle derived above and the CMT, they should have the
same bias. Thus, the bias of S\Z can be reduced by calculating /A\Z — 5591)’(2),
with 64 = g1y 8 [)\g,lb)’@)* — 5\1} . Whilst the CMT and the invariance
principle ensure that using (13) or to (14) should not make a difference, it
is important to point out that using PC to calculate Aj, would lead to the

estimation error

* -1y _
= Hi A =

%, PC * NG * %, PC
{ZFt,b |:uit,b+)‘iH11<H1 t,b_Ft,b )}}7
t=1

T

%, PC 1%, PC1
> EROR
t=1

where F:g,PC is the PC estimator of F,. Thus, using PC would introduce

the extra error term X;H{l (Hlthb — thb).
Bootstrap approximation of the limiting distribution of Cy

~ Al A ~/
Consider the estimator of the signal Cy, Cyy = A\ Fy, and let yj, , = A Fyy+
~ 2%, PCI ~
uj - Then the bootstrap version of Cj is defined as C},, = A;, ,Ft I;PC,
where )\;’bPC and ﬁ’t*épc are the PC estimators. The estimation error C;;b— é’it

18

= Cu= (B = IF) o+ B (N = HPA) = 1+ 11,
(15)

The decomposition of this error term is the bootstrap version of the decom-
position of C’it—Cit, and thus the CMT ensures that the limiting distributions

18



are the same. Note that this hols for any expansion rate between n and T
particularly, as (n,7T) — oo we know that (see Bai, 2004) if n/T" — 0 the
leading term is I; conversely, if T//n — 0, it is ] that dominates. Here
bootstrap could prove useful since in practice one has finite n and T, and
thus the law of Cj; — Cj, suitably normalised by min (ﬁ, VT ), depends
on the contribution of both terms I and II. An alternative approach would
be treating Fy, as known and estimating the loadings using OLS. Thus,

. (mOLSI . .
o = Nip L3 this would yield

" A ~*,0OLS A\ %
Cit,b —Ciy = ()‘i,b - >\z’> Ft,b>
which corresponds to only term /7 in (15) and which would not give an

accurate approximation of the law of C’it — C;; unless T' is much smaller than

n.

5 Conclusions

This paper considers bootstrapping nonstationary panel factor models when
possible time dependence is present in the factors dynamics. The analysis
does not assume any specific DGP, and a sieve bootstrap algorithm is pro-
posed to approximate the autocorrelation structure of the processes involved
in the model. The conditions under which sieve bootstrap yields consistent
estimators and test statistics are explored, and a selection rule for the order
of the approximation of the AR dynamics is derived. Two main results are
shown. First, an invariance principle for the partial sums of the bootstrap
samples of the first differences of the estimated factors is shown to hold for
large T" and finite or large n. Secondly, it is proved that bootstrap estimates
and test statistics are consistent only for (n,T") — oo, whilst the finite n case
results in inconsistent bootstrap. Sieve bootstrap is shown to be consistent

for the fixed n case only in presence of no serial correlation.
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6 Appendix A: useful Lemmas

Lemma 4 Let Assumptions hold. Then, for r > 4

1 « r
=S |[af-ar| = o, (54). (16)
t=1
IR
TZHAE = 0,(1), (17)
t=1
1 T
72 Nl —wal” = 0, (65,7). (18)
t=1
1 T
TZHfLuIIT = 0, (1) (19)

Proof. Letting u; = [uy, ..., un] and A = (A, Az, ..., A, the error term
AF, — AF, can be decomposed as (see e.g. Bai and Ng, 2002, p. 213)

AF, — AF,
T T T T
= T ARy + T 'Y ARG+ T AFm, +T ') AFL,,
s=1 s=1 s—1 —1

where Vs—t = n_lE (’U/;US), Cst = n_l (u;us) = Vs—ts Nst = n_l (AFslAlut> and
£q =n"'(AF/Nuy). Thus

, . X . ' . o 7/2 X T X T 9 /2
SISV of 25 FER | NS S0l ES wreit)
t=1 t=1 s=1 t=1 s=1
1 T [ 1 T 2]7/? 1 T 1 T 27/
0 S ES I RS 5 S
T t=1 L T s=1 T t=1 T s=1
= [I+I1I+1II+1V.
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Consider I. Applying the Cauchy-Schwartz inequality we get

) r/21
T2

T
I< T—’!‘/2
t=1

T r/2
Z 7§—t] :
s=1

1 T
Sy

~ 112

Assumption 1 (7)-(b) ensures that 37 |75_t{2 = O (1). Note that 737, ‘ AFSH <

1T 2, o1 T ; C— 2 2
Ty NAE T Y ||AF, — AF|| ,with T [|AF, — AF,|| =
O, (6,7) according to Lemma A.1 in Bai (2003, p. 159); Assumption 2(i) and
the LLN ensure that 7' 3°1_ ||AF,||> = O, (1). Therefore, I = O, (T~"/?).

As far as I] is concerned, we have

Since it holds that 77327 ¢% = O, (n™!) - see Bai (2003, p. 159) - we
finally have 1T = O, (n™"/?).
Considering term 171, it holds that

T T

T T
1 7 —r 1 n AT
- ;1 AF,n,, = T - ;1 AFAF Ny,
1 & '
_ —r / T E r /
— n ||A UtH ? - AFSAFS

Note that T S0 ABAF, = TV S0 ARAFAT ' S1, (AF, - AF,) AF, -
O, (1) + O, (6,7) from Lemma B.2 in Bai (2003, p. 164). Also, we have

[ Nw||" =02 [0 V2 30T Nug||” = O, (n77/?) after Assumptions 2/(%)

and 3. Thus, I11 = O, (n""?).

Last, term IV can be rearranged using

r 2 /2

T T
1 - 1 .
=S AR, — S ARWAAF,
T s=1 nT s=1
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. 2
and (see Bai, 2003, p. 160) since H (nT) ' I AFWAAF,| =0, (n"Y%5,7)
we have IV = O, (n""/%6,7).

Thus, we have 77! Z?zl HAE — AFtH =0, (T”"/2) + 0O, (n’T/Z) +
O, (n™"?) + 0, (n""26, 1) = O, (0,). Equation (17) can be proved not-
ing that T-' Y], ‘ AER| <T 'L AR +T 'S, [|AF, — AR,

0, (1) + 0, (3.7, |

Last, consider (18). Since t; = y;;— A, Fy, in light of (1) we have @, —u; =

N Fy — 5\;13}, and therefore

LS i —
T Ui — Uig| =
T t=1

T
~

(= %) E -

"o
+ 5D

t=1

N =
B
—~

E—E)

H
Il
—

T

(3 - )\> F,

IA
N[~
]~

(4 - R)

1

I.

~

t
+

I
~

M= TS 1A Note that
A=\ = O, (T™1) - see Lemma 3 in Bai (2004, p. 148). Also, Assump-
tions 1(3), 1(ii), 2(i) and 2(iii) ensure that 27 [|[F| = O, (T”%T) ;
see Theorem 5.3 in Park and Phillips (1999). Thus, I = O, (T—%r). As

Consider [; this can be rewritten as ‘

far as I1 is concerned, Zle 5\; (ﬁ’t - Ft> f o ‘ A TZL F—F T. As-
sumption 3(i) ensures ’;\1H = ||\ + 0, (1)]]" = O (1), and similar calcula-

tions as before (based on the theory developed in Bai, 2004) would lead

~ T

to S, HFt —F| = 0,(IC,}). Thus, II = O,(C,;) and therefore
TS by — ug|” = O, (6,7)- Equation (19) follows from similar cal-
.

culations as those derived for the proof of (17)

7 Appendix B: proofs and derivations

Proof of Lemma 1. Consider the (k4 1)-dimensional vector e,, par-
.. / . . . . .
titioned as [ef%, ews,]", where €f,} is a k-dimensional vector containing the

elements corresponding to AF}, and e}, is the last element; consider also
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ux |7

the conformed partitioning é,, = [él), é%]". el < Jlefs ews |
we shall prove (9) by showing separately
T B ||e || L (20)
T3 B et 0. (21)

Consider (20). Recalling that AF, = Y79, a j;AF;,_; + ef, the following

two equations will be used henceforth:
A q A
AF, = ) g AF_j+éb,
j=1

AFt = ZO&jAFt,j—i-@f,

Jj=1

where ¢, ; is the matrix containing the first £ rows and columns in the esti-

mate 6 derived in step 2.1 of the bootstrapping algorithm. Recalling that
{ €ith {AF -1 Zt 1€ } , it follows that

T '
AF
qt
t=1
F
H ” TZHeqt_et
T
1 ~F
— e
TZ qt
t=1

E*|6F* "

i

IN

T A

1
)

t=1

~F FT
Cqt — eth +

Assumption 2(i) and the LLN ensure that 71 23:1 HefHT L E Heer < 0
as T — oo; thus, 712" [Tfl S Hef“r} =0, (Tl_%r)

15T F FI™ s F__F _
Asfaras T2y, ||el — ef || is concerned, note that ef;—ef” = D1 GAF
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and therefore Minkowski’s inequality and the stationarity of AF; lead to

T

1 r
LS ek -]
t=1
1 T % r 1 T ) r
- 13| S wan) <3 ysnr (3 e
t=1 || j=q+1 =1 j=q+1

The term 7', ||AF,|" is finite in light of Assumption 2(i) and the
LLN, and Assumption 1(4) ensures that > 7> . |a;| = 0(¢™®). This en-
tails 712" [Tfl Zthl Hef;t — efHT} =0, (Tl_%’"q*”)

The term T3/,

N T .
ef; — eqFtH can be rewritten as

é(I;L - 6(1}1 = Zaq’j <Aﬁt_j - AFt_J) — Z (é‘q,j — qu’j) AFt—j7

where o, = 1. Hence

T T T q T

T q
1 . , 1 . 1 ) .
T D e —eal” < T D11 s (AFt—j - AFt—j) + DD (G —agy) AR
t=1 t=1 || j=0 t=1 || j=1
= [I+11.
After Minkowsi’s inequality we have
s r (& '
1<y HAFt _AF, (Z |aq,j|> ,
t=1 =0
and it holds that >-7_ |ag;| < 32 |oy| = O (1). Also, T1 Y[ |AF, — AR =

O, (6,,1) according to (16) in Lemma 4. Thus, I = O, (d,7). As far as I] is

concerned, we have
,
'

J=0

T
1 ~
<=5 :HAF
_Tt:1 t

r

Equation (17) in Lemma 4 ensures that 7! Z;‘le HAE = O, (1). Also,
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> o0l — g | < gmaxicj<q |y, — ag, and Lemma 2 leads to [g maxi<j<q | (g — agl]" =
Oy [T/ (log T)""* + 6| Thus, it holds that T'3" |71 27, [lef, — ek ||| =
O, (T4 6,7) + 0, [T7q (log T)?| + 0, (T ¥rqra ).

. P N A AR wr
; we have é,;, = —> 7 (&, ;AF_; with

Last, consider HT_lth:1 el

ag0 = —1. Thus

1 o ! 1 -
_ Zéq‘i = ZOéqJ’ <TZAFtJ> +
t=1 j=0 t=1

= I+1I.

q

~|

T
. 1 ~
(Gqj — vg,j) (f > Ath)
t=1

J=0

Noting that 7~/ AF,_; = O, (T~/?) for all js, it holds that

q 1/2 0|y 2\ 1/2
) .
re (Set) (Slrsan,
=0 =0 t=1
o7 1/2

A
@)

=
:
i

and also

q 1/2 |4 T 2\ 1/2

~ 2 ~
1T < (me g 4 ) Z TZAFt—J
§=0 j=0 |7 =1
1/2 7
. 2
< <q 112?3}(4 G5 — Qg ) Op ( T) :

Since, in light of Lemma 2, max<j<,|dq,; — aq;]° = O, (¢,7), we have

HT—l 23;1 éé‘;“ — Op <qr/2T—T/2) =0, (1)
Combining all these results together, it follows that

Fx ||T

€itb

E*

= B[+ 0, (a77%) + Oy (45,7) + O, [T (og Y] + 0, (471 7)
- EHef||r+op(1),

25



which proves (10), and hence also
— Op <T1—%r> + Op (Tl—%rq—rs> + Op (Tl—%quQD;;)
+0, (T7637) + 0, (1)

= 0, (T"¥) 4.0, (T ¥q07) + 0, 1),

Fx ||T
it,b

Tl—%rE*

Then T~ 2" E* I thH =0, (1) for any r > 2.

As far as (21) is concerned, recall that u; = 3 _, ~

qJ

u(1 .
Ujt—j +eqt( ), consider

the notation
ait = Z/}/ uzt ]+6qt()7
wy = Zv}’)uit_j +ep

(@)

q,]
in step 2.1 of the bootstrapping algorithm. Suppressing the dependence on

where 4, is the element in position (k + 1,k + 1) in the matrix 5 derived

1, Then we can write

ux
it,b

E*le

1 & 1
= =D, fZ%]
t=1 t=1

1 « 1 &
T > e+ T > es — e
t= t=1

IA

Using Assumption 2(i) and similar arguments as in Park (2002), it can be
shown that 713 |e]” = O, (1) and 7131 |t —et|” = O, (¢7™).
Note that

1 <& 1 <
ol et < =)0
t=1 t=1

= I+11,

T T

1 q
+fz

t=1

q
> A0 (g — i)

Jj=0

<’yq,] fyq ]) ’&itfj

J=1
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with 3, = 1. Then it holds that

(@)
Vaj

and (18) in Lemma 4 entails I = O, (¢"4,1). Also,

+, () (@)

1w d '
1< 23 il (Z ) -
j=0

Yai — Vaj
t=1

Equation (19) in Lemma 4 ensures that 713"/ |ay|" = O, (1). Also,

=0 ﬁsz - 7((;2 < gmax;<j<, ﬁ((;z - 7((;3 , and Lemma, 2 leads to [q max <<, &gg - 752
=0, (¢"¢,1)- Last, it can be shown straightforwardly that
1TAU 1TArqA(i)T qr
72 fal <z 2 il (2P| | =00 (7 ) |
t=1 t=1 =0
in light of (19). Thus
E*|eiiy|” = Eleil" + 0y (¢7) + 0p (4'051) + Op (¢ 007) + 05 (1),
which proves (10). Equation (21) also follows. m
Proof of Lemma 2. Note first that max;<;j<, ||5,; — BjH < maxi<j<q ||By; — Bay ‘—!—

maxi<j<q Hﬁq,j — B, |, and note that, in light of Assumptions 1(ii) and 2(ii)
we have max;<;j<, HﬁQJ — BjH < ?:1 HﬁQJ — BjH =0(q™®) - see e.g. Theo-
rem 2.1 in Hannan and Kavalieris (1986).

, assume first, for the

B a3 & aJ
sake of the notation and without loss of generality, that £k = 1, so that AF;

In order to find a bound for max;<;<,

and related quantities are scalars. Then the o, ;’s are scalars as well as the

. . /
’yg;’s; letting 3, ; = [aq,j, ’ygﬂ , it can be shown that max;<;<, |6,; — | =

0, <\/10g T/T) + O, (6,7) and max; <<, &gz - 7((;3 =0, (wlog T/T) +

O, (6,7). Consider first &, ;. Letting ag = [t 1, ..., g q)', OLS regression of
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~ ~ ~ ~ /
AF; against the vector AF,; = [AFt,l, ey AFt,q] leads to
> AP, AR

t=q+1

T
Z AF, AF,

t=q+1

qu:

Consider ZtT: i1 AﬁqﬁtAFq”t; application of Lemma A.1 and Lemma B.2 in
Bai (2003) entails T2 S | AF, AF!, =T 1S AFAF +0, (6,7).
Letting ZtT:qH AFAF,, =d =0, (T), after some algebra we have

T T
Gy —ap = d-1 { Z AFq,tez + Z AF,, (AE — AE)

t=q+1 t=q+1
T T
+ Y (Aﬁq,t - AFq,t) AR+ Y (Aﬁq,t - AFW) <A]3“t - AFt>}
t=q+1 t=q+1
= T+ IT+IIT+1V,

and therefore

From Theorem 2.1 in Hannan and Kavalieris (1986) we know that max;<;<, |I| =

O, (\/ logT /T) Also, using Lemma B.2 in Bai (2003) it can be proved
that 11 = O, (6,7) and III = O, (6,7), and Lemma A.1 in Bai (2003)
entails IV = O, (5;%); note that these results hold for all ¢, and thus
maxi<;<q |a| = O, (6,7) for a =II, II] and IV,

The proof for ﬁgz follows similar lines. Defining v, = [’Yq,p ...,'yq’q}l
(and suppressing the dependence on ¢ for the sake of notation) and ;;, =

—1
[t 1.gy -y Gt _qq) We have 4, = [Zfzqﬂ ait,qa;tﬁq} [Ef:qﬂ ait,qait]. Con-
A , A
sider ZZ:q—O—l 7:Lit,qﬂ;zt,q = ZtT:qH uit,qu;t,q +Ai Z;f:qﬂ Uit q (Ft,q - Ft,q) +Ai ZtT=q+1 (Ft,q - Ft,q) 5,
A~ ~ !/

N1 (P = Fug) (Frg = Fig) - Lemma Al in Bai (2004) ensures
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that Y7, (Fm - Ft7q> (Ft,q - Ft7q> =0, (TC;2). Also,

T T ) 1/2 1/2
Z <Ft7q_th> it,q < < t,q_Ft,q > < Z ||Uth|| )
t=q+1 t=q+1 t=q+1

= 0, (\/TC;TI> Op <\/T) =0y (TC;T) . (22)

Thus, 7! Z:{Zq“ Uit g Uiy g = T Zfzqﬂ Uit g ,+0p (1). As far as ZtT:qH Wit q Uit
R /
is concerned, note that ZtT:q+1 Uit qUip = th:qH Wit g Wit +\; ZtT:qH Uit (Ftﬁq - Ftﬁq)
A A , A

A (B = B) g + XL (Fa = Fg) (B~ F). Similar ar-
guments as for the proof of the consistency of ¢, ;, and (22) lead to max;<;<, Wq,j ~ Vg ‘ =
0, (x/logT/T> +0, (Crt). =

Proof of Lemma 3. Assumptions 1 and 2 ensure that V (r) =
BT W (r), with (1) =1 — 320, 8, and T2 2" ey 5 W (7). Con-
sider (12) and note that ijl Aq’j = ijl ﬁj—zj:qH ﬁj—l—zgzl <Bq7j — ﬁq’j>.
After Assumption 1(4i) and 2(4i) it holds that > 22 ., 3; = 0(¢™"), and after
Lemma 2 we have Z?Zl (Bq’j — ﬁq,j> < gmax;<j<q Bq’j — Byil = Op (%07_111“%
which is negligible under Assumption 5. Thus, B - (1) & 7 (1). The boot-

strap invariance principle in Lemma 1 ensures that 7~%/2 Z}T; €y — 4w ().

Also, following the same lines as Park (2002, proof of Theorem 3.3), we may
show that T2 sup; <, [£5; | = 0, (1). Therefore the CMT entails

[Tr] | Tr|

st fzm, +0,(1)

S AT W(r).

Sy
Q
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