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Abstract

In the literature several parametric methods have been proposed to test the mean
variance efficiency of a given portfolio. These tests serve to value the efficiency only
in the case the underlying portfolios are uniquely determined by the mean and the
variance. However, the return distributions could depend on many parameters. In
addition, investors are not always risk averse and they do not necessarily follow the
classical stochastic dominance rules. In this paper we propose a class of parametric,
semi-parametric and non parametric methods to value the efficiency of a given port-
folio with respect to a given ordering of preferences. Parametric and semi-parametric
tests suggest to value the distributional distance of some parameters between the
given portfolio and few other optimal portfolios. Non-parametric tests value the ef-
ficiency preference of the given portfolio with respect to all optimal portfolios. The
empirical application reveals that the Fama and French market portfolio is efficient

with respect to all preference orderings while the S& P500 stock index is inefficient.
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1 Introduction

The portfolio problem is essentially a choice problem among random variables. The
theory of the choice under uncertainty conditions has been manly developed under
the assumption that investors maximize their expected utility. In particular, many
studies assume that investors act as non satiable and risk averse agents and thus they
should have increasing and concave utility functions. For this reason most of the
criteria to verify the efficiency of a given portfolio (see, among others, Gibbons, Ross,
and Shenken (1989)) are based on the first and second order stochastic dominance,
see e.g. the review papers by Kroll and Levy (1980) and Levy (1992), the classified
bibliography by Mosler and Scarsini (1993), and the books by Shaked and Shanthiku-
mar (1994) and Levy (1998). Stochastic dominance theory aims at comparing random
variables in the sense of stochastic orderings expressing the common preferences of
rational decision-makers. Scaillet and Topaloglou (2008) develop consistent tests for
stochastic dominance efficiency at any order for time-dependent data (see also Linton,
Post and Wang (2005)), relying on weighted Kolmogorov-Smirnov type statistics in
testing for stochastic dominance. Other stochastic dominance tests are suggested in
the literature; see e.g. Anderson (1996), Beach and Davidson (1983), Davidson and
Duclos (2000).

Another approach for portfolio selection, proposed by Markowitz, reduces the port-
folio choice to a set of two criteria, reward and risk, with possible trade-off analysis.
Usually the reward-risk model is not consistent with the utility maximization ap-
proach, even when the decision is independent from the specific form of the risk averse
expected utility function, i.e. when one investment dominates another one by second
order stochastic dominance. Ogryczak and Ruszczynski (1997) propose semi-variance
models, where the reward-risk approach is maintained, but the choice of semi-variance
instead of variance makes the model consistent with second order stochastic domi-
nance. Moreover, Ruszczynski and Vanderbei (2003) propose mean-risk models that
are solvable by linear programming and the generated optimal portfolios are not dom-
inated in the sense of second order stochastic dominance. Other risk measures have
been proposed for portfolio selection, as for example Value-at-Risk (Jorion, 1997,
Duffie and Pan, 1997) or Expected-Shortfall (see Acerbi and Tasche, 2002, and Szego
(2004)), which is consistent with second order stochastic dominance. Value-at-risk
is widely used in practice, but it is only consistent with respect to first order sto-

chastic dominance. Pflug (1998) considered various classes of risk measures and gave



the general properties for these classes. Generalizing the approach of Ogryczak and
Ruszczynski (1997) he introduced expectation—dispersion risk measures and showed
that under some conditions they are consistent with stochastic dominance, but usu-
ally not coherent. De Giorgi (2005) solves a portfolio selection problem based on
reward-risk measures consistent with second order stochastic dominance. If investors
have homogeneous expectations and optimally hold reward-risk efficient portfolios,
then in the absence of market frictions, the portfolio of all invested wealth, or the
market portfolio, will itself be a reward-risk efficient portfolio. The market portfolio
should therefore be itself efficient in the sense of second order stochastic dominance
according to that theory (see De Giorgi and Post (2005) for a rigorous derivation of
this result).

However, the investor behavior is not known, except in some obvious circumstances.
As a matter of fact, while it is obvious that investors prefer more to less, several
behavioral finance analyses indicate that investors are neither risk preferring nor risk
averting (see Levy and Levy (2002)). Since there exist many alternative orderings
of investor preferences, we need to value the efficiency with respect to any of these
orderings.

The goal of this paper is to develop and empirically compare semi-parametric, as
well as non-parametric tests for valuing the efficiency of a given portfolio with re-
spect to a given ordering of preferences. We first propose some criteria for ordering
investors’ preferences when all portfolios are uniquely determined by a finite number
of parameters. Then, we show how to classify investors choices by the point of view
of non-satiable investors with different risk aversion preferences. Using the estima-
tion function theory (see among others, Lehmann and Casella (1998)) we describe
and discuss several semi-parametric tests for the efficiency of a given portfolio with
respect to different ordering preferences. Semi-parametric tests suggest to value the
distributional distance of some parameters between the given portfolio and few other
optimal portfolios. Non-parametric tests value the efficiency preference of the given
portfolio with respect to all optimal portfolios.

The paper is organized as follows. In section 2, we recall some of the most recent
classification of risk and reward measures, their properties and characteristics (un-
certainty and aggressiveness), and their connection with the preference orderings. In
section 3, we discuss a semi-parametric methodology, based on the estimating function

theory, to value the efficiency with respect to the first and the second order stochastic



dominance order when the return distributions are uniquely determined by a finite
number of moments. Furthermore, we classify the ordering of portfolio distributions
when these are uniquely determined by a reward measure, a deviation measure, and a
finite number of other parameters. Thus, we extend the previous methodology to test
the efficiency when we have this parametric dependence of the portfolios. In section
4, we discuss nonparametric methods to value the efficiency of portfolios with respect
to behavioral orderings. Numerical implementation of the reward/risk measures with
many parameters is difficult since we need to develop quadratic programming for-
mulations. Nevertheless, widely available algorithms can be used to compute these
models. In Section 5 we provide empirical illustrations. We analyze whether the
Fama and French market portfolio can be considered as efficient according to the
proposed semi-parametric tests when confronted to diversification principles made of
six Fama and French benchmark portfolios formed on size and book-to-market equity
ratio (Fama and French (1993)). We additionally test whether the S&P500 index
could be efficient in comparison with “the best” 20 assets of the S&P500. Finally we
test non parametrically the efficiency of these portfolios. We give some concluding

remarks in Section 6. Proofs are gathered in an appendix.

2 Risk/reward measures and ordering derived by

their use

In portfolio theory there are used several types of risk, reward, and uncertainty mea-
sures that associate a real value to a random wealth defined on a probability space
(2,3, P). The use of these measures is strictly connected with an ordering of pref-
erence. Let us recall the main classification of measures and orderings and their
connection (see Szegd (2004), Ortobelli et al (2006), (2007) for a detailed review).

The strongest risk ordering applied in the financial literature is the strict inequal-
ity between random variables also called monotony order. Thus, the orderings de-
rived by the monotony order (i.e., X>Y implies that X is preferred to Y) are
called risk orderings. Typical examples of risk orderings are the stochastic domi-
nance and the behavioral finance orderings. About stochastic dominance orderings,
recall that X dominates Y with respect to o — th (a > 1) order stochastic domi-
nance (namely X > Y, for some X,Y € L* ' {X/E (|X|O‘_1) < +o00 }if @ > 1 and
X,Y € L° = {all rgndom variables} if a = 1) if and only if the below inequality holds



for every real t

(@ L ' a—1 _ B ((t - X)(fl) (a) .
FO ) = m/_Oo(zs—y) AF(y) = = < FO) it a>1and

FO) = Fx(t) =Pr(X <t) < V() if a=1,

where () = [["* 22~'e~*dz. Furthermore, we observe that for any m>n, X >Y
implies X > Y and if X > Y then E(u(X))>E(u(Y)) for every utility function

ue U,

xT

U, = {u(x) =c— [1Z(y — ) 'dv(y) |c,x € R; where
v is positive o-finite measure f_Jr;o ly|* " du(y) < oo} :

Thus, if X > Y, any von Neuman Morgestern non satiable investor (with increas-
ing utility functlion) prefers X to Y and if X > Y then any von Neuman Morgestern
non satiable risk averse investor (with increasiilg and concave utility function) prefer
X to Y. Other examples of risk orderings are the dominance rules of behavioral fi-
nance (see Friedman and Savage (1948), Markowitz (1952), Tversky and Kahneman
(1992), Levy and Levy (2002), Baucells and Heukamp (2006), Rachev et al. (2008)
Edwards (1996), and the references therein). With these orderings we consider non
satiable investors that are neither risk averse nor risk lover such as prospect theory
type investors (see Tversky and Kahneman (1992)) and Markowitz type investors
(see Markowitz (1952)). Prospect theory type investors are non satiable risk lovers
at lower levels of wealth and risk averse at higher levels, while Markowitz type in-
vestors are non satiable risk averse with respect to losses and are risk seeking with
respect to gains as long as the outcomes are not very extreme. Typically, given
c,d € supp{X,Y}, ¢ > d we say that X dominates Y in the sense of prospect theory
(X PSDY) if and only if Vy € (—o0, (|

gx(y) = / " P (w)du < gy (y) and gx (y) = [ Frtwdu < 3v10)
if and only if V(z,y) € [0,1] x (—o0, (],

9x(z,y) = 2gx(y) + (1 — 2)gx(v) < gv(z,9).

(see Ortobelli et al (2008) Levy and Levy (2002) and Baucells and Heukamp (2006)).
Analogously, we say that X dominates Y in the sense of Markowitz order ( X M SD



Y) if and only if Vy € (—o0, (]
ma(y) = / " Fy(u)du < my(y) and iy (y) == / " Fau)du < iy (y)

—00 +c—y

if and only if V(z,y) € [0, 1] x (—o0, ],

mx(z,y) == zmx(y) + (1 — z)mx(y) < my(z,y).

Instead we call uncertainty ordering any ordering that classifies the different degree of
uncertainty of the admissible choices. Typically these orderings of preference main-
tain the same order between the random variables and their opposite, that is, X is
preferred to Y if and only if —X is preferred to -Y. Classical example of uncertainty
order is Rothschild and Stiglitz ordering also called concave order in the ordering lit-
erature (see, among others, Shaked and Shanthikumar (1993) and Miiller and Stoyan
(2002)). We state that X dominates Y in the sense of Rothschild and Stiglitz ( X
R—SY)if and only if E(u(X))>E(u(Y)) for every concave utility function w, if and
only if X > Y and E(X)=E(Y) if and only if X > Y and —X > —Y (see Rothschild
and Stiglit2z (1970)). Clearly, risk, reward, and 2uncertainty rrfeasures are classified
with respect to their properties. However, the most important property in portfolio
theory is the consistency (isotonicity) with investor’s preferences >~ . Recall that we
say that a measure p is consistent (isotone) with investor’s preferences >, if X>Y,
implies p(X) < p(Y) (p(X) > p(Y')). This property serves to distinguish risk, reward,
uncertainty and aggressive measures. An uncertainty measure is a measure consis-
tent with an uncertainty ordering of preference. An aggressive measure is a measure
isotone with an uncertainty ordering of preference. Thus an aggressive measure is
the opposite of an uncertainty one. A risk (or monotone) measure is any measure
consistent with monotony order, that is p(X) < p(Y) when X>Y. A reward measure
is the opposite of a risk measure, that is, when a risk measure is consistent with a
given ordering, then the associated reward measure (opposite of the risk measure) is
isotone with the same ordering (i.e., p(X) < p(Y) when X<Y ). Moreover, when the
measure is either an uncertainty measure or an aggressive measure, we could have
either an uncertainty risk measure (consistent with a risk ordering and with an un-
certainty order) or an aggressive risk measure (consistent with a risk ordering and
isotone with an uncertainty order). Thus when investors minimize an uncertainty risk
measure obtain portfolios with minimum uncertainty and risk, while when investors
minimize an aggressive risk measure obtain portfolios with minimum risk and maxi-

mum uncertainty. Observe that minimizing a risk measure is equivalent to maximize



the associated reward measure. Clearly the distinction between risk and uncertainty
orderings imply a different use of risk/reward and uncertainty /aggressive measures
to get optimal choices (see Ortobelli et al (2005)). Generally, we say that:
1)  a measure p is simple (or invariant in law) if p associates the same values
p(X) = p(Y) at random variables X and Y identically distributed;'
2)  arisk measure p is translation equivariant if p(X + C)= p(X)-C for any con-
stant C' (while translation equivariant reward measures satisfy the property p(X+C)=
p(X)+C;
3) ameasure p is translation invariant if p(X+C)= p(X) for any constant C;
4)  arisk measure p is functional translation invariant® if p(X+C)< p(X) for any
constant C'>0 (for reward measures we have the inverted inequality);
5)  ameasure p is positively homogeneous (either scale or scalar invariant ) if p(0)
=0, and p(aX)=a p(X), for all admissible random variables X and all a > 0;
6) a measure p is positive (negative) p(X) > 0 ( p(X) <0) for all X;
7)  ameasure p is sub additive p(X + Y) < p(X) + p(Y), for all X and YV
8)  a measure p is super additive p(X + Y) > p(X) + p(Y), for all X and YV
9) a measure p is convex p(aX+(1-a)Y) <a p(X)+(1-a) p(Y), for all X and Y
and a € [0, 1]; the opposite of a convex measure is a concave measure, (i.e.,

p(aX+(1-a)Y)>a p(X)+(1-a) p(Y), for all X and Y );
10)  a measure p satisfies the Fatou property if for any sequence {X,}, .y of inte-
grable random variables that converges to the integrable random variable X with
respect to the L' norm (namely, X, —;1 X, ie., E(|X, - X|) == 0), then
p(X) <liminfp (X,,).

All thg;eo;roperties serve to define and classify different classes of measures. Ac-
cording to Artzner et al. (1999) a functional p is called coherent risk measure if it is

monotone translation equivariant, sub additive and positive homogeneous. According

!This property is in heritage from probability metric theory (see Rachev (1991)). However this
property is necessary only when we consider the consistency with a particular ordering (see Ortobelli

et al (2008)) .
2We use the Gaivoronsky and Pflug’s definition of translation invariance (conceptually right) to

distinguish the translation invariance in the sense of Artzner et al. (1999) that we call translation
equivariance (as suggested by Gaivoronsky and Pflug (2001)). The functional translation invariance

contains both concepts and thus it is a natural generalization of them.
3In the paper we use the alternative definition of scale or scalar equivariant as suggested in

Ortobelli (2001). However, as suggested by Prof Lucio Bertoli-Barsotti this property should be

defined as scale or scalar equivariant.



to Follmer, and Sheid (2002) a functional p is called convex (concave) risk measure
if it is monotone, translation equivariant, convex (concave) measure. According to
Rockafeller, Uryasev, and Zabarankin (2006) a deviation measure is as a positive, sub-
additive, positively homogeneous, translation invariant measure and an expectation-
bounded measure is any translation equivariant, subadditive, positively homogeneous
measure p that associates the value p(X)>-E(X) with a non-constant random vari-
able X, whereas p(X)=FE(X) for constant X. These classifications are connected each
one with the others. In particular, convex risk measures contains the class of coherent
risk measures. Expectation-bounded measures that are monotone are also coherent
and there is a correspondence one to one between expectation-bounded measures and
deviation measures. Moreover, from Bauerle and Miiller (2006) we know the links
between all the previous measures and Rothshild Stiglitz order, first and second order
stochastic dominance order. In particular:

a)  any simple monotone measure is a risk measure consistent with first order sto-
chastic dominance ;

b)  and any simple convex measure that satisfies the Fatou property is consistent
with Rothshild Stiglitz order.

Thus, simple deviation measures and simple expectation-bounded measures that
satisfy the Fatou property are uncertainty measures consistent with Rothshild Stiglitz
order, while all simple convex (or coherent) risk measures that satisfy the Fatou
property are uncertainty risk measure consistent with first, second orders stochas-
tic dominance and with Rothshild Stiglitz order. From Bauerle and Miiller (2006)
we also deduce that simple concave measures that satisfy the Fatou property are
aggressive measures isotonic with Rothshild Stiglitz order. Thus all simple concave
and monotone measures that satisfy the Fatou property are aggressive risk measure
consistent with first order stochastic dominance and isotonic with Rothshild Stiglitz
order.

Remark 1 The above classification can be seen in terms of reward measures. Thus
we call:

1) coherent reward measure v the opposite of a coherent risk measure p (i.e., v(X)=-
p(X) for all X), that is any monotone, translation equivariant, super additive and pos-
itive homogeneous measure;

2)  concave reward measure v the opposite of a convex risk measure p (i.e., v(X)=-

p(X) for all X), that is any monotone, translation equivariant, concave measure;



3)  aggressive reward measure* v the opposite of an uncertainty risk measure, that
1s also equal to an aggressive risk measure p valued on the opposite of the random
variable (i.e., v(X)= p(-X) for all X);

4)  wuncertainty reward measure v the opposite of an aggressive risk measure, that
15 also equal to an uncertainty risk measure p valued on the opposite of the random
variable (i.e., v(X)= p(-X) for all X);

5)  aggressive deviation measure v the opposite of a deviation measure, that is a
negative, super additive, positively homogeneous, translation invariant measure;

6)  aggressive expectation-bounded measure v the opposite of an expectation-bounded
measure, that is a translation equivariant (v(X+C)=v(X)+C), super additive, pos-
itively homogeneous measure v that associates the value v(X)<FE(X) with a non-
constant random variable X, whereas v(X)=E(X) for constant X;

7)  coherent expectation-bounded reward measure any aggressive expectation-bounded
measure that is isotone with monotony order.

As observed previously all these risk/reward measures are connected to classical
stochastic orderings. However, as suggested by behavioral finance, while it is credible
that investors are non satiable they could be neither risk averse, nor risk lover. For this
reason it has sense to consider measures that are monotone, but they are not consistent
with an uncertainty/aggressive order. Typical examples are the so called aggressive
coherent reward measures cp_x — dpx, where ¢, d>0 and pxy px are two simple
coherent risk measures that satisfy the Fatou property (see Rachev et al (2008)).
These functionals are isotone with the monotony order, but p_x is consistent with
Rothshild Stiglitz order and —pyx is isotone with Rothshild Stiglitz order. We refer
to Ortobelli et al (2005) and to Rachev et al (2008) for further examples of the above
measures. The largest class of measures consistent with preference orderings is the
class of FORS measures (see Ortobelli et al (2006) (2007)). We call FORS measure
induced by the order of preference > any probability functional 4 : A x I' — R
that is consistent with respect to the order of preferences = defined on the space of
real-valued random variables A (where T is a space of admissible benchmarks. The
random variables belonging to A or I' are defined on the probability space (2,3, P)).

Therefore if X dominates Y with respect to a given order of preferences > on A (X >

4This definition is different from that proposed by Rachev et al. (2008) that call aggressive reward
measure the opposite of an aggressive risk measure. This difference is justified since we previously
define as aggressive measure any measure isotone with an uncertainty order therefore it must be the

opposite of an uncertainty measure.



Y'), this implies that u(X, Z) < u(Y, Z) for a fixed benchmark Z belonging to I'. The
benchmark could not be specified and in this case the functional y is defined from A
toR (p: A — R). According to Bauerle and Miiller’s analysis all the above measures
are particular risk/reward, uncertainty/aggressive FORS measures. Moreover, given
a class of FORS measures that identify the random variables belonging to A we
can easily generate an ordering from this measure. As a matter of fact, suppose
px : [a,b] — R (where [a,b] C R", a = [ay,...,a,]",b = [by, ..., b,]" such that —oo <
a; < b; < 400 i=1,...,n) is a bounded variation function, for every random variable
X belonging to a given class A and assume that the functional py is simple (i.e., for
every X, Y € A, px = py & Fx = Fy). If, for any fixed X € [a,b], px (\) is a FORS
risk measure induced by a risk ordering >, then, we call FORS risk orderings induced
by > the following ordering X F 9{25 Y iff px(u) < py(u), Yu € [a,b]. In particular,
when n=1 and [a,b] C R, we can easily define a new class of orderings defined for
every a > 1, VX, Y € A,y = {X €A Hfab |t|°‘71dpx(t)’ < oo}

X FQRS Y iff pxo(u) < pya(u), Yu € [ab]

1
—— ["(u—t)*"dpx(t) ifa>1
where px.o(u) = { I'(a) Ju )" dpx(t) if . We call px the FORS risk
px(u) ifao=1

measure associated with the FORS ordering of random variables belonging to class A.
From the above definition we understand that any FORS risk measure px : [a,b] — R

associated with the FORS ordering is identified by two properties:
a) the identity property, i.e., px = py < Fx = Fy
b) the consistency property, i.e., any time X is preferred to Y (X = Y), px < py.

Therefore with FORS orderings we can build orderings and probability functionals
consistent with the preferences of different investors’ categories. In particular, even
the Markowitz and prospect behavioral type orderings are some particular FORS
orderings. Moreover, we can also consider many other types of behavioral orderings
for satiable investors who are neither risk averse nor risk lover. As a matter of fact,
many times we can identify an aggressive coherent risk FORS measure px : [a,b] — R
associated with a behavioral FORS ordering. For example, we can consider the FORS

risk ordering induced by the monotony order with the associated risk FORS measure:
px(a,B) =dES,(X) — cESs(—X) a,p€0,1], ¢,d>0 (1)

9



-1 o . . .

where ES,(X) = — [ Fy'(u)du is the coherent risk measure that satisfies the
o

Fatou property called expected shortfall (or conditional value at risk, namely CVaR)

defined as function of the left inverse of cumulative distribution
Fil'(p) = inf {z : Pr(X < ) = Fx(x) > p} Vpe|[0,1].

Since the function px(«, 5) identify the distribution of X (even for a fixed « or j3)
and it is consistent with the monotony order, this FORS measure identify a particular
behavioral ordering for non satiable investors who are neither risk averse nor risk
lover. Clearly, we can create many other examples of behavioral orderings. However,
an open question is how can we verify that a portfolio is optimal with respect to
a particular ordering of preferences. In the sections that follow we deal with this
problem considering either a non parametric methodology or assuming that portfolios

belong to a parametric family of distributions.

3 'Testing parametric preference orderings

Let us consider the optimal portfolio choice problem among n-+1 assets: n of those

assets are risky with gross returns Z = [Z;, ..., Z,]' and the (n+1)th asset has risk-

free gross return Zy. When unlimited short selling is allowed, every portfolio of gross

returns is a linear combination of the constant riskless gross return Zj, and the risky

gross returns Z; i.e. xoZy + zn::ciZi where (xq, 1, ...,2,) € R7+1. However in the

following we describe portfoli(z‘):slzelection problems under institutional %strictions on
it+1

the market: no short sales, limited liability, i.e. 2’2 > 0 where Z; = ——— > 0 and
it

x; > 0 V2. Under this hypothesis we can assume that the family o of all admissible

portfolios of gross returns is a scale invariant family which admits positive translations

(i.e., if X € p then even aX € p, X +1t € p for any «,t > 0).

3.1 Semi-parametric tests for stochastic orderings depending

on the first moments
In the literature several parametric methods have been proposed to test the mean
variance efficiency of a given portfolio (see, among others, Gibbons, Ross, and Shenken

(1989)). These tests serve to value the efficiency only in the case the underline

portfolios are uniquely determined by the mean and the variance. However return

10



distributions could depend on more parameters. For example, let us assume that
all portfolios of gross returns belong to a scale invariant family of positive random
variables which admits positive translations and it is uniquely determined by the first
four moments. Suppose we have a portfolio with vector weights, mean, standard
deviation, skewness and kurtosis respectively given by zP = [z, ..., 22|, m,, 0,, s,k
then as proved by Ortobelli (2001) all non-satiable investors will prefer the portfolios

solution of the following optimization problems

12 . /E Z
Problem (1) max Qz subject to Problem (2) max © /( ) subject to
PE(Z) _m, ‘ » /o' Qu
o0z = o, res im0 =t uQr > oy de = 1w 20, i= 1,0
B(@2z-E@2)*)  B(@Z-BE@2)*) E(@'Z-B(@'2)®) 5 BE(@'Z-E@2)") I
e TP T waeoT wen TS T wae?

(2)
where () is the variance covariance matrix of the n assets. Similarly, all non-satiable
risk averse investors will prefer the portfolios solution of the following optimization

problem

~—

Problem (3) max E(2'Z) subject to Problem (4) max ' E(Z

YE(Z) _m, | » T Qr
> rle=1 1200 1=1,..n E(@'Z)>my; de=1; 2, >0; i =1, ..,

V' Qx op n
=k

subject to

:

B(@z-E@2)*)  B(@Z-B@2)*) E((@z-E@'2)®) BE((Z-E@'2)")
@Qu oy F @ Q)
(3)
Let z(M) = [xgl),...,:cgl)]’, ma, o1, 3, my, 09, 3, mg, 05, and z*, my, o4 be the

vector of weights, the mean and the standard deviation respectively of the portfolio
solutions of the above problems. Thus, theoretically non satiable investors prefer the
portfolio with mean, standard deviation, skewness and kurtosis m;, o;, s, k, i=1,2, to
the portfolio with parameters m,, 0,, s, k. Similarly non-satiable risk averse investors
prefer the portfolio with parameters m;, o;, s, k, 1=3,4, respect to portfolio with pa-
rameters m,, 0,, s, k. In order to test the first (second) order stochastic dominance
efficiency of the portfolio with parameters m,, 0,, s, k we consider the null hypothesis
Hy that the portfolio with parameters m,, o,, s, k is first (second) order stochastic
dominance efficient (non dominated) against the hypothesis H; that portfolio with
parameters m;, 0;, s, k, i=1,2, ( m;, 0;, s, k, i=3,4) first (second) order stochastically
dominates it. In the recent literature have been proposed several tests based on the
Kolmogorov Smirnov statistic to compare stochastic ordering preferences (see, among
others, Scaillet and Topaloglou (2008)). Alternatively, we discuss a semi parametric

statistic obtained by estimating functions theory (see Lehmann and Casella (1998)).

11



Then, suppose that R = (Ry, ..., Rr) is a random vector on a probability space and the
distribution family of this vector is parameterized by & = (&, ...,§,). An estimating
function h(Rs, &) is called unbiased if E(h(R,€&)) = 0 for all admissible . Generally,

the number of EFs is set equal to the number of parameters &, (k=1,...,p) considering

T n
the linear combinations lg, = > > ak;shi(Rs, &) k=1,...,p of unbiased Efs h;(R,¢)
s=1i=1
(i=1,...,n). The unbiased estimating functions h;(R, &) are also mutually orthogo-
nal, i.e., for every i # j; i,j=1,....n, E(h;y(R,&)h;(R,€)) = 0. In particular, among

T n
all the linear combination l¢, = > Y ak;shi(Rs, &) of unbiased mutually orthogo-
1

s=11i=
Ohi(Rs,E)
| estimating functions the functions I sziE( % >h(R £) k=1
nal estimating functions the functions = s o (R, =1,...,p
& Sk s=1i=1 E(h%(Rfﬂg))

are optimal estimating functions. Then, an estimate f of ¢ is obtained by solving
the system of estimating equations If , = 0, k=1,...,p. According to the estimating
function theory the optimal Efs obtained as consistent solution of equations [ ; = 0,

after orthogonalization, standardization and optimal combination have the property
VT (£ ¢) = MVN(O, V)

oly .

where Vep = [v; i j=1,..p and v; ; = E(%) i,j=1,...,p. In estimating function theory
J

the estimators are implicitly defined. On the other hand not all the solutions of esti-
mating equations can be considered optimal estimators. Thus, using some convergent
methods to compute the roots of equations it is important to start by an approximate
solution to get optimal estimates (see Crowder (1986)). However, in some cases we
can easily obtain optimal solutions. Typical examples of optimal estimating func-
tions are those proposed by Godambe and Thompson (1989) based on the first four
central moments of a given statistic. In Godambe and Thompson’s model we have

two unbiased and mutually orthogonal estimating functions:

hi(Re,§) = f(Ry) — m(€)
and
ha(Ri,€) = (f(Ri) = m(€))” = 0*(€) = s(€)a(€) (f(Rr) — m(&))
where f is a measurable real function E(f(Ry)) = m(€), E ((f(R:) — m(£))?) = o(€),

E ((f() —m(€)")

and s(§) = 5(E)

Therefore the optimal estimating functions are

given by
T

b= Z (ar,1,sh1 (R, §) + arg,sha(Rs, £))

s=1

12



Ohi(Rs,€)
B (2ufg)

| E(hi (R, ) | | | |
tions G'T estimating functions. Under regularity assumptions the following proposi-

where a; s = 1=1,2, k=1,...,p. We call this class of estimating func-

tion determines the class of consistent solutions of m(¢) root of equations [f; = 0.

Proposition 1. Suppose we have a sample R = (Ry, ..., Rr) of i.i.d. observations.
The consistent estimates of m(&) of GT estimating equations I ., = 0 are given by the

values fk solutions of the equations for k=1,...,p,:

(1 , 17 1 X
?Zf(Rt)‘l‘ck_ Ck_TZ(f(Rt)_TZf( Zka
~ . t=1 t=1 t=1
m(§) = - - -
et (d-hx (10— £ sm) s
_ B Oh1(Rs,§) Oha(Rs,¢
where ¢, — Y1 6;212(5)0(5), gy = %and (g2 = (h2 ;i,§>) More-

over, we get optimal GT estimates of ék as solutions of the above equations when the
reqularity conditions of implicit function theorem are satisfied and we can determine

the estimates in all the domain of its definition.

The solutions of GT estimating functions defined in the above proposition could
serve to identify quickly the optimal estimators. In our context, the above equations
permits us to define optimal estimators. As a matter of fact, let us suppose we have
the historical observations R = (R, ..., Ry) of a portfolio with parameters m, o, s =

_ 3 _ 4
_B(R-ER)) = M. Then we can consider the following GT estimating

B((R-pR)*)"* " B((R-E@®)?)
functions
T
lm = Z (a1,th1(Ry, m, 0) + by tha(Re,m, 0))
=1

T
lo = Z b2,th2(Rt7 m, U)

t=1
where hy(R;,m,0) = R, — m, hy(Ry,m,0) = (R, —m)* — 0> — so (Ry —m) , a1, =
E(@hl(alj;lm,o')> - L b — E(@hz(@R’,;lm,o')> B i B E(Bhl(g(;m,a)) - 0 b _
ER(Rmo)) o2 "Lt T ERIRmo) | Sk-1-2) 2T BE@Rme) 0 V2T
E(@hz(R,m,o‘))

E(h%(g:;w)) = Jg(k:iSQ). By equaling to zero the function [,, we get the consistent

13

>0



estimating function of the mean

R_%ﬁ((@f%(l

) (Rt—R)2—02>)1/2ifs>0

T &
m = o 1/2 (4)
(k—1) (k—1)o \ 2 1z 2
R— (Do 1 (—") —4 (= (R —R)’=0?)) ifs<0
s s T =
where R = — Z R;. By equaling to zero the function [, we get the consistent

estimating functlon of the standard deviation

1/2

s = e 2 4L 2 :
§(R—m)—§ s*(R—m) +TZ(Rt_m) if s>0
b= i 1/2
T
SR+ (2 (Rm)’ + X (Re— )it <0
t=1

However, imposing the vector (l,,,1,) equal to zero we get the joint estimates of

the mean and of the standard deviation that are respectively the sample mean

_ 1 T 1T 1/2
R=m= 7 Z R, and the sample standard deviation ¢ = (T > (Rt R)2> .
t= t=

t=1

T T - 172\’
The estimates <_T >Ry, (Z (R — R)2) ) must converge in distribution to a
=1

/
bivariate Gaussian vector with mean <m\/T oV ) and variance covariance matrix

given by V! where V = [v;;] 1,j=1,2 v1; = E(%=) = —Uz(kk_fll_sz); Ui2 = Vg1 =
21 4 2s
Ol _ __ =25 . _ () — _
E(%52) = gy o2 = E(58) = mpoiy, that is V° 1_Zl2s k:—l]'

When the portfolio with weights 2P is not dominated the above optimization prob-
lems should give as solution the portfolio zP. The null hypothesis ( H{ i=1,2) is that
the portfolio z? is not first order dominated from the i-th portfolio. A simple test for

first order efficiency should based on the decision rule

ﬁ (ml - mp) > c’i,oc
ﬁ (5—1 - &p) > cé,oa

where 71;, M, and 0;, 6, are respectively the sample means and the sample standard

Reject H} if { for i=1,2, (5)

deviations of portfolios with weights (), 27. Similarly, if portfolio z” is not first order
dominated, then the null hypothesis H{ i=3,4 is that the portfolio with weights z? is
not second order dominated from the i-th portfolio (i=3,4). Then a simple test for

second order efficiency should based on the decision rule

ﬁ (ml - mp) > Ci,oz

‘ for i=3,4, 6
ﬁ<6-2 - a-p) < Cé,a ( )

Reject H if {
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As confirmed by the following proposition the intuitive ideas of the above tests are

justified by a theoretical point of view.

Proposition 2. When the portfolios are uniquely determined by the first four mo-

ments we can guarantee that there exist opportune values cé-

1=1,2,3,4, j=1,2, such that

o (see the appendizx),

lim P (reject Hé| H. is true) <aand lim P (reject H | H is false) =1.

T—o0 T—o0

Using estimating function theory we can also value the efficiency when we use
different reward, risk measures. However, in these cases we need to know the ordering
of portfolio distributions with respect to the new parameters. In particular we can

generalize some results proved by Ortobelli (2001).

3.2 Stochastic orderings depending on reward and risk mea-

sures

Under institutional restrictions on the market we can assume that the portfolios of
gross returns are positive random variables belonging to scale family, denoted with
o, (@), that admits positive translations and it has the following characteristics® my
is a positive, positive homogeneous reward measure consistent with monotone order
that satisfies the relation mx,; = mx +t for every real t > 0.:

1. Every distribution Fx belonging to o7, (a) is associated to a positive random
variable X and is identified by k parameters (mx,ox,a1 x...,ax2x) € A C RF,
where mx and ox are respectively a simple positive reward measure isotone with the
monotony order (i.e., X > Y implies mx > my), and a positive scale parameter
associated to the random variable X. We assume that the class o7," (a) is weakly de-
termined from its parameterization. That is, the equality (mx,ox, a1 x..., a—2x) =
(my, oy, a1y..., ak—2y) implies that Fx 4 Fy, but the converse is not necessarily true
6.

2. For every admissible real ¢ > 0 and for every Fy € o7, (a), the distribution

function Fy has the same parameters of the distribution Fx; € o7, (@), except the

°In this classification we consider reward measures instead of the mean and this represents the

main difference with the classification proposed by Ortobelli (2001).
6We use the same notation of Ortobelli (2001). However in all the examples dealt in the paper

we use only distribution families uniquely determined from the parameters.
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reward measure and the scale parameter. In particular, the reward measure is trans-
lation equivariant (i.e., mxy; = mx + t for every real ¢ > 0) and the application
fx(t) = x4 is a non increasing continuous function.

3. For every admissible positive o and for every Fx € o7, (a), the distribution
function F'x has the same parameters of the distribution F, x except the reward mea-
sure and the scale parameter which are positive homogeneous, i.e., m,x = amx and
Oax = QOX.

Remark 2 Observe that for any positive random variable a reward measure isotone
with the monotony order is positive. In particular, any coherent reward measure and
any aggressive-coherent reward measure applied to random wvariables belonging to a
o1 (a) is consistent with monotony order, positive, positive homogenous and trans-
lation equivariant (see Rachev et al. 2008).

Remark 3 Requiring that all the other parameters except the reward and risk mea-
sures must be translation and scale invariant is not a very strong assumption. As a
matter of fact, as observed by Ortobelli 2001, we can always assume that the family
depends on some given parameters and then we can find another parametrization of
the family that satisfies the above conditions. Typical example is the case of portfolios
depending on a finite number of moments (see Ortobelli 2001 ).

When portfolios belong to a o7, (@) class, we can identify stochastic dominance rela-
tions among portfolios.

Theorem 1 Assume all random admissible portfolios of gross returns belonging to a
ot (a) class. Let w'Z and y'Z be a couple of portfolios respectively determined by
the parameters (Myyz, Owz, 1 p, .., Gk—2p) aNd (M7, 0y 7,01 p, ..., Ag—2,p). Then, the

following implications hold:

1. 7:1—“,/5 > % and oz > oyy (with at least one inequality strict) implies
w y
w'Z FSD y'Z.
Mo, Vi
2. Suppose —2Z = Y2 Then 0yy > oyz if and only if WZFSDy'Z

Ow'z Oy'z
3. Ww'Z FSD y'Z implies that myyz > myz and w’ZFQRSy’Z for any simple
FORS risky ordering.

From the previous theorem we deduce that most of the results relative to the first
order stochastic dominance proposed in the Ortobelli’s classification are still valid

when we consider reward measures different from the mean. Thus, as follows by
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the next example we can easily find optimal portfolios assuming that the portfolio
depends on a reward measure and finite number of parameters.

Example 1 Let us assume that all portfolios of gross returns belong to a scale
invariant family of positive random variables o7, (@)which is uniquely determined by
parameters (mx, 0x, a1 x, Gz x ). Suppose we have a portfolio with vector weights, and
parameters respectively given by z* = [z7,..., 22, m,, 0,, s, k then all non-satiable

investors will prefer the portfolios solution of the following optimization problems

. My 7z .
max o,z  subject to max —- subject to
X
T2 > T e =1; aywy = 5 2 (7)
—_— p— ! —_— . J— . —_— .
Owz  Op e ' Owz 2 0p; Te =15 a1y = 8
ypz =k v; >0, i=1,..,n a2z =k; 1; >0, 1=1,..,n

However in the previous analysis we do not analyze the relations of different reward

measures.

Proposition 3. Suppose the two parametric family oty (@) admits two possible pa-

rameterizations (my x,0x) and (ma x,0x) with the same translation invariant scale
parameter (i.e. ox.y = ox for any real t). Then for any random variable X belonging

to o7y (a) we have that (m1x — max)/ox is a constant. That is, if there exist a

random variable X € oy (@) such that my x > max then myy > mayVY € o7y (a).

The same proposition is substantially valid for scale and translation invariant fam-
ilies 07y(a) of (non necessarily positive) random variables. Moreover considering that
it is theoretically indifferent using one or any other existing translation invariant scale
parameter for a omy() (or o7, (a)) class. Then the above proposition tells us that
the ranking among different portfolios given by the ratio between any reward measure
and a deviation measure is practically the same if we assume that all portfolios are
uniquely determined by two parameters. Observe that when we fix all parameters

except the reward measure and the scale parameter of a given o7, (a) family, we

obtain a particular o7, (@) class. Therefore, every o7, (@) class weakly determined
by the parameters (m,o,y) (where m is a reward measure, o is the scale parameter
and y € B C R*2 is the vector of the other parameters) can be seen as the union of

o1y (m,0,y) =: V(y) families (i.e., o7 (a) = UV(@)) Therefore, the above propo-
yeB
sition can be applied to the respective components of the union. However, we cannot

guarantee that the constant ratio between the difference of two admissible reward

measures and the dispersion measure of the same component V(%) remains equal for
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every other component of the union (i.e. it is not necessarily true that the ratio
remains constant for all the distributions of the family o7,7(@)). In fact, it could be
that different ranking measures penalize the asymmetry or the kurtosis parameters
in a different way. The above Proposition can be used even to prove second order
stochastic relations using reward measures different from the mean.

Theorem 2 Assume that all random admissible portfolios of gross returns belonging
to a o7 (a) class. The family or; (a) admits two possible parameterizations with
the same parameter except the reward measure. Assume that the scale parameter is
translation invariant (i.e., ox1; = ox for any real t) and the mean is one of the two
possible reward measures. Let w'Z and y'Z be a couple of portfolios respectively de-
termined by the parameters (Myy 7, Ow 7, A1, -, Gk—2.p) aNd (M7, Oy 7,01 p, ..., Gp—2,p)
(or (BE(W'Z),0uwz,01p, ..., a5—2,p) and (E(Y'Z), 0y 7,01, ..., ak—2,) ). Then, we distin-
quish two cases.

1) Suppose myz > E(w'Z) (or equivalently my; > E(y'Z)), then the following
implications hold:

la) 2wz > "WZ gnd mu,; > myy (with at least one inequality strict) implies

Ow!'z - O'y/Z

w'Z SSD y'Z.

1b) myz > myz and oy < oyyz (with at least one inequality strict) implies
w'Z SSD y'Z.

1c) w'Z SSD y'Z and E(w'Z) = E(y'Z) (i.e. W ZR— S y'Z) implies myz < myz

and Owz < Oy z.

2)  Suppose myz < E(w'Z) (or equivalently my,, < E(y'Z)), then the following

implications hold:
2a) w'Z SSD y'Z implies myyz > my .

2b) w'Z SSD y'Z but w'Z does not dominates at first order y'Z (this assumption

includes the case W'ZR — S y'Z) implies muyz > My z and oyy < 0y z.

The previous theorem classifies reward measures with respect to the consistency
with second order stochastic dominance and Rothshild Stiglitz uncertainty order:
1) those bigger than the mean are consistent with Rothshild Stiglitz uncertainty

order;
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2)  those smaller than the mean are isotonic with second stochastic order and
Rothshild Stiglitz order.

Therefore, when the aggressive-coherent reward measures maintaining their value
bigger than the mean and performance ratio bigger than a fixed one we find port-
folios that cannot be dominated by non satiable risk lover investors (investors with
increasing and convex utility function). This portfolio is SSD dominant, but it could
be further dominated at the second order by portfolios that have the same mean and
lower dispersion. While if we maximize aggressive-coherent reward measures main-
taining their value lower than the mean, we get portfolios that are not SSD dominated.
Moreover, in all cases, maximizing uncertainty or coherent or aggressive-coherent re-
ward measures we get portfolios that are not FSD dominated.

Example 2 Let us assume that all portfolios of gross returns belong to a scale
invariant family of positive random variables o7; (@) which is uniquely determined
by parameters (mx, ox, a1 x, Gz x). Suppose we have a portfolio with vector weights,
and parameters respectively given by a? = [af, ..., 22]’, mp, 0,, s, k. Assume that the
dispersion parameter oy is translation invariant (i.e., ox,; = ox for any real t). If
my, > E ((xp)/ Z ) then my > E (X) for any portfolio X with the same parameters
s, k and all non-satiable risk averse investors will prefer the portfolios solution of the

following optimization problem

. Myrz .
max myz subject to max — subject to
xr
Maz ' My o Togvz (8)
— = ! = . J— . j— .
ooy 7, s y Wl a'Z ) Myt 7 2 My, T'e= 1, A12'7 = S;
arpz =k i >0, 1=1,..n Goz =k 220, i=1,.,n

The solution of these problems give us:

a)  dominating portfolios w.r.t. SSD order if m, > F <(a:p)/ Z ) However it could
exist a portfolio that is still preferred to the solution by all non-satiable risk averse
investors, but certainly it does not exist a portfolio that is preferred by all non satiable
risk lover investors.

b)  non-dominated portfolios w.r.t. SSD order among those portfolios with the
same parameters s, k, if m, < E ((xp)/ Z).

Moreover, for all the solutions of optimization problems (7) and (8) we get non
dominated FSD portfolios (among those portfolios with the same parameters s, k).
About risk FORS orderings we can determine the following results.

Theorem 3 Assume px is a FORS risk measure associated to a FORS ordering

defined on the real interval [a,b]. Then, for any o > 1 the following implications
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hold:
1) If px(t) < py(t) for every t <t € (a,b) and px(t) > py(t) for t >ty € (a,b)

and the inequalities are strict for some t, then —oo < lin% px.a(x)—pya(r) <0 if and
only if XFORSY .
-,

2) Assume all random admissible portfolios of gross returns belong to a o7, (a) class
r

where the translation parameter is my = —(b(—O&QPY,a(b) for a > 1 and |a|,|b| <
—a

00. Suppose px is a monotone decreasing FORS risk measure that is negative, positive
homogeneous and translation equivariant for the random variables belonging to o1, (a)
(i€, pexia = cpx — dVe,d € RT, VX € o7, (a)). Let w'Z and y'Z be a couple of
portfolios respectively determined by the parameters (Myyz, 0w z,01p, ..., Gk—2,) and
My'z

m, .1
(Myz,0y2,01p, ..., Qx—2,). Then, —+Z >

O'Z_O'/Z

and myyz > myz (with at least one

inequality strict) implies w ZFORSy’Z while w ZFORSy’Z implies Myyz > My 7.
The above theorem suggests a methodology to ﬁnd optimal FORS portfolios for

any « > 1.

Example 3 Assume as FORS ordering the o ( &« > 1) bounded inverse stochastic

dominance order, i.e., X dominates Y in the sense of the « inverse stochastic domi-

nance order (namely X > Y), if and only if px.(p) = —FL ) (p) < —FS* (p)vp €

[0,1] (see Ortobelli et al. (2008)) where F)(<_1)(p) = Fx'(p) Vp € [0,1]

1

—a P a—1 -1 . 1 i a—2 (-1
W =t / (=) ) = 5 / (p—u)* 2V (w)du Wp € [0,1].

Assume that all random admissible portfolios of gross returns belong to a o7, (a)
class where the translation parameter is mx = (o — 1) fol(l - u)O‘_QF)((_I)(u)du
for a > 1. px = —F )((_1) is a monotone decreasing FORS risk measure that is
negative, positive homogeneous and translation equivariant for any positive ran-
dom variable. Suppose we have a portfolio with parameters (my, 0,, a1, ..., Gk—2,)-
Then all non-satiable investors with « inverse stochastic dominance preference will
prefer the portfolios solutions of the following optimization problems (8), where

Mz = (@ —1) fol(l —u)*2F > (u)du can be approximated considering the consis-

, ) , . (a—1) & (N —i\*?
tent estimator (for i.i.d. observations) my = N > N Xi.n, and XN
i=1

is the i-th ordered observation. In particular, when a=2, we get mx = F(X) and
the solutions of problems (8) are optimal for non satiable risk averse investors (as a
matter of fact X > Yiff XSSDY).
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3.3 Semi-parametric tests for orderings depending on reward

and risk measures

Next, we discuss semi-parametric tests for the stochastic dominance in the case we
use different reward and risk measures as in the previous examples. Thus, let us
assume that all portfolios of gross returns belong to a scale invariant family of positive
continuous random variables o7, (@) which is uniquely determined by parameters

(mx,o0x,a1 x,a2 x). In particular, we assume the aggressive-coherent reward measure

Izt X Iixcta1X >
(1-5) o

with t,(X) = Fx'(a), @ < 8 and the parameters

0.5
I X I X ?
o — E (( xX2t5001X | Jpx<ra ()] _mX) > |

myx = ESs(—X) — ESo(X) = E ( 9)

(1-75) a
Ixzi,001 X Tz ()X )3
FE =7 + = — mx
(( 1-9) o
a1, x = 3
Ox
and A
Iixst,xn X Iix<ta(x)X )
E =7 + == — Mx
(( 1-5) o
a2 x = 0‘%( .
1ifXeA .
where I[xca = . Suppose we have T observations of the vector of gross
0 otherwise

returns, then we can assume o = %, b= % with ¢, € Nand ¢ < r < T such that the
«, [3 percentiles are respectively the g-th and r-th ordered observations, i.e., t,(X) =
X, and t5(X) = X,.r. Hence, given a portfolio of gross returns with vector weights,
and parameters respectively given by xP = [27, ..., 22|, my, 0, 5, k, (here s = ay vy 7,
k = ay wyz) We can propose an estimating function test to verify the efficiency of
the portfolio. Let z(!) = [xgl), ...,xg)]’, ma, o1, 23, ms, 0, be the vector of weights,
the reward measures and the dispersions of the portfolios respectively solutions of
problems (7). In particular we know from the previous subsection that all non-
satiable investors with the behavioral finance ordering (1) will prefer the portfolios
with parameters m;, 0, s, k, i=1,2, to the portfolio with parameters m,, o,, s, k of the

optimization problems (7). Consider the historical observations R = (R, ..., Rr) of
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the portfolio. As for the moments estimators, we can consider the following estimating

function statistics

T
Z aq thl Rt,m 0') —|—b1th2(Rt,m 0'))
t=1

T
la == Z b27th2(Rt7 m, 0)

t=1
where
I Ry 1 R
(B, m, 0) = —SEHEI + HEE I g,
I R, I R 2
ha(Ry,m,0) = ( [Rgti(]?)] L4 [RtgtiiRt)] ! —mR> —opt

o (TR TRt Bl
B E(ahl(g’,;bm,o')> - L b B E(BhQ(@I?:ﬁ,d)) B . B E Bhl(él;(;m,o')> B 0
ULt = BRI Rmo) —  oh ‘Wt = E@ERmoe) | onlhi-1-s0) Y2t T BRI RBmo) | O

E dhgo(R,m,0)

byy = E(hg(]g;w)? = af%(kjfﬁ)‘ By equaling to zero the functions [,, and [, we

get the estimating functions of the aggressive-coherent reward measure ESz(—X) —
ES,(X) and its standard deviation. The estimating functions formulas are the same

of the previous subsection (formula (4) and subsequent), where instead of R; there is
([[thta(Rt)]Rt L iresta o P

(1—-5) a

get the joint estimates:

) . Thus by setting equal to zero the vector (I,,,[,) we

(67

_ Z <f [Rt>t@(Rz)]Rt L [Rtsmm)]Rt)

and

1<~ /] R T R 2\ /?
_ A 2 : [Re>tg(Re)] U [Re<to(Ry)] 1l >
7= (T — < (1-5) - ! ) )

The estimates v/T' (R — Mg, 0 — UR), converge in distribution to a bivariate Gaussian

o?| 4 2s
. . . . . 71 .
vector with null mean and variance covariance matrix given by V=" = — .

4125 k-1
According to the previous analysis, when the portfolio with weights z? is not domi-

nated a simple test for first order stochastic dominance and behavioral finance order-

ing (1) should based on the decision rule

\/T(ml - mp) > C?l,a f
or

A 1=1,2. 10
\/T(a-l - 6-]3) > 012,01 ( )

Reject H} if {
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As for the moment case, when the i-th portfolio has the same distribution of portfolio
with weights 27 and we assume that all its parameters are known (i.e., m, = m, =

H oy i 2
m;; 6, = 0, = 0;) We can choose (¢ ,,¢,) € Ry such that

—(k—1) x_z_ 4szy .\ 49
—1—s%) |02 o2(k—1) o2(k—1)

dxdy = «

1 /+oo /+oo 62(1{7
7T0'12)\//€ —1—52 ¢ e,

Clearly, in this case the parameters have a different interpretation. Moreover, using
the example 3, we can propose tests to value the efficiency with respect to an «

( @ > 1) inverse stochastic dominance order. Thus, assume all random admissible

portfolios of gross returns belong to a o7, (@) class where the parameters are:

mx = (o= DE (X(1 - Fx(X))*7),
ox = ((a — 1)2E (X2(1 _ FX(X))QOL—ZL) . m?)()ﬂé

E <((a CDX(1 = Fe(X))*? - mX)3>

ayx = o3
X
and
E (o = DX (1= Fx(X))*2 = mx)*)
a2 x = e .
X

and suppose we have a portfolio with parameters (m,, 0,,s, k) (where s = a; (;0) 7,

k = aywyz). In particular, we can assume that the distribution function Fp is

the empirical one, i.e., Fgr(z) = %té[ (Ri<z]- Then all non-satiable investors with
« inverse stochastic dominance preference will prefer the portfolios solutions of the
following optimization problems. Let (") = [xgl), ...,:1:511)]’, my, o1, @, may, 09, be
the vector of weights, the reward measures and the dispersions of the portfolios re-
spectively solutions of problems (8). So when we propose the estimating function

estimators imposing the vector (I,,,1,) equal to zero we get the joint estimates:

_ (a—1) = (T —i\"?
R=m= T ; T Ri:T7

and
o\ 1/2

A %Z ((a_l) (%)Q_QRM—}Q

t=1
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When the portfolio with weights x” is not dominated a simple test for a inverse

stochastic dominance efficiency should based on the decision rule
ﬁ(mi_mp)zcia .

2% fori=1,2,
\/T (5-1 - &p) < ClQ,a

These examples have shown how to use estimating function theory to test preference

Reject H} if {

orderings when we assume that portfolios are uniquely determined by a finite num-
ber of parameters. Next we will discuss non parametric tests for behavioral finance

orderings.

4 Non parametric tests for behavioral finance or-
derings

Let us consider a FORS risk measure py : [a,b] — R (where [a,b] C R") associ-
ated to a FORS behavioral ordering of portfolios X belonging to a class of admissible
portfolios. Assume that Yu € [a,b] px(u) = E(f(X,u)) for a given measurable

function f : R x [a,b] — R such that sup FE(f*(X,u)) < +oo. Then we
XeAu€(a,b]

know that given a sample (71, ..., Zr) of ii.d. return vectors the empirical estima-

17
tor puz(u) = T > f(x'Z;,u) converges to the mean E(f(2'Z,u)) and from central
i=1

limit theorem follows that /T (puz(u) — pwz(u)) converge to a Gaussian random
variable with null mean and variance E(f2(x'Z,u)) — (paz(u))® for any u € [a,b]
and for any admissible portfolio ’Z. Now suppose we have a portfolio with vector
weights ? = [z}, ...,22]'. According to our previous definition the portfolio (z*)'Z
dominates in the sense of the FORS ordering another admissible portfolio 3’7 (i.e.,
(wp)’ZFgﬁ%Sy’Z) if and only if pryz(u) < pyz(u) Vu € [ab]. Thus, we assume
that the null hypothesis Hy, paryz(u) < pyz(u) Vu € [ab] and for any portfolio
y'Z. So, similarly to stochastic dominance tests suggested by Scailet and Topaloglu,
a nonparametric test for FORS order efficiency should based on the following decision
rule for some positive ¢,

reject Hyif S, =T sup [Paryz(u) = pyz(u)] > cq (11)

n
u€la,bliy: > yi=1;9,>0
i=1

where A = {y e R

Yy >0,y = 1}. Let u* € [a,b] and y* € A such that S‘p =

=1

S* =T (Paryz(u*) = Py z(u*)). Then under the Hy hypothesis, we have that

p
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(Paryz(w*) = pgeyz(u*)) <0 and
Sp =85 = VT (pasyz(u") = piyryz(u”)) + VT (pary z(u*) = peryz(u*))
< VT (paryz(u) = paryz(u)) = VT (pyryz(u*) = peyz(u”))
and we have the equality if (27)'Z has the same distribution of (y*)’ Z. Thus

lim Pr (Sp > co | Ho is true) < lim Pr(X > ¢,) = a(c)

T—oo T—0o0
where X is Gaussian distributed with null mean and variance:

2

5= E (f2((2*)2)) = (paryz(@*)) + E (fA((y")2)) — (peeyz(u?))’ +
=2 (f((y")' Z)f((27)Z)) + 2p(ary z(u") pryy z (™).

Thus with test (11) we provide a test that never rejects more often than «(c) for any
portfolio (zP)'Z that satisfies the null hypothesis. Moreover when H, hypothesis is
yi = 0; Xn:lyz = 1}
such that pryz(2) — pyz(1) = v > 0. Since, S, > VT (pryz(@) — pyz(@)) then
Th_r}rolO Pr (Sp > c|Hp is false) = 1. Let us consider the following behavioral finance
examples.

Example 4 Consider the FORS measure px(a,8) = ES,(X) — ESs(—X) where
(a, B) € [0,1] x [0,1] associated to the FORS behavioral ordering. In this case we

have that

false there exists a @ € [a,b] and a portfolio y € A = {y e R

gp = \/T sup [/3(337)’2(057 ﬁ) - ﬁy'Z(av 5)]

(a,B)€[0,1]%5y€A

—1 I ig,>15(r0) 1 L IRt B

where IéR(OQB) = Tt:zzl (1 _ 6) o

historical observations (R, ..., Rr). Observe that we still obtain a FORS behavioral

for a given portfolio R with

finance ordering if we fix the parameter « (either ) in the above definition of px («, 5).
In this case it is like if we fix the coherency (aggressiveness) of investors.

Example 5 Let us consider the FORS measure mx(z,u) where (z,u) € [0,1] x
(—00,0]). That is, we assume the Markowitz behavioral ordering described by Levy
and Levy (2002). In this case we obtain:

S, =VT sup [paryz(2,u) = pyz(z,u)]
(2,u)€[0,1]x (—00,0];y€A
1T

where pr(z,u) = mp(z,u) = T tzzl (2Tu-re>0) (u = Ry) + (1 = 2) 1, ruz0) (R + )
for a given portfolio R with historical observations (R, ..., Rr) . Similar considerations

can be easily verified for prospect behavioral orderings.
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5 An empirical application

In this section we present the results of an empirical application. To illustrate the
potential of the proposed semi-parametric and non-parametric test statistics, we test
whether different reward/risk measures rationalize the market portfolio. Thus, we
test for the efficiency of the market portfolio with respect to all possible portfolios
constructed from a set of assets. Although we focus the analysis on non-parametric
tests, we additionally test parametrically the efficiency of the market portfolio to
compare our results with previous studies.

We use two different data sets. The first one is the six Fama and French benchmark
portfolios. They are constructed at the end of each June, and correspond to the
intersections of two portfolios formed on size (market equity, ME) and three portfolios
formed on the ratio of book equity to market equity (BE/ME). The size breakpoint
for year t is the median NYSE market equity at the end of June of year t. BE/ME
for June of year t is the book equity for the last fiscal year end in ¢t — 1 divided by
ME for December of ¢t — 1. Firms with negative BE are not included in any portfolio.
The annual returns are from January to December. We use data on monthly excess
returns (month-end to month-end) from July 1963 to October 2001 (460 monthly
observations) obtained from the data library on the home page of Kenneth French
(http://mba.turc.dartmouth.edu/pages/faculty /ken.french). The test portfolio is the
Fama and French market portfolio, which is the value-weighted average of all non-
financial common stocks listed on NYSE, AMEX, and Nasdaq, and covered by CRSP
and COMPUSTAT. Moreover, we apply our tests to a data-set of daily returns on
the 20 best (in terms of returns) S&P500 stock returns from 12 March 1999 to 12
March 2008, a total of 2348 return observations. As the market portfolio, we use the
S& P500 stock index.

5.1 Description of the data

We use two different data sets for the empirical application. In the first one, we
use the six Fama and French benchmark portfolios as our set of risky assets. They
are constructed at the end of each June, and correspond to the intersections of two
portfolios formed on size (market equity, ME) and three portfolios formed on the
ratio of book equity to market equity (BE/ME). The size breakpoint for year t is
the median NYSE market equity at the end of June of year t. BE/ME for June
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of year t is the book equity for the last fiscal year end in t — 1 divided by ME
for December of ¢t — 1. Firms with negative BE are not included in any portfolio.
The annual returns are from January to December. We use data on monthly excess
returns (month-end to month-end) from July 1963 to October 2001 (460 monthly
observations) obtained from the data library on the homepage of Kenneth French
(http://mba.turc.dartmouth.edu/pages/faculty/ken.french). The test portfolio is the
Fama and French market portfolio, which is the value-weighted average of all non-
financial common stocks listed on NYSE, AMEX, and Nasdaq, and covered by CRSP
and COMPUSTAT. In the second data set, we use the 20 best assets (in terms of
historical returns) of the S& P500.

First we analyze the statistical characteristics of the data that are used in the
test statistics. Table 1, exhibits the first four moments of the Fama and French
MArket portfolio and the 6 benchmark portfolios covering the period from July 1963
to October 2001 (460 monthly observations).

Descriptive Statistics

No. Mean Std. Dev. Skewness Kurtosis
Fama and French Market portfolio 0.462 4.461 -0.498 2.176
Benchmark portfolios

1 0.316 7.07 -0.337 -1.033

2 0.726 5.378 -0.512 0.570

3 0.885 5.385 -0.298 1.628

4 0.323 4.812 -0.291 -1.135

5 0.399 4.269 -0.247 -0.706

6 0.581 4.382 -0.069 -0.929

Table 1: Descriptive statistics of monthly returns in % from July 1963 to October
2001 (460 monthly observations) for the Fama and French market portfolio and the
six Fama and French benchmark portfolios formed on size and book-to-market equity
ratio. Portfolio 1 has low BE/ME and small size, portfolio 2 has medium BE/ME
and small Size, portfolio 3 has high BE/ME and small size, ..., portfolio 6 has high
BE/ME and large size.
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Mean Variance Diagram
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Figure 1: Mean-standard deviation efficient frontier of six Fama and French bench-
mark portfolios. The plot also shows the mean and standard deviation of the individ-
ual benchmark portfolio returns and of the Fama and French market (M) portfolio

return, which is the test portfolio.

Table 2 exhibits the first four moments of the S& P500 index and the 20 assets
covering the period from 12 March 1999 to 12 March 2008, a total of 2348 daily return
observations.

We observe from both Tables that asset returns exhibit considerable variance
in comparison to their mean. Moreover, the skewness and kurtosis indicate that
normality cannot be accepted for the majority of them.

One interesting feature is the comparison of the behavior of the market portfolio
with that of the individual portfolios. Figure 1 shows the mean-standard deviation
efficient frontier of the six Fama and French benchmark portfolios. The plot also shows
the mean and standard deviation of the individual benchmark portfolio returns and of

the Fama and French market (M) portfolio return. We observe that the test portfolio
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(M) is mean-standard deviation inefficient. It is clear that we can construct portfolios
that achieve a higher expected return for the same level of standard deviation, and a
lower standard deviation for the same level of expected return. If the investor utility
function is not quadratic, then the risk profile of the benchmark portfolios cannot be
totally captured by the variance of these portfolios. Generally, the variance is not a
satisfactory measure. It is a symmetric measure that penalizes gains and losses in
the same way. Moreover, the variance is inappropriate to describe the risk of low
probability events. Figure 1 is silent on return moments other than mean-variance
(such as higher-order central moments and lower partial moments). This motivates
us to test whether the market portfolio is efficient when higher moments are taken

into account.

5.2 Semi-Parametric Tests

First, we parametrically test for the efficiency of the Fama and French portfolio with
respect to the 6 benchmark portfolios. We solve the optimization models (2) and (3)
to test for the first and second order stochastic dominance efficiency of the market
portfolio. Both models are infeasible, meaning that we cannot construct a portfo-
lio that dominates the market portfolio under the first and second order stochastic
dominance criteria. Although Figure 1 shows that the Market portfolio is inefficient
in the Mean-Variance framework, the infeasibility of the models proves the oppo-
site. Remember that these models take into account the first four moments and
not only the mean and the variance. Scaillet and Topaloglou (2002) show that al-
though the market portfolio is inefficient compared to the benchmark portfolios in
the mean-variance scheme, the first and second order stochastic dominance efficiency
of the market portfolio prove the opposite under more general schemes. These results
indicate that the whole distribution rather than the mean and the variance plays
an important role in comparing portfolios. When a different reward/risk scheme is
used (9) the model is again infeasible, indicating the efficiency of the market portfolio
in these semi-parametric tests.

We observe different results when we test for the efficiency of the S&P500 in-
dex with respect to the 20 best assets. In order to test for the first and second
order stochastic dominance efficiency we solve the optimization models (2) and (3).
To test for different reward/efficiency preference ordering, we solve the optimization
model (8). Then, we use the test statistics (5) and (6) and (10), where m; and d;
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are the mean and the standard deviation of the optimal portfolios for models (2), (3)
and (8) respectively. In this empirical experiment we first set the critical level ¢; of
the test statistics to the conventional 0.05 (5%) and this will be the significance level
for composite null hypotheses. The results are summarized in Table 3. We observe
that we reject the null hypothesis H{, for each model 7 we solve. In all cases, the test
statistic is greater than the critical value ¢;. This indicates that the efficiency of the
S&P500 is rejected. We can construct optimal portfolios that dominate the market
in all the presented reward/risk models.

Although the Fama and French market portfolio is efficient compared to the bench-
mark portfolios in all the different reward/risk models, the S& P500 index found to
be inefficient. This inefficiency of the market portfolio is interesting for investors. If
the market portfolio is not efficient, individual investors could diversify across diverse

asset portfolios and outperform the market.

6 Concluding remarks

In this paper we discuss several methodologies to value the portfolio efficiency with
respect to a given preference ordering. Moreover we introduce some stochastic domi-
nance rules when all portfolio returns are uniquely determined by a reward measure,
a deviation measure and others scale and translation invariant parameters. Several
extension are possible. First most of the previous discussion can be extended to sta-
tionary series that are not necessarily independent. As a matter of fact, estimating
function theory has been introduced in a very general context and all the asymptotic
results are still true under some regularity assumptions (see, among others, Li and
Turtle (2000), Godambe and Thompson (1989), Crowder (1986)). Second we can
obtain analogous results adding a further estimating equation as proposed by Go-
dambe and Thompson (1989), and laquinta et al (2003). In this case we determine
the estimating parameters as functions of the first six central moments. Clearly this
choice should be motivated by some observed anomalies of the return distributions.
Moreover, even the proposed classification of parametric choices under uncertainty
conditions can be further extended to random variables which are not necessarily
positive. Finally the tests here introduced can be used and applied to many possi-
ble orderings and for many risk/reward measures. So, for obvious space reasons, we

should analyze and discuss several examples in a separate empirical work.
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7 APPENDIX: Proofs

Proof of Proposition 1: If we solve the estimating equations /¢, = 0 in terms of
m(§) we get the two solutions

1/2
1T T

m@) = (R tect & (f(&)—%Zf(Rt)) +o%(6)

t=1

However when T" — +o00 the unique consistent admissible equations are:

T T T 2 1/2
m(E) = 73 F (R) + o - ( Srx(fmo- g rm) 4 02@) when

¢, > 0 and
1/2
T 1

m(§) = %tilf(Rt)Jrcm (cz — %tl (f (Ry) — Tif(Rt)) + 02(g)) if ¢, < 0.

Proof of Proposition 2: Under the H} hypothesis, when the portfolios are uniquely
determined by the first four moments and the portfolios present the same skewness
and kurtosis we have that (m; —m,) <0 (0; — 0,) <0 for :=1,2 and (m; —m,) <0,

(0; — 0p) > 0 for i=3,4. Therefore

VT (1 — 1y,) = VT (1 — m; — iy, +my) + VT (my —my,) <
< VT (; — m;) — VT (1h, —m,) fori=1,2,3,4

VT (6, —6,) = VT (6, — 0, — 6, + 0p) + VT (07 — 0,) <
<VT(6;—0;) —VT (6, —0,) fori=1,2

and VT (6, — 6,) > VT (6, — 0;) = VT (6, — 0,,) for i = 3,4

Thus, choosing opportunely the values c;a, 1=1,2,3,4, j=1,2, we can guarantee that

[Jim P (reject Hy| Hj is true) < «. Similarly when H{ hypothesis is false then
—0o0

(m; —my) > 0, (0; — 0,) > 0 for i=1,2 and (m; —m,) > 0, (0; — 0,) < 0 for i=3,4

then

%EI;OP (reject H; ‘ Hj is false) = 1.

When H{ hypothesis is verified, then, in the worst case, the i-th portfolio has the
same distribution of portfolio with weights x”. So, if we assume that all parameters
of the portfolio with weights z”are known i.e., m, = m, = m;;6, = 0, = o, the
asymptotic density of the vector [\/T (i —my) s VT (65 — ap)} is given by
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—(k=1) [2*® dswy 4q?
2k—1—s?) |02 o2(k—1) o2 (k—1)

Wag\/k: —1— 42

Thus, for any o < 0.5, and for i=1,2, we can choose (¢} ,, ¢ ,) € R% such that

e

flz,y) =

—(k—1) [22  4say 4y”
| /*”/+m62(k—1_s2> [0_30§<k—1)+0§<k—1)}da:dy=a
mo2Vk —1— 2 Ao Vb
so that
TH_I,I;OP (reject HY |Hiistrue) < %EEOP (\/T (s —my) > €] 4 VT (6, —0,) < Céu) —
a.

Analogously, we can choose (cf ,,c5,) € R} for i=3,4 such that

—(k-1) ac_z_ 4sxy . 49
—1—s%) |02 o2(k—1) o2(k—1)

}dydx =«

1 /*‘” / “o ok
e
moiVk —1— s A J-oo
Proof of Theorem 1: Implication 1: As a consequence of the assumptions follows

q=Myz — Myz >0 and Ow'z = Oy'Z > Oy Z+t

. myz+1t .
for every t > 0. Moreover, for every t > 0 the function ¢(t) = ~YZ T s an
Oy Z+t

increasing continuous positive function that tends to infinity for big values of t. As
a consequence of definition of o7, (@) family there exist ¢ < ¢ such that the random
variable ;"i has the same parameters of (Q;’IZ—H and hence % L Yzt Then, for

w!'Z y'Z+t w'Z Uy’Z+t

every A > 0:
yZ+t < A

P(w’Zg)\)gP< >§P(y’Z§>\)

Oy Z+t Oy Z 4t
Observe that at least one of the two inequalities o,z > 0,7 and ¢ > 0 is strict
by hypothesis. Then, at least one of the previous inequalities is strict for some real
A > 0. Therefore, w'ZFSD vy Z.

Implication 2: According to definition of o7, (@) family, it follows

wZ 4 yZ

Ow'Z Oy z

because the two random variables have the same parameters. If 0,7 > 0,7, then for

every t > (0

'Z 'Z
P(w'th):P(w < t )<P<w < t):P(y'Z<t)

Ow'zZ Ow'Z
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and the above inequality is strict for some t. Conversely, if w'ZFSD y'Z, then there
exists a probability space (2,3, P) and two random variables X and Y defined on
this space such that X>Y and X , Y have the same distributions of w'Z and 3/'Z.
Since mx is a simple reward measure m,sz > m, 7 and must be o,z > 0y .
Implication 3: If W' ZFSD y'Z, then there exists a probability space (2,3, P) and
two random variables X and Y defined on this space such that X>Y and X,Y have
the same distributions of w’Z and y'Z. Since the reward measure is law invariant and
it is isotonic with the monotone order then m,,z; > m, . Any risky FORS ordering
is isotonic with monotone order if X>Y, X FORSY . Moreover the ordering is simple
then it is uniquely determined by distributionz w'ZF QRS v Z.

Proof of Proposition 3: Let (m; x,0x) and (ms x,0x) be two parameterizations
of the class. Observe that for every distribution functions Fy;, Fy € o7, (a), Fy, :=
Foomy = Fy-my and Fy, := Fvu-myy, = Fy_m,, . Then for every Fx € o7, (a)

U Y U Ty
identified by the parameters (m; x,0x), i=1,2 we get

FX = FO’le"rml,X = LoxVotma x -

Thus, Vi + (m1x — max)/ox 4 Vo and, (myx — mex)/ox is constant for every
Fx € o7y (a).

Proof Theorem 2: Case 1 Suppose % > % and myyz > my 7. From theorem
1if oy > oyz implies w'Z FSD y' Z that implies w'Z SSD y'Z. Thus assume
0wz < 0yz. From proposition 1 we know that Mwz  Myz _ Ew'z) _Ely2) > 0.

Ow'Z Oy z Ow'Z Oy'z
Mz — B(w'Z)

Ow'Z

EwZ)— E(YZ)+ k(owz —oyz), ie, 0 < k(oyz —owz) < E(WZ) — E(y'Z).
Then by Ortobelli (2001) we know that w'Z SSD y'Z .Similar considerations follow

when we assume m,,z > myz and o,z < 0yz. Moreover if w'Z R — S y'Z it is

Since myz > E(w'Z) then = k > 0 that implies 0 < myz —myz =

not possible that o,/ > 0,7 since w'Z SSD y'Z implies w'Z FSD y'Z against the
hypothesis E(w'Z) = E(y'Z). Thus it should be 0,/7 < 0,/7. From proposition 1

Myrz — Myrz = E(U/Z) — E(y/Z) + k (O'w/Z — O'ylz) =k (O'w/Z — O'y/Z) <0

Case 2 We know that w'Z SSD y'Z implies that E(w'Z)—E(y'Z) > 0. If w'Z SSD y'Z
and o,z > 0,7 we know by Ortobelli (2001) that implies w'Z FSD y'Z that

implies m,sz; > myz for Theorem 1. If w'Z SSD y'Z and o, < 0,7 then
Myz — E(w'Z)

= k < 0 because my 7 < E(w'Z). Then using the same arguments of
Ow'z
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case 1 we find 0 < myyz—myz = E(WZ)—E(Y'Z)+k (042 — 0,7) that explains case
2a) That is w'Z SSD y'Z implies myyz > myz that myz > myz. ¥ w'Z SSD y'Z
and o,z > 0,7 we know by Ortobelli (2001) that implies w'Z F.SD y'Z. Thus must
be oz < oyz.

Proof Theorem 3: Implication 1 If XF Qi%SY then

1

pale) = ey | @ 0 (< prafa)

Vx € (a,b). Conversely, if

—00 < iig})pX,a(x) - py@(l’) =
I ( / " o = )2 (px (1) — py () du+

z—b F(a —1

[ =0 oxt) = prtu du) <0

to

then 0 < ft"z(az:—u)o‘_2 (px(u) — py(u))du < fjo (z—u)*2 (py (u) — px(u)) du for any
x € (to,b). that is px(z) < pyo(2), Vo € [a,b]. Thus XFQRSY.
) :

'«
Implication 2 Observe that if my = _(b ( )apy,a(b), then my is a positive, pos-
—a
itive homogeneous translation equivariant reward measure that is consistent with
monotone order. From theorem 2, ?—/’ZZ > r:y/'zz , Owz > Oyzimplies W' ZFSD y'Z,
w Yy
which implies w'ZFORSY' Z and thus w'ZFORSY'Z. Next, assume o,z < 0y7.
- -,
, 'Z 4+t
Therefore, there exists t > 0 such that ?—“'ZZ = Tgy—jﬂ and w7z < ¥ where
w! y! Z 4t
g,/
b= v at Thus, we can distinguish two cases:
Ow'z

1. myz > myz+tand o,z > 0y z44. As aconsequence of Theorem 2 w'ZFSD y' Z.

2. myz <myz <myz+tand oyz < 0yz4. Hence, there exists A\ € [a, b] such
—t
that for every A € [a, Ao|, puz (A\) > M = =t

Pyz (N —1
Puwz (A) = pyz+t)/8 (A) = % < pyz (N)
and for every A € (Ao, b] such that p,z (A) < M, it holds

purz (V) = pyz (V).

By hypothesis myyz > m,z, thus we cannot have y'Z FORS w'Z (otherwise y'Z
r
FQRS w'Z, and myy; = — () 7 Pw z,a(b) < myz). Hence, there exists A € [a, b]

(b—a)
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such that py,z (A) < pyz (A). If for all W' ZFORS y'Z clearly w'ZFORSY' Z, other-
Q0
wise there exists A € [a, b] such that p,z (A) > pyz (A). Therefore, from implication
1 we get W' ZFORS v/ Z.
,x
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Descriptive Statistics

No. Mean Std. Dev. Skewness Kurtosis
S&P 500 index  0.007 1.215 0.109 2.468
20 best assets

1 0.250 31.444 3.790 90.910
2 0.244 15.182 0.321 4.661
3 0.211 22.253 0.746 9.669
4 0.203 11.285 0.815 6.259
5 0.199 9.232 0.921 6.832
6 0.197 19.330 0.261 15.486
7 0.193 14.092 0.779 8.679
8 0.175 11.781 0.337 4.975
9 0.171 10.564 -1.591 29.454
10 0.155 5.931 -1.228 28.366
11 0.155 23.699 0.686 7.789
12 0.154 13.117 1.078 10.169
13 0.153 14.081 -0.233 12.545
14 0.152 11.435 -0.136 11.802
15 0.149 13.434 0.323 10.721
16 0.149 24.148 0.826 6.789
17 0.144 8.548 0.145 2.751
18 0.143 9.690 0.311 10.413
19 0.143 8.450 0.412 3.677

20 0.140 21.935 0.750 7.465

Table 2: Descriptive statistics of daily returns in % from 12 March 1999 to 12 March
2008, a total of 2348 daily return observations for the S&P500 stock index and the

best twenty assets.
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Test statistics for preference ordering efficiency

Model VT (i —my) VT(6; —d,)
max 2'Qz (model 2) 0.09837 0.93093
max F(z'Z) (model 3) 0.10709 0.76940
max ESz(—2'Z) — ES,(2'Z) (model 8) 0.453404 0.271258

Table 3: Semi-Parametric Test statistics of various preference ordering models for the
S& P500.

41



Redazione

Dipartimento di Matematica, Statistica, Informatica ed Applicazioni
Universita degli Studi di Bergamo

Via dei Caniana, 2

24127 Bergamo

Tel. 0039-035-2052536

Fax 0039-035-2052549

La Redazione ottempera agli obblighi previsti dall’art. 1 del D.L.L. 31.8.1945, n. 660 e successive modifiche

Stampato nel 2008
presso la Cooperativa
Studium Bergomense ar.l.
di Bergamo



	Copertina Quaderno ricerca 2008.pdf
	Senza titolo

	Testing for Preference Preliminary version.pdf
	Ultima pag ricerca 2008.pdf

	Testo1: 4
	Testo2: 8
	Testo3: 
	Testo4: S. Ortobelli and N. Topaloglou
Testing for Preference Orderings Efficiency
	Testo8: Serie Ricerca


