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Abstract

Aerosol optical thickness (AOT) is a satellite measurement useful
for assessing airborne particulate matter concentration. Although it
has nice properties for air quality mapping due to regularity in space
and time, it is known to have large uncertainty and structural missing
due to cloud conditions.

In this paper, we discuss the multivariate spatio-temporal calibra-
tion model named dynamical coregionalization model, which allows
us to merge AOT and the data coming form ground level networks
even in presence of extensive missing data. Thanks to this, we can de-
fine a spatio-temporal dynamical calibration algorithm for high quality
mapping of particulate matter concentration, which gives good results
even in areas without ground level instruments.

In particular in order to perform maximum likelihood estimation,
formulas for the generalized EM algorithm and of the observed infor-
mation matrix are given.

The proposed method is applied to the large data set related to
"padano-veneto" region, North Italy. This includes particulate matter
concentration and various spatio-temporal covariates related to mete-
orology and land properties. The relevant computational burden is
covered by a medium size computer cluster.



1 Introduction

Air quality monitoring networks have been increasingly installed around Eu-
rope, mainly on a local basis. Satellite measurements give interesting data
because of homogeneity over time and space. For example, aerosol optical
thickness (AOT) may be used to get information on airborne particulate mat-
ters PMjo and PM, 5. As a matter of fact, although AOT measurements are
less precise than ground-level ones of particulate matters, various authors,
with the aim of calibrating satellite data, have reported positive temporal
correlations between satellite data and both PM;y and PM, 5 and suggested
their use as components of pollution models, see, for example, Kaastle et al.,
2006, Koelemeijer et al., 2006, and Wang et al., 2003.

Along these lines, we discuss multivariate spatio-temporal modelling for
merging ground level data, satellite data and a number of spatio-temporal
covariates, which are used for improving calibration capability and dynamical
mapping quality. Due to the fact that AOT availability is restricted to cloud-
free conditions, the model has to cover with extensive missing data.

The approach to multivariate spatio temporal modelling based on the lin-
ear coregionalization model (e.g. Rouhani and Wackernagel, 1990) is widely
used in applications, see, for example, De Taco et al. (2005) which used a
bivariate LCM model for spatio-temporal cokriging of isotopic temperature
and humidity in northern Italy. Similarly, Jost et al. (2005) used the same
cross-product model to analyse water storage in a forest ecosystem in Austria.
Moreover, Liu and Koike (2007) used the spatio-temporal coregionalization
model for partially heterotopic data on water quality in the Arike Sea, in
Japan.

In this paper, we propose a frequentist hierarchical model which general-
izes coregionalization of Zhang (2007) and missing data handling of Amisigo
and Van de Giesen (2005). Moreover, the model can deal with entirely hetero-
topic datasets, for which AOT and PM concentration are observed at different
locations. Maximum likelihood estimation is covered by the generalized EM
algorithm extending Fasso and Cameletti (2009), which is completed by the
observed Information matrix computed in closed form, generalizing Shumway
and Stoffer (2006)

The rest of the paper is organized as follows. Section 2 introduces the
multivariate spatio-temporal model based on coregionalization and autore-
gressive temporal dynamics. Section 4 discusses the data used for the ap-
plication which are related to daily dynamics in year 2006 for the "padano-



veneto" region, North Italy. Section 5 discusses the estimation and results
while the Appendix A gives technical details on both marginal likelihood and
Information matrix computations.

2 Dynamical coregionalization model

We suppose that the g—dimensional data Y (s,t) = (Yi(s,1),..., Y (s,1))",
observed at time ¢t = 0,...,7 and at site s € D C R?, is given by the
following measurement equation

Y(s,t) =U(s,t) + &(s,t) (1)

where £(s, t) is the Gaussian instrumental error which is white noise in space
and time with ¢ x ¢ covariance diagonal matrix
Ly = diag (03, ...,02) (2)
The underlying true local g—dimensional U(s,t) has the j — th element
given by B
Uj(svt) :XJ(Sat)BJ+IC;Z(t)+M/YJ(S7t) (3)

for j = 1,...,q, where X,(s,t) is the b;~dimensional spatio-temporal field
of known covariates for Y (s,t), Z(t) is the d-dimensional latent temporal
state, which is constant in space and has Markovian temporal dynamics. In
particular, the latent state at time ¢ is defined as

Z(t)=GZ(t —1)+n(t)

where G is a d x d transition matrix with eigenvalues \; such that |\;| < 1,
n(t) ~ Ng(0,%,) and Z(0) ~ Na(po, Xz,)- The g x d matrix K = (K1, ..., K,)’
is fixed in time and accounts for the weights of the d components of Z(t) for
the different components of Y.

The zero mean ¢—dimensional Gaussian process W (s,t) = (Wl, s Wq)
is the latent random spatial effect at time ¢ and it is defined by the ¢-
dimensional linear coregionalization model (LCM) with ¢ components, namely

W(s,t) = Wy(s,1)



where W, = (W1, ..., W, ,) is white noise in time but correlated over space
with a ¢ X ¢ covariance and cross-covariance matrix function given by

Iy (h, 0,) = (cov(Wpi(s), Wp,j(sl)))i,jzl,...,q = Vppp(h, 0;)

The above covariance and cross-covariance functions are assumed to be isotropic
and h = ||s — §'|| is the Euclidean distance between two sites s, s’ € D. For
each p = 1,...,¢, V, is a positive semi-definite ¢ x ¢ matrix and p,(h,0,) is

a valid correlation function, for example the Matern function, characterized
by the parameter vector 6,. In addition, the processes W, are uncorrelated
in the sense that, for any 7 # j

cov(Wi(s), W;(s")) =0, Vs,s' € D

The multivariate ¢ x ¢ covariance matrix for WW is then
Diir(hy 01,y 00) = > Tp(h6,) =Y Vipy(h,6,) (4)
p=1 p=1

The model parameters are collected in the following vector
U= UeC*(ﬁ7 FO) o3 G7 2777 ; ‘/17 017 (RS ‘/(27 90) = (@Yu \IIZ()? \IJZ7 LIJW) (5)

where 3 = (5{, s ﬁ(’l), is b—dimensional with b = ;1.:1 b; and the operator
vec* vectorizes all the unique parameters contained in the covariance matrices
excluding zeros.

Note that the matrices K and Xz, are assumed to be known and do not
take part in model parametrization and estimation.

2.1 Data structure

We assume that each variable is observed over different sets of sites. If
Si = {Si1s ., Sin; } is the set of sites for the variable Y;, i = 1,...,q, three
cases can be distinguished: the isotopic case, the partially heterotopic case
and the entirely heterotopic case (Wackernagel, 1998). The isotopic case is
characterized by the fact that each variable is observed at each site, so that

S1 = ... = 5, Within the entirely heterotopic case, two different variables
q

are never observed at the same site and ﬂSi = (). A less narrow case is the
i=1



partially heterotopic setting, in which only some variables share only some
sites. In this work it is also assumed that the sets S; do not change with
timet € 7 = {1,...,T}.
Now, let

Vi = (Yi(s11,8)s o0, Yi(S100, )y ooy Yo(Sq150), vy Ya(Sging - 1)) (6)
be the N = n; + ... + n, dimensional observation vector at time ¢ at the
sampling sites S = {51,...,9,} and let X; be the N x b block diagonal
matrix of known regressors at time ¢. Let Y = (Y1,...,Yr) be the N x T
full data matrix, Z = (Zy, Z1, ..., Z7) be the d x (T' + 1) matrix of the latent
temporal process and W, = (W, 1, Wya,....W,r), p =1,...,¢, be the N x T
matrices of the ¢ spatial latent processes. The collection of all processes is
Wi = Wiy, ..., W.;) and their sum is denoted by W, = Z;Zl Wt Similar
definitions hold for &;, W and W.

Using these symbols, the multivariate geographical observations at time
t follow the measurement equation

Y, =XiB+KZ +W; + ¢

where the N x d matrix K has rows K, matching those of ¥; as in equation

(6).
The N x N symmetric matrix of distances between each pair of sampling
locations in S is given by the block representation

H = (H"Y)

!/

i.j=1,.q
with n; X n; dimensional blocks H*. If p,(H,0,) is the spatial correlation
matrix for the W, process observed at .S, then

S (Vp, 0, H)= (U;’jpp(Hi’jv ep)) (7)

is the N x N variance-covariance block matrix of the process W,,p =1, ..., c.

In particular, the k, I-th element of the block v/ p,(H"7, 6,,) is cov(Wp(si k), Wi (s5.)),
k=1,..,n,1=1,..n; It must be noted that, unless the isotopic setting

is considered, only the diagonal blocks of 3, are square.

Moreover
C
Yy = E Xp
p=1

and the N x N—dimensional diagonal matrix >, is the variance covariance
matrix of the measurement errors stacked conformably to Y; as in equation
(6) and based on variances of equation (2).

i7j:17"'7q
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3 MLE with missing data

In this section we define the generalization of the E M algorithm of Fasso et
al. (2009) for the presence of missing data by using the same notation and
concepts. To do this, if, at time ¢, some observations in Y; are missing, we
define the observed data by

Y;(l) = LY,

where L, is the corresponding selection matrix. In other words, (5/;(1); Y;(Q))

& is observed

is the permutation of the vector Y;, where the first component Y,
while the second component Y;(Q) is missing. It is then defined the inverse

permutation D, which reorders the vector in its original order, namely Y; =

VAR . . .
D, ( ¢ . Then the partitioned measurement equations, for i = 1,2,

Y;(Q)
become: ' 4 4 o .

Y;(l) _ Xt(l)ﬁ + K(z)Zt + Wt(l) +€,§Z) (8)
and the variance covariance matrix of the permuted errors is conformably
partitioned, namely

(1)
€ Ry R
Var | ¢ = t ot 9
- ] R )

In the following sections, we discuss the two-steps of the iterative EM
algorithm, that is the socalled E-step and M-step.

3.1 E-step computations

In this phase, the expectation of the complete data log-likelihood under the
parameter W(¥) conditionally to the observed data YY) can be computed
thanks to the iterated expectation theorem, that is

Q (¥, ¥W) = By [~2log L(¥; Y, Z2,W) | Y]
= Ego [Egw [~2log L(T; Y, Z,W) | YO, Z,W] | Y] (10)

To compute the right hand side of 10, we need some expected values.
First, let us observe that the purely spatial quantities

W = Ego (W | YV)

p

AT = Vargw (W,, | YW)

pt



are computed in closed form in Appendix B.

Next, the Kalman smoother outputs Z! = Egw(Z, | YV) and Pl =
Vargw(Z, | YO) are defined as in Fasso et al. (2009), Appendix A, with
standard modifications for missing values, see e.g. Durbin and Koopman
(2001), p.92.

Now, using the techniques of Fasso et al. (2009), we get

Q (v, v™) (11)
T

= Tlog |So| + Y tr {(20)*1 ng>}
t=1

+10g Sz + tr {5 [(25 = o) (20 — o) + PY |}
+ TlOg |E7I| + tr [E;l (511 - SloGl - GS;O + GS()()G/)}

c T
+ 37 | Tlog s+ > w {(5,)7 [AL + W (W) }]
p—1 t=1

In order to compute Q,gk) in equation (11), let us consider

) 0
er = Egm (Y% - Xip—KZ, — Wy | Y(1)>Zt>wt) = D [ 6162) ]

€

which is given by

et:Dt

Y;(l) _ Xt(l)ﬁ o K(I)Zt . Wt(l)
RQlRfll (Y;(l) o Xt(l)ﬁ _ K(l)Zt _ Wt(l))

Moreover, observe that

_ 0 0
Ay =Vargw [Yi — Xof — KZ, — W, | YW, Z, W] = D, { 0 Rop — RotRyj'Ry» ] D
11

Using these results, we have that

O =B [ee, + A | YO (12)
an) lel)RﬁlRﬂ

!/
Ro1 Ry (an)) R21Rf119§11)R1_11R21 + (R22 — R21R1_11R12)

w(k) [

— D, D;
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where
¢ !
lel) _ ZA;(D?’T _KWpr (K(l))' n égl) (égl))
p=1
égl) _ Y;(l) . Xt(l)ﬁ N K(l)ZtT . Wt(l)vT

and R;; = RZ(;C) are the blocks of matrix (9) computed using the current

parameter W),
Finally, note that in equation (11)

T
!/
sH Z ( ZtT’(k)) ( ZtT,(k)) + pE®

t=1
T
k T,(k) T,k T,(k
S =2z + P
t=1
T !/
k T,(k J(k T,(k
S((Jo) = Z (Zt—(l )> <Zt—(1 )> + Pt—g :
t=1

3.2 M-step computations

The maximization of () (\If, \If(k)) is now is perfomred mostly in closed-form
avoiding large numerical optimization. To see this the solution of % =0is

obtained by partitioning the parameter vector ¥ = {\I/, \Tl}, where

U=vec* (8,T0; G, ), p0; Vi, ..., V)

and U = (01, ...0.). In particular, the closed forms for U are given by



[ o [Ry (111,657) 0] e[ Ry (119,087 ) 0] T
tr R(le,l,e,S’“))Q tr R(le»q,e,(,’”)Q
‘/;fk—’—l): - _ _ _ ) p:]-?"'ac
e [Ry (10100 ) O] e[ Ry (01,08 ) O]
o[ R (000’ w[(pHoa oY
' _ ' ' (13)
r 1 tr lelv(k) . e O
ni
T = : : (14)
0 cen LirQaak)
[T . Irr . )
[l ZXé (2(()@) Xt] [Z X! <E(()k)> (Yt(k) _ KZtT,(k) B WtT,(k)>]
L =1 t=1
(15)
o =2y (16)
-1
Gk+1) SYS) (S(()lg)) (17)
1 /
B = {sf? —sia—a(si)) + GSé’?G’} (18)
where
grL® L e . . |
(k) _ . . . _ (k) _ T,(k) T,(k) T,(k)
e N TN B 2 2L B I AR LY
Ug’l’(k) . U;m,(k) t=1 t=1
and - -
R R
ab=| =2y (D" ;)
QaeLk) oo Qeek) t=1

Moreover, the updates for U are given by

T
(=) v

D t=1

0;“1) — arg min {Tlog |Z§,k)‘ + tr
0

}, p=1,....c (19)

which are computed using ¢ one-dimensional numerical optimizations as a
function of ¥ only.



4 Data of "Padano-veneto" region

This section provides a description of the variables and covariates involved
in this work, with information about their spatio-temporal structure. In
particular, the data set here considered covers the Italian region known as
padano-veneto area, bounded by a box of coordinates 44°N — 6°FE,47°N —
14°F, and the time period between March 2006 and September 2006.

4.1 Variables

The main variable of interest is the airborne particulate matter PM;q, the
concentration of which is measured by the stations of a ground level moni-
toring network. Altough each station provides direct and reliable measures
of the PMy concentration, they are limited in number with respect to the
area to be covered. For this reason, a second variable is considered, namely
the Aerosol Optical Thickness (AOT). The AOT is known to be related with
the particulate matters concentration and it is useful to improve mapping
capability of the PM;q concentration over the area of interest.

4.1.1 Particulate matters PM10

The PM;q concentration is daily collected by a ground level monitoring net-
work composed of npy; = 107 gravimetric samplers sparsed over the padano-
veneto area as depicted in Figure 1. Data are provided by the locale envi-
ronmental agencies (ARPA) from regione Piemonte, regione Lombardia and
regione Veneto. The average missing data rate for the time period considered
is 6%, with specific missing data rates displayed in Figure 1. The image of
Figure 2 represents the PM;( concentration measured at a specific day.

4.1.2 Aerosol Optical Thickness

Atmospheric aerosol concentrations are expressed in terms of Aerosol Optical
Thickness, defined as the degree to which aerosols prevent the transmission
of sun light to the Earth’s surface. Since particulate matter PMy, is seen as
a specific aerosol type, AOT data can be analyzed in order to assess ground
level concentrations of PM;y. On the other hand, optical thickness includes
the scattering of light by molecules in the atmosphere, which occurs even
when no aerosols are present; for this reason, the correlation between AOT
and PM;q concentration is corrupted by noise.

10
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Figure 1: PM10 monitoring network and time-average missing data rates

465 -

Lat

4561

44
B

Figure 2: PM10 concentrations [11g/m3] for day 202.

11



100%

L R R e N N S P R N R RN LA S N B N SN B NN

Lat

BB ee e ey
fsenssene
s ER R
' see
R X

sew

————— ! 50%

Figure 3: AOT sites at ground and time-average missing data rates

AOT data are collected by remote sensing. NASA satellites Terra and
Aqua cover the entire Earth’s surface every 1 to 2 days, acquiring data in
36 spectral bands by means of the MODIS instrument (Moderate Resolution
Imaging Spectroradiometer). The Aerosol Optical Thickness is a product
derived from MODIS observations and it is provided with a spatial resolution
of 10 x 10 km at nadir. In particular, the Optical Depth Land_And_Ocean
data field of the level 2 MODO04 L2 product from collection 5 provided by
the NASA agency is here considered.

Since the spatial resolution is not constant over the area of interest (due
to spherical geometry) and since the grid change every day (Terra and Aqua
satellites repeat their orbits every 16 days), AOT data are re-located through
interpolation over a fixed in time grid of 0.15 x 0.15° spatial resolution
(naor = 1134). The image of Figure 3 represents the AOT sites and their
missing data rate with respect to the time period considered. The missing
data rate is quite high since AOT availability is restricted to cloud-free and
snow-free conditions (see Figure 4). The histogram of Figure 5 represents the
daily missing data rate distribution for the area considered. It must be noted
that the missing data rate is higher than 85% for half of the days considered,
with an average rate of 79%.
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4.2 Covariates

In order to improve calibration capability, several covariates are considered,
including mixing height, accumulation of rain precipitation, land elevation
and percentage of urban area. Each covariate is described within the next
paragraphs.

4.2.1 Mixing height

Mixing height is the height above ground level through which relatively vig-
orous vertical mixing occurs. It is the height at which smoke will lose its
buoyancy and stop rising. Low mixing heights mean that the air is generally
stagnant with very little vertical motion; pollutants are usually trapped near
the ground surface. High mixing heights allow vertical mixing within a deep
layer of the atmosphere and good dispersion of pollutants. For this reason,
mixing height can be useful in explaining particulate matters concentration.

The mixing height data here considered are produced by the meteorologi-
cal module of the EMCT modeling system of ARPA Piemonte (see Fasso and
Cameletti 2009a for details) and are provided with daily temporal resolution
and 0.1° x 0.2° spatial resolution.

4.2.2 Rain precipitation

Also useful to explain particulate matters concentration is the accumulation
of rain precipitation over the area of interest (Mossetti et al., 2005). In fact,
persistent or heavy rain precipitations are usually followed by a reduction of
airborne pollutants.

The Tropical Rainfall Measuring Mission (TRMM) is a joint U.S.-Japan
satellite mission to monitor tropical and subtropical precipitation and to
estimate its associated latent heating. The rainfall measuring instruments
on the TRMM satellite include an electronically scanning radar operating at
13.8 GHz, a nine-channel passive microwave radiometer and a five-channel
visible/infrared radiometer. The data-set considered is based on the 3B42
algorithm which is implemented to produce TRMM-adjusted merged-infrared
precipitation and root-mean-square precipitation-error estimates. The final
gridded, adjusted merged-IR precipitation (mm/hr) and RMS precipitation-
error estimates have a 3-hour temporal resolution and a 0.25° x 0.25° spatial
resolution, here aggregated in order to obtain a daily temporal resolution.

14
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It must be noted that spatial coverage extends from 50 degrees south to 50
degrees north latitude, which includes the area of interest.

4.2.3 Land elevation

Since particulate matter PM;jy is heavier than other air compounds, it is
inclined to occupy the layers of the atmosphere near the ground. Land eleva-
tion is then a candidate covariate for explaining the PM;, concentration. The
elevation data here considered comes from the global digital elevation model
called GTOPO30 and are characterized by a spatial resolution of 30” x 30”.
The image of Figure 6 represents the elevation data for the area of interest.

4.2.4 Percentage of urban area

It is well known that urban areas are a major source of particulate matters
(Brizio et al., 2007). Indeed, the three main sources of pollutants are heat-
ing plants, industrial plants and vehicular traffic. In order to explain the
PM;( concentration, the spatial distribution of urban areas over the region
of interest can be considered.

The Modis product MOD12C1 provides the yearly dominant land cover
type with spatial resolution 0.05° x 0.05°. In addition, it also provides a land

15



Figure 7: Percentage of urban area and built-up for the year 2006.

cover type assessment, percent distribution, and quality control information.
In this work, it is considered the Majority Land_Cover Type 1 Percent
layer of the 13-th class (urban and built-up) of the IGBP global classification
scheme for the year 2006. In short, the covariate represents the percentage of
urban area within each pixel of dimension 0.05° x 0.05°. The image of Figure
7 displays the urban areas distribution over the region of interest, from which
the metropolitan areas of Milan and Turin stand out.

5 Estimation and results

The EM algorithm described in Section 3 is here adopted in order to estimate
the vector parameter of the model of Section 2 by means of the data-set
previously described.

5.1 Model and data settings

At the first stage of the model equations, Y (s,t) = (Yaor(s,t),Ypu(s,t))
is a bi-variate vector accounting for the AOT and PM;, variables at site s
and time ¢. The Gaussian instrumental error € has then a 2 x 2 covariance

16



2
diagonal matrix I'y = {UAOOT 020 ] At the second stage, X/(s,t), is the
vector of covariates at site s and éjij\rfle t for the j —th variable, 7 = 1,2, while
f; is the vector of parameters including a constant. The latent temporal state
Z is univariate (d = 1) and the related transition matrix G is represented by
a scalar g satisfying the condition |g| < 1. The 2 x 1 loading vector K is not
estimated and its value is set to K = [ 1 std(Ypar)/std(Yaor) ]/.

For what concerns the latent spatial process W, it is considered a bi-

variate linear coregionalization model of one component (¢ = 1) with core-
AOT,AOT | AOT,PM

gionalization weigthing matrix V; = IAOT7 Py P wm,pm |- The correlation
1 1
structure between different sites is based on the exponential model, that is

p(h,01) = exp(—h/6y).

In order to reduce data long tails, the logarithmic transformation for the
AOT and PM;q variables is used. Moreover, all variables and covariates are
standardized in order to avoid numerical instability.

5.2 EM estimation

Triggered with suitable starting values ¥° the EM algorithm is used to
estimate the vector parameter ¥. The maximum iteration number of the
algorithm is set to 250 while the exit condition is based on the convergence

WD) g ) | 4 ) .
] < 5-107*. It should be noted that the estimation

procedure involves large variance-covariance matrices of dimension N x N,
with N = npy; + naor = 1241. For this reason, the estimation procedure is
attained by a medium size cluster of three computers.

Table 1 reports the estimates together with the corresponding standard
errors, based on the formulas in A.1.1-A.1.2, and the bounds of the 95%
confidence intervals.

Examining the size of the confidence intervals reported in Table 1, it can
be noted that all parameters except some 3 coefficients are characterized by
a good level of estimation accuracy. By excluding the 5407 rqin coefficient
, that seems to suggest that rain does not explain AOT variability, all the
other 3 coefficients are characterized by the expected sign: positive for the
percentage of urban area and negative for mixing height, elevation and rain.

The temporal coefficient ¢ is within the stationarity range and its positive
value confirms the temporal persistence of particulate matters even after

criterion
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adjusting for the considered covariates. The parameter ¢; ~ 160 suggests a
strong spatial correlation of the latent variable W, with a cross-correlation
of 0.31 (derived from the matrix V;) between the W latent variable over the
AOT sites and the W variable over the PM sites.

6 Conclusions

This paper introduces the dynamical coregionalization model that, thanks to
stable expectation-maximization formulas provided in quasi-closed form, is
suitable to be estimated by maximum likelihood. The model is shown to be
capable of managing large numbers of missing data, entirely heterotopic data
and high dimensionality, such as in the real application of integrating satellite
aerosol optical thickness data with ground level PM;, data. Also provided
are computationally affordable formulas for the observed information matrix
related with the parameters set.

18



A

N std 95%C I'bounds
BaoT.const ~ -0.256  0.106  -0.465  -0.047
Baor,mu -0.041 0.008  -0.058  -0.025
BAOT, Rain 0.011 0.010  -0.086 0.031
BAoT,Ele -0.356  0.006  -0.368  -0.343
Baor,urb 0.020 0.002 0.017 0.023
BPM,const -0.052 0.104  -0.257 0.152

Bpyvarr  -0.049  0.011  -0.071  -0.028
BPM.Rain  -0.038 0.010  -0.057  -0.018
BeM.Eie -0.118  0.005 -0.129  -0.108
Beatue 0.101 0.004  0.093  0.109
oAor 0.047 0.001  0.045  0.049
0%y 0.190 0.002  0.186  0.194
g 0.745 0.035  0.677  0.813
ol 0.183 0.017  0.150  0.216
v OTA9T 0890 0.030  0.831  0.950
o OTPM 0180 0.015 0150 0.209
o MPM 0.387 0.015  0.358  0.417
0 163.855 6.364 151.383 176.328

Table 1: Estimated parameters, standard deviations and confidence intervals
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A Marginal likelihood and Hessian

A.1 No missing data

WEe first consider the case of no missing data. Since the direct likelihood com-
putation is exceedingly high dimensional with inversion of matrixes NT' x NT,
we use here the computation based on the Kalman filter which is computa-
tionally affordable as it requires 7" inversions of N x N dimensional matrices.

To do this, we adapt the standard results of, for example, Shumway and
Stoffer (2006), §6.3, and define

5, =e(V0), =Y, - X,8— Kzt

and
Y =%(V),=KP 'K + 3+ Sy

where Z;7! = Z (¥);" and P/™' = P(¥); " are the Kalman filter outputs.

Hence, the loglikelihood function, ignoring an additive constant, is given by
T T

—2InLy (U) = > In|Sy|+ ) &% (20)
t=1 t=1

A.1.1 Hessian

Using the observed information matrix denoted by J, we have that the
variance-covariance matrix of the estimates is given by

% (\If) ~ 51

where

st_b
S
12
(]~
S
M

&) T (958) + (21)

i
I

_|_

tr (Zt_l (0,5 5 (ajzt))

_|_
e e

tr (57 (0:5) tr (57 (9;%))

and the involved derivatives are given in the sequel.
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A.1.2 Derivatives

Extending Shumway and Stoffer (2006) p. 408, we have the following recur-
sions

1. 0,6, = — X0, — Ko, 271

2. 0,217 = (0:G) Z172 + GO ZL 7 + (0, J1-1) Evq + Ji10:81 1
3. 0% = K (BiP/7) K'+ Y0, 0%,

4. 0;0y = ((0:G)PIT'K' + G (O,P/ ") K' — J (0,%)) &

5. ;P = (0:G) (I — Ji1 K) PG — G (03 J,-1) KP2G
+G (I — J;1K) (0:P72) G'+ G (I — J,.K) (P3) (0,G)
+0;%,
In order to compute the above recursions we need the closed form for the
derivatives which are computed below, with d = 1, zero initial values and

exponential spatial correlations. Hence, recalling definition of ¥ given by
equation (5) and I'y from equation (2), we have the following cases:

e 0,8; =1if ¥; = 3; and 9,3; = 0 else;
e 0,G=1if¥; =G and 0;,G = 0 else;

e 0¥, =1if¥; =%, and 9,5, = 0 else;

(aiEO)j,j =1if ¥, = a]?, and Zi:ll n, <j< Zilzl n, else (8¢Eg)j7m =0;

e Forp=1,....c, let
— (0i%),, = (o (Hj’j/,Op))ss, if O, = vg’j/ and (r,r’) correspond
to (s, '),
— (0i%p), . = (vg’j'%;/ ® pp (Hj’j',ep)> if U = 0y, (r,1") corre-

spond to (s, s’) and we used the Hadamar or elementwise product,

— (0;5p), .. = 0 else.
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A.2 Missing data

As in section A.1, we get a computable formula, thanks to the Kalman filter
approach. To do this we define

éz(tl) — Yt(l) . Xt(l)ﬂ _ K(l)Zf_l

and
EEI) _ K(l)ptt—lK(l)/ + E(()l) + E%)

where the matrices with exponent (1) are obtained by the observed data
selector operator.
Hence, as above, we get

“2lnLya ( Z In ‘2

r -1
Z V(z) el (22)

A.3 Proof of formula 5 paragraph A.1.2
From (6.20) of Shumway and Stoffer (2006) we have

Ptt_l — G.Ptt__llG, + Zn
and, from (6.22), it follows that
P '=G(I - J1K)PG +%,

Hence formula 5 is obtained straightforwardly by derivation and using 0; K =
0.

B Estimation of the spatial latent components

For a fixed t € {1,...,T} and for each p = 1,...,¢, W,; and Y; have a joint
multivariate normal distribution and:

cov (Wyt,Yy) = cov(W, 1, W) = £,

If, at time ¢, some observations in Y; are missing, Y;(l) can be obtained

(1)

by downsampling the variable Y;: Y,/ = L,Y;, where L; is the corresponding

selection matrix. In this case,
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COV <Wp,t7 }/;(1)> = EpL;

From the properties of the multivariate normal distribution, it follows that
the conditional expectation and conditional covariance matrix of W), given

the observed data Yt(l) are:

Wi =E(W,, | YW)
=E[EW,, | YW, 2) | Y]
= B Wy | YO
= B[(SpL) (LBL)) ™ [Le (Y, — X — KZ)] | Y
= (%pL0) (L1 [L (Y = X — K Z[)]

where

S =Var(Yi|Z) = > %,
p=0

and
AT, = Var(W,, | YW) =
= Var [E (W, | YW, 2) | Y] + E [Var (W, | YW, Z) [y W]
= Var [(S,10) (LSL) ™ [La (Y — X8 = KZ)] | YO +
+ 2 = (L) Lz (L))
= (3,L}) (LtZ]L;)_l [Lt (KPtTK’) Lﬂ (LtEL;)_l (LX) +
+ 2 (52 (L1 (1)
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