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Abstract
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1 Introduction

Goodness of fit tests play an important role in theoretical and applied statistics,
and the study for them has a long history. Such tests are really useful especially if
they are distribution free, in the sense that their distributions do not depend on the
underlying model. The origin goes back to the Kolmogorov-Smirnov and Cramer-
von Mises tests in the i.i.d. case, established early in the 20th century, which are
asymptotically distribution free. Although their great importance in application,
the theory of goodness of fit tests for diffusion processes has not received much
attention from researchers until several years ago. Kutoyants [11] discussed some
possibilities of the construction of such tests in his Section 5.4, where he considered
the Kolmogorov-Smirnov statistics based on the continuous time observation of
a diffusion process. The goodness of fit test based on the Kolmogorov-Smirnov
statistic is asymptotically consistent and the asymptotic distribution under the
null hypothesis follows from the weak convergence of the empirical process to a
suitable Gaussian process, but this test is not asymptotically distribution free. Note
that the Kolmogorov-Smirnov statistic for ergodic diffusion process was studied in
Fournie [4], see also Fournie and Kutoyants [5] for more details, while the weak
convergence of the empirical process was proved in Negri [14] (see van der Vaart and
van Zanten [20] for further developments). Dachian and Kutoyants [1] and Negri
and Nishiyama [15] proposed some asymptotically distribution free tests. Recently
Kutoyants [12] proposed some Créamer-von Mises type tests based on the empirical
distribution function and the local time estimator of the invariant density; the
proposed test is asymptotically distribution free after a suitable transformation
of the test statistics. However, all these results are based on continuous time
observation of the diffusion processes.

One of the interesting points of this paper is that the proposed test is based
on tick time sample scheme of observations. Tick time sample scheme, roughly
speaking, consists in observing the underling process only when the process reaches
some fixed values of a suitable grid in the state space. The moments when the
process reaches those values are called tick times. Tick time sample arises in
many problems in finance, when for example, the prices are sampled with every
continued price changes in bid or ask quotation data. See for example the work of
Fukasawa [6] and reference therein. Usually in finance the most common scheme is
one where the prices are sampled at regular interval in calendar time. We should
mention that there is a huge literature on discrete time approximations of statistical
estimators for diffusion processes; see e.g. the Introduction of Gobet et al. [7] for
a review including not only high frequency cases but also low frequency cases.
On the other hand, with the increasing availability of transaction data alternative
sampling scheme, such as tick time sampling and transaction time sampling, has
gain popularity. See Griffin and Oomen [8] for an interesting discussion on these
different sample schemes. We are interested in this new research direction.

In this work, we extend the approach taken by Negri and Nishiyama [15] who
considered the continuous time observation case to the tick time sample case; a
similar attempt in the high frequency sampled case can be found in Masuda et al



[13] and Nishiyama [18]. The method is essentially based on a certain marked em-
pirical process to construct an asymptotically distribution free test, where “marked
empirical process” actually means a random field of innovation martingales, and
we will show that with some necessary modifications it can be applied to the tick
time sample case.

The approach based on the marked empirical process goes back to and it is
motivated by the work of Koul and Stute [10] who considered a non-linear para-
metric time series model (see also Section 7.3 of Nishiyama [17] which is a reprint
of his thesis in 1998). They studied the large sample behavior of the proposed
test statistics under the null hypotheses and present a martingale transformation
of the underlying process that makes tests based on it asymptotically distribution
free. Some considerations on consistency have also been done. The approach is
well expounded in Koul [9]. See Delgado and Stute [2] and references therein for
more recent information.

Now we turn to the description of the problem treated in this paper. Consider
a one-dimensional stochastic differential equation (SDE)

Xt:XO+/OtS(Xs)ds+/0ta(Xs)dW5, (1)

where the initial value Xy is finite almost surely, S and o are functions which
satisfy some properties described later, and t ~» W, is a standard Wiener process
defined on a stochastic basis (€2, F, (F;)i>0, P). We consider a case where a unique
strong solution X to this SDE exists, and we shall assume that X is ergodic. We
are interested in goodness of fit test for the drift coefficient .S, while the diffusion
coefficient o2 is an unknown nuisance function whose expected value with respect
to the invariant law is estimated in our testing procedure. That is, we consider the
problem of testing hypothesis Hy : S = Sy versus H; : S # Sy for a given Sy. The
meaning of the alternatives “S # Sy” will be precisely stated in Section 2.

The data is supposed to be sampled as follows. For every T' > 0, let U, (a; , a, 4]
be a countable partition of the state space of the diffusion process. We assume that
infy, |al,; —al| > 0 for each T. The process X = {X; : t € [0,00)} is observed at
random times 0 = 7 <7 <.+ <7y < Tpyyy = T, Where

7 =inf{t > 0: X; = a] for some p}

and

7 =inf{t > 7", X, = a,, or al_, where Xor = al}y, fori=2,.. N(T).
We suppose that hy = o(T"Y/2) as T — oo, where hy = sup, al,; — al|. We
will prove that N(T') < oo almost surely for every T'; the precise formulation
including the case where 71 > T will be described in Section 3. We will propose
an asymptotically distribution free test based on this sampling scheme, namely,
tick time sample scheme.

The organization of the article is as follows. In Section 2, we begin with the

continuous time observation case which was considered by Negri and Nishiyama



[15]. Using the result for the continuous time observation case, our main results
for the tick time sample case are given in Section 3. Throughout Sections 2 and 3
the proofs for “Theorems” are stated there, and those for “Lemmas’ will be given
in Section 6. Section 4 contains a proposal of an ad-hoc “estimator” for a value
which we have to estimate in our testing procedure. In Section 5 we present some
computer simulation results, including the one for the ad-hoc estimator proposed
in Section 4. The Appendix contains some known results which are used in the
main text.

Let us close this section with making some conventions. We denote by ¢*°(T)
the class of bounded functions on a set T, and equip the space with the uniform
metric. We denote by “—P” and “—% the convergence in probability and in
distribution as T'" — oo, respectively. The notation “—” means that we take the
limit as 7' — oo. See e.g. van der Vaart and Wellner [19] for the weak convergence
theory in the ¢>°(T) space.

2 Continuous observation case

Throughout all this paper we shall assume the following.

A1l. The diffusion process X, which is a solution to the SDE (1) for (S,0), is
regular, and the speed measure mg, is finite. (Thus the process X is ergodic.)
The invariant density fs, satisfies that

53, = /_OO 0(2)*fso(2)dz € (0,00).

o0

&
We consider the stochastic process VI = {VT(x);x € [~o0, 0]} defined by

VT (z) = % /0 1o (XX, — So(X0)dt].

Negri and Nishiyama [15] called (a slightly different version of) this process the
“score marked empirical process”, and obtained the following result, which is a
fruit of the combination of the weak convergence theory for /*°-valued continuous
martingales based on the metric entropy developed by Nishiyama [16], [17] and a
theorem for local time of ergodic diffusion processes given by van Zanten [21] (see
also van der Vaart and van Zanten [20]). To consider the “metric entropy” we
introduce the metric pg, on [—o0o, 0] given by

pso(y) = \/ / (022 s (2) + 6(2))dz

where ¢ is the density of the standard Gaussian distribution. Without ¢, the above
ps. may not define a metric but just define a semimetric. Nishiyama’s [17] weak
convergence theory requires that p is a metric, so we have added the Gaussian

4



density ¢. It is easy to see that the space [—oo,o0] is compact and the metric
entropy condition is satisfied:

1
/ \/log N([—00, 0], pgo;€)de < 0.
0

Here, when a metric space (T, p) is given, N(T, p;e) denotes the smallest number
of closed balls with p-radius € which cover T.

Lemma 1 Assume A1 for (Sp, o), and set p = ps, . Then VT — G in £°°([—00, o0]),
where G = {G(x);x € [—00, 00|} is a zero-mean Gaussian process with co-variance
gien by
TAY
EG@)G() = [ o) fsa()i

Almost all paths of G are uniformly p-continuous.
Corollary 2 Assume A1 for (Sp,0). Then
sup  |[VT(z)] =% sup |B,| =% sup |B,

TE€[—00,00] tel0,22] tel0,1]
where t ~ By is a standard Brownian motion, ¥ = Xg, », and where the notation
‘=47 means that the distributions are the same.

In order to obtain an asymptotically distribution free test, we need a consistent
estimator for ¥ g, . In the usual context of the continuous observation the diffusion
coefficient is assumed to be known, so we can compute Xg, , for the given Sy. Even
if the computation is not possible, we will propose a consistent estimator for Xg, ,
in Section 3. In any case, we have the following theorem.

Theorem 3 Assume Al for (Sy,0). Under Hy: S = Sy, suppose that a positive,
consistent estimator 1 for ¥, , be given. Then it holds that

SUDP, el oool |V (T
DT . SWPocl-ox W@ sp 1By, @
T te[0,1]

where t ~ By 1s a standard Brownian motion.

It is well known that the distribution function of the limit is given by

F(z)=P (sup |By| < ;1:) = %Z 2(_1)7; exp <_M> : (3)

2
te[0,1] 0 n + 8x

see e.g. page 343 of Feller [3].

Negri and Nishiyama [15] further proved the consistency of (a slightly different
version of) DT under the fixed alternative S € & where S is the class of functions
S which satisfies A1 and

/xS(S(z) —50(2)) fso(2)dz # 0 for some zg € (—0o0, 00]. (4)

—00



Theorem 4 Assume Al for (S,0). Under Hy : S € S, if 57 = Op(1), then it
holds for any M > 0 that P(DT < M) — 0, where DT is the statistic defined on

(2).

The method of the proof will appear in that for the extension to the tick time
sample case given in the next section, so the proof of the above theorem is omitted
here.

3 Tick time sample case

Now we list up some conditions for the pair of functions (S, ¢) which are assumed
in the tick time sample case.

A2. There exists a constant K > 0 such that
1S(x) = S(y)| < Klz —y|, |o(x)—o(y)| < K|z -1yl

&

Under this condition, the SDE (1) has a unique strong solution X. Notice also
that there exists a constant K’ > 0 such that

()| < K'(1+al), o) < K'(1+[]).

To see this, just put y = 0. The constant K’ depends on the values S(0) and ¢(0),
however the constant K itself depends on the choice of the functions (S, 0). So it
is convenient to introduce the notation

Ks, =KV K'
This notation will be used throughout this article.
A3, SUD,c(_ o o0y (14 [2]*) fs.0(2) < 0. O

A4. sup,c(p o) BIXi|* < 0o where X is a solution to the SDE (1) for (S, 0). &

In this section we consider the situation where the data is obtained in the fol-
lowing way. For every T > 0, let |J,(a], ], ] be a countable partition of (—o0, 00).
We assume that inf, [a],, — a)| > 0 for each T". Define the stopping times 7;" by

= 0,
To_ . _ T
= inf{t >0: X; =a, for some p},
ho= inf{t>7", X, = QZH or agfl where X7 = ag}, P> 2.

Now we define
N(T) =sup{i: 1} <T}.

Lemma 5 Under A2 and A4, it holds that N(T') < co almost surely.



=T

Notice that N(T') may be zero. Including such a case, we re-define T]:\F,(T) 41

for notational convenience.

Sample Scheme. The process X = {X;;t € [0,00)} is observed at the stopping

times 0 = 75 < 7{ <78 < Th )4y = T We suppose that hy = o(T~'/?) as

_ T T
T — oo where hy = sup,, |a,,, — a,|. &

Now, we introduce an array of constants
T T T T T
such that, as T" — oo,

T T T
max |1 — % — 0, =« —00, T 0.
2<k<m(T) | k k—1| ’ 1 l 3 m(T) T

For example, one may consider z} = —[T| + (k/[T]) with k = 1,2, ..., 2[T]%. Next
we introduce a sequence of functions z ~» 1} (z) on (—oo, 00) which approximates
the indicator function 1

_0073751'

Definition 6 Let a sequence of positive constants by be given. For every k =
1,2,...,m(T), ¥l is the continuous, piecewise linear function on (—oo,00) defined
by

1, z € (—o0,z]],
Ui (2) = § line, z € [zg, f + brl,
0, z € [z} + by, 00).

Also we define vl =0 and wZL(T)H =1.
This function satisfies the following properties:
[¥r (2) — ¥ ()] < bptle = 2f;

’wg(z) - 1(—oo,x£]<z>’ < 1[ka,,ka.+bT](Z)'
Now we make the following condition.
A5. In addition to hy = o(T~%/?), we assume the following:
() byt - /log m(T) — 0
(ii) brlogm(T) — 0. &
Typically, logm(T) = O(logT*) for some o > 0. In this case, the above (i)
and (ii) are satisfied if we take by = T—1/4.
We approximate VT by Ul = {UT(x);z € [—o00, cc|} given by

N(T)+1
U (Xor N Xor = Xor = So(Xor I =754 ]]

i=1

Ul (z) = LT

for v € (x1 |, 2T], 1 <k <m(T) + 1. Actually, we have the following lemma.



Lemma 7 Assume A1 — A5 for (Sy,0). Then it holds that
sup |VT(z) — U (x)| =P 0.

€ [—00,00]
A consistent estimator for Xg, is given as follows.

Lemma 8 Assume A1, A2 and A4 for (S,0). The estimator

] N(T)+1

B=\7 2 X - Xe,P
=1

is consistent for Xg .
We therefore obtain the following result.

Theorem 9 Assume A1 — A5 for (Sy,0). Under Hy: S = Sy, it holds that

SUP, oo U (T
DQT = Pac| = }| ( )| —d sup ’Bt|7 (5)
T t€[0,1]

where t ~» By 1s a standard Brownian motion.

Now let us turn to study the asymptotic behavior of DI under a fixed alterna-
tive. We consider the class S consists of all functions satisfying A1 — A5 and (4).
The precise description of our problem is testing the null hypothesis Hy : S = Sy
versus the alternatives H; : S € S.

We may write UT = U1 — &T(S;) where

1 N(T) 7T
Ww ==Y [ (X )ix,
i=1 Y Ti-1

and
N(T)

T(s fZ/ Ui (X,r )S(X,r )dt

for z € (x}_1,2}],1 <k <m(T)+1. Fix S € S. Then we have

sup  [UT(z)] = sup  [@3(S)(x) — @3 (So)(2)| = sup [W5(2) — 3 (S)(2)].

z€[—00,00] x€[—00,00] TE€[—00,00]

Under H; : S € S, the second term on the right hand side is Op(1) by Lemmas 1
and 7 with Sy replaced by S. As for the first term, we have the following lemma.

Lemma 10 Assume S € S and choose xg € (—o0,00] as in (4). Assume A2 for
(So,0). Then we have

Ts

= (@) (rs) ~ B (S0)(as) = | (S(2) = So(=D sz # 0

—0o0



Thus we have that for any M > 0

P <xesup |BL(9)(x) — ®L(Sp)(x)] < M) — 0.

[_Oo’oo]
We therefore obtain the consistency of the test.

Theorem 11 Assume Al — A5 for (S,0) and A2 for (So,0). Under H; : S € S,
it holds for any M > 0 that P(DI < M) — 0, where DI is the statistic defined on

(5)-

4 Bias corrected estimator for g, ,

In the preceding section, we proposed the estimator igT which is consistent for Xg,
for any (S, 0). However, one may think that it is better to use the bias corrected
estimator ig, which is consistent for ¥g, , only for the null hypothesis “Sy”, given
as follows:

| N+
S\ 2 W =X, =S I = 7L
i=1

This estimator satisfies the following; the proofs are not difficult, so they are omit-
ted.

(i) Under Hy : S = Sy, it holds that igT —P ¥gp.0

(ii) For general drift S satisfying the Lipschitz condition A2, it holds that
ST = 0p(1).

Based on these facts, we have the same conclusions as Theorems 9 and 11 with
DT replaced by

The performance of this test statistic will be reported in the next section.

5 Simulation study

In this section we observe finite sample performance of our test statistics. We
consider the following stochastic differential equation as true data generating model

t
&:/a&m+m (6)

0
with S(z) = —2x, that is an Ornstein-Uhlenbeck process starting from the origin.
As the null hypotheses, we consider the following two cases: Hy : Sp(z) = —2x and

Hy: So(x) =2 —2x.



In our experimental design we consider asymptotic for Ay — 0, considering the
values for hr respectively equal to 0.2, 0.1 and 0.05. The asymptotics for T — oo
is considered taking 7" equals to 1, 5 and 10 respectively. We will consider both the
test statistics D and DI. We take the significance level to be o = 0.05. We see
that F'(xz) = 0.95 when o = 2.24, where F' is the limit distribution under the null
hypothesis given by (3), hence the critical region is {x > 2.24}. If the asymptotic
conditions are realized P(D] > 2.24) should tend to 0.05 under Hy : So(x) =
—2z and should tend to 1 under Hy : So(x) = 2 — 2z, for i = 2,3. For every
configuration in our experimental design we simulate m = 1000 trajectories of (6)
and we compute the empirical size (e.s.) defined by the sampling proportion of
making incorrect rejections of the null Hy : Sp(z) = —2x and the empirical power
(e.p.) defined by the sampling proportion of making successful rejection of the null
Hy : Sp(x) =2 — 2.

For simplicity we consider the case with by = 0, where by is the sequence
introduced in condition A5. This case may be more interesting, from a practical
point of view, because our theory cannot confirm the asymptotic results when
the test statistics is based on the more natural random field U7 = {UT(z);z €
[—00, 0]} given by the following

1 N(T)+1

U (x) = Vs D Lcooa(Xor )X = Xpr = So(Xor )| = 7541
1=1

We conjecture that the same asymptotic results would also hold for U T as the
simulation study will show.

Table 1 and Table 2 summarizes the simulation results. We observe that for a
fixed hp empirical power gains along with increasing 7. For a fixed T" empirical
power gains along with decreasing hr, but gains less. This suggests that the
ergodicity assumption is important. Moreover the bias corrected estimator for
Y5, that appear in DI does not seem to give better asymptotic results than the
simpler one. We report the mean number of observation for each sample scheme.

T=1 T=5 T=10

hr e.s. e.p. e.s. e.p. e.s. e.p.

0.2 0.034 0.376 0.038 0.989 0.041 1.000
(n = 25) (n =122) (n = 242)

0.1 0.046 0.397 0.038 0.988 0.047 1.000
(n=97) (n = 481) (n = 962)

0.05 0.059 0.418 0.044 0.998 0.053 1.000
(n = 373) (n = 1862) (n = 3724)

Table 1: Empirical sizes (e.s.) and empirical powers (e.p.) based on 1000 inde-
pendent statistics of DI. Here the significance level is 0.05, and by = 0. In the
bracket the mean number of observation is reported.
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T=1 T=5 T=10

hr e.s. e.p. e.s. e.p. e.s. e.p.

0.2 0.019 0.223 0.035 0.987 0.039 1.000
(n = 25) (n =122) (n = 242)

0.1 0.041 0.367 0.037 0.987 0.047 1.000
(n=97) (n = 481) (n = 962)

0.05 0.058 0.406 0.044 0.998 0.053 1.000
(n = 373) (n = 1862) (n = 3724)

Table 2: Empirical sizes (e.s.) and empirical powers (e.p.) based on 1000 inde-
pendent statistics of DI. Here the significance level is 0.05, and by = 0. In the
bracket the mean number of observation is reported.

6 Proofs of Lemmas

Notations: For x,y > 0, the inequality x < y means that there exists a universal
constant C' > 0 such that x < Cy. We denote Logm := log(1 + m).

Proof of Lemma 1. This is a special case of Theorem 2 of Negri and Nishiyama
[15] which is an application of the weak convergence theory of Nishiyama [16], [17]
to the family MT = {MT#; 2 € [—00,00]} of continuous martingales t ~» M;*"
given by

1 t
MT@:—/LM X))o (X,)dWs,
; Nl o (Xs)o(Xs)

with help from Theorem 3.1 of van Zanten [21]. O

Proof of Lemma 5. Allowing the possibility N(T') = oo, we consider the random
variable

£T = Z ‘XT,;T - XT£1|2 = Z {'XTZTIQ B |XT£1’2 o 2X71T—1<X71T - XTTl)} )

T
i riTgT i TiTgT

By 1to’s formula, we have

T
Ti

w
X = X =2 [ XX [ o)
1 11— qul TT

i—1

hence

T
T

T
<) (X, — X,z )dX, +/ o(X,)%ds.
0

. T
i ’TZTST i—1

The first term is bounded by

2.

i ‘riTgT

T
Ti
T

JRCESTREEATE

Ti—1

T
+1 > /T (X, = X, )o(X,)dW,
I8 TZ.T§T Ti—1

11



The expectation of the first term is bounded by
T T
E/ hrlS(X,)|ds < KS,U/ heE(L+ | X,|)ds < oo,
0 0
while the expectation of the square of the second term is bounded by
T T
E / R2o(X.,)2ds < Ks. / RE(L+ |X,)2ds < oo.
0 0

Thus £ < oo almost surely. It follows from the assumption inf, |a],, —al| > 0
that N(T) < oo almost surely. Indeed, inf, ol ; —a] [*(N(T) — 1) < £7. O

Proof of Lemma 7. Let us introduce the stochastic processes Y/!, Yl and Y, given
by Yi'(—00) =Y,/ (—00) = Y/ (—00) = 0 and

N(T)

Vi(z) = %Z [, v s = saxodi,

1 N(T) 1
Vi(z) = No Z ] VF(X)[dX, — So(Xy)dt],
i=1 Y Ti-1
1 N(T) T
W) = =3 [ e (X0lX = So(X0i],
i=1 Y Ti—1
for v € (x|, 2T], 1 <k <m(T) + 1. We will prove:
sup ]\UT(w) — Y (z)| =" 0; (7)
rE|—00,00
sup 1 (x) = ¥ (2)] = 0 (8)
xr€E|—00,00
wp () = ¥ (@) = 0 (9)
xr€E|—00,00
[Sup ]|Y3T($) - VT(x)] =P 0. (10)
xr€E|—00,00

Proof of (7). We easily have
Esup|U"(z) - Y\ ()|

1 N(T) 7T
< —F So(Xi) — So(X dt
< P Y [ 1800 - s

(T) T
1 i
—F Kq o X, — X dt
\/T ;/TZT_I So, te[s;lpT| t Tgll’

<
Ty ]
1 T
< —F Kg shrdt
— \/T /0‘ SO, T
< KoV Thy — 0.

12



Proof of (8). We introduce the stopping time

SUD, e (—oo.00) bt(2
TT(H):inf{t>0: Pae( T7 )l )ZH}, (11)
where [, denotes the local time of X with respect to the speed measure mg, ,. By
Theorem 3.1 of van Zanten [21], for every € > 0 there exists a constant H > 0 such
that lim sup, P(7r(H) < T') < €. So it is enough to see that maxj<g<m(r)+1 || —F

0 where
e LS Y ) - i e
5 = — / w XT.T —2/} X))o (X)) dW,.
VTS ey T
Clearly SZ;L(T) 11 =0. For every 1 < k < m(T), note that ¢ is a terminal variable
of a continuous martingale. To apply the exponential inequality for continuous
martingales, let us compute the predictable variation of &}

1=

1 N(T)

ZT/\TT(H) T 2 2
[ ) — e (X o,

i=1 Y Tim 1/\TT(H

T/\TT
— Z / b’ | Xor = X0 (X,) dt

1/\7’7*([{

IN

IN

bH / rnen o) (2)0/(2) fspuo (2)d - gy 0 (=00, 00)
< b 2hTHZSMmSOU((—oo,oo)).

Hence, by Lemmas 12 and 13, we have

B max |6 < /b HSE, ;ms, o ((—00,00))y/Togm(T) — 0.

1<k<m(n)

Proof of (9). We introduce the stopping time 7r(H) given by (11). Then, it
is enough to see that max;<j<m(7)+1 |EF] —P 0 where

N (T) 7T A (H
& = / % (Xt) = Lo or) (X))o (Xe)dW,.
\/_ i=1 1/\TT
Clearly 5777;([) +1 = 0. To apply the exponential inequality for continuous martin-
gales, let us compute the predictable variation of & :

N(T) T A
LS [ () < 1 (X)X
T k t (—oo, T\ t

im1 YT AT (H)

1 TArr(H) )
<[ LKooy
0

1 ref+br
< T /ch Uprg (1) (2)0(2)2 fo 0 (2)d2 - gy o ((—00, 00))
< brH sup{o(2)? foy0(2)} - My o ((—00, 00))
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Hence, by Lemmas 12 and 13, we have

B s 16615 for s sup{ (1 2 (2]} - s ((—o0,0) y Eogm(T).

1<k<m(n

which tends to zero.
Proof of (10). Tt is sufficient to show that

max su V(DY = VT (z)| =P 0.
Lo Vi) V)

Notice that the weak convergence result for the random fields z ~» V7(x) implies
also the stochastic p-equicontinuity, that is, for every €,n7 > 0 there exists 6 > 0
such that

lim sup P ( sup [VI(z) = VT(y)| > 6) <.
p(

T—o0 z,y)<d

Since p(z,y) < (sup.(0(2)*fso.o(2) + 0(2)))/|z —y| < constanty/|z —yl, we

have maxocy<m(r) p(f_1,21) — 0. Also, it is clear that p(—oo0,2{) — 0 and
p(x 7y 00) — 0. Hence we have (10).
Now (7) — (10) have been proved, and the proof of Lemma 7 is finished. O

Proof of Lemma 8. By the same reason as that in the beginning of the proof of
Lemma 5, it is enough to show that

? Z /'n (XS B Xt?71)dX5 —"0
i=1 Y Ti-1

and
e 2 2
— o(Xs)%ds =P X5 .
T J, '

The latter is nothing else than the ergodicity. The same computation as the proof
of Lemma 5 yields the former. The proof is finished. O

Proof of Lemma 10. The proof is similar to and easier than that for Lemma 7,
hence it is omitted. O

Appendix

We state the exponential inequality for continuous martingales.

Lemma 12 Let M be a continuous martingale, and let 7 be a bounded stopping
time. For every x,v > 0 it holds that

2
P ( sup |[M;| >z, (M), < v) < 2exp <—;—> .
v

te(0,7]
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The following lemma, the mazimal inequality for general random variables, is
used in connection with Lemma 12 and plays a key role in our approach.

Lemma 13 Let Xy, ..., X,, be arbitrary random variables which satisfy

:L,2
P(X,| > ) < 2exp (—?)

for all x and i and a fixed constant b > 0. Then there exists a universal constant
C > 0 such that

E (lrg%x |XZ|) < CVb/log(1 + m).
Proof. Use Lemmas 2.2.1 and 2.2.2 of van der Vaart and Wellner [19]. O
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