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ABSTRACT

Nonlinear bending of thin wires is the main or one of the fundamental matters in several
applications, especially when the plastic behaviour is widely involved. Such applications often
require the reaching of large curvaturesif compared to wire cross-section dimensions. In these cases
a broad plasticization of the cross section is achieved early, even before curvature becomes large. In
this paper a new analytical model is proposed, able to foresee the final curvature obtained after
nonlinear bending of wires with non-symmetric cross sections, once load parameters are known.
Both elastic springback after the unloading and material behavioura nonlinearities have been
considered. From the engineering point of view, negligible errors are committed when applying the
model to all those materials guaranteeing that wire cross sections remain plane after rotation
(Bernoulli-Navier's hypothesis). The wire stress state can be evaluated by means of the model and

enables the low cycle fatigue resistance verification.

Keywords: Thin wires, bending, large curvature, analytical model, low cycle fatigue.
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1. INTRODUCTION

For those structural applications involving thin wire bending that require the achievement of small
residual final curvature radii, even comparable to the dimensions of the cross section, a good
knowledge of the bending process technological parameters is essential. The designer would be
greatly helped by a reference calculation model that could assess them. Among the most common
examples of applications that can benefit by the utilization of a specific model, recall the production
of bent wires for tyre, cylindrical helical spring or spectacle frame manufacturing. The metallic
materials manageable by means of the model should also be different from classical carbon sted,
e.g. titanium or auminium alloys. Moreover, the maximum wire stress and strain state during
bending should be estimable by applying the model in order to avoid excessive wire damaging or
fatigue failure. Further grestly developing applications, like those utilizing shape memory bent
wires constructed with particular Ti-Ni alloys [1-3], e.g. the production of orthodontic wires [4-6],
can beinterested in such amodel.

The very accurate analytical methods dealing with the nonlinear bending of plates, that can be
found in the literature [7-9], are not applicable to wires because of the substantial geometric
differences between the two technological products. For example, assuming the hypothesis of
compact cross section about its centroid, a plate shows the anticlastic effect. The models in the
literature enable to determine with high accuracy the technological parameters necessary to obtain
the required final shapes for metal plates, taking into account the elastic springback after folding
operations [10]. J.F. Wang et al. [11] proposed an in-depth study on the folding of aluminium alloy
sheets taking into account the effect of the anticlastic curvature on the elastic springback. The
authors pointed out the effect of the plate geometrical parameter variation on the zone of persistent
anticlastic curvature and on the final shape of the manufactured product. Other models [12] studied
the correlation between the bending process and the mechanical characteristics of materials. The
development and diffusion of the Finite Element method has allowed to improve and realize several
calculation models based on the numerical simulation of bending processes. Such studies alow to
estimate with accuracy the springback of the metallic sheets after unloading during folding
operations so as to provide the designer with a quick and precise tool that optimizes process
technological parameters [13-19]. B.K. Chun et al. [20, 21] studied and implemented models by
means of finite elements, able to simulate sheet metal forming operations taking into account the
Bauschinger’s effect, and to foresee the elastic springback in presence of cyclic load. The materia
work hardening was considered by means of nonlinear isotropic and kinematic behavioural models.
In the literature, further analytical and numerical-iterative models are available. They alow to

foresee the plate elastic springback and to optimize sheet folding and forming operations and die
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design [22-25]. All these models have also been validated by the comparison with experimental
data

As aforesaid, research studies of nonlinear bending of metallic wires have not known, for the time
being, the same development that has interested the studies of sheet metal folding and forming.
Studies [26-28] reported in less recent literature are focused on the calculation of the bending angle
recovered by means of elastic springback by rectangular cross sectioned wires after a uniform
bending process with known radius of curvature. The results obtained by applying the analytical
model reproduce accurately the experimental evidences if the residual stress effect on the wire is
left aside. 1.V. Khromov [29] elaborated a calculation algorithm and implemented, starting from it,
a FEM model for determining the stress state of effort in a wire with circular cross section. The
numerical solution of the problem was obtained using integral equations valid in the plasticized
zone of the cross section and considering a material with linear isotropic work hardening
behaviours. B. Goes et al. [30] formulated an analytical model to describe the effect of the residual
stresses on tensile tests after coiling or bending operations. The coiling curvature is large if
compared to the wire cross section radius and it is assumed that the material behaviour fits the Voce
law, and the Bauschinger’s effect on the elastic springback is negligible. Residual stresses and a
highly work hardened material are effects of the wire drawing process. C.J. Luis et al. [31]
proposed a comparison between analytica and numerical methods applied to the study of wire
drawing. S.H. Chen and T.C. Wang [32] studied the bending of thin beams experimentally, in order
to formulate a new work hardening law of the strain gradient theory. In the reference, elastic
springback after unloading and the following residual curvature are not dealt with. J.Y. Richard
Liew et al. [33] analyzed curved beams to evaluate, taking into account the residual stresses and the
radius of curvature, the ultimate moment capacity by means of an analytical model and with the aid
of a finite element model. In the literature, one can find references on the nonlinear bending of
curved beams in plain strain state, considering the material work hardening [34]. Other references
report studies on beams bending in presence of a residual stress field [35], and on the nonlinear
bending of sandwich beams by means of analytical and experimental methods [ 36].

The am of this paper is to develop, starting from the model proposed in the reference [37], amore
accurate analytical model able to improve the models available in the literature in foreseeing the
residual curvature produced in thin metallic wires after bending operations. Thanks to the
determination of the stress state over the wire cross section, it also enables to analyze the low cycle
fatigue resistance during service life. The calculation model could supply a designer with an
accurate and, at the same time, simple and fast tool to deduce a priori the required bending moment

or the loading radius of curvature. In order to do it, the model takes into account the nonlinear
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material behaviour during bending, i.e. it can consider either the whole cross section in the elastic
field or partially elastic and partially plastic or entirely in the plastic field. The curvature loss during
unloading elastic springback or the material post-yielding plasticization are therefore not neglected.
The bending process nonlinearity, that the model takes into account, has a high influence on the
accuracy of the imposed design process curvature, in particular when large curvatures, i.e. large
deformations, are involved. One of the main aspects of the work is the study of the neutral axis
displacement for a generic cross section, when the reached curvature determines the beginning of
the wire plasticization [38]. The model takes into account this effect, even if it does not appear
explicitly in any calculation step. Moreover, the final strain level for a bent wire can be accurately
predicted so as to avoid obtaining excessively damaged or failed final products. Among al the
material behaviour laws proposed in the literature [39-44] for modeling the correlation between
stress and deformation, we have chosen the elastic-perfectly plastic material behaviour. In future
developments, we intend to verify the possibility to extend the model validity to other and more
accurate material behaviour models.

The cross section geometries that can be studied by the model are generic. In the present work, the
study of a singly symmetric cross section similar to those of spectacle frames has been developed in
full detail. We assume, among our starting theoretica hypotheses, the Bernoulli-Navier's
hypothesis about the conservation of the cross section planarity after rotations, and the hypothesis
of compact cross section around the centroid so as to be able to neglect deformation anticlastic
effects. At the end of the paper, a numerical example of model application on a wire with singly
symmetric cross section is implemented with the aid of a suitable calculation code. The example
also shows the displacements of the neutral axis and of the advancing plasticization fronts over the

cross section with the diminishing of the radius of curvature during the process progression.

2. ANALYTICAL MODEL: HYPOTHESES AND DEVELOPMENT

First of all we point out some fundamental statements and preliminary hypotheses:

1) The starting wire configuration is rectilinear and then the bending follows an arc of
circumference whose radius decreases during the loading phase. We call r the actual radius of
curvature due to the bending load with respect to the cross section centroidal axis. The starting
wire bendable length has been called |o.

2) We suppose that wire cross sections remain plane after bending rotation and oriented as the
radial direction from the centre of curvature (Bernoulli-Navier’s hypothesis). From point 1) the

curvature is the same for al the sections belonging to .
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3) We neglect transversal and shear stresses during bending with respect to normal ones.

4) We fix each cross section y vertical axis directed towards the centre of curvature. The y axis
origin is kept fixed on cross section centroid during bending and let positive y values be on the
centre of curvature side.

5) Let b(y) be the wire cross section width varying with the y coordinate so that the cross section

areais:

A=Q,b(y) dy (1)

Clearly b(y) is null outside the cross section height interval.
6) By the hypothesis 4) on the centroid, the following equation has to be satisfied:

d,b(y)ydy=0 @

7) In order to determine the actual wire configuration during nonlinear bending with respect to the
actual curvature radius, it is necessary to evaluate, by means of the equilibrium equation, the
actual y =y (r) curvature angle spanned by the wire (figure 1).

8) The engineering strain of ageneric fibre positioned at the y quote is therefore given by:

y (N(r-y)-1o Ly (N(r-y)

IO 0

e.(r.y)= €)

9) In the pure elastic field of material behaviour the actual strain can be assumed substantially
equal to the engineering one. In the plastic field the true strain formulation has instead to be
applied. This distinction is not important for the calculation procedure here reported but only
for the final check about the not overcoming of the materia plastic strain limit (rupture). In fact
the model equations do not involve integrations with respect to strains but to y cross section
quotes. In symbols:

ie(r,y)=e.(r.y) if efe,
I

Te(r,y):ln(1+ee(r,y)) if e3e, 4)

It is important to emphasize that the model proposed in this paper applies only if the real material
behaviour can guarantee a substantial respect of Bernoulli-Navier’'s hypothesis for cross section
rotations during nonlinear bending. From the engineering point of view it could be said that most
technical application materials are treatable considering point 2) satisfied with negligible
discrepancies.

In the present model, an elastic-perfectly plastic material behaviour is considered, with symmetric
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tension and compression behaviours. For next research activities, more complicated and realistic

behavioural models will be evaluated, even if we judge the results reached considering this smple

first model quite satisfying and opening to further study developments.

y(r)

Figure 1: actual curvature angle representation.

2.1 Perfectly elastic range
In the pure elastic range of the material behaviour the normal stress in a generic cross section point

with vertical coordinatey is given by:
s (r.y)=Ee(r,y) if |e(r,y) £e, (5)

Assuming that the applied bending moment is uniform along the bent wire, the equilibrium equation

for ageneric cross sectioniis:
A (1. y)b(y) dy=0 " ©)

Substituting the stress expression from equation (5) we obtain:

y (r)(r - u
e 0 a

0 &Yy oy & n(y) ay="L0G (- v)b(y) oy~ A=0 <7>

IO

The analytical formulation for y (r) is thus obtained:



A Al

o

v (r)=> ,—yb(y) dy:ro¥¥b(y) dy-()(‘i‘¥yb(y) dy= AT (8)
In this case the actual strain expression is reduced to:
LO(r- y)-lo
e(r,y):rT:-?y 8
The wire length at a generic y quote for each actual curvature radiusis.
(o y)=y (r)(r-v) ©

By equating the partial derivative of | with respect to r with zero we are able to verify that, as
expected for the pure elastic field, the cross section centroid lies on the neutral axis:

L

YIS
.ﬂr(r y)=ﬂ1é—°(r-y)9=0 0 2Y=0 (10)

5 r

This represents a first check for the analytical model correctness. The applied bending moment
during the wire loading phase can be calculated as follows:

EJ.

_E\¥
r

M (r)= Qs (1. y)(y- %)b(y) dy=EQ e(r.y)yb(y) dy="= ¢, yb(y) dy =- (1)

In this case the springback after unloading is theoretically complete so that no residual curvature
can be observed. Obvioudly this behaviour involves only large curvature radii. As the curvature
rises and the elastic limit is exceeded, the influence of the plastic field behaviour has to be
adequately considered.

2.2 Perfectly elastic-perfectly plastic range
Since an elastic-perfectly plastic material behaviour is assumed, as the yield stress is achieved
further deformations do not generate any increase in the stress level. Consequently in the perfectly

plastic field the stress can be expressed as follows:

if e(r,y)>e

S

s(r,y)=i

iE
1|< Ee, if e(r,y)<-e (12)

S

It has to be pointed out that as the first fibre of the cross section begins to yield, the neutral axis
position begins to move in order to guarantee the undeformed condition for the neutral fibre. The
unloading of the wire can not restore the undeformed state for the plasticized fibres anymore as is
for the pure elastic range. A residual curvature begins to be observed.

-7-



Let yi(r) be the quote at which the first yielding in the outer side with respect to the centre of
curvature happens, and y,(r) for the inner one, without considering if each quote is or is not inside
the cross section height limits. In order to determine y; and y, for a given radius of curvaturer, it
has to be understood which fibres have already been yielded and which not over the cross section.

The non-plasticized fibres are included in the following interval:

lo

|e(f,y)|=r/(r)(;y)-1‘£es U y1=r-(1;%)l°£y£r-(1;i)l°— (13)

By linearity, the neutral axis quoteis centred in the above reported elastic interval, thus:

lr)=r- 0 (14)

Rearranging the adopted material behaviour in terms of y, the normal stress over the cross section

can be reformul ated as follows:

:Ees ' (1;??))'°
| r- r . +es)lo -eg)lg
s(r.y)= 'E(( p-g) i - B o (15)
|
i (1-e5)l
{ Ee, if r- o EY

The curvature angle is obtained from the equilibrium equation as for equation (6). In this case the
integral formulation is more complicated:

Q.8 (r,y)b(y)dy=0

(1+es)l r- ? a7 (r)(r - u
8, () ay+ g 2, @) () - 0.0 eyub(y) dy =0 (16)
"y € 0 u y (r

Note here that formulation (15) holds if and only if y; and y, are respectively decreasing and
increasing as functions of the curvature radius r. Otherwise one would have the paradoxical
situation where an aready plasticized fibre returns to an elastic behaviour. Observe that:

M_1+eS dy i1

I y2 °dr (17)

and, by an application of the implicit function theorem:



y
Y. (18)

Therefore, substituting (18) in (17), one obtains:

V2

1y, _Q (- v)b(y)ay
it g'(r- y)b(y)dy

<0 (19)

and this shows that y; decreases with r. Similarly, one can prove that:

V2

1y, _ Q (.- y)p(y)dy
it g (r- y)b(y)dy

>0 (20)

and y, indeed increases withr.
By developing eguation (16) it is possible to calculate y (r) as an explicit function of the radius of

curvature and by means of its value the applied bending moment:

M(r)=,s (r.¥)(y- ¥.)b(y) dy= g5 (r.y)yb(y) dy

(21)

It is simple to analytically determine the neutral axis position corresponding to the fully plasticized
cross section, provided that such condition be reached. In this case the equilibrium eguation
becomes, as well-known from the classical Structural Mechanics literature:

e.0.0(y) dy- e.ab(y) dy=0 O b(y) dy=yb(y) dy (22)

It is trivial to understand that the neutral axis divides the cross section into two fully plasticized
parts of the same area.

The model above reported is applicable to a generic wire cross section. The rising complications
introduced when we try to apply the model to a precise cross section shape are not irrelevant. In the
following part of the paper the case of asingly symmetric cross section will be treated.

As a final remark of this section, observe that, when applied to a doubly symmetric cross section
wire (b(y) = b(-y)), this model recovers the results obtained by S. Baragetti [37] in the case of
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elastic-perfectly plastic material behaviour. Indeed the equilibrium equation is verified by the

functiony (r) = lo/r for any value of r:

(e, oo g (1 O
e.Q, *" b(y) dy+g Jf!.o?f( | y)'lub(y) dy- €, weyb(y) Ay =0
lo/r e 0 u lo/r
~ el 1 N \
0 e, b(y)dy- =& yb(y) dy- e,qy b(y) dy=0 (23)

The angle y (r) spanned by the bent wire arc is the same already found for the perfectly elastic
behaviour range. The neutral axis remains coincident with the centroidal axis until fully
plasticization of the cross section is achieved.

Substituting the expression for y into equation (21) one can easily obtain the bending moment:

e E e R
M(r)= Ee,Q), b(y)ydy- ~0, b(y) y* dy - Ees(irb(y)ydy:

2E &

. (24)
:-2Ees(‘25rb( y)ydy- —Q b(y)y? dy

3. SINGLY SYMMETRIC CROSS SECTION

Starting from the model discussed in the previous section, we have devel oped the study of nonlinear
bending of a singly symmetric cross section wire. It has to be noted the relevance of this section
shape because of its large diffusion, e.g. in the spectacle frame field. In figure 2 the studied cross
section shape is represented. The concavity realized in the section bottom side could in particular

receive the lens external edge and keep it fixed.

b1
hy c
. _
X
h2
b2/2 b2/2
y
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Figure 2: the singly symmetric cross section type considered in the model.

The centroid lies on the width changing quote and the symmetry axis coincides with the vertical y
axis and crosses C. With respect to the coordinate system we have:

i if -hE£y£O
b(y) =1bl _ k (25)
ib, if OEy£h,
Provided that h; < h,, from the application of equation (2) results:
aib(y)ydy=0 U bh?=bh (26)

Let d betheratio ho/h; > 1, then it is useful to express b; and h; as functions, respectively, of b, and
h2:

[a=d @1)
ih=d"h

The area of the cross section part where the y coordinates are negative is bigger than the one where
they are positive. Indeed bih; = d boh, > byh,. As a consequence, for the fully plasticized wire cross
section, the neutral axis quote y, has to be negative in order to verify the condition of the equality
between inner and outer area (22). In symbols we have:

(nrn)b=bi- iy Oy, =20 = O n 28)

This coordinate varies from 0 to -h;/2 with d varying from 1 to infinity.

It is easy to evaluate the bending moment that plasticizes the whole cross section:

Wh XY ) Ees Ees Ees
Mp=Q,Shydy- gshbydy- gshbydy= Zbl(yrf' h?) + zbl Vi 2bz .

Ee,
4d 2

P My =-—2(ad-1(d+1)bH (29)

Now we are able to formulate a hypothesis about the y; and y. limit trend of the non-plasticized
intermediate region of the cross section with the variation of r. In particular, given that for small
curvature we have an elastic behaviour, while for full plasticization the neutral axis has negative
coordinate, we can identify only two different possible trends.

For the first one we can select three particular curvature radius values, rq, ro and rz, with rg <r, <rj,

such that four cases are observable;
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V,E-hEOEhEy, if rEr (30-)

VVE-hEOEY, Eh, if r,Erfr (30-b)
-h £y, £0£y,£h if LEr£r, (30-c)
-h £y, £y, £E0£h, if rEr, (30-d)

In figure 3 the third case of (30) is represented as an example.

For the second possibility we can suppose that the three values make true the following set of

situations:
VE-hEOENhEY, if r Er (31-a)
VVE-hEOEY, £h if ,Erfr (31-b)
y,E-h£y,£0£h, if r,Er£r, (31-c)
-hEy £y, £0£h, if r£r, (31-d)

From (31) one can argue that the plasticization of the centroidal fibre happens before that of the -h;
guoted fibre. But this can not happen because for r = r3, namely while the -h; quoted fibre is
plasticizing, the equilibrium equation would not be satisfied:
o €(r-y)y U 0 o
Q.6 [ -~lubdy-eQbady-eQbdy=0

u 2

ne o

- . €élr, - u
0 bg é(3—y»/-1ng=-eszz+esmbz
a

ha o
In fact for the elastic region of the cross section we have:

NG é(rs' y)y
Q.

h =

u
-13dy=0
e o a

So we get the following absurd (recalling that y, £ 0):

0=- esyzbl + eshzbz >0 (32)
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Y1

hu C yn,

@

X p
h2
-Ss
y y

Figure 3: example of a possible stress state during bending. In particular the c-case is showed.

Then the cases collected in (31) have to be discarded. Applying the cases (30-a), (30-b), (30-c) or
(30-d) the equilibrium equation (16) changes when applied to each one of them. The result that we
have obtained is a piecewise smooth function y (r) covering all the range of curvature radii up to the
smallest ones. Clearly the choice of the correct solutions for each radius interval is dependent on the
continuity condition at its extremes.

For the case (30-a), when the cross section is fully perfectly elastic, the equilibrium equation (16)

reduces to:
n €(r-yJy (r) .U
Ohle—i( |) - 1gb(y) dy=0 (33-al)
e 0 u

In this situation the solution is y (r) =y 4(r) = lo/r and the required condition about the range of

valuesfor curvatureradii is:

1- &)l . h,
£y=r-—( 20=er U r32=r 33-a2

hZ 2 y (r) es 1 ( )
(obviously the most extended cross section part with respect to the neutral axisis the one that has to
be compared with radius dimension).

The required loading bending moment as a function of the radiusr is:

M. ()= @iEW- 1§yb(y) dy=-E&,y(y) dy=- = (rib, + ht)
0 M,(r)=- Egzrhf (1+d?) (33-a3)



When r = r; we are able to calculate the bending moment that causes the first plasticization of the

farther fibres with respect to the neutral axis.
Eb,h’e )
M, =M, (r,)=- %(hd ) (33-a4)

For the case (30-b), when the cross section is partialy perfectly elastic and partially plastic, the
equilibrium is given by:

. ( )|0 DY N
0= Ohlyb(r) S(y|)+() Eb(y) dy - es(\:;z(ie(s))'ob(y) dy
_y NOLLY yb(l’)rblhl _bly Yb(r)r b, bl s
2, 3 - bh +—2%— 7.0 - rh, + 2, 3.0 +roe, +

. _ble, | ble:
e, yb(r)+yb(r)

Developing we have:

(r?o, +2rbh +bR2)y 2 - 2gb,(1- €)+hh +bhefly , + (b, - 2be, +bel)ls =

b (r*+2rdh+1)y 2- 2g (1- e,) +dh, +he gy , +(1- &) 15 =0 (33-b.1)

From which it is possible to calculate y ,(r) by choosing the solution fitting ya(r) inr = ry. In

symbols:

r(1-e,)+h,(d +es)+\/h2 (d +1)g2re, (1- e,) +h,(d +2e, - 1)@I

i (33-b.2)
r’+2rdh, +h

Yolr)=

The verification of the continuity of y (r) in the connection point r is reported below:

:%|
ya(rl) h,
*‘z(le"e)+h2d+e +\h(d +1)@2hy (1- e,) +hy(d + 2¢, - D) e
yb(rl): s lo =1
25228+h2+h2 "
e~s g €

The bending moment can be calculated as follows:
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r_(1'es)|o Al r - X
Qrovlys(r) 0 4,

m, (1) =g, 800y e, g i €T l0)
e 0 u e 0 u
- Eeb, 62(1 ALY
yu(r)
23 é 3 A .2
b M, (r)=- 22 I’yb(r)hzeaif 3420 u+3(1 e )& 0 1+
61 b ee&hg h b &h, 5 th
2 : (33-b.3)
_Ebh (1_ e)Zg_Sagb(r)hzo a@'b( )hzo ( e)ﬂ
6 5 7% - h, l, g g
e e b @ e o o ¢!

Before we move to case ¢, let us study the simpler case d, where the inner front y, crosses the

centroid quote. Writing the equilibrium equation, we have

- (rre)lo el o r- J 2

o:es(‘)_mydm b(y)dy+ ¢ (ffe(sr))lo M 1Qb(y) dy - esoh_ we),b(y) dy
"y.n € 0 u yalr)

0 be d (r)anr 2|o 0 2eslo

_ ¢ (1+e,)l 0 2eslob18§/ (r)r O Byq(r)
P Vo YeE T 2 € voan”

Y

-r
o(r) ¢
Multiplying by y 4(r) and dividing by e; each term we obtain
y o(r)(2r +hh - bhy) - 20l =0

2b
b d — -d.
Yqlr)= 2rbl+bln bzhz (33-d.1)
The quote of the neutral axisis therefore:
bh - bh, _
2d2 'E (33-d.2)

I
Yolr)=r- —~=-
( ) Y q (r) 2
It should be noted that, for these values of r, the neutral axis remains fixed in the position assumed

as the cross section fully plasticizes.
The present configuration holds for negative y,,

y,=re, - i(l' e,)(bh - bh,)£0

This permits to evaluate the superior endpoint r3 of the radii interval
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(e)(an-bh) _

e, =r, (33-d.3)
The bending moment equation is:
(1+eg)lo _('es)o N
T yq(r) U
M (1) =Ee g, v« ydy +Eb g (i ’.OM 15y dy +
ye( € ly u
0
-EebQ ey ydy- Eesbzq ydy
Yalr)
Ebeh? € u
b M,(r)= bze{'zes 6d- 9% +e2- 2de? + - 2 _o|2 2+ A 32 +§2_r d%e?0  (33-d.4)

Going back to case c, where the cross section begins to plasticize in the outer side, the
corresponding equilibrium equation is:

(el (el o [ N
0=e,9,” " b(y)dy+q (1y+e(r)) % 1gb(y) dy- e,y eyub(y) oy
r-y(r) e 0 u yelr)
(1+es)lou é(1+es)lO Uagc(r)r o be (r)e (1+e) u
=ené +r - +D A - I'is :
&t v SRE T T T T €y ¢
é (1-e)lu, e (1-e)ltay (r)r 6 by . (1)§ ( s)lou
ebah-r+ + :
¢ ORI ARECR . SR (r) o

Multiplying each term by y ¢(r), we have:

=2 (B By (1) g (B B) +re, (b +b) +hie, - Bhe,y (1) +2(5- b,
O (33-c.1)

e, (5 +0,) + 5= (5 - by)

Between the two solutions, the one that guarantees the continuity of y (r) inrzis:

rb, - rb2+rble +rbe, +bhe, - bhzesI N

Velo)= 2(b,- b))
(bl bz)e-Zrblbze .(h+h,)+2re (?h +b2h, ) + 2rbbe?(h - h,)+ (33-.2)
- 20b,hie? + 4rbe? +2re? (Bh, - beh, )+ (FhE + b202) 2l
Indeed:
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y (1) = r, - 3bz+f3ble b, thhe, - bhe, ) bﬂ bh, | 20,

(- b,) 7(5-b)° BR-b "
()= 2bl, 2bl, __ e, (33-¢.3)
V50T 2rh +h - bh, (1-es)(bn-bzhz)blﬂm_bzhz bh - bh, °

be,

When r = r, the plasticization of the outer section side is starting, namely y; = -h;. Therefore, in
order to determiner, the following system has to be solved:

T §( yp.(r) dy+bZQ e Qlram Yy ()

o
1u dy- e sz e, dy=0

i
i ) lo e |0 a 2Yc(fz)
i (@redl
v
Ly & e()", 1% LY by ()N (el
:ble ly h"' 2, ebzehz 2t yc(rz)H
| ) ) , ;
ot + ?2 (1 e)|ol}8&C(r2)r2_19_ bzyc(rz)gz_ (1- e)l,u o gy
CELWE LT A @B
L (1+e,)l
| — s/)'0 _
Ty "

Substituting r into the first equation we obtain:
Y o(r.)" (BhE - BA7)-y . (r,)(20hie, - dohle, - 20nle,)- dbiiel =

Between the two solutions, the one that guarantees the continuity of y (r) inrzis:

(8- 26 - b+~ 200, + 4, 1Y +BiFEJe,
(bi- by)K °

y c (r2)
(33-c.5)

20,0 (1- &) +(1+€,) (i, - yh, +/AZhh, - 2bbnh, + b2 + 02K )
4e b,

Pr,=

The bending moment equation becomes:

(1+e)|0 elr -
M, (r)=Ee blo el ydy+Eblo re.)lg e(yl)—y(r) 1Gydy +
Ye (r) e 0 a

(1e)|0 A )
y.(r) .U b,
+Esz yer) é% 1 ydy Ee sz (e, Y AY
é 0 ye(r)
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o (1) =- RGO ZE gy i

6 g I, ghgyg ¢
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K=z
N

BIYP B
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[SIE e
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8|

o
2P

A tedious but not difficult calculation shows that, when h, 3 hy, the limiting radii satisfy the
inequality r3 £ r, £ r1, asdesired.

4. RESIDUAL CURVATURE EVALUATION

Once a certain loading bending moment M(r) has been applied to the wire, a precise loading
plasticization of the cross section is achieved. In order to evaluate the residual wire curvature we
consider a linear unloading. With this assumption, the engineering strain formulation can be
adopted to develop explicit calculation formulas. If we call ry the unloading radius with respect to
the cross section centroidal axis and y y(ry) the unloading curvature angle depending on ry, the
corresponding engineering strain will be:

€u (ru| , )/) = (r“' - y)ylul (I‘u )- Iy

(34)

0

The corresponding unloading normal stressis:

1Ee, (1,.y)*E(e,-e(ry)) if yEy,
Su (s y)=1Ee,(rs.y) if VEYEY, (35)
1Ee, () +E(-e.-e(ry)) if £y

assuming, a posteriori, that this quantity satisfies the inequality |Su(ru)| < Ss.

Imposing the equilibrium for the unloading phase over the cross section we have:
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0= (‘):S ul (rul , y)b(Y) dy
= (‘S:Eeuu (ry» y)b(y)dy+ (‘)y;E(eS - e(r,y))b(y)dy- djE(eS +e(r,y))b(y)dy (36)
:MA- A+ (‘i(es- e(r, y))b(y)dy- (‘z(es+e(r, y))b(y)dy

0

Extractingy v (ru) from the previous equation we obtain:

Valt) _ A= dife,- e(r.y))o(y)dr+ (e re(r.))bly)ey 1 @)
lO A I’.ul
Observe that in the doubly symmetric case, this expression reducesto 1/r.
The unloading bending moment My (ry) is given by:
I\/Iul (rul) = 6¥S ul (rul ’ y) yb(y) dy
= 0. Eey (Ter ¥) Y(y)dly + 3. E (e, - e(r, y)) yb(y)dy +
\+¥

-0, E(es+e(r. v)) yb(y)dy =)

r W N
=- EyU'l_(U')JC - E0_y¥e(r, y) yb(y)dy - Eq¥e(r, y) yb(y)dy +
0 2
+Ee, (), yb(y)dy - Eesc‘ijyb(y)dy
Recalling equation (21) for the loading moment, we can observe that:

M (r)- Edfe(r,y)yb(y) dy = Ees(‘)_y;b(y)ydy- EeSQib(y)ydy

Substituting into equation (38) we have:

M ()= 22U 5 - Egre(r,y)yb(y) - EGe(r. ) vb(y)ay +
+M(r)- EQe(r.y)yb(y) dy

=- Ey“'l—gr“')Jc- E(‘i(r' y)fo(r)' © yb(y)dy+ M 1) >
i Ey“'l—(r“').]

C+EmJC+M(r)

0 IO

Theresidual radius r,e is given by the value of r for which the above expression for My (ry) equals

Z€ero:
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y ul (rres) — M (r) y (r)
,  J.E * l, (40)

Observe that in the doubly symmetric case, this equation reduces to the well-known formula:

+ —
JE 1

i:M(r) 1

Provided that the loading radius is known and is directly linked to the loading bending moment in
each one of the four loading intervals previously characterized, the final wire curvature follows

from the comparison between equations (37) and (40):

1 A-dy (e~ e(ry))b(y)dy + a7 (e, +e(r. v))b(y)dy _M(r) v (r)

A CJE |,
A0y ()9 W)y ()9
p 1 é JcE %) __€ JcE b 5 (41)
Mo

IO
A dife. e[t oDy & (e e[t o)dy AL,

For the chosen cross section the two integrals, 11 and |,, appearing at the denominator can be
calculated for each of the four bending situations, i.e. (30-a), (30-b), (30-c) and (30-d), asfollows.

Ifr3ry,

,=1,=0 (42-3)
froer gy,
I,=0
L =b,qy (e -e(r,v)) dy
“bige,- (0)2( Y,)+b, ;l(or)(fﬁ-yi)
Ifrsfr £ry,
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I, :blé_yl (es' e(r, y)) dy

Ow Ar)owm
_bl(;a s u_d dy+bl?£ :d ydy
e

Io %) h I0 ; "
_ (42-¢)
—qéee-ry o(r)-] °4y1+n) I(r)(yf-hf)
|2:b2§fes-—'y°(|r)' °%n, - y,)+b, I()(hz )
e 0 (%]

Ifr£rs,

:bl\‘)?es_ ryd(lr)'logd bl@dl(r)_\ ydy
‘e 0 7] e o @7
(42-d)
+b2c\i‘2§es_ ryd(lr) lo—dy"'bz?dl( )_‘hzyd
e 0 %] e ‘o @
& ry-1,0 r
= b 8- ry"(l) "2y, bly—"z( )y;
e 0 (%] 0
& ry-1,0 r). .
the-e,- ryd(l) O+hz+b2yd2|( )hz
e 0 (%] 0

Therefore the provided set of equations enables to foresee with good accuracy the residual curvature
of awire characterized by the previously showed cross section.

Moreover, in order to guarantee the material integrity, it should be checked that the final plastic
wire strain does not overcome a required limit. This typically corresponds to the rupture plastic
strain of the wire material. To carry out that control it is necessary to consider the maximum final

true wire strain over the cross section, namely:

e (r,y)lm=£ln§y(r)l(;y)% Ee, (43)

It should be noted that the initial bendable length does not influence any calculation. In fact it is a
completely free parameter for a designer that applies the model since it is aways coupled with the

curvature angle terms.
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5. ANUMERICAL EXAMPLE OF MODEL APPLICATION

A numerical example of model application is reported in the following. With reference to the cross
section shape above illustrated (figure 2 and 3) we consider the following characteristic dimensions:
by =3 mm, b, =0.75 mm, hy = 1 mm and h, = 2 mm. The centroidal moment of inertia Jc equals 3

mm?®. It can be easily verified that d = hy/ hy is greater than one and that condition (26) is satisfied.

200 - b 3 ~ bs
unloaded wire 1=omm
175 - b,=0.75mm o
h;=1mm h, /
150 - h2=2mm i L
Je = (b;h*+b,h,Y)/3
z 125 —\ h,
£ T~
5 100 ~ < 1
= 75- b /2
50 - _ ~2
loading phase ~X
25 A
0 T T T T T T T T T T T 1
2000 2010 2020 2030 2040 2050 2060 2070 2080 2090 2100 2110 2120

M (r) [Nmm]

Figure 4: loading, unloading and residual radius of curvature with respect to the loading bending
moment (elastic-perfectly plastic material behaviour; E = 206000 MPa, ss = 750 MPa).

Considering an elastic-perfectly plastic material behaviour the required fundamental mechanical
properties are Young's modulus E, equal to 206000 MPa as typically for steels, the yield strength
Ss, 750 MPa, and the plastic true strain limit g, 0.3. The wire plasticization starts with a bending
moment equal to 1125 Nmm (see equation (33-a4)) and ends, with the cross section fully

plasticized, when the moment, (see equation (29)), equals about 2109 Nmm.
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Figure 5: neutral axis and plasticization fronts displacements with respect to the loading radius of

curvature.

In figure 4 the loading and the residual radius of curvature with respect to the applied loading
bending moment are reported. The comparison between the two radii shows the entity of the
springback for each applied moment. The values clearly converge when the loading bending
moment has plasticized the whole cross section. Moreover, it is interesting to remark that for the
considered material it is possible to bend the wire up to a 9 mm radius without exceeding the
maximum true strain limit. Indeed by applying equation (43) it is possible to verify that for a
loading radius of 9 mm we have a maximum true strain over the cross section of about 0.28 in
modulus. Furthermore, the condition [Su(ru)| < Ssis satisfied: indeed |s u(ru)| < 656 MPa for any
value of the loading radiusr.

Another interesting feature is the displacement of the neutral axis and the plasticization fronts
during the loading phase. By means of the model it has been possible to plot their trend with the
decreasing of the loading radius (figure 5). A neutral axis displacement can be observed after the
plasticization of the first fibre at a distance of h, from it. This obviously happens on the more
extended (along the y direction) cross section side and determines the negative direction of the
neutral axis displacement. The convergence of the three displacement curves is asymptotic when the

radius tends to zero. From figure 5 we can aso see for which radius the negative cross section side
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starts plasticizing (r,, about 238 mm), particularly with respect to the other side (rs, about 550 mm).

6. CONCLUSIONS

The analytical model developed and reported in this paper is focused on the relation between the
nonlinear bending moment applied to a thin metallic wire and the corresponding residual radius of
curvature. The set of analytical equations supplied by the model lets the designer choose the correct
bending parameters, i.e. the bending moment, necessary to obtain the required final wire shape after
the unloading springback. The nonlinearities due to the material behaviour that are taken into
account are those of an elastic-perfectly plastic behaviour. The goal for the future is to continue the
research by refining the model and developing more accurate material behaviours. The general form
of the model has been devel oped and reported for a wire cross section nonsymmetric with respect to
the centroidal axis, so as to show how the model could be applied to generic geometries. This lack
of symmetry causes the displacement of the neutral axis. The calculations take this effect into
account but at the same time they do not depend directly on it. The Bernoulli-Navier’s hypothesis
was adopted. Therefore the proposed model is applicable only if wire cross sections remain plane
after bending rotations. This is very close to real material behaviour from the engineering point of
view.

The proposed model alows predicting the final geometry of a wire after bending loading and
unloading operations. The model enables to determine the stress and strain cross section state too.
Considerations about fatigue behaviour and material damaging can consequently be formulated.
The designer can introduce into the model the main mechanical characteristics of the wire material.
The reported numerical example of model application allows to appreciate the large deformations,
down to extremely small radii of curvature, and the neutral axis displacement during bending in the

plastic range.
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NOMENCLATURE

A wire Cross section area

b(y) wire cross section width

C Cross section centroid

E Y oung’s modulus of wire material

h; maximum cross section outer distance from centroid

h, maximum cross section inner distance from centroid

Je cross section moment of inertia about the centroidal axis

lo starting wire bendable length

I(r,y) actua wire bent length with respect to a generic cross section quote
M(r) loading bending moment applied to the wire for a certain loading radius
Mip initial plasticization bending moment

Mip full plasticization bending moment

Mu(ru) unloading bending moment applied to the wire for a certain unloading radius

r

rl‘eS

actual radius of curvature due to the bending load with respect to the centroidal axis

residual radius of curvature after the unloading with respect to the centroidal axis
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ru unloading radius of curvature with respect to the centroidal axis
y generic fibre vertical quote with respect to centroid

Yn neutral axis vertical quote with respect to centroid

ya(r) vertical first yielding quote in the wire outer side

yo(r) vertical first yielding quote in the wire inner side

e(r,y) crosssection strain for a certain radius of curvature

e(r,y) engineering strain for acertain radius of curvature

e(r,y) actua strain corresponding to the final wire configuration

& actual strain corresponding to the material rupture

& engineering strain corresponding to the material yield stress
eu(ru, y) engineering unloading strain for a certain unloading radius of curvature
s (r,y) normal stressover the wire cross section

Ss material yield stress

y (r) actual curvature angle spanned by the actual bent wire length
yu(ru) unloading curvature angle spanned by the actual bent wire length
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