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Abstract

A long standing conjecture for the linear Schrodinger equation states that 1/4 of derivative
in L2, in the sense of Sobolev spaces, suffices in any dimension for the solution to that equation
to converge almost everywhere to the initial datum as the time goes to 0. This is only known
to be true in dimension 1 by work of Carleson. In this paper we show that the conjecture is
true on spherical averages. To be more precise, we prove the L? boundedness of the associated

maximal square function on the Sobolev class H*/4(R") in any dimension n.
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1 Introduction
For a € R, we denote by H*(R™) the Sobolev space
2 1/2
Ho(R") = {f e '@ sl = ([ [ @+ igyas) < oo} .

We will also consider the homogeneous Sobolev space H*(R™) defined by

_ . 1/2

AU(R") = {f e @) Il = ( [ [FiO)] leae) < oo} .
Let f be in the Schwartz class S(R™), and define

Sif(a) = ule, t) = [ J(ge >l emier de.

R™

Then u is the solution to the linear Schrédinger equation with initial datum f, that is,

%u(x,t) = 2 Agu(z,t) in R

u(z,0) = f(z) in R™.
There is a fundamental question in this setting and is that of determining the minimal smooth-
ness on the initial value function f, needed for the almost everywhere convergence

lim u(zx, t) = f(x), a.e. (1)

t—0t

This smoothness is measured in terms of the Sobolev space H* which the function f belongs to.
In 1979, Carleson proved in [4] that the a.e. convergence (1) holds for any f € H'* in dimension
n = 1. Dahlberg and Kenig [6] extended this result to functions in H"/4(R™) for any n and
showed that there are counterexamples if the regularity is less than 1/4. It is conjectured that
a = 1/4 suffices for this problem in any dimension n. Sj6lin and Vega proved independently in
[11], [16] that « greater than 1/2 implies the convergence (1) in any dimension n (previous results,
for a > 1, were obtained in [3], [5]), while Prestini [10] proved the conjecture for radial functions.
The case n = 2 has been intensively studied during the last years and is the only one (apart from
n = 1) where there are positive results for (1) with smoothness av < 1/2 (see [9], [14], [15], and
the references there).

As usual, problems related to the a.e. convergence are intimately connected to the boundedness
of the associated maximal function. In our case, this maximal function is given by S*f(z) =
sup,~ |S¢f(z)|, « € R". For example, the a.e. convergence (1) for all functions f € H* follows

from the a priori maximal estimate

1/p
</| - |S*f($)|pd$> <Clflue,  feSR™). (2)



In fact, all the known cases about convergence mentioned above are obtained via this maximal
inequality for different values of p € [1, 2].
In this paper, we investigate whether inequality (2) holds if we replace S* by a spherical average

operator; namely we look at the maximal square function

t>0

Qs = swp (ks [ 1Sttt aoe)

Clearly, one has the inequality f\w|<1 Q" f(z)?dz < f\w\<1 |S* f(x)|? dz, and therefore the bound-
edness of S* would imply a corresponding inequality for @*. The known counterexamples show
that the smoothness condition o > 1/4 is still necessary for the boundedness of this operator. The

main result of this paper says that a = 1/4 is also sufficient for the boundedness of @Q*.

Theorem 1.1 The operator Q* is bounded from HY/*(R") into L*>({|z| < 1}) in any dimension

n, that is, there is a positive constant C such that

1/2
(/ <1 ‘Q*f(l')P dl’) < C||f||H1/4, Vf c S(Rn). (3)

In particular, (3) gives us that 1/4 of smoothness suffices for the a.e. convergence with respect

to quadratic spherical means. The precise statement is contained in the following corollary.
Corollary 1.2 If f € HY/*(R"™), then, for every xo € R™ we have

lim 1S; f (o + rw) — f(xo +rw)*do(w) =0, a.e. r.

t—0t Jgn-1
Proof. The proof is standard. By translation invariance, we may assume without loss of generality
that xo = 0. It is easy to see that, if g € S(R™), then S;g — g as t — 0%, uniformly in R". Given
f € HY4(R") we take a sequence {gx}?2; C S(R") such that g; — f in H'/*(R"). Denote by u
the Borel measure du(r) = r"~1dr. Let A > 0, B" = {z € R": |z| < 1} and define
Ay = {0 <r< 1slimsup/ 1S, f(rw) — f(rw)|* do(w) > )\} )
t—0t Sn—1
Then, for any positive integer k

uian < u({o<r<smsn [ 507 - 0000 dot) > 3 1)

t—0+

ton({osr<t [ latw - s aow) > 3}).

Now, Chebyshev’s inequality and Theorem 1.1 imply that

pan) < 5[ s [ 1807 - gl dofw)ds

A Bn t>0

C c
S = B < S = gkl YK,



and, therefore, p(Ax) = 0. O
We point out that a somewhat analogous theorem as (3) has been recently proved by Tao in
[13]. In dimension n = 2, our result can be restated as follows

1/2
</| sSup |Qf(x7 t)2d$> < C||fHH1/47

z|<1 t>0

, 1/2
where Qf(z, t) = (% fOQW |Stf(|m|e“9)’2 d9) . Tao’s result, on the contrary, involves the L?

norm in the t-variable of the L*> norm in the x-variable. Precisely,

- 1/2
(A sgﬂ@f@,wPM) < C|fllze-

The techniques of [13], unfortunately, do not seem to apply to the present case. Indeed, the
calculations there require only the standard asymptotics of Bessel functions for large values, while
more precise estimates on the remainder term are needed not only here, but also in our preliminary
results [7] and [8].

Before we proceed with the proof of Theorem 1.1, let us first make a reformulation of our
problem and some additional comments. Observe that if {)} is an orthonormal basis of spherical
harmonics in L2(S71), and f(&) ~ 32, fr(|€)V(€/|€]) denotes the corresponding expansion of
f with respect to this basis, then

L\ /2
Q"f(@) = sup (Z T QL (Sr()s™7172) (Ja)| ) ,

where

zmmzzfe“mgawﬁw

and v(k) = (n — 2)/2 + degree(Vy). Here, J, denotes the Bessel function of order v and J,,(t) =
VtJ,(t) for t > 0. Using that the norm in H'/* of f with respect to the above expansion is given
by | fllga =0 Jo© 1fu(r)Prt/2rm =1 dr, and “cancelling out the 3 signs”, the inequality

/ Q@) dz < Cf 120,
|z|<1

is equivalent to the estimate

1
[ switanrar < c [ lgeprar
0 t>0

uniformly in the index v too.

We can now follow Carleson’s approach (see [4], [6]). First we linearize our maximal operator,
by making ¢ into a function of r, ¢(r). Next we may assume that g is supported on a fixed interval
I (as long as the final constant C' is independent of I). “Moving” the smoothness to the other

1/4

side (that is, redefining g(r)r'/* as g again), we consider instead the linear operator

eiSQt(r)j; rs
Tog(r) = [ 29 5y s,
I st/



Then what we have to show is

1
| mamrar<e [laor s ()

with C independent of g € L2(I), of the interval I, of the measurable function ¢(r) and of v € N/2.

We want to point out that Theorem 1.1 gives as a consequence the boundedness of the maximal
Schrodinger operator S* on radial functions in R™, with constant independent of n. A close look
at the above arguments will convince us that both, Theorem 1.1 and this dimension-free estimate
are, in fact, equivalent.

Let us bring here a related result obtained by the authors. In [8] it was proved that the uniform
estimate

[ e 0955 = o),

independent of ¥ € N/2, the interval I and a € R, holds (for 8 < 1) if and only if 5 > 1/6. This
expression appears in a natural way as the leading term (using the product formula for Bessel
functions) of the expansion of the kernel associated to T, T, but replacing the “smoothness” 1/4
by the generic smoothness a with 2 — 1/2 = 3. This could be interpreted as an indication that
the uniform estimate of the operators ), by this method would only be possible on the class
H/3 (o = 1/3 corresponds to the case 8 = 1/6). Our theorem here shows that an additional
cancellation of the rest of terms in the expansion of the kernel is possible so that, as Theorem 1.1
says, the result holds indeed on H/4.

Continuing with the reduction of our problem, let us point out that by using a TT* argument

and the well known expansion

~ 2 1
Jl,(r):\/;cos<r—7r2y—1)+0y(r> as r — 0o,

it is not difficult to obtain (4) but with a constant which would depend on v (see also [10]). Thus
we only need to check that the constant C' is uniformly bounded as v tends to infinity.

The following lemma, due to J. A. Barceld ([1], [2]), describes the oscillation and the asymp-
totics of the Bessel function for large values, with the precise dependency of the remainder term

with respect to the order of the function.

Lemma 1.3 There is a universal constant C > 0 such that for all v > 1/2 and for allr > v+v*/3

we have
]2 cosO(r)
JV(T')— ;m"’hy(r),
where
O(r) = (12 — p2)1/2 _ v_T
(r)=(rc—v°) v arceos - — -,
and

C(W—‘r%) ifV+U1/3ST§2V
% ifr>2v.



1/3

In order to simplify the notation, let us define for » > v + v/° the functions

2  cosf(r
20 =
TPy = VrIB),
hy(r) = /rhy(r).

Thus, we can write T, as the sum of the following operators

Thor) = [ e s u(rs)s g(s) ds.
Tigr) = [ e L8 e ()5 () s
Toor) = [ O Rulrs s a (r9)s™ () ds
Tior) = [ O T n rs)s ™ (s) ds.
T3g(r) = / I o (8)X 20, 00) (r5)5~ 1 (5) ds,
Teor) = [ e T )5 () s

The desired boundedness will now follow from the boundedness of the above operators. This will

be proved in sections 2 through 6, but first we would like to recall Van der Corput’s lemma.

Lemma 1.4 (Van der Corput) Let ¢ be a smooth real valued function defined on an interval
[a,b] and ¢ a smooth positive decreasing function defined on the same interval. Suppose that ¢’ is
monotonic in [a,b] and that |¢'(s)| > X for all s € [a,b]. Then there is a universal constant C' > 0

such that

U

<
_C')\

b
/ e (s) ds

A proof of this can be found in [12].

2 Boundedness of T

We need the following version of Schur’s lemma.

Lemma 2.1 Given two o-finite measure spaces (X, p), (Y, v) and a p® v-measurable function k

on X XY, suppose that there exists a positive constant C such that

sup /Y /X k(. y)k(u, v)| du(z) dv(y) < C.

ueX

Then, if f € L*(X, u), the integral

Ki(y) = /X Kz, 9)f () duz)



converges absolutely for a.e. y € Y, the function K f thus defined is in L*(Y, v) and

1K 113 < ClfI.

The next proposition discusses the boundedness of the operator T.

Proposition 2.2 There is a positive constant C' such that for all v > 1, for all intervals I, for

all measurable functions t(r) and for all g € L*(I),
1T, 911220, 1) < Cllgllz2
Proof. The kernel of the operator T} is
ks, 1) = e T, (s7)x(0, 0 (s7)s /%,

so that |k(s, )| = |jl,(sr)|X[0,V] (sr)s~'/4. By Lemma 2.1,

1
177113 < Slél’;/o T (uy)x(0, ) (uy)u="/* /IJ(SZ/)X[O g (sy)s ™/ ds dy

1
= s [ T (e [ Gt deay.
uel Jo 1'n[0, v]

Since, by the well-known estimates for J,, in the interval [0, v/2] (see [17]) and Stirling’s formula,

v/2 J, ( ) v/2 e prHL—y C e\
/ dt < / s T A= o3 1 < 17 (7) )
0 v o 2T(v+1) 2207 HT (v + 1)(v+1—7) — v/2+y \4

we have, using the estimate [ [J,(s)|ds < C (see [7], Lemma 2.4),

Vj() V/214 v » »
/otl/4 dt = /0 t/Ju(t)dH-/V/zt/Ju(t)dthy/.

Therefore,

177113

IN

C'sup dy

uel ul/4

J1/4
= Csup —— 7 / Jy,(s)s™ /4 ds.
uel U [0, u]NI[0, V]

/ //23/48

p1/1 Ju(s) 4, _ v [,
0

W2 Jo o 5174 ul/? 51/4
1/1/4 / SV*1/4dS - Cuu+1/41/73/4eu
ul/22"T (v + 1) J, - vyr+1/2
Vu+1/4V73/4eu B C (E)V <

qrypr+i/2 Ty \4

Thus || T3 < C. O

pl/4 /1 ju(uy)X[O,u} (uy)

y3/4

Assume first that v > v/2. Then

vt/ / J,(s) C
w2 Jio, u)npo, v] 1/4 pl/4

If instead 0 < u < v/2, then

IN

IA

It is worth noting that in the study of T} we have not used the oscillation given by eit(r)s®,



3 Boundedness of T?

Here we will use the following estimates on the Bessel functions: there exists a positive constant
C such that if s € [v, v 4+ v/3] then |J,(s)| < CvY/6, and if s € [v 4 v*/3, 2v] then

y1/4

|ju<5)| < Cm~

These estimates are classical, but can be easily obtained from Lemma 1.3 too. We can now state

the boundedness result for T2.

Proposition 3.1 There exists a positive constant C' such that for all v > 1, for all intervals I,

for all functions t(r) and for all g € L*(I), we have

1729|2210, 1) < Cllgllr2r)-

Proof. The absolute value of the kernel of T2 is

[k(s, )| = |jy(sr)|x[,/7 V412/3] (sr)s™ /4,

By Schur’s lemma,

1
218 < sup [ 1Tz | [ lnomon)s /4 as]
uel Jo
The expression within brackets is bounded above by
1 v+v . 1/4 1 1/+u2/3 .
W[/ |, (t)|t dt < W// |, (t)| dt
w23 1/4
_C ey / vt
y3/Ay1/4 s (E—v)1/A
C 1/1/2

1/2 3/4
L W12+ 12 < Cy3/4'

2/3

IA

IN

Thus

172113

IN

1
Cv 2 sup [T, ) i (a7 dy
u 0

= Ccv'/? supu_l/Q/ | T, () [t=3/* dt
uel [0, u]N[v, v+1v2/3]

IN

V+V2/3 _
Cv=3/4 / |, (t)| dt

Cy—3/4+3/4 _ o

IN

O
Once more, in this proof we have not used the oscillation given by the exponential nor the one

given by the Bessel function.



4 Boundedness of T7°.

Proposition 4.1 There exists a positive constant C such that for all v > 1, for all intervals I,

for all functions t(r) and for all g € L*(I), we have

1729\l 20, 1) < Cllgllr2r)-

Proof. A trivial application of Cauchy-Schwartz’s inequality yields

1
1T 91 % 20,y = /0

2
[ b ) (r5)gs) |

I
1
= / |y (r8) P18 2 Xy 272, 2 (r5) ds dr |3
0 I
1 21}1/2 ,
< /0 I,|hl/(”)|mX[y+y2/37gu](U)dvdrHgH2
2v
< Cllgl / I (0) 2012 do
U+I/2/3
) 2
— )3 / o () P d
14+v-1/3

The estimate

1 2 1
2
[P (vu)|” < € <y3(u2 7P + V52 (2 — 1)y + y2u2) ’

that holds for u € [1 + v~2/3, 2], concludes the proof. O

5 Boundedness of T

We shall need the following technical lemma. Its proof is a simple application of the fundamental

theorem of calculus.

Lemma 5.1 Let I be an interval and g € C3(I) be such that g'(u) <0, ¢"(u) > 0 and g"'(u) <0

for allu e I. Then for any u, ug € I,
1. if u < ug, then g(u) — g(uo) = —g'(uo)(uo — u), and
2

2. if u > ug, then g(ug) — g(u) > —g'(uo)(u — uo) — 59" (uo) (u — up)?.

Proposition 5.2 There exists a positive constant C' such that for all v > 1, for all intervals I,

for all functions t(r) and for all g € L*(I), we have

173920, 1)) < Cllgllz2(n)-

Proof. First write T+ as the sum of two operators, by means of the equality cosf = (el +e71%)/2,

i#(r)s? T1/2 1/4 i0(rs)
/ (s2r2 — p2)1/4 oo ia Xlv+v2rs, 2] (rs)g(s) ds +

[1 1/2 1/4 —if(rs)
271_/ S T2 _ V2)1/4 X[V+V2/3 21/] (Ts)g(s) ds'



Observe that it is enough to study just one of the two above operators, as long as we obtain a
result independent of the function ¢(r), positive or negative. Let us then fix our attention on the

one with the + sign in the exponential (call it just T'). The operator TT* has kernel

ds.

. 2
K p) - all(t(r)—t(p))s +0(rs)79(ps)lr1/2p1/231/2x[y+1,2/37gu] (78)X[v4v2/3, 20 (PS)
v P) = I (7,25271/2)1/4(;)2527”2)1/4

Let
0(z) = O(vz) = vv/a2 — 1 — varccos(1/x) — 7 /4, x> 1.

Assuming p < r, calling ¢ = r/p and changing variables, s = vu/p, we have that the kernel K (r, p)

equals

B—1/2 i[—avu?/240(qu)—0(u)]
) vH2(q ~ 1)6/ 172 - “2\1/4 5 —ovia Q|
IN[l4v=1/3,2/q] U (I —u?)V4(1 - g 2u?)

where a = —2v(t(r) —t(p))/p? and 3 € [1/2, 1) will be fixed at our convenience (3 = 3/4 will do).
Since the function min(r, p)?~1/2r — p|=# is integrable in p € [0, 1], uniformly in € [0, 1], by
Schur’s lemma it is enough to show that the expression within brackets is uniformly bounded in
a € R, v > 1, I any interval, and ¢ € (1, 2) (for ¢ > 2, the interval of integration becomes empty).

We introduce now some notation: for u > 1 call

1/1/2(q— 1)6 V1/2(q_1)ﬁu1/2q1/2
Pu) = W 2(1 — u-2) /41 — g~ 2u-2)1/4 = (2 — 1)/4(g2u2 — 1)1/4
ou) = —avu®/2+ é(qu) - é(u),
n = —log,(¢—1),

so that ¢ = 14+ v~", and the required uniformity in ¢ € (1, 2) is moved to the same one for n > 0.

Next observe that for n > 1/(203), the result is easily obtained since

/ ey (u) du
IN[1+v—1/3,2/q]

Let us assume then that 0 < n < 1/(28). This is the point where we start using the oscillatory

2 2 1/1/277]/6
g/l W (u) du < 0/1 oA <G

term in the estimation of our integral. Since we want to use Van der Corput’s lemma, we need to

study the function ¢’. Note that

¢ (u) :u<\/q2—u—2—\/1—u—2—au) =v(f(u) — au),

where f is implicitly defined by the above equality. Let us begin by considering only those values
of a for which there is a zero of ¢’ in the interval [1 4+ v~1/3, 2/q]. Thus, parametrize a in such a
way that this zero is 1+v~7, with v € [0, 1/3]. This way, the required uniformity in the parameter
a is moved to the parameter . For further reference, observe that

\/q2(1 +r7)2—-1- \/(1 +rv77)2 -1
(1+v77)? '

10



> —1

au

1 14+v71/3 14+v77 2/q

Figure 1: The curves f(u) and au.

Let u € [1 4+ v~1/3,2/q]. One can easily see that f satisfies all the hypotheses of Lemma 5.1.
Thus, recalling that ¢'(u) = v(f(u) — au), we may deduce that if u < 14 277 then

6] 2 o1+ 07 ) (a— (1) ®)
whereas if u > 14+ v™7
0012 vl 1) (e PO = 010 )]
Define
6= % —nB+ % + %

where ¢ = min(n, 7). Observe that (n, v) may vary in the rectangle R = (0, 1/(26)) x [0, 1/3].
Divide R into two regions, F = {(n, 7v) € R:6 > vy} and G =R\ F.

Consider first the case (1, ) € F. Divide the interval [1 +v~/3, 2/¢] into the union of four
subintervals (defined to be empty when the left endpoint happens to be bigger than the right
endpoint):

Al = [1+v7 Y3 14077/10],

Ay = [14+v77/10, 1+ —v7%/N],

As l+v Y —v %N, 1+v " +v7%N],

11



v
D C
E
g
F
0 B n

Figure 2: The sets F and G, where B = (1/(26), 0), C = (1/(26), 1/3), D = (1/(35), 1/3) and
E = (0, 1/3).

Ay = [L+v 7 +v7°/N, 2/q],

where N is a large number that will be fixed at our convenience. The interval A3 is a neighborhood
of the zero of ¢, where the oscillation vanishes. The best we can do here is then to estimate the

corresponding integral with the magnitude of the integrand:

ig(u) LN 2 1
" h(u)du| < u)du < — 1+ —
/mA3 V) /1+u—vu—5/N V) Nve 1/’( 2V’y>
1/2—-np
< oL v
- VA (L) (14 )2) = 1)H/4
1 V1/2—nﬂ+'y/4 V5
S Clrg A SO sC
For A;, we can use Van der Corput’s lemma. Thus
(1 + v 1/3)

ip(u)
/mle ) du] < O SA = 0y

Observe that

1/2—ng
pl/2n < Oz

~1/3
Y(1+v7177) SOV—1/12(y—1/3+y—”)1/4 <

12



where ¢ = min(n, 1/3). As for ¢/, using (5) we have that that

o' (1+v77/10)] > v(l4+v " =1=v"7/10) (a— f/(1+v7 7))
9
2 I e)
I R N O 0 Q+v )2
10 VEQI+rv)2 -1 JI+v)2-1
> ol VA+r 21 +v )2 —1—/(1+v )2 -1
- V3421 +v)2 -1/ +v7)2 -1
> Cpl=7/2-n+E&
Thus
7/12-nB+¢/4
i¢(u) v o
/mAl ¢ Plupdu| - < v1=7/2=n+¢
< Qu/1An(=B)+/24¢/4=8 < 0~ 1/6+(1-0)/(28) < ¢
if 6> 3/4.

Let us now consider As. Once again, using Van der Corput’s lemma,
‘/ ei¢(u),¢(u) du Y(1+v77/10)
AsnI

G+ v v N)’
Proceeding as in the previous case, we see that

1/2—nB
pt/en < O pyl/2—nBtr/4+E/4
y_"//4(y_'Y + y_n)1/4 - ’

<C

$(14+v77/10) < C

and that
|¢/(1 + 77— y—5/N)| > y(l +u 11—y V_(S/N) (a _ f/(l n U_W))
y1=d
> o (=ra+v)
> COpl—0—nm+tv/2+¢
= Op1/2—n(=B)+~/4+3¢/4
Therefore
1/2—nB+~/4+&/4
ip(u) v
/mA2 ¢ Pludu) < v1/2—n(1—B)+~/4+3¢/4
< Cp~@-n-¢/2 < C,
if >1/2.

Let us now move to the study of the interval A44. Using Van der Corput’s lemma, we have

i6(w) Y(1+v7+v°/N)
’[44016 w(u)du' = C|¢/(1+V_’Y+V_6/N)‘.
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As usual, we see that

1/2-n8
pl/2m < Oy 2B /Ate/d

— -5
Y(14+v 7 +v /N)SCV7W/4(V*“Y+V*”)1/4_

while using (6), we see that

¢/ (L+v" + v /N)| > VNS

1-0

’ - 1 " - 1

(a —f+vT) - %f”(l + v‘”)Nl(;)

14

14

%

We already have the estimate —f'(1 + v~7) > Cv7/2¥¢=7 We shall now show that there is a

positive constant C' such that
(L) < CuEe, (7)

In the following computations, we will call ug = 1+x =14+v "7, g =14y =1+ v ", with

x,y €0, 1], and z = max(x, y). Thus

" (ug)| = (3ug — 2)((12;63 — 12 — (3¢°uf — 2)(ug — 1)*?
ud(uf — 1)3/2(q?uf — 1)3/2
(3u — 2)*(¢°ug — 1)° — (3¢°ug — 2)*(uf — 1)°
ug(ug — 1)3/2(q*uf — 1)3/2 ((3uf — 2)(¢*uf — 1)¥/2 + (3¢%ug — 2)(uf — 1)3/2)

The numerator of the above expression is a polynomial in z and y, sum of monomials of degrees
3 to 16, none of which is of the form z7 for any j. Therefore this numerator is bounded above in
absolute value by

Cy(z® 4+ zy + 3°) < Cyz°.
On the other hand, the denominator is bounded below in absolute value by
Cz*P(x +y)** ((x +y)*/? + 2%/%) > Ca®/22,
It follows that

" yZQ _ 3v/2+€—n
|f (Uo)|SCW—CV ;

as desired. Thus we may deduce that

@' (L+v™7 + v /N)| > %VIJ <w/2+£n - 6%7>
> %V“‘SVWHE—"Q _ gy’y—zi)
> COplot/2HEn
> CV1/2+’Y/4+3£/477](17ﬁ)’

14



if we take N big enough (recall we are in the case 6 > 7). We may now conclude

1/2-nB+v/4+€/4
ip(u v —n(28-1)—¢/2
/Ame p(u) du| < C ey < Cv "R <

if B> 1/2.
It remains to study the case (1, v) € G, that is § < 7. Observe that this implies v < 7 and
therefore & = ~. Divide the interval [1 + v~1/3, 2/¢| into the union of three subintervals (defined

to be empty when the left endpoint happens to be bigger than the right endpoint):

A = [1—|—1/71/3, 1+v77/10],
Ay = [1+v77/10, 1 4 207 Y/2408-7/2),
As = [L42071/2418=7/2 9/q],

The interval Ay is a neighborhood of the zero of ¢’, where the oscillation vanishes, so we estimate

the associated integral with the magnitude of the integrand:

142y~ 1/ 24n6=7/2
< / LZ)(U) du < 2V71/2+77[3*'y/2 " (1 I Vﬁ’y/lO)
14+v—=7/10
y—1/2+n8-~/2,,1/2—np
< C
= U A (A + ) (1 + v/10) — 1)1/4
1/7'7/2

C—-—= < C.

- y_'Y/z -

/ W) (u) du
INAs

The study of A; is exactly the same as in the case v < §, thus we do not repeat it.
As for Az, we use Van der Corput’s lemma, obtaining

i 14+ QV—1/2+nﬁ—7/2)
ip(u) dul < C ¢( .
’/Agme Wlu) du) < &/ (1 + 20— 1/ZF0B—72)]

Since a is positive and f is decreasing and f(1+v~7) = a(1 + v~ 7), we may say that

¢ (1 + 207 Y/2HM8=0/2) | > (a1 + 207 /ETBTI2) — f(1 4 07Y))

_ Va(2V71/2+nﬁ*'v/2 ) > vay~Y/2+nB—=v/2

> l/2+nB—v/2 q2 -1

- VEA+r )2 —1+/1+v7)2-1
-7

> 1/2+4nB—~/2 v

- Cv (1/_’)’ —+ 1/_77)1/2 + y_'Y/Q

> Cpl/2HnB=/2,-nty/2 oy /2400,

On the other hand,
V1/2777,B

Cy—1/8+77ﬁ/4—’v/8(y—77 + y—1/2+7lﬁ—’v/2)1/4

(1 + 2,,71/2%7{3*7/2) <

15



/2=

—1/4+nB/2—~]4 C3/4=3n8/2+~/4
14

IN

Therefore,

3/4-3n8/2+7/4
/ eid>(U)1/,(u) dul < ¥ [amsnnretl = CYM/AB 24/ < o
AsNnI

- pl/2+nB—n
if (n,v) € G, and 8 >2/3.

It remains to study the boundedness of the integral

/ W (u) du
IN[1+v—1/3,2/q]

for the values of a for which ¢’ has no zeros in [1+v71/3, 2/g]. Call ag and a; the values of a for

which the zero of ¢ is 1 4+v~1/3 and 2/q, respectively. Geometrically, it is clear that for any fixed
u € [1+v~3 2/q], the value of |¢'(u)| grows as a goes from ag to co, and decreases as a goes
from —oo to aj, while t(u) stays unchanged. Thus, all the estimates we obtained for ag using
Van der Corput’s lemma or simply the magnitude of v, remain true for any a > ag, and those we

obtained for a; remain true for any a < a;. This concludes the proof. O

6 Boundedness of T7.

Proposition 6.1 There exists a positive constant C such that for all v > 1, for all intervals I,

for all functions t(r) and for all g € L*(I), we have

1729\l 20, 1) < Cllgllr2ry-

Proof. The kernel of the operator T2 (T2)* is

. _ 52"’ -~ —
L(r, p) = /1 =D (18) hyy (p8) X [20, 00) (T8) X (20, 00) (p8)s /2 ds,

Thus, using Lemma 1.3,

min(r, p)

L) < [ s (es)s™ 2 ds < / Vs < CYR

min(r, p) v mm(r )

Since

/|LTp|dr<C/ merp f/ /\};dr:%@—\/ﬁ)

is uniformly bounded in p € [0, 1], by Schur’s lemma the operators T2 (T'3)* are uniformly bounded,
and so are the T?’s. O
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7 Boundedness of T?.

Proposition 7.1 There exists a positive constant C such that for all v > 1, for all intervals I,

for all functions t(r) and for all g € L*(I), we have

1T g|| 20, 1) < Cllgllrary-

Proceeding as for T2, write T as the sum of two operators, by means of the equality cosf =

(eiO + e—i(9)/27
1/2 1/4 i0(rs)
= Vg [ e (r)as) ds

it(rys2 T/ 251 /267 10(rs) 7“1/2 1/4 —if(rs)
%/ N 1))

Once again, it is enough to study just one of these two operators, for example the one with the +

sign in the exponential (call it just T'). The operator TT* has kernel

ds.

Kr _ ell(t(r)=t(p))s*+6(rs)—60(ps)] .1/2 1/2 1/2X[2y,oo)(TS)X[2u,oo)(P5)
p ; (r2s? — V2)1/4( 252 — 2)1/4

Assuming p < r, calling p = (r — p)/p and o = pv, and changing variables, s = u/(r — p), we have

the kernel
1 eil—au®/2+0((p+1)u/p)—0(u/p)] d
= /[ o (1= 2(p + 1) 2u /A1 — o2u 21/
where a = —2(t(r) — t(p))/(r — p)?. Since the function |r — p|~'/2 is integrable in r, uniformly in

p, by Schur’s lemma it is enough to show that the integral is uniformly bounded in the interval I,

inp>0,in o >0, and in a € R. Let us call

a o p+1 ) (u)
u) = —-u +9< u|—0|(—
o) = - : :
1
Y(u) = 1 .
o2 /4 b2\ 1/4
/2 (1= ) (1= %)
Observe that
¢ (u) = —au + (p+ 2)u = —au+ f(u),

V(p+1)2u2 — 02 + Vu2 — o2
(note that here “f” indicates a different function from the one in section 5) and that the function

1 is decreasing with
1
Vu—o’

Note that, since ¢’ is the difference of a concave up function and a linear function, ¢” is the

P(u) <

difference of an increasing function and a constant. Hence, ¢ is increasing and therefore it

17



changes sign at most once. By assuming that the interval I is contained in an interval where ¢’

has constant sign, we can apply Van der Corput’s lemma to

/ ey (u) du
IN[20, )

In order to do it, we need to study the function ¢’. As usual, we consider only those values of a

for which there is a zero of ¢’ in the interval [20, 00), that is

Ap+1°-1-v3

0<a<
‘= 4dop

Assume first that o > 1. Let us parametrize a in such a way that the zero of ¢’ is o + o7, with

~v > 1. This gives
_ (p+2)
Vip+1)2(c+07)2—02+ /(0 +07)%—02

In this way, the required uniformity in the parameter a is equivalent to the uniformity in the

parameter v. In order to apply Van der Corput’s lemma we need to estimate |¢’| from below.

[p+2
P
f(u)
1
ay
o 20 o+o7 U
Figure 3: The curves f(u) and au.
Observe that
S = |- (p+2)u n (p+2)u
V+1)2(c+01)2 024 /(c+07)2—02 /(p+1)2u®—0%+VuZ—0?
(p+2)u

X

| (Vp+1)2u2 =02 +Vu2 —02)(\/(p+ 120 +07)2 — 02+ /(0 +07)2 — 02)
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X< (p+ V(0 +07)? ) . (0 +07) N
Ve+1D2(c+0)2-02+/(p+1)2u2—-02 /(o+07)2—0%+VuZ—0o?
’ (p+2)u 5
(p+Du+u)((p+1)(o+07)+ (0 +07))

(P+12*(0+07)2—w?)  (0+07)?—u’
X((P+1)(J+G'V)+(p+l)u+ o+0Y+u )’
o+o07" —u
o+o7

Next divide the interval [20, o) into four subintervals, given by the following partition

u = 20,

uy = max(20, 0+ 07/2),

us = max(ug, o +07 —o01/?),
uy, = o+o 4072

and study each case separately. Applying Van der Corput’s lemma and using the above estimates

for 1) and ¢', we obtain that when [uj, us] is non-degenerate,

/ W (u) du
[u1 s u2]ﬂ[

On the other hand, when [us, us] is non-degenerate,
v g
<c (o +07/2) < c+o

ip(u)
e u) du <C
Mémm Y = Ot s or— o) = oo ©

As for [ug, ug], we estimate it using the size of 1 (u):

/ (W) (u) du
[us, ua]NI

¥(20) <cZ +o7 C

< < —=<C
C _ﬁ_C

T e+07/2)] T Voor)2

ooV +o/2
< / Y(u)du < 207/21/J(U3)
u,

3

257/2
< 2072%(0 4+ 07/2) <
< 207 +o"/D S s
Finally, using Van der Corput’s lemma again,
Yo + 07 +07/?) o+o7

W (u) dul < C <C <
A;@m Yl < O o+ o) = Vo r o

This concludes the case o > 1. As for the remaining case, 0 < ¢ < 1, we impose that the zero of

¢' is 0+ 07, with v < 1 (when v grows from —oo to 1, o7 decreases from oo to o). Just as before,
we have the following estimates for ¢’ and 1

1

Vu—o’

lo+ o7 — ul < o+ 07 — ul
o+ov 207 '

P(u) <

|6 (w)]
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Suppose 0 < v < 1. Then

3
/ e ?Wp(u) du| < Y(u)du < C,
[20,3]NI 20
and by Van der Corput’s lemma,
ip(u) ¢(3) 207 ¥
e Y(u)du| < C <C < Co7<(C.
/[3, o] ( 19/ (3)] V2(3 -0 —07)

If instead v < 0, then we divide the interval [20, co) into five subintervals, given by the following

partition
w, = 20,
Uy = 3,
ug = max(3,0+077/2),
uy = max(us, o +o07 —01/?),
us = o+o) +072,

and study each case separately: the integrals along the intervals [uj, us] and [ug, us], can be
estimated by taking absolute values inside; for the other intervals, apply Van der Corput’s lemma

as usual.
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