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Abstract

The problem to establish not only the asymptotic distribution results
for statistical estimators but also the moment convergence of the estimators
has been recognized as an important issue in advanced theories of statis-
tics. There is an authorised theory dealing with this problem for some
M-estimators by Ibragimov and Has’'minskii (1981). A large deviation in-
equality, which was a crucial point of Ibragimov and Has'minskii’s (1981)
theory, has been proved with a good generality by Yoshida (2011). The pur-
pose of this paper is to present an alternative, simple theory to derive the
moment convergence of Z-estimators; any large deviation type inequalities
do not appear in our approach. Moreover, a merit of our approach is that
the cases of parameters with different rate of convergence can be treated eas-
ily and smoothly. Applications to some diffusion process models and Cox’s
regression model are discussed.

1 Introduction

This paper is devoted to the convergence of moments for “Z-estimators”, in other
words, estimators that are the solutions to estimating equations. Let us first give
a review on the moment convergence problem, and next we shall list up some
examples to which our results can be applied.

*Corresponding author.



For an illustration, let us consider the simplest case of i.i.d. data. Let (X, A, u)
be a measure space, and let us be given a parametric family of probability densities
f(-;0) with respect to pu, where # € © C R%. Let X, Xs,... be an independent
sequence of X-valued random variables from this parametric model. There are at
least two ways to define the “maximum likelihood estimator (MLE)” in statistics.
One way is to define it as the maximum point of the random function

1 n
0= M,(0) = — > log f(Xi;6),
k=1

while the other is to do it as the solution to the estimating equation
Z,(f) =0, or, in another notation, M, (#) = 0,

where Z,(6) = M,,(0) is the gradient vector of M,,(#). The former is a special case
of “M-estimators”, and the latter is that of “Z-estimators”; see van der Vaart and
Wellner (1996) for these terminologies.

It is well known that the MLE é\n has the asymptotic normality: it holds for
any bounded continuous function f : R? — R that

Tim B[ (/a0 — 00))] = E[F(1(6,)°2)]

where I(6y) is the Fisher information matrix and Z is a standard Gaussian ran-
dom vector. Furthermore, it is important for some advanced theories in statistics,
including asymptotic expansions and model selections, to extend this kind of re-
sults for bounded continuous functions f to that for any continuous function f with
polynomial growth, that is, any continuous function f for which there exist some
constants C' = Cy > 0 and ¢ = gy > 0 such that

[f(@)] < CQA+]lall)?, VreR (1)

See the discussion in Yoshida (2011) for the importance of this problem.

Notice here that, when we have an asymptotic distribution result of an estima-
tor, namely R, (6, —0y) —¢ L(6,) where R, is a (possibly, random) diagonal matrix
and the limit random vector L(6y) is not necessarily Gaussian, it is sufficient for
the generalisation to the case where 1 is a continuous function satisfying (1) to
check that ||Rn(5n —0o)|| is asymptotically L,-bounded for some p > ¢, that is,

lim sup E[|| Ry (6, — 60)||P] < oo.
n—oo
The study to provide some methods to obtain the moment convergence with
polynomial order goes back to Ibragimov and Has’minskii (1981) who considered
the MLEs and the Bayes estimators (as some special cases of M-estimators) in
the general framework of the locally asymptotically normal models. It should
be emphasised that one of the important merits of Ibragimov and Has’minskii’s
program is perhaps that the theory, based on the likelihood, automatically yields



also the asymptotic efficiency. In their main theorems, it was assumed that an
exponential type large deviation inequality holds for the rescaled log-likelihood ratio
random field. However, checking the assumption in terms of the large deviation
inequality was not always easy. Although there are some successful works of Yury
Kutoyants, including his books published in 1984, 1994 and 2004, who applied the
theory of Ibragimov and Has'minskii (1981) to some stochastic process models,
developing a general theory to establish the large deviation inequality was an open
problem for many years. Several years ago from now, N. Yoshida solved this
problem, and his theory has been published in Yoshida (2011). The paper starts
from pointing out that a polynomial type large deviation inequality is sufficient
for the core part of Igragimov and Has'minskii’s (1981) program, and the main
contribution is to have proved the (polynomial type) large deviation inequality
with a good generality. Uchida and Yoshida (2012) applied Yoshida’s (2011) theory
to establish the moment convergence of some M-estimators in ergodic diffusion
process models with Kessler’s (1997) adjustment. We also mention that Nishiyama
(2010) pointed out that the moment convergence problem for M-estimators can
be solved by using a maximal inequality instead of the large deviation inequalities,
and that Kato (2011) took this type of approach to deal with some bootstrap
M-estimators.

In this paper, we shall consider the problem to prove the moment convergence of
not M-estimators but Z-estimators. Since we have to assume that the random filed
something like the log-likelihood is differentiable, our framework is more restrictive
than that for M-estimators. Instead, the proof becomes simpler. Actually, any
large deviation type inequalities do not appear in our approach, and our proof
is just a combination of simple arguments based only on the usual Holder’s and
Minkowskii’s inequalities.

Another difference between Yoshida’s (2011) and our theories is that we can
easily treat also the cases where the rates of convergence are different over the
components of . This is due to the fact that in our theory of Z-estimators we
can multiply the gradient vector 4,,(0) of a contrast function ~, (), where ~, () is
typically the log-likelihood function, by a matriz R, ? to get a kind of law of large
numbers, namely,

M, (6) = R, *u(0).

Typically, R, = y/nl; where I is the identity matrix, although a merit of our
approach is that the diagonal components of R, may be different in our frame-
work. In contrast, in the framework of M-estimation theory the (scalar valued)
contrast function v, (#) with no assumption of differentiability has to be multiplied
by a scalar. Yoshida (2011) overcame this difficulty by introducing some nuisance
parameters in order to handle the components of different rates step by step.

In the rest of this section, we shall list up some examples which fit in our
theories. In what follows, the parameter space © is a bounded, open, convex subset
of R, where d is a fixed, positive integer. The word “vector” always means “d-
dimensional real column vector”, and the word “matrix” does “d X d real matrix”.

The Euclidean norm is denoted by |[v|] := y/3>¢, 0@ 2 for a vector v where v
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denotes the i-th component of v, and by ||A|| := ,/Z?J.:l |AG9) |2 for a matrix A
where A7) denotes the (i, j)-component of A. Note that ||Av|| < ||A]| - ||v|| and
I|AB|| < ||Al||-|| B]| for vector v and matrices A, B. The notations v and AT denote
the transpose. We use also the notation Ao B defined by (Ao B)() .= AG3) BJ)
for two matrices A, B (the Hadamard product). We denote by I; the identity
matrix. The notations —? and —? mean the convergence in probability and the
convergence in distribution, as n — oo, respectively.

Example A: Moment estimators

Let X1, Xy, ... be an i.i.d. sample from a distribution P on (X, A). Let 91, ...,y
be measurable functions on X. Define

Zu(6) = = S (W (X0) 0 0al(X5) — 0

k=1

n

Our result can be applied to these estimating functions whose derivative matrix
Zn(0) = {247 (0) Y jyenr, a2, where Z7(6) = 2-2.(6), is — L.

Example B: Ergodic diffusion process

Let I = (I,r), where —co < [ < r < oo, be given. Let us consider an I-valued
diffusion process t ~ X; which is the unique strong solution to the stochastic
differential equation (SDE)

t t
X, =Xo+ / S(Xs; a)ds + / o(Xs; B)dWs,
0 0

where s ~ Wj is a standard Wiener process. The parameters come from oo € © 4 C
R and € ©p C R%, and we denote § = (a”,37)T. We are supposed to be
able to observe the process X at discrete time grids 0 = tf < ¢} < --- < {7, and
we shall consider the asymptotic scheme nA2 — 0 and ¢" — oo as n — oo, where

A, = max |t} —t}
n 1§k§n| k k—llv

and

n

2

k=1
We will consider the following

Zn(e) = Mn(0> = Ri%’n(@)a

n

e —tial 1

— 0, asn — oo. (2)
t n

where

X — X — S( X )|ty — 7 |]?
- Z log o (Xip 1§6)+’ L Y1 ( ;k—;l >|nk> hll

kitp <t



and R, is the diagonal matrix such that RU g Vit fori=1,...,d4 and \/n for
t=das+1,...,dwith d =d + dp.

The problem to establish the moment convergence for M-estimators in this
model, where X is a multi-dimensional diffusion process, was considered by Yoshida
(2011). Uchida and Yoshida (2012) relaxed the assumption nA? — 0 up to nA? —
0, where a > 2 is a constant depending on the smoothness of the model, by
using Kessler’s (1997) method. However, their arguments consist of plural steps in
order to handle the parameters v and [, whose rates of convergence are different,
separately. In contrast, our theory makes it possible to treat both parameters
simultaneously. Although we consider only the one-dimensional diffusion process
X under the sampling scheme nA? — 0 in order to explain our core idea clearly
within a reasonable number of pages, some extension to the case that Uchida and
Yoshida (2012) considered would be possible. We leave this problem for readers.

Example C: Volatility of diffusion process

Let I = (I,r), where —co < [ < r < o0, be given. Let us consider an I-valued
diffusion process t ~» X; which is the unique strong solution to the SDE

t t
thxo+/ S(Xs)ds+/ (X, 0)dW,,
0 0

where s ~ W; is a standard Wiener process. Here, the drift coefficient S(-) is
treated as an unknown nuisance function. We are supposed to be able to observe
the process X at discrete time grids 0 =t <t} < --- <t =T < 0o, and we shall
consider the asymptotic scheme (2).

We introduce 1
Z(0) = ¥1,(6) = ~3n(0),

where

Yu(0) = — Z {loga(thl;Q) +

kitp  <tn

| Xy — X, |7
20(Xen_ 5 0)2[t7 — 17|

The rate matrix is given by R,, = \/nly.

Example D: Cox’s regression model

Let a sequence of counting processes t ~» NF, k = 1,2,..., which do not have
simultaneous jumps, be observed the time interval [0,7]. Suppose that ¢t ~» NF
has the intensity

N(0) = a(t)e’ #YE,
where the baseline hazard function o which is common for all k’s is non-negative
and satisfies that fOTa(t)dt < 00, the random process t ~ ZF is a vector valued
covariate for the individual k, and the random process t ~» Y}* is given by

vk _ 1, if the individual k is observed at time ¢,
t 1 0, otherwise.



This model was introduced by Cox (1972), and its asymptotic theory was developed
by Andersen and Gill (1982).

We introduce

where

3

T
(®) =3 [ 672k~ log sy ()
0
with .
St"’o(ﬁ) _ ZeGTZfY;k'
k=1
The rate matrix is R,, = /nly.

Some detailed discussions about moment convergence of Z-estimators for Ex-
amples B, C and D will be given in Sections 3.1, 3.2 and 3.3, respectively, while
that for Example A is left for readers.

2 Moment convergence of Z-estimators

Let © be a bounded, open, convex subset of R?. Let an R?valued random function
Z,(#) of # € © which is continuously differentiable with the gradient vector Z,(6),
defined on a probability space (€2, F, P) that is common for all n € N. (However,
it will be clear from our proofs that if the limit matrices V' (6) and Z(6) appearing
below are non-random then the underlying probability spaces need not be common
for all n € N.)

As an important special case is that Z, () is given as the gradient vector M, ()
of a rescaled contrast function M,,(6) = R, %v,() of # € © which is twice continu-
ously differentiable with the gradient vector M, (#) and the Hessian matrix M, (6),
where R,, be a (possibly, random) diagonal matrix whose diagonal components are

positive; that is, defining @, by Q%) = (R RN, put
Zn(0) = Mn(e) = Rngyn(e) and Zn(e) = Mn(e) = Qn 0 4n(0). (3)

(In the typical cases, R, = /nly and @, = n 1, where 1 denotes the matrix
whose all components are 1.)

Turning back to the general setup, we shall state a theorem to give an asymp-
totic representation for Z-estimators. Although this result is not really novel, we
will give a full (and short) proof for references.

Theorem 2.1 Consider the setting described in the first paragraph of this section.
Suppose there exists a sequence of matrices V,,(0y) which are regular almost surely
such that for any sequence of ©-valued random vectors @vn converging in probability
to 00, _

Zon(0,) — (=Via(6y)) =P 0.
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Suppose also that
(RnZn(QO)J VTL<80>) _>d (L(00)7 V(QO))7

where R, be a (possibly, random) diagonal matriz whose diagonal components are
positive, L(0y) is a random vector, and V(60y) is a random matriz which is reqular
almost surely (we do not assume that V(6y) and L(6y) are independent).

Then, for any sequence of ©-valued random vectors 8, which converges in prob-
ability to 0y and satisfies that ||R,Z,(0,)|| = op(1), it holds that

Ro(0, —00) = V,(00) " RuZy(6o) + op(1)
—4 V(0) " L(6y).

In this theorem, the consistency of the sequence of Z-estimators 5n has been
assumed. A method to show this property will be given in Lemma 2.2 below, whose
proof is omitted because it can be proved exactly in the same way as Theorems
5.7 and 5.9 of van der Vaart (1998).

Lemma 2.2 Suppose that for some 0y € ©, it holds that

sup | Zn(0) = Z4,(0)]] =7 0,

oe

where the random field 0 ~ Zy,(0) of the limit satisfies that

inf || Zg,(0)|| >0 =||Zs,(00)||, almost surely, Ve > 0.
0:/10—00 || ><
Then, for any sequence of O-valued random vectors 0, such that ||Z,(6,)|] = op(1),

it holds that 6,, —P 6.

Now, we give a theorem to establish the moment convergence of Z-estimators,
which is the main result in this section.

Theorem 2.3 Consider the setting described in the first paragraph of this section.
Let some constants p > 1 and a,b > 1 such that é + % =1 be given; see a remark
at the end of the theorem for the case where we may set a = 1.

Suppose that for some 0y € O,

|| RZn(00)|| is asymptotically Lp,-bounded. (4)

Suppose also that there exist a constant v € (0, 1] and some random matrices Zg, (6)
indexed by 0 € © such that

lim E |sup ||R}(Zn(0) — Zo,(0))|"7 | = 0. (5)

n—oo 0cO

Suppose further that either of the following [M1] or [M2] is satisfied:



[M1] There exists a random matriz J(0y) which is positive definite almost surely
such that Z(0) < —J(6y) for all 6 € ©, almost surely, and that E[||J(6,)~"|[P*/7] <
50

[M2] E[supgee || Zo,(0)1||P/7] < oo, where the random matrices Zg,(0)’s are
assumed to be reqular almost surely. R R

Then, for any sequence of ©-valued random vectors 0, such that ||R,Z,(0,)||
is asymptotically L,,-bounded, it holds that ||Rn(§n — 60)|| is asymptotically L,-
bounded. Therefore, in this situation, whenever we also have that Rn(é\n —6p) =1
G(0y) where G(6y) is a random wvector, it holds for any continuous function f

satisfying (1) for g € (0,p) that

lim E[f (R(0n — 60))] = E[f(G(6)))],

n—oo

where the limit is also finite.

When the last condition in [M1] is satisfied with ||J(00)||™" which is bounded
or the first condition in [M2] is satisfied with supgeg || Za,(0) || which is bounded,
the constant a appearing in the above claim may be replaced by 1.

Remark. When the last condition in [M1] is satisfied with ||J(6)||~" which is
bounded or the first condition in [M2] is satisfied with supgee ||Zs, () ~*|| which is
bounded, the constant a appearing in the above claim may be replaced by 1.
Remark. The crucial point in the course of applying this theorem is to check
the condition (5) together with [M1] or [M2]. This is clearly satisfied for moment
estimators described in Example A.
Remark. The condition [M1] above is corresponding to the case p = 2 of the
conditions [A3] and [A5] in Yoshida (2011), which are, in the notations of our
style,

My (8) — My, (6) < —x(60)/|6 — 6ol|", B € ©,

where Mpy,(0) denotes the “limit” of M, (), and high order moment conditions on
the positive random variable x(6p) ™.

Proof of Theorem 2.1. Recalling (3), it follows from the Taylor expansion that

(RnZy(0,)? = (RuZn(00)? + (Z(0,)Ru (0, — 0))?, i=1,...,d. (6)

So we have R R

where
An - Vn(QO)_an<Zn(90) - Zn(é\n))a
B, = Vn<90)71(zn(9n) + Vn(‘%))v

and gn is a random vector on the segment connecting 6, and én It follows from
the extended continuous mapping theorem (e.g., Theorem 1.11.1 of van der Vaart



and Wellner (1996)) that V;,(6y)~! —P V(6y)~!, thus we have ||A,|| = Op(1) and
||Bn|| = op(1). Tt therefore holds that

[[Ru(Br = 60)[| < Op(1) + 0p(1) - [| R = b0)]],
which implies that ||R,, (6, — 6o)|| = Op(1). Hence, going back to (7) we obtain
R (6, — 60) = RyAn + 0p(1) = Vi (6) " RuZn(65) + 0p(1).

The last claim is also a consequence of the extended continuous mapping theorem.
The proof is finished. O

Proof of Theorem 2.3. We will give a proof for the case where [M1] is assumed.
The proof for the case where [M2] is assumed is similar (and simpler), so it is
omitted.

Due to (6) again, we have

Rn(é\n - 00) = Cn + (D7(11) + D;Q))Rn(é\n - 90)’
where

C, = J(0) 'R,(Zy
DW= J(6y) (7
D(2) - J(eo)il /

n

where 571 is a random vector on the segment connecting 6, and é\n
From now on, we consider the case v € (0,1); the proof for the case v = 1

is easier, and it is omitted. Since —DY is non-negative definite almost surely, it
follows from Minkowskii’s and Holder’s inequalities that

(E[l| R0 — 00)|17 ]Wp

< (E[|(Is — D) Ry (0, — 60)|[P))"/7

< (E[IC, H”])”p + (B[||Ry DD | PP (B[R (6, — 60)| [P/ O]y =0/
< O(1) +0(1) - (B[||RL (8, — 0p)||7/ =) =01,

where we have used Holder’s inequality again to get

E[|Call") < (E[I1T80) PNV (B[l Ra(Za(00) — Zu(B))]17)

and
E(|[Ry DM < (B(]]J(60) M [P (E[| R (Za(0n) — Zo, (0a))]17/) M

if [|J(6p)||~" is bounded, we can get this kind of bound with a = 1.



Notice that

| RL (8, — 6,)[| /)

d
< d1/(1=y)-1 Z |R§f’z) |2|’0\7(1z) _ 9(()2)|2/(1—7)

=1

< |Ru(0, — 60)|| - 420 . | D(@)/ 0=,

where D(©) denotes the diameter of ©. So we obtain

(B[R0 = I
< O(1)+o(1) - (E[HRn(gn — Go)|[P)) /P
< O(1) +o(1) - (B[||Ru(r — 80)|P] v 1)V/7,

which yields that
E[||Ra(Bn — 00)|1”] < O(1) + 0(1) - E[||Ru(B — 60)||"].

Therefore, ||Rn(§n —0p)|| is asymptotically L,-bounded. O

3 Examples

In this section we give some detailed discussions about moment convergence of
Z-estimators for Examples B, C and D, respectively.

3.1 Example B: Ergodic diffusion process

Recall the description of Example A in Section 1, where the first d4-components
« of the parameter § = (o', 87)T is involved in the drift coefficient, and the latter
dp-components f is in the diffusion coefficient. Recalling also the definition of the
rate matrix R, there, let us consider the (d4 + dp)-dimensional random vectors
Z,(0) = M, (0) and the (ds + dp) x (d4 + dg)-random matrices Z,(6) = M, (6)

given by the trivial notations as follows:
M, (0) = (M) MI(@)")",
; M} (6) M (6)
M — in Tn .
o = (s wbio

Below, we will use the following notation: for a given constant p > 1 and a
given sequence of positive constants 7,

&n =oup)(r,’) = rE[l&lI7] 0. (8)

Notice that &, = op1y(r;, ") implies that &, = op(r;1).
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Under some regularity conditions which are usually assumed in the asymptotic
theory for ergodic diffusion process models, it is standard to show the following
facts (see e.g. the appendix of Kessler (1997) and Nishiyama (2011) for the detailed
proofs of the techniques that are omitted in Kessler’s (1997) appendix):

. 1 (X o
M (6o) — m > — e gy Wi = W )| = ome () 2,

ohap_ <tn (Xip 3 00) " *
. 1 o(Xn ;5 Wi — W |?
ME(Q()) 4 Z ( ty_ 0) | t,jl ntk1| 1 — M) (n—l/Q)7
"t et o(Xe 5 Po) |t — il

; 1 B
sup (M2 (0) = o > HA(Xy 300, 0)l6f = 174]]| = oaago (7)),

0€® oty <tn

. 1
sup [[MZ(9) — - Z HB(XtZ_I;QO,Q) zoM(p)(n_l/Q),

beo kit <tp
sup sup |[M (u, )| = oarg (=),
u€l0,1] 0€O

where

S(w; ) (S(w; 0) — S(x;0)) = S(w;a)S(w;0) "

HA('T;‘9079> =

b g L [P@B) AT
17(e00,0) = {20 PB4 50— o )
I L CTI N

o(x; 3)?

The regularity conditions for the above claims depend on the constant p > 1
appearing in “ons(,)(r,,')” which we need to have.

The assumption (4) can be checked by applying Burkholder-Davis-Gundy’s
inequality to the main part of R, M,,(6y). On the other hand, noting also t” < n, we
can apply Remark 1 (ii) of Uchida and Yoshida (2012) to show that the assumption
(5) for ML, (#) is satisfied with the limits

i = (7 g )

where

NI (6) = /I HA(2: 00, 0)pgy (dr) and  NIZ(6) = /I HE (22 0, 0) 190 (d),

and g, denotes the invariant distribution of X when the true value is 6,. In order
to make the assumption [M1] or [M2] fulfilled, we have to introduce the parametric

11



model for the drift and diffusion coefficients nicely. An example for which the
assumption [M1] can be easily checked is S(;a) = aa(-) and o(-;8) = e? 00,
where a(-) and b(-) are some vectors of known functions, assuming that b(-) is
bounded. The assumption [M2] would be satisfied in more general parametric
models, because M(G)’s are non-random in this example.

3.2 Example C: Volatility of diffusion process

Recall the description of Example C in Section 1. An interesting point of this
example is that the limit of —M., (6,,) is random.

Let a constant p > 1 be given, and recall the notation (8). Under some regu-
larity conditions, it holds that

a(Xip_560) | [Win — Win
Itk = 15l

2
o —1} = on(p(n~'?),

sup | M, ( Z H th 00,6) = oM(p)(n’l/Q),
0€© "<

where

H(z;00,0) = {:(239?3 -3 ‘ ;T(.CE; 9);1 } (o(z;600)* — o(;0)?)

o[z 0)0(; o)’
2 o(x;0)?

The regularity conditions for the above claims depend on the constant p > 1 which
we need to have. Moreover, under some standard conditions, it holds that for any
sequence of random vectors 6, such that [|6, — 6o|| =7 0,

ML, (6) + Va(60)]] =7 0,
where ' ‘
U(th_l ; GO)U(Xt;;_l; 90)T
o (X 500)

Vn(eo) = % Z

kity_ <tn

Also, it follows that

(VML (60), Va(60)) = (V(60)"*Z,V (60))

where Z is a standard Gaussian random vector which is independent of the random
matrix V' (6y) given by

T6(Xs00)0(Xg;00)7
— 2 bl Sy )
Vi) /o (X0

12



Due to the above facts Theorem 2.1 yields that for any consistent estimator gn
for 6y satisfying ||M,(0,)|| = op(n='/2) we have /n(6,, — 6y) = V(6y)"/?Z,

Next let us apply Theorem 2.3. The assumption (4) for \/nM,(f,) can be
checked by using Burkholder-Davis-Gundy’s inequality. In the case of this example,
checking that the assumption (5) for M, (6) is satisfied with

T
M, (6) = / H(X,;00,0)dt
0

is easy. In order to make the assumption [M1] or [M2] fulfilled, we again have to
introduce the parametric model for the diffusion coefficients nicely. An example
for which the former assumption in [M1] can be easily checked is o(-; ) = ? 90),
where g(-) are some vectors of known, bounded functions. The latter assumption
in [M1] is then reduced to

B H (/ Tg<xt>g<xt>wt)_l

for which we can give a clear sufficient condition for the function g at least in the
one-dimensional case (for example, just assume |g(-)|* > ¢ for a constant ¢ > 0).

pb/vy

< 00,

3.3 Example D: Cox’s regression model

Recall the description of Example D in Section 1.
Introducing the notations

500 = Y Yy,
k=1
SPHe) = Yzt

k=1
n

SiRO) = > (zF) zFe Ay
k=1

we suppose that

sup sup

0o tclo,1] || T

1
Lgni(e) - Séw)H PO, 1=01,2,

where the limits ¢ ~ S! are some stochastic processes (c.f. Andersen and Gill
(1982) who assumed that S'’s are not random).
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Then, some arguments similar to Section 3.1 are possible for

W) = [ (G -~ s ) Senata

_ 1T SP(00) 57 (80) — 87 (00) Sy (60)
b = 3 ) 50(60)

[T 8080 -80S0
ve) - | S S (E0)a(t)dt

(
(

a(t)dt,

The details are omitted.
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