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Discrepancy and numerical integration in Sobolev spaces on
metric measure spaces

L. Brandolini, W. W. L. Chen, L. Colzani, G. Gigante, and G. Travaglini

ABSTRACT. We study the error for quasi Monte Carlo quadrature rules on
metric measure spaces adapted to a decomposition of the space into disjoint
subsets. We consider both the error for a single given function, and the worst
case error for all functions in a given class of potentials. The main tools
are the classical Kintchine-Marcinkiewicz-Zygmund inequality and more recent
suitable definitions of Sobolev classes on metric measure spaces.

1. Introduction

Consider the integral of a continuous function f (x) over a metric measure space

M with measure dz,
| 1@
M

and the associated Riemann sums
N
j=1

where {z; };v:1 are points in M and {w; }j\le are given weights. We are interested

in the rate of decay of the error
& (@) f = Vst @) = [ flads
J

as N goes to +o00. It is reasonable to conjecture that this decay depends on some
smoothness of the function f (z) and on the distribution of the nodes {x; }jvzl in
M. For references on this problem when the metric space is a torus, a sphere or
more generally a compact symmetric space see, for example, [5], [6], [7], [8], [13],
[17], [18], [19], [20], [21], [24]. For some results related to metric measure spaces
see also [26]. In particular, it has been proved in [4, Corollary 2.15] that when
M is a d-dimensional compact Riemannian manifold and H (M) is the classical
fractional Sobolev space with regularity index « > d/p and 1 < p < +o00, then
for any choice of N nodes {z;} with comparable minimal separation distance and
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mesh norm (roughly speaking this means that the nodes are uniformly spread out
in the whole manifold), there is a suitable choice of positive weights {w,} such that

1€ (w5, < N2

Here ||€ (z;,w;)]|,,,, denotes the norm of the functional f — & (z;,w;) f on the
space Hy (M).

The first step in the proof of the above result consists of estimating the decay
of the error of a quadrature rule which is exact on the first, say, r eigenfunctions of
the Laplace-Beltrami operator on M. Previous results when M is the Euclidean
sphere can be found in [18], [19], [21]. The second ingredient is a result in [14],
which proves that for any choice of IV points in M satisfying the above mentioned
condition on the minimal separation distance and the mesh norm, there is a choice
of weights that gives an exact quadrature rule for the first » = r (IV) eigenfunctions.
A close look at the proof shows furthermore that these N weights can be chosen to
satisfy the condition w; > ¢cN 1.

On the other hand, N~®/? is the highest possible speed of convergence since,
again in [4, Theorem 2.16], it has been proved that for any choice of N nodes {z;}
and weights {w,},

1€ (@5, wi)l4, = N/

Again, previous results for the sphere are in [17], [18], [20], while for compact
two-point homogeneous spaces can be found in [24].

A possible way to find N nodes satisfying the minimal separation distance
vs. mesh norm condition is to partition the manifold into N disjoint subsets
M = Uévlej with measure |X;| &~ N~! and diam (X;) &~ N~/ setting the weights
w; = |&;| and picking a node z; in each subset X;. In particular, see [25] for a
decomposition of the sphere into sets of equal measure and minimal diameter.

The following examples show that the function from the space X} x --- x Ay
to R,

{2350, = 1€ (@1 XD,

may present conspicuous oscillations.

EXAMPLE 1. The d-dimensional torus T can be partitioned into N = m? con-

gruent cubes with sides 1/m and this partition generates a mesh of points (m’lzd)
which gives an exact quadrature rule for all exponentials exp (2mika) with k in the

hypercube {_Hllaxd |ki| < m}. By Theorem 2.12 in [4] for any o > d/p we have

|€ (m™'Z4 YN, , < eNT/e

As mentioned before, this rate of decay is the fastest possible.

EXAMPLE 2. Fiz a smooth function f(x) on the manifold M with a finite
number of stationary points and, as above, divide M into N subsets Xi,..., XN
with measures N~* and diameters N~/ approzimately. Choose points z; € &
where f (x;) is close to the supremum in X;, so that for all indices j,

wif @)= [ fE)dz=0
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and for all X;’s far away from the stationaty points,
wif @)= [ le)dsz NI
Xj

Since this last inequality holds for the majority of the j’s, one has

N
E (x5, | X)) f = Z (wjf(ffj) -/, () dz) > cNYd,
i=1 s

Hence
1€ (5 1XiDl4 p = eN-L/d

For values of o > 1, this gives a rate of decay slower than the best possible N~/?.

Hence, as expected, the norm of the error in the quadrature rule is sensitive
to the distribution of the nodes. Anyhow, despite this pointwise irregularity, it has
been proved in [4] that at least for a certain range of « and for p = 2, a random
choice of nodes gives the best possible decay. See also [8, Theorem 7 and Theorem
24] for the case of the sphere.

THEOREM A (Theorem 2.7 in [4]). If a d dimensional compact Riemannian
manifold M is decomposed into disjoint pieces Xy U ...U Xy, and if d/2 < a <
d/2 + 1, then

{ [ ] @iz, o dZN}”2< ax_{diam ()%
i, (XD o 7 T < ¢ max {diam (X;)"}.
X, XN 7 2 |X1] | XN | 1<j<N ’

In particular if diam (X;) < ¢N~/¢ for all j then, by Chebyshev inequality, for
every 0 < € < 1 there exists a constant ¢ such that a random choice of points {x;}
in {X]} gives

1€ (5,1 X )l 5 < eNT/,
with probability greater than 1 —e.

The proof of the above theorem relies heavily on Hilbert space techniques and
on the Riemannian structure of M. The main purpose of this paper is to generalize
this result to the Sobolev spaces H (M) with 1 < p < 400 and with M an arbitrary
metric measure space. The main ingredient in this generalization is an extension
of the classical Kintchine inequality due to Marcinkiewicz and Zygmund.

The first issue lies in an appropriate definition of Sobolev space in an arbitrary
measure space, and a possible one is in terms of potential spaces. See e.g. [29,
Chapter V] for the Euclidean case. Thus, if M is a measure space and 1 < p,q <
+0o0 are conjugate exponents, 1/p+1/q =1, let ® (x,y) be a measurable kernel on
M x M such that for every x the g—th power of the kernel y — ® (x,y) is integrable,

|® (x,y)|?dy < +00. Then every function g(z) in IL”? (M) has a pointwise well

M
defined potential
f@) = [ o
M

The space HY (M) is the space of all potentials of functions in L? (M), with

norm
1/p
_ p
T lgf{ /M 9() dx} .

Here, the infimum is over all g(z) which give the potential f(x).
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We prove (see Corollary 3 below) the following generalization of Theorem A,
under the hypothesis that the kernel ® (x,y) has a behaviour similar to the Bessel
kernel on a Riemannian manifold. We need the following definition.

DEFINITION 1. We say that a metric measure space M is Ahlfors d-regular, for
some positive constant d, if there exist positive constants a, b such that for every
yeEMand 0 <t <1,

at’ < |{w e M, |z —y| <t} < bt

THEOREM B. Let M be an Ahlfors d-regular metric measure space of finite
measure and assume that M is decomposed into a finite number of disjoint sets
M = Uévlej with |X;| ~ N~ and diam (X;) ~ N~V Assume that for some
0 < a < d, the kernel ® (x,y) satisfies the conditions

|P (z,y)] < clx— y\aid for every x and vy,

—d—1 .
@ (2,y) — @ (2,y)| < clv —2|[z —y|* if lo—yl =2z — 2.

Finally assume that 1 <p < +o0, 1/p+1/q=1, and d/p < a < d. Then

¢ dr1 dzy /a
{/X [, VeI, ol
eN—o/d ifa<d/2+1,
< eN-V2Udogt 2 (N)  ifa=d/2 + 1,
cN—1/2=1/d if > d/2+ 1.

Again, € (x;,|X; ]l ,, is the norm of the functional f — & (x;,|X;|) f on the
potential space Hg’ (M).

Under natural assumptions on the kernel we also show that this average decay
is sharp in the exponents of N, but notice that in the case « > d/2+1, a > d/p this
average decay is slower than the best possible N~%/¢ which can only be obtained
with a suitable choice of nodes and weights. For the case of the sphere and for p = 2
see also [8, Theorem 24 and Theorem 25]. As for the pointwise result, once again
it follows easily from Theorem B that for every 0 < ¢ < 1 there exists a constant ¢
such that a random choice of points {z;} in {X;} gives

cN—e/d ifa<d/2+1,
1€ (5,1 lp, < eN-YV21dlogh/2(N) if o =d/2+1,
cN~1/2=1/d ifa>d/2+1,

with probability greater than 1 — €.

The techniques in the proofs of the above results can also be used to study
the same problem from a different perspective. Rather than trying to find point
distributions that give good quadrature rules for all functions in a given class, we
can look for point distributions adapted to a given function in a given class. It
turns out that the Hajlasz type Sobolev classes are a natural setting for this type
of problems (see [16]).

THEOREM C. Let M be a metric measure space and ¢ (t) a non negative in-
creasing function in t > 0. An upper gradient of a measurable function f(x) is a
function g () such that for almost every x and y,

|f(z) — f ()] < @ (dist (z,9)) (9 (z) + g (y)) -
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Assume that M has finite measure and that it is decomposed into a finite or infinite
number of disjoint sets X1 U Xy U -+, with measure |X;| = w; and diam (X;) = 0;.
Then, for every 1 < p < 400 there exists a constant B (p) depending only on p, such
that for every integrable function f (x) with an upper gradient g (x) in LP (M),

dl’ldl'g }1/p
o |E () [P L2
{/X/X € (o) 71 S22

2B (p) sup {w}*l/p} ¢ (2sup {3;}) {/M l9(2)” dx}l/p ifl<p<?,

1/p
28 (0) M sup (Y o s ) { [ @l dnf  ir2<p <,
M
2| M|V o (25up {8;}) sup {|g(x)[} if 1< p < +oo.

See Theorem 3 and the comments that follow. One can easily compare the
decay rates given by the above Theorems B and C by taking w; &~ N~1, o (t) = t“
with 0 < @ < 1, and §; ~ N~'/4. Also observe that in the above theorem, the
regularity of the function f (z) is measured in terms of its upper gradient, rather
than looking at it as a potential. All these different definitions and their relations
are illustrated in the next section.

A final comment. In [2], [10] and [11] there are analogues of the above results
for characteristic functions and p an even integer. In [5] and in [13] there are
analogues for 1 < p < 2 and arbitrary functions. The proofs in all these references
depend heavily on Fourier analytic tecniques. On the contrary the tecniques used
in this paper are more elementary and have a wider range of application.

2. Besov, Triebel-Lizorkin and potential spaces

Let M be a metric measure space, that is a metric space equipped with a Borel
regular measure. With a small abuse of notation we denote by |X| the measure
of a measurable set X and by |z — y| the distance between two points x and y.
Simple examples are Riemannian manifolds, or non necessarily smooth surfaces in
a Euclidean space with the inherited measure and distance. In [16] there is a purely
metric definition of a Sobolev space: A measurable function f(z) is in the Sobolev
space W) (M), 1 < p < 400, if there exists a non negative function g (x) in L” (M)
such that for almost every =,y € M,

If(z) = fW)] < |z —yl(9(x) +9(y)) -

For example, in a Euclidean space one can choose as an upper gradient g(x)
the Hardy-Littlewood maximal function of the gradient Vf (x). There are sev-
eral possible generalizations of the above definition. In particular one can replace
the distance |z — y| with more general functions ¢ (| — y|) and localize the upper
gradients.

DEFINITION 2. Let M be a metric measure space and ¢ (t) a non negative
increasing function in t > 0. A sequence of non negative measurable functions
{gn (2)},,cz is an upper gradient of a measurable function f (x) if there exists a set
N with measure zero such that for all x and y in M\ N with |z —y| < 27",

1f (@) = F W <@ (27") (gn (@) + 90 () -
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(1) A measurable function f(x) is in the Besov space BY , (M), 0 < p < 400
and 0 < g < +oo, if f(x) has an upper gradient {g, (z)} with

{ io (/M |gn (2)[" dx) Q/p}l/q < 4o00.

n=—oo

The infimum of the above expression over all upper gradients defines the
semi norm ||fH]Bg~q(M)_

(2) A measurable function f(x) is in the Triebel-Lizorkin space ¥y (M),
0<p<+o00 and 0 < g < +oo, if f(x) has an upper gradient {gy (x)
with

1/p

oo p/q
/M ( > gn (2)] ) dzx < +o0.

n=—oo

The infimum of the above expression over all upper gradients defines the
semi norm || fllgs  (pq) -

As usual, when ¢ = 400 the above sum has to be replaced by a supremum,
and when diam (M) < 27V then the index n may be restricted to the range
N < n < +o0. Moreover, in the definition of Fy ., (M) one can replace the sequence
{gn ()} with the single function sup {g, (z)}. In particular, the simplest general-
ization of a Hajlasz-Sobolev space is a Triebel-Lizorkin space. The above spaces
are homogeneous, and constant functions have semi norm zero. If ¢ (t) < ¢ (t) then
BY , (M) C BY (M) and F¢ (M) C FY, (M). Moreover, for fixed ¢ (t) and p,
the largest space in the Besov and Triebel-Lizorkin scales is BY . (M). In partic-
ular, it is proved in [23] that when M is the Euclidean space R? and ¢ (t) =
with 0 < o < 1, then the spaces BY A (M) and F (M) coincide with the classical
Besov and Triebel-Lizorkin spaces defined via a Littlewood-Paley decomposition.
To be precise, the definition of upper gradient in [23] requires |f (z) — f ()| <
279" (g, (2) + gn (y)) only for z and y with 27"~1 < |z — y| < 277", but if one de-

+oo
fines Gy (z) = »_27%%gn 1k (x), then |f (z) — f ()| < 27" (G (x) + G (y)) for
k=0

x and y with |z —y| < 27", and the seminorms defined via {g, ()} and {G,, (v)}
are equivalent.

EXAMPLE 3. Given a measurable set B, it is easy to show that the functions

() = 02 ™" ifaxisin B and dist {z,0B8} <27,
In 0 otherwise.

are upper gradients of the characteristic function xp (x). Hence,
a1 . 11/
HXB”IBSZ,’,OO(M) §81711p{<p(2 ) |{z€./\/l: dist {z,0B} < 2 }| P}.

In particular, the Besov norm of xp (z) is related to the Minkowski content of the
boundary of B, defined by
¢ (t) =z e M: dist{z,0B} <t}|.

The higher ¢ (t) as t — 0, the higher the fractal dimension of the boundary. For
example, if M is a d dimensional Riemannian manifold and if B is a bounded open
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set with regular boundary then 1 (t) = t, while if ¥ (t) ~ t*F8 then the boundary
has fractal dimension B. In this case, x5 (x) is in BE . (M) with ¢ (t) = t@=A/P,

Another possible generalization of Sobolev spaces is via potentials.

DEFINITION 3. Let M be a measure space, let 1 < p,q < 400 with 1/p+1/q =
1, and let @ (z,y) be a measurable kernel on M x M. Assume that for every x the

q—th power of the kernel y — ® (x,y) is integrable, / |® (z,y)|"dy < +o0o. Then

M
every function g(x) in LP (M) has a pointwise well defined potential
f(z) = / @ (z,y) g (y) dy.
M

The space Hf (M) is the space of all potentials of functions in LP (M), with norm

1/p
lagorg =iat{ [ lo@l asf
p g M

The infimum is over all g(x) which give the potential f(x).

Observe that the above definition does not even require a metric. Potentials can
also be defined under weaker assumptions on the kernel, but the above assumptions
guarantee that these potentials are defined pointwise everywhere, and this will be
necessary in what follows. In particular, when M is the Euclidean space R% and
when @ (z,y) = |z — y|* % with 0 < a < d is the Riesz kernel, then H (M) is the
fractional Sobolev space Hj (M). However the cases p = 1 and p = +o0 require
some extra care. For interesting examples of generalized potential spaces see e.g.
[22].

EXAMPLE 4. Assume that the finite metric measure space M is Ahlfors d-
reqular and assume that for some 0 < a < d,

[ (2,9)| < cla—y* for every x and ,

a—d—1

@ (z,y) = @ (z,9)| < cle— 2]z -yl if lv—yl > 2]z -2

Finally, assume that g(x) is in LP (M) and that
@)= [ 2@oway
M

Then, if 0 < a <1 and if Mg (x) is the Hardy Littlewood maximal function,

|f (x) = f(2)] < /M [® (2,y) = @ (2,9) g ()| dy

Sc/ z—y|* g (y)ldy+6/ 1z —y* g (y)| dy
{Jo—yl<3lz—=2[} {15—y|<3lo—2]}

(—d—1
+elr — 2| e =" g (w)l dy
{lo—y|>2la—21}

< clo—2|" (Mg (z) + Mg ().

In particular, if 1 < p < 400 and if ¢ (t) = t* with 0 < a < 1, then Hg’ M) C
F? o (M).
p,o0
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3. Discrepancy and numerical integration

The main ingredient in what follows is the Kintchine-Marcinkiewicz-Zygmund
inequality for sums of independent random variables.

As it is well known, the variance of the sum of independent random variables is
the sum of the variances. More explicitly, for every sequence of probability spaces
{X;,dz;} and every sequence of measurable functions f; (z;) with mean zero,

2

= +oo
/Xl/%... ij(xj) dxldxg...:;/xj 1 ()| da;y.

j=1

In fact, there is a similar result with the second moment replaced with other
moments and the equality replaced with two inequalities.

THEOREM 1 (Kintchine-Marcinkiewicz-Zygmund). For every 1 < p < 400
there exist two positive constants A (p) and B (p) such that for every sequence of
probability spaces {X;, dx;} and for every non zero sequence of measurable functions
{fj (x;)} with mean zero, ij fj (z;)dz; =0,

oo P 1/p
/ / ij (I]) dl‘ldl‘z...
X1 J Xy j=1
A(p) < ~ - <B@).

+oo
/ / Z'fj (.’1?j)|2 d$1d$2...
Xy J Xy j=1

For a proof, see [27] and [28], or [12]. In what follows, special attention will
be paid to the constants, and A (p) and B (p) will denote the best constants in
the Kintchine-Marcinkiewicz-Zygmund inequality. In particular B (p) — +oo as
p — 4o00. See [15] and [9].

The following result on the discrepancy of a random set of points extends [10,
Lemma 5].

THEOREM 2. Let M be a metric measure space, let B be a measurable subset

of M, and let
Y (t) =|{z e M : dist {z,0B} < t}].

Assume that M is decomposed into a finite or infinite number of disjoint sets X1 U
Xo U -+, with measure 0 < |X;| = w; < +00 and 0 < diam (&) = 6; < +o0. If T
is the set of indices j such that X; intersects both B and its complement, then the
following hold:

(i): For every choice of points {x;} in {X;},

ijXB (z;) = |BI| < ¥ (]SEE {@}) :
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(ii): For every 1 < p < 400,
P

dl’l dl’Q
[ T - 18] 2

X1 J X F W1 W2

<B() ¢ sup {5} (sup (0, ).

Jjeg JjeJ
Observe that supjc s {w;} < 9 (sup;c;{d;}), and that the estimate (i) is
better than (i) when
B (p) < QJZ} (SuijJ {53})
“V supjes {ws}

On the other hand, recall that B (p) — +00 as p — +00, hence eventually estimate
(i) wins.

1/p

PRrROOF. The proof of (i) is elementary. For every choice of z; € X; one has
> wixs (@) = 1Bl = Y (wixsna (@) = BN Al) .
J J
If X; C Borif BNAX; =0 then wjxsnx, (x;) — [BNA;| = 0. In particular, this
happens if dist {z;, 0B} > diam (X;). Moreover,
|wixsna, () = BN || < w;

for every x;. For every j the function w;xsnx, (z;) — |BN &j| has mean zero on
&;. Then, by the triangle inequality,

> (wixsna, (2;) = BN &) <> w;
J JjeT

< {ac e M dist {z,0B} < sup {5J}H
j€edJ

The proof of (ii) is similar, as long as one replaces the triangle inequality with
the Kintchine-Marcinkiewicz-Zygmund inequality,

P 1/p
d$1 dl‘g
[ |3 e, )~ 180 20) | 22
X1 J X J w1 W2
1/2 1/2
1/2
<B(p) > w SB(p)Sup{wj/} > ow
jET ies jeg
1/2

< B(p) sup {w;/z} ‘{x € M : dist {z,0B} < sup {(5]-}}
jeg jeg

O

The following is just a restatement of the above theorem in the relevant case
of an Ahlfors regular space.
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COROLLARY 1. Let M be an Ahlfors d-regular metric measure space of finite
measure and assume that M is decomposed into a finite number of disjoint sets
M = Ui, X with wy = |X;| = N~! and diam (X;) ~ N-Y4, Finally, assume that
a measurable set B has boundary of Minkowski dimension a > 0,

{x € M: dist {z,0B} < t}| < ct™.

Then for every 0 < € < 1 there exists a constant ¢ such that a random choice of
points {x;} in {X;} gives

N
S i o)~ 8] < eN e
j=1

with probability greater than 1 — e.
Proor. This follows from the above theorem via Chebyshev inequality. (]

The above theorem is a particular case of a more general estimate of the dis-
crepancy between integrals and random Riemann sums.

THEOREM 3. Assume that a metric measure space M of finite measure is de-
composed into a finite or infinite number of disjoint sets X1 UXoU- -+ | with measure
0 < |Xj| =w; < 400 and 0 < diam (X;) = §; < +00. Also let ¢ (t) be a non nega-
tive increasing function in t > 0, and let BY (M) be the associated Besov space.
Then the following hold:

(i): For every 1 < p < 400,

dl’ldl'g }1/10
o |E () SR L2
{/X/X € (o) 71 S22

<2 M"Y 2sup {01 1/ llss ) -
(ii): If1<p<2,

dl’ld[L'Q }l/p
€ (g, w) [P SRR
{/X/X € (o) 11 22 2

< 2B (p)sup {w; "} o 2sup {,1) sz

(iii): If 2 < p < +o0,

1/p
L te s 22 /
< 2B (p) MY sup {l/?} o (2500 (6,)) 17y _ -

Observe that the estimate (i) is of some interest only for p large. Indeed
if 1 < p < 2 then (ii) is better than (i), and if 2 < p < +o0 and B(p) <
\./\/l|1/2 / sup {wjl-/2} then (iii) is better than (i).

PrOOF. The proof of (i) is elementary. Functions in BY . (M) satisfy a Poincaré

inequality. Indeed, assume that {g, (z)} is an upper gradient of f (x), that is for
almost every = and y with |z — y| < 277,

If (@)= fF W) <@ (27") (9n () + gn (v)) -
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If X is a measurable subset with 0 < |X| = w and diam (X) = § < 27", then for
every 1 < g < 400,

{ /f } {//If Cffcf}l/q
{//|9n z) + gn ( )|qd$dy}

<2 [ lnts qu}

Hence if 277! < sup {6;} <277, by the Poincaré and the triangle inequalities we
have

P 1/p
dIl dCCz
{/XI/XZ...zj:wjf(xj)—/Mf(m)dx MW}
dypd.’lf 1/10
. N \dy; | da;
< ;Wj{ f(afj) /X]f(yj) w; o, }
d 1/p
" w; )
<2p(2 )Xj) y{/legn( )l wj}

1-1/p
<2 (2 {Z%} {Z/X |gn (Ij)lpdl’j}

<2 @sw o) M { [ o, (x)V’dw}l/p.

1/p

The proofs of (ii) and (iii) are similar. By the Kintchine-Marcinkiewicz-Zygmund
inequality,

J

P 1/p
- { [ L[z (re Ljf(yﬂg) }

J
2 p/2
dyj dl‘l d:l?g
Ts:) — . -~ ...
f( ]) A]f(y]) w] ) w1 W

(Lo [ gonf e 17

1/p

J
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If 27"=1 < sup{d;} <27 and 1 < p < 2, the Poincaré inequality gives

o\ P/2 1/p
dy; dry dxo
ST _/ N dry dzy
L) (Sefren- [t ) 0
» 1/p
dy; dxy dx
[ ]S - [ rw®e) | e
X1 J X j X, Wy w1 W2
p 1/p
dy;| dx;
A [ ey [ | T
zj: J XJ ( ]) Xj J w] w]
1/p

") dx
<20 (2° Zw/ lgn (x; |pw—7
J

<20 (o7 st { [ s}

Similarly, if 2 < p < 400 then

2 P/2 1/p

dy,; dry dxo

w2 f(x,)_/ fly;)—=L e
/Xl\/){g zj: ! / X; / wj w1 Wy
(p—2)/2p » 1/p
(2p-2)/(p—2) , , Ndy; | dxg
zj:”j Zj:% . f(x])—/)(jf(y])wj o
(p—2)/2p 1/p

dz;
<sup{ } ij ij/ |gn (; |pw74J
j

1/p
<2 1M s {4} p s ) { [l P e}

O

COROLLARY 2. Let M be an Ahlfors d-regular metric measure space of finite
measure and assume that M is decomposed into a finite number of disjoint sets
M = UM\ X with wj = |Xj| & N™! and diam (X;) ~ N=Y4_ Then for every
1 < p < 400 and for every 0 < ¢ < 1 there exists a constant ¢ with the following
property. For every function f(z) in the Besov space BY . (M), ¢ (t) = t* and
a >0, a random choice of points {x;} in {X;} gives

Zw (z; f |l fllse ooy NP7 if1<p <2,
3 (25) ¢ ||f||]E§*"OO(M) N=Y2meld i 9 < p < 4o,
with probability greater than 1 — €.

Proor. This follows from the above theorem via Chebyshev inequality. (]
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The following example shows that the above theorem is essentially sharp.

EXAMPLE 5. Decompose the torus T¢ = Rd/Zd [0,1) into m? = N equal
cubes {X;} with centers {z;} and sides of length m~' = N~'/4. Choose a smooth

function g(x) on RY with support in the cube (—1/2, 1/2)d and mean zero,

/Rdg(x)dx =0.

Shrink and copy g(z) into a single X; and define

f @) =g (N (@—2)).

Then for every 1 < p < +o0,

(Lirera)”=vor{ [ e
{[wrepa)” =l [ ggepa)”

It then follows by interpolation that if ¢ (t) = t* with 0 < a < 1, then

”fH]B‘P (19) <CNa/d 1/P

Moreover, since f(x) has mean zero,

p 1/p
dl‘l dl‘g
E w; f (x5) f —_—
w1 w2

fodo
- {/X |wjf<xj>|pdjj}l/p =N {/ |g<x>|”dx}1/p~

J

Finally,
N1 = NVp-ly—e/dyoe/d-1/p csup{ /p} (2sup {6;}) [[fllsg _ (7o) -

In particular, this estimate shows that Theorem 8 with 1 < p < 2 is sharp.
Similarly, shrink and copy g(x) on each X; and define

i (Nl/d w—zj))

Then for every 1 < p < +o0,

{Lr @)'pdx}l/p ~{ Lo (:r)”dx}l/p,
(Lvspa " (oo}

It then follows by interpolation that if ¢ (t) = t* with 0 < a < 1, then
1F Ilsg . pay < N/
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See [1]. Moreover, the Kintchine-Marcinkiewicz-Zygmund inequality gives, for 2 <
p < +o00o,

N p 1/p
dzy dx
/ / ijf(fj)*/f(x)dx b e
X1 J X j=1 Td w1 wo
N p/2 1/p
dry dx
2w [ e Sler | 2
Xy J X = w1 wo
1/2
N
dzy dx
& S j=1 w1 Wa

—agnef [ |g<x>|2dx}l/2.

Finally,
N~V2 = N~12N-e/dNe/d > cqup {w;/Q} ¢ (2sup{d;}) Hf”IB“;,OO(W) .

In particular, this estimate shows that Theorem 3 with 2 < p < +oo is sharp.

N
Again, define f (z) = Zg (Nl/d (x —2;)), fix a point z with g (z) # 0, and

j=1
choose xj = z; + N~V Then

N
St (@) = [ f@)da] = 19()] = op s 51 1l -

In particular, this estimate shows that Theorem 3 with p = 400 is sharp.

Finally, similar counterexamples work in any compact Riemannian manifold.

The above theorems state that for every function in a suitable class, a random
distribution of nodes gives a good quadrature rule, with the nodes that depend on
the function. But one can also search for a distribution of nodes which gives good
quadrature rules for all functions in a suitable class. In what follows this suitable
class is a class of potentials.

For every choice of nodes {z;} and weights {w;} denote by & (z;,w;) f the
linear functional

& (apwp) f = Yt (2) = [ fla)do.
j M
Also denote by [|€ (z;,w;)llg , the norm of this functional on HY (M),

€ (x5, w;) £l
1€ (zj,wi)llg, =sUp{ ——m—"— ¢ .
e HfHHg’(M)

LEMMA 1. Assume that a measure space M is decomposed into a finite or
infinite number of disjoint sets X1 UXoU-- -, with measure |X;| = w; > 0. Assume
that 1 <p <400, 1 <g< 400, 1/p+1/q =1, and that for every x

/ |® (x,y)|? dy < +o0.
M
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/M </M [ (‘”’y”dff)qdy < +o0.

Then the functional € (xj,w;) is well defined and continuous on HY (M) and its
norm s

q 1/q
I (2,09 llg, = {/ Z/ (23,9) — Bz, ) do dy} |

PROOF. Assume that f(z) is the potential of a function g(x) in LP (M),

Finally assume that

f () = /M<I><x7y>g<y>dy.
Since
/ 1B ()" dy < +oo,
M

f (z) is pointwise well defined, and since

/M </M [ (x’y)|dx)qdy < 400,

one can apply Fubini’s theorem and obtain

[t [ ([ swnswma)e=[ oo ([ owni)a

Then the functional & (z;,w;) f is well defined. Moreover

£ o) 11 = 31 () = [ FCa)ts

= ;%‘/M‘P(%y)g(y)dy—/Mg(y) (/Mrb(x,y) dm) dy
/ (Z/ (zj,y) — @ (z 7y))dw> g9(y)dy

q 1/q

S{/M Ig(y)l”dy} {/ Z/ (zj,y) — @ (2,y)) dx dy} .

Taking the infimum as g (y) varies among all possible functions g (y) in L? (M)
with potential f (x), one obtains

q 1/q
I (2,5) ||q>,,_{/ Z/ 25,9) — @ (3,y)) do dy} .
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Conversely, set
7 J

Faren) a/p—-1 .
g(y):{ Fy)|F (y)] lfF(y)ié

0,
0 if F(y)=0,

f (@)= /M<1><x,y>g<y>dy.

‘With this choice one has
€ (@yo5) 1 = [ s (@) = [ plais
J

_ } [ Fwaw dy' = [ i@ ay

-{/ F(y)qdy}l/q {/ |F(y)|qdy}”p
{/ |F<y>|qdy}1/q { |g<y>|”dy}1/p

1/q
={ [ IFwr a1l

1€ (5, wi)llg, > {/M IF(y)quy}l/q.

This implies that

O

THEOREM 4. Assume that a measure space M is decomposed into a finite or
infinite number of disjoint sets X1 UXoU-- -, with measure |X;| = w; > 0. Assume
that 1 <p <400, 1 < g < +o0, 1/p+1/q =1, and that for every x

/ 1 (2, )| dy < +oo.
M

/M (//\/l [ (@)l dx)qdy < +o0.

r@ =y {/M/X | @0 - o) dydj}/

Finally assume that

Define

J

q/2 a

A(®) = /M/X/X Z/X.(qmj?y)—@(zj,y))dzjz dyd%l%...

J

Then
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(i): For every1 < p < 400,

dJCl dl‘g a
. <I'(®).
L e, 222 <)

(ii): For every 1l < p < 400,

d$1d$2 a
Alq d <B(q)A (D).
o< {[ [ e, 2] <B@a@)

In particular, there exist choices of nodes {x;} in {X;} with the property that for
every function f (x) in the potential space Hg’ M),

T (@) 1112 () for every 1 < p < 400,

St )= [ S| <

The constants I' (®) and A (P) are related to the smoothness of the kernel
® (z,y) and can be estimated in terms of Sobolev norms, as in the proof of Theorem
3. However in the applications the estimates in terms of Sobolev norms are not
always optimal and it is more convenient to keep the above complicated expressions.
As before, the estimate (i) is better than (ii) only when p is close to 1.

B(a) A @) [fllupny  for every 1 <p < +oo.

PROOF. By Lemma 1 and the triangle inequality, the mean value of [|€ (z;, w;)||4 ,,
is controlled by

q 1/q

dl‘ldl‘g
(zj,y 2j,y)) dz;| dy———"---
//2(1/2(2 Z/ ! (J y)) ! ywl w2
q d 1/q
Ly

This gives the proof with I'(®). The proof with A (®) is similar. By the
Kintchine-Marcinkiewicz-Zygmund inequality,

D(a;,y) - Dz y)) dz;

q 1/q

dil?lddfg
(xj,y zj,y)) dz;| dy———=---
//Xl/){g Z/ ! (z,9)) dz; Vor ws

q/2 a
L.

The proof for the lower bound is similar. O

2
3 / (B2, 1) — B(25, ) dz;

J J

As we said in the Introduction, it has been proved in [4, Corollary 2.15] that
when M is a d-dimensional compact Riemannian manifold and Hf (M) is the
classical fractional Sobolev space with « > d/p, then for any choice of N nodes
{z;} and weights {w,},

€ (@5, w)ll, , = N4,



18 L. BRANDOLINI, W. W. L. CHEN, L. COLZANI, G. GIGANTE, AND G. TRAVAGLINI

Moreover, one can achieve this optimal speed of convergence with any choice of
N nodes {z;} with comparable minimal separation distance and mesh norm, and
a suitable choice of positive weights {w;},

1€ (5, 0i)l 4, < N2

The following corollary shows that if M is decomposed into a finite number of
disjoint sets M = U, X; with w; = |X;[ & N~ and diam (X;) ~ N~/¢ then, at
least for certain values of «, a random choice of nodes {z;} in {X;} gives again this
best possible exponent.

COROLLARY 3. Let M be an Ahlfors d-regular metric measure space of finite
measure and assume that M is decomposed into a finite number of disjoint sets
M = UM X with wj = |X;| = N™! and §; = diam (X)) = N~ Vd  Assume that for
some 0 < o < d,

|® (z,y)] < clz —y\aid for every x and v,
—d—1 .
@ (2,y) = @ (2,9)| < clo— 2|z —y|* if lo—yl =2z —2.

Finally assume that 1 <p < 400, 1/p+1/¢=1, and d/p < a < d. Then

dIN 1/q
E(xj,w . }
{/X /XN| sl 2. A2

cN—o/d if < d/2+41,
< eNTV2Vdog 2 (N) ifa=d/2+ 1,
cN—1/2-1/d if a>d/2+1.

PrOOF. By Theorem 4 it suffices to estimate

Jubo

When dist (y, X;) < 24, then for every z; in X},

<ef (loj=ol"™" 4l = ol") a2y
X

J

q/2 1/q

dl’l d(Ez
w1 wWN

3 / (®(a;,9) — (2,9)) dz;

iM%

/X (®(z;,9) — B(25,9)) dz;

J

< cwj oy —y|* T+ 8 < eNTH oy -yl

When dist (y, X;) > 20;, then

/ (a5, y) — B(2;. ) dz;
X

J

—d—1
<ef o= slley ol

Xj

< cdjw; g —y[* T < eNTIY gy — gt
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Hence

q/2 /4

2

dx dx
/ / / Z|/ (®(zj,y) — P(25,y)) dz; dy—= - ==
MJ X XN j Xj w1 WN

_ a— dzy dry
<ec // / N2 |x-—y\2 2 dy— ... =%
MJx, XN Z ! w1 WN

Judist(y,X;)<26;

q/2 1/q

Coa dr,  d
te / / / NEHA NSz g 00 Ay
MJ X, XN w1 WN

j:dist(y,X;)>26;

Under the assumption that §; ~ N —1/d there is only a bounded number of X; with
dist (y, X;) < 26;. Hence, since a > d/p,

q/Q 1/q
|2a72d dry  dzy

N72 €T, — ..
/M/Xl /XN 2 5 = wy wN

dy—2> ... =~
Jidist(y,X;) <25,

_ das
<c quZ/ / |$j B y|aq dq dy ﬁ
I {ly—=z;|<cN-1/4} w;

Moreover,

1/q

< eN—e/d,

N—2—2/d Z \1‘3 _ y|2a—2d—2

j:dist(y,X;)>26;

< N2/ Z
j:dist(y,X;)>26;

S cN—l—Z/d/ |x_y|2a—2d—2 dx
{le—y|>cN-1/d}

200—2d—2
wj |z — |

CN—Qa/d
<< eN~172dog (N)
N-1-2/d

Hence,

/M/Xl.../XN SIS

J:dist(y,X;)>26;

CNfa/d

IA

eN-1/2-1/d

lzj —y

ifa<1+4d/2,
if =14 d/2,
ifa>14d/2.

q/2
|2a—2d—2 dx,
w1

if a <14d/2,

eN=Y2=1d1og /2 (N) if o =1+d/2,

ifa>14d/2.

dyi...

1/q

de

WN

O

The following result shows that, under some natural assumptions on the kernel,
the mean value estimate in the above corollary is essentially sharp.
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COROLLARY 4. Let M be an Ahlfors d-regular metric measure space of finite
measure and assume that M is decomposed into a finite number of disjoint sets
M = U X with w; = |X;| =~ N™! and §; = diam (X;) ~ N~ 1d - Assume that
there emzsts an a with 0 < a < d, such that for any j =1,...,N, for any z € X},
and for any y such that dist (y, X;) > 24,

/ |(I) (%y) - & (Z,y)| dx > CNil*l/d (dlSt (y7 Xj))afdfl )
Xj

Also assume that for any y € M, the function x — ® (x,y) is continuous in T # y.
Finally assume that 1 <p < +o0, 1/p+1/g=1, and d/p < a < d. Then

dxy de}l/q
El"w e —
{/X /XN| )l 2. A2

cN—o/d if < d/2+41,
> eN“V2Vdogt/2(N) ifa=d/2+1,
cN—1/2-1/d if a>d/2+1.

Proor. It follows from Lemma 1 that

dl‘l dﬂ?N Ya
HS Lj, Wy ”cpp :
X1 w1 WN

q 1/q
dx dx
[ Z/ ((r5,) — Bz, y)) dzy | dy L. EN
MJ xy xn |5 w1 wWN
S Y S ) B B e L
B M, xy |57 % 7 7 N W Wy

By the Kintchine-Marcinkiewicz-Zygmund inequality, this is bounded from below
by

1/2
_ dzr dz
M ray [ | @) - eands| | aTr T
MJ X, v\ j w1 WN
o\ 1/2
—1/p d.%‘l
> M| A(l (®(z,y) — (25, v)) dz; dyT
X XN g dlst(y X;)>26; Xj !

By the continuity of z; — ®(2;,y), there exists a point x} depending on y such

that / ®(zj,y)dz; = w;j®(x},y). Thus we have

X
o\ 1/2
d d
| [ @i - o] |
Xl AN Jdlst(y,x )>26; |7 1 N
1/2
2 “ 2 dxy drn
wi |®(zj,y) — ®(27, ol 2N
/Xl AN ’ ( J y) ( i y)‘ w1 N

j: dlst(y X;)>26;

de

WN
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Now let {a;} and {f;} be two sequences, and let A = 3~ a3 < +00. Then

1/2 1/2

o’ a2
YL B R OIS vl B DS J CAES e DA LA
J J J

J
Thus, if v; is a point of the closure of X; that minimizes the distance from y,

1/2
N2
2 2a0—2d—2 |(I)(.’E],y) - @(x]7y)| dl’l dl‘N
Z wj [vj — | s =
X1 XN y|

jidist (y,X;)>26; v —

—1/2

20—2d—2
> [ S @Ry x
X1 XN

Judist(y,X;)>26;

20, 20—2d—2 |<I>(xj,y) - ‘I’(fﬁ}kvy)’ dry  dzry
Z Wi |UJ_y| |a,d71 Wilﬁ

jidist (y,X;)>26; lvj —y

—1/2

. 2 200—2d—2
= wj |vj =yl X
Judist(y,X;) >26;

a—ad— * dx de
> Wiy 1(/ / |¢’($jay)—‘1>(mj,y)}1~~>
Xy Xn

w w
Jadist(y,X;)>24, ! N

—1/2
2 2a0—2d—2 2 2a0—2d—2 —1/d
>c ) w3 [v; =y > w3 Jv; —y| NY
Jedist(y, X;)>26; Jedist(y,X5)>26;
1/2
B 2 20—2d—2 —1/d
=c E wj [vj — Yy NV,

Jedist(y,X;)>26;
The desired result now follows from the simple estimates

1
Yoo Wy g = eN preTd=2pd=1g,
jidist(y,X;)>25; N-1/d
eN7! if @ >1+d/2,
>q cN“tog(N) if a=1+4d/2,
CN72a/d+2/d if a < 1+d/2

O

EXAMPLE 6. Let M be a d dimensional compact Riemannian manifold with
total measure one. Let {)\2} and {px(xz)} be the eigenvalues and an orthonor-
mal complete system of eigenfunctions of the Laplace Beltrami operator A. FEvery
tempered distribution on M has Fourier transform and series,

HW{&MM@%f@=ZHWNM
A

w1 WN



22 L. BRANDOLINI, W. W. L. CHEN, L. COLZANI, G. GIGANTE, AND G. TRAVAGLINI

The Bessel kernel B(x,y), —co < a < 400, is a distribution defined by the

expansion
—a/2 —

B(z,y) =Y (1+X°) " poa(@)ea(y).

A
A distribution f(x) is the Bessel potential of a distribution g(x) if

o —a/2
fl@) = [ Bty = 3 (1+22) " Faon()
A
Bessel potentials of functions in LP (M) define the fractional Sobolev space

HY (M). If 0 < o < d, then the Bessel kernel satisfies the estimate

—d —d-1
|B(z,y)| < cle —y|*™%, |VBY(z,y)| < clz —y[* :

See [4]. In particular, Corollary 8 applies. Indeed, an application of the tech-
nique of the Hadamard parametriz (see e.g. [3]) gives a more precise result: there
is a smooth positive function C (y) and positive constants € and ¢ such that

oY —d
with
E (2,y)| < clo —y|* "
IVE (2,y)] < cla —y|* 7715,

It then follows from this lemma that Corollary 4 applies to the Bessel kernel
(see also [8, Theorems 24 and 25] for the case of the Fuclidean sphere with p = 2).

Finally, the classical Besov spaces By, , (M) defined via a Littlewood Paley de-
composition are interpolation spaces between Bessel potential spaces. If 1 < p <
400, 1 <g< 400, 0< ¥ <1, a=(1-9)ap+ Jay, then in the real method of
interpolation

(g (M), H (M), = B, (M)

See [1]. In particular, interpolating the results in Corollary 3, one proves that
for every 0 < e < 1 there is a positive constant ¢ such that a random choice of
points {x;} in {X;} has the property that for every function f(x) in the Besov
space By . (M),

c||fHB§WOC(M)N*a/d if e <d/241,
€ (,05) f1 < { ellfllsg gy N7V2V4Tifa = d/2+1 and y >0,
cllfllzg _an) N-V2=Vd o ifa > d/2 +1,

with probability greater than 1 — .
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