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| Nroductian

6 enerally pesding sasitivity analysis (S A) aoncars the mathamatical model represan
ation ofa physical systam, and atlempts 1o assess the sasitivity of the madel autputs
1O \aiatias ofmadel inputs gvan by vanables ar parameters and variatias of madel
assumptias.

T he eviramental statistidan is aoncemed with tho diesses ofprdolms. ) T hereis
a usually amplex mathematical ar amputer madel (C M) ebke to simulbte saone aM-
ramatal system by mears ofrumerncal inpu autputdatas Suppase Tramanaitthat
itan be gven in dosad analytical Tom by

y=f(z1,....,2x) = f(x).

H enceltepa’ualcbman\ea](;—ix) is the basic quantity Tor assessing the sasitivity of
y O z; nearthe pantx. Aam azpracﬁcal pantofview f is unknoan in adosed Tom
and because ofits amplkedty camputing ime is amatierofaoncam. U ncertainty sbaut
the inputs is asidarad knonn by mears of a (prdoabi it/) distributian p (x) ; paoular
assumptias are the unrfom arthe lboghomal distribution and iIndgpendencee anagin
puts. 0 faurse inputuncertanty resuls in autputuncartanty. H ence sane syrthetic
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saEtvty arintuence messure is needed. U singsimulatied datg the .. iststep in SA is
“uncaranty analysis’, whidn assssses the margnal autput variabi ity and distributiaon
p(y)- W hilethesaood step is ranking inputhvarieblkes by tharintuence any . T his pant
is addressad in sedian “Sastvty A nalysis ofF Camputerll adel” belon

i1) In the seaod setup, the eMvrameatal model is in fecta statistical madel eg mul
tipk regessian. f ere SA is ancamed with the partiaular mackel cutput gven by the
sampke estimates, ¢ say, and ams at assessing the infuence ofindividual data graups
of data, \ariebles and model assumptias 1o6. T his pdntis addressed in sectias “Sent
stvity/ nalysis ofStistialll akek”, “SasitivityA nalsis inR egessianll adek” ad
“Saativtyt naldais InT ime Series” belon

SasittvityA nalysis oFCanputerl oceb

S A ofC' M s hes been developed overthe Iesttino decades tooetherwith massive aomputer
smultias of engnesring demical and emMramaial systans. A s a matier of et
C M s often nesd a Ibtohfinputparametaers Whose relevance is nota priort doviaus and not
essy toevalate on simulated data. T hraugh assessing the intuence ofeedh input o the
maodel autputs, S A gves uselul ook Torudarsstendingaomplkexmadel, redudnganalyais
ampkbdty and/ ardmasiagalty by deleting unimpartantinputs ad evatiwally gving
indirect evidace fao\aldating a madel with respect 1o the underbing real prdoem to
be simulated.

A SA ,vewdfemMrametal C Msisgvaen byt amby[21] H elton[25 Jdisasses S A
Bednigues with spaedal relerance topaerfaomance assessna Tt redicectinve weste dispcsal
and reparts saveral relerencs 1S A ofC' M s related oamMramaitalissues. A magthese
are daemial knetics atmasphernic damistry, nuckearsalety, easystem madek, as well as
hydrology and water pallution. 4 recatand comprehansive handbodk an the subjectof
SA isgveninSalell etal [487]

T he besic inraduciary SA methad hes bean disassed in atagpheric tiiium dose
estimates [1 Jad in eMmamatal reddogcal assesssmatt[29 | T heinputs z; aremowed
aeatatime (OAT) O thear respective extiame vales, 7" and 71", csteris parils,
i.e. kegping all the atherinputs z; attharaatral ar“bese e’ vale 7 ;. In this way,
wingaly 2k CM rus, we ceta \vary preiminary ranking of inputtint uence besed an
the TOlloning sarsitivity index

I = e N

max ’

Y;

Vihere ;7 is the maximum betneen i and y (27) . andy (z;) is f (x) aomputed
at the bese e parntxy exaptth inputatz;. In[14] AOT rus are prgpocssd at
xo,; 8co; Wnidn are gppropriate ot aussian inputmargral distributias p (z;) with a
stendad deviatiaon o; = o (Xj) .

Togetmae infamative SA, we Gan use ae oF o gopraedes athertre loal S A
arthe gdoal SA. T he Tameris essantially a non statistical method assessing autput
saEtivity O small input perturbatias. It is besed an dicerantial analysis, ad the
maodel respasss are dotained by the OAT gopraadh.



T he Htferis inherantly statistical since ituses autput uncartainty analysis, whidh is
besad an autput adif and variabilty, Itis primarily amed at assessing input intuance
using same kind ofautputvariance deaompaaiian. T hese decompasi ion tsdnicues with
relted sasmpling desigs hae inasssing ampledties and aomputing demands. T he re
Eted modek range fram the simple inearmadel 1o the respase surfece with interactian
maoadel naparanetric mocek toether with Fauner and Il atie Carbo gpprodmatias.
T he relbvance ofthese madek In S A will be disassad in the Tolloning subsectias.

T he madel autput casidered so Bris skl In\arias amMramatal C M goplica
tas themadel autputis apasibly vedonalbed gid trgjectary arsurkbe. Fareampke
in[4 ] the SA ofgpace time airguality madek is aasidared.

L oAl SA

U nder surtebe smoothing assumptias, asimple gopraadh o the sasitimty of f Gan be
g\en asidaring the seaod ader T aylorepansian araund the bese cee x:

Xoof(xo) 12X 2 (xo)
(‘9:1:2» ! 2 . 1 (‘9:1:1(9:5]

=1 =1 Jj=

f (xo+A) = f(x0) + AVVAVE @

of

Fareampk in demical kretics SA terature eg [52] is cald .. istader bal

al’i
2
saEtvity ad aj(;; ssaaod ader bal sastvity. T he exact amputation of these
Quantities mwbe%cr]mpb(w&brgamocbls recuiring the solutias of lxge near
systams ar paedalized tednigues ke the reen Tuncion method. The OAT gopraadh,
with . + 1 s may be used o getthe .. nite div erence goprodmatian o.. Istader bl
saEtvty ie

Of 5y (@i +Ai) iy (wo4)
a£i N Az !

Torsmall pertunbatian A;, eg 1% .

Ifthe .. Istader tuncatiaon of equation (1) gpprodmately holds oer the Tl input
rae ie the madkl is goprodmately near; bbal sarsitivities may then be used ©
asssss adput gdoal unaartainty,. Fareampk Tor unanrelted and symmetric inputs
X =(X1,..., Xp)", with bese ceee at the expectation vedor; x, = E (X), wehae

E(Y) = f(x0)
ad
¥ H 12
Var (Y) = a];ix‘)) Var (X;)
=1 i
o )
H ence ratics amo Var (X;) /Var (Y) dveimportance messures.



A further step tonards gldoal SA is besad on repeated OAT. A aaading o this
gopraadh, we un the madel ann randam replicates ofz; fran the margnal inputdistn-
butianp (z;) . W ethen ampute impartance messures basad an autputuncertainty due 1o
r; unceartanty, ceteris parbus. Fareamnpk we éaan use this data 1o ampute aariance
ratio

Sy (Xi))2
Var (X;)

where S (y (X;))? is the sample varianaee of smulated ys die O X;. || aeover; similbarly
10 the ¢ dattoharation, we hae an admasiaal impartance messure gven by

S (y (Xy))
y(Xi)

where 7 is the sampke mean.

T henwsingsanenk runs, these O AT statistics allowvinputrankingaccoding o thar
impartance withautaosideringinteractias anayginputs. A lare lbal in thesase that
ey use the base e a5 e and daging itmay cause adaenge oadlsias.

6 Idoal SA

A (gidoal) SA methad usually ams ata S A index armessure Tor assessing and rankiing
the oerall araerace inputint uence under simulianeaus inputvariatias. T his index s
usually bassd an a statistical madel smplifang the C' M, and nescs a aartain anauntof
data ar amputer rus 1o be estimated.

T hemain stream of S A is bassd an importance messures resulting fram P earsans well
knonn conrelatian ratiq

o _ Var (E (Y X))
n; = Var (Y) ’ (2)

whidh g\es the peraatace adtput \ariation due o input X;. In eguatian (2), the aon
dtgal epedationm (z) = E (Y JX; = z) is the regessian Tundian, passibly nonlinear;
adVar (m (X;)) is thevariancofim (X;) usingthemargral distributianp (z;) . Farhigh
dmasicalX;, m (X;) is aregessian surface ad the prdblams arisingin evalatingand
estimating its \variana2 Wl be disaussed belon: R doustness issues may arise Torheaily
1| Bd arskenad autputdistributians.

U niortunately no relicbe patmanteau methad e dattiornnhateverC' M is presently
ad Bbk ad the dhaae dgpats geatly an the partiaulbrcese understudy. ¢ aod statis
talmadeling practice indudingdiagnosticand \validatiaon shauld led 1o the gpprcpriate
maodel and sampling solLition. B ecause ofthese gldoal S A is dosely related 1o sampling
adll ateCarb. T hese methods are besed an arnumbern ofFC' M runs gving simulated
data (x1,41) -, (X, yn) WX, = (Tn1, s Teni) , m = 1,...,n, are randam ar gques-
randon rnumbers fram the distribution p (x) . 0 faourse the distributian p (x) de.nes the
input dependence structure and its ddce shaud be aasidared in an extendad S A [16]
&5 itmay ar ect desply autput uncartainty.



D esignh of Eernmantt

A partiaulr na randaom sampling tednigue is basad an the dessical design of exqoen-
mants (DOE) often aoupld with respase surecee methodology: I physical demical
and engnesring epermants these tedniques are vwell knonn, ad referancss ke [7 Jad
[8 Jare dEsSiGs.

In SA this gopraadh hes bean usad 1o dotain a sunagate madel an the assumptian
thata Inearpls interactian goprodmatian o the C' M is good enauch. Fareampk in
eMramatal S A, ithses bean usd in the estimation ofFdcse ecuinalaTtto man fram the
aonaaTration of redicectiMty in ar; waterand food [14].

T he absence ofthe replication enmaroftre desssialmadel y = f (x) + ¢, etalb sane
div erances betneen dessial DOE and DOE orC M s [46]. Foreampk the ksstsouare
method Gan be intarpreted anly as an interpolation methad and residuak are systematic
enas. | ext thedbss@al DO E aonagpts ofblodkiing rieplicate and randomizatian becone
inrekbait

I aeower; the stodestic nature of doserved inputs is undersaaed in dessical DOE,
and hidhinputdmasiagalty ofC' M s may prevattusingstandard DO E softnare. Spedal
desigs Tor CM's hae therefare been develped Tor saeaning SA. Fareampke in [54],
Gaee studies with 20 inputvariablkes ad 30 § 50 C'M runs are aaaiderad.

0 therdavelpmants use random and strati..ed sampling A mag these L atin hyper
abe sampling gves good estimates of the autputepedation ¢ = E (f (X)), wen f is
maotnicineedhcoadinate. A univaratel atin hypaerabesanpkdfsizen isastrati..ed
sampk in whidh the strata are the n egual prdoabi ity internak and then samplkevalles
are randanly sebded fram eedh stratum using the distribution p (z;) conditiaal o the
stratum. || ultivariate de. nitias reed ly goply Tor indgpendent vedars and gpprcpriate
tedniques cvearing inputs with particularcorelation structures have been gpplied in [32]
10 the geolag Gl dispasal of redicective Waste.

In the g1t of mae poneriul but mae anputatiardemanding ll atte Cardo SA
belon simpl..ed DOFE and AOT sampling gppraedies may be usefulinsaeening S A or
apreiminary reduction ofFhigh dmasiaal inputs.

Comreltion |l ethods

T he simpstgpprodmatian 1o the ganeral conrelation ratio (2) is the souare of P eersan’s

inear conreltian aoet aent

P

= _\2
m (»’Emz i ZEZ)

IR

T(ywri) = QP

T he nextstep is 1O asider samultaneas inputer ects. T he conespading inearane
Htion ae¢ datis the partial conelation aet dant[51] whidhy, raughly speskiing is the
aoneltion betneeny and z; aftereliminating the inearer ectafthe remaininginputs z
j 61, fran baothy ad z;.



R egessianil etthods

Ifenodic erantinputs z; andz; have thesame conelatian with the maokel autput. they may

hae dis eratint uenass in the dic eratial sense. U singa inear riegressian gpprodmatian
y=x +te, (©))

v see that the . iIst ader lbal sasitivities of equation (1) éan be estimated by the
LS mgesion aetdats (sse eg (17) bebn). R elted messures, conrecied for the
uncertainty, are based an the standardized regressian aoet dats

0;

o(Y)

Bi

0 faurse these regressian quantities are meeninglill ifmaodel (3) hes agood .. tling Tor
eamp ke the mulipke detemination aoet dat 22 cannotbe smalll

INn adertoreduce the int uence oinon namal ty and/ aTanlineanty an these stalistics
sane daia trarstamatian may be uiselul Fareanpk in eviramental relted risk
anabsis, thelog-transiom [33 Jad rank ttarsiom [32 Jhae bean used. The fameris a
pooulartrasiom in amMiriameantal statistics because ofthe lbg namal distribution. T he
Etferis distribution free Tor aatinuos distributias, ad is Ggpabe of detecting Input
impartance Tar nanlinear maotinic relatias. B oth are week in detecting U-shgped or
periadic reltias, ad baoth distort the aignal scake and anature.

¢ rephical |igesion dagwosstic are usslul ss amplemaits 1 rigessian methocks.
A magthee InSA erature bivariate scatierplots ofinputs \s. autputare widely ussd
1ok gving infomatian an impartance and Ineentty.

N anlineer Sasitivity/A nalsis

T hemare anpkexad re.ned S A methacs are basad an naparanetric vanance decomn
pasitias goplied t© nanlinearmadek. T he idea oFSdooF, as disaussed in[30 Jand [9] is
basad an the Olloning dscompasitian
X X
fx)=fo+  filz)+  fiy(@ix) + oo+ fro k(@0 28), &)

i=1 1<J

where f, = E(f (X)), f; aete.staderdas, f;; are the ssaod ader interactias
ad so . T hese anpaait indias are zero mean ad uanebied so that the
aonrespanding \arianae dscompasitian in 2% § 1 summands holds, nemely
X X
Var(Y)=V = Vi+ Vj+.. ®G)

1<j
A sineguatian (2) , the.. ristaderaampaents,
Vo= 25 var (B (i), ©



can be usad o assess the . ist ader nonlinear infuence of X;. Simibrly V;s gve higer
atersasitivties by means of

adsoo.
Far estimating .. iIst ader sasitvities \aras sanpling pbas are aabbke. Tose
e aaxderinputpartiianing
i ¢
X = T, X(z) (7)
wherex(; isx withautits i th elbemantz; .
T he aanagpptually simplest, but aomputatically mae deamanding sampling design
requi res estimating aandirtianal means wsing r replcatss reay z,,;, 1.6
1 X g ¢
Ymi = - I i, Xa(s) -
t=1

T hisgwes the ANOV A- ke saativity estimate

lpn 2

ey TIP, P ¢
. m=1 t=1 f Tmiy Xty 1Y

wherej is the grand meen. 4 way 10 reduce the numberof runs nr Tor)? is o estimate
directly £ (f?) ineguatian (6) using twoindependatieplicates x,,,;) andxjn(i), treay
Tmi- T IS gVves

- 1 i ¢ i ., ¢
sz:g f Tmis Xm(i) f $mi7xm(i) l.fo (8)

m=1

atthe astof2n rurs pbs anctherm s oV and f, = 1 me(xm). | ote thatsine
both aboe V; estimates raepﬁ~ralecfcrrr\ergarr3LsirlgM ate Carbsampling V is
asuently mae et dattten V.
Secod adarterms are novestimated using
N o ¢ i ¢
V;j = — f Tmiy Tmjy Xm(ig) f Tmi, Tmj, Xm(i) 1 Vi i V} [ fo
m=1
and aconespading Tomulee hod Torhideraderinteraction esimates. H enceatull SA
wauld requireg rumberof rus of adker2n2*.
Ifnehae !V, 2V, thentheC M understudy does notshonvrebentineractias.
U niortunately, this is notoften the e in CM simulatian. 1N aderto aad the aboe
are of dmasicalty withaut ksing o mudh infomatian an inleractias, a singe
ol ssatty index TS 1; hes been acosidared. 1t Ekes into acoount all interactiat
ampaaits in eguatian (4) whidh have thre term z; .



Tosee this realinginputpartitian (7) , rewite ecuatian (4) a8
f(x) = fo+ fi(z:) + fo iX(z‘)¢+ fit) ifl?z‘>X(z‘)¢
and \arianae equation (5) &8
V=Vi+ Vi + Ve
H ence the Oialhvariane de O X Is
Vi = Vit Vi =V i V-

Inthe EichtofFomula (8) , V;) + /¢ is estimated using2m rurs as ollons
X ¢ i ¢

f x:qi7xm(i) f Lniy Xm(i) i.fo

m=1

ad the total sasitivity index is computed by

1
Vip = —

V-VZ‘
Asr, = ;7“. @)

T he acuuragy of these estimates Gan be assessed by their ssymptotic il atie Caro
standard deviatias aran. denceintenak. T hisis essl ly daoe noting that f, anoll?;Jrfo2
statistics are essatially ssampke mears. H enae using stendard sampling resullls, we hae
e Tdlbning estimates withautaedditaal C M rurs:

o - A !
N T IS I ¢
Var fo Z2— — [ 2,,Xne i fy
m mmzl
ad
~ A 1
3 3
. 11X g i i o . 2
Var V; =>E - I Tmis Xm@) [ Tonir Xm(i) i Vit 1y
m=1
R ST I etthad

T heaboemethadwithll ate Carbosamplingis gute general and ttlemadel assumptian
demanding A s amatier offect, itgves madel free importance messures Wth esimated
standad deviatias, autput uncertainty and adfwithaut using sunagate modek. T he
man dranbadk may be the lxge rumberof C M rurs requilred.

A N gopraadh gving simi larimpartance messures and requiring a smaller rumber of
CM s is besad an the Faureramplituce sasitivity test(FAST) [47] T his tednigque
is basaed an the Olloning Fauer goprodmatian

E(Y)2—  F(s)ds (10)



F(s)=f(91(5), 9k (s))

x; = gi () = G; (sinw;s)

1or gopropriatke NAias G; and frequandes w; . A pprodmatian (10) and its aampanian
Var (V) 2 % T F(s)?ds i E(Y)?, are ineresting because they reduce a mulipk
integral intba ae dmasiaal integal

I aeower; using the Faurier series represatation or f (s) , we get

X ¢
Var (Y)2 A} + B}
h=1

X ¢
Vv, 2 A,QMZ, + B,%wl, a1y
h=1

where 4, ad B, are the Faurer aet dents gvan by

1
Ap = o F (s)cos(js)ds

B, = — F (s)sin (js) ds.

H e FAST methad is essatially besed an computing the guantities A, and B, Mago-
propriate rumencal and/ arll atte Carbo ane dmersiaal integratian bessd an the sane
N say CM mus.

FAST methad does notg\e practical methoos Tor ssaod and hidher ader interac
tias butedended FAST [47]allons amputing total ssrsitivity indexes (9) withaut
adtaal CM rus Todoths extendsd FAST assigs afreguacyw; Or; axdaam
man freguency w(;) 6 w; D all atherinputs. H enag V), is estimated ia ecpatian (11)
. Iled with frecpency w;) -

Summing up, FAST is an et datttool Torgldoal SA butits prgperuse and under
standing requi re a bwel afmathematics wnidh may be di¢ aulttoepBln.

SasitityA nalysis of Statistcalll adeb

Instatistics sastivity analysis (S ) an be asidared asstoftook aming atasceran
ing the degree of dgpendence of the rsulls 1O the hypotheses underiving the pariauler
tBdniges anpbyed (eg nomalty in the iegressian madel) or o nature of the data



(presance ofaypical unusualdosernatias). A bBdkofsarsitivity tosudh agpects is knoan
as Ioustness. In othervwads, SA - tries 1o evalliate hov the autaome of the (statistical)
analysis daengss When perturbatias are introducd in the prdolem fomulation.

Casdaing tre Eaturss in thedatg SA  lods Tordosenatias mastly ae ecting sane
arall ofthe agpects afthe analysis. 1N this aontext, asubsetofdatais sad tobe intuatial
ifits anissian causss substantial dhangss in the estimates, an.denee regas, 6585 etc
U sually, intuential doseratias gppear 1o be autsice the pattem de. ned by the bulkk of
e data because gGss enars Gan aoaurin recording arprocsssing the data arbecause the
uderiing distribution that generates the datais dic erent fran the hypothesized ae

In madel bulding ..nding intuatial doservatias Gan be wselul Tor the analystin at
kst tovays. In the . istplbae infuantial Gsss may hidhlid Tt gress messuremantts
and recoding arprocsssing ervars. Seaondly, . nding many intuential dosenatias auld
sugsstthattthe adgoted madel is inedequate Tordesaibing the real pradolem understudy.

Intuertial doseratias may become nanint uerialifthemadelismad...ed (eg. adding
artrassioming the variabkes, selbding adic erentmodel) arifaliematine .. tting methods
are usad (dbust arbaunded int uend).

It uencee Curves

A oneral ool Tormessuring the infuence of an dosarvalian is represantied by the infu
enc aune (afinctian) introducsd by H ampel ([22][23), Turther aspects obwvwhidh are
investicated in [24]28] [31]

T he man idea ofintuence ane is inutihely essy. L etz z,, .., 7, be asamplke of
indgpendat dosenatias fion e adf 7. L et T, = T(xy, 2o, .., z,) be a (Fisher) aar
sistent estimator of the unknonn (salar arvedtonial) parameterd = T(F) edrgssed as
atndical of F (e.g 1hepqoulalim meen acnbewitten 7'(F) = E(X) = zdF).
A nalogosly BT, = beﬂ‘gesumal(reqoressed as afunctignal ofFthe empirical
alfF, (eg 1hessmpbmeen n~ oz, anbewiteNT(F,) = zdF,).

Inadatoealake the infuence an7,, dfanewdosenation ¢ added toa lxge sampke
(ien! 1) teinfuenccaneditteessimatar 7, isde.ned udersutebkecadtas
P 5

IO(I’;T, F) _ ll_I%T [(1 i E) F —IE— 661] i T(F’)7 (12)
where ), is the afofa decgerate variebkeE wnidn gves mass 1 oz In othervwads the
iNntuane aine asssss the variation inT' causad by a amall antamination of /' atcthe
ablex.

T he infuene ane iIndcaiss the ssrsitivity of the estimator o an individual doser
\ation and desaibes its oAl bdhavar: || asoer; the infuance aune provdess atool or
edalLating the rdoustness ofan estimatorwith respect o aspical datla esimatars With
abaunded infuence aune éan be axsidared aimcstinsasitive to autliers.

T he preavass de. nitan (12) is entirely ssymptoticbecause itfoasss an e in . nites:
imal infuence thatt an doservatian hes an the assymptotic \valLe of the estimatar: | ever
thekss forpractial pupcsss, \arias ..nite sampke varsias of the infuene awne are
ad bbbk Toreampkin[24] T hesmpkst.. nite goprodmatian is the so called enpirical




iNfuence aune, dotained by addingr o the sampke (14, ..., 7, 1) ad plbtting the vales
ofte estimatx 1), (1, ..., T,—1, ) aopinstdic erattvalles of z.
H erewe Toous an amare uselulversian gven by the olloning sersitivity aune (SC):

SCn(l’) =n [Tn(l'l, ...,l’n_l,l’) i Tn_l(l’l, ...,l’n_l)] . (13)
ITthe estimatoris eressed as Tunctiaal ofthe empirical adf equatian (13) beaomes:
By p 0 =

I ote that this steqoressian an be abo dotaned fram equatian (12) repldng e with
n~! and anitting the Emit

A sigthariantofepressian (13), wicely uisedinSA - aming toewalate the intuanae
an 7, ofthe dosernatian z, vhen itis deleted fran the sampk is the sampk infuene
ame (SI10), de.nedas

SIC(x)=(n § 1) [Th(z1, s p1,2) § Tn1 (X1, .y Tn1)] - 5)

A s an eamplk asider a synmetric distributian with its aanre of synmetry gven
by 0. In this cee e may use the samplke meen ar the sampke median, widely usd in
eMmamatalstatistics, as estimatas oft . T heSCs ofthe thoestimatars are represanted
in.guel ad..gue?, respaectinely.

0 bsene that the SC Tortemeenis ubarndedwhenz ! 81, thatis temeaniis
exttanely sastive o asingke ke aiter: 0 n the atraxry, the SC Torthe median is
baunded. T hus, the madian gppears 1o be mare roustthen the mean with respectto the
atdas butitis still sastive O rounding and gaping enras araund atralvales. In
aderto oeraome this dranbadk the braedened median [28 Jmay be cosidared.

T he sample median may be mare et dentthen the mean Wwhan dealingwith distribur
tas daacterizad by A E heavier then the nomal distributiaon. A natural compramise
betnen the mean ad the median is rpresaied by both the ttimmed and winsarized
mears [28 ] T he ..1ist estimator does not aasider the exttane dosenatias Wik the
ssaod gves them dic eratwaghts.

SasittvtyA mnalsis IR egressianil adelb

T he eleamants de..ning the regressian mackel are the underlying hypothesss, variablkes and
dosenatias. TheSAh  (orinfuence study) Tor regessian modek asists in manitonng
the dhangss in the .. nal resuliis when the elemants ofthe model are perturbed.

T hemain issues in desigingmethacs Torregessian SA- are the dxace afperturbatian
sdane the agpects of the moadel nesding dhedking and the way 1o assess and messure
any infuence.

ITwe Toas an the datg an interesting methad 1or perturbatian is 1o delkete doser
\atias, indvidually arin gaups. T his gopraadh is knonn as ase deletian ad itams
10 edlake te infuanae of an dosenatian ar dosernatian subset an sane agpects of
e igessian andbsis. T he dosenatias that, atherindvidually arin gagps, hae a



demastrebke impact an sane arall agpects of the anabysis are calked infuantial T his
ce.niian s O be sLbjective itdoss notprovice away 1 messure the intuaae of
an dosenatian and natherdoss itdlanfy whidh agpects ofthe inf uenae shaud be inesti-

cated. In et an dosenatian may intuance the vedior ofparameters esimated, a inear
aambinatian of these parametars the estimation of tre variane, . tied\valbes an. daxe
intenak as well as the goodhness of . tstatistics, thaudh itmay well have adic eratter ect
eadhofthee. T hus theguesstian “infuence avwnat?’ plays acatral roke in desigiing
iNnfuance dagostics. | any messures ofinfuanae are prgpossd. Chatterjee & H adli [10]
SUOESE N0 gppraadhes ad disauss dis erantmethods Toreadh ofthem.

In the regressian madel the study of intuence praducss infomatian sbaut the re
iability of e andiaas. T he detection of intuential dosenvatias auld suggstan
inedequecy ofthe madel ara vidlation ofthe underiying hypothesis (40 J53).

W e asidarthe usual mulipke regressian macket

Y =X 42 e

whereY isan £1 vectarohalles ofthe respanse (dgpendant) \ariabE; X isan £p 1l
aoblLmn rank matrix of knonn riegessars (arepbnatory \variabks, Botars ad camers)
wsLally induding aaastantaolmn of aes;  is ap £1 vedtor afunknonn parameters
(araxet da) o be estimated; 2 is an £1 vedkar oferrars, indgpendatand namally
distributed with zexo meen and variane 2. T he i th dosenatian will be indicated with
(%}, y;), where x! represats e ith rovofFX ad y; is theith elbemattof Y. R eeders
interested In regressian madek can aasule[15 37 50 53]
L et

T = (X'X)T'X'Y an

be the Esstsoares (L S) estimatar: W e calll residual the quentity r; = ;1 7:, Where
Ui = x;A is the 1 th estimated \alLe ofthe dgpendentvariabe. 1N the antextofriegressian
dagwostics, dsenatias with high residuak are asidarad \ertical autliers ar autiers
an te respase \ariabke. T hese dossenatias may gaerally intuaence the interagpt of
te madel | evartrelss in ader© ..nd the autiars, dicerat forms of resiclal stan
dadization may be used 1o dotain mae sutebke dagastics. T he mast aamman are
standardized residuak 7 = 1; /6, wWhere ¢ is the standard enar of regressian; intermallly
studentized residuabk t; = /(6 1 § hy), Were hy; is the ith diagoal of tre
haetmatrixH = X(X'X) ' X', arextemally studentized residuakbk t(;) = r; /(64 1 i hi),
where ;) is the standard enar of regressian aompuited withaut the i th dosenatiaon. A s
a ruke of ttumb, an doservation with residual in ebsolute valbe lrger then 2.5 Géan be
aasdared an autier an the respase variabke.

In the study ofinfuenag the elemants £;; ofthe hatmatrix play acatral roke. T hey
hae a dabk inerpretation. FHistofall since g, = a hijy;, TEollons mgg; =h

- .

and s h; calbearsicbrajasﬂeanantcfbejregaeahdasma:hale;j hes in
detamining the .. tied ;. W e eErtoapant(x; ,y;) wth ahich h; as lbverage pant
ad gererally e calll 1; the (potential) bverace ofthe data pant (x;, , ;).

Ram the properties of the hat matrix widely disaussad in [10] it ollons thatin the
regessian madel withautinerapt 0 - h; - 1. Then ifh,; = 1, g, is determined anly

(YRl



by y; and the regressian hyparplre passss thraudh y; whilke ith; = 0, theny; doss not
hae any infuence an g; Whidh takes zeronale. || asower; Torthe regressian madel with
InlEItEptV\erdﬂ'l‘atn_l - hy - 1.

T he elamais h,; abo have an interesting gaametric interpretatian. 1N the riegressian
macel with ineexapt term (42]53), te berare is relaied 1 squared Il ahalendois
distence (M D) of the nanaostant regressars by the relation by, = - 1_ 1MD$ + % It
then ripresats inte (p § 1) dmasical gpace a remoteness meesure. of the pdntx;,
withaut the aastant em 1, fron the aardd of the nohaostant iegessars. A hidh
\alLe ofh;; iIndicaes thatx, les farfran the bukk of otherpants. T he berage is then
used as adiagostic messure in ader o idatti iy (haizatal) autdias in the Bdorspae

0 bsernatias Whidh gppear autiving in the fector soace are sad gaod bverage pant
it the padnt (x; ,y;) is in e man data trend. 0 thawise these atypical dosenatias
are sad ked berage pants, ad wsLally hae a strag infuence an several agpects of
regessian analsis. R asssauw & L eroy [42 ] cll the bad bverage parnits and vertical
aitdies igession autiers. | pialato vale Trthe barageis 2p/n.

ITwe Toas an te infuence that a singke dosenatian hes an el S esimatar; we
may use the intuancee ane arae ofits sanpke versias, disaussed in dgoth in [10 |[13]
A wdely used ..nite sample varsian of intuence aune represating the intuence of the
Ith dsernation an trel S estimatoris the .. .nite sampke infuance aune (S1C), alreedy
cde.ned by equatian (15). In the regressian madel itbeaomes:

)(A i (i)) 13)

vxhereA(i) is thel S estimated vectars of aoet dants dotained after deketing the 1 th Gse
(X;Jh‘)- . .

Since te SIC; is avedtor of size p, a directaamparism betneen ad ;) is not
pcssibEe. T han in aderto diaradierize the int uance and renk the dosenatias acoording
otarinfuene itmay be usslultouseasabNasaoftte SIC. A wellknoann salar
meesure ofinfuence is Cods distance ([11] [12]), de.ned as

D; = ’ 2 @)

Iteqressss the impact of the 1th dosenation an el S estimated aoet datts vedior-
A ninteresting eressian of Cadk’s distanae ecuinala it o the aboe ae buttadnginto
aauntthe sasitivity ofthe . tting and predictian Ggpabi ity madel is
Y iYy)Y iY,
D — (Y i ())A(2 1Y) 20)

H ere Y ;) is then £1 estimated valles vectorof the dependentvarisbe doteined withaut
teith cse Inthis om D; can be interpreted (ecptfora sk paanetarn) s the
squared Eudidean distance betnween the tho . tiedvedtas Y ;) ad Y.



A nother eressian of ecuatian (19) acomputatiaally mae anenigit ad ndh in
infomation, because itputs in evdance the Iinkwith the regressian autliers IS
hz’z’

D, = .
1§ hi

2

. @
p

In this fam D; is afundian of the intermally studentized residual ¢;, Whidh retects howv
well the modHl . s the y;, and ofh; Whidh messures the autivingess of the pantx;, in
the Bctorspae. T his statistic providss, tharefre a gldoal messure of the intuanae of
e ith dosenation. Fareampk in hydralogcal assessmant; B ecdu etal [2 Juse CadKs
distana 1 madel the minimum instream fowin drainece besins of the Catral A Ips.
Codk (1112 sugrests aasidaning as heuristic threshold \al e the percantage pantof
aatral FAsherdstribution wth p andn j p degress offiesdan. Il ae smply Cok &
W aesberg[13]retaned aaita ofl.

W e e ..nd same otherwell knonn diagastics besed an the singe Gase deetian g
praadh, sudas DFFITS;, DFBETAS;, in[3]10][13] T hesemethods haebeanwidely
aaapted because ofFthar aamputatianal simpliaty, intuitive agpects and Torbang aall
bk in the mostacomman statistical padaoss.

0 ther dic erant gopraades may be develgped madi§ing the perturbation sdane
and/ ar using dir erat messures fran the infuence aunes. For dessical dagostics i
terested reeders are reened 110 |[13] In esimating the saurass ofailrbame partiaubie
matier; Kim & H enry [ ] praocse same aigrnal nadeketian riegressian diagcstics Tor
identifing infuential spedes in the demical mass balencee reaptormadel

T he methacs inestigated so far are uselul Tor assessing the infuenae ofFa singe do
seratian. In prindplk the assessmant of the infuence ofF multipke dosenvatias Gan be
dotained by gaerallzing the infuence dagostics praeviasly inttoduced. Farirstanae it
I=(i,9,..,5%) Wthl - i - nisavedarofte indias of seboted Gees a ratural
exdtasian oFCods distance is.

D=1 ( . 22)

IFwe do not hae any priar knonkedoe ebaut the number k& of infuential dosernatias
in the data set. all passibk subsets of dosenatias shauld be inestigatied. W hen the
sze of the data st is lage this procsdure may beaome unkessibe. || asoer;, mae
ampkex stuatias may oaur Tor wnidh a degper study is nesded. For eanpk an
doseratiaon notindividLally intuatial becomes so ifaasidared in gaups. 0 N the other
hand dosseratias whidh are individually intuerial may not be ifaasidered toogether
with others. T his situatian is represented in..gure 3.

A way 1o dotain sane infamatian an the passible number ofint uential doservatians
is 1O lodkTor iegessian autliers gppearing in the data and then .. x k& equal O the number
of autiers disowered. |fa data set attairs a singe autlier or infuatial doservatian
e prdolem ofidentifing sudh an dosenatian is relatively smpke traditicnal riegressian
dagwostics of emotleness or infuene besed an el S residuak and an the elEmants
h:i, workwell | evertteless  detecting mulipke autliers by mears of the treditical L S
dagcstics audd beaomemared¢ ailt(sseeg [42). T hisis the aassouence ofmaskiing



and swampinge eck. || asking aaaurs when a subsetofautliers is notaanvectly detected
because itis dosed o anothergaup of dosenatias. Swamping aoaurs When tpical d>
senalias are inarectly idati.. ed as autiers because ofthe presence ofanother autlying
subset of dosenatias. T hese o e edts caaurbecase el S methad is sersitive both
1 hich bvarace pants ad verical autars.

T ooeraome the pradblen ofconectly idatifingautiing dosenvatias, othermessures
notbesed an the traditicall S quantity are nesdad. T heidaalis 1O use rdoustestimatian
methods nottint uenasd by autiers and an the basis ofthe resullts dotained, buillding new
dagostc.

T he mast canman rdoust estimatian methocs &l into three desses. | -estimatars,
L -estimators and R -estimatkars and Tor eedh of them, many esimatars are pragpasd.
Far the rdoust egessian methacs the reeceris relened 1o [4][35 42 Jwhi e or rdoust
methodology in general o [24]28 J[3L][55]

T he degree of rioustness of an estimator is messured by the regkdonn pant. vwhidh
represats raudhly speakding the lrgsstpropartian ofautliers thatcan coaurin the data
wrthaut making the valle of the estimator arbitrari ly ubaunded. B ecause of the high
saEtvty O igessian adtiars, thel S estimatar hes a bregkdonn panteoual 1 0% .
Thell ,L adR estimatos are insteed mare rdoustwith regard o vertical autiiars, but
are stillsastve 1 berage pants. 1nay s tharbreakdonn pantis kss then 3% .
T hemaxdamum passibe breakdonn partis 50% . T hisvalleis adhieved by ksstmedian of
sguares (LI S) and sstimmed sguares (L T S) methoos of esimation. Fara aompkete
desaiption of these methocs the reeder is reenad 1 [41 ] ad [42] vwhike o Trther
deelpmants ©[43][44]45] 4 acomputerpragan, PRO 6 R ESS, allons the calaultian
oftelll S arl TS aetdats Tor (doust) regressian model and a ridoustvarsian ofthe
residuak. || asoer; R asssauw& Vanl anaan [43Jprapae a dess. catiaon ke forthe
dosenatias, besed aon tre plotoftrel Il S doust residuak acairst a ridoust versian of
tell aalndois distanaee Whidh an be dotainaed by the computer-progam i I VOL .
T he tho mantiaad programs are aa Bbe and they have been incoparated foreampke
iNnS-P bsad Sk S/ L softnare pad<aces.

Bveniftelll S axdLlTS methods haave sane dranbads (1720 1242 ) many
eampks (40 42 ]43]44])) shav that these methoos aould be usad as eploatay tod
Tordetecting and dessif/ing atypical data
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Fgure 1. U nbaundsd sssitivity aune Torthe samplke meaen.

Fgure2: B aunded sasitivty aine o the sanpke median.
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Fgure 3 0 bsernatiash , B ad C ae intuaitial in gaup butnotindividually.
0 bsernatiaos D ad E are indvdually infuertial butnot together:



Sasittty/A ralsis inT Ime Senes

T ime saries analysis plys a antral 1ok In eMramatial statistics sinae data coliscted
oer time are wicely used ad seesoality trad faecsting and maitaing are often
rebattiypic.

SA TraMiamaital ime saxies is impartantbecause ifsome dataare vary intuatial
1orthe madel athand we ..nd aursebes adng ane of the Olloning ®o pdnits. ) data
qualityis bwand the estimated madelis notrdousttoautiers; i) themadelis inedequate
Torthe data under study.

In this sectian, we will aasider SA methads besed an infuanee aunes and CadK’s
dstene A s lhngas time saries macek are related 1 riegressian models, the aonespad
ing SA methods show simiarities ad dicerenass.  |n pariauler; the dicerence anag
haizatal ad vertical autiers is notimmediate s in the riegressian setLp.

N aparametric Infuencell essures

Inthis section, weOllonl efrart as[36 Jand acasideran inf uence messure Tarthe autooor
reltion Tnaiaon allboaingindication orint uantial doservatias atan early stege oimadel
bubng Strictly goesking the autier de. nitian is madel dgpendant | evertheless the
nanparametric gpproadh of this sectian is ussiul because autliers are often infuartial ©or
e attire dess ofmaodels uderstudy. || aeover; searding Torint uential dosenatias Iin
this way is aamputatiaally degperthen the parametric gppraadh ofnextsectiaon Wwhere
using the single Gese deletian gppraadh the mackel have o be reestimated n times.

LetY;, t =1,2,... bearegibrstaticaryt asssian process [27 with autoconeltias
Pn ardssmpbwtcmanancs ad autoconeltias gven by ¢, ad r;,, respectinely.
Casidaing the int uence fathesinge parameterp, due tothe: th dosernatian, astafistic
equivalnt or bxge samples o e sampke intuence aire (15) is

SIC; = Zi (Zixn + Zi_p A 02;),
Y, iV . . . .
where 7, = tc' . T heintuence 1o the autoconeltion funcion ttuncated at g L is
tma:llsdedtg/ltem

SIC; = (SIC;,,...,SIC; L)
and summarized by the guedratic fom
QIC; = (SIC; j Zx,) U (SIC; j Z;1,),
where 1, and ¥; are marix finctias ofthe sampke autoconeltias 1, ..., ;. U singthe

knonn asymptotic distributian ofF Q7 C, we éan then testforint uential dosernatias and
1o the mastint uatial doservation atan early stege oFmaodel bulding



INntuteel eesunressforA RIN A N aodebk

LetY;,, t =0,81,82,.. bean ARIMA (p,d, q) stendad process [27 Jgven by the poly
nanial equatian

a(B) r', =c(B) A4,
arthe equinalat dic erence equatian

X A
rdY;g = a; rdY;_Z‘ + CiAt-
i=1 i=1

Intteseequatias a(B) =1 jayB i... igBPadc(B) =1 iaB .. icB? ae
polynamial gperatars with raots autsice the unittarcke. T he badshiftperatar B is sudh
taty, ; = BY, adr? = (1 iB)d. I asoer riy, is a zeyo meen statiaary proaess
and 4; is an indgpendent N (0, 0%) sequence.
Casidartremadel ofedd tve aitierattime: forvhidhy)* isthetttie ARI M A process
butwe doserne
Y%

Y, Y, t61

T hismaddlis uselul eg In eeMramatial hich frecuency ime saeries analysis as eMian
matal data are often ar ected by messurematenas [5 | T aetherwrth the ilmovatiaal
autiermadel the aboe addithve autier madel is a partiaular Gese of the general inter
vatian analysis model whidn B oxand T 120 [6 Jused o assess the impactofthe new bwv
of gesdine ampasitian an trpaspharicazaeinl i Noekess City inthe 19 6.

A ddtinve ad ilmowatiacnal autier madek may be handied by iterative detectian
estimatian tednigues, [27] 0 n line statistical detectian of messurameant enor autiers
is goplied by [5 ] © haurly azae data in donrmioan B ologg, 1taly. H ere we aosider
o - ne aor retrogpective intuanae messures Tarsinge autliers.

INn analagy with int uence meesures ofprevas seclias, P gia[38 Jintraduced aCodk
tpedstane Tose this Et

Y = Y+ A 2

be the AR gpprodmatian of the aboe ARIM A (p, d, q) proaess Tor gopropriate 1. Can
sidering the regressian intexpretatian ofequatian (24) , underthe non autlier hypothesis,
w; = 0, vehaeY, = Y ad?% = (X'X)' X'Y is the standard aonditianal maxdimum
lkelihood estimate of s = (4, ..., )" wWhere X is the regessarspe (n j h) £h dimen
saalmatiixwith (g, j) thelementgvenby Vg, adY is the respase vectorwith jth
ebmattgvenbyV, ;. | asoer; Ist'174(i),zbi be the anespading unaastrained aan
diticnal maximum lkelhood estimate where Vs ;) aonrespancs 1o the single Gese deetian
gopraadh of previas ssctian. A s amatier of et utsing Kalman ... lering tednigues it
can beshonn that; [39 ] ¥4 ;) is the same as the aonditicnal maxdamum Bkellhood estimate



vwhenY; ismissing T hen as infuanae statistiG P dia sugests the Tolloning stendardized
Il ahalendois distance

i ¢ i ¢
Vo 1 %e (X'X) % i Y @5)
(p+4q)6° ’

wvhere 52 is the usual ae step predicion enrorariancee estimate.

L ike Cadk’s distance in standard regressian (19), P @ia’s distance is besed an simibr
S1C guedratic form and hes simi larinterpretation Torassessing the doservatian inf uence
1O the Toscssts. 1N partiaubar; the ae step Taracssts using the model with and wthaut
atiars ad the Tl iegessordata sstare gvenby ¥ = X% ad Y,y = X%, | oe
tatX is the same in both equatias and stictly soegding Y(i) is not the Tarecsstfran
an additive autier madel where the Y, elamatts in X wauld be conected Torw; . | oy
e P gia statistic is prgpartiaal 1 the sguared BEudidean distanae betnean the aboe
preddctiaon vectars, namely

Di:

3 ',3 -

Y iY(i) Y iY(i)
(p+q)o°

Il areower; adecompasitian (21) Gan be de.ned whidh is aonagotually simi larto but kss
smpk then (21).

P Ibtiing this statistic agarst: gvwes a smple todl Tor detecting int uattial autiers.
U niortunately no direct relerence 1o a maodel indgpendanit hat matrix is ada bk ad
uniike in the standad regessian se (21), hereI Tregghi = 1,....n, verneed O 1@
estimate?:;, arthe relted ARIM A paraneters 4, ¢;) and the computatian time for
e aboe matiaed D; plotmay be relbvat

\ ote that, the conrespading Codk’s statistic Tor innovaticnal autliers wes shonn by
[38 o g\we an unrelable procsdure.

D, =

29

Intuene |l essures TrD yramicR egessianl acebk
In emMramaital ime saries analsis, often cwaratess and regessian with conelated
enas hae be usad. Bamplks are water pollution maitaing inll iagaraR iver[18],
and trgpagpheric azane aanaantratian macel with metearolog Gl variabless and preaursars
[191

A n emvirameantal prolectian prdolem is aaaamad in [39 Jwhaere aasidering a gss
Umae te rrltian anag the autput carban diodde aonaentratian ad gesBd rate
(Uy) is assessed thrauch the diessial trarsier function macel [277] T his an bewritien as

Y7 =v(B) U+ A, @n

™(B)
with ratical paatas v (B) adr (B) ofadar(m, a) and (p, q) respectively. P aralieing
the ARIM A Gse (24), equatian (27) can bewitien as a lboped regressian, nemely
X X
Y= mY+n(B) vilU;+ A
j j



T hen the Tasesstdistanae (26) Torthe Tull parameterp = (Y2, ©) can bedscomposad into
an infuane messure s, an intuance messure Tr° and an inEeractian t&m, namely

Di (9) = ClDi (1/4) + CQDZ‘ (O__V4) + INT‘Z (1/47 O) .
Here D, (m) is the same as in ecuation (25). | asower; using maximum lkelihood esti-
mates v forthe Ull data setad v, Torthe ae ese ceketian e hae
io io q;igl io ic‘

D; (P§h) = o 9 28)

(m+ a)

where s is the estimated \variance cvariance matiix of . T his querntity gves the dence
in the ttarsker fUnctian gven the nase structure ¥:. FHnally, the interectian term I N7T;
is g\ven by atss product e acomputatian a6 in[39°]

U singdecompasitian (28), e Gan then assess the separated intuenass o the dynamic
anpagaitad the ttarser findian || areover; D; (6) ganeralizes both e ARIM A and
e standard riegessan Gasss of previas sectias gving them as partiaular Gesss When
© =0 ad¥% =0 respectinely.
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