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Introduction
G enerallyspeaking, sensitivityanalysis(SA)concernsthemathematicalmodelrepresen-
tationofaphysicalsystem, andattempts toassessthesensitivityofthemodeloutputs
tovariations ofmodelinputs givenbyvariables orparameters andvariations ofmodel
assumptions.

T heenvironmentalstatisticianisconcernedwithtwoclassesofproblems. i) T hereis
ausuallycomplexmathematicalorcomputermodel(C M ) abletosimulatesomeenvi-
ronmentalsystembymeansofnumericalinput/outputdata. Supposeforamomentthat
itcanbegiveninclosedanalyticalformby

y= f (x1;:::;xk) = f (x):

H encethepartialderivative
@f (x)
@xi

is thebasicquantityforassessingthesensitivityof
ytoxinearthepointx:From apracticalpointofview, f is unknowninaclosedform
and, becauseofitscomplexity, computingtimeisamatterofconcern. U ncertaintyabout
the inputs is consideredknownbymeans ofa(probability) distribution p (x);popular
assumptionsaretheuniform orthelognormaldistributionandindependenceamongin-
puts. O fcourse, inputuncertaintyresults inoutputuncertainty. H encesomesynthetic
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sensitivityorin‡uencemeasureis needed. U singsimulateddata, the…rststep inSA is
“uncertaintyanalysis”, whichassesses themarginaloutputvariabilityanddistribution
p (y). W hilethesecondstepisrankinginputvariablesbytheirin‡uenceony. T hispoint
isaddressedinsection“SensitivityA nalysisofComputerM odels” below.
ii) Inthesecondsetup, theenvironmentalmodelis infactastatisticalmodel, e.g. mul-
tipleregression. H ereSA is concernedwiththeparticularmodeloutputgiven bythe
sampleestimates, µ̂ say, andaims atassessingthein‡uenceofindividualdata, groups
ofdata, variablesandmodelassumptionstoµ̂:T hispointisaddressedinsections“Sen-
sitivityA nalysisofStatisticalM odels”, “SensitivityA nalysis inR egressionM odels” and
“SensitivityA nalysis inT imeSeries” below.

SensitivityA nalysisofComputerM odels
SAofC M shasbeendevelopedoverthelasttwodecadestogetherwithmassivecomputer
simulations ofengineering, chemicaland environmentalsystems. A s amatteroffact,
C M softenneedalotofinputparameterswhoserelevanceisnotapriori obviousandnot
easytoevaluateonsimulateddata. T hroughassessingthein‡uenceofeachinputtothe
modeloutputs, SAgivesusefultoolsforunderstandingcomplexmodels, reducinganalysis
complexityand/ordimensionalitybydeletingunimportantinputsand, eventually, giving
indirectevidenceforvalidatingamodelwithrespecttotheunderlyingrealproblem to
besimulated.

A SAreviewofenvironmentalC M sisgivenbyH amby[2 1]. H elton[2 5]discussesSA
techniqueswithspecialreferencetoperformanceassessmentforradioactivewastedisposal,
andreportsseveralreferencestoSAofC M srelatedtoenvironmentalissues. A mongthese
arechemicalkinetics, atmosphericchemistry, nuclearsafety, ecosystemmodels, aswellas
hydrologyandwaterpollution. A recentandcomprehensivehandbookonthesubjectof
SA isgiveninSaltelli etal. [4 8].

Thebasic, introductorySA methodhas beendiscussed inatmospherictritium dose
estimates [1]andinenvironmentalradiologicalassessment[2 9]. Theinputsxiaremoved
one-at-a-time(O AT) totheirrespectiveextremevalues, xmini andxmaxi ; ceteris paribus,
i.e. keepingalltheotherinputsxjattheircentralor“basecase” valuex0 ;j. Inthisway,
usingonly 2kC M runs, wegetaverypreliminaryrankingofinputin‡uencebasedon
thefollowingsensitivityindex

SIi=
ymaxi ¡ymini

ymaxi
;

whereymaxi isthemaximumbetweeny
¡
xmini

¢
andy(xmaxi );andy(xi) isf(x) computed

atthebasecase pointx0 exceptith inputatxi. In [14], AO T runs areproposed at
x0 ;i§c¾iwhichareappropriateforG aussian inputmarginaldistributions p (xi)witha
standarddeviation¾i= ¾ (X i):

TogetmoreinformativeSA;wecanuseoneoftwoapproaches, eitherthelocalSA
ortheglobalSA. T heformeris essentiallyanon-statisticalmethodassessingoutput
sensitivity tosmallinputperturbations. Itis based on di¤erentialanalysis, and the
modelresponsesareobtainedbytheO AT approach.



T helatteris inherentlystatisticalsinceitusesoutputuncertaintyanalysis, whichis
basedonoutputcdfandvariability. Itis primarilyaimedatassessinginputin‡uence
usingsomekindofoutputvariancedecomposition. T hesedecompositiontechniqueswith
relatedsamplingdesignshaveincreasingcomplexitiesandcomputingdemands. T here-
latedmodelsrangefromthesimplelinearmodeltotheresponsesurfacewithinteraction
model, nonparametricmodels togetherwith Fourierand M onteCarloapproximations.
T herelevanceofthesemodels inSAwillbediscussedinthefollowingsubsections.

T hemodeloutputconsideredsofaris scalar. InvariousenvironmentalC M applica-
tions, themodeloutputisapossiblyvectorvaluedgridtrajectoryorsurface. Forexample
in[49 ], theSA ofspace-timeairqualitymodels isconsidered.

L ocalSA
U ndersuitablesmoothingassumptions, asimpleapproachtothesensitivityoff canbe
givenconsideringthesecondorderTaylorexpansionaroundthebasecasex0 :

f (x0 + ¢ ) = f (x0 )+
kX

i= 1

@f(x0 )
@xi

¢ i+
1
2

kX

i= 1

kX

j= 1

@ 2 f(x0 )
@xi@xj

¢ i¢ j: (1)

Forexample, inchemicalkineticsSA literature, e.g. [52],
@f
@xi

is called…rstorderlocal

sensitivityand
@ 2 f

@xi@xj
secondorderlocalsensitivity. T heexactcomputationofthese

quantitiesmaybeacomplextaskforlargemodelsrequiringthesolutionsoflargelinear
systemsorspecializedtechniques liketheG reenfunctionmethod. TheO AT approach,
withk+ 1 runs, maybeusedtogetthe…nitedi¤erenceapproximationto…rstorderlocal
sensitivity, i.e.

@f
@xi

»= y(x0 ;i+ ¢ i)¡y(x0 ;i)
¢ i

;

forsmallperturbation¢ i;e.g. 1% :
Ifthe…rstordertruncationofequation (1) approximatelyholds overthefullinput

range, i.e. themodelis approximately linear, localsensitivities maythen beused to
assess outputglobaluncertainty. Forexample, foruncorrelatedandsymmetricinputs,
X= (X 1;:::;X k)

0;withbasecaseattheexpectationvector, x0 = E(X), wehave

E(Y ) = f (x0 )

and

V ar (Y ) =
kX

i= 1

µ
@f (x0 )
@xi

¶2
V ar (X i):

H ence, ratios
µ
@f (x0)
@xi

¶2
V ar (X i)=V ar (Y )giveimportancemeasures.



A furtherstep towards globalSA is based on repeated O AT. A ccordingtothis
approach, werunthemodelonn randomreplicatesofxifromthemarginalinputdistri-
butionp (xi):W ethencomputeimportancemeasuresbasedonoutputuncertaintydueto
xiuncertainty, ceterisparibus. Forexample, wecanusethisdatatocomputeavariance
ratio

S(y(X i))2

V ar (X i)

whereS(y(X i))
2 is thesamplevarianceofsimulatedys duetoX i. M oreover, similarly

tothecoe¢cientofvariation, wehaveana-dimensionalimportancemeasuregivenby

S(y(X i))
¹y(X i)

where¹y isthesamplemean.
T henusingsomenkruns, theseO AT statisticsallowinputrankingaccordingtotheir

importancewithoutconsideringinteractionsamonginputs. A llarelocalinthesensethat
theyusethebasecaseasreference, andchangingitmaycauseachangetoconclusions.

G lobalSA
A (global)SAmethodusuallyaimsataSA indexormeasureforassessingandranking
theoveralloraverageinputin‡uenceundersimultaneous inputvariations. T his indexis
usuallybasedonastatisticalmodelsimplifyingtheC M ; andneedsacertainamountof
dataorcomputerrunstobeestimated.

T hemainstreamofSA isbasedonimportancemeasuresresultingfromPearson’swell
knowncorrelationratio,

´2i =
V ar (E(Y jX i))

V ar (Y )
; (2)

whichgives thepercentageoutputvariationduetoinputX i:Inequation (2 ), thecon-
ditionalexpectationm (x) = E(Y jX i= x) istheregressionfunction, possiblynonlinear,
andV ar (m (X i)) isthevarianceofm (X i)usingthemarginaldistributionp (xi). Forhigh
dimensionalXi, m (Xi) isaregressionsurfaceandtheproblemsarisinginevaluatingand
estimatingits variancewillbediscussedbelow. R obustness issuesmayariseforheavily
tailedorskewedoutputdistributions.

U nfortunatelynoreliableportmanteaumethode¢cientforwhateverC M ispresently
availableandthechoicedependsgreatlyontheparticularcaseunderstudy. G oodstatis-
ticalmodellingpracticeincludingdiagnosticandvalidationshouldleadtotheappropriate
modelandsamplingsolution. Becauseofthese, globalSA iscloselyrelatedtosampling
andM onteCarlo. T hesemethodsarebasedonanumbern ofC M runsgivingsimulated
data(x1;y1);:::;(xn;yn)wherexm = (xm 1;:::;xm k); m = 1;:::;n; arerandom orquasi-
randomnumbersfromthedistributionp (x):O fcoursethedistribution p (x)de…nesthe
inputdependencestructureandits choiceshouldbeconsidered inanextendedSA [16]
as itmaya¤ectdeeplyoutputuncertainty.



D esignofExperiment

A particularnon-random samplingtechniqueis basedontheclassicaldesignofexperi-
ments (DO E) oftencoupledwithresponsesurfacemethodology. Inphysical, chemical
andengineeringexperimentsthesetechniquesarewellknown, andreferenceslike[7]and
[8]areclassics.

InSA this approachhas beenusedtoobtainasurrogatemodelontheassumption
thatalinearplus interactionapproximationtotheC M isgoodenough. Forexample, in
environmentalSA, ithasbeenusedintheestimationofdose-equivalenttomanfromthe
concentrationofradioactivityinair, waterandfood [14 ].

T heabsenceofthereplicationerroroftheclassicalmodel, y= f (x)+ ";entailssome
di¤erencesbetweenclassicalDO E andDO E forC M s [4 6]. Forexample, theleastsquare
methodcanbeinterpretedonlyasaninterpolationmethodandresidualsaresystematic
errors. N ext, theclassicalDO Econceptsofblocking, replicateandrandomizationbecome
irrelevant.

M oreover, thestochasticnatureofobservedinputs isunderscoredinclassicalDO E;
andhighinputdimensionalityofC M smaypreventusingstandardDO E software. Special
designs forC M s havethereforebeendevelopedforscreeningSA:Forexamplein [54 ];
casestudieswith 2 0 inputvariablesand30 ¡50 C M runsareconsidered.

O therdevelopmentsuserandomandstrati…edsampling. A mongthese, L atinhyper-
cubesamplinggivesgoodestimatesoftheoutputexpectation, ¹ = E(f(X));whenf is
monotonicineachcoordinate. A univariateL atinhypercubesampleofsizen isastrati…ed
sampleinwhichthestrataarethen equalprobabilityintervalsandthen samplevalues
arerandomlyselectedfrom eachstratum usingthedistribution p (xi) conditionaltothe
stratum. M ultivariatede…nitionsreadilyapplyforindependentvectorsandappropriate
techniquescoveringinputswithparticularcorrelationstructureshavebeenappliedin[32 ]
tothegeologicaldisposalofradioactivewaste.

In the lightofmore powerfulbutmore computation-demanding M onte CarloSA
below, simpli…edDO E andAO T samplingapproachesmaybeusefulinscreeningSA for
apreliminaryreductionofhighdimensionalinputs.

CorrelationM ethods

T hesimplestapproximationtothegeneralcorrelationratio(2 ) isthesquareofPearson’s
linearcorrelationcoe¢cient

r (y;xi) =
P

m (ym ¡¹y)(xm i¡¹xi)qP
m (ym ¡¹y)2

P
m (xm i¡¹xi)2

:

T henextstep is toconsidersimultaneous inpute¤ects. T hecorrespondinglinearcorre-
lationcoe¢cientisthepartialcorrelationcoe¢cient[51]which, roughlyspeaking, isthe
correlationbetweenyandxiaftereliminatingthelineare¤ectoftheremaininginputsxj;
j6= i; frombothyandxi:



R egressionM ethods

Iftwodi¤erentinputsxiandxjhavethesamecorrelationwiththemodeloutput, theymay
havedi¤erentin‡uencesinthedi¤erentialsense. U singalinearregressionapproximation,

y= x0̄ + e; (3)

we see thatthe …rstorderlocalsensitivities ofequation (1) can be estimated bythe
LS regression coe¢cients (see e.g. (17) below). R elated measures, corrected forthe
uncertainty, arebasedonthestandardizedregressioncoe¢cients

¯i
¾i

¾ (Y )
:

O fcourse, theseregressionquantitiesaremeaningfulifmodel(3) hasagood…tting, for
examplethemultipledeterminationcoe¢cientR 2 cannotbesmall.

Inordertoreducethein‡uenceofnon-normalityand/ornonlinearityonthesestatistics
somedatatransformation maybeuseful. Forexample, in environmentalrelated risk
analysis, thelog-transform [33]andrank-transform [32]havebeenused. T heformerisa
populartransforminenvironmentalstatisticsbecauseofthelog-normaldistribution. T he
latteris distributionfreeforcontinuousdistributions, and is capableofdetectinginput
importancefornonlinearmonotonicrelations. BothareweakindetectingU -shapedor
periodicrelations, andbothdistorttheoriginalscaleandcurvature.

G raphicalregression diagnostics are usefulas complements toregression methods.
A mongthese, inSA literature, bivariatescatterplotsofinputsvs. outputarewidelyused
toolsgivinginformationonimportanceandlinearity.

N onlinearSensitivityA nalysis

T hemorecomplexandre…nedSAmethodsarebasedonnonparametricvariancedecom-
positionsappliedtononlinearmodels. T heideaofSobol’, asdiscussedin[30]and[9], is
basedonthefollowingdecomposition

f (x) = f0 +
kX

i= 1

fi(xi)+
X

i< j

fij(xi;xj)+ :::+ f1;2 ;:::;k(x1;:::;xk); (4)

wheref0 = E(f (X)); fiarethe…rstorderfactors, fijarethesecondorderinteractions
and soon. T hese componentfunctions are zeromean and uncorrelated, sothatthe
correspondingvariancedecompositionin 2 k¡1 summandsholds, namely

V ar (Y ) = V =
X

Vi+
X

i< j

Vij+ :::: (5)

A s inequation(2 );the…rstordercomponents,

Vi= E
¡
f2i

¢
= V ar (E(Y jX i)); (6)



canbeusedtoassessthe…rstordernonlinearin‡uenceofX i:SimilarlyVijsgivehigher
ordersensitivitiesbymeansof

Sij=
Vij
V

andsoon.
Forestimating…rstordersensitivities, various samplingplans areavailable. Tosee

these, considerinputpartitioning

x=
¡
xi;x(i)

¢
(7 )

wherex(i) isxwithoutitsithelementxi.
T he conceptually simplest, butcomputationallymoredemanding, samplingdesign

requiresestimatingconditionalmeansusingr replicatesforeveryxm i, i.e.

¹ym i=
1
r

rX

t= 1

f
¡
xm i;xt(i)

¢
:

T hisgivestheAN O V A-likesensitivityestimate

~́2i =
~Vi
~V
=

1
n
P n

m = 1 (¹ym i¡¹y)2

1
nr

P n
m = 1

P r
t= 1

¡
f
¡
xm i;xt(i)

¢
¡¹y

¢2 ;

where¹y isthegrandmean. A waytoreducethenumberofruns nr for~́2i istoestimate
directlyE(f2i) inequation(6)usingtwoindependentreplicates, xm (i) andx¤m (i), forevery
xm i. T hisgives

V̂i=
1
n

nX

m = 1

f
¡
xm i;xm (i)

¢
f
¡
xm i;x¤m (i)

¢
¡f̂20 (8)

atthecostof2 n runsplusanotherm runsforV̂ and f̂0 = 1
n

P
m f (xm ). N otethatsince

bothaboveViestimateshave
p
n rateofconvergenceusingM onteCarlosampling, V̂i is

consequentlymoree¢cientthen ~Vi:
Secondordertermsarenowestimatedusing

V̂ij=
1
n

nX

m = 1

f
¡
xm i;xm j;xm (ij)

¢
f
¡
xm i;xm j;x¤m (ij)

¢
¡V̂i¡V̂j¡f̂20

andcorrespondingformulaeholdforhigherorderinteractionestimates. H enceafullSA
wouldrequireanumberofrunsoforder2 n 2 k:

Ifwehave
Pk

i= 1 Vi»= V , thentheC M understudydoesnotshowrelevantinteractions.
U nfortunately, this is notoftenthecaseinC M simulation. Inordertoavoidtheabove
curse ofdimensionalitywithoutlosingtoomuch information on interactions, a single
totalsensitivity indexTSIihas beenconsidered. Ittakes intoaccountallinteraction-
componentsinequation(4 )whichhavetheterm xi .



Toseethis, recallinginputpartition(7);rewriteequation(4 )as

f(x) = f0 + fi(xi)+ f(i)
¡
x(i)

¢
+ fi(i)

¡
xi;x(i)

¢

andvarianceequation(5) as

V = Vi+ V(i) + Vi(i):

H encethetotalvarianceduetoX i is

V tot
i = Vi+ Vi(i) = V ¡V(i):

Inthelightofformula(8); V(i) + f20 isestimatedusing2 m runsasfollows

V̂(i) =
1
m

nX

m = 1

f
¡
x¤m i;xm (i)

¢
f
¡
xm i;xm (i)

¢
¡f̂20

andthetotalsensitivityindexiscomputedby

dTSI i=
V̂ ¡V̂(i)

V̂
: (9 )

T heaccuracyofthese estimates can beassessed bytheirasymptotic M onteCarlo
standarddeviationsorcon…denceintervals. T hisiseasilydone, notingthatf̂0 andV̂i+ f̂20
statisticsareessentiallysamplemeans. H ence, usingstandardsamplingresults, wehave
thefollowingestimateswithoutadditionalC M runs:

V ar
³
f̂0
´
»= 1

m

Ã
1
m

nX

m = 1

f
¡
x¤m i;xm (i)

¢2 ¡f̂20

!

and

V ar
³
V̂i
´
»= 1

m

Ã
1
m

nX

m = 1

¡
f
¡
xm i;xm (i)

¢
f
¡
x¤m i;xm (i)

¢¢2 ¡
³
V̂i+ f̂20

2́
!
:

FA ST M ethod

T heabovemethodwithM onteCarlosamplingisquitegeneralandlittlemodel-assumption
demanding. A samatteroffact, itgivesmodel-freeimportancemeasureswithestimated
standarddeviations, outputuncertaintyandcdfwithoutusingsurrogatemodels. T he
maindrawbackmaybethelargenumberofC M runsrequired.

A napproachgivingsimilarimportancemeasures andrequiringasmallernumberof
C M runsisbasedontheFourieramplitudesensitivitytest(FAST) [4 7]. Thistechnique
isbasedonthefollowingFourierapproximation

E(Y )»= 1
2 ¼

Z ¼

¡¼
F (s)d s (10)



where

F (s) = f (g1 (s);:::;gk(s))

and

xi= gi(s) = G i(sin!is)

forappropriatefunctions G iandfrequencies !i. A pproximation(10 ) anditscompanion

V ar (Y ) »= 1
2 ¼

R¼
¡¼ F (s)

2 d s¡E(Y )2 , are interestingbecause they reduce amultiple
integralintoaone-dimensionalintegral.

M oreover, usingtheFourierseriesrepresentationforf(s);weget

V ar (Y )»=
1X

h= 1

¡
A2h + B 2

h

¢

and

Vi»=
1X

h= 1

¡
A2h !i+ B 2

h !i

¢
(11)

whereAh andB h aretheFouriercoe¢cientsgivenby

Ah =
1
¼

Z¼

¡¼
F (s)c os(js)d s

and

B h =
1
¼

Z ¼

¡¼
F (s)sin(js)d s:

H ence, FAST methodisessentiallybasedoncomputingthequantitiesAh andB h viaap-
propriatenumericaland/orM onteCarloone-dimensionalintegrationbasedonthesame,
N say, C M runs.

FAST methoddoesnotgivepracticalmethods forsecondandhigherorderinterac-
tions, butextended FAST [4 7]allows computingtotalsensitivity indexes (9) without
additionalC M runs:Todothis, extendedFAST assignsafrequency!itoxiandacom-
monfrequency!(i) 6= !itoallotherinputs. H ence, V(i) is estimatedviaequation (11)
…lledwithfrequency!(i).

Summingup, FAST is ane¢cienttoolforglobalSA butits properuseandunder-
standingrequirealevelofmathematicswhichmaybedi¢culttoexplain.

SensitivityA nalysisofStatisticalM odels
Instatistics, sensitivityanalysis(SA )canbeconsideredasetoftoolsaimingatascertain-
ingthedegreeofdependenceoftheresults tothehypotheses underlyingtheparticular
techniques employed(e.g. normality in theregressionmodel) ortonatureofthedata



(presenceofatypical, unusualobservations). A lackofsensitivitytosuchaspectsisknown
asrobustness. Inotherwords, SA triestoevaluatehowtheoutcomeofthe(statistical)
analysischangeswhenperturbationsareintroducedintheproblem formulation.

Consideringthefeatures inthedata, SA looksforobservationsmostlya¤ectingsome
oralloftheaspectsoftheanalysis. Inthiscontext, asubsetofdataissaidtobein‡uential
ifitsomissioncauses substantialchanges intheestimates, con…denceregions, tests, etc.
U sually, in‡uentialobservationsappeartobeoutsidethepatternde…nedbythebulkof
thedatabecausegrosserrorscanoccurinrecordingorprocessingthedataorbecausethe
underlyingdistributionthatgeneratesthedataisdi¤erentfromthehypothesizedone.

Inmodelbuilding, …ndingin‡uentialobservationscanbeusefulfortheanalystinat
leasttwoways. In the…rstplace, in‡uentialcases mayhighlightgross measurements
andrecordingorprocessingerrors. Secondly, …ndingmanyin‡uentialobservationscould
suggestthattheadoptedmodelisinadequatefordescribingtherealproblemunderstudy.

In‡uentialobservationsmaybecomenonin‡uentialifthemodelismodi…ed(e.g. adding
ortrasformingthevariables, selectingadi¤erentmodel)orifalternative…ttingmethods
areused(robustorbounded-in‡uence).

In‡uenceCurves
A generaltoolformeasuringthein‡uenceofanobservationisrepresentedbythe in‡u-
encecurve(orfunction) introducedbyH ampel([22],[23]), furtheraspectsofwhichare
investigatedin[24],[28], [31].

T hemain ideaofin‡uencecurveis intuitivelyeasy. L etx1;x2 ;::;xn beasampleof
independentobservations from thecdfF:L etTn = T(x1;x2 ;::;xn) bea(Fisher) con-
sistentestimatoroftheunknown(scalarorvectorial) parameterµ = T(F) expressedas
afunctionalofF (e.g. thepopulationmeancanbewritten T(F) = E(X ) =

R
xd F).

A nalogously, letTn = T(Fn) betheestimatorexpressedasafunctionaloftheempirical
cdfFn (e.g.thesamplemean n¡1

P n
i= 1 xicanbewrittenT(Fn) =

R
xd Fn).

Inordertoevaluatethein‡uenceonTn ofanewobservationxaddedtoalargesample
(i.e. n ! 1 ), thein‡uencecurveoftheestimatorTn isde…ned, undersuitableconditions,
as:

I C (x;T;F) = lim
²! 0

T [(1¡²)F + ²±x]¡T(F)
²

; (12)

where±x isthecdfofadegeneratevariablewhichgivesmass1 tox. Inotherwords, the
in‡uencecurveassessesthevariationinT causedbyasmallcontaminationofF atthe
valuex.

T hein‡uencecurveindicates thesensitivityoftheestimatortoanindividualobser-
vationanddescribes itslocalbehavior. M oreover, thein‡uencecurveprovidesatoolfor
evaluatingtherobustnessofanestimatorwithrespecttoatypicaldata: estimatorswith
aboundedin‡uencecurvecanbeconsideredalmostinsensitivetooutliers.

T hepreviousde…nition(12) isentirelyasymptoticbecauseitfocusesonthein…nites-
imalin‡uencethatanobservationhasontheasymptoticvalueoftheestimator:N ever-
theless, forpracticalpurposes, various …nitesampleversions ofthe in‡uencecurveare
available, forexamplein[24]. T hesimplest…niteapproximationistheso-calledempirical



in‡uencecurve, obtainedbyaddingx tothesample(x1;:::;xn¡1)andplottingthevalues
oftheestimatorTn(x1;:::;xn¡1;x)againstdi¤erentvaluesofx.

H erewefocusonamoreusefulversiongivenbythefollowingsensitivitycurve(SC ):

SC n(x) = n [Tn(x1;:::;xn¡1;x)¡Tn¡1(x1;:::;xn¡1)]: (13)

Iftheestimatorisexpressedasfunctionaloftheempiricalcdf, equation(13) becomes:

SC n(x) = n
·
T
µ
(1¡1

n
)Fn¡1 +

1
n
±x
¶
¡T(Fn¡1)

¸
: (14)

N otethatthis lastexpressioncanbealsoobtainedfrom equation(12) replacing² with
n¡1 andomittingthelimit.

A slightvariantofexpression(13), widelyusedinSA aimingtoevaluatethein‡uence
onTn oftheobservationx, when itis deletedfrom thesample, is thesample in‡uence
curve(SI C ), de…nedas:

SI C (x) = (n ¡1)[Tn(x1;:::;xn¡1;x)¡Tn¡1(x1;:::;xn¡1)]: (15)

A s anexample, considerasymmetricdistributionwithitscentreofsymmetrygiven
by µ. Inthis case, wemayusethesamplemeanorthesamplemedian, widelyused in
environmentalstatistics, asestimatorsofµ. T heSCsofthetwoestimatorsarerepresented
in…gure1 and…gure2, respectively.

O bservethattheSC forthemeanisunboundedwhenx ! §1 ; thatisthemeanis
extremelysensitivetoasinglelargeoutlier. O nthecontrary, theSC forthemedian is
bounded. T hus, themedianappearstobemorerobustthanthemeanwithrespecttothe
outliers, butitisstillsensitivetoroundingandgroupingerrorsaroundcentralvalues. In
ordertoovercomethisdrawback, thebroadenedmedian[28]maybeconsidered.

T hesamplemedianmaybemoree¢cientthanthemeanwhendealingwithdistribu-
tionscharacterizedbytailsheavierthanthenormaldistribution. A naturalcompromise
betweenthemeanandthemedian is representedbyboththetrimmedandwinsorized
means [28]. T he …rstestimatordoes notconsidertheextremeobservations, whilethe
secondgivesthemdi¤erentweights.

SensitivityA nalysis inR egressionM odels
T heelementsde…ningtheregressionmodelaretheunderlyinghypotheses, variablesand
observations. T heSA (orin‡uencestudy) forregressionmodels consists inmonitoring
thechanges inthe…nalresultswhentheelementsofthemodelareperturbed.

T hemainissuesindesigningmethodsforregressionSA arethechoiceofperturbation
scheme, theaspects ofthemodelneedingcheckingandthewaytoassess andmeasure
anyin‡uence.

Ifwefocus on thedata, an interestingmethodforperturbation is todeleteobser-
vations, individuallyoringroups. T his approach is knownas case-deletionanditaims
toevaluatethe in‡uenceofan observation, orobservation subset, on someaspects of
theregressionanalysis. T heobservations that, eitherindividuallyoringroups, havea



demonstrableimpactonsomeorallaspectsoftheanalysis, arecalled in‡uential. T his
de…nitiontendstobesubjective: itdoes notprovideawaytomeasurethein‡uenceof
anobservationandneitherdoesitclarifywhichaspectsofthein‡uenceshouldbeinvesti-
gated. Infact, anobservationmayin‡uencethevectorofparametersestimated, alinear
combinationoftheseparameters, theestimationofthevariance, …ttedvalues, con…dence
intervalsaswellasthegoodness-of-…tstatistics, thoughitmaywellhaveadi¤erente¤ect
oneachofthese. T hus, thequestion“in‡uenceonwhat?” playsacentralroleindesigning
in‡uencediagnostics. M anymeasuresofin‡uenceareproposed. Chatterjee& H adi [10]
suggesttwoapproachesanddiscussdi¤erentmethodsforeachofthem.

In the regressionmodelthe studyofin‡uenceproduces information aboutthere-
liabilityoftheconclusions. T hedetectionofin‡uentialobservations could suggestan
inadequacyofthemodeloraviolationoftheunderlyinghypothesis([40],[53]).

W econsidertheusualmultipleregressionmodel:

Y = X̄ + ² (16)

whereY isan£1 vectorofvaluesoftheresponse(dependent)variable;Xisan£p full-
columnrankmatrixofknownregressors (orexplanatoryvariables, factors andcarriers)
usuallyincludingaconstantcolumnofones;¯ is ap£1 vectorofunknownparameters
(orcoe¢cients) tobeestimated;² isan £1 vectoroferrors, independentandnormally
distributedwithzeromeanandvariance¾ 2:T he ithobservationwillbeindicatedwith
(x0i;yi); wherex0irepresents the ithrowofXandyi is the ithelementofY . R eaders
interestedinregressionmodelscanconsult[15],[37 ],[50],[53].

L et

^̄= (X0X)¡1X0Y (17 )

betheleastsquares (L S) estimator. W ecallresidualthequantity ri = yi¡ŷi, where
ŷi= x0î̄ istheithestimatedvalueofthedependentvariable. Inthecontextofregression
diagnostics, observationswithhighresiduals areconsideredverticaloutliers oroutliers
on the response variable. T hese observations maygenerally in‡uencethe interceptof
themodel. N evertheless, inorderto…ndtheoutliers, di¤erentforms ofresidualstan-
dardizationmaybeusedtoobtainmoresuitablediagnostics. T hemostcommonare:
standardizedresiduals r¤i = ri=¾̂;where ¾̂ is thestandarderrorofregression;internally
studentizedresiduals ti = ri=(¾̂

p
1¡hii); where hii is the ithdiagonalelementofthe

hatmatrixH = X(X0X)¡1X0, orexternallystudentizedresidualst(i) = ri=(¾̂ (i)
p
1¡hii);

where ¾̂ (i) is thestandarderrorofregressioncomputedwithouttheithobservation. A s
aruleofthumb, anobservationwithresidual, inabsolutevalue, largerthan 2 :5canbe
consideredanoutlierontheresponsevariable.

Inthestudyofin‡uence, theelements hijofthehatmatrixplayacentralrole. T hey

haveadoubleinterpretation. Firstofall, since ŷi=
nP

j= 1
hijyj; itfollowsthat

@ŷi
@yj

= hij;

andthus hijcanbeconsideredastheamountofleverageeachobservedvalueyjhas in
determiningthe…tted ŷi. W erefertoapoint(x0i;yi)withahigh hiiasleveragepoint,
andgenerallywecallhiithe(potential) leverageofthedatapoint(x0i;yi):

From thepropertiesofthehatmatrixwidelydiscussedin [10], itfollowsthatinthe
regressionmodelwithoutintercept, 0 ·hii·1. T hen, ifhii= 1; ŷi is determinedonly



byyiandtheregressionhyperplanepassesthroughyiwhile, ifhii= 0 , thenyidoesnot
haveanyin‡uenceon ŷiwhichtakeszerovalue. M oreover, fortheregressionmodelwith
intercept, we…ndthatn¡1 ·hii·1:

T heelements hiialsohaveaninterestinggeometricinterpretation. Intheregression
modelwith interceptterm ([42],[53]), the leverage is related to squared M ahalanobis

distance(M D) ofthenonconstantregressors bytherelation hii =
1

n ¡1M D 2
i +

1
n
. It

thenrepresents inthe(p ¡1) dimensionalspacearemotenessmeasureofthepointx0i,
withouttheconstantterm 1, from thecentroidofthenonconstantregressors. A high
valueofhii indicatesthatx0iliesfarfrom thebulkofotherpoints. T heleverageisthen
usedasadiagnosticmeasureinordertoidentify(horizontal)outliersinthefactorspace.

O bservationswhichappearoutlyinginthefactorspacearesaidgoodleveragepoints
ifthepoint(x0i;yi) is in themain datatrend. O therwisetheseatypicalobservations
are saidbadleverage points, andusuallyhaveastrongin‡uenceon severalaspects of
regression analysis. R ousseeuw& L eroy [42]callthebad leveragepoints andvertical
outliersregressionoutliers. A typicalcut-o¤ valuefortheleverageis 2 p=n.

Ifwefocus onthe in‡uencethatasingleobservation has on the L S estimator, we
mayusethein‡uencecurveoroneofitssampleversions, discussedindepthin[10],[13].
A widelyused…nitesampleversionofin‡uencecurverepresentingthein‡uenceofthe
ithobservationontheL S estimatoris the…nitesamplein‡uencecurve(SI C ), already
de…nedbyequation(15). Intheregressionmodelitbecomes:

SICi = (n ¡1)(^̄¡^̄(i)) (18)

=
(n ¡1)(X0X)¡1xiri

1¡hii
, i= 1;2 ;:::n;

where ^̄(i) istheL S estimatedvectorsofcoe¢cientsobtainedafterdeletingtheithcase
(x0i;yi).

SincetheSICi is avectorofsize p; adirectcomparisonbetween ^̄ and ^̄(i) is not
possible. T hen, inordertocharacterizethein‡uenceandranktheobservationsaccording
totheirin‡uence, itmaybeusefultouseascalarversionoftheSI C . A wellknownscalar
measureofin‡uenceisCook’sdistance([11], [12]), de…nedas:

Di=
(^̄¡^̄(i))0X0X(^̄¡^̄(i))

p¾̂ 2
: (19 )

Itexpresses the impactofthe ithobservationonthe L S estimatedcoe¢cients vector.
A ninterestingexpressionofCook’sdistanceequivalenttotheaboveonebuttakinginto
accountthesensitivityofthe…ttingandpredictioncapabilitymodel, is:

Di=
(Ŷ ¡Ŷ (i))0(Ŷ ¡Ŷ (i))

p¾̂ 2
: (20)

H ere Ŷ (i) isthen£1 estimatedvaluesvectorofthedependentvariableobtainedwithout
the ithcase. In this form Dicanbe interpreted(exceptforascaleparameter) as the
squaredEuclideandistancebetweenthetwo…ttedvectors Ŷ (i) and Ŷ .



A notherexpression ofequation (19 ) computationallymore convenientand rich in
information, becauseitputs inevidencethelinkwiththeregressionoutliers, is:

Di=
1
p
t2i

hii
1¡hii

: (21)

Inthisform Di isafunctionoftheinternallystudentizedresidualti;whichre‡ectshow
wellthemodel…tstheyi, andofhiiwhichmeasurestheoutlyingnessofthepointx0i in
thefactorspace. T his statisticprovides, therefore, aglobalmeasureofthein‡uenceof
theithobservation. Forexample, inhydrologicalassessment, Becciuetal. [2]useCook’s
distancetomodeltheminimum in-stream ‡owindrainagebasins oftheCentralA lps.
Cook([11],[12]) suggestsconsideringasheuristicthresholdvaluethepercentagepointof
acentralFisherdistributionwith p andn ¡p degreesoffreedom. M oresimply, Cook&
W eisberg[13]retainedacut-o¤ of1.

W ecan…ndsomeotherwellknowndiagnosticsbasedonthesingle-case-deletionap-
proach, suchasDFFI TSi, DFB ETASi, in[3],[10],[13]. T hesemethodshavebeenwidely
acceptedbecauseoftheircomputationalsimplicity, intuitiveaspectsandforbeingavail-
ableinthemostcommonstatisticalpackages.

O therdi¤erentapproaches may be developed modifying the perturbation scheme
and/orusingdi¤erentmeasuresfrom thein‡uencecurves. Forclassicaldiagnostics, in-
terestedreadersarereferredto[10],[13]. Inestimatingthesourcesofairborneparticulate
matter, Kim & H enry [34]proposesomeoriginalnondeletionregressiondiagnostics for
identifyingin‡uentialspecies inthechemicalmassbalancereceptormodel.

T hemethods investigatedsofarareusefulforassessingthein‡uenceofasingleob-
servation. Inprinciple, theassessmentofthein‡uenceofmultipleobservations canbe
obtainedbygeneralizingthein‡uencediagnosticspreviouslyintroduced. Forinstance, if
I= (i1;i2 ;::;ik)0with 1 · ij· n is avectorofthe indices ofselectedcases, anatural
extensionofCook’sdistanceis:

DI=
(̄ ¡^̄(I))0X0X(̄ ¡^̄(I))

p¾̂ 2
: (22)

Ifwedonothaveanypriorknowledgeaboutthenumberkofin‡uentialobservations
in thedataset, allpossiblesubsets ofobservations shouldbe investigated. W henthe
size ofthe data setis large, this proceduremay becomeunfeasible. M oreover, more
complex situations may occurforwhich a deeperstudy is needed. Forexample, an
observationnotindividuallyin‡uentialbecomessoifconsideredingroups. O ntheother
hand, observationswhichare individuallyin‡uentialmaynotbeifconsideredtogether
withothers. T his situationisrepresentedin…gure3.

A waytoobtainsomeinformationonthepossiblenumberofin‡uentialobservations
istolookforregressionoutliersappearinginthedataandthen…xkequaltothenumber
ofoutliers discovered. Ifadatasetcontains asingleoutlierorin‡uentialobservation
theproblemofidentifyingsuchanobservationisrelativelysimple: traditionalregression
diagnostics ofremoteness orin‡uence, basedonthe L S residuals andon theelements
hii; workwell. N evertheless, detectingmultipleoutliers bymeansofthetraditionalL S
diagnosticscouldbecomemoredi¢cult(seee.g. [42]). T hisistheconsequenceofmasking



andswampinge¤ ects. M askingoccurswhenasubsetofoutliers isnotcorrectlydetected
becauseitisclosedtoanothergroupofobservations. Swampingoccurswhentypicalob-
servationsareincorrectlyidenti…edasoutliersbecauseofthepresenceofanotheroutlying
subsetofobservations. T hesetwoe¤ectsoccurbecausetheL S methodis sensitiveboth
tohighleveragepointsandverticaloutliers.

Toovercometheproblemofcorrectlyidentifyingoutlyingobservations, othermeasures
notbasedonthetraditionalL S quantityareneeded. T heideaistouserobustestimation
methodsnotin‡uencedbyoutliersand, onthebasisoftheresultsobtained, buildingnew
diagnostics.

T hemostcommonrobustestimationmethods fallintothreeclasses: M -estimators,
L -estimators and R -estimators and, foreach ofthem, many estimators are proposed.
Fortherobustregressionmethods thereaderis referredto[4],[35],[42]whileforrobust
methodologyingeneralto[24],[28],[31],[55].

T hedegreeofrobustnessofanestimatorismeasuredbythebreakdownpoint, which
represents, roughlyspeaking, thelargestproportionofoutliersthatcanoccurinthedata
withoutmakingthevalueoftheestimatorarbitrarilyunbounded. Becauseofthehigh
sensitivitytoregressionoutliers, the L S estimatorhasabreakdownpointequalto0% .
T heM , L andR estimatorsareinsteadmorerobustwithregardtoverticaloutliers, but
arestillsensitivetoleveragepoints. Inanycase, theirbreakdownpointislessthan30% .
T hemaximumpossiblebreakdownpointis50% . T hisvalueisachievedbyleastmedianof
squares(L M S) andleasttrimmedsquares(L T S) methodsofestimation. Foracomplete
description ofthesemethods thereaderis referred to [41]and [42], while forfurther
developmentsto[43],[44],[45]. A computerprogram, P R O G R ESS, allowsthecalculation
oftheL M S orL T S coe¢cientsfor(robust) regressionmodelandarobustversionofthe
residuals. M oreover, R ousseeuw& VanZ omeran[43]proposeaclassi…cationruleforthe
observations, basedontheplotoftheL M S robustresiduals againstarobustversionof
the M ahalanobis distance, whichcanbeobtainedbythecomputerprogram M IN V O L .
T hetwomentionedprogramsareavailableandtheyhavebeenincorporatedforexample
inS-PlusandSA S/IM L softwarepackages.

Even ifthe L M S and L T S methods have somedrawbacks ([17 ],[20],[26],[42]) many
examples ([40],[42],[43],[44],) showthatthesemethodscouldbeusedasexploratorytool
fordetectingandclassifyingatypicaldata.
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SensitivityA nalysis inT imeSeries
T imeseries analysis plays acentralroleinenvironmentalstatistics sincedatacollected
overtimearewidelyusedand seasonality, trend, forecastingandmonitoringareoften
relevanttopics.

SAforenvironmentaltimeseriesisimportantbecauseifsomedataareveryin‡uential
forthemodelathand, we…ndourselves facingoneofthefollowingtwopoints: i) data
qualityislowandtheestimatedmodelisnotrobusttooutliers;ii)themodelisinadequate
forthedataunderstudy.

Inthis section, wewillconsiderSA methods basedon in‡uencecurves andCook’s
distance. A s longastimeseriesmodelsarerelatedtoregressionmodels, thecorrespond-
ingSA methods showsimilarities anddi¤erences. In particular, thedi¤erenceamong
horizontalandverticaloutliers isnotimmediateas intheregressionsetup.

N onparametricIn‡uenceM easures
Inthissection, wefollowL efrançois[36]andconsideranin‡uencemeasurefortheautocor-
relationfunctionallowingindicationforin‡uentialobservationsatanearlystageofmodel
building. Strictlyspeaking, theoutlierde…nitionismodeldependent. N evertheless, the
nonparametricapproachofthis sectionisusefulbecauseoutliersareoftenin‡uentialfor
theentireclassofmodelsunderstudy. M oreover, searchingforin‡uentialobservationsin
thiswayiscomputationallycheaperthantheparametricapproachofnextsectionwhere,
usingthesingle-case-deletionapproachthemodelhavetobere-estimatedn times.

L etYt; t= 1;2 ;:::bearegularstationaryG aussianprocess [2 7]withautocorrelations
½h and sample autocovariances and autocorrelations given bych and rh ; respectively.
Consideringthein‡uenceforthesingleparameter½h duetotheithobservation, astatistic
equivalentforlargesamplestothesamplein‡uencecurve(15) is

SI C i;h = Z i(Z i+ h + Z i¡h ¡rh Z i);

where Z t=
Yt¡¹Y
c0

. T hein‡uencefortheautocorrelationfunctiontruncatedatlagL is
thencollectedbythevector

SICi= (SI C i;1;:::;SI C i;L)
0

andsummarizedbythequadraticform

Q I C i= (SICi¡Z î¹i)
0ª̂ ¡1i (SICi¡Z î¹i);

where¹̂iand ª̂ iarematrixfunctionsofthesampleautocorrelations r1;:::;rL:U singthe
knownasymptoticdistributionofQ I C , wecanthentestforin‡uentialobservationsand
forthemostin‡uentialobservationatanearlystageofmodelbuilding.



In‡uenceM easuresforA R IM A M odels
L etYt; t= 0 ;§1;§2 ;:::beanAR I M A(p;d ;q) standardprocess [2 7]givenbythepoly-
nomialequation

a (B )rd Yt= c(B )At

ortheequivalentdi¤erenceequation

rd Yt=
pX

i= 1

aird Yt¡i+
qX

i= 1

ciAt:

Intheseequations, a (B ) = 1¡a1B ¡:::¡apB p andc(B ) = 1¡c1B ¡:::¡cqB q are
polynomialoperatorswithrootsoutsidetheunitcircle. T hebackshiftoperatorB issuch
thatYt¡1 = B Ytandrd = (1¡B )d :M oreoverrd Yt is azeromeanstationaryprocess
andAtisanindependentN (0 ;¾ 2 ) sequence.

ConsiderthemodelofadditiveoutlierattimeiforwhichY ¤t isthetrueAR I M Aprocess
butweobserve

Yt=
½

Y ¤t t6= i
Y ¤t + wi t= i: (23)

T hismodelisusefule.g. inenvironmentalhighfrequencytimeseriesanalysisasenviron-
mentaldataareoftena¤ectedbymeasurementerrors[5]. Togetherwiththeinnovational
outliermodel, theaboveadditiveoutliermodelis aparticularcaseofthegeneralinter-
ventionanalysismodelwhichBoxandT iao[6]usedtoassesstheimpactofthenewlaw
ofgasolinecompositionontroposphericozoneinL os A ngelesCityinthe1960.

A dditive and innovationaloutliermodels may be handled by iterative detection-
estimationtechniques, [2 7]. O n-line statisticaldetectionofmeasurementerroroutliers
is applied by [5]tohourlyozonedata in downtown Bologna, Italy. H ereweconsider
o¤ -lineorretrospectivein‡uencemeasuresforsingleoutliers.

Inanalogywithin‡uencemeasuresofprevioussections, Peña[38]introducedaCook-
typedistance. Toseethis, let

Y ¤t =
hX

j= 1

¼jY ¤t¡j+ At (24)

betheAR approximationoftheaboveAR I M A(p;d ;q)processforappropriateh . Con-
sideringtheregressioninterpretationofequation(2 4 );underthenon-outlierhypothesis,
wi = 0 , wehaveYt= Y ¤t and ¼̂ = (X0X)¡1X0Y is thestandardconditionalmaximum
likelihoodestimateof¼ = (¼ 1;:::;¼ h)

0whereXis theregressor-type(n ¡h)£h dimen-
sionalmatrixwith(g;j)thelementgivenbyYh + g¡jandY istheresponsevectorwithjth
elementgivenbyY h+ j. M oreover, let

¡
¼̂(i);ŵi

¢
bethecorrespondingunconstrainedcon-

ditionalmaximum likelihoodestimate, where¼̂(i) correspondstothesingle-case-deletion
approachofprevious section. A s amatteroffact, usingKalman…lteringtechniques it
canbeshownthat, [39], ¼̂(i) isthesameastheconditionalmaximumlikelihoodestimate



whenYi ismissing. T henasin‡uencestatistic, Peñasuggeststhefollowingstandardized
M ahalanobisdistance

Di=
¡
¼̂¡¼̂(i)

¢0(X0X)
¡
¼̂¡¼̂(i)

¢

(p + q) ¾̂ 2
; (25)

where ¾̂ 2 istheusualonesteppredictionerrorvarianceestimate.
L ikeCook’sdistanceinstandardregression (19), Peña’sdistanceis basedonsimilar

SI C quadraticformandhassimilarinterpretationforassessingtheobservationin‡uence
totheforecasts. Inparticular, theonestep forecastsusingthemodelwithandwithout
outliers andthefullregressordatasetaregivenby Ŷ = X̂¼ and Ŷ (i) = X̂¼(i):N ote
thatXisthesameinbothequationsand, strictlyspeaking, Ŷ (i) isnottheforecastfrom
anadditiveoutliermodelwheretheYielements inXwouldbecorrectedforŵi. N ow,
thePeñastatisticis proportionaltothesquaredEuclideandistancebetweentheabove
predictionvectors, namely

Di=

³
Ŷ ¡Ŷ (i)

0́³
Ŷ ¡Ŷ (i)

´

(p + q) ¾̂ 2
: (26)

M oreover, adecomposition (2 1) canbede…nedwhichisconceptuallysimilartobutless
simplethan(2 1).

Plottingthis statisticagainstigives asimpletoolfordetectingin‡uentialoutliers.
U nfortunately, nodirectreferencetoamodelindependenthatmatrix is availableand,
unlike in thestandardregression case (2 1), here, foreach i= 1;:::;n , weneed tore-
estimate¼̂(i) ortherelatedAR I M A parameters

¡
â(i);ĉ (i)

¢
andthecomputationtimefor

theabovementionedDiplotmayberelevant.
N otethat, thecorrespondingCook’s statisticforinnovationaloutlierswas shownby

[38]togiveanunreliableprocedure.

In‡uenceM easuresforD ynamicR egressionM odels
In environmentaltime series analysis, often covariates and regression with correlated
errorshavetobeused. Examplesarewaterpollutionmonitoringin N iagaraR iver[18],
andtroposphericozoneconcentrationmodelwithmeteorologicalvariablesandprecursors
[19].

A n environmentalprotection problem is concerned in [39]where, consideringagas
furnace, therelationamongtheoutputcarbondioxideconcentrationandgas-feedrate
(Ut) isassessedthroughtheclassicaltransferfunctionmodel[2 7]. Thiscanbewrittenas

Y ¤t = º (B )Ut+
1

¼ (B )
At; (27 )

withrationaloperatorsº (B )and¼ (B )oforder(m ;a)and(p;q)respectively. Paralleling
theAR I M A case(2 4 ), equation(2 7) canbewrittenasalaggedregression, namely

Y ¤t =
X

j

¼jY ¤t¡j+ ¼ (B )
X

j

ºjUt¡j+ At:



T hen, theforecastdistance(2 6)forthefullparameterµ = (¼;º)canbedecomposedinto
anin‡uencemeasurefor¼;anin‡uencemeasureforº andaninteractionterm, namely

Di(µ) = c1Di(¼)+ c2Di(ºj¼)+ I N Ti(¼;º):

H ere, Di(¼) is thesameas inequation (2 5). M oreover, usingmaximum likelihoodesti-
mates v̂ forthefulldatasetand v̂(i) fortheone-case-deletion, wehave

Di(ºj¼) =
¡
º̂¡º̂(i)

¢0§̂ ¡1º
¡
º̂¡º̂(i)

¢

(m + a)
; (28)

where§̂ º istheestimatedvariance-covariancematrixofº̂.T hisquantitygivesthechange
inthetransferfunctiongiventhenoisestructure¼. Finally, theinteractionterm I N Ti
isgivenbycross-producttypecomputationas in[39].

U singdecomposition(2 8), wecanthenassesstheseparatedin‡uencestothedynamic
componentandthetransferfunction:M oreover, Di(µ)generalizesboththeAR I M Aand
thestandardregressioncases ofprevious sectionsgivingthem as particularcaseswhen
º = 0 and¼ = 0 respectively.
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