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Abstract. FANOVA models on rectangles, circular disks and circular sectors are analyzed. Dirichlet
boundary conditions are imposed to define the corresponding covariance operators of the Hilbert-
valued components of the vector error term. Minimal conditions on the design matrix are imposed to
derive a generalized least squares estimator of the Hilbert-valued vector of fixed effects.
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1 Introduction.

The functional analysis of variance is implemented, after suitable transformation of the functional data
model, in the geometry of the Reproducing Kernel Hilbert Space (RKHS). A finite-dimensional chi-
squared hypothesis testing is implemented in terms of vectorial projections for the significance analysis
of the functional fixed effects. A simulation study is undertaken to illustrate the performance of the
proposed methodology, and the the influence of the functional form of the fixed effect parameters, of the
geometry of the domain, and of the truncation order is analyzed.

2 FANOVA on rectangular and circular domains.
2.1 The model.

In the following, H will denote a separable Hilbert space, D a Dirichlet regular bounded open domain,
−∆D the negative Laplace operator on D, and Y (·) represents Hn-valued variables. In [4], the following
model is introduced:

Y (·) = [Y1 (·) , . . . ,Yn (·)]T = Xβ(·)+ ε(·) , E [Y ] = Xβ, E [ε] = E [ε1 (·) , . . . ,εn (·)]T =
−→
0 , (1)

where X ∈ IRn×p such that XT X = Idp, β(·) = [β1 (·) , . . . ,βp (·)]T ∈ H p, and ε(·) is a correlated Hn-
valued standard Gaussian random variable, which covariance operator matrix is given by

Rεε =

 Rε1ε1 . . . . . . Rε1εn

. . . . . . . . . . . .
Rεnε1 . . . . . . Rεnεn

 , with Rεiε j = E [εi⊗ ε j] , ∀i, j = 1, . . . ,n,

under assumption that Rεiεi = fi (−∆D) , ∀i = 1, . . . ,n, is strictly positive and compact self-adjoint, in the
trace class on H = L2

0 (D), we have (see [1])

λki = fi (λk) eigenvalues of Rεiεi , Rεiεiφk = λkiφk, k ≥ 1, i = 1, . . . ,n, (2)
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εi =
∞

∑
k=1

√
λkiηkiφk, E [ηkiηp j] = δk,p

(1−δi, j)
e
− |i− j|

λki+λp j√
λkiλp j

+δi, j

√
λkiλp j

 , (3)

Rεiε j =
∞

∑
k=1

(
δ
∗
i, je
− |i− j|

λki+λk j +δi, j

√
λkiλk j

)
φk⊗φk, (4)

where δ∗i, j = 1− δi, j, {ηki}k≥1, i=1,...,n ∼ N (0,1), {Φk}k≥1 and {λk}k≥1 eigenfunctions and eigenvalues
of −∆D respectively, and { fi}i=1...,n are continuous decreasing functions. Given an orthonormal set of

eigenfunctions {Φk}k≥1 of H, we denote Φ
∗ as Φ

∗ ( f ) =
{

Φ∗k ( f )
}

k≥1 =
{
(〈 f1,φk〉, . . . ,〈 fn,φk〉)T

}
k≥1

,

that represents the projection of f on {Φk}k≥1. The inverse operator Φ is given by Φ

({
f T

k
}

k≥1

)
=(

∞

∑
k=1

fk1φk, . . . ,
∞

∑
k=1

fknφk

)T

. Also we get Φ
∗RεεΦ = {Λk}k≥1 and

〈 f ,g〉R−1
εε

= R−1
εε ( f ,g) =

∞

∑
k=1

f T
k Λ
−1
k gk, ∀ f , g ∈ R1/2

εε (Hn) , Λki j = e
− |i− j|

λki+λk j (i 6= j) , Λkii = λki. (5)

2.2 Negative Laplacian operator on Dirichlet regular bounded open domains: rectangle,
disk and circular sector.

Explicit formulae of the eigenfunctions and eigenvalues of the negative Laplacian operator on rectangular
and circular domains are given in [2] for different type of boundary conditions. Here, Dirichlet boundary
conditions are considered. That is,

−∆D =− ∂2

∂x2
1
− ∂2

∂x2
2
, −∆Dφk (x) = λkφk (x)

(
x ∈ D⊆ IR2) , φk (x) = 0 (x ∈ ∂D) . (6)

According to [6], in rectangular domains D =
2

∏
i=1

[ai,bi] , we get the asymptotics λ
−γ

k = O
(
k−

2γ

d
)
,

k→ ∞. From [2],

φk (x) = φ
(1)
k1

(x1)φ
(2)
k2

(x2) , λk = λ
(1)
k1

+λ
(2)
k2
, λ

(i)
ki

=
π2 (ki +1)2

l2
i

, (7)

φ
(i)
ki
(xi) = sin

(
π(ki +1)(bi− xi)

li

)
, ∀xi ∈ [ai,bi] , li = bi−ai, 1≤ ki ≤ k, ∀i = 1,2, (8)

where k = 1, . . . , trunc, with trunc denoting the truncation parameter, that in the case of rectangle do-
mains is trunc = T R×T R, with T R being one-dimensional truncation order at each coordinate. In the
case of D=

{
x ∈ IR2 : 0 < ‖x‖< R

}
, its rotation symmetry allows us to define−∆D in polar coordinates

as

−∆D = − ∂2

∂r2 −
1
r

∂

∂r
− 1

r2
∂2

∂ϕ2 , λkh =
α2

kh
R2 , (9)

φkh (r,ϕ) = Jk (αkhr/R)(cos(kϕ)+ sin(kϕ)) , 0 < r < R, ϕ ∈ [0,2π] , (10)

where k = 1, . . . , trunc and αkh are the trunck positive roots of Jk (z) , z ∈ [0,R], with h = 1, . . . , trunck.
The following asymptotic formulae hold:

jkh = k+δhk1/3 +O
(
k−1/3)

jkh = π(h+ k/2−1/4)+O
(
k−1)

for the zeros of Bessel functions Jk (z) of the first kind and order k on circular domains (see [3]; [5]). In
particular, for the circular sector of radius R and angle πθ, φkh (r,ϕ) = Jk/θ (αkhr/R)sin(kϕ/θ) , 0 < r <

R, 0 < ϕ < πθ, λkh =
α2

kh
R2 .
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3 Generalized least-squares estimator and FANOVA statistics
From [4], considering the geometry of the RKHS,

‖Y −Xβ‖2
R−1

εε
= R−1

εε (ε,ε) , β̂ =

(
∞

∑
k=1

β̂k1φk, . . . ,
∞

∑
k=1

β̂kpφk

)T

, ε = Φ
(
{MkY k}k≥1

)
, (11)

β̂k =
(
XT

Λ
−1
k X

)−1
Λ
−1
k XTY k, Mk = Idn−X

(
XT

Λ
−1
k X

)−1
XT

Λ
−1
k and

∞

∑
k=1

trace
(
XT

Λ
−1
k X

)−1
< ∞. For

the FANOVA analysis, we consider the transformation of our functional data model (1) by a suitable ma-
trix operator W satisfying the conditions formulated in [4], in order to ensure almost surely finiteness of
the functional components of variance. The residual variance, the total sum of squares and the explained
functional variability are respectively given by:

S̃SE =
∞

∑
k=1

(MkW kY k)
T

Λ
−1
k MkW kY k, S̃ST =

∞

∑
k=1

Y T
k W T

k Λ
−1
k W kY k, (12)

Λk = ΨkΩ(Λk)Ψ
T
k , W k = ΨkΩk (W k)Ψ

T
k , Ω(Λk) = diag(ω1 (Λk) , . . . ,ωn (Λk)) , ∀k ≥ 1,

and S̃SR = S̃ST − S̃SE, where {ψki}k≥1, i=1,...,n and {ωi (Λk)}k≥1, i=1,...,n are the eigenvectors and eigen-
values of Λk respectively, and Ω(W k) = diag(wk11, . . . ,wknn) is given by wkii = ωi (Λk) +

1
ak

, under
∞

∑
k=1

1
ak

< ∞. We get ak = k2. Lastly, the significance of functional fixed effects is tested as follows: For

for k = 1, . . . , trunck,

H0k : Kkβk =Ck, Ck = (0,0, . . . ,0)T ∈ IR(p−1)×1, ∀k = 1, . . . , trunck, (13)

Tk =
(

Kkβ̂k−Ck

)T (
KkXΛk

KT
k

)−1(
Kkβ̂k−Ck

)
∼ χ

2
p−1, (14)

p− valuek = 1−P
(
χ

2
p−1 ≤ Tk

)
, Kk = Φ

∗
kKΦk =


1 −1 0 . . . 0
1 0 −1 . . . 0
...

...
...

. . .
...

1 0 0 . . . −1

 ∈ IR(p−1)×p.

3.1 Results

The numerical simulations performed are shown in Figures 1 and 2. We have considered the square-

integrable space, H = L2
0 (D) = C (D)

L2(IR2), with compact support. The following empirical least-
squares errors have been computed, additionally to the F-statistics for the truncated FANOVA analysis
(see Table 3), to illustrate the performance of the proposed rectangular and circular analysis of variance:

FMSE
βs
(·) = ‖βs (·)− β̂s (·)‖2, ∀s = 1, . . . , p, FMSEY (·) =

n

∑
i=1

‖Y i (·)− Ŷ i (·)‖2

n
. (15)
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(a) Simulated response with rectangle
domain.
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(b) Estimated response with rectangle
domain.

Figure 1: Responses with rectangle domain.
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(a) Simulated response with disk domain.

−100
−80

−60
−40

−20
0

20
40

60
80

100

−100
−80

−60
−40

−20
0

20
40

60
80

100
−15

−10

−5

0

5

10

15

Response Y
 
original(:,1) in the grid

(b) Estimated response with disk domain.

Figure 2: Responses with disk domain.

n p T R a1 = a2 b1 = b2 hx = hy γi

(
λki = λ

− γi
2

k

)
βs (x,y) , s = 1, . . . , p

200 4 4 -2 3 0.05 1+ i
n βs (x,y) = sin

(
πsxb1

l1

)
sin
(

πsyb2
l2

)
Table 1: Parameters in the rectangle domain.

n p R T R hR hφ C γi

(
λki =Cλ

− γi
2

k

)
β =Comb∗Φ, s = 1, . . . , p

200 9 100 1 R
145

2π

135 R2 4+ 2i
n Combsk =

1
R e

s+ k
R

n + k cos
(
(−1)k 2π

R
k

)
Table 2: Parameters in the disk domain.

Case ‖FMSEY ‖∞ max
s=1,...,p

‖FMSE
βs
‖∞ F statistics

Rectangle 0.0014 0.0015 1.9263
Disk 0.0007 0.0027 (1.4)107

Table 3: Results.
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