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Abstract

Revisiting and extending a recent result of M.Huzxley, we estimate the LP (Td) and
Weak—LP (Td) norms of the discrepancy between the volume and the number of integer
points in translated domains.

In this paper we estimate different norms of the discrepancy between the volume and
the number of integer points in dilated and translated copies R{)—x of a bounded convex
domain Q C R? having positive measure. The above number of integer points is a periodic
function of the translation variable x, with Fourier expansion
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=2 < /R xra(y) eXp(—2m'ny)dy) exp(2mina)

nezd
= Z RXa(Rn) exp(2minz).
nezd

These equalities are in the L? sense. It follows that the discrepancy function
D(RQ—=z)= Y xra-«(k) — R*|Q|
kezd
has Fourier expansion

Z RXa(Rn) exp(2minz).
n€Z\{0}

If Q is a bounded convex domain in R? with smooth boundary having positive Gaussian
curvature then

Xa(6)] < C g~z

See [16, Chapter 8]. Kendall [11] observed that the Fourier expansion of the discrepancy
and the above estimate for the Fourier transform of a convex domain give

1/2
{ D (RQ — z)|? d:z:} < CRUE-D/2,
Td
Using a smoothing argument and the Poisson summation formula, Herz [8] and Hlawka

[9] (see also [18]) proved that
sup {|D (RQ — z)|} < CRHU=1/(d+1)

zeTd

Interpolating the above two upper bounds between L? and L™ gives a poor estimate.
Indeed when d = 2 interpolation gives

1/p
{ D (RQ — x)|de} < CRZP=D/Gp)
'H‘Z

while M.Huxley [10] has recently showed a more interesting estimate: If  is a planar
convex body having boundary with continuous and positive curvature then

1/4
{ 5 |D (RO — ac)|4dx} < CRY?10g* (R).

That is, the upper estimate for the L? discrepancy extends, up to a logarithm, to L*.
Huxley’s proof seems to be tailored for the planar case and for the exponent p = 4,
where one can apply Parseval equality to the square of the discrepancy function. Huxley
also asked for an analog of his result for d > 2. Here we will give a possible answer and
our approach will be to obtain LP results through Weak—L? techniques.
We recall that the spaces L? (X, u) and Weak—L? (X, i), 0 < p < 400, are defined by

the quasi norms
1/p
lingess = { [1f@F dut@ |

1 et = SR 18731 0 € X, 11 ()] > 61177



Integer points in translated domains 3

The space Weak—L? (X, i) is the case ¢ = +oo of the Lorentz spaces LP? (X, ) (see
g. [1, Chapter 1, §3] or [17, Chapter 5, §3]). Finally, the space L> (X, 1) is defined by
the norm

11l ey = inf {5 0+ pfa € X2 |f (@) > 1) =0}

In what follows (X, ) will be the torus T or the integers Z¢ with the respective
translation invariant measures.

If X has finite measure and p < s, then both L? (X, ) and L*® (X, ) are intermediate
between L (X, u) and Weak—L? (X, p):

L> (Xa :u) c L (Xa :u) c L? (X7 :LL) C Weak—L? (Xa :U‘) :
The following is a sharp quantitative counterpart of these inclusions.

LEMMA 1. (1) If X has finite measure, then

1 (X) N oe 2,00
Hf”LP(Xhu,) X Hf”Weak—LP(X,H) 1+log .

||fHWeak Lr(X,pn)

(2) If p < s < 400, then

||fH25(X,p.) < E Hf”Weak Lr(X,p) ||f||L°°(X,M
Proof. (1) Observe that

ple € X, |F @) > 1 < plx),
/,l,{x S X? |f (SIJ)| > t} < ||fH€Veak7LP(X,;L) t_p’
pleeX, |f(@)| >t =0 ift > fllpeon,-

Hence,

+oo
112 ey = / Ptz € X, |f (@)] > thdt

/H(X)l/plflv\/eakLP(X,,u)

< pp (X) Pt

0

(P dt
+ D1 Rvear—zo 2.0 / t

#(X)il/prHWeak LP(X,n) ¢

, G Y[V
- ||f||Wcak—LP(X ) 1 +1 ’
’ ”fHWeak L (X,u)

+oo
M:/ st tu{r € X, |f ()| > t}at
0

(2) As before,

» e
s—1—
<s Hf”Weak—LP(X,M) /0 t Pdt

o I s -
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The first inequality in the above lemma is sharp. Indeed, if the measure is not atomic, one
can always choose a function with distribution function that turns the above inequalities
into equalities. Also the second inequality is sharp if the measure is not atomic and
infinite, but it can be slightly improved when the measure is finite.

Our first result is a simple application of the Hausdorff-Young inequality.

THEOREM 2. Let Q be a bounded open set in R?.
(1) If2<p<+4o0and 1/p+1/q =1, then

1D (RO~ )| ey < RE[{TB (R}

La(zd)
2)If2<p<+4ooand 1/p+1/q=1, then
d —~
1D (R = 2) | weak—rr(rey S CR H{XQ(R”)}n;éochakaq(Zd) :
B)If2<p<+4ooand 1/p+1/q=1, then
_ d1oel/P TS
D (R = )| gy < O og™? (24 B) {0 (B | Lo
(4) If 1 < p < oo, then

1D (RQ = )| 1y gy = sup {|RXa(Rn)|} -

Proof. Point (1) readily follows from the Fourier expansion of the discrepancy and the
Hausdorff-Young inequality: If 2 < p < +o0 and 1/p+ 1/g = 1, then

1oy < || 7]

The case (p, q) = (2,2) is Parseval’s identity. The case (p, ¢) = (+00,1) is immediate. The
intermediate cases follow by the Riesz-Thorin interpolation theorem. See [1, Theorem
1.1.1] or [17, Chapter V, §1]. Similarly, point (2) follows from the Hausdorff-Young
inequality for Lorentz spaces: If 2 < p < 400 and if 1/p+ 1/g = 1, then

<
”f“Weak—Lp(Td) <C Hﬂ‘Weakaq

The proof of this inequality is by real interpolation between the extreme cases L? — L2
and L' — L. See the general Marcinkiewicz interpolation theorem [1, Theorem 5.3.2] or
[17, Chapter V, §3]. Point (3) follows from point (2), Lemma 1, and the trivial estimate
|D (R — x)| < CR® Finally, a Fourier coefficient is dominated by the norm of the
function, and point (4) follows. [J

La(zd)

(@)

The above theorem is quite abstract. In order to obtain explicit results, one has to
estimate the norms of the sequences {Xo(/n)},, - The interest in case (3) is when the
L4 (Zd) norm is infinite and the Weak— L4 (Zd) norm is finite.

In order to introduce the next result, we recall that the modulus of continuity of a
characteristic function shows that such a function does not belong to a Sobolev class
W2 (R?) whenever @ > 1/2. See [15, Chapter 5, §5]. Moreover, in [12, Corollary 2.2]
it is proved that for every set {2 with finite positive measure, without any regularity
assumption, there exists a constant C' such that

/ G (©)Pde > CR.
[£|>R
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It follows that a uniform inequality of the kind |x5(¢)| < C|¢|™7 cannot hold with
B > (d+1) /2. On the other hand, this estimate holds with 8§ = (d+1) /2 if Q is a
bounded convex domain with smooth boundary with non-vanishing Gaussian curvature.
See [16]. See also [6] for possible generalizations to convex bodies with smooth bound-
ary containing isolated points with vanishing Gaussian curvature. This motivates the
following.

COROLLARY 3. Assume that € is a bounded conver domain such that
()] < Cle~
(1) If p<2d/(d—1) and R > 2, then
D (RO — x)”LP(’]l‘d) < CRUVE,
(2) If p<2d/(d—1) and R > 2, then
1D (RQ = @)l weate—pocray < CRETV2.
(3) Ifp=2d/(d—1) and R > 2, then
1D (RQ = @) o sy < CROTD 2108t (R).
(4) If p > 2d/(d—1) and R > 2, then
1D (R = @)l o ey < CRAPETPZHHD/REHD,

Proof. Points (1), (2) and (3) follow from Theorem 2, and the observation that the
sequence {|n\7a} 0 is in L7 (Z%) if and only if go > d, and it is in Weak—L4 (Z%) if

and only if ga > d. Point (4) follows from point (2) with p = 2d/(d — 1), the pointwise
estimate |D (RQ — z)| < CR¥4=1/(@+1) proved in [8] and [9], and (2) in Lemma 1. [J

The estimates in the above Corollary for p < 2d/(d — 1) are essentially sharp. In
order to show this, we first recall the following result on the Fourier transform of the
characteristic function of a convex set.

THEOREM 4. Let Q C R? be a convex body with smooth boundary having everywhere
positive Gaussian curvature. For every & € R\ {0} let o (€) be the unique point on
the boundary 02 with outward unit normal £/ |&|. Also let K (o (§)) be the Gaussian
curvature of OY at o (€). Then, as || — +oo, the Fourier transform of xq (x) has the
asymptotic expansion

@ (€)
= o 67 [KH (0(€) 2T O LK (o (—g)) om0+
+0 (g ).

Proof. See e.g. [7], [8], or [9]. O
The following result partially complements Corollary 3.

THEOREM 5. Let Q C R? be a convex body with smooth boundary having everywhere
positive Gaussian curvature.
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(1) If Q is not symmetric about a point, or if the dimension d £ 1(mod4), then for
every p = 1 there exists C > 0 such that for every R > 2,

ID (RQ = 2) | o ey > CRT

(2) If Q is symmetric about a point and if d =1 (mod4) then

lim sup {R_d%l HD(RQ—:E)HLP(W)} >0 ifp>1
R—+oc0

2d
%glinf { ||D (RQ— 33)||Lp(1rd } =0 ifp < i1

More precisely, if p < 2d/ (d — 1) there exist C > 0, and a sequence R; — +00, such that

log (R]) 2d P
SCOR;® | —Fa——o~% '
)| Lo (ray < CR; (log (log (R;))

Proof. In order to prove point (1) observe that, by Theorem 2,

D (R;$2 —

1P (RO = )l n ey 2 sup {|R'Ga (R}

Moreover, by Theorem 4, for n # 0,
Rd@(Rn) =

LR | [K (o (n)) e 2= 55) _ o (g (o)) (e 52)

+0 (RT \n|7¥).

If Q is not symmetric, then also K (o (u)) is not symmetric (see [2, §14, p. 133]). Since
the set {ﬁ in € Z%\ {0}} is dense in the unit sphere, by continuity there exists m € Z4
such that K (o (m)) # K (6 (—m)) . Then, for this m and R large enough,
|RNa(Rm)|
1 Jan o dii) g 1 =3 _di3
> 5o RT |l K (o (m) = K (o (=m)| + 0 (R jm| =)
> CRT

Assume now that §2 is symmetric, and translate the center of symmetry to the origin, so
that for every £ we have o (=§) = —c (£) and K (0 (§)) = K (0 (=¢€)). Choose n # 0 and
observe that

n-(oc(n)—o(—n))=2n-0(n)#£0.

Indeed, n - o (n) = 0 would imply that the center belongs to the hyperplane tangent to
08 at o (n), hence 2 should have measure 0. We have

| RIXo (Bn)|
> CR In ™% K5 (o (n) |2 CRmo0=50) — 1] 4 0 (RS 7).

Let ||z|| denote the distance of a real number z from the integers. If

HZRn o( H
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then |e2mi(2Bn-o(m)=5) _ 1‘ > ¢ and we have

|Ra(Rn)| > cR*7.

Assume now that

d—1 1
Then
d—1 1
Since d # 1 (mod 4), we have
d—1 1
‘4Rn-a(n)—4 2%-

Applying the previous argument with 2n in place of n provides the estimate
|R'Sa(R2n)| > cR*T .

In order to prove point (2), assume that € is symmetric and d = 1 (mod 4). From the
asymptotic estimate of Yq (£) we obtain

o~ 1 d—1 _d+1 1 a—3 _dt3
|RIG(Rn)| = =R*T |n| ™% K—z(a(n))|sm(27r1-zn-a(n))|+o(R”’f In| = )
™
Since n - o (n) # 0,

_ _d-1
hmsup{R 2 ||D(RQ—»T)||LP(W)}

R—+oc0
- — 1, dxn
>limsup{R_% |RdXQ(Rn)|} = —|n| e (o (n))>0.
R—4o00 7T

The last part of the proof relies on the ideas of Parnovski and Sobolev in [13]. We need
a variant of Dirichlet’s theorem on simultaneous diophantine approximation (see [13]).

Let a1,...,a,, be real numbers, then for every positive integer j there exist integers
S1,...,8m and r such that
j<r <™ and |rag —sg| <j ' forevery k=1,...,m.
_ 2p
Let 5 = m, and

{ady = {00 () e -
Then there exist integers s,, and R; such that
J <Ry <JUHLGO™ and [Ryn o (n) — sa] <57
It follows that
|sin (27 Rjn - o (n))| = [sin (27 (Rjn - o (n) — s,))| < 275 L
By the Hausdorff-Young inequality in Theorem 2, for p > 2 and 1/p + 1/g = 1, we have

1/q

{/ D (R, —x)%}”p <{ Y |RTa (Bn)[?

0#£n€ezd
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If2a<p< d%dl then the above estimates of o (R;n) yield

> |RIxa (Rym)|*

n#0
< CRS-d*l)q/z Z |n|—(d+1)Q/2 lsin (27R;n - o (n))|? + Z O (R§_d73)4/2 |n|—(d+3)Q/2)
n#0 n#0
< CR;d_l)Q/Q ja Z ‘n|*(d+1)lI/2 + Z |n|f(d+1)Q/2 +0 <R§d_3)Q/2)
0<|n|<5? In|>357
(d-1)q/2 ( .- -B(d—(d+1)q/2) (d—3)q/2
< CR! (gqﬂ a )+O(Rj )
Since 8 = q((iﬁﬁ and R; > j, we obtain
1/q
O IRKE B <RV
m#0
Finally, letting 7 — 400 we obtain
1/q
o _d=1 - _d-1 —
liminf {B~*5" |[D (RQ = @)l yra) | < liminf § R75° 337 [R5 (8n)]|° 0.

n#0

More precisely, if ¢ (t) = t°@log (t) then one can prove that, for large s,
1/8d
-1 _( Bds
o= <10g(8)> '
This implies that if R; < jCjﬁd then
‘ ~1/8d
(et )
log (log (R;))

Therefore
1/q

As we said, |[xo(§)] < C \§|_(d+1)/2 whenever 2 has smooth boundary with positive
Gaussian curvature. However, for domains in the plane this smoothness assumption can
be relaxed. Consider a convex body € which can roll unimpeded inside a disc A. This
means that for any point z on the boundary 0A there is a translated copy of 2 contained
in A that touches 0A in .

THEOREM 6. If a planar convex set Q) can roll unimpeded inside a disc, then

) < clel 2.
Proof. In [14] (see also [5, 18]) it is proved that if

A(6,0,Q) = erﬁ:éthw?sup{ywﬂ}‘
yeN
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0

(this is the length of the chord perpendicular to the outward direction 9 and at a small

distance  from the boundary 02), then

diameter(Q)
2p

If Q can roll unimpeded inside a disc A, then A(4,9,Q) < A(6,9,A). This implies

that the Fourier transform of ) is dominated by the chords of a disc, and therefore

aE©l<clEl ™ o

Xa(pd)] < (A ((20)70.9) + A ((20)7,—0,9)).

A curve can roll unimpeded inside another curve if and only if the largest radius of
curvature of the first is smaller than the smallest radius of curvature of the second. No
smoothness of these curves is required, the rolling curve may also have corners. See [2,
Chapter 17] and the references therein.

In particular, the above results give an alternative proof of the result in [10].

COROLLARY 7. Let Q0 be a planar convex set that can roll unimpeded inside a disc.
For any R > 2 we have

1/4
{ |D (R — w)|4dx} < CRY?10g'/* (R).
T2

We conclude with a remark. A spherical shell {m ERI:RL |z < R+ 1} contains ap-
proximately R?~! integer points which lie on the spherical surfaces {\x|2 = n} with n

integer between R? and (R + 1)2. Since these integers are at most 2R+1, one of these sur-
faces contains at least cR?~2 integer points. This implies that, if Q = {x eR?: 2| < 1},
then [ D(RQ — )| oo (pay = cR¥=2 for a diverging sequence of R. On the other hand
we proved that [[D(RQ — )| 1pra) < cRUW=1/2 for p < 2d/(d — 1). Since for d > 3
this LP estimate is smaller than the L°° one, there exists a critical index p for which
ID(RQ — )| 1o (pay < cR@=1/2 starts failing. We do not know if this critical index is
2d/(d—1).
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