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EXPLICIT VERSIONS OF THE PRIME IDEAL THEOREM FOR
DEDEKIND ZETA FUNCTIONS UNDER GRH

LOIC GRENIE AND GIUSEPPE MOLTENI

ABSTRACT. Let ¢g be the Chebyshev function of a number field K. Under
GRH we prove an explicit upper bound for |¢x(z)—=z| in terms of the degree
and the discriminant of K. The new bound improves significantly on previous
known results.

1. INTRODUCTION

For a number field K we denote

nk its dimension,

Ak the absolute value of its discriminant,

r1 the number of its real places,

ro the number of its imaginary places,

dg = ri+ro—1.
Moreover, throughout this paper p denotes a nonzero prime ideal of the integer ring
Ok and Np its absolute norm. The von Mangoldt function Ak is defined on the set
of ideals of Ok as Ag(J) :=log Np if J = p™ for some p and m € N5, and is zero
otherwise. Moreover, the function mg and the Chebyshev function y¥g are defined
as

k() == #{p: Np <z}
and

Yr(z) = E Ax(7) = g log Np.
J<10k p,m
0<NI<z Np™ <z

The original prime number theorem states that
x

mo(z) ~ logz as r — 0o

and was independently proved in 1896 by Hadamard and de la Vallée—Poussin, both
following the ideas of Riemann. By the work of Chebyshev this claim is equivalent
to

Yolx) ~x  asx — oo.

The remainder in these asymptotic behaviors is strictly controlled by the distribu-
tion of the nontrivial zeros of the Riemann zeta function. This was first suggested
by Riemann himself, and then confirmed by de la Vallée-Poussin in 1899, when he
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2 L. GRENIE AND G. MOLTENI

deduced the now standard estimate for the remainder from the classical zero free
region for the Riemann zeta function. Actually, the Riemann Hypothesis

C(s)#0  VRe(s)>1/2

is equivalent to the statements

T odu
— 1
‘m@(x) /2 logu‘ < Vzlogx

and

Vo (z)—2| < Valog®,
as proved by von Koch in the first years of the twentieth century. A quantita-
tive version of the von Koch result was proved by Schoenfeld [19] in 1976: as a
consequence of his previous work in collaboration with Rosser |18] he showed that

1
(1.1) [hg(z)—2| < 8—\/Elog2x Yz >73.2.
Y5

The arguments of Hadamard and de la Vallée-Poussin were quickly adapted by
Landau to prove analogous results for a generic number field K, and in 1977 Lagarias
and Odlyzko [5] modified the argument to explore the dependence of the remainder
with respect to the parameters Ag and ng. As a part of a more general result
on Chebotarev’s theorem, they proved that if (x satisfies the Generalized Riemann
Hypothesis

Ck(s) #0 VRe(s) > 1/2,
then

e (2)—2| < Vallog log Ax-+n log? al,
where the implicit constant is independent of K. Oesterlé repeated their argument,
aiming to produce an explicit value of the absolute constants involved, and he
proved that
log2 T

(1.2) [Yk(2)—a| < \/5{( o

under GRH. This result was announced in [14], but unfortunately its proof has
never appeared. Very recently Winckler [22, Th. 8.1] has also produced an explicit
version of Lagarias and Odlyzko’s work, and proved a result similar to , but
with % and % as coeflicients of logs in the log Ag and ng parts, respectively.

log

+2) log AK—i—( +2> nK} Vao>1

™

In this paper we combine a new method to estimate convergent sums on zeros (see
Lemma , a very recent result of Trudgian [21] on the number of zeros in the
critical strip and up to +7, and an idea of Goldston [1], to deduce the following
general result.

Theorem 1.1. (GRH) For every x > 3 and T > 5 we have:

(1.3) |Yx(x)—z| < F(z,T)log Axk+G(x, T)ng+H (z,T)
with
VE T 5.84 5.52
(14)  Pla,) =" [10g <§)+6.01+T+W]+1.02,
VEfL, T 5.84 552 T
Gl 1) == |G log” (5 )+ (2+ 7+ 77 ) s (35
20.04  31.46
—Ll+ o+ ] 20,
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EXPLICIT PRIME IDEAL THEOREM 3

5nK<2

H(z,T) 7T+£ [25. 57+£7197+28T§7} e (, T)+8.35+1.2220=2
where ex(x,T) := max (07 dk log x—1.44an) and § is the Kronecker symbol.
Setting T' to a constant one gets a bound of Chebyshev kind, with a main term
independent of the parameters of the field; as a consequence the resulting bound is
very strong when z is small with respect to the degree or the discriminant.
Setting T' = x/6 one gets , for > 105 for any non-rational field. By taking
T = 8, the range can be extended for = € [20,105]: it follows immediately for
ng = 2 and Ag > 767842, ng = 3 and Ag > 5700 or ng > 4; the remaining cases
for quadratic and cubic fields can be checked by explicit computations.

Comparing the main 1ncreasmg term /z log? ( ) with the main decreasing term 7

we are led to use T'(z) = clo — for suitable values of c. In fact, combining dlfferent
choices for ¢ we get the followmg result, which improves significantly on .

Corollary 1.2. (GRH) Suppose x > 100. Then

(15) e () — z|<f[(°“ )1ogAK+(1°§ T 12)nx].

The range x > 100 can be extended for fields of large degree, in particular one has
x > 24 when ng > 8, x > 29 for nxk = 7, x > 43 for nx = 6 and x > 72 for
ng = 5. Only small improvements are possible for cubic and quadratic fields with
this method, and only at the cost of a very large quantity of numerical computations.

A different choice of ¢ yields even better results for large x.
Corollary 1.3. (GRH) For every x > 3, we have

Wk (z)—2| < f[(—log (fgffc)w 3) log Ax
+(8i7r log? (11()8;36)4-1 3>nK+O 3log z+14. 6}

Moreover, if x > 2000, then

w)—al < Va| (5 log (0

- z>+1.8) log Ak

—|-(8iﬂ_]0g (1 T )+1 1>nK+1 21og z-+10. 2}

The first bound is stronger than ) for > 1700 if K # Q (but z > 280 suffices
when ng > 3 and x > 115 when ng 2 4), and stronger than for z > 1.4-10'6
(but z > 5.6-10'9 suffices when ng > 3 and x > 2.2:10% when ng > 4).

The second bound is always stronger than when K # Q and stronger than
for z > 1.4-1032 (but = > 9.3-101° suffices when ng > 3 and z > 6.3-10° when
ng > 4; the bad behavior for quadratic fields comes from the term 1.2logx). It is
also stronger than (L.I)), but only for extremely large z (actually x > 3-1087!). This
is a consequence of the fact that our computations have not been optimized for Q:
actually this is possible in several steps and we believe that doing so the method
should produce a better bound.

From Corollary [I.3]one quickly deduces the following explicit bound for the remain-
der of the 7k (z) function.
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4 L. GRENIE AND G. MOLTENI

Corollary 1.4. (GRH) For x > T > 3 we have

¥ d 1 logl 5.8
e () e (7)— / | < V[ (5B OB 20 ) log A
z logu 2r  mwlogx logx
1 logl 3 13.3
(——w )nK 10gx—|—0.3+7]
8 2mlogx logx log

We have made available at the address:
http://users.mat.unimi.it/users/molteni/research/psi_GRH/psi_GRH_data.

gp
a file containing the PARI/GP [16] code we have used to compute the constants in

this article.

Acknowledgements. We wish to thank Alberto Perelli, for his valuable remarks and
comments and Michael Rubinstein, who provided us the necessary zeros for a lot
of Dirichlet L-functions we have used to check the strength of our Lemma A
special thank to Timothy Trudgian, who helped us with illuminating discussions
on his work. At last, we thank the referee for her/his suggestions.

2. PRELIMINARY INEQUALITIES
For Re(s) > 1 we have
C/ - —ms
&)= D> log(Np)(Np)~™,

p m=1
which in terms of standard Dirichlet series reads
Z logNp if n=p*

/ o0
—%(s) = Z Ag(n)n™%, with  Ag(n) := < plp, folk
“ n=1 0 otherwise,

where f, is the residual degree of p. The definition of Ak shows that ]\K(n) <
ngA(n) for every integer n.

Let

(2.1) i (s) = [w”?lr(%)]” [w*ér(g)rm
and

(2:2) ic(s) = s(s=1) A T ()G(s),

then the functional equation for (x reads

(2.3) Ex(1—s) = &k (s).

Moreover, since £k (s) is an entire function of order 1 and does not vanish at s = 0,
we have

(2.4) £k (s) = eAx+Bys H (1_%)63/'0
o

for some constants Ag and By, where p runs through all the zeros of {k(s), which
are precisely those zeros p = S+ivy of (k(s) for which 0 < § < 1 and are the so-
called “nontrivial zeros” of (kx(s). From now on p will denote a nontrivial zero of
Ck(s). We recall that the zeros are symmetric with respect to the real axis, as a
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EXPLICIT PRIME IDEAL THEOREM 5

consequence of the fact that (k(s) is real for s € R.
Differentiating (2.2) and (2.4) logarithmically we obtain the identity
1 'k

25 Ee) =By (4 )y lode [+ ] -1,

valid identically in the complex variable s.

Stark [20, Lemma 1] proved that the functional equation implies that Bg =
—2,P ~1 (see also [12] and [6, Ch. XVII, Th. 3.2]), and that once this information
is avallable one can use ([2.5)) and the definition of the gamma factor in ) to prove
that the function fx(s ) Re >0 % can be exactly computed via the alternatlve

representation
(2.6)
Ck Ag 2 IV /s I’ (5+1)

fi(s) = 2R (5)+log ZE+Re( T2 )+l Res (5 )+raReps

2

where 3 p -1 and E (s—p)~! must be intended as symmetrical sums.

Using (2.2 and . one sees that

E%K(s) = %—H“K—FO(S) as s = 0
(2.7) *
EK( ) = +1+ rg+0(s+1)  ass— —1,
K
where

Do il 2l())
K 2 T 2 I'\2

Ag ng I (3) nKF(l).

1
TR = BK+1—§ log

!
/ (i
_ _SK(9) ERL.SSyEANRL S
= DT S T 2T

In order to prove our result we need the following explicit bound for rg

which is Lemma 3.2 in [2].
At last, we need two elementary lemmas. The first one is an optimized version of
a lemma due to Littlewood [7].

Lemma 2.1. If x> —1 and 1 < Re(v) < 2, then

el(y) %) max(0, _33)) lv(v—1)z?|.

Proof. The statement is obvious for v = 1, v = 2, x = —1 and =z = 0, we

thus suppose we are in another case. From the equality f(z)—f(0)—f'(0)z =
vdu one gets
fo fo f"(v)dvd g

1 1
(2.9) (ta)-l-ve +$ v / / (1+v)" "% dv du.

Let z > 0, then |1+U|Re(”)_2 <1 thus

1 —-1-
I —TE D] V$| //dvdu——
v(v—

|(1+2)" —1—va| < (%-I—(
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6 L. GRENIE AND G. MOLTENI

Let z € (—1,0). Then

Re(v)(Re(v)-1) (1+4x)Re) —1-Re(v)z

x2

(2.10) " (o) Re=2 gy ‘du’ -

The right-hand side may be written as >, (P]‘:g))x and its second derivative as

>reo (ii(_z))(kJr?)(kJrl)xk. When z € (—1,0) each term of the series is positive;
this proves that the right-hand side in (2.10) is convex in (—1,0) so that its graph is

below the line connecting its points with x = —1 and = 0. Said line has equation

y=(3+(3- Re(y)) z)Re(v)(Re(r)—1), thus gives

|| [ arorer-2anda < (5+(5-y)2)

for Re(v) > 1 immediately and for Re(v) > 1 by continuity. We get the claim
comparing it with (2.9). O

Lemma 2.2. Let

e} 00 _
.13 2r 2r

2r(2r—1)’ — (2r— 1 (2r—1)(2r—2)

r=1 T

Ry, vy () = —(r1+re—1)(zlogz—2x)+ra(log z+1)—(r1+r2) f1(z)—rafo(x).
Let x > 3, then

Oy,
~(ri+rz—1)logz < R, (z) < 1.22-%=2,
Proof. We have
1 1+2~
R A ]
1 L, 14271

fa(z) = 175 [log(lf:r )+z log (1—1‘—1)}’

and
1 1 1—z71
R;l () = —(r1+1r2—1) logx—i(rl—i—rg)log(l—x )—57“2 log (ﬁ)

—(r1+ra—1) logﬂc—%1 log(1—27%)—rzlog(1-z7");

this equality already proves the lower bound. The upper bound immediately follows

for the cases where 71+ry = 1. Suppose r1+r > 2, writing R, ., (7) as

R. . (z)= logx—%llog(xz—l)—rg log(z—1),

71,72
then for = > 1 one gets
RI

T1,T2

(x) <logz—(ri+rs2)log(z—1) < logz—2log(z—1) <0

where the last inequality is true for > 3+T\/g =261... [
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EXPLICIT PRIME IDEAL THEOREM 7

3. UPPER BOUNDS

For the proof of the theorem we need bounds for three sums on nontrivial zeros,

namely for

S, ﬁ and Y ﬁ

yI<T izt P NELS
The first sum is simply the number Ng(7T) of nontrivial zeros in the rectangle
0 < Re(s) < 1, [Im(s)] < T. Tt has been explicitly estimated by Trudgian [21] in
a work improving Kadiri-Ng’s paper [4]. We estimate the second sum by partial
summation using this result. For the last one a simple partial summation is not
possible since both Kadiri-Ng’s and Trudgian’s results are proved only for 7" > 1
and improve when the range is restricted to T' > Ty with a Ty > 1. As a consequence
we bound the part of the third sum coming from the zeros far enough of the real
axis by partial summation, and the remaining with a different technique. In fact,
in [2] we have shown a new method to bound converging sums on zeros under GRH.
The method works very well but depends on several parameters whose values are
fixed via a trial and error approach. Thus, in order to apply it we need to fix a
value for T, and the final result will only be valid in the range T' > Ty. After
several tests the choice Ty = 5 seemed to represent a good compromise between the
need of having a large Tj (to take advantage of the better estimante in Trudgian’s
result) and a small Ty (to make the final theorem valid in a larger range). Our
result is as follows.

Lemma 3.1. (GRH) One has

1
— < 1.02log Ag—1.63nx+7.04.

[v1<5 el

Proof. We apply the same technique we have already used for Lemma 4.1 in [2].
Thus, let f(s,7) := 4(2s—1)/((25—1)2+442), so that fx(s) = >, f(s,7), and let

g(y) = 2(1449%) 12X 5 5(3), s0 that X 5 lpl™ = 32, g(7). We look for a
finite linear combination of f(s,~y) at suitable points s; such that

(3.1) 9O SF() =) aif(s;7)  VrER,
so that
(3.2) 3 % < a;felsy);

sl TG

once (3.2)) is proved, we recover a bound for the sum on zeros recalling the iden-
tity (2.6). According to this approach the final coefficient of log Ag will be the sum
of all a;, thus we are interested into linear combinations for which this sum is as
small as possible. We set s; = 1475/2 with j =1,...,2¢+3 for a suitable integer g.
Let T C (0,00) be a set with ¢ numbers. We require:

(1) F(y) = g(y) for all v € TU{0,5},

(2) F'(y) =g'(y) forally € T,

(3) lim, 00 v F(y) = limy 00 7%g(7) = 0.
This produces a set of 2¢+3 linear equations for the 2¢+3 constants a;, and
we hope that these satisfy for every 7. We choose ¢ := 22 and T :=
{0.6,1,1.9,2.9,3.9,10, 13,14, 15,16, 17, 18, 19, 20, 30, 40, 50, 100, 103, 10%, 105, 10°}.
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8 L. GRENIE AND G. MOLTENI

Finally, with an abuse of notation we take for a; the solution of the system, rounded
above to 10™7: this produces the numbers in Table Then, using Sturm’s algo-
rithm, we prove that the values found actually give an upper bound for g, so
that holds with such a;’s. These constants verify

2, 2

> a;=1011..., Zaj<—+ 1) < 7.04,
(3.3) j et
° F/ 'Sj ].—V S+1

Saip(3) =18 >arp (F5) = -0

J J

We write aj%i(sj) as

> Re(m)S(n) with S(n) =Y

nsi

J

We check numerically that S(n) > 0 for n < 60975 and that it is negative for
60975 < n < 128000. Then, since the sign of a; alternates, we can easily prove
that each pair J-+22, ..., 532‘1;11 ;32";22 and the last term :32";33 are negative

for every n > 128000, thus

B FaEe) = - X hmse) < —nx > A@S)

n>60975

— e[ S ASm) - Y AwS()]
n=1

n<60975

:”K[Z‘”Cc/(w S Am)S(n)] < 0.12ms

n<60975
The result now follows from (2.6)), and (3.2H3.4). O

Now we can bound the sums.

First sum. Trudgian [21] has proved that

(3.5) NK(T)—g log ((l)"KAK) ‘ < L W (@) +es(mmctes(n)

2me T

for every T > Ty > 1, where Wg(T') := log Ax+nglog(T/2n), c1(n) = wDy,
c2(n) = m(D2+D;log2m) and c3(n) = nD3 and the D; are Trudgian’s constants
which depend on T, € (0, %} and on two other parameters p and r. We thus have

Nx(T) < % (1+61£7) ) WK(T)f% (1f 62;77) )nK+C37(:7) VT > T,

1+n—p
1/2+n
(asin [21]), so that actually r = 2; recall that Ty = 5. Following Trudjan’s argument
we find D1 =0.459..., Dy =1.996..., D3 = 2.754. .., hence
T ( 1.45) T( 8.93) 8.66

K

. Ng(T) < —(1+— T)——(1——~ — T > 5.
(3.6) w(0) < — (142 ) WD) —— (1= = )t == VT 25

We fix n = £, p= —n = —3 (this choice differs from the one in [21]) and r =
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EXPLICIT PRIME IDEAL THEOREM 9

Second sum. We proceed by partial summation. Let Formula (3.5)) for Nx(T) be
written as A(T)+R(T), respectively the asymptotic and the remainder term. Then

5 %: 3 1 i S/*"O dA(v)QJr R(T)ﬁ/+oo Q’YR(’Y)Zd’;
S lelP o A YAy r 14+ /44T Jp (1/4497)
:/+°° dA(y) | 2R(T) +/+°° R(v)dy

v 1/4442  1/44T2 1/4+42
:/+°° dA(y) | 2R(T)  a(n) /+°° v dy

r 1442 14T xS 174442

o0 dA(y) | 2R(T) | er(n)
<
- /T 1/44~2 + T2 + on7? %

Using
oo d 1 1 1 1/12
y I
/T 1/a12 = 2atan (ﬁ) which is < T and > T T3
e Jogy Hoeo log(eT)
—2_dy < “2logydy = ,
/T 1/4+72 . _/T v og 7y ay T
one has
T dA T log 2
/ (v)2 < Wi ( )+(1+ og ;r)i
v 1/4+~ T 1212 ) 7T
Thus
WK (T) log 27\ nkg
1 )—
> o ST (e ) 7
[v|=T
2 T c1(n)
—i-ﬁ{cl(n) logAK—i—(cl(n) log<2 ) 2(n)+ 1 )nK—i-cs ]
201(77)) Wk (T) < log 27r) ( 01 (n) ) K,
= —_— 2 P —
(H T 7 Tt Tare )7 (200 T2 T2
hence
T 2.89\ Wk(T) 18.61\ ng 17.31
. T < (1 —) (1 )— VT > 5.
(3.7) ZW_(+T (1) >

Third sum. We proceed again by partial summation, plus the contribution of
Lemma to bound the part of the sum coming from low—lying zeros. We have

1
> b= X e S Xt 2 e

e ope vi<s U s<pi<r

L [T _dA(y)  2R(), R(T) " R(y)dy
S|Z<5|p|+/ <1/4+72>1/2+m+<1/4+T2>1/2+/5 (/44272

) ARG) [T R()dy
=2 |p| / 1/4+7 1/2+\/ﬁ+/5 (1/44~2)1/2

|[v]<5

_ 1 4Rr(G) [T dA() @) T ldy
" vt Wt | i
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10 L. GRENIE AND G. MOLTENI

i c1 (77) n T dA(PY)
35: |p|*‘\/“* 02 K’kjé (/447217

Using
T d~y 1 2T+/AT2+1
/5 (/4?72 ~ ° ( 10+v/101 )
which is < logT—log5 and > logT—1.62 for T' > 5, and
/T log v dy </T10g7d log? T 10g25
5 (14422 = Js v 2 2

one has

[ e = (s () s0m) 225 (s () o)

thus recalling Lemma [3.1] we get

+0.201 (m)nk

log (%)+023)logAK+ ( ( )001) Z;”

(

g(lo (%)+023) log Ax+ 7“(( ( ) 001)+7r(1 02log Ag—1.63nx+7.04)
+ og
(

2
5
T01( 1(n)(log Ag+nk lo (2 ))—|—02( )TLK+C3(T}))+0.201(77)TLK
T 4 4
= I — . . log Ag+7.047 4+ —=
og(%) \/ﬁq(n)) og Ag+ 7T+\/10—103(77)
1 Ty 1 4log(5/2m) 4
—log® (=—)—20.01-1.6314+—="""~ 0.2
+(2 og (%) 5 T+ o C1(77)+\/m02(77)+ cl(n))nK
hence, for T' > 5, we get
T T
(3.8) Z oy S (1og( )+4 01) logA]K+( log? (%}1.41)71“25.57.
M<T
4. PROOFS
Proof of Theorem[1.1] Let
:/ P (t) dt
0

As observed by Goldston [1], since ¥k (x) > 0, one has the double inequality
1 1
& (ath +h)- iy ()

(4.1) Yk (z) < if h >0,
.1
O (zth
Yk (x) > (z+ })l wK (z) if —r < h<0.
As in [3, Ch. IV Sec. 4, p. 73] and [5, Sec. 5], considering the integral representation
1 2+1i00 C/ sl
W@ = | )y

210 Jo—ise (k7 S(st+1)
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EXPLICIT PRIME IDEAL THEOREM 11
one gets for every = > 1 the identity
an

= 7_2 p(p+1) mTKJ’_r]/K—i_RTl:Tz (z)

where R, », () is defined in Lemma- 2.2|and rg and 7 are defined in (2.7). Thus

(1)(.’E+h) (1 )( ) Z I’+h p+17xp+1

A —rg+R!

hp p+1 T],T‘g( )

for a suitable 7 in the interval between x and x+h. Hence, for every > 3 and
h # 0 such that z+h > 1, Lemma [2.2] gives

o o
(42) —dylogz < LK (”h})L (@)

h (.%'+h)p+1—.’17p+1 Onu<2
ST T ) < 1.227852
(H? 2 hp(p+1) TK) B x

We will now split the sum on the zeros in two parts: above and below T. The
technique is the same for h > 0 and h < 0 but the constants are slightly different,
we thus proceed separately for the two cases.

Suppose first h > 0. Under GRH we have

3
‘ Z (x+h) p+1—x”+1‘ < Z 3(14‘%)2"_1 <Ax%
o T8 < g3 Te) T T =
Sy heletD) s Me(et1)] h

3
with A := 1+(1+ﬁ) 2 thus from (3.7) and for T' > 5 we get

p+1_p+1 g
‘ Z (z+h) T ’< Azx? ((1 2.89

+ > )WK(T)+<1+187',61>71K 17.31)

aBT hp(p+1) — 7Th T
We rewrite
Z (1:_|_h)ﬁ+1_xp+1 N Z l'p Z CC"‘I’L p+1_1,p+1 h(p+1)1’p
h 1) h 1
per eletl) i<t P pi<r Plo+1)
xP )
=Y L Y e
i<t P I<T

with
(1+3)" -1 (p+1)
2
p(p+1)(2)
From Lemma we know that |w,| < % so that from (3.6]) we deduce

iy
‘ E WyHx

[vI<T

< ;ﬁ [(T+1.45)WK(T)—(T—8.93)nK+8.66}

for every T' > 5, giving

P D
h 1 *‘
plot+l) i<t *
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12 L. GRENIE AND G. MOLTENI

e

S (12 ).

The comparison of the main terms suggests taking h = 27”’; this brings A = 1—|—(1—|—

2)¥2 <9434 3, and

T hp+1—:cp+1 P
e 25
<(2TMJK2w) O
[(7@ €)= (1= =)

>5

After some simplifications we thus have for T’

(z+h)PHL—grtt xP 5. 84 5.52
(4. ‘ \Trh)” T 7' < o4
3) NE Z hp(p+1) w2<:T p - [ T }WK( )

29.04 31.46 25.97 28.57

{T+T2}K T 72
For h < 0 the computation is similar with only a few differences. We now have
A <2and Jw,| < %—l—% from Lemma thus

(x+h)PH—prtl xP
‘Z hp(p+1) B Z 7’

i<t P

B B 1+ 5 2

Al (1+|h‘)[(1+g)WK( T)- (1—@%@@]

2m\/T T T T
The situation is the same, thus we similarly take h = 72% (we then have xz+h > 1
if T > 5), producing
L’ Z (z+h)PHl—artt - xP
vV hp(p+1) AT P
2.89 18.61 17.31
[(H )WK( ) (H T )"K+ T ]
2 1.45 8.93 8 66
+(tegg) (1= W)= (1= st =

and after some simplifications we get

(z+h)PHL—grtl xP
(4.4) ’ \erh)y T 7(
NG Z hp(p+1) > P

lvI<T
_ [2+5.01+0.97} (T)+[26.88+5.96]n L2597 578
= T "2k T "2l T
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EXPLICIT PRIME IDEAL THEOREM 13

Let My, +(T), M, +(T) and M. 4 (T') be the functions of T such that the right-hand
side of (4.3) and (4.4) respectively are

Mw 4+ (T)Wi(T)+ My 4 (T)ng+Me,4(T)
My, (T)Wx(T)+M,,—(T)ng+M., (T),

and their differences let be denoted as

0.83 4.55
D (T) i= My, (T)~ M, (T) = ==+
2.16 25.50
Do(T) i= My o (T) =My, (T) = =4+
T T
22.79
Do(T) i= My (T) =M, (T) = .

By (4.1j{4.4) we have
l‘p

(4.5) (@bK(g;)—x—KT ?‘

(5nK
< V7 (M (TYWi () My (T M (1)) + i 1,222

+max (0, dx log x—g (DW(T)WK(T)+DH(T)TLK+DC(T))) :

The last term is bounded by ex (x, T), since D (T) is positive and -- 7 Dw (T)Wk(T)+
D, (T) > 1.447 /T when T > 5. Moreover, by (3.8) we have

(4.6)
T 1 T
‘ Z 7‘ <V Klog (—)+4.01) logAK—F(flogQ (—)—1.41)nK+25.57}
2w 2 2w
M<T
for T > 5, thus the claim follows from (4.5, (4.6) and the upper bound for |rg|
in (2.8). O

Proof of Corollary[1.34 When K = Q the claim is weaker than (1.1]), thus from now
on we can assume that ng > 2. Let the claim in the corollary be written as

[Yg(z)—2z| < Fea(x)log Ak+Ge pn(z)nk.

We prove that for every field the bound coming from the theorem is smaller than
the one in the corollary, i.e. that

4.7 (Fea(r)=F(z,T))log Ag+(Gen(2) =Gz, T))ng—H(x, T) = 0

for every x > 100. In order to prove it we need a choice for T = T'(x): we set
T(x) = ﬁ)\g{; with ¢ € [4.8,8] (in this way T > 5 for every z > 36). An elementary
argument proves that the left-hand side in (4.7)) is /x times a function which
increases in x when x > 100.

Proof. Dividing the left-hand side of . by we get

1 T 584 5527 0.987
21 —[1 (7) 01422 —} }1 A
{Qng 08 5 ) FO0M =+ [+ 2 [ log A

1. 5 T 5.84 5.52 T
+[§log T— { log (27T)+<2+ T +— T )log <%>—1.41
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14 L. GRENIE AND G. MOLTENI

20.04 31.467 4.10m
+ }+

T + T2 \/E —nK\/EH(CC,T)}TLK

whose derivative is

1 T 5.84 55217 0.497
— 7) 6.01 ]— }1 A
[Qx [Og<27r L Tl v R

[ i (£ (or 3 ()
29.04 31.46}’ 2.05m (LH(:C’T))/}”K_

T T2 )T o/x \ng Vx
Since T’ > 0 for z > €2, the function —log(g:#ﬂ) is increasing for h;fm > 2”6‘/5,
since ¢ € [4.8, 8], it is satisfied for every x > 100. Moreover,
ex(z,T) dg 1.44\ logz
_WinK\/a? = —mmax (0, @_T> NG
increases for z > e? for every combination of di,nk and c¢. Thus, removing some
increasing terms it is sufficient to prove that

o (102 (5,)) - () = o
[ 5 (o (50) () —ssa(vs (52))
,(%)',w
T x\/x

and

}nKZO

which after some computations becomes

{ 2 +5.84 log x—2 ~0.987
loge ¢ x NG

2

27 ce 2 5.84 c/x
1= —1og )(1-=-) 1 ) (log o2
+[ cng %8 \or log = log +c\/§ °8 <27T€ log = (log z=2)

n 29.04logz—2 4.10m

c NG N3
Recalling the restriction ¢ € [4.8, 8], one proves that both the coefficient of log Ak
and of nk are positive for all z > 12. O

} log Ak

]nKZO.

We further notice that the coefficients of log Ax and of nk in are positive
when z > 100: in fact they can be written as y/z times a monotonous function of
(repeating the previous argument, this time without the contribution of H(z,T)),
and their value in 2z = 100 is positive for every ¢ € [4.8,8]. Now we split the
argument according to the value of nx.

ng > 8. We are assuming GRH, so log Ag > nk log(11.916)—5.8507 (see [8-11}[13]
and entry b = 1.6 of Table 3 in |9]). Thus we can prove the claim by proving that

(Fea(x)—F(x,T))(nk log(11.916)—5.8507)+(Ge,n () —G(z, T))ng—H (x,T) > 0,

and since the coefficient of nk is positive, it is sufficient to prove it for nx = 8.
We set ¢ = 8. We have verified that the left-hand side is /z times an increasing
function (for > 100), thus the inequality can be proved for every x > 100 simply
by testing its value in z = 100.
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EXPLICIT PRIME IDEAL THEOREM 15

ng = b, 6 and 7. We repeat the previous argument, but now with the minimal
discriminants which are 1609, 9747 and 184607, respectively (see |13 Table 1]).

2 < ng < 4. For every such degree one checks that (4.7) holds true when Ag > Ag
where Ak is in Table|l| (by monotonicity in z it is sufficient to check the claim for
x = 100); we adjust the parameter c to get a smaller Ag.

TABLE 1. Minimal discriminants Ag for (4.7)).

ra\nk | 2 (¢=4.8) |3 (¢c=5.1) |4 (c=6) |

0 172921407 1350275 10311
1 103995324 369421 2584
2 648

This proves the claim for all fields but those with nx < 4 and Ag < Ag. Actually,
all fields with small degree and small discriminants are known [15] (for quadratic
fields we use the fundamental discriminants below Ag), and the number of these
exceptions is in Table

TABLE 2. Number of exceptional fields for (4.7).

ro\nK ‘ 2 ‘ 3 ‘ 4 ‘
0 52561764 74747 54
1 31610787 65708 73
2 22

For each exceptional field we come back to (4.7)) and prove it for every x >  in
Table [3| (using again the monotonicity in x); we adjust the parameter ¢ to get a
smaller z.

TABLE 3. Minimal x for the exceptional fields for (4.7)); the mini-
mal discriminants come from [13, Table 1]; Z is the one associated
with the smallest discriminant.

nK |2 (c=48) |3 (c=5)|4(c=5) |
minimal Ag 3 23 117
I 1566020 980 184

At last we test the claim for the exceptional fields in the exceptional range in Table
by computing |k (z)—z| (with PARI/GP [16]) and by checking that the difference
with the bound is at least 1: in this way we only need to check the integers x
in the range. This idea works for the fields in our list of degree 3 and 4. For
quadratic fields both the number of fields and Z are much larger. Luckily, the value
of T drops down quickly when the discriminant increases, and for discriminants
larger that 100 it is already only 5040, which can be checked very fast. Therefore
the really long computations are only those for quadratic fields with discriminants
below 100. The entire check can be made in approximately 40 hours on a 2011
personal computer. (I
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16 L. GRENIE AND G. MOLTENI

Proof of Corollary[1.3 In (1.4) we make the choice T = %1(@, for which the

condition T' > 5 is satisfied for every x > 3. The term eg(z,T) in Theorem is
< 0.61dk log x, and

Fa,7) <Y~

11.68 11.04
{1 ( 252 e T Tz
r e "

21 ) 4.01} 1.02,
r 1278\ 2 log® " -
11.68 11.04
VIl 5/ 25e2 e T 17.36 3.37 32.23 15.23
T <7{71 ( 7)— 41 - - }—2.1 7
Gz, T) < el I og” |z = logzx 3.41+ T + T2 73 T 0

NG
E
The first claim in Corollary follows plugging these bounds in , after some
simplifications.

H(z,T) gl%ﬁ log 24+25.57 Y2 1.0.61dy log 74-2.75 log 7+8.76.

For the second inequality we set T' = i—gb@; in this case the term eg(x,T) in

Theorem is 0, the condition T" > 5 requires x > 2000, and the claim follows as
the previous one. (Il

Proof of Corollary[1.]} Let

Ik (z) := Z log Np.
Nppgm

Then one has

me(a)-me(o)- | o= [ S

logu logu
which by partial integration gives
(4.8)

WK@)W}K(@,/I du ‘S/z d[9x (u)—ul _ ﬂK(x)—x|+/: [91c) ] du

- logu logu ~  logx ulog®u

Moreover, there are at most nk ideals of the form p™ (p prime) of a given norm in
K, so

[V (2) =Pk ()] < nxlvo(z)—dg(x)| < 1.43nk vz,
where the last inequality is Theorem 13 in [17]. This shows that ¥k (z) satisfies the
same bound of ik (z), at the cost of adding 1.43ngx+/x. Substituting this bound
and the first inequality in Corollary into and after some numerical approx-
imations one gets the corollary. O
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