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Abstract

In this paper, we consider the Wheeler—-DeWitt equation modified by a deformation of the second quan-
tized canonical commutation relations. Such modified commutation relations are induced by a Generalized
Uncertainty Principle. Since the Wheeler—DeWitt equation can be related to a Sturm-Liouville problem
where the associated eigenvalue can be interpreted as the cosmological constant, it is possible to explicitly
relate such an eigenvalue to the deformation parameter of the corresponding Wheeler—-DeWitt equation.
The analysis is performed in a Mini-Superspace approach where the scale factor appears as the only degree
of freedom. The deformation of the Wheeler—-DeWitt equation gives rise to a Cosmological Constant even
in absence of matter fields. As a Cosmological Constant cannot exist in absence of the matter fields in the
undeformed Mini-Superspace approach, so the existence of a non-vanishing Cosmological Constant is a
direct consequence of the deformation by the Generalized Uncertainty Principle. In fact, we are able to
demonstrate that a non-vanishing Cosmological Constant exists even in the deformed flat space. We also
discuss the consequences of this deformation on the big bang singularity.
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(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

* Corresponding author.
E-mail addresses: Remo.Garattini @unibg.it (R. Garattini), f2mir@uwaterloo.ca (M. Faizal).

http://dx.doi.org/10.1016/j.nuclphysb.2016.02.023
0550-3213/© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.



314 R. Garattini, M. Faizal / Nuclear Physics B 905 (2016) 313-326

1. Introduction

It is expected that the geometry of space—time cannot be measured below a minimum length
scale, which is usually taken to be the Planck scale [1,2]. At this scale it is likely that quantum
fluctuations of the space—time itself come into play, breaking therefore its description as a smooth
manifold [3,4]. For instance, in string theory, the minimum length scale is the string length itself.
This means that, in perturbative string theory, it is not possible to probe the space—time below
the string length scale [5-8]. The appearance of a minimum measurable length scale has also
been studied in the context of loop quantum gravity [9—12], in noncommutative field theories
[13,14] and also in black hole physics [15,16]. Even though the existence of such a minimum
length scale is predicted from various different approaches, it is not consistent with the usual
Heisenberg uncertainty principle, which states that the position of a particle can be measured
with arbitrary precision, if its momentum is not measured. This means that there is no minimum
measurable length scale compatible with the usual Heisenberg uncertainty principle. To accom-
modate this mismatch, we need to introduce a Generalized Uncertainty Principle (GUP) [17,18].
As the uncertainty principle is closely related to the Heisenberg algebra, the generalization of
the usual Heisenberg uncertainty principle to GUP deforms the Heisenberg algebra [19,20]. This
in turns modifies the coordinate representation of the momentum operator, and this new rep-
resentation for the momentum operator produces correction terms for all quantum mechanical
phenomena [21,22]. A more general deformation of GUP which incorporates the effect of dou-
ble special relativity [23,24], has also been studied [25,26]. This deformed Heisenberg algebra
also has terms proportional to linear powers of momentum. Motivated from GUP, the full four
momentum of a field theory has also been modified, and the gauge theory corresponding to this
deformation of field theory has been constructed [27-30]. However, it is also possible to deform
the second quantized commutator between the fields in a similar way. This has been done for
the Wheeler—DeWitt (WDW) equation [31-34]. This deformed WDW equation has also been
used for analyzing quantum black holes' [37]. The third quantization of this deformed WDW
equation has also been studied [38]. In this analysis, the deformation parameter was analyzed
perturbatively.

Motivated by the deformation of Heisenberg algebra by linear terms in momentum [25,26],
a similar deformation of the second quantized commutator has been studied [39]. It may be noted
that in the deformation of the first quantized theories, the GUP parameter can be related to the
existence of an intrinsic measurable length scale in space. Such a relation between a physical
phenomena and GUP deformation has not been studied for the second quantized theories. A re-
markable feature of the WDW equation deformed by GUP is to avoid singularities in space—time
[39]. This is principally due to the introduction of a minimum limit to the field resolution. There-
fore, it is quite obvious to try to extend this interesting feature to other contexts, for example,
the cosmological constant. Indeed, it may be noted that the WDW equation is equivalent to a
Sturm—Liouville problem and the related eigenvalue can be interpreted as a cosmological con-
stant [40—44]. In this context the cosmological constant is a measure of the degeneracy of the
only energy eigenvalue of the WDW equation without matter fields which obeys the following
equation, HWV = EW, with E = 0. It is true that an exact solution has been found by Vilenkin
in ordinary GR with a factor ordering equal to ¢ = —1 [45]. However, except this special case,
no other exact solutions have been found in this context. It is for this reason that one promising

I Other applications of GUP on quantum black holes can be found in Refs. [35,36].
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procedure is represented by a variational approach, where the WDW equation can be cast as a
vacuum expectation value (VEV). However, in ordinary GR, no cosmological constant without
matter fields can be produced with the help of a VEV calculation in a Mini-superspace approach.”
It is for this reason, that the same procedure has been extended to theories outside GR. Some ex-
amples are Hofava—Lifshitz gravity theory [49],° Varying Speed of Light (VSL) cosmology [51]
and Gravity’s Rainbow. However, we have to say that in all these approaches the kinetic part
of the WDW equation does not get any higher order functional derivative correction. Since the
deformation of the second quantized commutator produces higher order functional derivative
contributions for the representation of the canonically conjugate variable to the field variable
[39], it will also produce higher derivative corrections for the kinetic part of the WDW equation.
Therefore, our purpose will be the analysis of the cosmological constant problem using the GUP
deformed WDW equation [52-55].

The paper is organized as follows: in Section 2 we review the basic elements of the deformed
WDW equation, in Section 3 we extract the corresponding WDW equation in the case of FLRW
space—time and we setup the corresponding Sturm—Liouville. In Section 4 we analyze the gener-
alized semiclassical case corresponding to the deformed WDW equation. In Section 5 we study
the flat space case as an example of the generalized semiclassical case. It may be noted that even
though the curvature term is absent, we still get interesting results due to the deformation of the
WDW equation. In Section 6 we consider the case when the operator ordering parameters do not
vanish. Finally, we summarize our results in Section 7. Throughout this manuscript we use units
inwhichi=c=k=1.

2. Deformed Wheeler-DeWitt equation
In this section, we will study the deformation of the WDW equation. The standard WDW

equation for a Mini-superspace approach for a homogeneous, isotropic and closed universe is
obtained with the help of the Friedmann—-Lemaitre—Robertson—Walker (FLRW) metric

ds®> = —N%di*> + a® (1) dQ3, (1)
where
dQ% = yijdxidxj (2)

is the line element on the three-sphere, N is the lapse function and a(¢) denotes the scale factor.
In this background, the Ricci curvature tensor and the scalar curvature read simply

2 6
R,/ = az—(l‘)yl/ and R = az—(l‘) , (3)
respectively. The Einstein—Hilbert action in (3 4 1)-dim is
1 1 .
S=1s Ldrd%:m N@[K’fKij—Kz—l—R—ZA] dtd’x, (@)
Xxl Xxl

with A the cosmological constant, K;; the extrinsic curvature and K its trace. Using the line
element, Eq. (1), the above written action, Eq. (4), becomes

2 Note that the procedure of building a VEV associated to a Sturm-Liouville problem can be generalized to include
electric and magnetic charges [46,47] and also naked singularities [48].
3 For a traditional approach to the WDW equation, see also Ref. [50].
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3 A
S:—% I:dza —a+ ?a3i| dt , (5)
1

where we have computed the volume associated to the three-sphere, namely V3 = 272, and set
N = 1. The canonical momentum reads

88 3,
na:£:—ﬁaa, (6)
and the resulting Hamiltonian density is
H=mn.a—L
G , 3m 3m A 5
=—%na—ﬁa+ﬁga . @)

Following the canonical quantization prescription, we promote 7, to a momentum operator,
setting

d a
2, gt g9 — 8
T, —> —a |:8aa 8ai|’ (8)
where we have introduced a factor order ambiguity ¢g. The generalization to k = 0, —1 is straight-
forward. The WDW equation for such a metric is

2
HV (a) = [—a—‘f (%aq %) + z%z (a2 — %a4>] W (a),

3 qd 9omr [/, A,
S84 T (22 e =o. 9
[ 92 ada G2 <a 3¢ )] (@) ©)

It represents the quantum version of the invariance with respect to time reparametrization. Nev-
ertheless, when we include higher derivative correction to the kinetic part of the WDW equation,
we need to modify the second quantized commutator between the field variables and their con-
jugate momentum [31-34]. As the GUP can be generalized to include linear contributions in the
momentum [25,26], a similar modification to the second quantized momentum has been studied
[39], and this deformation of the second quantized commutators modified the representation of
the momentum conjugate to field variables. Now if the original undeformed momentum conju-
gate to the scalar factor a is 7,, where

T ;4 (10)
Ty =—Ii—,
“ da

then the deformed momentum can be written as [39]
o = 7a(1 — alliq]| + 207 ||74]1) (11

and the generalization of the WDW equation for a FLRW metric is deformed to

2

3 A

ﬁf — 205;13 —I-S()tzﬂfll + (21—72) a’ <1 — ?a2> W (a) =0. (12)
P

This deformation of the WDW equation prevents the existence of singularities [39]. This is be-
cause this deformation modifies the uncertainty principle as

AaAna=1—2a<n'a>+4a2<n3>. (13)
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Thus, we obtain a minimum value for the scale factor of the universe, Aa > Aay,;,;. This mini-
mum value for the scale factor of the universe can prevent the existence of big bang singularity.
As we will relate the deformation of the WDW equation to the existence of the cosmological con-
stant, this means it might be possible to avoid the big bang singularity because of the existence
of the cosmological constant in our universe.

The introduction of a factor ordering leads to the following form of the derivative terms

72 = —a_si asi
a da da)’
. o, d _od (. d
ﬂg:—ld p%(ap SE(CIYE)),
d d d d
r=a—(a"P—(aP—(a*— . (14)
da da da da

So, our final WDW equation would become,

2

3 A

72 —2am] + 5a’my + (%) a? (1 - gaz) W (a)
P

d d
=—a 99— (a?1—Y(a)
da da
d d d
2aia " u—t t V] 5 2 —s
+ 2aia Ta (a Ta (a d_a) (a)> + Sa“a

il (i ve)

X —\a™" —|a — [ aP —W¥(a)

da da da da

+(2= 22(1—§2>\y()—0 (15)
21% a 3a a)=0,

where we have defined /p = +/G. Even though this is a very general deformation of the WDW
equation, we will study the only the deformation of the WDW equation corresponding to
quadratic terms. This is because the modification of first quantized Heisenberg algebra by linear
terms is also very complicated [29,30], and the quadratic deformation are better understood [27,
28]. So, we will restrict the WDW equation to the following form

2
3 A
Hi+Ho+ [ = a2<1——a2) W(a) =0, (16)
213, 3
where
d d
= —qg 91— q___ 17
i ? da (a da) 17
and
d d d d
=5 212 —s 4 s—r * r—p % p = ) 18
Ha = s0plpa da (a da <a da <a da))) (18)

To further proceed, we have to transform the WDW equation (16) in a Sturm-Liouville problem.
We recall to the reader that a Sturm—Liouville differential equation is defined by
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d d
d—(mwﬁ)+q(X)y(x)+)\w(x)y(x)=0 (19)
x dx

and the normalization is defined by
b
fdxw () y* () y (x). (20)

a

In the case of the FLRW model we have the following correspondence
p(x)—>al (@),
3 2
g~ (5] a0,
21y
w(x) = alt (1),

y(x) = V(a),

2
A (37
3 21y

and the normalization becomes

/ daa®tW* (@) ¥ (a). (22)
0

It is a standard procedure, to convert the Sturm—Liouville problem (19) into a variational problem
of the form

—Jy eyt 0 [ (P ) +a ]y

Fly@)]= (23)
bl Sy dxw () y* () y ()
or equivalently
* d b b d 2
— d d 4 —
Fy ] = L@ p e Fy (xb)]a o dxp ) (e () —a Wy ) o4
[z dxw (x) y* (x) y (x)

with appropriate boundary conditions. If y (x) is an eigenfunction of (19), then

Ll @ (@ ) +aw]y@ 03)

Sy dxw () y* () y () ’
is the eigenvalue, otherwise
— P dxv* 4 4
3y = min —Ja 2" O [ (P 0 G) g @]y 0 26)

y(x) fab dxw (x) y* (x) y (x)

It is immediate to recognize that the correspondence (21) can be applied directly for an ordinary
FLRW model without GUP. In the next section the Sturm—Liouville procedure will be general-
ized to include also the GUP correction.
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3. The cosmological constant and the GUP deformation

It may be noted that the value of the cosmological constant depends on the operator ordering
chosen. Thus, our hope is to find a combination of the operator ordering in such a way to obtain
the observed value of the cosmological constant. Note that in this approach, it also depends on
the GUP parameter which, in the first quantized quantum mechanics, is fixed by the require-
ment of space to have an intrinsic minimum measurable length scale. However, in this paper, we
have deformed a second quantized theory. Therefore, we will relate the GUP parameter to some
physical phenomena in the second quantized theory, which is here represented by the cosmolog-
ical constant. For practical purposes, it is better to rescale the cosmological constant A = Al%,
and introduce the dimensionless variable x = a/[p, then Eq. (16) in the Sturm-Liouville form
becomes

[ dxxtHSTPW* (x) [H] +Hy+ %xz] V(x) 372A
Jdxx Tt PTG () W (x) T4

where H; and H; are the dimensionless version of the operators defined in (17) and (18).
A crucial point is represented by the choice of the wave function. The ordinary WDW in GR
is represented by Eq. (27) without H;. A proposal for the trial wave function could be

4
Y)=x T exp (—ﬂi> (28)

This form has been tested in Ref. [51] and it has not produced any eigenvalue. The form (28) has
been considered by looking at the asymptotic behavior of the original WDW equation without
GUP. Always in Ref. [51], because of the VSL distortion, the form of W (x) in (28) has been
modified into the form

27

4
V(@) =a""T (Ba) exp (—’%) : (29)

without a rescaling of the scale factor. Note that in (29), it has been introduced a scale factor
with a power which is able to take into account the short distance behavior. When we introduce
the GUP distortion, the effect of H, introduces a similar behavior but with a power to the scale
factor that we are unable to fix. For this reason, we will adopt the following trial wave function
of the form

4
W () = xﬂ*(q+r;rp+s+l) exp (_,3%) ’ (30)

which is suggested by the asymptotic behavior of the WDW equation for a large scale factor and
for the short range behavior we have introduced a power depending on the variational parameter.
With the help of the integrals calculated in the appendix, Eq. (27) including GUP becomes

AB) =

4 (Kitket P 4 (BEA+apT(52)

372 ( P ) " 32 AT (g)

o o ()

e (—531,3 —40ByB% + 240,33) +—
r(§)e’

€29
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We demand that

dR(B)

g

It is immediate to recognize that a general analytic solution is difficult to find. We are therefore

led to consider some specific cases. It may be noted that as the cosmological constant is non-zero

in our universe, this means that we do have a GUP deformation of the Wheeler—DeWitt equation.

However, such a deformation is known to present the existence of singularities [39], and so the
existence of the cosmological constant can prevent the existence of the big bang singularity.

0. (32)

4. The generalized semiclassical case

In ordinary GR, the case in which the factor order parameter g = 0 is known as the semiclas-
sical case. If we adopt the same fixing when the GUP is present, Eq. (16) reduces to

2

d? a* 37 A

e +5a§lzdx4 + (ﬁ) 15x? <1 - §z§x2> W(x) =0, (33)
P P P

where we have set ¢ =r = s = p = 0. Therefore, the trial wave function (30) reduces to

4
Y (x)= xP exp (—'B%) . (34)

If we cast Eq. (33) into the Sturm—Liouville form, we obtain

4 2 4
JoF dxxP2 exp (—%) [—;—; + 502 4 (37”) x2] P exp (_ﬁ%)

i
Jo7% dxxP exp (—Bx*) 4
(35)
and Eq. (31) reduces to
_ 4 (52087 (1687 — 408 —21)
Ao ()= 372(“0 Z(0+B)B—3)
VB(1682+3 (372 —4) B —972) I (B/4 — 1/4)
T . (36)
12727 (B/4 + 5/4) >

To fix ideas, we can take three values of ag: a9 = 1, ap = 100 and g = 1000. By demanding
that

dAay (B) _

0, 37
ap 37
we find
‘O[()| Bm |1~\a0 (Bm) |
1 1.053 32.69 (38)

10 1.017 249.69
20 1.012 484.86

We can see that the larger is o, the higher is the eigenvalue 1~\a0 (Bm).
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5. Flat space

An interesting example of the generalized semiclassical case is the flat space case. It may be
noted that even when curvature is absent, due to the higher order derivatives, we expect to find
non-trivial results in the procedure. Now because of the absence of the curvature term, Eq. (35)
reduces to

Jor* dxxP exp (—%) [—% +5a§%]xﬂ/2exp (—%) 372
=A— (39)
O+OO dxxPexp (—Bx*) 4
and Eq. (36) simplifies to
3
A (= b 22087 (1682 —40p —21) B3 (4p—3)T (B/4—1/4) (40)
W32\ 221+ 8)(B—-3) 372 (B/4 + 5/4) '
We fix the same values of Eq. (35) for «g and by demanding that
dA
w0 (B) _ 0. 1)
dp
we find
20| B [Aay (Bu)]
1 1.053 29.24 42)

10 1.017 246.29
20 1.012 481.46

We conclude that in a GUP distortion, the presence of the curvature term is not very relevant
since the pattern of the eigenvalues is very close to the flat case.

6. Non-vanishing parameters

Now we will analyze the case where A # 0, B # 0 and Bj # 0. For this case, we can see
what happens for arbitrary choices of the parameters. We can fix our attention on the following
simple setting

g=1,p=1,r=5=0 . A=-9 B =271, B =32. 43)
Then Eq. (31) becomes

4 (Brup-or (52

AB)=-—
B) =5 i (0)
4
) 9r2r (22
%o 2 3 4
+ (—13558 — 128082 +2408%) + : (44)
B- r (é) ,32
I
and Eq. (32) gives the following results
20| B | Aay (Bu) |
1 4271 988.568 (45)

10 4.384 5952.402
20 4.395 11443.529
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As we can see, the pattern relating the value of «g with the value of ]\Olo (Bm) is valid also in this
case. As concern the flat case Ay, (B) reduces to

Vs ovp (B=2
ry

and the minimization procedure gives the following results

‘O{()| Bm | Aao (Bim) |
1 4.408 552.721
10 4.408 5492.789
20 4.409 10981.754

AB) =

(47)

7. Conclusions

In this paper, we have studied the cosmological constant problem using the deformed WDW
equation. Even though we have derived a general expression for the deformed WDW equation,
we have taken into account only the second and fourth powers of the momentum variable. This
deformed WDW equation was obtained by deforming the second quantized canonical commu-
tation relations between the field variable and its conjugate momentum. As a consequence, we
have obtained higher order derivative correction terms for the kinetic part of the WDW equation.
It has been demonstrated that these correction terms could be used to explain the existence of
a cosmological constant and we have observed that the physics of this system depends on the
choice of the factor ordering of the operator. This is usual also in ordinary GR. In this paper,
we have also analyzed the dependence of the cosmological constant on the operator ordering
parameters for various cases. We have analyzed the dependence of the cosmological constant
of the deformation parameter for the generalized semiclassical case. Note that for generalized
semiclassical case we mean the case in which all the parameters of the factor ordering vanish. As
a further specific case, we have also analyzed flat space case as an example of this generalized
semiclassical case. Finally, we also analyzed another case, where the factor ordering parameters
do not vanish. Unfortunately, we have found a cosmological constant which is at Planckian scale
and not at the present scale. This could look like a failure of the procedure. Actually this is not
the case. Indeed, the procedure reveals a non-vanishing cosmological constant that should not be
there and the most striking fact is that a cosmological constant is predicted also for flat space,
namely the pure GUP distortion is able to create a VEV. However, how to drive the generated
cosmological constant close to the observed value is a question that can be addressed including
particular potentials like the VSL theory [51] or the Hofava—Lifshitz theory [49]. However, this
goes beyond the scope of the present paper. It is also interesting to note that the deformation of
the WDW equation also produced a minimum value for the scale factor of the universe. Thus,
the big bang singularity can be avoided. As the deformation of the WDW equation was related
to the existence of the cosmological, it was argued that the existence of the cosmological con-
stant might prevent the existence of the big bang singularity. It may be noted that the effect of
the operator ordering on the physics of the system has been studied [56,57]. In fact, it has been
demonstrated that the tunneling wave function can only be consistently defined for particular
choices of operator ordering, and the no-boundary wave function can be defined independently
of operator ordering [58]. It would be interesting to repeat this analysis for both tunneling wave
function and no-boundary wave function, by using this deformed WDW equation.
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Appendix A. Integrals for the wave function

If the trial wave function assumes the form

W(x>=xﬂ°”?””exp<_ggj)’

then the first term of the kinetic term becomes

o0

K, =/dqu+’+"'+p\ll* (X)H W (x)

0
o
rts+pyy* e d
=— [ dxx? PPt (x)[x 9—(x9— ) [ ¥ (x)
dx dx
0
2;

B
BT B2

where I' (x) is the gamma function and where we have defined
A=(@—-1*>=8—(p+r+9°.

The second term containing higher order derivatives is

o0
Ky = / dxx T THSEPE* () Ho W (x)
0

o0
50{% / dxxdTTHSTP@* () x5

where we have defined
B1= p4 + 2p3q — 2p2qr - 2p2qs - 2p2r2 - 2p2s2
—2pq’ —4pq*r —4pq*s — 2pqr® —4pqrs — 2pqs®
A 203 — 0035 — 4g2 3,20 2
q q’r q’s q°rs +2qr’ —2qr°s —2qrs
+ 2qs3 +rt =2t 45t + 2p3 + 4p2q + 2p2r + 6p2s

+ 2pq2 - 2pr2 — 12prs — 2ps2 - 2q2r - 6q2s — 4qr2 — 12qs2
—2r3 4 6r2s +2rs®> — 65> — 8p> — 94 pg — 44 pr — 52 ps — 86 4°
—94qr —78qs —8r> —76rs +8s> + 14 p — 14r —90s — 105

and

By=3q(@+p+r+s)+2pr+2ps+2rs—p+r+3s+27.

323

(A1)

(A2)

(A3)

(A4)

(AS5)

(A.6)
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The contribution coming from the potential term is composed by

o) 2+8
r (%)

P = /dxx”ﬁ exp (—ﬂx4) = g (A7)
4874
0
and
00 r é
1
Py = / dxx3+P exp (—ﬁx4) - ( ﬂ) . (A.8)
1684
0
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